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Abstract 

This paper focuses on Single machine scheduling subject to inventory constraints. 
Jobs add and remove items to and from, respectively, the inventory. Jobs that remove 
items cannot be processed if the required number of items is not available. We consider 
scheduling problems on a Single machine with regulär objective functions Lmax, wjCj, 
YlwjUj- and and propose a genetic algorithm framework to tackle them. 
The focus is on discussion of different representations with respect to redundancy and 
corresponding decoding schemes. Moreover, we evaluate the different techniques by 
means of a computational study. 

Keywords: Machine scheduling, inventory constraints, genetic algorithm, represen-
tation schemes. 

1 Introduction 

In this paper we consider the problem of scheduling Jobs on a machine subject to inventory 
constraints. The problem has been introduced originally by Briskorn et al. [3]. White a Job is 
being processed, it can either insert or withdraw items into and from a centralized inventory. 
Consequently, Jobs withdrawing items can only be processed if the inventory contains sufficient 
items at the Start of their processing. 

This type of problem can be easily motivated by considering the problem of scheduling trucks 
at a transshipment terminal. In th is case, the machines correspond to the gates of the terminal, 
the trucks to the Jobs, and the goods carried in the trucks to the items. If more than one 
type of good is carried, we can distinguish between different types of items. Each truck either 
delivers or picks up a certain number of units of a good of a certain type. Of course, a truck 
that is supposed to withdraw a given amount of a certain type cannot be processed if the 
current inventory level is l ess than the amount the truck needs. 

Another application of our model arises in maintenance scheduling. Let us suppose we schedule 
production Jobs that have to be processed on a Single machine. Of course deterioration may 
occur and, therefore, once in a while the machine has to be maintained. We can represent 
the maintenance State of a machine by the inventory level meaning that an inventory level 
of zero requires the processing of a maintenance job before any more production Jobs can be 
processed. Each production job is represented by a job that withdraws from the inventory 
in our model since it lowers the maintenance State. Here, production jobs may differ in the 
amount of deterioration that they cause. Maintenance jobs can be represented by a job that 
refills the inventory; this corresponds to an increase in the maintenance level. 

In this paper we restrict ourselves to a Single machine environment. Considering the appli-
cations mentioned above this means that we consider a transshipment terminal that has a 
single gate or a Single machine that has to be maintained once in a while. We do not con
sider release dates, that is all jobs, trucks, and production jobs, respectively, are available for 
processing right at the beginning of the planning horizon. A f urther restriction in this paper 
is the assumption that the inventory's capacity is infinite or at least large enough so that it 
never becomes a constraining factor. We are aware of the fact that this is a major drawback 
as far as real world applications are concerned. However, even this special case of the problem 
is computationally hard and, therefore, worth being tackled. Besides being applicable to a real 
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world environment where the inventory capacity is not an issue, an efficient procedura can 
serve as a building block in a n approach for tackling a more general problem. 

Inventory constraints as described above have already been considered in project schedul-
ing; see, for example, Bartels and Zimmermann [1], Neumann and Schwindt [11], Neumann 
et al. [12], and Schwindt and Trautmann [15]. In Neumann and Schwindt [11] it has been 
shown that inventory constraints are a generalization of both renewable and non-renewable 
resources. Thus, finding a minimum makespan project schedule considering (Standard) prece-
dence constraints as well as inventory constraints is a generalization of the well-known Resource 
Constrained Project Scheduling Problem which is known to be strongly NP-hard. 

To the best of our knowledge only a few papers have considered the scheduling of transport 
vehicles that have to be served at a transshipment terminal. Scheduling of trucks at cross-
dock-terminals has been considered in Boysen et al. [2]. The trucks have to either drop off 
goods or pick up goods. The model assumes that the terminal has two gates. At the first 
gate trucks are unloaded and at the second gate trucks are loaded. Boysen et al. [2] show 
that minimizing makespan is strongly NP-hard even if a ll processing times are equal. Yu and 
Egbelu [18] consider a similar model and develop a heuristic to solve the problem. McWilliams 
et al. [9] propose a genetic algorithm in order to solve a problem with more than two gates. 

There is typically not that much flexibility in t he scheduling of maintenance activities. Often, 
fixed time windows are given in which maintenance activities must take place, see Lee [8]. 
Another restriction in the scheduling of maintenance activities involves upper and lower bounds 
on the durations between two successive maintenance activities, see Chen [4] and Sun and 
Li [16] for example. Usually, the durations of maintenance activities are fixed in advance. 
Another restriction may be a bound on the number of maintenance activities, see Mosheiov 
and Sarig [10] for example. In the stream of papers on maintenance scheduling it is assumed 
often that the processing times of jobs are affected by the preceding maintenance activities, 
see Mosheiov and Sarig [10] and Zhao and Tang [19]. Our model contributes to this area by 
allowing a total flexibility in the scheduling of the jobs provided the maintenance State of the 
machine does not drop below zero. Theoretically, the maintenance State can be arbitrarily high 
in our model. Note, however, that the jobs representing the maintenance activities should not 
have a direct impact on the objective value since the objective function only involves those jobs 
that represent the production. The tendency will be to postpone the maintenance activities 
as much as possible and the maintenance State will stay in a reasonable ränge. 

In Briskorn et al. [3] the problem setting of this paper has been investigated as far as its 
computational complexity is concerned. Several polynomially solvable special cases have been 
found. However, the general problems with objectives of minimizing maximum lateness and 
total completion time, respectively, have proven to be strongly NP-hard. Hence, tackling the 
problem by means of efficient heuristics is appropriate and, consequently, we present in what 
follows a genetic algorithm (GA). 

A GA is a heuristic search method simulating the evolution of a population. The population 
consists of individuals representing solutions of the problem at hand. The basic idea which 
has been developed by Holland [7] originally is to recombine and mutate solutions as one 
generation is followed by the next. The decision concerning the survival of a specific individual 
from one generation to the next is made by a selection based on a fitness value that reflects 
the quality of the Solution. There have been countless pieces of work on GAs. Therefore, we 
refer to Goldberg [5], Reeves [13], and Vose [17] for general overviews. 

This paper is organized as follows. In Section 2 we formalize the problem in terms of machine 
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scheduling problems. In S ection 3 we outline the basic scheme and the Operators employed 
in the GA. In S ection 4 we develop representation schemes for the GA which can be decoded 
according to the mechanisms outlined in Section 5. In Section 6 we present dominance rules. 
The resulting GA is evaluated by means of a computational study presented in Section 7. We 
conclude the paper in S ection 8. 

2 Problem Definition 

The problem at hand can be defined as follows. We consider a single machine. We have given 
a set J, \J\ = n, of jobs where each job j e J is specified by processing time pj, weight Wj, 
inventory modification öj and, possibly, due date dj. 

The processing time pj of job j represents the amount of time job j occupies the machine 
while it is being processed. A job's weight describes its influence on the objective value of a 
schedule and, thus, intuitively its importance. The inventory modification öj of job j specifies 
the amount by which the inventory level is altered while job j is processed. Consequently, job 
j inserts items into the inventory if öj > 0 and job j withdraws items from the inventory if 
öj < 0. There are several reasonable models of inventory modification by jobs. We can assume 
that the inventory modification takes place at the Start of processing, or at the completion of 
processing or continuously during the processing. However, on a Single machine there is no 
relevant difference between these three different assumptions. 

We refer to jobs with positive and negative inventory modifications in w hat follows as positive 
jobs and negative jobs, respectively, and denote the corresponding subsets of jobs as J+, 
| J+| = n+, and J~, \ J~\ = n~, respectively. For due date related objective functions the due 
date of job j represents the point in time when job j should be completed. Without loss of 
generality we assume that processing times, weights, inventory modifications, and due dates 
are integers. 

