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Abstract 
 
Empirical studies show that years of schooling are positively correlated with good health. The 
implication may go from education to health, from health to education, or from factors that 
influence both variables. We formalize a model that determines an individual’s demand for 
knowledge and health based on the causal effects, and study the impacts on the individual’s 
decisions of policy instruments such as subsidies on medical care, subsidizing schooling, 
income tax reduction, lump sum transfers and improving health at young age. Our results 
indicate that income redistribution policies may be the best instrument to improve welfare, while 
a medical care subsidy is the best instrument for longevity. Subsidies to medical care or 
education would require large imperfections in these markets to be more welfare improving than 
distributional policies. 
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1. Introduction 
Empirical studies show that years of schooling are positively correlated with good health (see, 

e.g., Huisman et al., 2005, for European countries, and Cutler et al., 2011, for the US). Educated 

people engage more in exercise, report fewer sick leaves and have longer expected lifetimes. 

Education is more strongly correlated with health than with occupation and income.1 

 

A large and active empirical literature seeks to explain this pattern, focusing on three, broad 

possibilities (Grossman, 2000; Cutler and Lleras-Muney, 2007). First, higher education may 

cause better health; having more education could make individuals more efficient in maintaining 

their health, taking better advantage of information about their health status and strategies 

available for affecting it. Higher education also leads to better job opportunities – with higher 

levels of compensation, which can be devoted to health care and lower exposure to job-related 

health risks – and higher social status. These factors may also give highly educated individuals an 

incentive to invest in health to increase the probability of enjoying a brighter future.  

 

Second, better health may cause individuals to attain higher levels of education. Healthier 

students may be more willing to invest time in education or they may be more efficient in 

producing knowledge. As an illustration of the first point, Grossman (2003) suggests that better 

health causes more schooling because a lower mortality increases the number of years over which 

the returns from investments in knowledge can be collected. The latter point suggests that better 

health increases the ability to learn, given equal effort. Better health also makes working while a 

student more likely, reducing the monetary costs of studying.  

 

Finally, there may be other factors that influence both health and education in the same direction. 

Individuals may possess certain characteristics – time preferences, initial resources, traumatic 

experiences or socio-economic background for example – which make it more or less likely that 

they obtain higher levels of both health and education (Fuchs, 1982). For instance, putting less 

weight on future outcomes (high time preference rate) would imply that one should investment 

less in activities for which the costs come today and the benefits arrive in the future. Both health 

and education investments fall into this category. An individual’s socio-economic background 

                                                
1 See our discussion of the evidence in Section 2 of this paper. 
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may define the expectations of her peers when it comes to health behavior and educational 

attainment. Finally, individuals with higher innate cognitive abilities may be more efficient at 

producing higher levels of health and education. 

 

Both health and education are top public policy concerns. If equal access to health or education is 

a political goal, policy interventions that target health, education or general well-being may fulfill 

it to varying degrees and with varying costs. If the causal effect of education on health is strong, 

there may be reasons to promote education beyond fulfilling society’s educational goals. 

Similarly, if the causal effect of health on education is strong, a policy improving health at young 

age may be justified. In addition, if background and socio-economic characteristics are important 

for both health and education, it may be an argument for general distributional policy.2  

 

In this paper we focus on these policy concerns and study how different policy measures to 

improve health and education can affect the decisions of the individuals when making their 

choices on how much to invest in these activities. This may be important as a guide for policy 

decisions. To do this, we model an individual who chooses how much to invest in education and 

health, as well as how much to work, consume and save throughout adult life. This allows us to 

generate predictions on how individuals may react to different policies based on the different 

causal effects. We first develop a simple, analytical model to generate intuition. We find that 

many of the policy instruments have indeterminate effects, which we can decompose into 

determinate partial effects. Then we develop a richer, calibrated numerical model, allowing us to 

narrow the range of predictions produced by the analytical model and explore the quantitative 

significance of our main findings. 

 

To operationalize the idea that different policies target different outcomes, we study the effects of 

subsidies on medical care (health policy), subsidies on schooling (education policy), an income-

tax reduction (distributional policy) and two different counterfactuals that focus on early-life 

interventions – a lump-sum wealth transfer and an exogenous improvement in health.  

 

                                                
2 In a series of papers, James Heckman argues for early child intervention (see, e.g., Heckman, 2007) instead of adult 
investments for later health outcomes. 
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The wealth-transfer policy also functions as a benchmark against which to judge the performance 

of the other policies we consider. From a normative view, a simple neoclassical model of 

consumer choice (such as the one we construct) will predict that a lump-sum wealth transfer 

welfare-dominates policies targeted specifically at education or health from the individual 

perspective. The individual is only concerned about the impacts of the investments on own 

welfare. Nevertheless, a number of important market failures are relevant in this policy domain. 

Education is often considered an important public good, a major motivation for the establishment 

of public schools; private decisions to investment in education fail to take into account its full 

social benefits. Restrictions on behavior such as social expectations, addiction, bounded 

rationality and uncertainty may also lead individuals to make suboptimal choices and, as a result, 

justify corrective policy measures. Market failures and restrictions are not explicitly studied in 

this paper, but we may evaluate how important these failures would need to be in order justify 

them from an efficiency perspective. 

 

In the analytical model, we find that the different policies in many cases give substitution and 

income effects in different directions, and the effects on health and education investments are 

therefore often indeterminate without calibrated and specific functional forms. Nevertheless, the 

model shed lights on the mechanisms present that are useful for the numerical model. Some 

examples are that a price subsidy on medical care increases the purchase of medical care, but has 

an uncertain effect on education; a subsidy on schooling affects monetary investments in 

schooling positively, but not necessarily the time spent on schooling; and that an income tax 

reduction has a positive effect on both monetary investments in schooling and medical care. 

 

The numerical model confirms these analytical results and, in addition, guides us where they are 

indeterminate and when we compare the impacts of the policy measures. Our numerical results 

indicate that income redistribution policies may be the best instrument to improve welfare, while 

a medical care subsidy is the best instrument for longevity. Subsidies to medical care or education 

would require large imperfections for health and education to be more welfare improving than 

distributional policies. They also suggest that underlying factors that affect both health and 

education may be the main explanation for the correlation shown empirically. 
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There are several empirical studies on the relationship between health and education (see Section 

2) but theoretical contributions are few.3 Becker (2007) is the first paper to outline how health 

investments and educational investments can be analyzed in a joint framework. He develops a 

simple two period model of joint decisions, as an example of how the human capital theory can 

be extended. Galama and van Kippersluis (2015) provide a more formal analytical model that 

describes an individual’s joint investments in health capital and skill capital over time. However, 

neither of these studies analyzes the effects of different policies on the investment decisions. 

 
Our numerical model builds on a tradition of studying individual health behavior and well-being 

using human capital theory.4 Recently, some numerical models have been developed to study 

investments in education and health. Strulik (2013) introduces a numerical model for analyzing 

the effect of cognitive ability on the social gradient in health, where the individual can invest in 

health based on consumption choices as well in education. In addition, Hai and Heckman (2015) 

develop and structurally estimate a dynamic lifecycle model of health, education and wealth to 

study impacts of credit constraints and rational addiction. Our paper differs from these studies by 

studying how policies aimed at increasing education or health affect interact with and affect other 

outcomes in this policy domain. We also demonstrate a new method of calibrating our numerical 

model by matching key moments in data on health and education investment decisions. 

 

The paper is organized as follows. In Section 2, we survey the empirical evidence on the 

relationship between education and health. To illustrate the effects of different policy instrument, 

we analyze a two-period, analytical model in Section 3. Section 4 describes a more detailed 

                                                
3 The incentives for a consumer to invest in knowledge have been studied in human capital models (see, e.g., Becker, 
1993; Ben-Porath 1967; Mincer, 1974). The pioneering model for the demand for health and health services 
(Grossman, 1972) also build on the human capital tradition, but considers education as an exogenous variable. Thus 
it cannot explore interactions between health and education investment decisions. Muurinen (1982) assumes that 
higher education reduces the depreciation of health capital (use-related depreciation) leading to allocative efficiency 
of education. Further, Becker and Mulligan (1997) endogenize the time preference rate by assuming that individuals 
can invest in goods or activities, such as schooling, to reduce this rate. In their model, health differences cause 
differences in time preferences because better health reduces mortality and raises future utility levels. See also the 
plea for development of comprehensive theoretical models in which the stock of health and knowledge are 
determined simultaneously in Grossman (2000, 2003). 
4 Some early studies were Gjerde et al. (2005), Carbone et al. (2005) and Murphy and Topel (2006). These papers 
have a Grossman-model structure, but do not include human capital accumulation. Carbone et al. (2005) does, 
however, include investments in both health capital and addiction capital. Numerical models also studying choices 
over the life-cycle include Scholz and Seshadri (2010), Halliday et al. (2010) and Koka et al. (2014). They study the 
interplay between consumption choices and investments in health and the motives underlying health investments, but 
again they do not include investments in education. 
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numerical model, calibrated to match data for the US in Section 5. Section 6 describes the policy 

experiments while the simulation results are given in Section 7. The final section concludes. 

 

2. Empirical evidence on the causal effects5 
To test the causal effect from health to education, there have been several studies on birth weight, 

an indicator of initial health, and its implications for education and labor market outcomes. 

Almond et al. (2005) use American data and conclude that the short-term effects of low birth 

weight are rather small, while Behrman and Rosenzweig (2004) find significant long-term effects 

of low birth weight on education and wages. Using Norwegian data, Kristensen et al. (2004) and 

Black et al. (2007) confirm the results. There are also studies considering other measures of 

health. Sick children are more likely to miss school, to learn less while in school, to obtain fewer 

years of learning and to have a lower socio economic status as adults (Case et al., 2005; Madsen, 

2012). Poor mental health in early childhood also has a large impact on years of schooling 

completed (Fletcher and Lehrer, 2009).  

