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Abstract 

We consider the problem of allocating Containers to ships in which the size of Con
tainer is 1 or 2, and each ship has its own capacity and fixed departure time. The 
fixed departure times implies the completion times of Containers belonging to the same 
ship are identical. As objectives, imail YhwjGj, J2 wjUj and ^7} are considered. 
We verify the problems are closely related with the scheduling problem with eligibility 
constraint or the generalized assignment problem. The polynomial-time a Igorith ms are 
developed for each problem, and moreover the more efficient algorithms are presented 
for the cases with Cj and Uj, 

Keywords: Scheduling, Container Allocation, Fixed Departure Time 

1 Introduction 

In various regions of the world, double-digit growth rates in Container handling have been 
common during the last years and, hence, a substantial number of Container vessels is built 
each year. Additionally, capacity of new vessels is increasing constantly. Thus, the capacity of 
the worldwide Container vessel fleet increases year by year. Obviously, this enlarges the pressure 
on Container terminal Operators to improve the Performance, often measured as throughput 
per time-unit. Accordingly, new Container terminals are built as well as existing Container 
terminals are enlarged and better equipped. 
To make efficient use of the Container handling equipment there is an enormous need for 
methods to plan the Operations taking place in the Container terminal. Due to its practica! 
relevance, Container terminal logistics and its support by operational research methods have 
been prominent fields of research in recent years. Comprehensive literature surveys can be 
found for example in Stahlbock and Voß [12], Steenken et al. [14], and Vis and de Koster [15]. 
In optimization problems the handling of Containers is considered, e.g. quai crane planning 
(see Goodchild and Daganzo [6] and Park and Kim [11]), and straddle carrier scheduling (see 
Kim and Kim [8] and Steenken et al. [13]). Furthermore, routing and scheduling of ships has 
been worked on intensively, see Christiansen et al. [3] for a survey. Some authors look at the 
assignment of cargo to ships. Fagerholt [4] and Fagerholt and Christiansen [5] consider a ship 
routing problem where allocating cargo is part of the decision. Chen et al. [2] propose a pretty 
simple model involving two ports only. Cargo shall be assigned to vessels of an infinite fleet 
such that the sum of ship cost (fixed per used ship) and inventory cost is minimized. 
Surprisingly, in literature one central problem has only received minor attention. A major 
shipping Company usually has a number of ships travelling on a fixed route along a certain 
set of ports. In each port there are Containers to load onto one ofthose ships. The shipping 
company's planner has to decide which Container to assign to which ship. Of course Containers 
originating from different ports may compete for the same capacity. In this paper we consider 
due date and flow time related objectives to evaluate different assignments. 
The paper is organized as follows. In Section 2 we propose a model concerning several ports and 
show how to reduce it to a problem where only one port is involved. Moreover, we give strong 
relations to other optimization problems. In Sections 3, 4, 5 and 6, we develop polynomial-
time dynamic programming for problems considering well-known objective functions Lmax, 
Y^wjCj, Y^wjUj, and ^Tj. Additionally, we present more efficient algorithms for a special 
case. Finally, we complete the paper with a summary and concluding remarks. 
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2 Problem Definition 

2.1 The Port Model 

We consider a set of ports being visited by a set of feeder vessels. In comparison to mega 
Container carriers developed recently feeder vessels are smaller. Mainly, they are employed to 
connect a major seaport Container terminal to smaller ports that are either impossible to reach 
by mega Container carriers or can only be reached uneconomically. Feeder vessels often go on 
a fixed route along a set of ports and either collect Containers to be loaded onto mega carriers 
in a major seaport near by or distribute Containers that have been arrived on a mega carrier. 
Arrival and departure time of each vessel i in each port are known in advance. Furthermore, 
we assume that ships travel with identical speed, i.e., departure times of two ships in two 
consecutive ports have the same time distance. Figure 1 illustrates the setting. 

