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Abstract

This paper studies inventory constraints in a machine scheduling environment. Jobs
can add and remove items of different types to the inventory and from the inventory,
respectively. Jobs removing items cannot be processed if the required amount of items is
not available. We first have a look at general models and determine the computational
status of these problems. Since it turns out that general models are strongly NP-hard
except for makespan minimization on one machine we have a look at special cases in the
following. We determine the computational complexity of all considered special cases
for objection functions ) C; and Lpyax and several special cases for objective functions
Z’LUjCj and E Uj.

Keywords: Machine scheduling, inventory constraints, computational complexity.

1 Introduction

In machine scheduling the usual setting gives the problem to schedule a set of jobs on a set
of machines subject to a set of rules such that a given objective is optimized. One of the
rules involved can be a precedence relation between two jobs. A regular precedence relation
i < j requires that job j's processing cannot be started before job i's processing is finished.
The concept of precedence relation has been generalized to minimum and maximum time-lags.
Minimum time-lag lg‘jin and maximum time-lag 7% !'elated to jobs ¢ and j require that j is
started not earlier and not later, respectively, than lz‘.f;-m and l{‘j‘" time units after 7 is finished.
Note that we obtain i < j if we set [ = 0 and [ = co.

In this paper we introduce an other generalization of precedence constraints. We consider a
set T' of types. There is a storage for items of each type and an initial inventory is given.
Now, a job might require (or consume) an amount of items to be started and might release
an amount of items to the storage when it is finished. Naturally, we want to consider only
schedules having non-negative inventory levels.

Inventory constraints as described above has been considered in project scheduling, see Bar-
tels and Zimmermann [1], Neumann and Schwindt [8], Neumann et al. [9], and Schwindt and
Trautmann [10] for example. In Neumann and Schwindt [8] it has been shown that inven-
tory constraints are a generalization of both renewable and non-renewable resources. Thus,
finding a minimum makespan project schedule considering (standard) precedence constraints
and inventory constraints is a generalization of the well-known Resource Constrained Project
Scheduling Problem which is known to be strongly NP-hard.

An obvious application of this model can be observed in cross-dock-terminals, see Boysen
et al. [2] for example. Trucks arrive to drop or pick up, respecitvely, goods. Here, types
of goods correspond to the types of items in our model. Trucks correspond to jobs. Each
door of the terminal corresponds to machine each of which can handle one truck/job at a
time. Here, the requirement of non-negativity of the inventory is trivially motivated by the
real-world-application: no truck can be processed if he is supposed to pick up goods being not
available at that time. We can think of various objectives here, in particular all of the common
machine scheduling objectives.

An other application arises in financial investment projects. Let us assume we have a set of
investment projects we want to undertake or have to undertake, respectively. Each project
corresponds to a job and needs a certain amount of money to be started. After finishing the
project we have a cash inflow which can be reinvested in an other project. Money corresponds
to one type of items here. We can imagine further types such as project managers supervising
a project during execution. Of course a project can only be started if the necessary amount
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of managers is available. After finishing the project this number of managers will be available
for further projects. An obvious objective for example would be to maximize the (discounted)
cash inflow of projects carried out in a given time horizon (or — equivalenty — minimizing the
(discounted) cash inflow of projects carried out outside the horizon). An other objective we
can easily represent by means of a standard machine scheduling objective function. Assuming
we have to undertake each project we may want to minimize the needed makespan.

In this paper we consider inventory constraints in machine scheduling environment and in-
vestigate the computational complexity of various problems. The remainder is organized as
follows. In Section 2 we fomalize the problem we have given the underlying idea of above. We
furthermore extend the notation by Graham et al. [3] to represent the problems considered in
the paper at hand. In Section 3 we give results regarding complexity results. In Section 77 we
proof that for two variants only finding a feasible solution is strongly NP-hard. In Section 3.1
we consider the objectives related to flowtime and in Section 3.2 we consider due date related
objectives.. For each problem special cases are considered also. In Section 4, finally, we give
conclusions and an outlook an future work.

2 Problem Specification

We consider a set T' of types and set J of jobs. Each job j has a processing time p; and might
have a due date d;. Moreover, each job j has a consumption of ¢, units of items of type
t € T at the beginning of its processing which means that the inventory of type t is decreased
by 7, when j is started. When finished each job j releases r7, units of items of type ¢ to the
corresponsing inventory, thus the inventory level increases by r7,. Note, that if TS =Tiy holds
for all 7 € J and t € T, then inventory constraints are equivalent with resource constraints
where a certain amount of resource is occudpied during processing of a job and is released
afterwards. However, 7¢, # 77, may hold. For each type an initial inventory R, is given.

On a single machine a schedule is specified by a sequence 0. Let (1), 1 <[ < n, be the job
being scheduled in the Ith position and let I;;, 1 <[ < n, t € T, be the inventory level of ¢
after the job scheduled in position [ is finished. Thus,

Li=R:+ Z (r;(,,)’t - Tf,(l,),t) .

1<r<i
Let J= = {j | Xper 75, >0} and J* = {j | X, 7%, > 0}. A schedule o is feasible if and
only if all jobs in J are scheduled and at each time the inventory of each type is non-negative,
that is if job j € J is scheduled in position [, then we have I;_;; > ch.’t foreacht € T.
We extend the notation by Graham et al. [3] as follows to represent the concepts mentioned
above. If inventory constraints are considered, then we have inv € 8. If the number of types
is limited to k, then we have inv(k) € .
As described above we consider a common lower bound for the inventory level of each type
by requiring the level to be non-negative. Naturally, we can consider an upper bound I as
well. The motivation may be given by limited storage capacity. If storage capacity is limited,
we have inv € § or inu(k) € [, respectively.
Next, we outline the relation between inventory constraints and precedence constraints. We
reduce an arbitrary problem having precedence constraints to the corresponsing problem having
inventory constraints. Consider a problem «|8|y where prec € 8. Let precedence be given by
E = {(¢,7)} where (i, ) means that job j cannot be started before job i is finished. For an
arbitrary instance P? of o| 3|y we construct an instance P’ of a|@'|, 8’ = (8 \ {prec})U{inv}



as follows. We do not change any parameters but drop prcedence constraints. Instead we give
inventory constraints as follows:

T = {t.|e€E} (1)
R, = 0 VieT (2)
ri., = lif(§,5)€Eied (3)
'r;,te = 1if(j,i)e E,ieJ (4)

For each precedence relation e a separate type t. is given, see (1). Type t. is consumed and
released by j and ¢, (4, 7) = e, exclusively, see (3) and (4). Due to (2) i must proceed ;.

3 Results

This Section is outlined as follows. First, we state that finding a feasible solution for 1[inv(1)|y
or 1|¢nv(2)| is strongly NP-hard.

Theorem 1. Finding a solution to 1{inv(1)|y is strongly NP-hard.
Theorem 2. Finding a solution to 1|inv(2)|y is strongly NP-hard.

Both Theorems are proven by reduction from 3-PARTITION. The formal proofs can be found
in Appendices A and B. Consequently, in the following we restrict ourselves to the cases with
inv(1) € B where each job either consumes items or releases items that is

D> ors,=0 Vi€l

teT  teT
We then represent the modification of the inventory level (of the only type) by job j by r;
(rj =1}, ifrf; > 0, r; = —r$, otherwise). Furthermore, we write R, I;, and I instead of R;,

I, and T;, respectively, for notational convenience. We consider objective functions > C;
and ) w;C; in Section 3.1 as well as Lyax and ) U; in Section 3.2.

The resuiting problems turn out to be strongly NP-hard for both easier objective functions,
>>C; and Lpax. We give proofs for that and afterwards focus on special cases derived by
letting certain parameters be equal throughout J~ or J*.