An initial inventory /0 > 0 is given which specifies the inventory level before the first job is 
started. We denote the inventory level after the kth job as Ik. Hence, for a given permutation 
a of jobs we have Ik = I0 + J2i=i <W) where a(l) is the Ith job in er. 

In what follows we formally define schedules and feasible schedules, respectively. Let S C JxN 
be a set of tuples where the first element specifies a job and the second element gives the 
completion time. 

We say S is a schedule if 

1. for each j e J there is exactly one (j,Cj) € S, that is each job is scheduled exactly 
once and 

2. for each pair of jobs j,i € J, j ± i, with (j, Cj) 6 S and (i,Ci) 6 5 we have 
Cj < Ci — pi + 1 or Ci < Cj — pj + 1, that is jobs do not overlap in time. 

We say a permutation er co rresponds to a schedule S if f or each pair 1 < k < l < n we have 
(cr(k), Ca(k)) E S and (u(I), Ca(i)) € S with C^k) < A schedule S is a feasible schedule 
if 

3. Ik > 0, 1 < k < n, for the permutation corresponding to S. 
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Figure 1 provides a Gantt Chart for a feasible schedule with three jobs specified by (j,Pj,Sj) 
in the lower part. In t he upper part the inventory level curve is drawn under the assumption 
of continuous inventory modification and an empty initial inventory. Note that since I0 = 0 
the only positive job 1 must be scheduled first. Then, as far as feasibility is concerned we can 
schedule the negative jobs in an arbitrary order. 

Figure 2 provides a feasible schedule for the same setting except for I0 = 2, here. Therefore, 
an arbitrary negative job can be scheduled first. However, the positive job cannot be scheduled 
in the third position since otherwise we would have h = — 1. 

We consider the Standard machine scheduling objective functions, namely the minimization of 

i. the total weighted completion time 

ii. the maximum lateness max^gj Lj, where Lj = Cj — dj , 

iii. the weighted number of tardy jobs Yjje.jwjUj> where Uj = 1 if C j > dj and Uj = 0 
otherwise, or 

iv. the total weighted tardiness J2jejwjTj< where 2} = max{0, Cj — dj }. 

Note that we do not consider due dates as hard constraints in our problem settings. It is easy to 
see that we can restrict ourselves to non-preemptive schedules with no idle time. Conveniently, 
we can fully specify such a schedule by its corresponding permutation. 

We denote the resulting problems to find an optimal feasible schedule where optimality is with 
regard to objective functions i. to iv. by extending the well-known three field notation, see 
Graham et al. [6], for machine scheduling problems as 

i. l\inv\Y^WjCj, 

I -

(1,4,+4) (2.3,-2) (3,5,-1) 

Figure 1: Example for Feasible Schedule with 70 = 0 

(2,3,-2) (1,4,+4) (3,5,-1) 

Figure 2: Example for Feasible Schedule with IQ = 2 
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iii. l\inv\ Yhwi^v and 

iv. l\inv\J2u>jTj-

In Briskorn et al. [3], l\inv\ YlwjCj has been proven to be strongly NP-hard even if Wj = 1 
for each j G J and either all positive jobs or all negtive jobs are identical. l|mt>|Lmax is 
shown to be strongly NP-hard even if all positive jobs are equal with respect to their due 
dates and all negative jobs are equal with respect to their processing times and their inventory 
modifications. Since l|muj Ŷ wjUj and l\inv\^2wjTj are generalizations of l\inv\Lmax and 
l|im>| YhwjCj, respectively, each of the four considered problems is s trongly NP-hard. 

3 Genetic Algorithms: Basic Scheme and Operators 

In t his section we develop several variants of a GA for solving the problems introduced in the 
previous section. The basic ideas of GAs developed so far are pretty much the same and we 
do not deviate from it. The general scheme is g iven as Algorithm GA. 

Algorithm 1 GA 
Input: population size PS 
Output: best Solution found 

initialize population with PS individuals 
while termination criterion is not met do 

apply crossover operator 
apply mutation operator 
reduce population size to PS by selection 

end while 

After initializing the population three operators are applied to individuals and population, re
spectively, in t urn until a termination criterion is met. Randomly generated pairs of individuals 
are recombined by the crossover operator doubling the population size. The mutation operator 
is applied to each individual of this enlarged population before the selection operator reduces 
the population size to PS. 

In w hat follows we refer to the set of all schedules and the set of all feasible schedules as the 
Solution space <S and the feasible Solution space S*, respectively. 

We first specify the genetic operators we employ in our GA. Although the exact representations 
are only discussed afterwards, we provide general definitions of the operators that apply to 
both typ es of representations. 

Crossover Operator: 

Let two permutations a and a' of jobs be given such that both exclusively contain subset of 
jobs J' C J where | J'\ = n'. A crossover operator recombines parent permutations a and a' 
and produces two offspring permutations r and r' exclusively containing jobs in «/', as well. A 
well known type of crossover operator is the fc-point-crossover. The procedure of creating r 
and T' from a and a' can be described as outlined in Algorithm ft-point-crossover. 
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Algorithm 2 fc-point-crossover 
Input: two permutations a and a' containing J' 
Output: two permutations r and r' containing J' 

randomly choose k disjoint integer numbers ii,..., from [1, | J'\ — 1] 
ik+i <— n 
q<r- 1 
for l = 1,..., k + 1 do 

while q <ii do 
if l is odd then 

-r(g) 4— j where j is the first job in a which is not in r 
r'(q) <— j where j is the first job in a' which is not in r' 

eise 
T(Q) 3 where j is the first job in er' w hich is not in r 
r'(q) <— j where j is the first job in a which is not in r' 

end if 
q + l 

end while 
end for 

Mutation Operator: 

A mutation operator applies slight changes to individuals. In our case the modification is 
implemented as switching two consecutive jobs. Given a permutation a having length n' we 
randomly choose for each position q, 1 < q < n' — 1, whether to switch a(q) and a(q + 1) 
or not. The probability to switch a certain position with the following is given by parameter 
Pmut • 

Selection Operator: 

The selection operator deterministically chooses the PS solutions having best fitness values 
to survive into the next generation. 

4 Genetic Algorithm Representation 

The representation of a schedule are determined by its encoding on which the genetic operators 
crossover and mutation are applied. The set of all possible instances of the representation is 
referred to in what follows as the search space. 

4.1 One String Representation 

The first representation we propose is a pretty straightforward one. As mentioned in Section 
2 the permutation corresponding to a schedule S fully specifies S since we do not consider 
preemption or release dates and, therefore, do not have to take machine idle time into ac-
count. Consequently, we propose a one string representation. The crossover operator and the 
mutation operator are applied in a straightforward manner. 
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The corresponding search space Ei is specified as the set of all permutations of J and, 
therefore, |Ei| = n!. Note that although each a e E1 corresponds to a schedule there might 
be a er G Ei which does not correspond to a feasible schedule. In f act, if there is no such er 
we can just drop inventory constraints and solve the corresponding basic problem. We denote 
the subset of permutations corresponding to a feasible schedule as E{ CEJ. 

A reasonable measure for the efficiency of the represention is the ratio between the number of 
permutations corresponding to a feasible schedule different genotypes and the overall number 
of permutations. It is easy to see that there is no constant ratio but the ratio may be decreasing 
in t he number of jobs. Consider a class of problem instances specified by n+ = 1, I0 = 0, and 

Sj = - ]T Si 

where j is the only positive job. Clearly, there are n! permutations. However, note that in a 
feasible schedule j must precede all other jobs and there are only (n —1)! permutations having 
j in the first slot. Hence, 

|£f|/|Ei! = l /n. 