In general dashed lines and solid lines represent the route of vessels and Container flows, 
respectively. On the left hand side feeder ships go from the major seaport 1 via smaller ports 
2 and 3 to 4. Containers are transported from the major seaport to all smaller ports but no 
Containers are loaded onto the ship in one of the smaller ports. On the right hand side feeder 
ships go from 4 via 3 and 2 to the major seaport 1. Containers are transported from each of 
the smaller ports to the major seaport but no Containers are unloaded in one of the smaller 
ports. 
We regard the point of time when Container j reaches its destination as completion time 
Cj, and the point of time when Container j should be reached the destination as due date 
dj. Due-date related objectives number of tardy jobs, weighted number of tardy jobs, and 
total tardiness are considered. On the other hand total (weighted) completion time gives a 
objective measuring the total amount of time Containers are in the system until they reach 
their destination. Obviously, all objectives have to be minimized. 
Now, we show that in both cases it is enough to consider the major seaport only. This is 
obvious for the setting where Containers are brought to the major seaport. Completion time 
Cj of Container j is regarded as the arriving time of ship i at the major seaport t? if Container 
j is loaded to ship i. So, we can consider all ships arriving over time (at predefined points of 
time if for all ships i) and decide which Container should arrive on which ship. For the setting 
where Containers are picked up at the major seaport we can calculate completion times of jobs 
to the major seaport as follows. Completion time Cj of job j equals the sum of travelling 
time to its destination and departure time tf if Container j is loaded to ship i. Since travelling 
time is assumed to be Constant for each Container j we can consider Cj = tf if Container j is 
loaded to ship i. Obviously, we have to project due date dj to the major seaport as well. This 
can be done by reducing dj by the travelling time of job j and, thus, dj represents the point 
of time j should leave the major seaport. To unify the notation we consider a single time t{ 
representing tf and tf, respectively. 

Figure 1: Port Structure 

2 



Naturally, each ship i has limited capacity q that must not be exceeded by the set of Containers 
assigned to the ship. We consider two types of Containers for the development of algorithms. 
The size of each Container depends on its type. In the real world almost all Containers have 
identical heigth and width and have length of either 1 TEU (twenty-foot equivalent unit) or 
2 TEU. Consequently, sizes of Containers are 1 or 2 depending on the type. However, our 
algorithms are generalizable to other sizes or more types, respectively, and we will mention 
details after the development of each algorithm. 

2.2 Formal Optimization Problem 

In the following, we model the problem of allocating single Containers to ships, formally. 
Henceforth, we refer to a Container and ship as a job and batch, respectively. The following 
notations are used throughout the paper. 
Notations 

ns : number of jobs of size s, s = 1,2 ; 

n : number of jobs of all sizes, i.e., rix + n2 ; 

r : number of batch ; 

J? : job j of size s, s = 1,2; 

U : departure time of batch i, i = 1,2,..., r ; 

Ci : capacity of batch i, i = 1,2,r ; 

Wj : weight of job j of size i ; 

d? : due date of job j of size s ; 

r| : release date of job j of size s ; 

Cj : completion time of job j of size s ; 

Sj : size of job j ; 

By using the above notations, our problem is defined as follows. 
Problem Definition: There are r batches such that batch i having capacity q is suppose to 
depart at U, and there are ni jobs of size 1 and n2 jobs of size 2. Job j of size Sj has its own 
due date dj and weight wj = 1,2,..., ns, 3 = 1,2. The objectives are to find the allocation 
of jobs to ship to minimize Lmax, X)WjCj, J2wjUj anc^ 
The completion time of each job is equal to the departure time of the ship in which the job 
is scheduled, and the capacity of each batch is different. Let these properties be described 
as batch(i). Following the Classification scheme of Graham et al. [7], we can refer to the 
Problems under consideration as follows. 