In order to have a short notation we introduce binary parameters Fy,(J'), F,(J'), Fy4(J'), and
F.(J') indicating whether parameter p, w, d, and r, respectively, of all jobs in J’ are fixed to
the same value (parameter’s value equals 1) or not (parameter's value equals 0). Additionally,
we denote the value of fixed parameters by p*, p~, w*, w™, d¥, d~, r*, and 77, respectively,
if the values apply for J* or J~. That is,

E(JN=1lep=p" VieJt and F,(JT)=1lwep=p VjeJ,
F,(0N=1lew=w" VieJ" and F,(J)=lww=uw" VjeJ,
Fy(JN=1ed;=dt VieJ" and FyJ )=1<d;=d" VjeJ, and
F(JN=1lern=rt VjeJ" ad F(J)=l&rn=r" VYjeJ.
In particular in cross dock terminals problems with certain parameters having equal values may

have straightforward applications since sizes (capacities) and handling speeds e.g. are often
standardized.



3.1 Flowtime Related Objectives

For a given instance P of 1|inu(1)| Y  C; we define the symmetric instance P’. P’ has the
same number of jobs as P and the jth job of P’ has processing time and inventory modification
denoted as pj and ;, respectively.

1. p; = maxyerpyr + 1 — p;
2. 1‘_;- = —Tj
3. RI=R+Z]GJTJ‘

Lemma 1. The optimal sequence of jobs to an instance P of problem 1linv(1)| Y C; is the
reverse optimal sequence of corresponding jobs of symmetric instance P’.

Proof. Consider symmetric sequences o and ¢’ as solutions to P and P'. It is easy to see that
o is feasible to P if and only if ¢’ is feasible to P’. Now, let

n(n+ 1) =
=T Y maxp B=(n+1 §

A

Obviously, A and B are constant values.

n n
D n+1-Kpyg = > (n+1-k) (I?g;cpj +1- Pa<n+1—k)>
k=1 k=1

1 n
—_ 'n,(_'n____+ ) (ma.xpj + 1) - Z(n +1- k)pa(n+1—k)

2 jeJ
I k=1

n n
= A=) (n+1potni1n) + ) kPo(nt1-k)

k=1 k=1

= A—B+Z(n+l—k)pa(k)

k=1

Hence, the objective values of o and ¢’ differ only by a constant and, therefore, o is optimal
to P if and only if ¢’ is optimal to P’. O

For a given instance P of 1|inv(1)|)_ w;C; we define the symmetric instance P'. Again, P’
has the same number of jobs as P and the jth job of P’ has processing time and inventory
modification denoted as p} and r;, respectively.

1. p=w;
2. w;=p;
3. r;=-—r;
4 R'=R+) ;i

Lemma 2. The optimal sequence of jobs to an instance P of problem 1|inv(1)| > w;C; is
the reverse optimal sequence of corresponding jobs of symmetric instance P’.
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Proof. Consider symmetric sequences o and ¢’ as solutions to P and P, It is easy to see that
o is feasible to P if and only if ¢’ is feasible to P’. Optimality follows from the well known

symmetry property of 1{| > w;C;. O

As mentioned above we look at special cases specified by equal values for certain parameters
of jobs in J* or J~. Lemmas 1 and 2 enable us to project results for one special case to an
other special case since if P has identical processing times, weights, or inventory modification
for jobs in J*, then P’ has identical processing times, weights, or inventory modification,
respectively, for jobs in J~ (and vice versa).

Theorem 3. 1|inv(1)| > C; is strongly NP-hard even if all jobs in J~ are identical.

The proof is inspired by the proof for NP-hardness of 1|r;| > C; by Lenstra et al. [6]. Here,
we just give the basic idea of the proof. The proof itself can be found in Appendix C.

We construct an instance of 1|inv(1)| 3 C; with three classes of jobs J%, J?, and J~. Jobs
in J° represent number a; from the instance of 3-PARTITION by having r; = a; + p and
p; = a; + p for each j € J* where is p is constant. Jobs in J~ are used to form a partition

of Je.

bid I SO * [ S
. T T

Figure 1: Schedule Structure

Figure 1 sketches the structure of a schedule of the instance of 1linu(1)| Y C; if the answer
to the instance of 3-PARTITION is yes. We have sections consisiting of several jobs of J?,
three jobs of J%, and one job of J~. In each section all jobs of J? are followed by all jobs of
J®. In each section the job of J~ is the concluding job. The main issue is to fix jobs of J~ to
specific positions. We arrange that each job of J~ cannot be positioned earlier than a specific
position by tuning consumption and release of items accordingly. A specific number of jobs of
J® serve as block in each section which must be completely processed after the consuming job
of the previous block. The processing time of jobs of J° must be chosen large enough such
that a switch of a job of J~ and a consecutive job of J? leads to an objective value exceeding

a given threshold.

Theorem 4. 1|inv(1)| > C; is strongly NP-hard even if all jobs in J* are identical.
Proof. The Theorem follows from Theorem 3 and Lemma 1. a
Theorem 5. 1{inv(1)| 3" w;C; is strongly NP-hard
o even ifall jobs in J*+ are identical and Fy(J=) =1,
e even if all jobs in J~ are identical and F,(J*) =1,
e even if all jobs in J* are identical and F,,(J~) =1, and

e even if all jobs in J~ are identical and F,(J*) = 1.



Proof. The Theorem follows from Theorems 3 and 4 and Lemma 2. 0

Theorem 6. If Fy(J*) + Fyy(J*) + Fr(J*) > 2 and Fy(J7)+ Fu(J7)+ F(J7) > 2, then
1|inv(1)| ¥ w;C; is solvable in O(nlogn).

Proof First we show that there is an optimal solution such that J* is ordered according
the individual parameter (in SPT order if Fy,(J*) = F.(J*) = 1, in non-increasing order
of weights if Fy(J*) = F.(J*) = 1, and in non-increasing order of inventory modification
if F,(J*) = Fu(J*) = 1). Consider a solution having at least two jobs of J* not in the
proposed order. Then, there are at least two consecutive jobs 47 and jF in J* not in the
proposed order in the current solution. It is easy to see that switching j; and j; cannot violate
the inventory constraints. So, if Fp(J*) = F,,(J*) = 1, then we can switch Ji and jf. If
E,(J*) = F,(JT) = 1, then we can switch 37 and ji since this does not affect completions
times of other jobs and sum of weights to a position [ cannot increase for each 1 <1 < n. If
F,(J*%) = F.(J*) = 1, then we can switch ji" and j; since the weights of the job in each
position does not change and no job can be delayed.

The same arguments apply to J~. Note that each of these orders has jobs in WSPT order.
Let Jt ={1,...,n*}and J- = {nT+1,...,n" +n"} be ordered (according to the criteria
described above).

Algorithm 1
1.1=0,jt=1,j"=nt+1
2. Iy=R
3. repeat until jt=nT+lorj =nt+n"+1

(a) if pj-/wj- < pj+/w;+ and I; > —r;-, then choose j~ and set [;;; = I; + ;- and

T =3"+1
(b) else choose j* and set [;1y = I + 7+ and j+ = j+ +1
(e l=1+1

4. schedule remaining jobs of J* or J~ at the end

This algorithm gives an optimal schedule. Let o and ¢* be the result of our algorithm and an
optimal schedule (obeying partial orders for J* and J~ as described above), respectively. Let
k and k* be the first position where we have o(k) # ¢*(k) and the position of o(k) in 0%,
respectively. Due to the order of J* and J~ we must have To(k)Tom(k) < 0.

If o(k) € J*, then since our algorithm chooses o(k) instead of o*(k) scheduling o*(k) in
position k of ¢ is infeasible or

pu(k) < po"(k)

In the first case o* is infeasible. In the second case, we can move o(k) in position k of o*
and delay jobs in positions k to k* — 1 by one position. Note that only jobs out of J~ will be
delayed and furthermore jobs in both subsets are in WSPT order. So, we argue by pairwise
exchange that we can bring o(k) in position k of o* without increasing the objective value.
Furthermore, this move is feasible since I;, k <1< Ek* is increased by 7o(ky — To=1) > 0-

If 7o) < 0, then since our algorithm chooses (k) instead of o*(k) wear(nzlst h;ve
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Po(k) < Do+ (%)

Wo (k) Wo~ (k)
Then, we can move o(k) at position k in ¢* as in the above case. Again, the move is feasible
and cannot worsen ¢*. O

Summarizing the results provided by Theorems 3 to 6, we can state that

e 1|inv(1)| >_ C; is unary NP-hard,

o 1{inv(1)| X w;C; is polynomially solvable if F,(J*) + F,(J*) + E.(J*) > 2 and
BT+ R+ F(J7) > 2

Note that 1|inv(1)]>_Cj is polynomially solvable if Fp(J*) + F.(J*) > 1 and F,(J~) +
F.(J7) > 1. In the following we give a polynomial time algorithm for a special case which
does not completely fit in our scheme of fixing certain parameter of jobs in J* and J~ to
specific values.