An important question is if permutations in Ei \ S( can occur at all if we initialize the 
population with permutations out of E{. SO, the question reduces to asking whether it is 
possible that two parent permutations out of E{ yield an offspring out of Ei \ E{. We can 
positively answer this question by the following example. Consider a problem instance with 
J+ = {1,2}, J~ = {3,4}, I0 = 0, <5i = ö2 = 1, 83 = 64 = -1. and remaining parameters 
set arbitrarily. Let us assume that a 1-point-crossover is performed on parent permutations a 
and a' with i\ = 2. 

<r = (1,3,2,4) 

/ = (1,4,2,3) 

T = (1,3,4,2) 

7= (1,4,3,2) 

We can see that both the child permutations r and r' do not correspond to feasible schedules. 
Hence, even if w e initialize the population appropriately we cannot prevent permutations from 
Ei \ E{ to occur in later generations. 

As we described above, it is easy to come up with a repair scheme to transform a permu
tation corresponding to an infeasible schedule into one corresponding to a feasible schedule. 
Nevertheless, clearly we have - potentially high - redundancy in our representation scheme 
since |Ei| > |«S^|. Note that redundancy is not unconditionally a bad thing to have in the 
search space of a GA, see Rothlauf [14]. However, as we will discuss in Section 5 the kind of 
redundancy we have here turns out to be inappropriate for a GA. Anyway, the simplicity and 
the intuitiveness of the one string representation may turn out to be an advantage later on. 

4.2 Two Strings Representation 

Taking into account the discussion about redundancy in the discussion regarding the Single 
string representation, we propose now a second representation that fully avoids this redun
dancy. The strueture of the two string representation is given as follows. Each individual 
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consists of two permutations a+ and a~ for jobs in sets J+ and J~, respectively. Conse-
quently, the corresponding search space E2 is given by Per(J+) x Per(J~) where Per(X) 
is the set of all permutations of set X. The crossover operator is applied twice for each 
pair of parent genotypes: once for the pair of permutations of positive jobs and once for the 
pair of permutations of negative jobs. The mutation operator is applied twice per individual 
accordingly. An exception from this applies for objective function Lmax. As proven in Briskorn 
et al. [3] negative jobs can be assumed to be in EDD order. Therefore, we initialize a~ of 
each individual in EDD and never apply the crossover operator or mutation operatl or to it. 
Note that of course we can drop a~ for objective function Lmax. However, for the sake of a 
unified presentation we stick to the two string representation even in this case. 

Obviously, |E2| = n+! • n~ ! and, therefore, search space E2 is smaller than Ei at least by a 
factor of n and potentially by a factor exponential in n as we will see in the following. Let us 
assume that n+ = n~, then 

E,l n\ =„} t + *>2t 

|E2| f.-f. fc=1 k -

In w hat follows we say that (a+, cr~) G E 2 corresponds to schedule S £ S if the partial Orders 
of J+ and J~ in S are the same as in a+ and a~, respectively. An individual (a+,a~) G E 2 

does not fully specify a schedule in «5 sin ce there are (n"2) schedules (a+,a~) corresponds 
to. Note that, however, each individual corresponds to at least one feasible schedule as 
long as the problem instance is not infeasible: we can easily construct this schedule by first 
completely scheduling J+ in o rder of a+ and completely scheduling J~ in order of o~ at the 
end. Obviously, the set of schedules two arbitrary but different individuals correspond to are 
disjoint. Therefore, we do not have redundancy here. However, we still have to decide how to 
uniquely identify a schedule by an individual. We will propose methods for this in subsequent 
sections. 

5 Decoding Schemes 

In o rder to assign a fitness value to an individual in Ei or E2 we have to transform it into a 
feasible schedule. The objective value of the obtained schedule then serves as fitness value of 
the corresponding individual. The function transforming the individual into a feasible schedule 
is the decoding scheme. 

5.1 Decoding One String 

As mentioned in Section 4.1 each permutation a G E i corresponds to a unique schedule 5a. If 
Sa G «S ^, t hen decoding a is straightforward by k eeping the permutation of jobs and compute 
completion times by avoiding machine idle time. However, if Sa G S \ S*, then we have 
to repair the schedule in order to avoid violations of inventory constraints. Note that the 
individual itself is unchanged since repairing is considered a step in the decoding scheme. So, 
all what follows can be imagined to be applied to a copy of the individual which is erased after 
evaluation. Given permutation a which is to be decoded there are several alternative repairing 
schemes available. We proceed job by job in t he order given by a and choose the actual job to 
be next in the schedule until the actual job j leads to a violation of the inventory contraints. 
Then, 
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1. we choose the next positive job i in er or 

2. we choose the next job i which does lead to a violation of inventory constraints when 
put next in the schedule 

and 

i. we switch i and j or 

ii. we move i before j and delay jobs before the former position of i and not before j by 
one slot. 

This gives us four strategies. It is easy to see that each strategy finds a feasible schedule as 
long as there is one. In p reliminary tests strategy l.ii. has turned out to perform best in t erms 
of the overall best Solution found. Therefore, what follows is restricted to this strategy. 

Now, we would like to analyse the kind of redundancy we have in 3%. In th e following we say a 
individual <r represents a schedule S if t he decoding scheme applied on a yields S. According 
to Rothlauf [14], there are two major characteristics regarding redundancy in representations: 

• Representations are synonymously (non-synonymously) redundant if individuals that cor
respond to the same schedule are (not necessarily) similar to each other. Rothlauf [14] 
states that non-synonymously redundancy prevents the genetic operators to work prop-
erly while synonymously redundancy might even serve in order to avoid local optima. 

• Representations are uniformly (non-uniformly) redundant if the number of individuals 
corresponding to the same schedule are equal (not necessarily equal) among schedules. 
According to Rothlauf [14], non-uniform redundancy can only be of advantage if we 
have a-priori Information regarding the optimal (or at least good) schedules. 

Without giving a formal definition of similarity we believe it is justified to say we do not 
have synonymous redundancy by considering two classes of instances. First, consider a class 
of problem instances with a Single positive job and empty initial inventory. Of course, each 
feasible schedule has the positive job in the first slot. Now, consider a feasible schedule S 
where negative jobs are in a specific order a~. The position of the positive job in a permutation 
er is not relevant for er to represent S as long as negative jobs are in a~ in o. Therefore, two 
permutation can represent the same schedule even if 

a. maximum difference of positions of jobs is in D,(n) and 

b. f}(n) jobs' positions are different. 

Second, consider a class of problem instances with n+ = n~, J+ = {l,...,n+}, J~ = 
{n+ + 1,..., n}, I0 = 0, and |<5j | = 1 for each job j. Let a and er' be specified by 

<7 = (ra+ + 1,... ,n, 1,..., n+), 
a' = (l,n+ + 1,2,n+ + 2,... ,n+ - l,n — l,n+,n). 

Clearly, a e Ei \ while a' G S {. Note that YJk=\l & E ü(n2) pairs of jobs have different 
relative positions in er and er'. Since both, er and er', represent the same schedule we can State 
two permutations can represent the same schedule even if 
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c. tt(n2) pairs of jobs have different relative positions to each other. 

Note that values derived in a., b., and c. are obvious upper bounds for the corresponding 
property as well. Thus, regarding these criteria the one string representation bears a worst 
case redundancy. 

Furthermore, we can State that we have non-uniform redundancy. To see this, reconsider 
the class of problems instances used to outline c. above. Let S and S' be the schedules 
permutations r and T' correspond to: 

r = (l,...,n+,n+ + l,...,n) 

T' = (1, n1 + 1, 2, n+ + 2,..., n+ - 1, n — 1,7z1, ra). 