Problem I 1|batch(i), Sj 6 {1,2}\Lmax-, 

Problem II 1|batch(i), Sj € {1,2}| J2wjCj : 

Problem III 1|batch(i), Sj € {1,2}| J2wjUj > 

Problem IV 1|batch(i), Sj € {1,2}| 
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2.3 Related Work 

In this section, we derive the strong relationships between our problems and other combinatorial 
problems. First of all, we show there exists a relationship between Problem I and the scheduling 
problem with eligibility constraints, e.g., Interval and Great ofService(GoS) which are defined 
as follows: (Interval) Ifjob j can be processed in machines a and ß, then job j can also be 
processed in machines a. + 1, a + 2,.., and ß — 1, and (Go5"). Ifjob j can be processed in 
machines a, then job j can also be processed in machines 1,2,..., and a — 1. 
Let Scheduling Problem with Eligibility Constraints (SPEC) be defined as follow: Given 
n jobs, processing times pj E {1,2}, interval eligibility constraint Mj and release times rj, find 
an optimal schedule to minimize the makespan on m parallel machines. Following the Classifi
cation scheme of Graham et al. [7], the above problems with Interval or GoS eligibility con
straints are denoted as P\Mj(Interval),Pj E {1,2}|Cmax and P\Mj(GoS),Pj E {1,2}|Cmax, 
respectively. 

Theorem 1. Problem I w ith release times is equivalent to P\Mj(Interval),pj E {1,2}|Cmax-

Proof First of all, consider that the decision versions of Problem I a nd SPEC are as follows: 
Given thresholds Ti and T2, Decision version of Problem I with release times: "Is there a 
schedule <r s uch that Lmax(a) < Ti in Problem I with release times?", and Decision version 
of SPEC: "Is there a schedule <r s uch that Cmaa;(cr) < T2 in SPEC?", where Ti and Tg are 
given thresholds. 
We can verify that Problem I is the special case of SPIEC by the following reduction: Let 
Cmax = {ci\i = 1,2, and T2 = Cmax- For job j with size of 1, let pj = 1 and 

Mj = {« I rj <U< dj + Ti, i = 1,2, ...,r}, j = 1,2,...,%, 

and for job j with size of 2, let Pj — 2 and 

= {* I <U < d2j + Tx, i = 1,2,..., r}, j = 1,2, 

Finally, construct (cmax — q) jobs with unit processing times and {%} as eligibility constraint, 
% = 1,2, ...,r. Note that eligibility constraints are interval. In other way, it is shown that 
SPEC is the special case of Problem I by the following reduction: Let Ti = 0. If S j =Pj = 1, 
d] = max{i\i E Mj} and rj = min{i\i E Mj}, while if Sj = pj = 2, d? = max{i\i E Mj} 
and rj = min{i\i E Mj}, j = 1,2, Let c, = Tg and ti = i, i = 1,2, This 
completes proof. • 
It is unknown whether the time complexity of P\Mj(Interval),pj E {1,2}|Cmax is NP-hard 
or not. This implies that Problem I w ith release times is a challenging problem. 
Corollary 1 Problem I is equivalent to P\Mj(GoS),Pj E {1,2}|Cmax. 
Proof It immediately holds from the proof of Theorem 1. • 
Leung [9] and Leung [10] considered the parallel machine problem with k type of processing 
times, in which the objective is to minimize the makespan. In Leung [9], the problem was 
shown to be solve in 0(n2^-1^ logplogm), where let p = max{pi\i = 1,2, Also, 
Leung [10] showed that the problem with GoS eligibility constraint is polynomially solvable in 
0(mn2(fc_1)). By Corollary, it implies that there exists a 0(rn2) algorithm to solve Problem 
I. In section 3, we will suggest the better algorithm. 
Problems II, III a nd IV can be formulated as generalized assignment problem, which is defined 
as follows. 
Generalized Assignment Problem (GAP): Given positive integer hij, üj and bit find an 
optimal Solution x = (Xi,X2,..., such that 
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Minimize(Maximize) y] hjjXjj 
»=1 i=i 
m 

Subject to ^2 dijXij <bi for i — 1,2,m 
j=i 
m 
^ ] %ij ^ 1 for j = 1,2,7i 
i=l 
Xij £ {0,1} for i = 1,2,m, j = 1,2,n. 

