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1. Introduction

The problem addressed in this paper is how a government facing a predetermined

constraint on the consumption level of a specific good (with varieties) should set

price-based instruments such as taxes (or subsidies). Governments frequently face

quantity constraints, due to either environmental or social reasons. For example, we

may consider the target level for some pollutant to protect the environment; or we

may think of merit and demerit goods where the government aims at meeting some

specified (minimum respectively maximum) level of consumption. Here, goods

such as inoculation against a contagious disease, education, cultural goods, sport-

ing activities and safety precaution may represent examples for the first category;

and cigarettes, alcohol, drugs, prostitution, and fuel consumption, for the second.1

Also, in view of scarce natural resources, the quantity constraint may represent the

sustainable yield of renewable resources such as fish, game,timber, etc. Finally, in

both trade theory and policy quantity constraints are not unusual. For example, im-

port quotas for some classes of goods are imposed to protect domestic industries or

to discriminate against a foreign country; and for similar reasons, voluntary export

restrains may be applied. In all of these cases a government may consider applying

familiar fiscal instruments—taxes and subsidies imposed onthese goods (and their

varieties)—to interfere with total consumption.2

1For example, since 2003 the WHO requests member states to increase influenza vaccination

coverage of all people at high risk with the goal of attainingvaccination coverage of the elderly

population of 75% by 2010 (56th WHA, 2003). In 2009 the Council of the EU recommended

member states to reach this goal by the winter of 2014/2015 (European Commission, 2009). As

a second example consider the governmental objective to reduce consumption of alcohol: in 2010

the Russian government, alarmed by Russians’ excessive alcohol consumption, pledged to reduce

alcohol consumption by 55% by 2020.
2For instance, Article 6 of the WHO Framework Convention on Tobacco Control (FCTC, 2003–

2005) states “. . . , each Party should take account of its national health objectives concerning tobacco

control and adopt or maintain, as appropriate, measures which may include: (a) implementing tax

policies and, where appropriate, price policies, on tobacco products so as to contribute to the health

objectives aimed at reducing tobacco consumption.” Similarly, environmental taxes are frequently
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In this paper, we assume that the government uses unit taxes imposed on the

different varieties of a given basic commodity to meet a predetermined consumption

level. Then, the problem of the government may be formulatedas choosing con-

sumer prices for the different varieties of this good to maximise consumer welfare

subject to a restriction on the total consumption of all the varieties. Technically,

this is a problem of optimal commodity taxation with a quantity constraint. We

assume that the target consumption level is exogenous. It may be determined by ei-

ther some political process (e. g., an international environmental agreement), or by

institutional constraints (constitutional rights or lawsprotecting the environment),

or it may represent the solution of some more general optimisation problem (wel-

fare maximisation). The particular source of the constraint, though, is inessential

here, and in this sense, our paper contributes to second-best taxation: we derive the

optimal tax rates to attain a given target, which itself may or may not be socially

optimal.

It may be helpful to think of the quantity constraint as the target level for the

total consumption of a good with varieties generating an externality. To be specific,

the target level may be seen as the maximum amount of the emissions of a specified

pollutant, such as CO2 or NOx. Actually, many countries deploy environmental

taxes to limit pollutant emissions from transport, taxing different types of fuel, such

as gasoline, diesel, etc., at different rates, although the consumption of any of them

results in the emission of the same pollutant, e. g., CO2. (This observation still

holds true even if we calculate tax rates on the basis of theircarbon content.)3 It

is thus apparent that different varieties of fuel (or more precisely, carbon contained

in different types of fuel) may be, and actually are taxed at different rates, while

employed to meet predetermined emission or consumption targets. Notable examples are taxes on

different types of fuel to accomplish specified CO2- or NOx-emission levels.
3Actual tax rates on different types of fuel (and also on energy products and electricity) in the EU

are documented by the European Commission (2015). Using these figures it is simple to calculate

prices of carbon contained in a specific type of fuel by using the fact that, for example, each gallon

of petrol contains 2421 gram of carbon; and each gallon of diesel, 2778 gram (U. S. Environmental

Protection Agency, 2005).
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the political interest focuses on total consumption, e. g.,CO2, rather than on its

composition.

