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Abstract

Assignment type problems consist in optimally assigning or allocating a given set of
“activities” to a given set of “resources”. Optimisation problems of the assignment type
have numerous applications in production planning and logistics. A popular approach to
solve such problems or to compute lower bounds on the optimal solution value (in case of a
minimisation problem) is to employ column generation. By means of considering subsets of
“activities” which can feasibly be assigned to a single resource, the problem is reformulated as
some kind of set-partitioning problem. Column generation is then used in order to solve the
linear relaxation of the reformulation. The lower bound obtainable from this approach may,
however, be improved by partitioning the set of resources into subsets and by considering
subsets of activities which can feasibly be assigned to subsets of resources. This paper
outlines the application of this partitioning method to a number of important combinatorial
optimisation problems of the assignment type.

1 Introduction

An optimisation problem of the assignment type is to find a feasible least-cost assignment of
a given set I of “activities” 1 to a given set J of “resources” j. Since a seminal work of
Koopmans and Beckmann (1957) on linear and quadratic assignment problems, optimisation
problems of the assignment type play an important role in Economics and Operations Research.
Assignment type problems have numerous applications in logistics and production planning, and
many mathematical models of decision problems in logistics contain an assignment type problem
as a subproblem.

Formally, an assignment or allocation of activities ¢ € I to resources j € J is a mapping
z:I xJ —[0,1). An assignment problem then consists in determining a feasible assignment
z € X which minimises a given objective function g(z). Assuming that the objective function
g(z) as well as the set X of feasible assignments « is decomposable, that is g(z) = 3_,c;9;(2)
and X = (J;c; X, the problem can be formulated as follows:

min Zgj(xj) (1a)
jeJ

s.t.: Z:l:ij =1 Viel (1b)
JjeJ
z; € X; 0,11 vjield. (lc)

In addition, it is assumed that either X is a nonempty finite set or that each X is a polyhedron

and that each g;(z;) is concave.
Assignment problems often involve indivisibilities. Indivisibilities occur

e if an activity has to be assigned to exactly one resource and/or
¢ a fixed-charge is imposed on the use of a resource.

Indivisibilities often lead to strong NP-hard combinatorial optimisation problems. In order
to solve such problems to optimality, the computation of sharp lower bounds on the optimal
solution value is required. One possible way to accomplish this, is to reformulate the problem.
A popular reformulation is to consider all subsets of activities feasibly assignable to each single
resource j. The problem then consists in choosing subsets of activities in such a way that each
activity is covered by one of the selected subsets and total costs are minimised. The lower bound
resulting from the linear relaxation of this reformulation may, however, be improved by means
of partitioning the set of resources into (small) subsets and considering subsets of activities
feasibly assignable to subsets of resources. In this paper, this partitioning approach is outlined



for some N'P-hard optimisation problems of the assignment type. The next section describes
some important AP-hard assignment problems. Sect. 3 discusses the standard way of applying
column generation to these problems. Sect. 4 introduces the partitioning approach and outlines
column generation procedures based on this approach for the generalised assignment problem
(GAP) and the capacitated facility location problem (CFLP). Furthermore, some computational
results obtained for the CFLP are given. Finally, the findings and some directions for future
research are summarised in Sect. 5.

2 Optimisation Problems of the Assignment Type

Formulation (1) of a generic assignment problem excludes optimisation problems with interac-
tions between assigned objects like the quadratic assignment problem. Nevertheless, formulation
(1) still covers a large number of assignment type problems ranging from polynomial solvable
cases like the matching and transportation problem to strong A'P-hard optimisation problems
like the generalised assignment problem (GAP), bin-packing problem (BPP), fixed-charge trans-
portation problem (FCTP), and discrete location problems. Furthermore, many combinatorial
assignment problems are difficult in the sense that no polynomial-time approximation scheme
(PTAS) exists, unless the class P of decision problems solvable in polynomial time equals the
set NP of decision problems solvable in nondeterministic polynomial time. Optimisation prob-
lems of this type are called MAX-SN P-hard. An example of a MAX-SNP-hard assignment
type problem is the uncapacitated facility location problem (see Arora and Lund (1997) for a
proof). Moreover, some assignment type problems are APX-complete, that is the existence of a
PTAS for such an optimisation problem implies the existence of a PTAS for any other A/P-hard
optimisation problem. An example of an AP X-complete optimisation problem is the GAP. In
the case of the GAP, even the question if a feasible solution exists, is an AP-complete problem.
For an overview on complexity theory of optimisation problems see Crescenzi and Kann (1998)
and Hochbaum (1997). The following discussion is restricted to “difficult” assignment problems.
Some of these problems and areas of applications are described below.

2.1 Generalised Assignment Problem

The GAP is to optimally assign a set I = {1,...,m} of tasks to a set J = {1,...,n} of agents.
Mathematically, the problem can be formulated as follows

min E Z CijTij (2a)

iel jeJ
sto Y wy=1 Viel (2b)
jeJ
Zdijwij <sj ViedJ (20)
icl
zi; € {0,1} Viel,jelJ, (2d)

where c;; is the cost of assigning task ¢ to agent j, s; is agent’s j capacity, and d;; denotes the
amount of resources required by agent j to perform task i. The binary variable z;; is equal to
1 if agent j performs task 7 and 0 otherwise. In case that processing tasks by agents requires
more than one type of resource, the problem is known as the multi-resource GAP.

A large number of solution methods for the GAP have been proposed in the literature.
Fisher et al. (1986) and Guignard and Rosenwein (1989) use Lagrangian ascent methods, that is
dual-based procedures employing Lagrangian relaxation of the semi-assignment constraints (2b).
Cattrysse et al. (1994) reformulate the GAP as a set-partitioning problem and apply a heuristic



procedure for its solution. Savelsbergh (1997) solves the linear relaxation of this reformulation by
means of column generation, and proposes a branch-and-price algorithm for computing optimal
solutions. Cattrysse et al. (1998) develop a linear programming heuristic and a branch-and-cut
approach based on employing liftet cover inequalitities. Heuristic methods based on local search,
tabu search and simulated annealing are described in Osman (1995). For more comprehensive
surveys of solution methods for the GAP, we refer to Martello and Toth (1990a), Cattrysse and
Van Wassenhove (1992), and Romero Morales (2000).