Clearly, r is the only permutation representing S while there are f1{n2) permutations repre
senting Skeeping the partial permutations r+ and T~ a permutation represents S' if each 
job j e J+ is scheduled not before slot 2j - 1. Therefore, the number of permutations 
representing a schedule may vary by a factor of Q(n2). 

We would like to emphasize that the chosen examples depend on the kind of repair mechanism 
we consider but the extent of redundancy itself is independent from the actual machanism. Still 
the one string representation and the corresponding decoding scheme has pleasant features 
such as simplicity and intuitive meaning. However, the thoughts given above underline the 
need for alternative representations and decoding schemes. 

5.2 Exact Decoding of Two Strings 

As mentioned in Section 4.2 each individual (cr+,cr-) e S2 corresponds to many schedules but 
it corresponds to at least one feasible schedule. In th is section we present mechanisms enabling 
us to find in polynomial time the schedule having best fitness among all feasible schedules a 
given individual corresponds to. This in f act leads to a reduction of the Solution space S to a 
Solution space Sdom C S such that for each S e S* there is a 5" € Sdom such that S' has an 
objective value not higher than the one of S. Then, we have a 1 to 1 correspondence between 
Sdom and E2 which clarifies again that there is no redundancy. 

Exact Decoding for Lmax 

In the following, we develop an algorithm in order to find optimal schedule a given 
individual corresponds to. As mentioned before we can assume J~ to be in EDD order and 
that is why we have o~ sorted accordingly. 

Basically, the algorithm goes backward and chooses the last unscheduled negative job in the 
current step if its due date is not lower than the one of the last unscheduled positive job or 
the the last positive job can not be scheduled next due to inventory constraints. 

Theorem 1. Algorithm Merge-Lmax finds the optimal schedule represented by a given indi
vidual (a+,a~) € ü2. 
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Algorithm 3 Merge_Lmax 

Input: (a+,a~) E S2 

Output: permutation a corresponding to optimal schedule represented by (<7+,cr~) € E2 

k <— n+ 

l <— TL 
I — IQ + YljeJ öj 
while k > 1 and l > 1 do 

if ^ dcT-(i) or / < then 
<j(k + t) <— <7 (/) 
I <— / — £a-(j) 
/ <— l — 1 

eise 
<j(fc + l) <— (7+(Ä) 
I *— I — £r +(fc) 
k <r- k — 1 

end if 
end while 
cr(fc') <— Ö"+(A:') for each !<&'<& 
cr(/') «— <J~{V) for each !</'</ 

Proof. Let CT and <7* be t he outcome ofour algorithm and an optimal permutation, respectively. 
Let k be the last position where a and a* differ. Note that 5a(k) • ^*(fc) < 0. Let k' be the 
position of a(k) in er*. 

If a (k) € J~, then a*(k") € J+ for each k' < k" < k. Due to our algorithm 

• rfo-(fc) < rfa(fc) and we can move cr(Ä) in s lot k in a* by moving jobs in s lots k' + 1 to k 
in s lots k' to k — 1 in er* or 

• h< 0 and, therefore, a* is infeasible. 

If a (k) E J+, then cr*(k") E J~ for each k' < k" < k. Due to our algorithm da^ > da*{k) 
and Ik > Sa(k)- Then, we can move a{k) in slot k in a* by moving jobs in slots k' + 1 to k 
in s lots k' to k — 1 in a*. • 

Clearly, Algorithm Merge_Lmax runs in linear time. Note that handling individuals according 
to the one string representation takes at least linear time, as well. Thus, for Lmax it seems 
like t he two string representation is clearly superior to the one string representation since we 
have a smaller search space, no redundancy, and equally fast decoding. 

Exact Decoding for Y^wjC]< *52wjUj, and J2wjTj 

We solve the problem to find an optimal schedule a given individual corresponds to 
by a dynamic programming approach. In order to speeify the approach we define a layered 
graph where the shortest path between unique source node and unique sink node represents 
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the optimal schedule. In order to unify notation for the three objective function under 
consideration we introduce where 

fj(Cj) = WjCj for 7 = J2^jCj 

= {o' "«%<% for 

fj(Cj) = vjj max{0, C, - d3) for 7 = wiTi 

It is obvious that our approach is not restricted to these three objective functions but can 
serve for each one representable as . fj{Cj). 

Note that the set of slots a negative job can be scheduled in is restricted not only by a~ but 
also by inventory constraints. However, we can easily find the earliest slot es(j) a negative 
job j = <?~(k) can be scheduled in: 

es(j) = k + l where l = min < r | /0 + <^+(?) + Y] 6a-(,) > 0 >. 
l ^ 9=1 J 

Intuitively speaking, we must schedule l positive jobs (in order given by a+) before we schedule 
the Äth negative job (in order given by cr~). 

Now we define a weighted directed graph G = (V, E, w) as follows. 

V = {(k,l)\0<k<n+,0<l<n~,l + k>es(l)} 

E = E+UE~ 

E+ = {({k,l),(k + i,l))\(k,l)eV,(k + i,l)eV} 

2- = {((V),(V + i))|(V)Ey,(V + i)ey} 
/k+l l \ 

^((fc,o,(fc+i,0) = /<r+(fc+i) I X/Pa+(fc') + ) for each ((M), (k + 1,0) e E+ 

\fc'=I i'=I J 

(k i+i \ 
^2pa+(k') +E^-C) ) for each ((^'0, (W + l)) G E ~ 
k'=I i'=I J 

Node (k, l) represents the State where the first k positive and the first l negative jobs are 
scheduled. Edges in E+ and E~ represent scheduling the first positive job and first negative 
job, respectively, which is not scheduled yet based on the source State. An edge's weight 
equals the contribution of the corresponding scheduling Step to the schedule's objective value. 
Now, the shortest path from (0,0) to (n+,n~) represents the optimal schedule represented by 
(a+,a~). Correctness follows from the construction of G. Note that |V| 6 0(n2) and there 
are no more than four edges incident to each node and, therefore, |J5| E 0(n2). Hence, we 
can find the shortest path in 0(n2) time. 

Figure 3 illustrates G for a problem instance where n+ = 3 and n~ = 2. Assuming that 
(cr+,cr~) is given such that the first positive job must be scheduled before the second negative 
job, then dashed arcs as well as the State (0, 2) are not defined. 

5.3 Heuristic Decoding of Two Strings 

Although we provide polynomial time procedures to find the optimal schedule represented by a 
given individual in £2 in Section 5.2 these may still take just too much time regarding the huge 
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number of times this module is executed. Accordingly, we propose a heuristic framework for 
decoding an individual. In each step we compare the first positive job not scheduled yet and 
the first negative job not scheduled yet. If t he first negative job cannot be scheduled next due 
to inventory constraints, then, obviously, the first positive job is scheduled next. Otherwise, 
we decide which job to schedule next with regard to the objective function. 

• For objective function Lmax, we choose the job having lower due date. This is inspired 
by t he well-known EDD rule for l||Lmax. 

• For objective function ^2u)jCj, we choose the job having lower Pj/wj. This is inspired 
by the well-known WSPT rule for 1|| YlwjCj-

• For objective function J2wjUj- we choose the job having lower contribution to the 
objective value when scheduled next. 

• For objective function we choose the job having lower contribution to the 
objective value when scheduled next if a t least one or both would be tardy if sc heduled 
next. If bo th can be scheduled non-tardy in th e next slot, then we choose the one having 
lower processing time. 

In each case ties are resolved by preferring the positive job. For each objective function we 
can easily think of other rules. However, in preliminary tests the ones mentioned above have 
performed best. 

6 Dominance Rules 

Depending on the objective function under consideration we can formulate dominance rules. 
Here, a dominance rule prec(j, states that for each schedule S where i precedes j there is 
a schedule S' where j precedes i such that the objective value of S' is not worse than the one 
of 5. 