 

There is mixed evidence on the causal link from education to health. One way of studying this 

effect is to utilize the natural experiments of extensions to compulsory schooling. While some 

early studies found quite large effect of changes in compulsory schooling laws (Lleras-Muney, 

2005; 2006), recent studies find no effect (e.g., Clark and Royer, 2010; Meghir et al., 2012; 

Jürges et al., 2012), with the exception of Fonesca and Zheng (2011) and van Kippersluis et al. 

(2011). Chou et al. (2010) use an extension of compulsory education in Taiwan to study mothers’ 

and fathers’ schooling on infant birth outcomes, and find favorable infant health outcomes. Currie 

and Moretti (2003) reach a similar conclusion in a study on U.S. data.  

 

Other studies focus on outcomes for identical twins. The results from these are also a bit mixed. 

While some studies find no effects from education on health (e.g., Behrman et al., 2011; Amin et 

al., 2013; Madsen et al., 2010), Lundborg (2013) finds that completing high school improves self-

reported health, chronic conditions and exercise behavior, but that additional schooling does not 

lead to additional health gains. Fujiwara and Kawachi (2009) find similar results. Studying 

                                                
5 For surveys, see Grossman and Kaestner (1997), Grossman (2000; 2008; 2015), Cutler and Lleras-Muney (2007), 
Cutler et al. (2011) and Mazumder (2012).  
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military retirees, Edwards (2010) finds positive health returns to education, which monotonically 

diminish in age, suggesting that the effects of education on later-life health may be due to 

accumulation of knowledge and not through income and wealth achieved later in life. Buckles et 

al. (2016) also find positive health effects of college education, using the Vietnam War draft as an 

instrument variable. 

 

Several studies have tried to estimate the causal effect of income - which depends on education 

and early-life health - on health. Adams et al. (2003), Contoyannis et al. (2004) and Smith (2007) 

all use panel data for identification and find no effect. Frijters et al. (2005) exploit the fact that 

East Germans received a large income transfer under German reunification, finding that it had a 

small, positive effect on health. Lindahl (2005) finds that winning the lottery causes a significant 

positive effect on health, while Apouey and Clark (2009) found positive effects on mental health, 

but negative effects on physical health due to an increase in risky behavior in the short run. A 

new study on lottery winners (Cesarini et al., 2016), find no convincing evidence on mortality, 

nor of the relationships between child developmental outcomes and household income. Finally, 

Grossman (1972) assumes that there are decreasing returns from income on health for higher 

levels of income. This is confirmed by several studies such as Chapman and Hariharan (1996). 

 

Nevertheless, Cutler and Lleras-Muney (2007) show that after controlling for income and health 

insurance, education is still a significant determinant of health status in the US, and Cutler and 

Lleras-Muney (2010) find that the total returns from education may increase by 15 to 55 percent 

if they include their estimates of the health benefits from education. Thus, mechanisms other than 

the effect of education on income matter. The better educated tend to have less risky jobs, but 

Lahelma et al. (2004) and Cutler and Lleras-Muney (2007) find small effects of the labor 

environment. Education gives social status, which has documented effects on health (Marmot, 

2004). Goldman and Smith (2002) find that more highly educated people are better able to 

manage disease. There is also evidence supporting the idea that more education leads to lower 

rates of smoking (de Walque, 2007; Fabrice and Jones, 2011). More generally, researchers find 

that the effect of education on health behaviors is significant (Brunello et al., 2012). On the other 

hand, Bijwaard and Van Kippersluis (2016) concludes that education explains very little of health 
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variation after controlling for intelligence. Thus, to summarize, the question of whether more 

schooling does or does not cause better health, has not yet been resolved (Grossman, 2015). 

 

The effect of factors that influence both health and education has also been tested. Fuchs (1982) 

and Leigh (1990) find that only a small portion of the education gradient is explained by 

differences in time preferences, which is supported by Cutler and Lleras-Muney (2010). On the 

other hand, Chiteji (2010) concludes that non-cognitive skills, such as the degree to which an 

individual is future-oriented, are associated with good health behavior. Also, van der Pol (2011) 

finds that the effects of education on health are reduced (but do not disappear) when controlling 

for individuals’ time preferences, indicating a positive effect from such preferences. While Auld 

and Sidhu (2005) and Cutler and Lleras-Muney (2010) emphasize the importance of cognitive 

ability on the gradient, Conti and Heckman (2010) conclude differently, and find that early 

cognitive factors have a larger impact on educational attainment than on later life health, while 

early endowments in non-cognitive skills and health affect both.  

 

To sum up, there appears to be some empirical evidence supporting all three causal mechanisms, 

but it is hard to find very significant effects. 

 

3. A two-period model 
To get the intuition on how the different policy measures may affect an individual’s choices 

between consumption and investments in education and health, we set up a simple two-period 

model that captures the main features of the numerical model we present in the next section. The 

model shares similarities with the model suggested in Becker (2007), but differs in several 

aspects for instance that education has a direct impact both on utility and health, and that both 

health and education is dependent on time and money investments. The aim of the model is to 

explain the mechanisms that work in the more complicated numerical model. 

 

In this model, a representative consumer maximizes the present value of utility over the two 

periods, where the first period is the present and the second period represents the future, i.e.,  

 

(1) 1 1 1 2 2 2 2U u(C ,E ,H ) 1/ (1 ) S(H ) u(C ,E ,H ).= + +ρ ⋅ ⋅  
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Utility at time t, t = 1,2, is increasing in consumption (Ct), education level (Et) and health (Ht), 

and we assume that 0, 0, , , , 1,2i ii t t tu u i C E H t> < = = , where a subscript means the partial 

derivative. The introduction of education in the utility function represents the non-material 

benefits of education inspired by Michael (1973).  

 

For simplicity, we ignore labor-leisure choice in the two-period model. ρ is the time preference 

rate, but note that the utility in period two is also discounted with a factor 0 < S < 1 that 

represents the probability of surviving the first period. This probability is increasing in the health 

level in the second period, but the returns from better health are decreasing with a higher health 

level, i.e., 
2 2 2,0, 0H H HS S> < . 

 

The health stock develops in the following way based on Grossman (1972), 

 

(2) 1 0

2 1 2

H h
H H (1 ) I(IH,TH,E )

=

= −δ +
 

 

where the health stock increases in health investments (I), but falls as the stock depreciates with 

time at a fixed depreciation rate, δ. h0 is the initial health, i.e., the health given at birth. 

Investments in health are positively dependent on buying health services or medical care (IH), 

spending time on healthy activities (TH) and the education level, i.e., 

2 20, 0, 0, , , , , , ,j jj jkI I I j IH TH E k IH TH E j k> < = = = ≠ . Note that we assume the cross 

derivatives of inputs in the investment function to be zero.6 As there are only two periods, no 

investments are made in the second period. 

 

Education increases by spending time on schooling (TE) and by monetary spending (IE), but in a 

similar way as for health investments, the returns from time and monetary spending is falling 

                                                
6 This is a simplification. They are positive or negative depending on whether time and money are substitutes or 
complements in producing health. 
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with the level of these input factors, i.e., , ,0, 0, 0l l l l vJ J J> < = , , , , ,l TE IE v TE IE l v= = ≠ .7 As 

for health investments, we assume the cross derivatives to be zero. Finally, the depreciation of the 

education stock is set to zero as well. 

 

(3) 1 0

2 0

E e
E e J(TE, IE)
=

= +
 

 

As seen, we have chosen to explicitly model time investments in education and health separately 

from money investments. There is empirical evidence to suggest that the levels of time 

investments in these goods are considerable for the average individual (U.S. Bureau of Labor 

Statistics (BLS), 2012b). 

 

Note that we ignore the direct impact from health to education in equation (3). Having a causality 

effect from health to education complicates the analysis, as education becomes a function of 

health, which is again a function of education, which is a function of health, etc. Including this 

causality would have made the relevant functions more elastic as the impacts of investments on 

the stocks and the utility function will be larger, but the qualitative conclusions from the policy 

analysis below will not change.8 This motivates a numerical model where we can see the impacts 

of this causality on the quantitative results.  