Theorem 7. If all jobs in j € J~ are identical, r; = —ljr~, l; € N, for j € J*, and
R+3 ;i =0, then 1inv(1)| 3° w;C; is solvable in O(nlogn).

Proof. Clearly, the subset of jobs J~ can be scheduled in arbitrary order. Let

J-={1,...,|J7|}
and let

Jf={j|jeJ+,%S§:}={|J“|+1,-~,1J—|+|Jf|}

§
be ordered in WSPT order. Furthermore, let

| Jf = I\ = {77+ |+ 1., 01}
be ordered such that

pi+ e L pmt i

s T - . Titl,,—
'LUJ + |T_.‘w wJ+]_ + |r__lw

Vie {|JH]+1,...,]J =1},
Algorithm 2

1. schedule J;" in slots 1 to |J;|

2. schedule jobs 1 to [ = (R+ZjeJ1+ rj) /Ir~| of J= in slots |J{f| + 1 to |J{| +1

3. jt= I+ |+ 1L k= |JF+1+1

4. repeat until j* = |J] +1

(3) schedule j* in slot &
(b) schedule jobs i +1 to l+r;+/|r~|in slots k+ 1 to k+ rj+ /|r™|
(@) U= Ut rp /il k= k4 /| +1



This algorithm gives an optimal schedule. Let o and ¢* be the result of our algorithm and an
optimal schedule, respectively. Obviously, we can reorder jobs of J~ in ¢* in ascending order
of index. Let k and k* be the first position where we have o(k) # ¢*(k) and the position of
o(k) in o*, respectively. Due to the order of J~ we cannot have ) < 0 and 7o« < 0.

It is obvious that we can schedule J;t and

R+3 e+
I

jobs of J~ at the beginning (by pairwise exchange). Note that after position

7 ¢ 2o T

Lol
the inventory equals zero.
Each job j € J5f is followed immediately by exactly r;/|7~| jobs of J~. Suppose there are only
k < 1;/|r™| jobs of J~ between the first job j € Ji and the next job j’ of J;. By pairwise
interchange of j' and r;/|r~| — k following jobs of J~ we can increase the distance between j
and j’ to r;/|r~| +1. This cannot increase the objective value since p; /w; > p~/w™. Then,
at the start of job j' the inventory level is zero. Now, it is easy to see that the same argument
applies for all other jobs of J; .
Correctness of the algorithm follows by interchange argument considering job j € J5 and
7;/{r~| jobs out of J~ as an atomic unit. O

3.2 Due Date Related Objectives

This Section deals with the objectives to minimize the maximum lateness and the number
of tardy jobs. Section 3.2.1 focuses on maximum lateness. However, a pseudopolynomial
algorithm for minimum number of tardy jobs is given (Theorem 10) which obviously solves
maximum lateness in pseudopolynomial time also. Section 3.2.2 is exclusively restricted to
number of tardy jobs. For the formal proofs of NP-hardness we refer to Appendices D to D.

3.2.1 Maximum Lateness

Theorem 8. 1{inv(1)|Liax is strongly NP-hard even if F)(J™) = F,.(J7) = Fy(J*) = 1.
Theorem 9. 1|inv(1)|Lymax is NP-hard even if jobs of J~ are identical and Fy(J*) = 1.
Theorem 10. If FyJ~) = 1, then 1|inv(1)|dX U; can be solved in

0 <n2 (ZjeJ+ PJ‘)S (Zjeﬁ' Tj)2>-

Proof. Let J=¢ C J~ denote the subset of jobs of J~ being early. First, we observe that we
can schedule all jobs of J7¢ in a row. Consider the last job out of J~¢. Moving all other jobs
of J~¢ right before it (and, therefore, scheduling some jobs of J* earlier) cannot violate the
inventory constraints (because delaying consuming jobs is always allowed) and cannot worsen
the objective value (because due dates of consuming jobs are identical). Jobs of J-\ J—¢
can be scheduled in row at the end of the schedule.

Additionally, we can divide J* into two subsets J;" and J; preceeding and following J¢,
respectively. Both subsets can be assumed to be scheduled by the algorithm by Moore [7].
This means Ji (J;) consists of a set of early jobs J;** (J;"°) followed by a set of tardy jobs

8



TP (I, as illustrated in Figure 2. J;H¢, J;¢, Ji, and J;* can be assumed to be in EDD

order.
Assume jobs are numbered such that J*+ = {1,...,|J¥|} (ordered in EDD) and J~ = {|J*|+
1,...,|J¥| + |J~|}. Binary variables

Zjipr VIE€EJ,1LI<j—|JY,pE 1,...,ij , T € 1,...,2]7']-] ;
jeJ- jed-

being equal to 1 if and only if there is a subset of jobs J' C {|J*|+1,...,5}, |J'| =, such
that '

ij = p and er = —T.

jer jeJ
Clearly,
Ti++11pr = 1ifand only if ps+41 = p and rig4(41 = —7 and
Tjlpr = 1,7 > |J+I + 1 if and only if Ti—Llpr = 1lor Tj—1,1~1,p—pjr—r; = 1.

Using this recursive relation we can compute all z;;,, in O(n®>" |r;| 3 p;).
We consider the subproblem where the number of early jobs of J~ is required to be at least e~.
For given number e~ = |J™#| of early jobs in J~ we do the following. We find all variables

| gtilg-le-pr = LDE S L,..., Z pij¢,TE€LL ..., Z Tj
jeJ- jed-
The number of these variables cannot be larger than 3 |r;| >~ p;. Since we can schedule the
corresponding subset in a row we consider a single job j~ specified by p;,- = p, r;~- =r, and
d;j- = d~. Job 57 will represent J7 in the following.
For given j~ we consider the problem to find the optimal schedule when j~ is required to be

not tardy in the following.
First, we show that there is an optimal schedule with

C’j-e{d —;IeleJLicpj%—l,...,d }

Obviously, Cj- must not be larger than d~ since otherwise j~ is tardy. Suppose there is an
optimal schedule with j~ not tardy and Cj- < d~ — max;ec s+ p;. We distinguish two cases.

e If J = (), then we obviously can delay j~ by d~— — Cj- time units without violating
inventory constraints. Still, 77 is not tardy.

o If Jf # 0, then we can choose the first job in J5 and move it before j—. Still, j~
cannot be late and no other job has been delayed. By repeating this procedure, we can
reach

Cj- € {d_—maxpj-i—l,...,d‘}.

jeJ+



For each j~ and each possible completion time

C;- € {d‘—maxpj-f-l,...,d"}

jeJ+

(and, hence, no more than )" |r;| > p;maxp; times) we consider the problem to find the
optimal schedule if i~ is fixed to this specific completion time. To do this, we construct a
graph G = (V, E, ¢) as follows.

v = {GP PP R |5 €5 P PLPpe {1, 3 py),

Bye{l...,> Inl}}

E = ESUE;UE!UE}

t = {((G, P}, P, P5,Ra),( + 1, P} +pj1, P, 5, Ry)) |
Pf+pjt1+ Pl < Cj- —pj-, Pf+pjp1 < diy1}

E = {((4, P, P, Pg, Ra),(j + 1, P, Pl + iy, P5, Ry)) |
P{ + P +pj11 < Cj- —pj-}

E; = {((,Pf,Pl,P5,Ry),(§ +1, P}, P, P§ +pjs1, Ra+ 1)) |

Cj- + P +pjy1 S djy, Re + 11 < R+ Z Tjt + T~

jleJ+

Eé = {((j?Ple7P1l’P267R2)7(j+17Pf;P{7P2eaR2+Tj+l))I

Ry+rjmi <R+ Z Ty + Tj-
e+
ce) = 0 Ve € E; U E5
cle) = 1 VeeE UE]

Node (j, P¢, P}, P§, Ry) represents a partial solution having jobs 1 to j assigned to J;"¢, J; %,
Ji, and Ji* such that

Yopr =P, Y py=P, ) py=F, Y, r=R

iefe jregit j'eJge jerfeurtt

Edges in Ef and E represent the assignment of job j + 1 to J;"° and J;"¢. This is possible
only if job j + 1 is early when scheduled at the end of the corresponding set. Furthermore,
assignment of j + 1 to J;° is allowed only if the total processing time of Ji fits before j~.
Assignment of j + 1 to J2+’e is allowed only if j + 1 is not needed before 7~ to reach an
inventory of |r;-|.