If m = r, n = ni + n2, aij = Sj G {1,2} and 6% = Cj, then the set of feasible schedule is 
equivalent to the feasible set of Problems II, III and IV, e.g., Xij — 1 means job j is loaded to 
batch i. According to the objective function, hij can be as follows: 

Problem 11 = Wjti ; 

Problem III = Wj if U > dj, white = 0, otherwise ; 

Problem IV == m ax{0, U — dj}. 

3 Problem I: 1|batch(i), Sj G {1,2}|Lmax 

Suppose that 
^1 — ^2 — — ^n s i S = 1,2. 

Let A = {ti — dj | i = 1,..., r, s = 1,2, j = 1,..., ns}, and T* be the optimal value. Clearly, 
T* E A. If due dates are changed as dj = dSj+T*, j = 1,2, ...,ns, s = 1,2, then there exists 
a schedule with Lmax = 0 in the modified problem. We can determine whether a given value 
T* is an optimal value or not through the following aIgorithm. 
Algorithm for Feasibility (Algorithm F) 

Step 1 Set i = 1, j\ = 1 and j2 = 1. 

Step 2 Find the index i* = min{i|ci > 2}, and i = i*. 

Step 3 If j2 = n2 + 1, go to Step 6. Otherwise, put job of size 2 in batch i. 

Step 4 If the job is not tardy, then Q = Cj — 2. Otherwise, STOP (INFEASIBILITY). 

Step 5 If Cj > 2, then j2 = j2 + 1 and go to Step 3. Otherwise, go to Step 2. 

Step 6 Find the index i* = mhi{i\ci > 1}. Let i = i*. 

Step 7 If jx = ni + 1, STOP (FEASIBILITY). Otherwise, put job j\ of size 1 in batch i. 

Step 8 If the job is not tardy, then Cj = C* — 1. Otherwise, STOP (INFEASIBILITY). 

Step 9 If Cj > 1, then j2 = j2 + 1 and go to Step 7. Otherwise, go to Step 6. 

The time complexity of the above algorithm is 0(n). 
Algorithm for Problem I (Algorithm I) 

Step 1 If |A| = 1, then STOP. Select the median in A. Let 5 be the value of the median, 
and let A# and AL be the the higher and lower half of A, respectively. 
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Step 2 Modify the problem by letting dj = d? + 6, j = 1,2, ...,ns, s = 1,2. 

Step 3 Check the feasibility for S through Algorithm F. If 5 is feasible, then A = Ai and go 
to Step 1. Otherwise, A = A# and go to Step 1. 

Since the total number of iterations of Step 1 is 0(log|A|) time, and Steps 2 and 3 requires 
O(n) time, the time complexity of Algorithm I is 0(nlog |A|). Since log |A| = logni = 
logn + logr, however, the time complexity reduces to 0(nlogn). 

Theorem 2. Problem I c an be solved in 0(rn + nlogn) time. 

Proof Before Algorithm I is applied, all values in |A| should be calculated, which requires 
0(rn) times. This completes the proof. • 

4 Problem II: 1|batch(i), Sj E {1,2}| Y^wjCj 

In this section, we show that Problem II ca n be solved in polynomial time by reducing it to the 
shortest path problem, and develop an efficient algorithm for the case with identical weights. 