The GAP is often a subproblem of a larger model of a decision problem in logistics. Examples
of such application areas are vehicle routing and distribution system design. Fisher and Jaikumar
(1981) describe a “cluster first-route second” vehicle routing heuristic. In a first phase, customer
clusters are obtained by means of selecting “seed customers” and solving a GAP in order to
feasibly assign the other customers to the selected seeds. Within distribution system design,
a GAP has to be solved in order to evaluate selected locations of depots and to optimally
assign customer demands to depots if single-sourceing of customers is required. Campell and
Langevin (1995) use a mathematical model which is a 2-resource GAP in order to find a low cost
assignment of snow removal sectors to snow disposal sites for the City of Montreal. The GAP
is a static model of demand allocation. Romero Morales (2000) describes a dynamic model for
demand allocation. The model allows time-varying demand patterns and incorporates inventory
decisions. The resulting “multi-period single-sourceing problem” is reformulated as a GAP with
a convex objective function; greedy heuristics resembling greedy heuristics for the GAP are
developed and a branch-and-price approach is proposed.

Another application area of the GAP is tactical and operational planning of flexible man-
ufacturing systems (FMS). A FMS is an automated production system consisting of a set of
numerically controlled machines interconnected by an automated transportation system. Each
machine is equipped with a tool magazine which can be armed with different tools. Each tool
occupies a given number of slots. Tools available at the local tool magazine can be changed by
means of an automatic tool changer. Therefore, the FMS can perform different sets of operations
and produce different parts in any order, if the FMS is equipped with an approapriate set of
tools. Lee and Kim (1998) formulate the order selection problem as a 2-resource GAP. Each
order is specified by the due date and the number of parts to be produced. A set of orders to
be produced during the planning horizon is given. It has to be decided, which order to produce
in which period. Total costs consist of earliness and tardiness costs as well as subcontracting
costs. Earliness and tardiness costs are incurred if an order is finished before and after the due
date, respectively. Subcontracting costs, however, are incurred if an order is not selected within
the planning horizon. Capacity constraints to be taken into account in each period are the total
tool magazine capacity as well as total machine processing time capacity. Kuhn (1995) consid-
ers the loading problem in FMSs. For a given set of part types that have been selected to be
produced simultaneously, the problem is to decide on the assignment of operations to machines.
The assignment of operations determines the assignment of tools to machines. The problem is
formulated as an integer program with the objective of minimising the largest workload in such
a way that the tool magazine capacity for each machine cannot be violated. In order to solve the
problem, Kuhn proposes a heuristic algorithm based on repeatedly solving a GAP. A feasible
solution to the GAP assigns operations to machines such that the largest workload of machines
in a known feasible solution to the loading problem is reduced. The objective function of the
GAP approximates the use of tools slots required by the operations assigned to the machines.

In telecommunication or computer networks, terminals are often connected to the access
point of a “backbone network” via so-called concentrators. The terminal layout problem ad-
dresses the question of how to interconnect terminals to their associated concentrors. Due to
the complexity of the telecommunication network design problem, the concentrator location
and the terminal layout problem are usually treated independently. For given locations of the



concentrators, the problem of assigning terminals to concentrators can be formulated as a GAP
(see e.g. Mirzaian (1985) and Chardaire (1999)). Other applications of the GAP in the area of
telecommunication and computer networks concern e.g. the assignment of tasks in a network
of functionally similar computers (Balachandran (1976)) or the assignment of user nodes to
processing sites with the objective of minimising telecommunication costs subject to capacity
constraints on processors (Pirkul (1986)).

2.2 Bin-Packing Problem

Given a set I = {1,...,m} of items with weight w; > 0, the bin-packing problem (BPP) is to
fit the items into bins of capacity ¢ in such a way that the number of bins used is a minimum.
Introducing binary variables z;;, which equal 1 if item 4 is assigned to bin j € J, a mathematical
formulation of the problem is

min Zg(zj)

JjeJ

Z(L‘ij———l Viel
JjeJ

Zwixich Vied
i€l

z;; € {0,1} Viel,jeJ,

where g(z;) =1if 3 ,c; z;; > 0 and 0 otherwise. Defining y; =1 if g(z;) = 1 and 0 otherwise,
the linear formulation

min Z Yj : (3a)

JEJ

> zij=1 Viel (3b)
JjeJ

Zwia:ij < CY; VjedJ ’ (30)
i€l

.’E,’j,ij{O,l} Yiel,jelJd, (3d)

is obtained. For the BPP, simple approximation algorithms with a constant, asymptotic worst-
case performance ratio are known (see Martello and Toth (1990a)). The linear relaxation of
problem (3) can be solved by inspection. The optimal objective function value of the LP-
relaxation is given by r = ) ;. wi/c. Thus, [r] is a simple lower bound on the mininum
number of bins to be used, where [r] is the smallest integer greater or equal than r. Martello
and Toth (1990b) improve this bound by partitioning the set I of items into three subsets in
such a way that items of the first two subsets require separate bins and that no item of the
third subset can be assigned to a bin containing an item from the first subset. Furthermore,
they provide a reduction algorithm which checks, if item subsets of cardinality less than 4 have
to be packed into the same bin in an optimal solution. Martello and Toth (1990a) describe
a branch-and-bound algorithm for the BPP which makes use of this bounding procedure and
reduction algorithm.

Heuristic vehicle routing algorithms, as e.g. parallel route building procedures (see e.g.
Kontoravdis and Bard (1995)), make use of lower bounds on the minimum number of vehicles
required. Such bounds can be obtained by solving bin-packing problems. In this case, the items
and their weights are given by the customers and their demands; the bin size is the vehicle
capacity. Kontoravdis and Bard (1995) also make use of a maximum route duration constraint
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in order to obtain bounds on the number of vehicles by means of solving a bin-packing problem.
In case of a multiple use of vehicles, the problem of assigning vehicles to tours can also be
formulated as a bin-packing problem (see e.g. Fleischmann (1990) and Taillard et al. (1996)).

Another application of the BPP is e.g. the problem of assigning jobs with a given due date
to identical machines in such a way that the number of machines used is a minimum and all
jobs can be finished before the due date.