In this regard, the issue considered here is related to Pigouvian taxation.4 Yet,

we do not restrict ourselves to the case of externalities. Rather, as mentioned above,

we allow for a broad interpretation of the predetermined constraint on the total con-

sumption level of a specific good with varieties. Accordingly, we explore the funda-

mental fiscal problem in a general setting: given the target level of total consump-

tion, how should taxes on different varieties be determined in order to accomplish

that target at lowest cost (or highest utility)? This approach is parallel to, though

still different from, the standard problem in the optimal taxation literature, where the

utility maximisation is subject to a constraint on tax revenue. Since the constraint

we consider here is on consumption, rather than on tax revenue (or expenditure), we

thus explore how the presence of a quantity constraint affects the existing results of

the optimal taxation literature obtained under a revenue constraint. To our knowl-

edge, the role of this type of a constraint has not yet been explored in the literature

since the seminal work of Ramsey (1927), whose contributionhas recently been

thoroughly reviewed and re-evaluated by Stiglitz (2015). Yet, the apparently unno-

ticed issue of a quantity constraint is too important to be neglected from a practical

point of view as explained above, and also from a theoreticalpoint of view since

this modification has unconventional implications as we will demonstrate below.

For the standard problem in public finance—utility maximisation subject to a

revenue constraint—the literature has established a series of fundamental and well-

known results. Among them, the following are the most notable. The inverse elas-

ticity rule (initiated by Ramsey, 1927): higher tax rates should be imposed on goods

with a less elastic demand.5 The Corlett–Hague rule (originating with Corlett and

Hague, 1953): higher tax rates should be imposed on goods with a lower compen-

sated price elasticity of demand with respect to the price ofan untaxed good (e. g.,

4Sandmo (1975) considered the optimal taxation problem where certain negative externalities are

present.
5The inverse elasticity rule has two versions, one for compensated demand and one for ordinary

demand. See, e. g., Sandmo (1987).
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leisure).6 Uniform taxation (presented in Diamond and Mirrlees, 1971;Sandmo,

1974; and Sadka, 1977): the same tax rates should be imposed on goods if, and

only if, the compensated price elasticities of the goods with respect to the price of

an untaxed good are all equal.7

In this paper, we first establish the existence of a solution of our optimal tax-

ation problem, and then demonstrate that the solution of this problem yields a

uniform-pricing result. This result is in parallel with thewell-known rule of uni-

form taxation: the same consumer price for all varieties is asolution if, and only

if, the compensated price elasticities of the varieties with respect to the price of an

untaxed good are all equal. Moreover, the equal elasticity condition implies that

all varieties are weakly substitutable (i. e., non-complementary) with respect to the

untaxed good.

If the elasticities under consideration are not equal, though, our problem gives

rise to implications different from, and even opposite to, the inverse elasticity rule

and the Corlett–Hague rule: we find that higher consumer prices should be charged

(i) on varieties with a more elastic demand, and (ii) on varieties with a higher

compensated price elasticity of demand with respect to the price of an untaxed

good. This anti-inverse elasticity result (and similarly the anti-Corlett–Hague re-

sult) sounds counter-intuitive at first, but it is actually not: in order for the same

reduction in consumption to be accomplished, elastic demand requires a smaller

price increase than does inelastic demand, and therefore itis less costly (in terms of

reduced consumer surplus) to reduce consumption of a variety with a more elastic

demand than of an inelastic demand. For this reason, it is more efficient to meet a

given target level of total consumption by taxing varietieswith higher demand elas-

ticity more heavily than those with less elastic demand. In this way, the target level

can be accomplished by bringing forth rather small price distortions. This reasoning

6For a recent study of this rule, see Kaplow (2010).
7Deaton (1979), Besley and Jewitt (1995), and Barbie and Hermeling (2009) provided conditions

on preferences for uniform commodity taxes to be optimal. Inparticular, these authors showed that

uniform commodity taxes are optimal if, and only if, preferences are implicitly (or quasi) separable

between leisure and consumption goods.
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applies irrespective of whether the target level has to be reached from above (reduc-

tion of demand) or from below (increase of demand). (A similar intuitive reasoning

applies for the anti-Corlett–Hague result.)