Edges in E! and E} represent the assignment of job j+1 to Jf’l and J;’l. Assignment of j+1
to J1+ * is not allowed if the total processing time of J does not fit before j~. Assignment
ofj+1to J;’l is allowed only if 7+ 1 is not needed before j~ to reach an inventory of |r;-|.
The length of an edge representing a job being scheduled tardy (early) is 1 (0) since this
~ assignment contributes 1 (0) to the objective value.

Clearly,

10



VI=1E| €O [n (ij>3 Do

ieJt jeJt

and, hence, we can find a shortest path from an artificial source (0,0,0,0,0) to a node
(|J*], P&, P}, Pg, Ry) in

ofs(28) Tn

ieJ+ jeJt

Considering that we have to find a shortest path for each number of positive vari-
ables and each possible completion time we have overall computational complexity of

0 ("2 (Ciesvpi)’ (Zjeﬁ T 1)2) O

Jie g J1|d2lds| e It Ja|ds

Figure 2: Schedule Structure

Figure 2 provides the scheme of schedules as considered in the proof of Theorem 10. Set J~
of jobs is divided into two blocks J ¢ and J~* where J ¢ are guaranteed to be early (possibly
jobs in J™ can be early also). J~! i scheduled last while J™¢ is scheduled to be completed
within [d~ — max e+ p; +1,...,d”]. In Figure 2 J7¢ consist of e~ = 3 jobs ji, j2, and js.
Set J* of jobs is divided into two blocks J; and J5 preceding and following J ¢, respectively.
Both blocks are subdivided into two subsets containing early and late jobs, respectively. Each
subset can be assumend to be in EDD order.

Lemma 3. There is an optimal solution to 1|inv(1)|Lmax having the subset J~ ordered in
non-decreasing due dates.

Proof. Note that the makespan is fixed. Let o be an optimal solution where set J~ is not
ordered in EDD order. Then, let j be the last job of J~ being preceded by a job 7' € J~ with
dj» > d;. Let k and K’ be positions of j and j', respectively, in . Then, moving j” in position
k and moving jobs in positions K’ 4+ 1,...,k to positions %/,...,k — 1 is feasible (since Jj,
k' <1<k, is increased by —r;» > 0) and cannot worsen the solution (since d; > d;). O

Theorem 11. If F,(J*) + F.(J*) > 1, then 1|inv(1)|Lmax can be solved in O (n?).

Proof. Let due dates dg., j € J be given. Furthermore, let J~ be ordered in reversed EDD
order and let J; be the ith job in J~. Then, the following algorithm finds a schedule ¢ such
that no job is tardy in O(n?) if such a schedule exists.

Algorithm 3
1. In = R+ ZjEJ’rj

2 T= Zjerj

11



3. J={j|j€ ¥ d =T}
4. k=nl1=1
5. repeat until k =0

(a) if d;- > C, then

i o(k)=J;
i. l=0+1
iii. Ik—l = Ik = To(k)
iv. J = JvU{j|je T d;€ [T~ pogw, TL}
V. T=T-— pa(k)
(b) else if J* = or minjejav {r;} > I, then STOP
(c) else if minjeyaw {r;} < Ii
i. if Fp(JT), then j* = argminjcje {75}
ii. else if F,(J*+), then j* = arg maX;ejev {pj}
i, o(k) = j*
V. Ipoy = I — 1)
v. J® = (JP\ {7 DU {15 € J*d; € [T - po), T[}
vi. T=T = pygey

(d) E=k—1

Assume there is a sequence o having no tardy job and the algorithm aborted without finding
a schedule. Then, there is a feasible schedule o’ where jobs J~ are ordered in EDD order,
see Lemma 3. Let k be the last position where o’ and the partial schedule ¢? constructed
by our algorithm differ. If no job was found for position &k by our algorithm, then ¢’ must be
infeasible and, consequently, so is 0. Note that Top(x) > 0 or o1y > 0, otherwise, due to
EDD order of J~. If a job was assigned to position k by our algorithm, then let &’ denote the
position of o?(k) in ¢’.

If rop(x) < 0, then we can move oP(k) at position k of ¢’ while moving jobs in positions &'+ 1
to k in ¢’ to positions £’ to k — 1. Note that no job of J~ (except for o?(k)) is moved due
to the unique order of J~ in ¢’ and o?. Obviously, ¢’ stays feasible.

If rop(ky > 0 and 7404y > 0, we have o?(k) € J* and o’(k) € J* in iteration n—k +1 of our
algorithm (when ¢?(k) is assigned to 6?). Then, Top(ey < Torry if Fp(J) and pyr(r) > Dor ()
if Fr(J*) due to the choice of j*. Hence, exchanging ¢?(k) and ¢’(k) in ¢’ cannot violate
inventory constraints and cannot delay a job except for o?(k). However, (k) can not be
tardy after the switch because o?(k) € J%.

If ror(k) > 0 and 7o) < 0, then o’(k) must be an infeasible choice for o’ because otherwise
the algorithm would have chosen ¢’(k) as well. This induces correctness of the proposed
algorithm.

Note that the objective value is bounded from above by Ly, = Zjerj and from below by
L.x = —maxjesd;. Using binary search on [Lmax,fmax] we can find the optimal solution
by employing the algorithm above in O(n3). O

Remark 1. If F(J1)+ F.(J*)+ Fy(JT) > 2, then 1{inv(1)| Liyax can be solved in O(nlogn)
since J* can be assumed to be sorted according to the individual parameter.

12



Summarizing the results provided by Theorems 8 to 11, we can state that
e 1/inv(1)[Lmax is unary NP-hard,
e 1[inv(1)|Lmax is binary NP-hard even if jobs of J~ are identical and Fy(J*) = 1, and
e 1]inv(1)| Lmax is polynomially solvable if Fj,(J*) + F,.(J*) > 1.

3.2.2 Number of Tardy Jobs
Theorem 12. 1|inv(1)| > U; is NP-hard even if Fy(J~) = 1 and all jobs of J* are identical.

Theorem 13. If Fy(J*) + F,(J~) = 2 and F,(J*) + F.(J*) > 1, then 1jinv(1)| Y U; can
be solved in O (n?logn).