2.3 Fixed-Charge Transportation Problem

The fixed-charge transportation problem (FCTP) is obtained from the classical transportation
problem by imposing a fixed cost on each transportation link if there is a positive flow on this
link. Let I = {1,...,m} denote the set of destinations with demands d;, and let J = {1,...,n}
denote the set of origins with supplies s;. The FCTP then consists in solving the mathematical

program

min Z Z Gij (:I)ij) (43.)

i€l jed

st Y zy=1 Viel (4b)
jed
Zd,—xij S 85 V] eJ (4C)
i€l
0 <z < uyj Viel,jelJ, (4d)

where z;; is the portion of destination ¢’ s demand supplied from origin j, u;;d; < d; is an upper
bound on the amount which can be shipped on link (7, %), and g;;(z;;) is the cost of shipping the
amount z;;d; on link (j,7). Assuming that the variable transportation costs are proportional
to the amount shipped, the costs g;;(z;;) are given by g;j(zi;) = cijzij + fij if £;5 > 0 and 0
otherwise. By means of introducing binary variables y;; which equal 1 if and only if z;; > 0, the
problem is easily transformed to the linear mixed-integer program

min Z Z(c,'jxij + fijyij) (5a)

icl jed
st Y m=1 Viel (5b)

jeJ

Zdimij < Sj ViedJ (50)

i€l

0 < zy; < uijyij Viel,jeJ (5d)

yi; € {0,1} Viel,jeJ. (5e)

A number of branch-and-bound algorithms have been proposed to solve the FCTP (see Ken-
nington and Unger (1976), Cabot and Erenguc (1984, 1986), Palekar et al. (1990)). Most of
these algorithms make use of penalties in order to fix binary variables and to be able to prema-
turely prune nodes of the enumeration tree. Since the FCTP is a special case of fixed-charge
network flow problems, polyhedral cuts developed for this problem (see e.g. Nemhauser and
Wolsey (1988) and Bienstock and Giinliik (1996)) may also be used to solve the FCTP. Wright
and Haehling von Lanzenauer (1989) develop a Lagrangian heuristic for the FCTP which is
based on relaxing the variable upper bound constraints z;; < ui;y;;. It can be proved that an
optimal solution to the FCTP is an extreme point of the convex region defined by constraints
(4b)—(4d) (see Hirsch and Dantzig (1968)). Basic feasible solutions to the system (4b)-(4d)
define spanning trees of the transportation network. Sun et al. (1998) propose a tabu search
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procedure for the FCTP which replaces a single link of the current spanning tree by a link not
contained in the tree such that a new basic feasible solution is obtained. Géthe-Lundgren and
Larsson (1994) consider the pure FCTP. In this case the objective function coefficients c;; of the
continuous variables z;; are all equal to zero. The Benders’ reformulation of the pure FCTP
consists, therefore, only of feasibility cuts. A feasibility cut excludes an integer solution y which
does not allow a feasible flow from the set of origins to the set of destinations. The large set of all
feasibility cuts has the structure of a set-covering problem. Thus, by means of applying Benders’
reformulation principle, the FCTP is transformed to a set-covering problem. In order to solve
the reformulated problem to e-optimality, Gothe-Lundgren and Larsson (1994) apply Benders’
decomposition, where violated feasibility cuts are determined by means of solving a maximum
flow problem. Furthermore, Géthe-Lundgren and Larsson (1994) propose a Lagrangian relax-
ation approach which relaxes a large number of the feasibility cuts. This way, a lower bound as
well as a feasible solution to the pure FCTP is computed. Hultberg and Cardoso (1997) describe
the “teacher assignment problem”, a pure FCTP in which all fixed charges f;; are equal to one.
Thus, the problem is to find the most degenerate basic feasible solution to constraints (4b)-(4d).
Hultberg and Cardoso (1997) show that this problem is equivalent to a maximum cardinality
partition problem and provide a branch-and-bound procedure for computing optimal solutions.
Herer et al. (1996) study the FCTP with a single destination. They develop two simple greedy
heuristics as well as an implicit enumeration scheme which also makes use of domination rules
and lower bounds for accelerating the search.

Herer et al. (1996) present three applications of the FCTP. A first application is to select
suppliers and to determine periodic shipment quantities for an item to be procured in such a
way that total periodic costs are minimised, periodic demand is met and a supplier’s capacity
is not exceeded. The total costs consist of purchasing, fixed ordering, inventory carrying and
fixed supplier management costs. Periodic inventory costs (ording and inventory carrying) are
computed based on Economic Order Quantity logic. As a second application of the (single-sink)
FCTP, Herer et al. (1996) mention the selection of trucks for meeting a firm’s delivery needs such
that the sum of variable transportation and fixed vehicle costs is as low as possible. As a final
application they mention process selection. A pre-specified amount of a number of products can
be made using several different processes, each of which has a given capacity and fixed set-up
cost. The problem is then to determine which processes to use to what extend so as to minimise
costs. Moore et al. (1991) describe an integer transportation model which closely resembles the
FCTP and which is used by the central dispatch control center of a metal company in the U.S.
for assigning shipments to carriers. An extended version of this model as well as a simulation
study were also used for the purposes of core carrier selection.

2.4 Discrete Location Problems

Discrete location problems form a large subfamily of assignment type optimisation problems.
Applications of discrete location problems include location and distribution planning (see e.g.
Geoffrion and Graves (1974), Gelders et al. (1987), Tishaus and Wittmann (1998), Engeler
et al. (1999), Bruns et al. (2000)), lotsizing in production planning (Pochet and Wolsey (1988)),
telecommunication and computer network design (Mirzaian (1985), Boffey (1989), Chardaire
(1999)), vendor selection (Current and Weber (1994)), and physical database design (Caprara
and Salazar (1999)). For comprehensive surveys of discrete location problems, we refer the
reader to Aikens (1985), Mirchandani and Francis (1990), Daskin (1995), Revelle and Laporte
(1996), Domschke and Krispin (1997) and Owen and Daskin (1998).

As one example of a discrete location problem, we describe the capacitated facility location
problem (CFLP). It consists in deciding which depots to open from a given set J = {1,...,n}
of potential depot locations and how to assign a set I = {1,...,m} of customers with given



demands d; to those depots. The objective is to minimise total fixed and shipping costs. Con-
straints are that each customer’s demand must be satisfied and that each depot j cannot supply
more than its capacity s; if it is open. Let f; denote the fixed cost of operating facility j and
let c;; denote the cost of supplying all of customer i’s demand from location j. The CFLP can
then be stated as follows:

min Z gi{z;)

jeJ
st Y my=1 Viel

jed

Zdimij < 8; Vied

iel

zij >0 Viel, jeJ,

where z;; is the fraction of customer 4’s demand met from facility j, and g; (z;) = Fi+ 2 icr cijij
if ) ;7 xs; > 0 and 0 otherwise. A linear formulation is obtained by introducing binary variables
y; indicating if a facility j is open or not:

min Z Z CijTij + Z Fiy; (6a)

i€l jed JjedJ

st Y my=1 Viel (6b)
jeJ
Edia:,-j < 85y Vied (GC)
el
Soswzy di (6d)
jeJ i€l
z;—y; <0 Viel,jeJ (6e)
z;j >0 Viel, jelJ (6£)
yj €{0,1} VjeJ. (68)

In the above formulation, constraints (6e) and (6d) are redundant; however, these constraints
help to strengthen certain relaxations of the CFLP.