Hence, the policy implications of our problem depend on the values of the

compensated price elasticities of the varieties with respect to the price of an untaxed

good. It is thus necessary to investigate the empirical validity of the equal elasticity

condition. Sandmo (1974) shows that the condition is satisfied when a consumer has

homogeneous preferences which are weakly separable between the taxed goods and

an untaxed good (e. g., leisure). However, weak separability is empirically rejected

by many optimal tax studies (see, e. g., Jacobs and Boadway, 2014, fn. 2).

In this paper, we do not consider different goods, though, but consider different

varieties of a specific good, and it seems to be an open question whether varieties

of the same good are similarly related to other goods. For example, Borcherding

and Silberberg (1978) and Silberberg and Suen (2001, p. 340)argue that two close

substitutes such as a high and a low quality of the same good (e. g., apples) should

be similarly related to other goods (a composite good) and the asymmetry in this

relation seems to be “empirically insignificant.” However,Minagawa (2012) ques-

tions this view, providing a qualification to this argument:suppose that there are

three goods, say high and low priced (quality of) coffee beans, and milk. Then, a

rise in the price of the high quality coffee leads to an exchange of one unit of this

quality for more than one unit of the low quality coffee (due to the exchange rate).

The total consumption of coffee beans thus increases, and correspondingly the total

consumption of milk also increases provided that the consumer always takes their

coffee with milk. In this case, the more expensive high-quality coffee beans and

milk are substitutes while the less expensive low-quality coffee beans and milk are

complements.

The rest of this paper is organised as follows. In Section 2 weset up the

problem of the optimal commodity tax under a consumption target. This problem is

then solved in Section 3, where we also derive its policy implications. Finally, we

conclude in Section 4.
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2. Model

Assume that there aren varieties of some specific good, the (generic) quantities of

which we denote byx := (x1, x2, . . . , xn) ∈ Rn
+; and letp := (p1, p2, . . . , pn) ∈ Rn

+ be

the corresponding net prices, which we assume to be fixed throughout. Suppose that

the set of these varieties is subject to unit taxes, denoted by t := (t1, t2, . . . , tn) ∈ Rn,

so that the consumer prices are given byq := (q1, q2, . . . , qn) ∈ Rn
++ whereq ≡ p+ t.

Let x0 ≧ 0 denote the (generic) quantity of a composite good, which isnot subject

to taxation, so that its price is simply denoted byq0 > 0.

Suppose that a consumer’s preference relation is represented by a continuous

utility function u : Rn+1
+ → R : (x0, x) 7→ u(x0, x) which is strictly increasing and

strictly quasi-concave onRn+1
++ with u(x0, x) = c for any (x0, x) ∈ Rn+1

+ \R
n+1
++ , for

somec ∈ R. The consumer chooses consumption of then + 1 goods to maximise

their utility u(x0, x) subject to their budget constraint
∑n

i=0 qixi ≦ I whereI > 0 rep-

resents the consumer’s income. This utility maximisation problem yields ordinary

(or Marshallian) demand functions,xm
0 (q0, q, I) andxm(q0, q, I). Correspondingly,

the expenditure minimisation problem gives compensated (or Hicksian) demand

functions,xh
0(q0, q, v) andxh(q0, q, v), wherev represents a specified utility level.