 

Finally, the wealth of the consumer increases in income, where income is a function of time spent 

at work and the net-of-tax wage rate, Wt. In line with most literature, we assume that wages 

increase in education, i.e., 

 

(4) ( )   ,   = 1,2t tW B E tτ= + , 

 

                                                
7 A simplified version of this would be to assume that the monetary investments are linked to time such as a tuition 
fee per year of schooling. This means that time and monetary investments are used in a fixed proportion.  
8 Note, however, that we have indirect effects from health to education as the probability of surviving to the second 
period depends on health. This means that an increase in health increases the probability of collecting returns to an 
investment in schooling.  
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where τ is an income subsidy (negative τ is an income tax), where B(E1) = w0, i.e., it has a fixed 

value, and BE > 0 and BEE < 0 in period 2. The consumer spends her wealth on consumption 

goods (the numeraire good with a price normalized to unity), health services to a price P, and she 

also has to pay for education where Q is the price per unit of the educational inputs. Based on 

this, we introduce an intertemporal budget constraint, where future money flows are discounted 

with the survival rate, and the interest rate is set equal to r.9 Initial wealth is set to n0 , and ω is 

time available at each time period. Time in period 1 can be spent on work, health investments and 

education. Thus, this simple set up ignores the effects of health (being sick) on the available time 

budget.10 

  

(5) ( ) [ ]0 1 1 2 2 2n TE TH W C P IH Q IE 1/ (1 r) S(H ) W C 0+ ω− − − − ⋅ − ⋅ + + ⋅ ⋅ ω − =  

 

The consumer chooses IH, IE, TH, TE and Ct to maximize (1) with respect to the constraints (2)-

(5). This yield the following first order conditions (see Appendix 1 for details), where 

2 2A W C=ω − , i.e., wealth addition in period 2: 

 

(6) ( ) ( )
2 2 2 2 2

2 2 2

1

2 2 2
0

1/ (1 ) , ,
1/ (1 )

E TE H E TE H E TE
E TE H E TE

C

S u J u I J S I J u C E H
w r S B J S I J A

u

ρ
ω τ

⎡ ⎤+ + ⋅ + ⋅⎣ ⎦ ⎡ ⎤− + + ⋅ + ⋅ =⎣ ⎦
 

(7) ( ) ( )
2 2 2 2 2

2 2 2

1

2 2 21/ (1 ) , ,
1/ (1 r)

E IE H E IE H E IE
E IE H E IE

C

S u J u I J S I J u C E H
S B J S I J A Q

u

ρ
ω

⎡ ⎤+ + ⋅ + ⋅⎣ ⎦ ⎡ ⎤+ + ⋅ + ⋅ =⎣ ⎦
 

(8) 2 2

2

1

2 2 2
0

1/ (1 ) ( , , )
1/ (1 )H TH H TH

H TH
C

S u I S I u C E H
w r S I A

u
ρ

τ
⎡ ⎤+ ⋅ + ⋅⎣ ⎦ − + + ⋅ ⋅ =  

(9) 2 2

2

1

2 2 21/ (1 ) ( , , )
1/ (1 )H IH H IH

H IH
C

S u I S I u C E H
r S I A P

u
ρ ⎡ ⎤+ ⋅ ⋅ + ⋅⎣ ⎦ + + ⋅ =  

                                                
9 In line with Becker (2007), we assume a full and fair annuity market that protects the individual against risk of 
running out of resources and risk against having unspent resources. 
10 Including sick time as in Grossman (1972), would increase monetary benefits from health investments as income 
in period 2 will increase. Thus, this gives an additional incentive to invest in health. However, it does not add to the 
qualitative impacts of policy instruments in this model as health investments already has a positive impact on 
expected income in period 2 through the survival function. Sick time is, however, included in the numerical model. 
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(10) 1

2

(1 )
(1 )

C

C

u r
u ρ

+
=

+
 

(11) ( )0 1 1 21/ (1 ) ( ) 0n TE TH W C P IH Q IE r S H Aω+ − − − − ⋅ − ⋅ + + ⋅ ⋅ =  

 

The first terms on the left hand sides of equations (6) and (7) show the marginal benefits of 

increasing time and expenditures on education relative to the marginal benefits of increasing 

consumption in period one, thus giving the substitution between education investments and 

consumption expenditures. However, more education in period one also has an effect on income 

as it increases the wage rate in the second period, as well as expected wealth in the second period 

due to increased expected lifetime, represented by the last term on the left hand side of equations 

(6) and (7). In a similar way, equations (8) and (9) show the substitution between health 

investments and consumption and the income effect of increasing health investments. Finally, 

equation (10) shows that the marginal utility of consumption should be the same in both time 

periods adjusted for the relative difference between the interest factor and the time preference 

factor. In addition to these equations, the intertemporal budget constraint (11) also indicates the 

income effects of changes in exogenous variables. 

 

To understand the interplay of education and health, we can use the equations above to get an 

intuition of the different effects of initial conditions and public policy.11 In particular, we want to 

study the effects of: 

 

a. Increase in initial wealth (dn0 > 0) 

b. Increase in initial health (dh0 > 0) 

c. Subsidies to medical care (dP<0) 

d. Subsidies to schooling (dQ<0) 

e. Lower income taxation (dτ >0) 

 

                                                
11 We do not do the full formal analysis in this paper as the model is quite complex, but instead give the intuition that 
is useful to understand the numerical model in Section 4. However, the equations for a total differentiation of the first 
order conditions are available from the authors. 
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An increase in initial wealth (n0) (or, equivalently, a lump-sum income transfer) has an income 

effect, as it affects only the budget constraint, see (11). Thus, if health and education are normal 

goods, investments in both goods will increase. Better health will increase longevity, and the 

benefits of higher education will therefore be higher. However, it also gives an incentive to lower 

investments in education, as the individual does not have to invest in a higher wage rate to be able 

to buy the same quantity of goods as before. Therefore, the effect on education inputs is 

ambiguous. 

 

How would people born with good health behave when it comes to investments in education and 

health compared to people less lucky at birth? To study this we consider an increase in initial 

health (h0). In this model, this will have an impact on the budget via the increase in expected 

lifetime, thus giving a positive income effect on both health and education. However, the 

substitution between health and consumption depends on what we assume about cross 

derivatives. Assume that uEH > 0 and uCH > 0, i.e., that the pair education and health, and the pair 

consumption and health are both complements in utility.12 From equation (6) and (7), we see that 

the effect on education investments is ambiguous. The reason is that a higher health level not only 

increases the benefits from education, but also from consumption. Both may actually increase, 

but not necessarily. This implies that the effects on education of a higher initial health are 

ambiguous and depends on magnitudes of the different effects. 

 

Further, from (8) and (9) we see that the substitution between health and consumption goes in 

direction of lower health investments. This is due to the fall in the marginal benefits of these 

investments when the health stock is higher. Once again, the total effect on health investments is 

ambiguous for a higher initial health stock. 

 

Let us now turn to policy measures and start with the effects of subsidizing medical care (health 

services). We see from (9) that a fall in the price of medical care, P, will increase health 

investments relative to consumption. A lower P means that the left hand side of equation (9) has 

to decrease, and health investments will, therefore, go up. A fall in P also gives a positive wealth 

effect. Thus, the income and substitution effects go in the same directions meaning that 

                                                
12 This is the assumption used in the simulation model in Section 4 below. 



 14 

subsidizing health care will increase consumption of medical care. The effect of time spent on 

healthy activities is ambiguous. On one hand, we get a substitution towards medical care as the 

relative prices change, but we also get an income effect that will work in the other direction. A 

lower price also means that one does not have to work as much as before to buy the same number 

of goods with the possibility that more time can be spent on health investments. 

 

A lower price on medical care means that the relative prices of medical care and education 

change, giving a substitution effect that reduces demand for education investments. The positive 

income effect goes in the opposite direction. Thus, the effect on education investments is 

ambiguous. Effects on education from subsidizing medical care will also depend on cross 

derivatives. As above, if uEH > 0 and uCH > 0, we see from equations (6) and (7) that the effects 

on education investments are ambiguous. The reason is again that the benefits of both education 

and consumption will increase for better health with these assumptions. 

 

Subsidizing schooling by reducing Q, gives a substitution effect where consumption is reduced 

relative to educational expenditures, see the first term on the left hand side of (7). In addition, this 

also gives a positive income effect as higher education increases the wage and the health level in 

the second period. Thus, both the substitution and income effects go in the direction of more 

investments in education expenditures. The effect of time spent on education is ambiguous as the 

substitution effect and income effect work in different directions.  

 

Subsidizing schooling also has an effect on health investments. The relative prices between health 

and education change and reduce demand for health, but the income effect goes in the direction of 

higher demand for health. Again this also depends on the cross derivatives. If uHE > 0 and uCE > 

0, the effects on health investments are ambiguous, see (8) and (9). 

 

There is another cost component of schooling, namely the alternative use of time spent on 

education, measured by the wage rate, Wt. Thus, lowering income taxation (increasing τ) will 

increase the price on time spent on schooling, and will discourage education relative to 

consumption, see (6). Note however that there is also an income effect of lowering income 

taxation (increasing wages) that goes in the direction of spending more money on education 
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investments, see (11). So the total effect on time spent on education is ambiguous. However, for 

education expenditures we only have the income effect, so they will increase. 

 

Further, increasing τ has a similar effect on time spent on healthy activities as on time spent on 

education, see (8), i.e., the income and substitution effects go in different directions, giving an 

ambiguous result. For medical care, we have a positive income effect that gives a higher 

consumption.  

 

Table 1 summarizes the results from the analysis, including the effects on consumption. 

 

Endogenous 

variables 

Ct 

TE  

IE 

Exogenous variables 

dn0 > 0 dh0 > 0 dP < 0 dQ < 0 dτ > 0 

+ + ? ? + 

? ? ? ? ? 

? ? ? + + 

TH + ? ? ? ? 

IH + ? + ? + 
 
Table 1: Behavioral implications from changes in exogenous variables. 