Numerous heuristic and exact algorithms for the CFLP have been proposed in the literature.
These methods include greedy heuristics (Khumawala (1974), Jacobsen (1983), Korupolu et al.
(1998)), linear programming based rounding and filtering techniques (Shmoys et al. (1997)),
Benders’ decomposition (Wentges (1996)), branch-and-cut methods based on polyhedral cuts
(Aardal et al. (1995), Aardal (1998)), and a number of Lagrangian relaxation approaches used
in heuristics or exact branch-and-bound schemes (Nauss (1978), Christofides and Beasley (1983),

Beasley (1988), Ryu and Guignard (1992)).

3 Column Generation Applied to Assignment Problems

Consider the generic assignment problem (1) and assume that X = Ujes X; and thereby each
X is a finite set, that is X; = {«% : t € T}}. The problem may then be rewritten as

min Z Z gj(.’l);')ajt (Ta)

JEJ teT;

s.t.: Z ajp=1 Vjed (7b)
t€T;



Z Z xfjajt =1 Viel (7c)

JjeJ teT;
arj € {0,1} VjieJ teTy, (7d)

which is a set-partioning problem if the IE; are binary. A lower bound on the optimal solution
value of problem (1) can be obtained by relaxing the integrality requirements (7d) and solving
the resulting linear program. In case, that each function g; is convex, it is straightforward to
show that this bound is at least as strong as a lower bound obtained by replacing in (1) the set
X by a convex set X containing X (see e.g. Romero Morales (2000) for a proof).

The number of variables in the reformulation (7) grows exponentially with problem size.
Thus, column generation has to be applied in order to solve its linear relaxation. The linear
programming dual of (7) is given by

max Z v + Z M
jeJ iel (8)
st:vi+ Yy ahn <gi(sl) Vi€ teT;.
i€l

For each j € J let {a:; 1 te Tj} denote known subsets of columns ¢ € Tj C Tj. The restricted
linear master problem is obtained from the linear relaxation of (7) by replacing each T; with T_j.
Assume that the restricted linear master is feasible (otherwise put e. g. an artificial box around
the dual variables) and let @ and (7, 7)) denote an optimal basic solution of the restricted linear
master and its dual. The basic solution @ is an optimal solution to the linear relaxation of (7)
if it is also dual feasible, that is

v+ ol < g(ef) Vi€ teT;.
el

Therefore, in order to detect a violated dual constraint and a column ¢ € T} for some j € J with
negative reduced costs, the following pricing problem has to be solved for all or at least some
jed:

min {gj(xj) - Zﬁixij txj € Xj} . (9)

i€l

If zt, t € T}, is an optimal solution to (9) with gi(zt) — 2, ¢f; < Uj new columns with
negative reduced costs are found. These columns are added to the restricted linear master, and
the master is reoptimised. The process continues until no column with negative reduced costs

exists.

It is straightforward to see that this approach of computing a lower bound for the assignment
problem (1) is equivalent to a Lagrangian relaxation of the semi-assignment constraints (1b).
Dualising constraints (1b) with dual variables 7; gives the Lagrangian subproblem

= > mi+min{)"(g5(z;) - meij) oy e X;Vie T}

i€l jed
= Zm + me{g] z;) anx” zj € X; } (10)
i€l JEJ iel
=2om+ Smiploe) ~Snel )
el iel

where the last inequality follows from the finiteness of the sets X;. Setting v; = minger; {g] -
> it } the problem of maximising the lower bound L, () leads then to the linear program-
ming dual (8) of the reformulation (7).



The function L;(n) is piecewise linear and concave. A number of methods having their
origins in nondifferential optimisation is, therefore, applicable for the purposes of solving the
linear relaxation of problem (7). Examples of such methods are mixtures of Dantzig-Wolfe de-
composition and subgradient optimisation (Guignard and Zhu (1994), Klose and Drexl (2001)),
bundle methods (Lemaréchal (1989)), and interior point methods (Goffin et al. (1992)). All
these methods usually show a better convergence behaviour than the standard column genera-
tion procedure which is also known as Dantzig-Wolfe decomposition (Dantzig and Wolfe (1960))
or Kelley’s cutting plane algorithm (Kelley (1960)). The suitability of a method for maximising
the function Li(7n), however, strongly depends on the specific problem and the hardness of the
restricted master problem and pricing subproblem, respectively.

Now consider the second case in which X is not finite, but each X; is a polyhedron and each
function g;(z;) is concave. For reasons of simplicity assume in addition, that each set X is
bounded. Let {zf : t € Tj} denote the set of vertices of X;. Problem (1) may then be rewritten
as follows:

min Z g ( Z ajtx;)

j€J  teTy
st > op=1 VjeJ
teT;
S alhap=1 Viel
JEJteT;

at; >0 Vied teT;.
Since g; is concave, we have
t ¢
QJ’(Z ajt%’) > Z a;tg;(z7) -
teT; teTy

The linear program

min Z Z ajtg(:v;-)

FEJ teT;
s.t.: Zaﬁ =1 Vjeld
teT;
> ahap=1 Viel
JEJLET;

CYthO VjGJ,teTj

is, therefore, a relaxation of the original problem and its optimal objective function value is a
lower bound on the optimal solution value of (1). In order to solve the above relaxation, column
generation can be applied in the same way as already described. Obviously, the same relaxation
results if the semi-assignment constraints (1b) are relaxed in a Lagrangian manner; due to the
concavity of the functions g;, optimal solutions to the Lagrangian subproblem are vertices z§ of

the set X;.
The following examples further illustrate the principle of the reformulation (7).