4.1 Reduction to Shortest Path Problem 

Suppose that for i= 1,2, 
«4 >u>2 >•••><• 

We can formulate Problem II as the sh ortest path problem of finding the sh ortest path from 
a starting Vertex s to a destination Vertex h in a directed graph G(N,A) as follow: Let 
N(k, 0,1,0,2) be a node meaning the State that ai jobs of size 1 and a2 jobs of size 2 are 
scheduled in batches 1,2,..., and k, ai = 1,2,..., n 1, a2 = 1,2,..., n2. Let the starting node s 
and the destination node h be defined as N(0,0,0) and jV(r, %,?t2), respectively. The edge 
connecting node N(k, ai, a2) with node N(k + 1, bi, b2) means that the bi — 01 jobs of size 
1 and i>2 — o 2 jobs of size 2 are scheduled to batch k + 1. Since the total sizes of the jobs 
scheduled to batch k + 1 should be less than Ck+\, one of two conditions should be satisfied. 

i) (&i - ai) + 2(&2 - a2) < cfc+i and bx = ni 

ii) (61 — ai) + 2(62 — 0,2) = cfe+i 

Given k and a2, N{k, a1; a2), ßi can be calculated as follows. 

k 
Ol = min{y^ Cj — 2 a2, ni}. (1) 

i=l 

Let I/fe+i(iV(ai,a2),iV(bi,&2)) be the length of the arc between N(k, ai,a2) and N(k + 
1,61, b2). The length can be calculated as follows. 

i>i 62 
Lfe+1(AT(ai,a2),iV(&i,62)) = ( ^ w} + ^ wf)tk+l. 

j=ai+l j=a 2+1 

The shortest path can be interpreted in the context of Problem I as follow. If 
(Nk(ai,a2), Nk+i(bi,b2)) belongs to the shortest path, then it means that the job set 

"^ai+2; •••) Jb\ j ^02+1; <^ 6i+2> • ••> ^62} 
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is scheduled to batch k + 1. 
Lemma 1 The total number of arcs is at most 0(rn2). 
Proof By Equation (l),ai can be determined by k and a%. Thus, the number of nodes is 
bounded by k and implying that the total number of nodes is at most 0(rn). Also, since 
the number of outgoing arcs from each node is less than or equal to 712, t he total number of 
arcs is at most 0(rn2). • 

Theorem 3. Problem II c an be solved in 0(rn2) time. 

Proof Since the constructed graph is acyclic, the algorithm of Ahuja et al. [1] can be solve the 
above shortest path problem in 0(|A|), where |Aj is the number of arcs. Since the number of 
arcs in the above graph is at most 0(rn2) by Lemma 1, Problem II is polynomially solvable 
in 0(rn2). • 

4.2 Identical weights 

Let k be the index of the batch in which the last job of size 1, i.e., is loaded in an optimal 
schedule. Let T be the set of batch es with odd capacity which are located before batch k. 
Lemma 2 There should exist at least one job of size 1 in each batch belonging to T. 
Proof Suppose that there exists no job of size 1 in batch l such that l e T. Since the 
capacity of batch l is odd, there should be at least one empty slot in batch l. Thus, the 
objective value can be decreased by moving the job of size 1 located in batch k to batch l. 
This is contradiction. • 
From Lemma 2, we can reduce the original problem into Problem 11-1, which is defined as 
follows: There are (n 1 — |T|) jobs of size 1 and n2 jobs of size 2. For i < k, set c* = Cj — 1 if 
Cj is odd, while Q = C{ o therwise. Other features are the same with Problem II. 
Lemma 3 In Problem ll-l, there exists an optimal schedule such that jobs of size 1 are 
scheduled before jobs of size 2. This implies that the index of the batch to which the last job 
of size 1 is located is less than or equal to the index of the batch to which the first job of size 
2 is located. 
Proof Suppose that job a of size 2 is scheduled in batch i and job ß of size 1 is scheduled in 
batch i+j in an optimal schedule. Since i + j < k by assumption, there exists at least one 
empty slot or two jobs of size 1 in batch i + j. If there exists one empty slot, then we can 
exchange the locations of jobs a and ß without inceasing the objective value. If there exists 
other job of size 1 except job ß in batch i + j, then we can decrease the objective value by 
exchanging the locations of two jobs of size 1 and job ß. We can apply this argument until 
Lemma 3 obtained. This completes the proof. • 
Based on Lemma 3, we develop the algorithm to solve Problem ll-l. 
Algorithm for Problem ll-l (Algorithm ll-l) 

Step 1 Schedule jobs of size 1 from batch 1 until all jobs of size 1 have been scheduled. Let 
batch h be the last batch which the job of size 1 is located. 