• For objective function Lmax, we have prec(j, i) if 

- j,i € J~ and dj < di or dj = di and j < i, 

- j G J+, i e J~, and dj < dit 

(3,0) 

(0,2) 

Figure 3: Shortest Rath Graph G 
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- j,i G J+, dj < di and pj < p{ (one or both strictly), or 

- j,i G J+, dj = dit pj = pi , and j < i. 

• For objective function Y, WjCj, we have prec(j, i) if 

- Wj < Wi, Pj < Pi and 5j > öi (one of these strictly), or 

- Wj = Wi, Pj = Pi, öj - öi, and j < i. 

• For objective functions Y wjUj and Y! WjTj, we have prec(j, i) if 

- Wj < Wi, pj < pi, dj < di, and <5) > öi (one of these strictly), or 

- Wj = wit pj = pi, Öj = öi, dj = di, and j < i. 

Now, we can further reduce the search space by intializing the population using phenotypes 
only which do not violate given dominance rules, that is we exclusively generate phenotypes 
where j precedes i if prec(j,i). Of course, when using the two string representation we can 
apply prec(j, i) only if j, i G J + or j, i G J~. 

We initialize the population by randomly creating permutations and modify individuals such 
that no dominance rule is violated. In order to do this, we compare the first job i in the 
permutation with each other job j and switch both if prec(j,i). Then, we can fix the job 
which is in the first position and can proceed by comparing the second job i with each following 
job j. Obviously, in 0(n2) we obtain an individual not violating any dominance rule. 

Lemma 1. For two parents not violating any dominance rule the crossover operator yields 
two offspring not violating any dominance rule. 

Proof. Suppose we obtain an offspring where a dominance rule prec(j, i) is violated, that is 
i precedes j. If i and j are taken from the same parent, then, obviously, this parent must 
violate prec(j, i) as well. If i and j are taken from different parents, then the parent i is taken 
from must violate prec(j, i) as well since otherwise j would have been chosen before i. • 

Since we can adapt the mutation operator easily such that it avoids violations of dominance 
rules also, we can fully exclude phenotypes violating dominance rules by appropriately initial-
izing the population. 

7 Computational Results 

We carried out our computational study using a 3.8 GHz Pentium 4 machine with 3 GBs of 
RAM running Microsoft Windows Server 2003. The study is based on three types of instances 
differing in the fraction of jobs being negative jobs. First, two thirds of the jobs are negative 
("2-1"); second, one half the jobs are negative ("1-1"); third, one third of the jobs are negative 
("1-2"). We created instances with 10, 20, 30, 40, and 50 jobs. Furthermore, starting from 
60 jobs we generated classes of instances increasing number of jobs by 2 0 as long as run times 
were moderate. The actual maximum number of jobs, therefore, depends on the objective 
function under consideration. Each instance is created by randomly choosing pj and Wj for 
each j G J as well as 70 from integer values in [ 1,10]. Moreover, öj has been chosen randomly 
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from integer values in [1,10] and [—10, —1] for each j £ J+ and for each j £ J~, respectively. 
Due date dj has drawn f! rom integer values in [0, Cmax]- For each class of problems we 
generated and solved 30 instances. 

Each instance was solved using the one string representation ("IString") as well as the two 
string representation with both, exact ("2StringsEx") and heuristic ("2StringsHeu"), decoding 
scheme. For the smallest instances (10 jobs) we compare our solutions to optimal solutions 
obtained employing llog Cplex 10.1 with regard to the objective value. For larger instances we 
derive lower bounds for objective functions Lmax and ^2 wjCj by dropping inventory constraints 
and, consequently, sorting jobs in EDD and WSPT order. For objective functions YlwjUj 
and J2wjTj we cannot easily compute a lower bound by d ropping inventory constraints since 
1|| YlwjUj and 1|| are NP-hard themselves. Here, we derive lower bounds by solving 
the LP relaxation of IP models representing the problem using Cplex. 

For the sake of shortness we do not give the IP models the Cplex runs in detail. Models are 
straightforward using binary decision variable Xj>k being equal to one if and only if job j is 
scheduled in the kth position, integer decision variable Cj giving the completion time of job j, 
and - if necessary - integer variable Tj giving tardiness of job j and binary variable Uj being 
equal to one if a nd only if jo b j is tardy. 

We set mutation probability to 1% and we employ a 2 point crossover. Furthermore, we set 
population size to 100 and abort the GA after 50 generations without any improvement. For 
all objective function we outline run times ("rt") and number of generation the best Solution 
is found in ("gen"). For YjwjCj the lower bound turned out to be pretty tight and, therefore, 
we provide the relative gap ("r gap"). The relative gap is defined as (ub — lb )/lb where ub 
is the best found Solution value and Ib is the lower bound value. For o ther objective function 
the gap between best found solution's value and lower bound was rather large and, hence, we 
give the absolute gap ("gap") here. For the sake of shortness we present numerical results for 
instances according to "1-1" only in the section at band. Tables containing numerical results 
for "2-1" and "1-2" can be found in Appendix A. 

Table 1 provides numerical results for Lmax and "1-1". We can clearly see that "2StringsEx" 
finds the best Solution for all instance sizes. "IString" yields the worst results for all sizes. 
This also holds for "1-2", see Table 6. For "2-1" best solutions are obtained by "2StringsEx", 
again. However, for larger instances "2StringsHeu" yields better solutions than "IString" does. 
Note that the more negative jobs we have in an instance the smaller becomes the Solution 
space due to the fixed order of negative jobs. It seems like then reducing the Solution space is 
not efficient enough to justify heuristic Interpretation of a two string individual for Lmax and 
"2-1". 

Run times and generations vary on a wide ränge and are hard to compare directly. For all 
three classes of instances "IString" converges fastest and "2StringsHeu" slowest in number 
of generations as well as in run time. However, converging fast is not unconditionally a good 
property. Here, since the results obtained by "IString" are worse than those obtained by the 
other approaches it is reasonable to assume that "IString" converges "too fast" to a local 
optimum. "2StringsEx" converges faster than "2StringsHeu" in terms of both, generations 
and run times. Since the search space is exactly the same for both the exact decoding scheme 
seems to cause - beside better solutions - faster convergence. Not surprisingly, both, run 
times and number of generations are highest and lowest for "1-2" and "2-1", respectively, for 
all approaches. This coincides with the relation of search space due to the fixed permutation 
of negative jobs. 
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n 
IString 2StringsHeu 2StringsEx 

n 
rt gen gap rt gen gap rt gen gap 

10 0.06 1.30 0.03 0.07 1.00 0.00 0.07 1.00 0.00 
20 0.12 12.20 3.33 0.11 4.60 2.37 0.11 4.40 2.37 
30 0.19 28.60 6.90 0.16 13.30 4.03 0.14 8.50 4.00 
40 0.28 42.10 15.50 0.23 26.20 4.93 0.19 13.90 4.23 
50 0.32 39.33 26.37 0.29 33.70 8.57 0.23 17.73 7.23 
60 0.44 56.50 37.03 0.44 57.90 13.60 0.36 39.90 7.67 
80 0.64 70.20 66.10 0.78 101.90 26.90 0.60 122.20 10.70 