Example 1 Consider the GAP (2). For each agent j € J let {xg : t € Tj} denote the set of
feasible assignments of tasks ¢ € I to agent j, that is

{zf:teTj} = {xj e {0,1}11: Zdijxij < sj}.
i€l



Furthermore, let Cj = 3 ;cp cﬁj be the cost of such an assignment. The GAP may then be
formulated as the set-partitioning problem

min Z Z Cjtajt (11a)

jeJ teT;

st Y op=1 VjelJ (11b)
teT;
ZZxEjatjzl Viel (11c)
jEJ tET;
aj; €{0,1} VjeJ teT;. (11d)

For each j € J the pricing subproblem is given by the binary knapsack problem

min{Z(Cij R Zdijxij < sy, zi; € {0,1} Vi€ I} , (12)
i€l i€l
where (7, 77) is an optimal dual solution to the restricted linear master problem. New columns
z; price out if 7; > >, (cij — ﬁi)wf-j-

Example 2 Consider the BPP (3). Let I]t. C I be a nonempty subset of items which fit into
bin j, and let {I} : t € T;} denote the set of all such subsets. Since all bins have the same
capacity ¢, we have T; = T and I} = I* for all j € J. Furthermore, the evaluation g(I. %) =1of
a nonempty subset I ]t does not depend on j. The BPP may, therefore, be rewritten as follows:

min E o

teT
s.t.: Zat <n
teT
fo-at =1 Viel
teT
o € {0,1} VteT,

where ! = 1 if i € I* and 0 otherwise. Since it is assumed that the BPP (3) has a feasible
solution, the constraint ) ,.a; < n can be dropped and the BPP is reformulated as a pure
set-partitioning problem. The pricing subproblem is to solve the single binary knapsack problem

maX{Z'ﬁixi > wi ez e {01} Vie I},
iel i€l
where 7 is an optimal dual solution to the restricted linear master problem. A new column z?

prices out if 1 — 3. 7zt < 0.

Example 3 For the FCTP (5) let {(}, 2%) : ¢t € T;} denote the set of all link selections
y; € {0,1}! and transportation flows z; € [0, 1]/ respecting the link capacities u;; as well as
source node j’s capacity s;. Exactly speaking, { (y;, mg) :t € T}} is the vertex set of the convex
hull of the set of solutions satisfying constraints

Zdixij <8;,0 <z Suyy; Vie I and y;5 € {0,1}VieI.
il
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This leads to the reformulation

min Z Z Cjraj

JjEJ teT;
st Y op=1 VjeJ
teTy
SN ahoj=1 Viel
jeJ teT;

aj;t € {0,1} Vi€ J teTy,

where Cj; = >, ,(cijmﬁj + fijyfj). The pricing subproblem consists in solving for each j € J the
program

min Z((Cij ~ M)zij + fijvij) (13a)
i€l

s.t.: Zdﬂij < sj (13b)
i€l
0< x5 Sugjy; Viel (13¢)
yi; € {0,1} Viel, (13d)

where (7, 7) is an optimal dual solution to the restricted linear master problem. If a slack
variable is added to the capacity constraint (13b) and the roles of the source node j and the sink
nodes s € I is reversed, the program (13) is easily recognized as a single-sink FCTP or single-node
capacitated flow problem. New columns (y;,z%) price out if ; > 3¢/ ((cij — 7i)zl; + fijuly)-

Example 4 In case of the CFLP, assume that {y* : ¢ € T%} is the set of all depot selections
which have enough capacity to meet total demand, that is

itemy={ye{o?: Y s> Y dif.
jeJ iel

Furthermore, let {(II; :t € T} denote the vertex set of the set of all feasible flows from depot j
to the customers, that is 3, dizf; < 7 and 2t € [0, 1)l The CFLP may then be rewritten
as the linear mixed-integer program:

min Z Frap + E Z CjBjt (14a)

teTy JEJT tETF

s.t.: Z ap=1 (14b)
teTy
Do vjer— Y Fu20 Vjie€lJ (14c)
teTy teTy
Yo ahBi=1 Viel (14d)
jedJ tETf
ar € {0,1} VteTV (14e)
Bit>0 VjeJ teTf, (14f)

where Fy = 3., fiyt and Cjt = Yy cijal;. Constraint (14b) guarantees that exactly one
depot set with sufficient capacity is selected; constraints (14c) state that there can be no flow
from a closed facility j, and constraints (14d) guarantee that each customer’s demand is met. If
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(¢, 7, 7)) is an optimal dual solution to the restricted linear master problem, the pricing problem
consists in solving for each j € J the continuous knapsack problems

ma.x{Z:(ﬁ2 — Cij)Tsj Zdixij <s;,0<z; <1Vie I}
i€l i€l
and the binary knapsack problem
min{ 35~ Ti)ys Y sju 2 Y i, ys €{0,1} Vi€ T}
jed jeJ 14
New columns % and y* price out if 7; < 3¢, (7; — ¢ij)zf; and ¢ > X ;s (fi—7;)ut, respectively.
Remark 1 As already shown when discussing the reformulation of the assignment problem
(1), in all the aforementioned cases, the linear relaxation of the integer master program can

be obtained by relaxing the semi-assignment constraints in a Lagrangian fashion, rewriting the
Lagrangian dual as a linear program and dualising this linear program.

4 A Partitioning Approach

Consider the generic assignment problem (1) and assume that each X; is a finite set (similar
arguments apply if each X is a polyhedron and each g; is a concave function). Partition the
set J into subsets Jy, ¢ € Q and J; N J,; = @ for | # g, in such a way that at least one subset J,
has cardinality greater than one. The semi-assignment constraints (1b) imply the constraints

z;; <1 Viel qeqQ. 15
J
Jj€Jq

Thus, if constraints (1b) are relaxed in a Lagrangian manner, the addition of the constraints
(15) can help to sharpen the relaxation. Dualising the semi-assignment constraints (1b) with
multipliers 7; while adding the redundant constraints (15) gives the Lagrangian subproblem