Step 2 If h > k, Stop, implying there exists no optimal schedule such that the last job of 
size 1 is located in batch k in the original problem. 

Step 3 Schedule jobs of size 2 from batch h until all jobs of size 2 have been scheduled. 

The time complexity of Algorithm ll-l is 0(n) 

Theorem 4. Problem II with identical weights can be solved in 0(n log n) time. 
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Proof The original problem can be solved thorough the O(logn) iterations of Algorithm ll-l. 
This completes the proof. • 

5 Problem III: l\batch(i), Sj G {1,2}| Y^WjUj 

In t his section, we show that Problem III can be solved in polynomial time by reducing it to the 
shortest path problem and develop the efficient algorithm for the case with identical weights. 

5.1 Reduction to Shortest Path Problem 

We assume that the jobs of each size are ordered in early due date (EDD) order, i.e., for 
i= 1,2, 

4<4<-'-< diu-

We can formulate Problem III as the shortest path problem of finding the shortest path from 
a starting vertex s to a destination vertex h in a directed graph G(N,A) as follow: Let 
N(k, ai,a2,bi,b2) be a node meaning the State that (1) {J^, J\,J^} and {Jf, J|,..., J%2} 
have been considered until now, and (2) bi jobs of size 1 and b2 jobs of size 2 have been 
scheduled in batch k. Let starting node s and destination node h be defined as N( 1,0,0, 0,0) 
and N(r + 1, ni, n2,0,0), respectively. N(k,ai,a2,bi,b2) can be connected to at most five 
nodes, depending on the capacity condition of batch k as follows. 

(1) N(k,ai + 1 ,a2,bi,b2) ; 

(2) N(k, ai + 1, a2, bi + 1, b2) if (&i + 1) + 2b2 < c& an d < ^i+i > 

(3) N(k, ai, a2 + 1, b\, b2) ; 

(4) N(k, ai, a2 + 1, bi, b2 + 1) if b\ + 2(b2 + 1) < and tf. < d%2+i ; 

(5) N(k + 1, ei!, a2,0,0). 

Note that the conditions of (b\ + 1) + 2b2 < Ck and &i + 2(b2 + 1) < are on the capacity 
of batch k, and the conditions of < dli+1 and tk < df2+1are on the due date of jobs. 
Connection (1) means that job (ai + 1) of size 1 is not scheduled within its own due date, 
while connection (2) means that job (ai + 1) of size 1 is scheduled within its own due date 
in batch k. Connection (3) means that job (a2 + 1) of size 2 is not scheduled within its own 
due date, while connection (4) means that job (a2 + 1) of size 2 is scheduled within its own 
due date in batch k. Finally, connection (5) means that henceforth, we will not schedule jobs 
in batch k any more. 
Let L^){N{k,ax1a2,b1,b2)) be the length of the arc corresponding to connection (i) of 
N(k,a1,a2,bi,b2), i = 1,2, ...,5. Note that there may not exist arcs of connections (2) 
and (4), depending on whether it is satisfied with the conditions or not. The length can be 
calculated as follows: 

(1) Lw{N(k,ai,a2,b1,b2)) =wl1+1 ; 

(2) L^(N(k, ai,a2, &i, 63)) = 0 if the connection exists ; 

(3) H3)(N(k,a1,a2,bl,b2)) =wl2+1 ; 
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(4) L^(N(k, Oi, Ü2,61,62)) = 0 if the connection exits ; 

(5) L&(N(k,al,a2,b1,b2)) = 0. 