100 0.94 94.10 90.37 1.13 131.80 48.20 0.86 94.80 20.47 
120 0.94 70.90 124.60 1.53 160.00 78.30 1.12 112.80 27.10 
140 1.11 74.20 160.20 1.98 186.70 112.80 1.45 132.90 38.20 
160 1.27 72.50 189.50 2.55 221.60 149.30 1.87 158.70 49.50 
180 1.40 70.00 232.50 3.32 266.50 162.30 1.94 146.10 69.70 
200 2.09 113.50 256.50 3.39 238.70 209.30 2.72 196.10 66.90 
220 2.09 90.20 295.20 4.69 306.80 234.30 3.33 220.70 87.50 
240 2.19 84.50 330.00 5.45 330.30 267.50 3.36 201.80 97.20 
260 2.26 76.50 367.40 6.37 358.20 319.30 4.30 256.10 113.00 
280 3.00 107.00 392.90 7.45 392.30 342.20 4.87 259.50 128.50 
300 2.96 92.80 444.30 7.67 370.30 385.20 | 4.91 249.60 145.30 

Table 1: Computational results for "1-1" and Lmax 

However, comparing the run time per generation should give an Impression of the Performance 
of the basic operators. Here, we can see that the two string approaches perform roughly 
equally. "IString" behäves less efficient. This is surprising at first glance since "IString" uses 
the more natural representation. Note that, however, "IString" needs a repair scheme which 
runs in 0(n2) (repair scheme l.ii, see Section 5.1, can be implemented to run in 0(n)) while 
both decoding schemes for the two string representation run in linear time. Observations 
regarding run times and gaps are illustrated in Figures 4 and 5, respectively. Solid lines, 
dashed lines, and dotted lines correspond to data obtained by "IString", "2StringsHeur", and 
"2StringsEx", respectively, throughout Figures 4 to 8. 

In general, "IString" and "2StringsHeur" has lowest and highest, respectively, run time re-
quirements. Furthermore, run time increases as the number of positive jobs increases (and 
hence the number of negative jobs decreases). Run time is not increasing in number of jobs. 
This is due to the number of generations not being increasing in number of jobs. Note that 
run time per generation is st rictly increasing in number of jobs. 

Also we can see from Figure 5 that each approach yields results with smaliest gap and largest 
gaps for "2-1" and "1-2". This is in line with theoretical consideration of the approaches. 
First, lower bounds are yielded by sorting jobs in EDD. Since negative jobs can be assumed 
to be in EDD it seems to be intuitive that lower bound and optimal Solution value converge 
when n~ approaches n. Second, since negative jobs can be assumed to be in EDD the search 
space narrows down when n~ increases. 

Table 2 provides numerical results for YljejwjCj ar]d "1-1". The relative gap between the 
best found Solution value and the lower bound is very small for all three approaches. So, it is for 
"2-1" and "1-2", see Tables 7 and 8. Although it can not be seen from the figures provided the 
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12.0 T 
11.5 --
11.0 --

0 100 200 300 100 200 300 100 200 300 

Figure 4: Run times for Lmax and "2-1", "1-1", and "1-2' 

0 100 200 300 100 200 300 100 200 300 

Figure 5: Caps for Lmax and "2-1", "1-1", and "1-2" 

results yielded by "2StringsEx" and "2StringsHeu" are at least as good as the one obtained by 
"2StringsHeu" and "IString", respectively. Furthermore, we can see that for all three classes 
of instances "2StringsEx" and "2StringsHeu" have high est and lowest, respectively, run time 
requirement and "IString" and "2StringsEx" run for the highest and lowest, respectively, 
number of generations. Thus, reducing the size of search space and eliminating redundancy 
accelerates convergence in t erms of number of iterations. However, the computational bürden 
for solving the shortest path problem is too high to obtain fast convergence in terms of run 
time. Accordingly, the run time per generation is lowest and highest for "2StringsHeu" and 
"2StringsEx", respectively. The effort spent by a ll three a pproach es seems to increase in the 
number of positive jobs when the overall number of jobs is fixed. The observations concerning 
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n 
IString 2StringsHeu 2StringsEx 

n rt gen r g ap rt gen r g ap rt gen r gap 
10 0.06 4.67 0.00 0.07 2.73 0.00 0.09 2.60 0.00 
20 0.14 24.40 0.02 0.13 15.47 0.02 0.30 15.93 0.02 
30 0.26 57.40 0.01 0.22 33.27 0.01 0.83 32.30 0.01 
40 0.44 100.20 0.01 0.33 53.30 0.01 2.00 54.10 0.01 
50 0.69 147.20 0.01 0.49 80.10 0.01 4.11 76.30 0.01 
60 1.06 211.60 0.01 0.72 114.70 0.01 7.99 101.30 0.01 
80 2.15 360.70 0.01 1.18 163.90 0.01 23.51 155.60 0.01 

100 3.60 511.40 0.00 2.04 252.80 0.00 56.00 213.20 0.00 
120 5.39 663.70 0.00 2.85 310.90 0.00 119.10 280.10 0.00 
140 7.73 842.60 0.00 4.27 408.90 0.00 231.10 357.60 0.00 

Table 2: Computational results for "1-1" and 

run times are confirmed in Figure 6. 

8.00 T 
7.50 --
7.00 --
6.50 --
6.00 --
5.50 --
5.00 --
4.50 --
4.00 --
3.50 --
3.00 --
2.50 --
2.00 --
1.50 --
1.00 --
0.50 --

0 
90 120 

Figure 6: Run times for YlwjCj and "2-1", "1-1", and "1-2" 

Table 3 provides numerical results for ant* Since the u t 

large for instances with more than 60 jobs we could not obtain lower oun s y 
growth of matrix size. Instead, we give the ratio of the best found soution s va_ue 

approach and the overalls best found solution's value. Again 2Strings x yie s 
solutions but converges slowest in run time. Solutions obtained by 2Stnngs eu are 
better on average than those yielded by "IString for larger instances of 1 un 1 „ 
both approaches do not differ significantly for "1-1". For "2-1 and 1-2 , n g 
converges faster than "IString" in terms of run time and number of generations, see 
9 and 10, but yields worse results also. For all three approaches run t.mes for i-i 
significantly lower than those for "2-1" and "1-2 . The observations concern. ing ru 
are confirmed in Figure 7. 

Surprisingly, Figure 7 shows the same characteristics in run time behaviour for all aPPr°a 

for "2-1" and "1-2" while the behaviour for "1-1" is totally different. For both, 
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IString 2StringsHeu 2StringsEx 
rt gen gap rt gen gap rt gen gap 

10 0.06 4.20 0.67 0.07 3.93 1.67 0.10 2.40 0.40 
20 0.12 13.77 14.10 0.13 15.30 14.57 0.31 12.10 12.70 
30 0.17 20.07 21.33 0.20 25.90 21.63 0.87 26.87 16.37 
40 0.23 25.87 28.50 0.28 37.93 26.47 1.65 26.07 22.57 
50 0.29 30.07 34.47 0.33 39.17 36.10 3.07 30.77 25.57 
60 0.34 32.07 43.43 0.47 51.60 40.53 5.48 39.20 27.83 
80 0.43 31.50 1.49 0.59 57.9 1.38 12.75 46.2 1.00 

100 0.64 48.80 1.50 0.73 59.60 1.39 24.08 46.8 1.00 
120 0.75 49.23 1.48 0.92 69.00 1.34 43.27 54.50 1.00 
140 0.85 47.67 1.48 1.07 69.80 1.41 78.73 73.70 1.00 

Table 3: Computational results for "1-1" and Y^jejwjUj 

0 30 60 90 120 0 30 60 90 120 0 30 60 90 120 

Figure 7: Run times for ^2wjUj and "2-1", "1-1", and "1-2" 

"1-2" and approaches "IString" and "2StringsHeur" there is a XYZ at about 60 jobs which 
does not exist for "1-1". 

Table 4 provides numerical results for J2jejwjTj and "1-1". Again, we could not obtain a LP 
lower bounds by Cplex. For all three classes of instances, "2StringsEx" yields the best solutions 
but converges slowest in run time. "IString" obtains better solutions than "2StringsHeu" does 
but needs about twice as much run time to converge. These results hold for "2-1" and "1-2" 
as well, see Tables 11 and 12. The observations concerning run times are illustrated in Figure 
8. 