 

4. The numerical model 
In the numerical model, the consumer maximizes expected lifetime utility subject to balancing 

her intertemporal budget and equations that describe the probability of survival over time ( tS ) 

and the dynamics of the health ( tH ) and education ( tE ) stocks in the model. The choice variables 

in the model are consumption ( tC ), leisure ( tL ), monetary investments in health ( tIH ) and 

education ( tIE ) and time investments in health ( tTH ) and education ( tTE ) at each point in time t  

(or tt). In the numerical implementation, we solve the model over a 110-year time horizon using a 

five-year time step, starting at age 20.13 

                                                
13 In the model notation, the names of all endogenous variables are capitalized and all exogenous parameters are 
lower case or Greek letters. 
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(12)  maxC ,L,IH ,IE ,TH ,TEU = St
t=1

T

∑ / (1+ ρ)t−1 τ e Et
ρhz+τhHt

ρhz + (1−τ e −τh )((Zt
ζ − z0

ζ ) /ζ )ρhz⎡
⎣

⎤
⎦
1/ρhz

 

 

subject to the sub-utility function, 

(13)  Zt = ((1− sl)(Ct / c0 )
κ + sl(Lt / l0 )

κ )1/κ  

 

the survival probability, 

(14) 1 tH
tS e

θφ−= −  

 

the wealth constraint, 

(15) 
n0 + {[

t
∑ ω − Lt − pte0t (TEt −1)− pth0t (THt −1)+ ((Ht / h0t )

β −1)]Wt +

bt −Ct − ph0t (IHt −1)− pe0t (IEt −1)}St / (1+ r)
t−1 = 0

 

 

the health stock transition, 

(16) Ht = h0t + h0tt
tt≤t
∑ ((Ett / e0tt )

α IHtt
γTHtt

ν −1)(1+ tt /T )ε (1−δh )
t−tt  

 

and the wage/education transition: 

 

(17) Et = e0t + e0tt
tt≤t
∑ ((Htt / h0tt )

µ IEtt
ηTEtt

ξ −1)(1+ tt /T )ψ (1−δe )
t−tt . 

 

Finally, we assume that the wage evolves over time solely as a function of the education stock, 

thus: t tW E= . 

 

In equation (12), lifetime utility depends on the level of the education stock, the level of the 

health stock and the level of the full consumption good ( tZ ) above a subsistence level ( 0z ). ζ 	

controls the elasticity of Z 	with respect to income. Period utility at time t  (the expression in 

square brackets) is discounted at the pure rate of time preference ( ρ ) as well as probability of 

survival to time t . Period utility follows a constant-elasticity-of-substitution (CES) form, where 
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τ e  and τh  (taking on non-negative values such that τ e +τh ≤1 )	are preference parameters on the 

direct contributions of education and health to utility respectively. ρhz  is a preference parameter 

that controls the elasticity of substitution between education, health and full consumption. This 

functional form implies that the cross derivatives on tE , tH  and tZ  are all assumed to be 

positive, as discussed in the two-period model in Section 3.  

 

Full consumption in each time period ( tZ ) is produced by combining leisure ( Lt ) and 

consumption goods (Ct ) via a CES function as described in equation (13). We use the calibrated 

shares format for CES functions (Rutherford, 2002). The arguments for the consumption goods 

are normalized to unity by dividing by their benchmark levels, c0 	and l0 at age 50. In this case, 

sl 	(where 0 ≤ sl ≤1) can be interpreted as the value share of leisure in full consumption (at age 

50) when leisure time is valued at the benchmark wage rate. κ 	controls the elasticity of 

substitution between leisure and market consumption. 

 

The probability of survival to year t , tS , is functionally related to the individual’s level of health 

stock in (14), where φ 	and θ 	control the shape of the hazard function. 

 

The individual must maintain an intertemporally-balanced budget over her lifetime see (15), 

where income comes from existing initial assets at the beginning of life ( 0n ), wage income, and 

any transfers to households ( tb ). Wage income is expressed as the amount of the individual’s 

benchmark total time endowment (ω ) that is not devoted to leisure. In counterfactual 

experiments, the individual’s effective time endowment will also depend on how levels of time 

investments in health and education vary and how the individual’s health status varies, affecting 

the number of sick days required. In equation (15), the three terms corresponding to these effects 

appear within the square brackets on the left-hand side of the equation.14 The units of investments 

in education (TEt 	and IEt ) and health (THt 	and IHt ) have been chosen such that these 

                                                
14 In each case, the relevant endogenous variable responsible for producing the effect ( , ,t t tTW TH H ) is divided by 

the levels these variables take on in the benchmark equilibrium in the calibrated model ( 0 0 0, ,t t ttw th h ). Thus, these 
terms take on a value of unity in the benchmark equilibrium. When unity is subtracted from these terms, as it is in 
these expressions, they make no contribution to the individual’s budget. 
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variables are equal to unity in the benchmark equilibrium of the model. Similarly, the health stock 

term in the function that describes the number of sick days required (third additive term in square 

brackets) has been divided by the benchmark level of the health stock ( h0t ). β 	is the elasticity of 

sick days with respect to the health stock. Because unity is subtracted from each of these terms, 

they do not contribute to household’s budget in the benchmark equilibrium.  In counterfactual 

experiments, their values capture added costs or savings from changing these activity levels 

relative to the benchmark. The same logic applies to the modeling of the money investment goods 

in the budget constraint.  0tpth , 0tpte , 0tph  and 0tpe  capture the benchmark level of expenditures 

on the different investment goods. Time is valued at the individual’s wage rate ( tW ).  

 

Equation (16) describes the transition of the health stock over the life cycle. Health depends on 

the levels of past investments in time and money dedicated to health production as well as the 

individual’s education stock. ν ,	γ 	and α  govern the respective productivities of these different 

channels in producing better health. Finally, equation (17) describes how wages and the education 

stock evolve over time. The variables depend on the levels of past investments in time and money 

dedicated to education, but also on the health stock. ξ ,	η 	and µ  govern the respective 

productivities of these different channels in producing better health. Both the health and 

education stock equations contain time-trend terms ( (1+ tt /T )ε  and (1 / )tt T ψ+ ) that allow the 

productivity of investments in these stocks to vary with age. For example, the decline in health or 

human capital may be more difficult to abate as one becomes older. As in equation (15), the terms 

that describe the effects of the endogenous levels of education and health stocks and investment 

goods on the stocks in (16) and (17) have been constructed in a manner such that they make no 

contribution to the equation in the benchmark equilibrium and when the stocks follow their 

benchmark levels (h0t 	and e0t ).  Thus, these terms are interpreted in the counterfactual 

experiments as the additional gains or losses to the stocks due to changing the levels of these 

variables. Finally, the health and education stocks are subject to depreciation, where δh 	and δe 	

are the constant depreciation rates. 

 

A full listing of the model variables and parameters used in the numerical model is included in 

Appendix 2. 
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There are a few important differences in the structure of the numerical model and the analytical 

model presented in the previous section of the paper. There is a leisure activity in the numerical 

model that competes for use of the individual’s time endowment with labor supply and time 

investments on health and education in the model. In addition, sick time is introduced which 

alters the total time endowment. The level of the education stock also depends on the level of the 

health stock in the numerical model so there is potential for feedback effects moving from health 

to education as well as from education to health. These features of the numerical model may be 

important to the quantitative significance of the results of our simulation experiments but should 

not influence the qualitative predictions relative to those produced by the analytical model. 

 

The model is summarized in Figure 1 below. 

 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
Figure 1: A flow diagram of the model. 
 
 
The linkages from education to health and from health to education as described above are 

illustrated in the figure by means of solid arrows. In addition, there are also indirect effects from 

education and health to leisure and consumption goods, as well as from background 

characteristics to health, education and consumption as are shown in Figure 1 as dashed arrows: 

• Individual specific background variables such as the time preference rate and initial wealth give 

indirect effects on health, education and total consumption. 

Education 

Health 

Utility 

Total 
consumption 

Background 
variables 
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• Good health reduces the time being sick, which means that there is more time available for 

schooling, as well as for working, leisure activities and healthy activities. 

• More education increases the wage level and therefore affects consumption.  

 

5. Calibration Procedure 
The calibration procedure builds off the one developed by Murphy and Topel (2006). That study 

did not attempt to model endogenous investment in health or education as we do here. Rather, 

they calibrated a life-cycle consumption model to exogenous trajectories of tH  and tS . In the 

Murphy-Topel procedure, tS  is chosen to reproduce data on mortality rates. tH , which is not 

observed directly, is calibrated to fit consumption and earnings data for an average individual in 

the United States given the structural assumptions in the model. The other key parameters in the 

model are calibrated to imply a specific value for the consumer's willingness to pay for marginal 

reductions in the probability of death (their value of a statistical life or VSL). We calibrate the 

model based on data covering residents of the United States from the study of Murphy and Topel 

(2006), from the U.S. Bureau of Labor Statistics (BLS) (2012a,b;2013) and U.S. life tables 

(Arias, 2012). 

 

We follow this procedure to calibrate the model to exogenous trajectories for S  and H  and then 

go on to describe a new method for calibrating the features of the model related to the 

endogenous health and education stocks. Specifically, using the calibrated version of the model 

with exogenous levels of these stocks, we calculate the shadow prices associated with a marginal 

increase in the levels of the health and education investment goods ( tIH , tIE , tTH  and tTE ). 

These are, by definition, the effective prices of the investment goods ( 0tph , 0tpe , 0tpth  and 0tpte  

respectively) required to replicate the benchmark trajectories in the model. We normalize the 

benchmark levels of the investment goods in the model to unity and calibrate key parameters 

influencing the effectiveness of these investments with the objective of producing the best fit 

between the predictions on expenditures on these goods generated by the model and data on 

monetary and time expenditures on these goods as well as consumption expenditures. The details 

of the calibration procedure are described in Appendix 3, while the calibrated parameter values 

are shown in Table 2. 
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Our calibration strategy responds to the fact that the empirical literature on the productivity of 

health and education investments and the interactions between them (summarized in section 2) is 

still inconclusive. A number of the structural parameters governing the productivity of health and 

education investments as well as their interactions do not have close analogs in the empirical 

literature or do not have values that are known with any precision. Our calibration strategy 

chooses the values for these parameters that best allows the structure of our model to fit data on 

investment levels.1516 

 

5.1 Calibration Results 

Figure 2 depicts the benchmark trajectories for consumption (C), the individual’s health stock (H) 

and full income, i.e., total time endowment valued at the wage rate (ω×W), over the life cycle. 