The government chooses consumer pricesq (or unit taxest) to maximise the

consumer’s welfare, given by the indirect utility functionV(q0, q, I) := u(xm
0 (q0,

q, I), xm(q0, q, I)), and subject to the quantity constraint
∑n

i=1 xm
i (q0, q, I) = Z̄, where

Z̄ ∈ (0, ζ], for someζ > 0, represents a given target amount of total consumption of

then varieties of the good.8 Hence, the government faces the problem

Maximise
q

V(q0, q, I) s. t.
n

∑

i=1

xm
i (q0, q, I) = Z̄. (1)

8Some applications require a greater-than-equal-to constraint, demanding that total consumption

of n varieties of a good may not fall short of some minimum level (e. g., merit goods), while other

applications require a less-than-equal-to constraint, demanding that total consumption may not ex-

ceed some maximum level (e. g., demerit goods). Since in either case abinding constraint becomes

an equality constraint, we consider that case here.
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We are interested in the properties of the solutions of this problem, and thus next

derive optimal price vectors. To begin with, we first establish the existence of a

solution to problem (1).

3. Results

In order to establish the existence of a solution to problem (1), we make the follow-

ing assumption on the feasibility of accomplishing a consumption target.9

Assumption 1. For anyZ̄ there is a price vectorq such that
∑n

i=1 xm
i (q0, q, I) = Z̄

with xm
i (q0, q, I) > 0 for all i = 0, 1, . . . , n.

Under Assumption 1, in addition to the assumptions given in Section 2, we

prove the following existence result.

Proposition 1. There exists a solution to the taxation problem (1).

Proof.10 We first show that there exists a solution to the problem

Maximise
q

V(q0, q, I) s. t.
n

∑

i=1

xm
i (q0, q, I) = Z̄, q j ≧ ε, j = 1, 2, . . . , n, (2)

whereε > 0 is sufficiently small. LetQZ̄,ε ≡ { q ∈ Rn
++ |

∑n
i=1 xm

i (q0, q, I) = Z̄, q j ≧

ε, j = 1, 2, . . . , n}. Then, according to Assumption 1, for any given valueZ̄ the set

QZ̄,ε is non-empty. That is, we can find a price vectorq̄ ∈ QZ̄,ε with xm
i (q0, q̄, I) > 0

for all i = 0, 1, . . . , n. Let V̄ ≡ V(q0, q̄, I), which is greater thanc ∈ R by the assump-

tions for the utility function. We then define the setQV̄ ≡ { q ∈ Rn
++ |V(q0, q, I) ≧ V̄}.

Let Q ≡ QZ̄,ε
⋂

QV̄ . Sinceq̄ ∈ Q, the setQ is non-empty.

In the following, we will show that the setQ is compact. First, we prove that

the setQ is closed. LetQZ̄ ≡ { q ∈ Rn
++ |

∑n
i=1 xm

i (q0, q, I) = Z̄}. By the continuity

of the ordinary demand functions, the setQZ̄ is closed inRn
++. Similarly, by the

9Since the case of a single variety (i. e.,n = 1) is trivial —in fact, it boils down to the standard

textbook model with two goods: an untaxed good and a taxed good— we are interested in the case

of two or more varieties (i. e.,n ≧ 2). In this case, there are generically many price vectors leading

to the same level of total consumption (see Figure 1 for a caseof two varieties).
10The idea of this proof is borrowed from Iritani (1986, Sec. 1.6), who shows the existence of a

solution for the standard optimal commodity tax problem with a revenue constraint.
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continuity of the indirect utility function, the setQV̄ is closed inRn
++. Then the set

QZ̄
⋂

QV̄ is closed inRn
++. Let Qε ≡ { q ∈ Rn

++ |q j ≧ ε, j = 1, 2, . . . , n}. The setQε

is a subset ofRn
++ and is closed (inRn). The setQ ≡ (QZ̄

⋂

QV̄)
⋂

Qε is therefore

closed (inRn).