Proof. It is easy to see that J* can be ordered according non-increasing inventory modification
if Fp(J*) and in SPT order if F.(J*). We consider the subproblem where the number of early
jobs of J™ is required to be at least et

Jobs of J~ are structured in an optimal schedule as follows. The subset J~* of tardy jObS of
J~ can be scheduled at end in a row in arbitrary order. The set J=¢ = J=\ J™ of early
jobs of J~ can be assumed to be scheduled in EDD order (by the interchange argument of
Lawler [5]). J~¢ is divided into J{® and J;® preceding and following the the e*th job of
J*. Furthermore, we can see that

- ZjEJ"',jSe‘*' pJ’J
po= .
Let J* = {1,...,|J*|} be ordered as described above and let J+ =
{|J¥]+1,...,]J*| +|J~|} be in EDD order. Each job in J;*® can be assumed to be sched-
uled as early as possible while preserving EDD order, non-negative inventories, and job e*
being early. This property follows from a simple interchange argument (delaying early jobs
of J* is allowed if inventory remains non-negative and job et remains early). Thus, J s
further subdivided by jobs 1,...,e* — 1 which are scheduled such that (i) inventory is non-
negative and (ii) job et is early. Each job in J;° can be assumed to be scheduled as early
as possible while preserving EDD order and non-negative inventories. Thus, J; *® is further

subdivided by jobs e* +1,...,|J7|, see Figure 3.
Algorithm 4

d+
|7l <er = [

Ljt=1,7"=|Jf+1J*=0L=RT=ni=0k=1FK=n
2. forn¢ <ey and j~ < |J*|+|J 7]

() if Iy—y > |rj-| and T +p~ < dj-
i. schedule j~ in slot k
i. Joe=JU{j"}
i, Iy = Ix_1+ 75
iv. k=k+1,n=n{+1,T=T+p ", j =7 +1

(b) else I_; > |rj-| and T +p~ > dj-
i, Joe=JUu{i"}
13



il. j*=argminjcy-.{ry}
iii. schedule 7* in slot k'
iv. move jobs in J—¢ following j* in the slot of the previous job in J~¢
v.adapt I, 1 <p<l-—-1
Vi K=K —1,j"=5"+1
(c) else if Ir_y < |r;-|
i. schedule 5% in slot k
i, Iy =11+ Tj+
i. k=k+1,T=T+pj, jt=4t+1

3. schedule jobs j* to e* next; set k=k+et +1—jF, jT=et +1
4, for j~ < |J*| +|J7|

(a) 2a
(b) 2b
(¢) 2c

5. schedule jobs j* to |J*| of J* in slots k' — |Jt|+ 77 —1 to &’

The algorithm above gives an optimal schedule when at least et early jobs of J* are required.
[t guarantees e early jobs of J* due to the stopping criteria of Loop 2 and Step 3. Note that
Step 3 does nothing if during the execution of Loop 2 at least e jobs have been scheduled
early. :

Obviously, for each position [ the number of jobs of J* being scheduled in positions 1 to [ is
minimum subject to inventory constraints and a minimum number of & early jobs of J* (note
that the order of jobs in J* is fixed). In turn, this means for each position [ the number of
jobs of J~ being scheduled in positions 1 to [ is maximum subject to inventory constraints
and a minimum number of k early jobs of J+.

First, we show that there is an optimal schedule having job j* being chosen in Step 2(b)ii
tardy. Consider the first job J;7, 1 < p < |J~| being chosen tardy and let Jj‘_ be the job
which should be scheduled next. Since the number of jobs in J* being scheduled before is
minimum there must be tardy job among the the first j~ jobs of J~. Let ¢* and ¢ be an
optimal schedule and the schedule provided by our algorithm, respectively. Suppose J, is
not tardy in o*. Then at least one other job J, 1 < ¢ < |J=], ¢ # p, is scheduled tardy.
Since T < T We can exchange J, and J in o™ without violating inventory constraints.
If de— > qu—, then J;~ is early. If de- < dJ;, then reordering of the jobs scheduled early may
be necessary. However, it is easy to see we can feasibly reorder them in EDD order.

From the fact the we feasibly choose tardy jobs and maximize the number of jobs of J~
scheduled up to each position, correctness of the algorithm follows. Solving the problem
described above takes O(nlogn) (see Moore [7]) for each 1 < k < n and, thus, overall
complexity is O(n%logn). 0

Theorem 14. If F3(J*) =1 and Fp(J*) + F,.(J*) > 1, then 1finv(1)| 3" U; can be solved
. 2
in O (n? (L r3)* (T 95)%).

14
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Figure 3: Schedule Structure

Proof. It is easy to see that J™ can be assumed to be ordered in non-increasing inventory
modification if Fp(J*) =1 and in SPT order if Fr.(J*) = 1. We can restrict ourselves to
schedules being structured as in the proof of Theorem 13, see Figure 3.

let J+ = {1,...,]J*|} be ordered as described above and let J~ =
{jJ7)+1,...,|J*|+|J7|} be in EDD order.

We consider the subproblem where the number of early jobs in J* is required to be at least
et. Note that job et can be finished in each point of time in

and, hence, in no more than
dt <> p;
jed
periods. For each 1 < et <|J*| and each
C%+ e[j{:]y,d+]
j<et

(and, therefore, no more than n}_ p; times) we define graph G = (V, E, ¢) as follows. Let

et et—1
I”'==§E:pfzmd.R+==13+-§£:7y.
j':l _7’=1

v = {G. P PR RS) |G € T ontnt <5 PL P < Y R B < 3o
E = ESUESUE
E: = {((G,Pf, Ps RS, Rs), (5 + 1, P +pjs1, P, RE+ 7, B3)) |
j<mn Pf+piy1 < Cet —PH —RE—1; 1y <R, Ci(j+ 1, P, Rp) < diy1}
Eg = {((japle’Pze)Riv S),(j—}-l,Pf,P;+pj+1,R§,R§+Tj+1))l
j<n,Ca(j+1,P5, Rf, B5) < djia}
E' = {((j, Pf, R, R5),(j +1, P}, Ry, R3)) | j <n}
cle) = 0 Ve€ EfUE;
cle) = 1 Ve € E'

Node (j, P¢, P!, Pg, Ry) represents a partial solution having jobs |J*|+1 to |J¥| +j assigned
to J; %, J; %, and J~* such that

15



z pj = Pr, Z py = F3, Z ry = Ry, Z i = 1.

Fer" jery jee ety

Edges in Ef and Ef represent the assignment of job 7+ 1 to J;® and J, . Assignment
of job j + 1 to J;® is possible only if e* still can be finished by Ce+ and the inventory is
not decreased below zero. Furthermore, job j + 1 must be early when scheduled after those
jobs assigned to J; © earlier. Function C; gives the completion time and is specified below.
Assignment of job j+1 to J;° is possible only if job 7+1 is early when scheduled after those
jobs assigned to J; *© earlier. Function C, gives the corresponding completion time.

Edges in E' represent the assignment of job 7 +1 to J~ which is always possible. The length
of an edges representing a job being scheduled tardy (early) is 1 (0) since this assignment
contributes 1 (0) to the objective value. Completion time functions C; and C; sind defined -
as follows.

Ci(j, PL,RS) = Pi+pi+ >, by
j'eJ—,3'<s(|R§|)

Calj, P2, RS, RS) = Cor+ PE+p;+ > Dyt
j'eJ~ . j'<s(|RS|+|Rg))

s(R) = min{jeJ*| Y ry>R}

JeI* i<y

The completion time C; of job j € J; ° is the sum of all preceding jobs plus its own processing
time. Preceding jobs are jobs already assigned to J;® before. Additionally, s(R) is the first
job in J* such that jobs 1 to s(R) provide an inventory level such that j can be processed
(after jobs assigned to Jy*° earlier have been processed before). Jobs 1 to s(R) must be
processed before j also and, therefore, their processing times contribute to the completion
time of j. Completion time C; of job j € J; ¢ is defined analogously taking into account that
the completion time of e is fixed.

Clearly, we have

vi=lgieo (n(Sn) ()

and we can find a shortest path from an artificial source (0,0,0,0,0) to a node (|J*|+

|J~|, P, Pf,P;,R2) in
o(+(£5) (5))

Then, solving the problem for each

1<e' <|Jf|and Ces € [Z pj,d*]

j<et

takes O (n? (30 )’ (2 95)%). -

Theorem 15. If Fy(J~) = F,(J*) =1 and Fp(J7) + F-(J7) > 1, then 1|inv(1)| 3" U; can
be solved in O (n®).
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Proof. It is easy to see that J~ can be ordered according non-increasing inventory modification
if F,,(J~) and in SPT order if F}.(J~). We consider the subproblem where the number of early
jobs of J~ is required to be at least e~. We can see that with same arguments we can restrict
ourselves to the same structure of schedules as in the proof of Theorem 10 (see Figure 2) and,
therefore, we consider subsets of jobs J;, J;f, Ji%, Ji', Ji¢, Ji, and J— (as defined in
the proof of Theorem 10) in the following. Furthermore, we can fix

i {| TS ),
Clearly, |J;F| < I, since otherwise jobs of J™¢ are tardy or we have machine idle time before
Jt. If [Ji] < I, we must have [JF| # 0. Hence, we can switch J—¢ and the first [, — |J;|
jobs of J;F. The solution cannot be worsened since all jobs of J~¢ are early and no other job
has been delayed. Furthermore, inventory constraints cannot be violated since only jobs of J~
have been delayed. Obviously, from |J;7| = I, we obtain |J5| = |J*| — L,
Let jobs of J* be numbered in EDD. We define a graph G = (V, E, c) where ¢: e — (u,T),
ue€ {0,1}, r € {0,...,M} foreach e € E.