Note that N(r + l,ni,n2,0,0) have no outgoing arc. Note that the shortest path can be 
interpreted in the context of Problem III as follow. For example, if the arc corresponding 
to connection (4) of N(k,ai,a2,bi,b2) belongs to the shortest path, then it means that job 
(a2 + 1) is scheduled to batch k. 
Lemma 4 The total number of arcs is at most 0(rn4). 
Proof Since the number of nodes is at most 0(rn4) and the number of outgoing arcs from 
each node is less than or equal to 5, the total number of arcs is at most 0(rn4). • 

Theorem 5. Problem III c an be solved in 0(rn4) time. 

Proof Since the constructed graph is acyclic, the algorithm of Ahuja et al. [1] can be solve the 
above shortest path problem in 0(|A|), where |A| is the number of arcs. Since the number of 
arcs in the above graph is at most 0(rn4) by Lemma 4, Problem III is polynomially solvable 
in 0(rn4). • 

5.2 Identical weights 

Let (a(l), a(2), ...,a(/)} be the set of batches with odd capacity such that Qi) < *a(2) < 
< £a(i). Let Jß(j) be the job of size 1 such that 

dß(i) = min{d}|<2) > ia(i)}, 

and for k = 2,3,..., I, 

dß(k) = \ dj ^ ta(k) and dj > dß^-i)}-

Lemma 5 There exists an optimal schedule such that Jß(j) is scheduled in batch a(j), j = 
1, 2,..., I. 
Proof Suppose that there exists an optimal schedule such that {Jß(i), •••, Jß{k-1)} are sched
uled in batches a(l),...,a(k — 1) and Jß^) is not scheduled in batch a(k). Without loss of 
generality, suppose that there exists a Jg of size 1 in batch a(k). By the definition of Jß{k)< 

dß(k) 5: dß. 

It implies that the locations of Jß^ and Jß can be exchanged without the increase of the 
objective value. We can apply this argument until Lemma 5 is obtained. This completes the 
proof. • 
From Lemma 5, we can fix Jß{j) to batch a(j) in advance, j = 1,2,..., I. Henceforth, without 
out loss of generality, we can assume that all batches have even capacities. Let Ii be the set 
of job j such that 

Ii — {Jj\ti < dj < ij+i}, i — 1)2,..., r. 

Without lose of generality, assume that 

r 
J^Cr< ^2 & = 1,2, ...,r. 
i—k je/fcU/<;+iU---U/r 

Note that ifjob can be put into batch i, then it can also be put into batch («-1), i = 2,3,..., r. 
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Consider Problem II 1-1 which is defined as follows. For each job j of size 2, divide the job into 
two jobs denoted as jobs j[l] and j[2] such that 

si[i] = S'M = ^'[1] = 4[2] = 4 an^ w'j[i] = wj[2] = 2' 

while for each job j of size 1, 

Sj - 1, dj —— dj and Wj — 1. 

The objective is to minimize the weighted number of tardy jobs. 
We can construct an algorithm for Problem II 1-1. Let jobs be stocked in the decreasing order 
of w'j, implying that the job located in the lowermost position has the largest weight in each 
batch. 
Algorithm for Problem II 1-1 

Step 1. Set i = r and T = 0. 

Step 2, Put job j to batch i in the decreasing order of w'j, j € Ii U /j+i U • • • U Ir \ T until 
the capacity of batch i is fully filled. If t he tie happens, then schedule the job with the 
largest due dates prior to other jobs. Let Tj be the set of the jobs allocated to batch i. 
T = T U Tj and i = i — 1 (Without loss of generality, suppose that job j[ 1] is selected 
prior to job j\2]). 

Step 3. If i > 0, go to Step 2. 

Step 4. Reorder the scheduled jobs according to the Earliest Due Date (EDD) rule. 