The consumption path is chosen to match BLS data on expenditures over the life cycle – rising in 

early life, peaking and then falling through later years.17 The individual’s health stock remains 

roughly constant through early and mid-life and then declines as the individual approaches old 

age. Full income – including both monetary income sources as well as the value of leisure time – 

rises until retirement (assumed to be age 65) – after which point it is assumed that retirement 

benefits replace half of projected wages based on the calibrated wage profile. 

                                                
15 It is important to emphasize that our calibration strategy (as well as the Murphy-Topel model upon which it is 
based) is premised on the idea that households make choices regarding consumption and investment in a manner 
consistent with unrestricted rational choice without uncertainty. Moreover, it assumes that they do so within the 
parameters of the structural assumptions of the model described in the previous section. This has two important 
implications. First, our ability to establish the causal effects of income, education and health as well as investments in 
education and health is conditional on this structure. Second, we do not model the complications introduced by, for 
example, public schooling or health care. We also do not account for the fact that individuals learn about realizations 
of their health state or job prospects over time. As a result, our calibration is vulnerable to bias to the extent that these 
features systematically influence the data on consumption and investments that we use. We view the incorporation of 
these complications as important steps for future research. 
16 We calibrate the expenditures of time and money on health and education investments produced by the benchmark 
model to data on observable measures of expenditures in these categories. In the case of monetary health 
expenditures, we calibrate to a measure of medical expenditures. In the case of time investments in education, we 
calibrate to time survey data on time spent of formal schooling. In both cases, a challenge with our calibration 
approach is that the data are not comprehensive, and therefore likely understate the size of the full investments 
household make. This leads to the potential for our estimate of the model parameters to understate the importance of 
these investments in generating health and educational outcomes. It would be difficult to take a constructive 
approach to calibration, where one tries to account for all of these channels individually and produce an aggregate 
measure as an input to our model. And assigning parameter values directly from empirical estimates also seems 
difficult due to the inconclusiveness of the empirical literature and the difficulty in mapping reduced-form 
parameters estimates in the literature to the structural parameters required in our model. 
17 See U.S. Bureau of Labor Statistics (2012a, 2013) . 
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Figure 3 depicts the calibrated trajectories for expenditures on the various health and education 

investment goods in the model – monetary expenditures on health (ph0), time expenditures on 

health (pth0), monetary expenditures on education (pe0) and time expenditures on education 

(pte0). Investments in health peak around age 60 and then remain roughly constant until the end 

of life, while investments in education are weighted toward the beginning of life and then decline 

after age 35. Monetary and time investments on health and education are calibrated to data. 

Empirically, the average individual spends far more on health investments than on education and 

education investments are weighted toward the beginning of life. The calibration of the model 

aims to capture both of these features of the data.  
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Our calibration of the education investments is based only on data for expenditures of time and 

money on education from ages 20-25 because measurable expenditures of formal education after 

this age are quite small for a representative individual in the data. Similarly, the model agent is 

restricted to choosing the levels of these investments from ages 20-25 in the counterfactual 

experiments. The reason for this is that, conceptually, the measures of investments in education in 

our model should be interpreted as all investments that enhance human capital – including formal 

and informal education as well as job training and skills acquisition. While it is reasonable to 

assume that the majority of these investments take the form of formal education (for which we 

have data to calibrate the model to) early in life, this is not a reasonable assumption later in life. 

This is the rationale for restricting the calibration to years 20-25. It also explains the significant 

investments in education after this age predicted by the model – these are informal sources of 

education. 
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Model	Parameters	 Value	
φ 	 slope term in survivorship function 3.6649	
θ 	 exponent term in survivorship function 1.2104	
β 	 elasticity of health in sick days 0.0131	
γ 	 parameter for productivity of money investments in health  0.0342	
η 	 parameter for productivity of money investments in education 0.0202	

eτ 	 share parameter of direct effects of education on utility 0.0110	

hτ 	 share parameter of direct effects of health on utility 0.0136	
α 	 parameter for productivity of education stock in health 0.0076	
ν 	 parameter for productivity of time investments in health  0.0003	
µ 	 parameter for productivity of health stock in education  0.0208	
ξ 	 parameter for productivity of time investments in education 0.0050	
ε 	 elasticity of time trend in productivity of health investments -1.8416	
ψ 	 elasticity of time trend in productivity of education investments -1.5037	

hzρ 	 elasticity of substitution between health, education and full consumption in utility -1.3434	

0c 	 benchmark consumption at year 50 6	

l0 	 benchmark leisure time at year 50 0.5	

0z 	 subsistence level of full consumption 0.1	

r 	 market interest rate 0.04	
ρ 	 pure time rate of preference 0.02	
σ 	 intertemporal elasticity of substitution 0.8	
sl 		 Value share of leisure in full consumption 0.5	
ω 	 Time endowment 1	

hδ 	 depreciation rate of new investments in tH  0.05	

eδ 	 depreciation rate of new investments in tE  0.01	

ζ 	  - ( 1) /σ σ  -0.25	

κ 	 1 /( )z zσ σ−  where zσ  is the elasticity of substitution between leisure and consumption 
in full-consumption bundle 

-1	

 

Table 2: Calibrated Parameter Values 

 

A few observations regarding the calibration results are in order. We find the money investments 

in health and education (γ  and η ) yield the largest impacts on their respective stocks. Time 

investments for both health and education (ν  and ξ ) are less impactful. The effect of the health 

stock on education (µ ) is positive but significantly weaker than is the effect of direct investments 

on health. The effect of education on health (α ) is quite weak in our calibration. Both health and 

education make similarly large contributions to utility directly (τh  and eτ ). The productivity of 
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health and education investments (ε  and ψ ) fall as the individual ages at a similar rates. The 

calibration implies an elasticity of substitution (a function of ρhz ) between the health, education 

education and consumption arguments in the utility function of approximately 0.4. Thus, the three 

goods are significantly stronger complements than would be implied by a Cobb-Douglas 

preference function for example. 

 

6. Policy Experiments 
Our main interest is in understanding of how the different policy interventions related to health, 

education and general well-being affect individual choices regarding investments in health, 

education and overall welfare. In line with this, we have designed a number of policy scenarios 

similar to those used in the two-period model that we can analyze by solving for the optimal 

behavior using our calibrated numerical model. 

 

The policy scenarios are stylized and not intended to reproduce the details of any particular, real-

world policy proposal. They are designed to accomplish two objectives. First, they reflect the 

general notion that policymakers view interventions in household education, health or wealth 

accumulation as important strategies to affect household well-being. To the extent that our 

analysis can illustrate how targeting these different channels leads to different outcomes, we can 

help policymakers better achieve their stated goals. For example, health policies may lead to the 

intended improvements in health outcomes but may also produce the unintended consequences of 

reducing of household investments in education or material consumption (see Table 1), a fact that 

policy design may wish to take into account. Second, the fact that the different policy 

interventions described in our scenarios engage the different causal mechanisms in our model to 

different degrees allows us to diagnose the extent to which each is responsible for producing our 

main results. Thus, by comparing the outcomes of the different policy scenarios, we can learn 

about the importance of and the interactions between these different channels in a quantified 

model. 
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6.1 Policy Scenarios18 

Initial Wealth Transfer - we increase the present-value of individual wealth by 1% of the 

benchmark level by increasing the value of 0n  in equation (15). 

 

Medical Care Subsidy - we introduce a proportionate reduction in the price of medical care at all 

time periods ( 0tph  in equation (15))19. 

 

Education (Tuition) Subsidy - we introduce a proportionate reduction in the price of education at 

all time periods ( 0tpe  in equation (15))20. 

 

Income Tax Reduction - we introduce a proportionate increase in the after-tax wage at all time 

periods ( (1 )tW ws+  in equation (15) where ws  is a constant, positive subsidy rate or, 

equivalently, the negative of the income tax rate reduction). 

 
The initial wealth transfer serves as a benchmark against which to judge the results of the 

alternative policy interventions in our analysis. Individuals in our model exhibit perfect foresight 

and perfect information. Therefore, a lump-sum wealth transfer yields the largest possible 

improvement in well-being by assumption. The three alternative policies we consider all feature 

restrictions on how the individual may benefit from them; households must engage in medical 

care, education or labor supply to collect the subsidies. The medical care and education subsidies 

are intended to model direct interventions in improving health and human capital outcomes. We 

also focus on the income tax reduction because it is a more common strategy used by 

governments to affect the material wealth of targeted households than a lump-sum wealth 

transfer. It also presents household with different incentives to invest in consumption, education 

and health as we shall see. 

 

To make these alternative policies comparable to the wealth-transfer benchmark, the subsidy rate 

or tax-rate reduction in each case is calculated to ensure that the lifetime present value of the 

                                                
18 Note that we do not study how the transfers are financed, i.e., we assume that the individual is unaffected by the 
public authorities budget constraints.  
19 Similar to P in the two-period model. 
20 Similar to Q in the two-period model. 
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policy is equal to the value of the initial-wealth-transfer policy at the household’s benchmark 

levels of demand for all goods in the consumption bundle. Naturally, the household will adjust 

these demands in response to the policy interventions but – were they to choose their benchmark 

consumption bundle in the counterfactual – they would receive an equivalent value monetary 

transfer. 

 

We also study one policy measure, which does not allow for a welfare comparison with the other 

policy scenarios, an increase in the level of the initial health stock assumed in the model. 

 

Initial Health Increase - we introduce a 1% increase in the size of the initial health stock from 

benchmark levels through a change to 0th  in equation (16). Note that this means an increase in 

health at age 20.  