V = {(G,n§,n,n5)|j €t n,nl ng <j}
E E:UESUE! UE]
B = {((G,n5,n1,n5),(G+ 1,08 + 1,n8,m5)) | 5 <n,n§ +1+n; <1,
djp1 > (nf +1)p*}
B, = {((Gn5,nh,n5), G+ L,ng,nl +1,m8)) [ 5 <mymf +1+nf <}
5 = {(G,nfn,n5), G+ 1,nf,ni,n5+1)) |5 <n,j+1-nf—ni <|JH -1,

diy1 2 Lot + Y py+ (ng+1)pt
jed—e

{(G s,y m8), (5 + 1,8, md,m9)) | 5 < mym§ +1+mb < |7+ — 1}
(0, M —ri41) Ve € Ef

c(e) (1,M—ri11) Ve€ E:

c(e) (0,0) Vee E;

cle) = (1,0) Ve€ Ej
Node (4, n¢, nl, ng) represents a partial solution such that jobs 1 to j are assigned to J;*,
J°, J, and J;3* such that

E;
c(e)

f

IJihel =nj, IJ;’el =n3, |Jf_’l| =ni, ]'];-’ll =j—ni—n;— ni

Edges in Ef and Ef represent the assignment of job j + 1 to J* and J¢, respectively.
This is possible only if job j + 1 is early when scheduled at the end of the corresponding set.
Furthermore, assignment of j + 1 to J;*¢ and J,"* is allowed only if the total number of jobs
in Jfr and J3F, respectively, is not exceeded.

Edges in E! and E} represent the assignment of job j + 1 to J;" *and J!. Assignment of
j+1to J ! and J; is allowed only if the total number of jobs in J;" and J3, respectively,

is not exceeded.
If e € B} U E and e € Ef U E5 we have u(e) = 1 and u(e) = 0 since this assignment

contributes 1 and 0, respectively, to the objective value.
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If e € B¢ UE! we have r(e) = M — rjy;. Since the number of jobs in e € Ef U E] in the
solution is fixed we get total

Zd(e) =l,M — Z T

ecP je,]il'

for each path P. Note that for the solution to be feasible we must have

erz— Z Tj.

jeJf jeJ—e

Clearly, |V| = |E| € O(n*). We find a restricted shortest path (regarding the first component
of ¢) where a path is a restricted path if and only if the sum of the second cost components
of all edges in the path sum up to no more than a prespecified upper bound

d=LM- >

jeJe

According to Hassin [4], we can solve the restricted shortest path problem in O(@|E|) if the
shortest restricted path is known to be not longer than @. In our case 7 = n and hence
computational complexity for finding the restricted shortest path is O(n5).Then, solving the
problem described above for each 1 < k < n takes O(nf). O
Theorem 16. If F(J~) = F,.(J7) = F,(J*) = F,(J*) = 1, then 1|inv(1)} " U; can be
solved in O(n?logn).

Proof. Let J* ={1,...,|J*|}and J~ = {|J*| +1,...,|J%|+|J"|} be in EDD order. We
consider the subproblem where the number of early jobs of J* and J~ is required to be at least
et and e~, respectively. First, we develop a property of optimal schedules for this subproblem
that there is a feasible schedule for this subproblem having a structure as follows.

Property 1. There is an optimal schedule such that we have subsets of early and tardy jobs,
respectively, of J* and J~ as follows.

Jte = {|Jf|—et +1,...,1J%}

JH o= {1,...,|J| - e}

Joe = {JN+ I —e + 1, T+ T}
T = {41, T+ T =€),

that is for each subset the e™ and e, respectively, jobs having the largest due dates are chosen
to be early. Furthermore,, we can assume orders of jobs of J* and J~ to be

(jJ¥| —et +1,...,|J%,1,...,]J%| —€e*) and
((JH + T — e+ 1, [T+ T LI+ 1, [T+ [T —e7) .

Suppose we have a solution o where |J7 = |J=| —e™ and J;t # J7F Let j € J be
the first job that is not in J,*. Then, there is at least one job of j' € J=¢ N J;*'. Note that
dj > dj and, hence, we can exchange j and j" in o without violating any constraint.
Furthermore, there is an feasible solution to the subproblem having jobs1,...,|J*|—e* last in
J* and jobs|Jt|—et+1,...,|JF]| in EDD order by the same arguments as above. Moreover,
it is easy to see that J*¢, Jtt, J=¢ and J~* can be ordered in EDD order.
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Summarizing, orders for both subsets J* and J~ of jobs can be assumed to be fixed for given
et and e”. Let both subsets be given in the corresponding order and numbered accordingly
for given et and e in the following. Let J;" and J; denote the Ith and kth job in J* and

J~, respectively.

Algorithm 5
Ljt=17"=[J*+LI=RT=0
2. for j7 < |J*| and 5= < |JF| + [T

(a) if I >|r~|and dj- < dj+ and dj- > T +p~
i. schedule 7~ next
i. I=I+7r"
i, 5= =57 +1
(b) else if (I < |r~|or d;j- > d;+) and dj+ > T + p;+
i. schedule j* next
i. I=I+r*
i, 5t =4t +1
(c) else STOP
3. schedule remaining jobs in J~ or J* and check feasiblity (STOP in case of infeasibility)

The algorithm gives a feasible solution if there is one in O(n). Assume there is a feasible
sequence ¢ and the algorithm aborted without finding a schedule. Let & be the first position
where o and the partial schedule ¢ constructed by our algorithm differ. If no job was found
for position k£ by our algorithm, then o must be infeasible. Note that ror(k)rox) < 0 due to
Property 1 otherwise. If a job was assigned to position k by our algorithm, then let &’ denote
the position of o?(k) in o.

If ropxy < O, then dyr(r) < do(ry. If, additionally, o(k' — 1) > |J*| — e, then (k' — 1) must
be early and d,(x) < ... < dyx—1). Then, moving oP(k) in position k of o and delaying jobs
in positions k to k' — 1 by one position cannot make any job tardy. Moreover, since o?(k) is
a feasible choice regarding inventory constraints we cannot violate inventory constraints in o.
By a similar argument if o(k' — 1) < |J*| — e*, then only jobs 1,...,|J*| — et can become
tardy by this move. Obeviously, this is feasible to the subproblem. If rosy > 0, then the
arguments are analogous to the case above.

Next, we consider the subproblem to find a schedule where the number of early jobs is required
to be at least 0 < e < n, respectively. We can solve this subproblem be solving the subproblem
above for each 0 < et < e and e~ = e — e which takes O(n?). Employing binary search on
the domain of 0 < e < n we can solve the overall problem in O(n2logn). O

Theorem 17. If Fy(J™) = F.(J7) = Fy(J*t) = F.(J*) = 1, then 1|inv(1)| > U; can be
solved in O(n?).

We give only a sketch of the proof in the following since it employs techniques used intensively
in preceding proofs.