Second, we prove that the setQ is bounded. By way of contradiction, suppose

not. Then, there exists a sequence of prices{qν}∞
ν=1 in Q with ||qν|| → ∞. Now,

for eachν, let rν0 ≡ q0/(q0 +
∑n

i=1 qνi ), rνj ≡ qνj/(q0 +
∑n

i=1 qνi ), j = 1, 2, . . . , n, and

Iν ≡ I/(q0 +
∑n

i=1 qνi ). By passing to a subsequence if necessary, we may assume

that the sequence of prices and incomes{(rν0, r
ν, Iν)}∞

ν=1 is such thatrν0→ 0, r ν → r ′,

andIν → 0 where each element ofr ′ is in [0, 1] such thatr′k is non-zero for some

goodk.11

Then, from the homogeneity of degree zero, we have for eachν, xm
i (q0, qν, I)

= xm
i (rν0, r

ν, Iν) for all i = 0, 1, . . . , n. Moreover, it follows thatxm
k (rν0, r

ν, Iν) → 0,

since, by the budget constraint, we have 0≦ xm
k (rν0, r

ν, Iν) ≦ Iν/rνk for eachν. But

then, since for eachν, V(q0, qν, I) = V(rν0, r
ν, Iν) ≧ V̄ > c, the assumptions on the

utility function imply that there is some goodl such thatxm
l (rν0, r

ν, Iν) → ∞ (since

otherwise,V(rν0, r
ν, Iν) → c). This implies, together with the quantity constraint

∑n
i=1 xm

i (rν0, r
ν, Iν) = Z̄ for eachν, that xm

0 (rν0, r
ν, Iν) → ∞. On the other hand, by

the budget constraint, we have for eachν, rν0xm
0 (rν0, r

ν, Iν) +
∑n

i=1 rνi xm
i (rν0, r

ν, Iν) = Iν,

which is equal toq0xm
0 (rν0, r

ν, Iν) +
∑n

i=1 qνi xm
i (rν0, r

ν, Iν) = I. It thus follows that for

eachν, xm
0 (rν0, r

ν, Iν) = [I −
∑n

i=1 qνi xm
i (rν0, r

ν, Iν)]/q0. Since the right-hand side is

bounded above, we obtain a contradiction. Hence, the setQ is bounded. The set

Q is thus non-empty and compact, and the indirect utility function is continuous.

Therefore, by Weierstrass’ theorem, there exists a solution of (2).

We next establish the existence of a solution of (1). LetN be a sufficiently

large integer. Consider the sequence ofε in (2): {εν}∞
ν=N+1 whereεν ≡ 1/ν, and thus

εν → 0. Then, for eachν, there exists a solution of (2), and hence we may denote

it by qνε. We will prove that the sequence{qνε}
∞
ν=N+1 has an accumulation pointq∗

11Note thatr′k does not need to be equal to 1. For example, considerrνk = qνk/(q0 +
∑n

i=1 qνi ). If

qν1 = · · · = qνn for eachν, thenrνk → 1/n.
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in Rn
++. By way of contradiction, suppose not. Then, only two cases are possible:

(i) ||qνε|| → ∞ or (ii) an accumulation point exists but is not inRn
++. In either case,

by similar arguments to the above, we can derive a contradiction. Therefore, the

sequence{qνε}
∞
ν=N+1 has an accumulation pointq∗ in Rn

++. Clearly,q∗ is a solution of

(1). �

The situation for the case of a Cobb–Douglas utility function is illustrated in

Figure 1, in which the shaded area represents the setQV̄ andq∗ is the utility max-

imising price vector, for a given level of total consumptionZ̄ = x1 + x2.

q∗

q̄

V̄

Z̄

q2

q1
q∗1 q̄1

q̄2

q∗2

Figure 1. Curves of constant utility (red) and constant total con-

sumption (blue)

In the following, we assume that the utility function and thedemand functions

are continuously differentiable, and define the compensated price elasticity of good

i with respect to the consumer price of goodj by εh
i j := (q j/xh

i )(∂x
h
i /∂q j). We also

simply writexi to denote the level of the demand under consideration.
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Before proceeding to our next fundamental result, Proposition 2, we start with

the following observation.12

Lemma 1. If the compensated price elasticities of all varieties withrespect to the

price of the composite good are equal (i. e.,εh
i0 = α, ∀i , 0), then all varieties are

weakly substitutable (i. e., non-complementary) with respect to the composite good

(i. e.,α ≧ 0).