 

The purpose of this scenario is to explore the role that early-life differences in health have on 

future outcomes as much of the recent empirical literature on health and education outcomes 

focuses on the role early-life conditions, see Section 2 above. Moreover, this scenario represents a 

health-intervention policy that does not distort relative prices in the same way as the medical care 

subsidy. Therefore, we can learn about the impact of this distortion by comparing the pattern of 

investment changes delivered by the two experiments. Thus, while we cannot make welfare 

comparisons between this scenario and the others we consider, we can use it to conduct an 

analysis of the qualitative differences between the policies.21 

 
 
7. Simulation Results 
7.1 Effects on investments 

We now discuss the changes in the levels of investment in health and education under the 

different policies, described in Figures 4-8. The changes reported in the figures are percentages of 
                                                
21 One final note regarding the design of the policy scenarios is in order. The prices of the investment goods should 
be interpreted holistically. That is, conceptually they reflect the cost of utilizing all of the channels – both market-
based and non-market – that households have at their disposal to affect health or educational outcomes. In the policy 
analysis, we focus on subsidies to formal education and medical care, which represent subsets of the cost categories 
covered by the prices in the model. Thus, one should imagine these subsidies lowering the cost of some investment 
options in the bundles of all investments, and lowering the overall cost of these bundles to the extent that these 
options are utilized. 
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the benchmark levels of the model variables in the initial calibration of the model. Each figure 

reports changes in time investments in health (TH) and education (TE) as well as monetary 

investments in these two stocks (IH and IE, respectively). While the model is solved over a 110-

year time horizon, the horizon reported in the figure is restricted to models years 20-80 as 

expected life length to which the model is calibrated is 78 years. Note, once again, that the 

choices of IE and TE are restricted to model years 20-25, thus percentage changes in these levels 

are only depicted for year 20 in the figures. 

 

 
 

Figure 4 describes the results of the initial wealth transfer policy. Time investments in health rise 

under the wealth transfer program. When wealth rises, higher health and life extension are 

required to enjoy the higher level of material consumption now possible. Time and money 

investments both produce health and the relative prices of these investments are not directly 

affected by the policy intervention. As a result, they rise by comparable amounts. Further, 

investments in education fall modestly. As noted in our discussion of the two-period model, the 

initial wealth transfer relieves some of the motivation to invest in education – to increase 

consumption through higher wages – because higher levels of consumption are possible at the 

same wages after the wealth transfer. Moreover, the increase in the health stock resulting from 

higher investments in health tends to increase wages and education due to the feedback 

mechanism from health to education in the model, further reducing the incentive to invest directly 
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in education. Thus, while there is a positive income effect in the model that works to increase 

education levels, these substitution effects appear to offset it at our calibration, leaving the levels 

of the education stock under this policy essentially unchanged from benchmark levels.22 

 

The wealth-transfer scenario functions as a benchmark from a policy perspective, revealing the 

pattern of investments that optimize lifetime utility when given additional resources. The 

experiment reveals that raising consumption (not in the graph) and health levels are the strongest 

responses for the individual in our calibration. Thus, the model suggests that interventions that 

pair improvements in health and material living standards are most likely to promote overall 

individual well-being. Alternatively, our model suggests that policies that promote wealth 

accumulation are likely to raise individual health levels and leave human capital levels largely 

unchanged as a byproduct. 

 

 
 

Figure 5 shows the results of the medical care subsidy. Naturally, the subsidy stimulates demand 

for medical care, thus monetary investments in health rise under this policy. Time investments in 

health fall due to the substitution effect between money and time investments in health. 

Investments in education rise slightly as the overall cost of living falls with the medical care 
                                                
22 Our result stands in contrast to that of Galama and van Kippersluis (2015) who find that wealthier individuals 
always place a higher value investment in education. A key difference in assumptions in their analysis from our 
model is the health and education stocks both enter the production functions for investments in health and education. 
This leads to the potential for stronger self-reinforcement effects between health and education investments than are 
present in our model and could explain the difference in our results. 
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subsidy, increasing the returns to working and investing in higher wages. This result contrasts 

with the reduction in education investments under the wealth-transfer policy, where relative 

prices remain unchanged. While the analytical model demonstrates that all investments goods – 

with the exception of medical care – exhibit negative substitution effects and positive income 

effects, the simulation results suggest that the income effects dominate for the education 

investments, but not for time investments in health. Increased spending on medical care comes 

largely at the expense of material consumption levels, which fall over most of the lifecycle for the 

individual. 

 

From a policy perspective, the medical care subsidy causes the individual to over-invest in 

medical care and education while under-investing time in health maintenance and material 

consumption relative to the wealth-transfer benchmark in which the individual chooses its 

consumption and investment responses with complete flexibility.  

 

 
 

The results of the education (or tuition) subsidy are shown in Figure 6. The subsidy stimulates the 

demand for money investments in education. Other investments – time and money in health as 

well as time in education – are little changed from benchmark levels under this policy. While 

there are negative substitution effects and positive income effects for all investments goods 

except for money investments in education, the simulations suggest that these effects roughly 
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cancel out for all three other investment goods. The education subsidy causes an over-investment 

in education and under-investment in health and material consumption.  

 

An income tax reduction is a common policy option for improving well-being but one that 

features a distortionary effect on the opportunity cost of time spent in labor that is not present in 

our wealth-transfer policy scenario. As seen in Figure 7, increasing the after-tax wage has the 

effect of increasing monetary investments in both health and education. Time investments in 

health rise modestly while time investments in education fall modestly. The increase in the wage 

makes monetary investments more affordable and time investments less affordable because the 

opportunity cost of time has risen. Greater income that comes with higher wages means that 

better health and longer life expectancy is required to take advantage of the higher level of 

consumption possible. This may explain why slightly more new investment is directed at health 

than at education. Finally, the analytical model predicts that money investments in both health 

and education should rise – with both positive substitution and income effects – under the 

increase in wage while time investments may rise or fall. The simulations are consistent with 

these predictions – with money investments rising substantially while time investments change 

very little. 

 

 
 

Relative to our wealth-transfer benchmark calculation, the income tax reduction generates similar 

but somewhat larger increases in monetary investments in health and education as well as 
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material consumption, a natural consequence of the fact that the individual has full discretion in 

how to use the additional proceeds from the tax cut. It differs primarily in the wedge it drives 

between monetary and time investments. 

 

 
 

Figure 8 describes the results of the initial-health shock policy. Now the individual’s health stock 

is exogenously altered but the relative prices of investment and consumption goods in the model 

remain unaltered. Because of this, it is interesting to compare the results of this experiment with 

the medical care subsidy, which combines an increase in health with a change in relative prices. 

Investments in both education and health fall under this scenario. Nevertheless, both the 

education and health stocks rise over the individual’s lifetime. The reason the health stock rises is 

straightforward. If direct investments in education fall, then the fact that the education stock rises 

must be due to the indirect effect that the higher health stock has on education. Consumption rises 

as well. Thus, the individual uses the natural advantage accorded to it by the larger endowment of 

health to draw down investments and consume more. While we found ambiguous predictions on 

the sign of the changes in the investments levels for both health and education in the analytical 

model, the simulation results suggest that the negative substitution effects dominate at our 

calibration.  

 

In contrast to this policy scenario, we saw that investments in education rise under the medical 

care subsidy. This is because the overall cost of living falls under the subsidy and does not here. 
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This shows that health and education are not complements in this model in the sense that a higher 

health stock does not lead to high levels of investment in education. At the same time, it does lead 

to a higher level of education stock, because higher health increases the productivity of existing 

investments in education. 

 

7.2 Utility and life extension 

Figures 9 and 10 report the impacts of the policy scenarios on lifetime utility levels and life 

length respectively. Note that the initial health increase is not included in these figures as this 

policy is not comparable in magnitude to the other policy measures. Once again, quantities are 

reported as percentage changes from benchmark levels in the calibrated model. Naturally, all 

policies – which imply transfers to the individual – result in welfare gains. However, the gains 

vary substantially by policy. The effects on utility are largely a result of higher consumption, and 

a wealth transfer and an income tax reduction have significantly more positive effects on 

consumption than the subsidies on education and medical care. By definition, the initial wealth 

transfer leads to the largest increase in welfare. The income tax reduction yields slightly lower – 

though nearly identical – benefits to the individual. In contrast, both the medical care subsidy and 

the education subsidy are dramatically less effective in welfare terms. The relative ranking of the 

policies is consistent with intuition. As discussed, the wealth transfer allows full flexibility to the 

individual in how to use these additional resources. All of the other policies considered imply 

some restriction on use or, equivalently, distort the relative prices faced by the individual, which 

leads to a higher cost of producing private well-being. The model suggests that the constraints 

these policies place on material consumption are quantitatively significant. Moreover, while the 

income tax reduction distorts only the choice between leisure and consumption, both the medical 

care and education subsidies additionally distort the choice between these goods and other forms 

of consumption. It follows that these policies would be expected to perform less well than the 

income tax reduction.  

 

It is worth re-emphasizing at this point that we ignore any external, social benefits associated 

with investment in health or education. In practice, many of these benefits are thought to be quite 

large. Thus, subsidies to these activities may be justified on those grounds. Nevertheless, it is 
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instructive to see the magnitude of the differences between the different policies as a measure of 

their relative costs. 

 

 
 

 

 
 

Life is extended under all policies. Note that the effect is dependent on the health path. As health 

is affected least under the education subsidy (see discussion on Figure 6) the expected lifetime 

increases very little as well. Not surprisingly, the largest effect is from subsidizing health directly, 

i.e., by introducing a medical care subsidy. As for lifetime utility, the effect of an increase in 



 35 

initial wealth is not very different from that of an income tax reduction. Both of these policies 

yield noticeably less life extension than the medical care subsidy, however. Thus, our simulation 

results show that the policies that effectively increase welfare may differ from policies that have 

significant life extension effects.  