Ly(n) =) mi+min ) > {gj(xj) = Zm‘ﬂ%‘} (16a)

el geQ jeJ, i€l
st: Y ;<1 VielqeQ (16b)
i€l
z; €X; Vjield, (16c)

which decomposes into the |@| subproblems

vy = min Z (gj(a;j) - Zﬂixij) (17a)

i€, iel
st Y 3 <1 Viel (17b)
J€Jq
z;€X; Vi€ g (17c)
such that
L2(77) = Zﬂi + Zl/q-
iel q€Q
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The subproblems (17) have the same structure as the original problem (1) if a dummy resource
with assignment costs of zero is added; they are, however, usually much smaller than the original
problem. Let { (a:?)je J, h€ Hq} denote the set of solutions satisfying constraints (17b) and
(17c). The Lagrangian dual, which is the problem of maximising the piecewise linear and concave
function Ly(n), may then be rewritten as the linear program:

mr?.xL2(n) = max Zm + ZV‘I

el q€Q
.. v+ Z(Z xf‘j)m < Z gj(:c;‘) VgeQ,heH,.
iel jed, jel,

Dualising this linear program with dual variables pgqp gives:

min Z Z Gghligh (18a)
gEQ heH,

st Y pen=1 YgeQ (18b)
heH,

3 (Z xfj)pqﬁl Viel (18c)

q€Q heH, jEJ,
b >0 VgeQ,heHy, (18d)

where Ggp = 3 e Ja gj(z;‘) The linear program (18) is the linear relaxation of an equivalent
reformulation of problem (1). This reformulation is obtained if the nonnegativity constraints
(18d) are replctxced by pqn € {0, I}Vq,h. If.the z? are binary, Ih={ierl: >ied, :vfj =1} isa
subset of activities which can feasibly be assigned to the subset J; of resources. The reformulated
problem than simply states, that the assignment problem is to select for each subset J, of
resources exactly one subset of activities Ig in such a way that each activity is contained in
one of the selected subsets and total costs are minimised. The following two examples further
illustrate the relaxation (18) and the corresponding reformulation of the assignment problem.

Example 5 Adding constraints (15) to the GAP (2) for a given partitioning {J; : ¢ € Q} of
the agent set J and dualising the semi-assignment constraints (2b) with multipliers r; gives the
Lagrangian subproblem

Ly(n) =Y mi+min 3 > > ciymy

el qeQ e, iel
s.t.: Z:c,-j$1 Viel,geQ
J€Jq
Zdijxij < 85 Vje Jpy q € Q
el

:EijE{O,l} Yiel,jelJ.

The Lagrangian subproblem decomposes into the [Q| subproblems

v, = min Z Z CijTij (19a)

icl jEJ,
st Y =z <1 Viel (19b)
JjeJq
Zdisz’j <s; VjeJ, (19¢)
174
zi; € {0,1} Viel,je J, (19d)
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such that La(n) = > ;1 M + 2 ,c0Vq- Each of the above subproblems is easily recognized as a
GAP if a dummy task 0, with assignment costs c;o, = 0V, resource requirements dj, = 1V1,
and capacity so, = |I| is added to the subsets J; of agents. If {(mg-’)jeJq : h € Hy} denotes
the set of feasible solutions of subproblem ¢, the Lagrangian dual problem maxy, Ly(77) can be
written as the linear program

max Zni + Z Vg
i€l qeQ
st vg+ Z(Z zfj)m <Cqp YqgeQ,heHy,
i€l jed,

where Cop = D it Eje Jo xf] Dualising this program with dual variables p, then gives the
primal linear master problem

min Y Contign (20a)
geQ heH,

s.t.: Z pep =1 Vqe€Q (20b)
heH,

S (X ah)ua=1 vier (20¢)

geQ heH, jeJ,
np>0 VgeQ, heH, (20d)

which is the linear relaxation of a set-partitioning reformulation of the GAP. Columns of this
reformulation correspond to subsets of tasks feasibly assignable to subsets J; of agents.

Example 6 In case of the CFLP (6) the situation is more difficult than for the GAP (2). The
aggregate capacity constraint (6d) must be dropped in order to keep the Lagrangian subproblem
decomposable, if the demand constraints (6b) are relaxed and the constraints (15) are added.
Doing this and dualising constraints (6b) with multipliers n; the Lagrangian subproblem is

Ly(n) =) mi+ > v (21a)
iel q9€Q
where
Vg = min Z Z CijTij + Z fiy; (21b)
i€l jedq j€Jq
st: Yz <1 Viel (21c)
j€Jq
Y dizij <sjy; Vi€, (21d)
iel
OSa?iijj ViEI,jEJq (21e)
y; € {0,1} Vj e J,. (21f)

The above subproblem can be transformed to a CFLP by adding a dummy depot 0, with capacity
S0, = d_icr @i and costs fo, = cio, = 0V to the subset J, of depots. If {(y}, z%)jes,) : b € Hy}
denotes the vertex set of the set of feasible solutions to subproblem q and Cg, is defined as

Con=)_ ) i+ 1w,

i€l jed, J€Jq
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the Lagrangian dual problem and the primal linear master problem can be written in the same
way as in the case of the GAP. In this case, the linear primal master problem is the linear
relaxation of a program which restates the CFLP as a pure integer program. Columns of this
reformulation correspond to feasible flows from subsets J; of depots to the set I of customers.

Remark 2 In an analogous way, the relaxation (18) can be applied to the BPP (3) and the
FCTP (5). In case of the FCTP the resulting Lagrangian subproblem (pricing subproblem)
decomposes into smaller FCTPs if a dummy sink is added to each of the |@| subproblems. In
case of the BPP, however, each of the |Q| resulting subproblems is a “mixture” of a BPP and a
multiple knapsack problem where there is a profit for each item assigned and a fixed cost of 1

for each knapsack (bin) used.

Remark 3 The discussed examples of assignment type problems include only linear constraints;
the requirements z; € X; are capacity constraints of the form Y, ; dijzi; < s;. An alternative
way of partitioning the problem is, therefore, to decompose the set I of activities into disjoint
subsets I, 7 € R, adding the implied constraints ) ;.; di;jz;; < s; for each j € J and r € R, and
relaxing the capacity constraints in a Lagrangian manner. The resulting Lagrangian subproblem
decomposes again into smaller subproblems of the same or a similar structure as the original
problem. It is, however, not difficult to show that this relaxation is usually not as strong as the
relaxation (7) or even as strong as the conventional Lagrangian relaxation of the semi-assignment

constraints (1b).

An apparent question which arises, is how to partion the subset J into subsets J;. Some
hints can be derived from the following proposition:

Proposition 1 Let 7] denote an optimal solution to maxy L1 (n), where the Lagrangian function
Li(n) is defined in (10). Furthermore, let {z*:t € T} denote the set of optimal solutions to the
Lagrangean subproblem (10) with n =7, that is

L) =) m+ Z(gj(aﬁ) - Zﬁi:cfj) VteT.
i€l JjeJ i€l
If ZjeJq zt; <1 holds for every ¢ € Q and t € T then max, L1(n) = max, La(n).