As we can see from Figure 8 the run time behaviour for all approaches does not seem to 
depend on the number of positive jobs. 
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n 
lStrin g 2StringsHeu 2StringsE X n 

rt gen gap rt gen gap rt gen gap 
10 0.07 8.07 0.20 0.07 3.40 13.77 0.10 3.93 0.00 
20 0.17 42.50 313.10 0.17 31.63 331.60 0.38 27.60 302.40 
30 0.34 87.70 514.90 0.28 54.90 539.60 1.12 54.30 478.90 
40 0.59 148.00 954.40 0.47 91.90 985.70 2.90 93.20 860.10 
50 0.84 185.30 983.70 0.62 111.00 985.20 5.47 108.00 830.80 
60 1.35 278.20 1140.00 0.81 129.60 1206.00 10.31 133.50 968.40 
80 2.56 435.30 1.16 1.22 167.00 1.32 30.53 204.20 1.00 

100 3.76 532.60 1.25 1.80 211.90 1.39 69.36 260.60 1.00 
120 5.55 681.80 1.24 2.50 259.10 1.39 139.60 319.20 1.00 
140 8.14 882.70 1.22 3.66 336.20 1.33 253,30 387.80 1.00 

Table 4: Computational results for "1-1" and Ylj<=jwjTj 

8.00 T 
7.50 -
7.00 --
6.50 --
6.00 --
5.50 -• 
5.00 -• 
4.50 --
4.00 -• 
3.50 -• 
3.00 --
2.50 -• 
2.00 -• 
1.50 --
1.00 -• 
0.50 --

0 L 

0 30 60 90 120 0 30 60 90 120 0 30 60 90 120 

Figure 8: Run times for $2^2} and "2-1", "1-1", and "1-2" 

8 Conclusion and Outlook 

In this paper we discussed representation schemes to be used in evolutionary algorithms for 
inventory constrained scheduling on a single machine. Although the model is clearly stylized 
it is obvious that it captures one of the main issues concerning the scheduling of trucks at a 
transshipment terminal. Therefore, it may well serve as a building block in a more generalized 
problem setting. Moreover, we outlined the applicability of our model in a different context, 
namely maintenance scheduling. 

It is well known that choosing an appropriate representation scheme is crucial when design-
ing an evolutionary algorithm, see Rothlauf [14]. Here, in order to emphasize the impact of 
the chosen scheme we employ Standard genetic operators, namely fc-point-crossover, muta
tion by swapping consecutive jobs, and deterministic survival selection by f itness. We discuss 
two representation schemes. The one string representation is straightforward for Single ma
chine scheduling. However, we outlined that from a theoretical point of view this type of 
representation bears some major drawbacks. 
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We developed an alternative representation, namely the two string representation, in order to 
reduce the size of the search space and redundancy. For the second representation scheme 
we developed two decoding schemes. The exact decoding scheme finds the optimal schedule 
among those corresponding to an individual in 0(n) and 0(n2) run time for 7 = Lmax and 
7 £ {22wjCj>I2wjUj,'22wjTj}. Note that a decoding scheme which runs in polynomial time 
seems to be acceptable for a search space reduction by a factor which may be exponential. In 
fact, we can not decode the one string representation in less than linear time which lets the 
two strings representation scheme appear dominant for 7 = Lmax. Moreover, the two string 
representation was expected to yield better results since eliminating the redundancy in the one 
string representation should improve convergence of the GA. 

In order to overcome the higher computational bürden for decoding an individual we developed 
also a heuristic decoding scheme for the two string representation. Here, a simple local decision 
rule was applied. 

The empirical results met our expectations for 7 = Lmax. We have lower run times per 
generation and much better results using the two string representation. Results are much 
better for 7 E {Yl wjUj, WjTj}, as well. However, run times for the GA to converge in a 
sense that no better Solution was found within 20 generations are much higher when the exact 
decoding scheme is employed. Still, we believe it is acceptable to spend 390 seconds in order 
to schedule 140 jobs. For 7 = ^ZwjCj. however, we must say that the improvement in the 
results is not Worth the higher computational bürden. All three variants of our GA provide 
very good results which by i tself is very nice of course. 

For future research we believe the following directions to be important. First, the model 
developed should by generalized for more applied models. Obvious ways to generalize the 
model is to either consider a capacitated inventory or more than one machine. Second, the 
two string representation scheme can be used for other optimization problems as well. Note 
that a natural partition of entities should be given. If the number of given subsets is k > 2, then 
it seems appropriate to generalize the two string representation to a k string representation. 
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n 
IString 2StringsHeu 2StringsEx 

n 
rt gen gap rt gen gap rt gen gap 

10 0.06 1.03 0.00 0.06 1.00 0.00 0.06 1.00 0.00 
20 0.10 5.20 3.30 0.10 1.17 2.80 0.09 1.07 2.37 
30 0.16 14.80 5.73 0.13 2.43 3.17 0.12 1.67 3.17 
40 0.23 26.33 10.57 0.16 6.37 3.57 0.16 5.07 3.33 
50 0.26 21.43 16.30 0.24 18.47 4.53 0.21 13.00 3.20 
60 0.33 29.97 21.13 0.31 27.83 3.27 0.25 17.27 2.13 
80 0.41 26.07 42.73 0.48 45.53 14.73 0.32 17.97 7.60 

100 0.55 31.23 66.17 0.81 84.40 23.43 0.54 43.07 8.33 
120 0.61 26.73 89.00 2.09 104.80 45.30 0.54 43.07 8.33 
140 0.80 35.60 114.60 1.52 137.40 75.20 0.97 76.60 19.70 
160 1.01 44.40 125.50 1.87 152.20 117.30 1.16 82.90 21.90 
180 1.04 34.60 151.20 2.23 167.10 140.50 1.25 77.90 28.43 
200 1.22 38.77 173.50 2.58 176.40 153.90 1.67 108.20 30.10 
220 1.32 31.97 200.10 3.45 221.00 218.10 2.32 144.70 40.83 
240 1.42 29.87 227.50 3.75 217.80 244.10 2.49 141.20 51.23 
260 1.71 38.63 249.20 4.56 251.20 281.60 2.39 121.50 54.40 
280 1.74 30.93 276.20 5.58 290.00 304.00 3.50 182.00 57.40 
300 1.90 31.67 300.10 5.97 287.70 332.50 3.90 189.60 72.93 

Table 5: Computational results for "2-1" and Lmax 

n 
IString 2StringsHeu 2StringsEx 

n 
rt gen 1 gap rt gen gap rt gen gap 

10 0.07 4.63 0.03 0.07 1.70 0.00 0.07 1.77 0.00 
20 0.12 16.40 2.13 0.11 6.13 1.20 0.12 11.23 0.90 
30 0.23 44.47 6.37 0.19 27.83 1.70 0.18 21.30 0.97 
40 0.38 79.70 16.60 0.31 55.00 9.93 0.27 42.23 3.80 
50 0.46 80.30 27.37 0.57 112.90 17.13 0.40 64.60 7.83 
60 0.62 102.60 40.87 0.77 138.40 21.70 0.47 67.50 10.07 
80 0.88 119.00 69.90 1.22 186.10 51.33 0.79 109.40 23.63 