Proof. Given the fact that∂xh
i /∂q j = ∂xh

j/∂qi, the assumption of this lemma implies

that all εh
i0 andεh

0i (∀i , 0) have the same sign. Also, using Hicks’ (1939) “third

law” and the fact thatεh
00 ≦ 0, we obtain

∑n
i=1 ε

h
0i = −ε

h
00 ≧ 0. Therefore, allεh

0i and

εh
i0 (∀i , 0) must be non-negative. �

Remark 1. The result of uniform taxation, presented, for example, by Diamond

and Mirrlees (1971), Sandmo (1974), and Sadka (1977), is formally obtained under

the same elasticity condition as is Lemma 1.13 However, the implied consequence

shown in Lemma 1 (i. e., weak substitutability) is seeminglyunrecognised in the op-

timal taxation literature. In particular, in the basic optimal commodity tax problem

with n (or two) goods and leisure (good 0), Auerbach (1985, p. 90) and Auerbach

and Hines (2002, p. 1368) interpret the caseεh
i0 = α (∀i , 0) as meaning that all

goods are equally “complementary” to leisure.14 Hence, Lemma 1 corrects such an

interpretation. That is, since the cross-price elasticities cannot be negative in this

case, referring to this case as “complementary” seems to be inaccurate.

Proposition 2. Suppose that at least one of then derivatives (∂/∂q j)
∑n

i=1 xm
i (q0, q,

I), j = 1, 2, . . . , n at a solution for (1) is not zero. Then the choice of equal consumer

12This is a straightforward generalisation of the three-goodcase given by Minagawa and Upmann

(2013, fn. 3).
13Sandmo (1974) also shows that this condition is satisfied when the utility function is weakly

separable, written asu(x0, f (x)), and the functionf is homogeneous of positive degree. See also

fn. 7.
14Similarly, Heady (1993, p. 33) states that “all goods have the same degree of complementar-

ity or substitutability with leisure”; Sørensen (2007, p. 387), that “goods and services are equally

substitutable for (complementary to) leisure”; and Boadway (2012, p. 54), that “all goods must be

equally complementary with leisure.”
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prices for all varieties (i. e.,qi = q, ∀i , 0) is a solution to problem (1) if, and only

if, all varieties are equally weakly substitutable with respect to the composite good

(i. e.,εh
i0 = α ≧ 0, ∀i , 0).

Proof. We first prove the “only if.”15 Since for somej, (∂/∂q j)
∑n

i=1 xm
i (q0, q, I) at

a solution of (1) is non-zero, the usual constraint qualification (the so-called rank

condition) is satisfied. So, the Lagrangian for (1) isL(q, λ) := V(q0, q, I) + λ[Z̄ −
∑n

i=1 xm
i (q0, q, I)]. Applying Roy’s identity to the first order conditions, weobtain

−µx j − λ

n
∑

i=1

∂xm
i

∂q j
= 0, j = 1, 2, . . . , n, (3)

whereµ ≡ ∂V/∂I is the marginal utility of income.16 Using the Slutsky equation,

we may express Eq. (3) as

−
µ

λ
+

n
∑

i=1

∂xm
i

∂I
=

1
x j

n
∑

i=1

∂xh
i

∂q j
, j = 1, 2, . . . , n. (4)

The left-hand side of Eq. (4) is independent ofj, and we denote it byθ. Then,

using the fact that∂xh
i /∂q j = ∂xh

j/∂qi and the compensated price elasticities, we

may express Eq. (4) as

θ =

n
∑

i=1

εh
ji

qi
, j = 1, 2, . . . , n. (5)

For equal consumer prices,qi = q ∀i = 1, . . . , n, the right-hand side of Eq. (5)

becomes (1/q)
∑n

i=1 ε
h
ji. Using Hicks’ “third law,” we get (1/q)

∑n
i=1 ε

h
ji = (1/q)(−

εh
j0). Then using Lemma 1, allεh

j0 ( j , 0) must be equal and non-negative.