Proof. Both subsets J* and J~ can be assumend to be ordered in SPT order Varying the
number of early jobs in J~ we can find the optimal solution in O(n?) O
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Summarizing the results provided by Theorems 8, 9, 10 and Theorems 12 to 17, we can state
that

e 1jinv(1)] Yo U; is unary NP-hard even if Fp(J) =1, F,(J7) =1, and Fy(J*) =1,
e 1/inv(1)| Y. U; is binary NP-hard even if jobs of J~ are identical and Fy(J*) =1,

e 1}inv(1)| 3" Uj is binary NP-hard even if F,(J*)+ F.(J*) > 1 and Fy(J*)+F4(J7) >
1,

o 1llinv(1)] Y- U; is NP-hard even if F,(J*) + F.(J*) > 1,

e 1)inv(1)| X U; is polynomially solvable if Fp(J*) = 1, Fy(J~) = 1, and F,(J7) +
F(J7)>1,

e 1jinv(1)| Y- U; is polynomially solvable if F,(J~) = 1, Fy(J*) = 1, and F,(J*) +
FT(J+) Z 11

e 1/inv(1)| Y, U; is polynomially solvable if F,,(J*) =1, F.(J*) =1, F,(J~) =1, and
F.(J7)=1, and

e 1}inv(1)| X U; is polynomially solvable if Fy(J+) =1, F.(J*) = 1, Fy(J~) = 1, and
F.(J7) =1

4 Conclusions and Outlook

In this paper we introduce inventory constraints to be embedded in the well-known machine
scheduling framework. Inventory constraints can be seen as a generalization of precedence
constraints. We consider different objective functions and special cases where one or more
parameter of subsets J* or J~ of jobs are identical. These special cases are motivated by real
world scheduling problems arising in cross-dock terminals, for example.

The general problems turn out to be strongly NP-hard even for L., and Y C;. However, for
several of the special cases polynomial algorithms are developed. Furthermore, we provide two
pseudo polynomial time algorithms. Although we could determine computational complexity
of many special cases some remain open so far. Table 1 lists minimum and maximum open
problems for objective functions Y w;C; and ) U;. Note that no problems for 3~ C; and
Lmax are left open.

For the future we identify several promising fields of research in this area. First, computational
complexity of the open cases should be determined. Moreover, objective functions Ewin,
ETj, and ijTj are not considered so far. Second, we propose to consider problems with
more than one machine. Third, a setting where [T'| > 1 but no job is involved with more than
one type seems to be interesting. The question to answer first for this setting is whether we
can extend algorithms developed in the paper at hand to handle this case. Last but not least it
is important to develop efficient heuristics or approximation algorithms for the problems that
are strongly NP-hard. Here, it seems to be promising to employ algorithms for special cases
as building blocks.
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Fo(J") | FaU™) | FulJ

)

Prob F,(J*)
1|inv(1)] Y>> w;C; | min open 0
1
max open 0
0
1
Linv(1)|>-U; | min open 0
1
1
1
max open 0
1
0
1

Table 1: Open Problems
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A NP-Hardness of Feasibility of 1|inv(1)|y

We only give the reduction scheme from 3-PARTITION. It is easy to see that there is a feasible
schedule if and only if the answer to the instance of 3-PARTITION is yes.

Proof. Consider an instance P of 3-PARTITION defined by B € Z*, set A4, |A] =
B/4 < a; < B/2 for each j € {1,...,3m}. We construct an instance P' of 1jinv(1)]y as
follows:

e n=4m
o r;=—q;if j€{1,...,3m}, r; = B otherwise

L J R:O
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e I=201

The idea is that jobs 3m + 1 to 4m partition the remaining jobs 1 to 3m into groups of three
jobs such that each group has overall consumption of B. 0

B NP-Hardness of Feasibility of 1|inv(2)[y

Again we only give the reduction scheme from 3-PARTITION.

Proof. Consider an instance P of 3-PARTITION defined by B € Z*, set A, |A|] = 3m,
B/4 < a; < B/2 for each j € {1,...,3m}. We construct an instance P’ of 1|inv(2)|y as
follows:

en=4m+1

®p;, = 1

eri1=a; 15, =0,715,=0 and 1}, = q; if j € {1,...,3m}
® Toms1,1 =00 Tom11 =B, m541,=0,and 75, ., ,=0

Ti1=0,17,=B,ri,=B,and r}, =0if j € {3m+2,...,4m}

C —_— T —_— C —_— r -—
® Tim+1,1 =0, Tim+1,1 = O'_T4m+1,2 = B, and Tam+12 = 0
® Rl = Rz =0

Again, the idea is that jobs 3m+1 to 4m +1 partition the remaining jobs 1 to 3m into groups
of three jobs such that each group has overall consumption of type 1 of B and overall release
of type 2 of B. O

C NP-Hardness of 1|inv(1)| > C;

Proof. Consider an instance P of 3-PARTITION defined by B € Z*, set A, |A| = 3m,
B/4 < a; < B/2 for each j € {1,...,3m}. We construct an instance P’ of 1[inv(1)|}_C;
as follows: |

e n®=3m

e n’=2mB -2

en =m

e n=n+mn’+n"

J* = {1,...,n%}, ' = {n®+n"+1,...,n%+n +mnt},Jt = JPU S, J- =
{n®+1,...,n%+n"}, J=JTUJ”

o p=max{2n*Bm2, (nt+ 3)(B+1)™21 4 3mB 4 1}

epj=p+a;ifjetip=pifjellpj=1ifjeJ"
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erj=p+ta;ifjeJirj=pifjett, rj=—(m+3p—-BifjeJ

First, we derive a threshold for the objective value from a schedule having a structure such
that we have m sections of n® jobs out of J?, three jobs out of J%, and one job out of J~ in
each section. Figure 1 illustrates this class of schedules. Suppose that the partition of jobs of
J® into sections implies a yes-answer to the instance of 3-PARTITION, then we can find an
upper bound for the objective value. We develop upper bounds for the contributions v, %,
and 7~ of subsets J%, J®, and J~ to the objective value 7 in such a schedule. In each section
jobs out of J? are scheduled first and the job out of J~ last (see Figure 1). Let j(i,1) denote
the [th jobin section toutof J*for 1 <i<mand1<[<3.

m

’)’a = Z (3 (Z - 1) ((nb + 3)p + B+ 1) + 3nbp + 6p + 3a,-(i,1) + 2aj(i,2) + aj(i,g))
i=1
m(m — 1) ~/.B _B B
< b B —_ b —+2—+ =
< 3(( +3)p+ B+1) ——— +mp(3n +6)+;<33+23+3)
-1
= 3((n"+3)p+B+1) T—n—(%——) + 3mp(n® +2) + 2mB
Note that
B _B B
3aj(,~,1) + Zaj(i,g) + @j(3,3) < 3—3— + 2—3— + 73‘

since we can assume jobs out of J* in each section to be ordered in SPT order.

b

= i (nb(z‘—l) (n*+3)p+B+1) +§:kp)

i=1 k=1
m(m —1 nb(nb+1
=) b +1)

= nb((nb+3)p+B+1) 5 mp 5
_ 5)2
Ayt = (nb+3)2p—-———-—m(m2 1)+mp (——(nz) +3.5nb+6)+
w+3) B+ | onp
b 1 2)2pm2 b 2)2 5\2
_ (0’ +3)’pm®  (n +3)pm+mp (n?) +35mb+6) 4
2 2 2
(nb+3)(B+1)—@-2———1)-+2mB
b1 220072 b -1
(n +2) pm +pm(n2+3)+(nb+3)(B+l)T(—T%-—)-+2mB
o= Zi((nb+3)p+B+1)
i=1
1
- ((nb+3)p+B)M§i—)—

24



¥ < Y+ +q

In the following we will show that there is a schedule to P’ having total completion time not

larger than 7 if and only if the answer to P is yes.

If the answer to P is yes, then we can find a feasible solution to P’ by scheduling m sections.
We choose n® arbitrary jobs of J® to be scheduled first in each section, the partition gives m
subsets of jobs of J* to be scheduled in different section (we arrange them in SPT order in
each section), and we choose an arbitrary job of J~ as last job of each section. Doing the
math like above we obtain a total flow time of no more than 7.

Suppose now we have a schedule having total completion time not larger than 7. We show
that this schedule must be structured as above and, moreover, induces a 3-partition for P (by
the partition of J? to subsets being scheduled in each section). First, it is obvious that we can
schedule J® and J~ in arbitrary order. We can assume that they are numbered in scheduled

order.
Property 2. Job j, 3m+ 1 < j < 4m, can not be finished before

C; > ( —3m)((n® +3)p + B +1).