 

Under the initial wealth transfer, a one percent increase in lifetime wealth leads to approximately 

a 0.03% increase in the expected length of life. At a benchmark life length of 78 years, this 

increase amounts to a life that is longer by approximately 9 days. Extrapolated linearly, this 

would mean that a 50% increase in wealth would increase expected life length by approximately 

one and a quarter years.23 Taken another way, a one percent of present-value lifetime wealth for 

the calibrated income level in our model translates approximately into an annual payment of 200 

present-value dollars in every year of life. Extrapolated linearly, an annual present-value wealth 

transfer of approximate $7200 would be required to extend life by a year in our model.24  

 

The other health outcome of interest in our model is sick days away from work. In our model, we 

assume that sick days are a function of the health stock only. Because life length also depends 

only on the health stock, the relative magnitudes of the effects on sick days follow the life-

expectancy results described in Figure 10. 

 
7.3. Exploring the importance of causal linkages between education and health 

To explore the degree to which the interactions between health and education investments shape 

the results of our policy experiments, we conducted sensitivity analysis with respect the key 

parameters in the model that govern these interactions. Recall that the parameter α  controls how 

the level of the education stock influences the productivity of investments in health. In our 

calibration of the benchmark model, this parameter takes on a value of approximately 0.008. 

Similarly, the parameter µ  controls how the level of the health stock influences the productivity 

                                                
23 By comparison, Statistics Canada reports that moving from the third after-tax income quintile (approximately 
$40,000 in 2009) to the top income quintile (approximately $80,000 in 2009) corresponds to an increase in life 
expectancy from 83.3 years to 84 years amongst females and from 78.7 years to 80.3 years amongst males. See 
http://www.statcan.gc.ca/pub/75-202-x/2009000/analysis-analyses-eng.htm for the report of income quintiles and 
http://www.statcan.gc.ca/pub/82-624-x/2011001/article/chart/11427-06-chart5-eng.htm for the report on life 
expectancy by income quintile. 
24 To compare this to data for the U.S., Tengs et al. (1995) found that prices of life-saving interventions varied a lot 
when comparing more than 500 interventions, but the median was about $42,000 (1993-dollars) per life-year saved. 
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of investments in education in the model. In the benchmark calibration, it takes on a value of 

approximately 0.02. We conduct simulations in which we set one or both of these parameters 

equal to zero and then run the same set of policy experiments as described in section 6.1. When, 

for example, α  is set equal to zero, the marginal effect of an increase in the education stock on 

the productivity of investments in health in the model is also zero. Thus, the incentive for the 

individual to invest in education to get the co-benefits in health that are present in our core model 

no longer exists. Similarly, when µ  is set to zero, there no longer exists an incentive to invest in 

health to get co-benefits in education. 

 

We find that the effect of changing these assumptions on behavior is small. This is consistent of 

the magnitude calibrated parameter values discussion in section 5.1. Removing the causal link 

from education to health has an almost imperceptible effect on the optimal pattern of investments 

the individual chooses. Removing the causal link from health the education has a small but 

perceptible effect. Intuitively, the individual invests somewhat less in their health when these 

investments no longer have a beneficial effect on their education stock. The change in the welfare 

and longevity gains due to the policy interventions we consider are also minimal in these 

sensitivity runs.  

 

This suggests that neither of the interaction terms – from education to health or from health to 

education – is a likely candidate to explain much of the correlation between levels of education 

and health observed in the population. It also leaves other underlying factors that impact both 

outcomes as the remaining explanation for the pattern provided one accepts the calibration of our 

model.25 As we discussed at the outset, there is empirical evidence in the existing literature to 

support this view; there is evidence that cognitive ability (Auld and Sidhu, 2005; Cutler and 

Lleras-Muney, 2010), non-cognitive skills (Chiteji, 2010; van der Pol, 2011) and early childhood 

development factors (Conti and Heckman, 2010) may all play important roles in shaping the 

social gradient. 

  

                                                
25 Galama and van Kippersluis (2015) find self-reinforcement effects that may lead to the results even if the direct 
causal effect is not big. One example in their model is that life expectancy and skill capital productivity reinforce 
each other in generating skill. 
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Our result that neither of the interaction terms appears to significantly affect the gains from 

investments in health and education is at odds with evidence that higher levels of education 

causes large gains in health (as in Cutler and Lleras-Muney, 2007). One possible explanation for 

this disparity is the absence of some behavioral effects in our model. That is, our model is 

deterministic and the agent exhibits perfect foresight in making consumption, saving and 

investment decisions. If households fail to fully optimize – either because of bounded rationality, 

imperfect information or because of uncertainty and risk aversion – then our model may 

overestimate the degree to which individuals can appropriate the gains from education-health 

interactions in the absence of government intervention. In that case, exogenous shocks that cause 

individual to obtain higher levels of education (such as the ones that lead to the identification 

strategies in the empirical literature) may lead to much larger gains than would be predicted by 

our model. Moreover, our calibration strategy relies on matching empirical observations on health 

and education investments to the predicted behavior of our model agent. Observing low levels of 

investments in these goods leads the model to attribute small utility gains from further investment 

in these activities (as opposed to attributing importance to any of the behavior effects discussed), 

leading to small parameter estimates and the modest effects that we find in our sensitivity 

analysis. We must also calibrate our model using incomplete measures of investment that likely 

misses significant amounts informal investment.  Building these types of complications into a 

model like ours seems like a natural direction for future research. 

 
8. Conclusions 
In this study, we have produced analytical and numerical models of lifecycle investments in 

health and education. Both health and education have the potential to affect individual well-being 

through a number of distinct channels as well as to produce feedback effects between the two 

outcomes that past research on the nexus of health and education suggests are likely to be 

important. 

 

Because of the close connections and feedbacks between health and education outcomes and the 

important policy implications of understanding the causal mechanism at work, researchers have 

devoted considerable effort to disentangling these effects. We contribute to this literature by 
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proposing a new structural model of lifecycle health and education choices and analyzing which 

interpretation of the data a calibrated version of the model best supports. 

 

Our analytical model identifies the key substitution and income effects that drive the changes in 

equilibrium investments expected in response to exogenous changes in wealth, health and related 

prices in the model. The perhaps unsurprisingly conclusion given the number of different ways 

health and education interact with well-being in the model, is that many of the net effects of the 

policy interventions we consider are ambiguous – with offsetting substitution and income effects. 

 

We then calibrate an expanded, numerical model using US data on wages, consumption, life 

expectancy and expenditure levels on education and health. The numerical model allows us to 

quantify the effects of the policy responses and to determine which channels are likely to be most 

important in driving behavior. 

 

In the policy scenarios we examine, we find that health and education investments are sometimes 

substitutes and at other times complements. A lump-sum wealth transfer and an income tax 

reduction are the most welfare-enhancing policies we consider. In a forward-looking model with 

perfect information, the lump-sum wealth transfer is destined to top the welfare rankings of 

different policy interventions. But the large gap in welfare gains between the policies that target 

wealth accumulation (wealth transfer and income tax reduction) and those that target health or 

education outcomes suggest these different approaches to public policy are not close substitutes. 

If we instead care for life extension, policies that are directed against health, such as medical care 

subsidy, are the most efficient. It must be emphasized, however, that our findings suggest only a 

private ranking of the policies. That is, they ignore any external benefits from subsidizing 

education or health.  

 

Our research design also ignores any possible failures of the individual to optimize in the face of 

uncertainty, limits to information, rationality or other restrictions on behavior. The finding that 

health and education investments and their interactions, play a relatively small role relative to 

material consumption in promoting well-being could well be connected to these assumptions 

because our calibration strategy for the numerical model is predicated on rationalizing relatively 
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low, observed levels of investments in these goods in a neoclassical framework. A natural 

direction for future research would be to explore models that relax these assumptions. 
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Appendix 1: Solving the two-period model 
 

The Lagrangian (L) is as follows: 

 

( ) ( )
( ) ( )

( )( )

1 0 0

0 0 2 0 0 0

0 0 1

0 0 0 2

L u(C ,e ,h )
1/ (1 ) S h (1 ) I(IH,TH,e J(TE,IE)) u C ,e J(TE,IE),h (1 ) I(IH,TH,e J(TE,IE))

n TE TH w C P IH Q IE

1/ (1 r) S(h (1 ) I(IH,TH,e J(TE,IE))) B e J(TE,IE) C

=

+ +ρ ⋅ − δ + + ⋅ + −δ + +

⎧ ⎫+ ω− − ⋅ + τ − − ⋅ − ⋅⎪ ⎪
+ λ⎨ ⎬

⎡ ⎤+ + ⋅ − δ + + ⋅ ω⋅ + + τ −⎪ ⎪⎣ ⎦⎩ ⎭
.

 

Maximizing L with respect to TE, IE, IH, TH, C1 and C2 gives the following 1. order conditions, 

where ( )2 2A B(E ) C=ω⋅ + τ − , i.e., wealth addition in period 2: 

 

(1)
( ) ( ) ( )

2 2 2 2 2

2 2 2

E TE H E TE H E TE 2 2 2 0

H E TE 2 E TE
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This gives 7 equations to determine TE, TH, IE, IH, C1, C2 and λ. 