100 1.30 150.90 102.50 1.65 213.90 84.50 0.94 104.10 40.70 
120 1.46 142.90 148.60 2.22 253.40 125.10 1.54 168.90 48.30 
140 1.62 135.70 188.20 2.82 284.80 158.30 1.99 198.60 63.83 
160 2.24 173.40 220.80 3.10 273.80 196.80 2.08 175.90 86.93 
180 2.49 171.30 283.20 4.43 362.80 243.40 3.01 247.10 108.40 
200 3.03 194.30 321.10 5.38 402.40 274.80 2.98 220.10 126.50 
220 3.00 158.90 371.80 6.17 414.40 335.90 4.40 306.20 143.60 
240 3.52 175.70 409.00 6.04 365.90 357.00 4.37 275.90 168.00 
260 4.00 187.50 471.70 6.75 378.10 415.10 5.60 336.60 183.90 
280 3.98 168.20 501.20 8.62 455.90 466.40 6.07 344.70 214.00 
300 4.43 176.20 564.90 11.51 574.70 498.90 5.97 309.00 240.80 

Table 6: Computational results for "1-2" and Lmax 
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n IString 2StringsHeu 2StringsEx n 
rt gen r gap rt gen r gaP rt gen r gap 

10 0.07 4.13 0.00 0.07 3.03 0.00 0.09 2.87 0.00 
20 0.13 21.90 0.03 0.13 16.60 0.02 0.28 16.20 0.02 
30 0.24 47.10 0.01 0.21 30.57 0.01 0.73 29.83 0.01 
40 0.42 93.30 0.01 0.31 50.10 0.01 1.67 51.40 0.01 
50 0.64 133.70 0.01 0.47 75.10 0.01 3.50 72.10 0.01 
60 0.98 193.40 0.01 0.63 97.90 0.01 6.29 93.10 0.01 
80 1.89 311.70 0.00 1.02 136.60 0.00 17.74 134.20 0.00 

100 3.07 429.20 0.00 1.64 192.70 0.00 40.38 172.50 0.00 
120 4.73 580.20 0.00 2.46 260.70 0.00 84.89 225.60 0.00 
140 6.54 706.90 0.00 3.52 331.80 0.00 156.80 283.70 0.00 

Table 7: Computational results for "2-1" and Yhjzjwfij 

n 
IString 2StringsHeu 2StringsEx n 

rt gen rel gap rt gen rel gap rt gen rel gap 
10 0.07 5.53 0.00 0.07 3.13 0.00 0.10 3.00 0.00 
20 0.15 29.93 0.00 0.14 19.23 0.00 0.35 17.83 0.00 
30 0.27 61.00 0.00 0.23 37.87 0.00 1.03 37.73 0.00 
40 0.45 103.20 0.00 0.35 61.40 0.00 2.49 57.20 0.00 
50 0.72 156.90 0.00 0.53 91.80 0.00 5.66 85.80 0.00 
60 1.07 215.70 0.00 0.79 132.10 0.00 11.41 120.90 0.00 
80 2.15 366.40 0.00 1.44 212.40 0.00 37.17 202.80 0.00 

100 3.48 494.10 0.00 2.36 303.40 0.00 89.61 276.10 0.00 
120 5.49 683.00 0.00 3.58 404.20 0.00 194.60 364.50 0.00 
140 7.92 867.60 0.00 5.33 527.10 0.00 389.10 482.40 0.00 

Table 8: Computational results for "1-2" and Y^jzjwjCj 

IString 2StringsHeu 2StringsEx 
rt gen gap rt gen gap rt gen gap 

10 0.06 3.33 1.40 0.07 3.57 2.67 0.09 2.80 0.80 
20 0.12 13.50 15.77 0.13 12.83 17.30 0.31 13.13 13.33 
30 0.18 22.50 19.57 0.19 23.80 20.73 0.73 20.07 16.47 
40 0.21 20.87 23.50 0.24 25.17 25.63 1.51 28.20 17.63 
50 0.28 26.77 38.07 0.24 41.30 27.63 2.79 32.33 27.00 
60 0.34 33.93 40.60 0.39 39.43 39.80 4.62 38.07 26.63 
80 2.30 389.20 1.18 1.15 154.30 1.32 26.21 200.60 1.00 

100 3.74 529.70 1.20 1.74 200.80 1.42 60.79 275.50 1.00 
120 5.33 653.40 1.23 2.52 261.40 1.43 115.20 315.60 1.00 
140 7.73 836.70 1.21 3.13 284.20 1.50 | 218.70 404.90 1.00 

Table 9: Computational results for "2-1" and Y!j(EjwjUj 
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n 
IString 2StringsHeu 2StringsEx n 

rt gen gap rt gen gap rt gen gap 
10 0.06 3.57 0.60 0.07 2.80 2.13 0.10 1.27 0.27 
20 0.11 12.03 11.73 0.13 14.70 13.17 0.33 9.90 10.00 
30 0.18 23.30 16.13 0.20 27.00 17.93 0.97 23.80 12.27 
40 0.21 20.90 31.17 0.25 29.00 31.20 2.01 28.20 22.70 
50 0.28 29.77 30.20 0.29 28.57 33.60 3.88 36.83 20.97 
60 0.34 33.73 44.03 0.44 50.80 48.90 6.36 35.57 31.47 
80 2.47 423.10 1.24 1.33 187.30 1.34 41.90 225.70 1.00 

100 4.04 579.60 1.21 2.11 256.80 1.37 99.26 294.60 1.00 
120 5.96 738.80 1.25 2.72 289.70 1.45 211.00 380.30 1.00 
140 7.99 869.00 1.24 4.02 379.00 1.45 387.40 465.10 1.00 

Table 10: Computational results for "1-2" and J2jejwjUj 

IStrin S 2StringsHeu 2StringsEx 
rt gen gap rt gen gap rt gen gap 

10 0.07 7.63 0.47 0.08 4.90 13.37 0.10 5.10 0.00 
20 0.17 40.93 275.90 0.17 30.93 303.40 0.34 24.60 266.40 
30 0.31 79.00 529.50 0.31 67.20 550.60 1.01 58.60 478.70 
40 0.55 134.00 663.90 0.46 94.60 689.60 2.43 91.30 567.70 
50 0.92 209.00 931.60 0.61 109.40 1063.00 4.96 113.70 831.70 
60 1.28 263.30 1374.00 0.78 124.80 1548.00 8.72 132.70 1284.00 
80 2.30 385.90 1.19 1.17 157.70 1.37 24.67 199.40 1.00 

100 3.89 553.90 1.16 1.66 187.80 1.42 58.08 258.90 1.00 
120 5.61 691.20 1.21 2.28 228.50 1.47 126.50 348.20 1.00 
140 8.17 886.70 1.21 3.20 289.20 1.52 225.70 412.20 1.00 

Table 11: Computational results for "2-1" and YjejwjTj 

IString 2StringsHeu 2StringsEx 
rt gen gap rt gen gap rt gen gap 

10 0.07 7.43 0.00 0.08 5.87 17.57 0.10 4.63 0.07 
20 0.18 47.97 242.50 0.18 40.97 273.50 0.43 27.53 231.00 
30 0.34 90.00 391.70 0.29 59.90 449.60 1.33 55.90 370.40 
40 0.56 140.80 528.50 0.47 98.30 557.30 3.34 87.80 460.10 
50 0.95 218.70 929.60 0.67 125.90 971.80 7.08 115.50 796.90 
60 1.30 267.60 1056.00 0.85 142.60 1172.00 14.35 156.50 884.80 
80 2.53 434.60 1.20 1.33 186.10 1.36 43.72 240.50 1.00 

100 4.01 572.80 1.18 2.00 241.30 1.39 94.03 283.30 1.00 
120 5.97 740.50 1.15 2.73 289.20 1.44 202.60 369.70 1.00 
140 7.90 858.50 1.20 3.56 331.60 1.44 355.90 422.00 1.00 

Table 12: Computational results for "1-2" and Yj£jwjTj 
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