The time complexity of Greedy Algorithm is 0(rn + n\ogn). Let S and v(S) be the optimal 
schedule and the optimal value of Problem lll-l, respectively. Note that S may not be feasible 
in Problem III. In S, one of the following cases occurs. 

Gase (i) Jobs j[l] and j\2] are scheduled in the same batch ; 

Gase (ii) Job j[l] is scheduled uppermost in the batch and job j [2] is scheduled in immediately 
previous batch, or 

Case (iii) Both of jobs j[ 1] and j[2] are not allocated to S ; 

Gase (iv) Jobs j[l] is scheduled uppermost in batch 1. 

If case (iv) happens, then it implies that all jobs of size 1 have been scheduled and the number 
of these jobs are odd. In this case, the upper bound of the optimal value of the original 
problem is v(S) — This implies that there exists an optimal schedule in an original problem 
with at least one empty slot in batch 1. If case (iv) does not happen, then v{§) is the upper 
bound of the optimal value. 
Lemma 6 We can transform the schedule S into an optimal schedule S* of the original 
problem. 
Proof If case (iv) happens, then we can delete the job located in the uppermost position 
of batch 1 because the Upper bound is v(S) — Henceforth, without loss of generality, we 
assume that case (iv) does not occur. The schedule S can be decomposed into k Clusters 
which are the set of batches as follows: Let Cluster i, {aj, 0% +1,..., ai+1 — 1}, % = 1,2,..., k, 
be defined as the set of batches such that the job in the lowermost position of batch a* + j 
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and the job in the uppermost position of batch oci+j + 1 come from the same job of size 2 
in the original problem. Note that ai = 1 and ak+i — 1 = r. 
We can make the schedule S feasible to the original problem without the decrease of the 
objective value as follows: Consider Cluster l, l = 1,2, Without loss of generality, the 
number of batches in Cluster l is larger than 1. Since the capacity of batch is even, at least 
one of jobs allocated to batch a^+1 — 1 has the original size 1. Let this job be job q, and 
the set of jobs scheduled earlier than job q be R in Cluster l. We can move job q into the 
uppermost position of batch and push all jobs of R down by one unit while the jobs of 
R allocated to the lowermost position of each batch should be moved into the uppermost 
location of the next batch. Since the job in the lowermost position of one batch and the job 
in the uppermost location of the next batch come from the same job in the original problem, 
this transformation can make the Cluster part l of S feasible in the original problem without 
the decrease of the objective value. This completes the proof. • 

Theorem 6. Problem III with identical weights can be solved in 0(rn + nlogn) time. 

Proof It immediately hold from Lemma 6. • 

6 Problem IV: 1|batch(i), Sj £ {1,2}| ̂ Tj 

In Problem IV, there exists an optimal schedule such that jobs of each size are scheduled in 
EDD order, respectively. Thus, we can apply the reduction of Problem II st raightforwardly. 

Theorem 7. Problem IV can be solved in 0(rn2). 

For the weighted case, however, we cannot determine the sequence of jobs of each size in 
advance. Thus, the approach of Problem II d oes not seem to be promising. 

7 Concluding Remarks and Future Works 

We consider the problem of scheduling Containers with sizes 1 or 2 to ships whose capacity 
and the departure time are fixed. The objectives are to minimize Lmax, ^ WjCj, ]T) WjUj, and 

We verify that the problem with Lmax is equivalent to the scheduling problem with 
GoS eligibility constraint, and the problems with Y2wjCj,Y2wjUj, and are the special 
case of generalized assignment problem. The results for four problems are follows. 

Lmax ^2'WjC'j ^2 Uj 

general 

Wj = 1 

0(rn2) 0(rn4) 
0(rn + n log n) 

O(nlogn) 0(rn + nlogn) 

Open 

ö(rn2) 

As seen a jove, however, it is unknown whether there exists an algorith 
with WjTj or not. 
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