 

We find from (5) and (6): 
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(8)
1 2C Cu (1 r) / (1 ) u 0λ = = + +ρ ⋅ >  

 

Substituting for λ gives us a system of 6 equations that can be written as equations (6)-(11) in 

Section 3. 
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Appendix 2: Symbol definitions in the numerical model 
 

Variables 

 tZ  - full consumption 

 tC  - market consumption 

 tL  - leisure 

 tS  - survivorship probability 

 tH  - quality-of-life health stock 

 tW  - wage rate 

 tE  - education stock 

 tIH  - investment in quality of life health 

 tIE  - investment in education 

 tTH  - investment in time on health 

 tTE  - investment in time on education 

 

Parameters 

ρ  - discount rate 

hzρ  - 1/ (1 )hzρ−  - elasticity of substitution between health, education and full  

consumption in utility 

ζ  - calibrated to imply a specific value for the intertemporal elasticity of substitution 

0z  - subsistence level of full consumption 

κ  - calibrated to imply a specific value for the elasticity of substitution between consumption  

and leisure 

sl  - value share of leisure in full consumption at age 50 

0c  - benchmark consumption at age 50 

0l  - benchmark leisure demand at age 50 

0n  - initial non-wage wealth 
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ω  - time endowment 

tb  - other non-wage assets 

0tph  - price of effective financial health investments 

0tpe  - price of effective financial education investments 

0tpth  - price of effective time health investments 

0tpte  - price of effective time education investments 

0th  - benchmark trajectory of tH  

e0t  - benchmark trajectory of Et  

r  - market interest rate 

hδ  - depreciation rate of new investments in tH  

eδ  - depreciation rate of new investments in tE  

ν  - parameter for productivity of time investments in health 

α  - parameter for productivity of education stock in health  

β  - elasticity of health in sick days 

γ  - elasticity parameter for productivity of money investments in health  

µ  - parameter for productivity of health stock in education  

ξ  - parameter for productivity of time imvestments in education  

η  - parameter for productivity of money investments in education  

eτ  - share parameter of direct effects of education on utility 

hτ  - share parameter of direct effects of health on utility 

ε  - elasticity of time trend in productivity of health investments 

ψ  - elasticity of time trend in productivity of education investments 

φ  - slope term in survivorship function 

θ  - exponent term in survivorship function. 
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Appendix 3: Description of the Numerical Model Calibration Procedure 
 
1st Stage Calibration 

Formally, the model calibration proceeds in the following way. The first stage of the calibration 

follows the procedure described in Murphy and Topel (2006). Parameters 0 0, ,sl c l  are calibrated 

to match consumption in midlife for the average individual based on expenditures and earnings 

data from the U.S. Bureau of Labor Statistics (2012a). In midlife, benchmark consumption and 

wage income are assumed to both be equal to approximately $60,000. We also assume that 

households split their time evenly between work and leisure at midlife in the benchmark. κ  is 

chosen to imply representative estimates from the literature on the elasticity of substitution 

between consumption and leisure. In our benchmark model, this elasticity (defined at 1 1/κ− ) is 

equal to 0.5. Similarly, ζ  is chosen to ensure that the individual’s survivorship-weighted average 

of willingness to pay for marginal reductions in the probability of death (their VSL) is equal to 

$6.3 million (a number commonly used in benefit-cost assessments of policies designed to reduce 

mortality rates) between the ages of 25 and 55 given the values of the other parameters chosen.26 

 

0z , interpreted as the subsistence level of full consumption, is calibrated at 10% of the 

benchmark full consumption levels. r , the exogenous interest rate, is set equal to an annual rate 

of 4%. ρ , the household's rate of time preference, is set equal to an annual rate of 2%. 

 

At this stage of the calibration procedure the survival probabilities, tS , the health stock, tH , and 

the education stock, tE , are taken to be exogenous. tS  values are chosen to match U.S. mortality 

data for the average individual, producing a benchmark expected life length of approximately 78 

years. The mortality data are taken from Center for Disease Control and Prevention (2013). The 

trajectory of tH  is chosen to reproduce the lifecycle consumption pattern represented in the BLS 

data. The education stock is set equal to benchmark levels ( e0t ) which is assumed to follow the 

benchmark trajectory of wages generated by the BLS earning data (U.S. Bureau of Labor 

Statistics, 2012a). Candidate values are chosen for hτ  and τ e , which describe the relative 

                                                
26 See Viscusi and Aldy (2003) for a review of VSL estimates. 
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importance of health, education and full consumption in generating household utility, and hzρ , 

which governs the degree of substitutability between these arguments. These values are updated 

in the final stage of the calibration. 

 

This procedure represents a complete calibration of the model down to exogenous survivorship, 

health and education stocks. Thus it produces a benchmark sufficient to solve the reduced model: 

(9) maxC ,L St
t=1

T

∑ / (1+ ρ)t−1 τ eEt
ρhz +τhHt

ρhz + (1−τ e −τh )((Zt
ζ − z0

ζ ) /ζ )ρhz⎡
⎣

⎤
⎦
1/ρhz

 

 subject to 

 

(10) 1
0 (( ) ) / (1 ) 0t

t t t t t
t

n L W b C S rω −+ − + − + =∑  

 
(11) t tH H=  
 
 
(12) ttE E=   
 
plus equations (13) and (14). tH  and tE  represent exogenous levels of the health and education 

stock trajectories. The remaining tasks are to link survivorship to the level of health (2nd stage) 

and link health and education to the levels of financial and time investments in these stocks (3rd 

stage). 

 

2nd Stage Calibration 

The second stage of the calibration links the survivorship probability, tS , to health status, tH , by 

way of the function described in equation (14). The idea is to choose parameters in (14) to 

reproduce the survival data. However, the fit between the model function and the data will not be 

exact. As a result, the benchmark consumption and earning paths described by the first stage 

calibration will no longer be optimal for a given trajectory of tH . Thus, we update the tH  values 

to once again match the BLS consumption and earnings profiles – as we did in the first stage 

calibration – now at the new survival rate estimates. Formally, the algorithm is: 
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1. If this is the first iteration of the algorithm, let tH  represent the trajectory implied by the 

outcome of the first stage calibration. If this is a subsequent iteration, let it represent the 

outcome from step 4 of the algorithm. 

 

2. Choose the parameters of the suvivorship function (φ  and θ ) to minimize the sum of 

squared differences between the survivorship rates implied by the mortality data and the 

prediction from (14). 

(13) 2
,min (1 )tH

t
t

D e S
θφ

φ θ
−= − −∑  

where tS  represents the observed survivorship rates from the mortality data and tH  is the 

exogenous trajectory of the health stock.  

 

3. Choose tH  such that the solution to (13)-(14) and (9)-(10) reproduces the observed 

consumption and earnings trajectories from the BLS data. 

 

4. If there is no change in tH  from the previous iteration of the algorithm, then we are done. 

If not, return to step 1. 

 

In our application, this algorithm converges within 5 iterations. 

 

3rd Stage Calibration 

The third stage of the calibration chooses parameter values to match the model’s prediction on the 

trajectories of benchmark health and education expenditure levels to data. The parameters 

calibrated here are: φ,θ ,β ,γ ,η,τ e ,τh ,α,ν ,µ,ξ ,ε,ψ  and hzρ . We match data on monetary 

expenditures on health (medical expenditures), monetary expenditures on education and time 

expenditures on health and education. The data on medical expenditures come from the National 

Health Expenditures Data (2004). The data on monetary expenditures on education come from 

National Center for Education Statistics (2008) and the U.S. Census (2008). The data on time 
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expenditures on education and health27 come from the American Time Use Survey (U.S. Bureau 

of Labor Statistics (BLS), 2012b).  

To do this, we use a gradient descent method that proceeds in the following way. 

 

1. Solve the optimization problem described by equations (12)-(17) holding the levels of the 

investment goods in model ( , , ,t t t tIH TH IE TE ) fixed equal to unity (a convenient 

normalization). 

 

2. Extract the shadow values associated with the investment variables in the model and 

install effective prices for the investment goods that rationalize the levels of the 

investments as optimal levels. Thus if * *( , , IH 1,TH 1, IE 1,TE 1)t t t t t tV U C L = = == =  

represents the maximand evaluated at the solution to the problem from step 1, where the 

“*” superscript indicates an optimal value for a model variable, then the effective shadow 

prices can be written as: 

 
3.  
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where λ  is the marginal utility of wealth. 

 

                                                
27 We do not include time spent on sports in this dataset as they are biased to the early part of life, and the model 
predictions make a better match with data without including sports. 
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4. Compute the value of a loss function that measures the quadratic distance between data on 

the model investment goods and model predictions based on the realization from step 2. 

The loss function is defined as 

 

 2 2 2 2( 0 0 ) ( 0 0 ) ( 0 0 ) ( 0 0 )t t t t tt t t t
t

L ph ph pe pe pth pth pte pte= − + − + − + −∑  

 where the “barred” values represent the calibration data. 

  

5. Perturb the value of one parameter in the set of those to be calibrated in this stage. For 

example, set 'β β δ= +  where δ  is a small number. 

 

6. Re-calculate the optimal shadow prices and loss function (as before in steps 1-3 for the 

perturbed parameter value. Call the value of the loss function that results from perturbing 

the level of parameter i , iL . 

 

7. Repeat steps 1-5 for all parameters to be calibrated. 

 

8. Approximate the elements of the gradient of the loss function with respect to each 

parameter i , il , as: 

 i
il
L L
δ
−

=  

9. If the elements of the gradient, il , are approximately equal to zero, then we are done. 

 

10. If the gradient elements are not close to zero, update the vector of parameters, 

[ , , ]hzP β γ ρ= … , to a new set of candidate values, 'P , based on the evaluation of the 

gradient: 

 'P P ϖ= − Λ  

where [ , , ]
hz

l l lβ γ ρΛ = …  and ϖ  is a speed of adjustment parameter. 

 

11. Return to step 1. 
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In practice, we set ϖ =  5e-7 and run the third procedure for approximately 5000 iterations. 
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