Next, we prove the “if.”17 Suppose that all varieties are equally weakly sub-

stitutable with respect to the composite good,εh
j0 = α ≧ 0, ∀ j , 0. Then, by

15Since problem (1) is similar to the basic optimal commodity tax problem that a government

maximises a consumer’s indirect utility subject to a revenue constraint, we may essentially follow

the approach to the latter problem given by Diamond and Mirrlees (1971).
16Likewise, we may interpret the multiplierλ as the marginal utility of public consumption, since

∂V(q0, q(Z̄), I)/∂Z̄ = λ whereq j = q j(Z̄) is a solution of (1).
17This is similar to the demonstration of the uniformity of taxrates in the basic optimal commod-

ity tax problem given by Sandmo (1974). See also Sadka (1977).
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definition,∂xh
j/∂q0 = αx j/q0. Thus, by symmetry,∂xh

0/∂q j = αx j/q0. Substituting

this relation into the Slutsky equation yields

∂xm
0

∂q j
=
∂xh

0

∂q j
−
∂xm

0

∂I
x j =

(

α −
∂xm

0

∂I
q0

)

x j

q0
, j = 1, 2, . . . , n. (6)

The term within the parentheses in Eq. (6) is independent ofj, and we denote it

by β, that is,∂xm
0 /∂q j = βx j/q0. Now, differentiating both sides of the identity

∑n
i=0 qixm

i (q0, q, I) ≡ I with respect toq j and using the above relation, we obtain

x j = −
1

1+ β

n
∑

i=1

qi
∂xm

i

∂q j
. (7)

Substituting this into Eq. (3) yields
n

∑

i=1

[

µ

(1+ β)
qi − λ

]

∂xm
i

∂q j
= 0, j = 1, 2, . . . , n. (8)

Then, [µ/(1 + β)]qi − λ = 0, ∀i , 0 is a solution of Eq. (8).18 That is, qi =

(1+ β)λ/µ, ∀i , 0. The solution is independent ofi and may be denoted byq. �

Example 1.Consider the consumer’s problem with two varieties. Suppose that the

preference relation is represented by a Cobb–Douglas utility function u(x0, x) :=

x0x1x2. Letq0 = 1. Solving the utility maximisation problem, we havexm
i (q0, q, I) =

I/(3qi), and thenV(q0, q, I) = I3/(27q1q2). Next, consider the government’s prob-

lem. The first order conditions give rise to the unique solution q1 = q2 = 2I/(3Z̄)

andλ = IZ̄/6. Moreover, the Hessian matrix of the Lagrangian is


























































∂2L

∂q2
1

∂2L
∂q1∂q2

∂2L
∂q1∂λ

∂2L
∂q2∂q1

∂2L

∂q2
2

∂2L
∂q2∂λ

∂2L
∂λ∂q1

∂2L
∂λ∂q2

∂2L
∂λ2



























































=

























































0
3Z̄4

16I
3Z̄2

4I

3Z̄4

16I
0

3Z̄2

4I

3Z̄2

4I
3Z̄2

4I
0

























































. (9)

Since the determinant of this matrix is 27Z̄8/(128I3) > 0, the second order condition

is satisfied.19 Therefore, the solution is indeed optimal. �

18The solution is unique if the matrix (∂xm
i /∂q j) (i, j = 1, 2, . . . , n) is non-singular.