Clearly, jobs 3m+1,...,5—1 must be finished and inventory must be at least (n® +3)p+ B.
This induces that before j can be started at least

k= (j —3m)((n° + 3)p+ B)

units of items must have been released (which implies k units of processing time used by jobs _
in J* before the start of j). Furthermore, j — 3m — 1 jobs of J~ (having processing time 1
each) must be finished. Including processing time of j itself this sums up to k + (j — 3m).

Property 3. Job j, 3m+1 < j < 4m, cannot be started before at least k = (j —3m)(n°+3)

Jobs out of J* have been finished.
Suppose only k', k' < k, jobs are finished before j. There are j — 3m — 1 jobs of J~ being

finished before j. Therefore, k' jobs out of J* must have released
(7 — 3m)((n" + 3)p + B)

units of items. However, k' jobs must release less than

k=1 (“’]22) k(p+~§) - (p+§)

B
kp + k—2— — 2n°Bm?

kp
kp+ B(j — 3m)
(7 = 3m)((n® +3)p+ B)

AN IN A

units of items.

Property 4. No more than k = (j — 3m)(n® + 3) jobs out of J* can be finished before job
4, 3m+ 1< j < 4m, is started. Suppose at least k + 1 jobs out of J* are finished before j.

Then, with Property 2 we have
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Y.Ci = y—(-3m)((n"+3)p+B+1)+ (k+1)p
= 4 - (j-3m)(B+1)+p.

Furthermore, since all jobs in J* have processing time of at least p we have

m(nb+3)
Soz Yy b
jeJt k=1
Now, we can see that
m(n?+3)
SC 2y —(G-3mB+p+ Y. kp
jeJ k=1
_ . m(n® +3)(m(n®+3)+1
— = (G—3m)B+p+p )(2( J+1)
_ . m2(nt+32 mnd+3
= 4 —(—3m)B+p+p (2 ) +p (2 )

= (= 3m)Btp+ 74— (0 +3)(B+ ) D)

~1
7“+7”+7“+p—(n”+3)(B+1)T(—"l2——)—

2
> 7+1

—2mB

3mB

where the last inequality holds if m > 1. Thus, the solution can not have an objective value
of no more than % by lower bound consideration.

Due to Property 3 and 4, exactly n®+ 3 jobs out of J* are scheduled between job 5 and j+1
for j =3m+1,...,4m — 1. Thus, if C; < ¥, the schedule must have a sector structure.

Property 5. For job j, 3m+1 < j < 4m, we have

C; = (j — 3m)((n® + 3)p+ B +1).

Due to Property 2, j cannot be finished before C;. Now assume that j is finished after
C;.Since all jobs are scheduled in m ((nb + 3) p+ B+ 1) time units j < 4m must hold. If
j < 4m, then sector j + 1 starts not before (j — 3m) ((n’ +3) p+ B+1) +1 and, thus,

m nb43
>N 2 Y | @ +3) G- (P +3p+B+1)+ ) kp| +(n"+3)
j€J+ i=1 k=1
-1 -1 b b
- (nb+3)2p_———m(m2 )+(nb+3)(B+1)m(m2 ) 4 mpl? +3)2(” T4 +3)
2 *+3 -1
= (nb+3)2pm?+mp(n; )+(n”+3)(B+1)m(L2—)+(n”+3)
= 9*++"—2mB+nb+3
> 4+ +1
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Since the lower bound for the contribution to the objective value by jobs of J~ is given by
4~ + 1, we obtain an overall lower bound larger than 7 + 2. Thus, the solution can not have
an objective value of no more than 7 by lower bound consideration.

Due to Property 5, it is obvious that there exactly three jobs out of J* between each pair of
consecutive jobs out of J~. The corresponding values of a; in each section sum up to B.
This completes the proof. 0O

D NP-Hardness of 1|inv(1)|Luyax

Proof. The reduction is from 3-PARTITION. Consider an instance P of 3-PARTITION defined
by B € Z*, set A, |A| =3m, B/4 < a; < B/2 for each j € {1,...,3m}. We construct an
instance P’ of 1{inv(1)|Lyax as follows:

o n=4m

Jt={1,...,3m}, J-={3m+1,...,4m}

pi=ajifjeJt, pj=1ifjeJ"

rj=ajifjeJt, r;=~BifjeJ
dj=(B+1)mifjeJ* dj=(-3m)(B+1)ifjeJ"

[ ] R::O

In the following we will show that there is a schedule to P’ where each job is finished not later

than its due date if and only if the answer to P is yes.
If the answer to P is yes, then we can construct a solution to P’ having no tardy jobs by

scheduling induced subsets of A and jobs of J~ (in order increasing due dates) alternatingly.

Suppose there is a solution to P’ having no tardy job.
Since jobs of J~ only differ by their due dates we can assume that they are scheduled in order

of increasing due dates.
Let J, C J*, k € {1,...,m}, be the set of jobs scheduled before job 3m + k. Obviously,

Y ri>kB Vke{l,...,m}
j€Jk
Furthermore,

ZTJ'=ZPde3m+k—k=k(B+1)—k=kB-

JEJx J€Jk

The Theorem follows. O

E NP-Hardness of 1|inv(1)|Ly.x, jobs in J~ identical and
dj=d" for je J*

Proof The reduction is from PARTITION. Consider an instance P of PARTITION defined
by set A, |A] = 2m, a; € N for each j € {1,...,2m}. We construct an instance P’ of

1)inv(1)| Lmax as follows:
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en=2m+1
=1, 2m), I = (57}

pj=a; if j € J*, p;- =1 otherwise

ri=a;ifj€Jt, rj- =— (EjEJ'*‘ rj) /2 otherwise

d =1+ Licpcom i 5 € J*, djm = (Tyese p3) 2+ 1 otherwise

e R=90

In the following we will show that there is a schedule to P’ having no tardy job if and only if

the answer to P is yes.

Suppose the answer to P is yes. Let A; and A, be the induced subsets of A. Then we can
find a solution to P’ having no tardy job by scheduling the subsets of jobs corresponding to
A, first, scheduling job 2m + 1 next and, scheduling A, last.

Suppose there is a solution to P’ having no tardy job. Let J; be the subset of J* scheduled

before job 2m + 1. Obviously,

. a;r
er > 2151 <om 43
: 2
jen
Furthermore,
ZjeJ+ bj Zlgj’<2m aj
ZTj=ZPde2m+1—1= = > :
jeN JjEN 2 2
The Theorem follows. O

F NP-Hardness of 1|inu(1)| > U;, jobs in J* identical and
dj=d_ for j € J-

Proof. The reduction is from PARTITION. Consider an instance P of PARTITION defined by
set A, |[A| =2m, a; € N for each j € {1,...,2m}. Let

a= E aj.

je{1,...2m}
We construct an instance P’ of 1|inv(1)| > U; as follows:
e n=2m+2
o J-={1,...,2m}, Jt={2m+1,2m + 2}
e p;=a+a;if j € J, pj = 2ma otherwise

e rj=a;—aif j€ J, rj =(m—1/2)a otherwise

di=0Bm+1/2)aif j € J7, dj = 2ma otherwise
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e R=0

We show that there is a solution to P’ having no more than m + 1 tardy jobs if and only the

answer to P is yes.
Suppose there is a solution to P’ having no more than m + 1 tardy jobs. We can assume

that job 2m + 1 is scheduled before job 2m + 2. Obviously, job 2m + 1 must be scheduled
first and, therefore, it is not tardy. Scheduling job 2m + 2 next leads to exactly 1 non-tardy
job since each jobin 1,...,2m is late and so is job 2m + 2. Therefore, we can assume that
the set J' C {1,...,2m} of additional non-tardy jobs is scheduled between jobs 2m + 1 and

2m + 2.
Due to the due dates we have

1
>n<(m+3)a
jeJ

and, hence, |J'| < m. Considering that the overall number of tardy jobs is no more than
m + 1 we have |J'| = m. From |J'| = m and

ijs (m-f-%)a

jeJ’

it follows that

Furthermore, we have

a
-y gy = - > -
Sr=ma—Y g < (m )mza >
jeJ’ JjeJ’ jeJ’
Overall, we have ZJEJ, a;j = a/2.
If the answer to P is yes, then obviously the partition gives J' and J\ J'. O
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