Proof: The linear relaxation of (7) and the corresponding dual program (8) can be rewritten
in aggregated form as

L = mi t
max 1(n) = min Zg(x o

teT
s.t.: Z Qap = 1
teT (22)
D) ahioy=1 Viel
jeJ teT
Qi 2 0 ViteT
and
m;?xLl(n) :max{Zm+u:Zme$j+uSg(zt)VteT}, (23)
iel iel jeJ

respectively, where {z* : t € T} = X = |J; X; and g(z*) = 3 ,c;9;(z%). Analogously, if
{z" : h € H} is the set of solutions = € X satisfying constraints (15), the aggregated version of
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the linear program (18) reads:

La(n) = mi h
max 2(n) = min Zg(m

heH
s.t.: Z pp =1
heH (24)
ZZx?juh=1 Viel
j€J heH
up >0 VheH.

Let @ and (7,7) denote an optimal solution to (22) and (23), respectively. From complementary
slackness it follows that

@ >0 = g(z") - ) > mal; ﬁEItIélqr}{g IO u}

i€l jeJ zEI JjeJ

Therefore, {z* : @ > 0} is a subset of the set T of optimal solutions to the Lagrangian subprob-
lem (10) for optimal multipliers = 7 (if (22) is not degenerate then T = {z*: @ > 0}). Since
ZjeJq a:ﬁj <lforallt €T and q € Q, the columns t € T are feasible for (24), that is T C H.
The solution i, = &; if t € T and i, = 0 if t € H \ T is, therefore, a feasible solution to (24)
with objective function value ) ;.4 mpah = ier @at = L1(7) = max, L1(n). Since generally
La(n) > Ly1(n), the desired result follows. O

The above proposition states, that the inequalities (15) must cut-off at least one optimal
solution of the Lagrangian subproblem (10) for given optimal Lagrangian multipliers; otherwise
the relaxation (18) cannot be stronger than the linear relaxation of the reformulation (7). A
plausible way of determining the subsets Jj is, therefore, to first compute (approximate) optimal
multipliers for the “conventional” relaxation (10), and afterwards to construct the subsets J,
in such a way that an optimal solution to the Lagrangian subproblem violates at least one
of the constraints (15). How this can be done in detail depends on the specific problem on
hand. Other problem-specific topics concern algorithms for computing approximate optimal
multipliers for the Lagrangian relaxation (10), the implementation of Lagrangian heuristics,
the use of Lagrangian probing methods to reduce problem size, the algorithms used to solve
the Lagrangian subproblems (10) and (16), the column generation method used for maximising
the function L defined in (16), and finally branching rules in case that the relaxation (18)
is used within a branch-and-price framework. In the following, we briefly sketch a possible
implementation of the described partitioning approach for solving the GAP and an implemention
for the CFLP proposed in Klose and Drexl (2001).

4.1 Outline of a Partitioning Procedure for the GAP

In order to possibly sharpen the linear relaxation of the reformulation (11) of the GAP (2) by
means of the partitioning approach, it suffices to group the agents j € J into pairs, that is to
decompose the set J of agents into subsets J;, ¢ € @, such that 1 < |J,] < 2Vg € @ and
|Jq| = 2 for at least one g € Q. For each j € J let Z; denote an optimal solution of the pricing
subproblem (12) for given optimal dual prices 77 of the semi-assignment constraints in the linear
relaxation of (11). From proposition 1 it follows that

HiEI:Eijq-}-E,-kq >1

must hold for at least one set T = (Z;);jes of optimal solutions to the pricing subproblems (12)
and at least one pair J; = {kq, jg} of agents. This suggests to determine pairs J, of agents by
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means of solving the matching problem

max Z Z WkjZk;

keJ jed
>k
s.t.: szj-FZijSl Vied (25)
keJ keJ
k<j k>

z; € {0,1} V(k,j)eJxJ k<j,

where wg; = 3,1 (Tik+Tij). Alternatively, the weights wy; may be defined as wi; = 3¢, (max{Z+
Zi; — 1, 0}) A possible implementation of the partitioning approach for the GAP is then to
perform the following steps:

1. Apply “conventional” Lagrangian relaxation of the semi-assignment constraints (2b). Com-
pute approximate optimal multipliers 7 and a feasible solution to the GAP by means of the
multiplier adjustment method (possibly followed by subgradient optimisation) in conjunc-
tion with Lagrangian heuristics (see Fisher et al. (1986), Guignard and Rosenwein (1989),
Karabakal et al. (1992)).

2. Apply Lagrangian probing techniques in order to fix binary variables z;; to 0 and 1 without
loss of optimality (see Guignard et al. (1997)).

3. Decompose the set of agents into pairs by means of solving the matching problem (25).

4. Solve the linear primal master problem (20) by means of a stabilised column generation
method. During the column generation use Lagrangian heuristics after each call to the
Lagrangian subproblem (pricing subproblem) (19) in order to obtain (improved) feasible
solutions to the GAP. Reapply Lagrangian probing if an improved feasible solution has
been found.

5. Let u* denote the computed optimal solution of the linear program (20) and let z*, where
T = hen, pinzh for j € Jy, denote the corresponding (fractional) solution in terms
of the orginal variables. Apply a rounding procedure and/or solve the restricted integer
master problem to optimality in order to obtain an improved feasible solution to the GAP.

6. In case that a duality gap remains, use branch-and-price for computing an optimal solution
of the GAP. Possible branching rules are z;; = 0 vs. z;; = 1 for some fractional Z;;, or
2 jes, Tij = 0 V8. 3¢y @ij =1 for some fractional 3., Zij, or even a multi-branching
which generates |Q| branches and forces 3¢ J, %ij to one on each of these branches.

4.2 Outline of a Partitioning Procedure for the CFLP

Klose and Drexl (2001) propose the following implementation of the partitioning approach for
the CFLP:
1. Apply Lagrangian relaxation of the demand constraints (6b) in formulation (6) of the

CFLP. Compute approximate optimal multipliers by means of subgradient optimisation
and obtain a feasible solution to the CFLP by means of Lagrangian heuristics.

2. Use Lagrangian probing in order to reduce the problem size.

3. Consider the Lagrangian relaxation of constraints (6b) without the aggregate capacity
constraint (6d) added. Apply subgradient optimisation to compute approximate optimal
multipliers 77 and let (Z,%) denote the solution of the corresponding Lagrangian subprob-
lem.
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4. Try to find a partitioning {J; : ¢ € Q} of the depot set J such that }°;c; Zi; > 1 for at
least one ¢ € I and ¢ € Q. For this purpose apply the following steps:

(2) Set O={j€J:y; =1} and ¢=0.

(b) Choose i € I such that ZjeO Z;j > 1. If there is no such i € I, go to step (d).