19The second order condition for the constraint maximisationproblem with two variables and one

equality constraint is that the determinant of the Hessian matrix of the Lagrangian is positive. See,

e. g., Silberberg and Suen (2001, Sec. 6.5).
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Next, we investigate the case of Lemma 1 when the equal elasticity condition

does not hold. Consider the case of two varieties in the general setting. Eliminating

θ and using Hicks’ “third law,” Eq. (5) becomes

q1

q2
=
εh

21 + ε
h
12 + ε

h
10

εh
12 + ε

h
21 + ε

h
20

. (10)

Hence, we haveq1 ≷ q2 ⇔ ε
h
10 ≷ ε

h
20, provided that the denominator and numerator

of the right-hand side are positive. This relation suggeststhat higher consumer

prices should be charged for the variety with the higher compensated price elasticity

with respect to the composite good. Moreover, suppose that all compensated cross-

price effects except with respect to good 0 are zero. Then, sinceεh
i0 = −ε

h
ii, i = 1, 2,

the above relation becomes

q1

q2
=
εh

10

εh
20

=
εh

11

εh
22

. (11)

Hence, we haveq1 ≷ q2 if, and only if, |εh
11| ≷ |ε

h
22|. This suggests that higher

consumer prices should be charged for the variety with the more elastic demand.

On the other hand, the Corlett–Hague rule in the three good case with one

untaxed good and two taxed goods (see, e. g., Auerbach and Hines, 2002, Eq. 3.21)

can be written in our notation as

t1/q1

t2/q2
=
εh

21 + ε
h
12+ ε

h
20

εh
12 + ε

h
21+ ε

h
10

, (12)

and we then havet1/q1 ≷ t2/q2 ⇔ εh
20 ≷ ε

h
10, provided that the denominator and

numerator of the right-hand side are positive. That is, higher tax rates should be

imposed on the good with the lower compensated price elasticity with respect to the

untaxed good 0. Finally, assuming that all compensated cross-price effects except

with respect to good 0 are zero, the inverse elasticity rule in the same three good

case for the Corlett–Hague rule mentioned above may be expressed as

t1/q1

t2/q2
=
εh

20

εh
10

=
εh

22

εh
11

, (13)

and we havet1/q1 ≷ t2/q2 if, and only if, |εh
22| ≷ |ε

h
11|. That is, higher tax rates

should be imposed on the good with the less elastic demand.



14

Comparing these results with our results, we find that if the equal elasticity

condition does not hold, our problem gives rise to implications different from the

Corlett–Hague rule and the inverse elasticity rule. In particular, when both net

prices,p1 and p2, are the same, we obtainq1 ≷ q2 ⇔ t1 ≷ t2 ⇔ t1/q1 ≷ t2/q2.

Hence, in this case, our implications are exactly opposite to the implications of

either rule.

4. Conclusion

In this paper, we considered the problem in which a government chooses consumer

prices (or unit taxes) for the different varieties of some specific good to maximise

consumer welfare while achieving a specified level of total consumption of that

good. This problem thus constitutes an optimal commodity tax problem under a

quantity constraint.

We first showed that a solution to this problem exists; then, that the requirement

that all compensated cross-price elasticities with respect to the composite good are

equal and non-negative is a necessary and sufficient condition for the optimality

of equal consumer prices for all varieties. This result, of equal prices, is similar

to the existing result of uniform tax rates. On the other hand, if this requirement

does not hold, then the results are different from, and even opposite to, the existing

results of the inverse elasticity rule and the Corlett–Hague rule: we found that higher

consumer prices should be charged (i) for the variety with the more elastic demand,

and (ii) for the variety with the higher compensated price elasticity of demand with

respect to the price of an untaxed good.

The policy implications of our problem therefore depend on the values of the

cross-price elasticities, but, as mentioned in the Introduction, it seems to be an open

question whether the assumption of equal elasticities is satisfied. It thus becomes

an important empirical question whether varieties of the same good are similarly

related to other goods.
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