(¢) Set g:=q+1, J,={j € O:Zi; >0}, and O := O\ J;. Go to step (b).

(d) Assign each j € J with ; = 0 to the set J; which minimises minjej, 3 ;¢ rlcij — citl-

5. Solve the primal linear master problem (20) by means of column generation. After each call
to the Lagrangian subproblem (pricing subproblem) (21) solve the transportation problem
if the set of open depots has enough capacity to meet total demand. Reapply Lagrangian
probing if an improved feasible solution to the CFLP has been found.

6. Let u* denote the computed optimal solution of the linear program (20) and let (z*,y*),
where (y5, z};) = > ope H, u;h(y;-l,w%) for j € Jg, denote the corresponding (fractional)
solution in terms of the orginal variables. Round a fractional solution y* and solve the
resulting transportation probem in order to possibly obtain an improved feasible solution
to the CFLP. Afterwards apply an interchange procedure to the best feasible solution
obtained so far; however, do not allow the procedure to open (close) depots j if y; is small

(large).

A branch-and-price procedure has not been implemented. Possible branching rules are, however,
to branch on a single variable y; if y; is fractional, or to impose the branching constraints
Y jes¥i=0vs. 3oy 2 1if 35y is fractional. In order to perform the column generation,
Klose and Drexl (2001) use the analytic center cutting plane method (Goffin et al. (1992)). The
above procedure has been tested on 75 test problems ranging in size from 100 potential depot
sites and 100 customers to 200 potential depot sites and 500 customers. The test problems differ
in the ratio r = 37, s;/ 3=, d; of total capacity to total demand. For each problem size and ratio
r € {3,5,10} five problem instances have been generated according to a proposal of Cornuejols
et al. (1991). Furthermore, the bound obtained by means of the partitioning approach has been
compared with Lagrangian bounds based on relaxing the demand constraints and the capacity
constraints in model (6), respectively. These last two bounds were also compute by means
of stabilised column generation procedures. Since the partitioning approach usually only make
sense for relatively large problem instance, we reproduce here the results obtained for the largest
test problems with 200 depot sites and 500 customers (Table 1). The results shown are averages
over the five instances of each problem type. In Table 1, LB % is the percentage deviation of the
lower bound from optimality; UB % is the percentage deviation of the computed feasible solution
from an optimal one; Ity r and Itps denote the number of Lagrangian subproblems and restricted
linear master problems solved, respectively; Trr, Tx, and Tas are the computation times spent
on solving Lagrangian subproblems, computing heuristic solutions, and solving master problems;
Trot is the total computation in seconds of CPU time on a Sun Ultra (300 MHz).

As can be seen from Table 1, the partitioning method produces strong lower bounds on
the optimal solution value. For a number of large test problems this bound even improves the
very strong bound based on relaxing the capacity constraints (6¢). The computational effort
required to solve the relaxation based on partitioning the depot set is, however, quite large;
also the observed variation in the times spent on computing this bound was substantial. This
is due to the complexity of the subproblem which itself decomposes into (smaller) CFLPs. A
counterintuitive result is that the best lower bounds computed by means of the partitioning
approach have been obtained for the test problems with smallest capacity tightness index 7,
although this relaxation method does not make use of the aggregate capacity constraint (6d).
This indicates that the heuristic used for decomposing the depot set does not work well for
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Table 1: Computational results
r LB% UB% Itrg Ity Tre Tw Ty Trot
Partitioning approach
3 0.09 0.02 100 100 2514.2 9.6 154.8 2680.3
5 0.26 0.34 116 115 5657.0 7.1 217.9 5884.1
10 0.30 0.29 157 157 59076.4 3.5 1647.1 60727.9
“Conventional” relaxation of demand constraints

3 0.16 0.02 300 24 89 170 9.9 36.7
5 0.40 0.37 631 68 25.7 21.2 39.6 87.6
10 0.47 1.09 901 91 42.1  35.5 172.3 251.7

Relaxation of capacity constraints
3 0.15 0.00 290 290 1273.2 34.0 66.3 1373.5
5 0.33 0.04 267 267 11487.0 22.6 51.1 11560.9
10 0.29 0.02 190 190 9853.1 10.0 30.6 9893.9

Table 2: Results for 3 single large-scale test problems
r Gap%h Itrgp Ity TLr Ty Ty Trot
3 0.06 129 129 21769.8 168.7 768.7 22735.1
5 0.10 167 166 43286.1 66.4 1392.1 44754.3
10 0.40 234 233 59007.7 49.4 2927.3 61997.1

this type of test problems and should be improved for problems with relatively loose capacity
constraints. Nevertheless, due to the quality of the lower bounds, the method has some potential
to solve large problems to optimality or at least very near to optimality. This is also shown by
the results of an experiment with three single very large problem instances with 1000 customers
and 500 potential depot sites (see Table 2). Since no optimal solution is known for these large
instances, Table 2 only shows the percentage deviation GAP % between the upper and lower
bound computed by means of the partitioning method.

5 Conclusions

In this paper, we discussed the application of a partitioning method to a number of optimisation
problems of the assignment type, and compared this approach to the standard way of applying
column generation to assignment problems. It has been shown, that the conventional way of
transforming assignment type problems into problems of the set-partitioning type and solving
the linear relaxation of this reformulation is equivalent to a Lagrangian relaxation of the semi-
assignment constraints. This relaxation can be improved by imposing the constraints that no
“activity” may be assigned more than once to a given subset of resources. Applying Lagrangian
relaxation of the semi-assignment constraints while adding these implied constraints leads to a
Lagrangian (pricing) subproblem which decomposes into smaller optimisation problems of the
same type as the original optimisation problem. A necessary condition for obtaining this way an
improved lower bound is, that the added implied constraints are “Lagrangian cuts” (see propo-
sition 1). Computational results obtained with this approach for the CFLP indicate that the
method is capable to solve large problem instances to optimality or very near to optimality. The
partitioning principle is generally applicable to assignment problems which are decomposable if
the semi-assignment constraints are relaxed. However, the method has in any case to be fine-
tuned to the specific problem on hand. This raises a number of research questions concerning
algorithmic design. Topics which have to be addressed are the design of heuristics for suitably
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decomposing the “resource” set J, the implementation of Lagrangian heuristics as well as primal
heuristics using the information of a fractional solution to the primal master problem, the design
of effective algorithms for solving the subproblems (which are of the same type as the original
problem), the implementation of Lagrangian probing techniques for reducing the problem size,
and finally the design of fine-tuned methods for stabilising the column generation.
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