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Abstract Understanding the industrial structure of a national or regional economy
is one of the central issues in economics. The triangulation of an input–output table
(IOT) can be employed to understand the production structure of an economy. Inter-
temporal and inter-regional comparisons of multiple IOTs have addressed interesting
and important issues pertaining to international trade, economic growth, and inter-
industry relationships in the economy. Rank correlation coefficients between sector
rankings obtained by solving optimization problems have been utilized to quantify
similarities among production structures. However, it is well known that calculated
rank correlations might be weak even if underlying structures are similar because the
optimization problem inherently has multiple optimal solutions, thus leading to erro-
neous interpretations. This paper proposes a new method to triangulate IOTs based
on mixed integer programs (MIPs) for comparing the production structures of mul-
tiple economies. The proposed new method does not suffer from non-uniqueness of
optimal solutions and is consistent with maximization of the Kendall rank correla-
tion coefficient. The application of the proposed method to the Japanese economy
demonstrates stability of the Japanese production structure during 1995–2005. Com-
parisons of triangulated IOTs further reveal similarities in production structures of
the Chinese, Japanese, and the U.S. economy for the year 2009.
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List of Abbreviations
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IP: Integer program
WIOD: World Input–Output Database

1 Introduction

The entire production structure of a national or regional economy can be represented
through its input–output table (IOT), consisting of extensive numerical data on differ-
ent branches of national and regional economies. Quantitative methods for summariz-
ing and visualizing information archived in IOTs are indispensable, since understand-
ing the industrial structure of an economy is one of the central issues in economics.
Triangulation of IOTs is one such method that facilitates summarization and analysis
of data. This paper proposes a new method to triangulate IOTs based on mixed integer
programs (MIPs) for examining production structures of economies, and conducting
inter-temporal and inter-regional comparisons.

Primary, secondary, and tertiary sectors in an IOT in its original form are tradi-
tionally arranged in the aforementioned order. An IOT of sufficiently detailed sector
classification has many zero elements and it is a sparse matrix because most sectors
require product inputs from a limited number of sectors. Therefore, an IOT may be
triangulated, implying that most elements in the upper triangular part are zeros, by
rearranging the sectors based on degrees of fabrication. Triangulation arrangement
is fairly straightforward for sectors among which relative degrees of fabrication are
clearly defined based on expert knowledge of industrial technologies. For instance,
the automotive sector is followed by motor vehicle parts sectors in a triangulated table
because an automobile is more highly fabricated than its parts. However, the relative
degrees of fabrication among some sectors may not always be clearly defined. In all
such cases, an IOT can still be triangulated approximately, for example, by solving an
optimization problem. The ordering of sectors in an IOT triangulated in this manner
can be interpreted as a descending order of degrees of fabrication, by analogy with
the relationship between the automotive sector and motor vehicle parts sectors. This
paper proposes a new method of triangulation based on optimization problems.

Leontief (1963, p. 151) traces back the history of triangulation of IOTs to the re-
search by Marshall K. Wood, George D. Danzig, and their associates in Project Scoop
of the U.S. Air Force during the late 1940s. Their original motivation in rearranging
sectors was to reduce computational burden for solving a system of linear equations.
However, they also found that a triangulated IOT reveals structural characteristics of
the economy that it represents. Moreover, the major present day utility of triangula-
tion is to serve as a tool for analyzing the production structure of an economy, since
solving an optimization problem for triangulation is a much more computer-intensive
task than solving a system of linear equations. As Korte and Oberhofer (1970, Sect. 6)
summarized, the major applications of triangulated IOTs that contribute to practical
economic decision making include studying the production structure of economies,
serving as a device to compare various economies, examining sectors that influence
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business cycles and economic growth, reducing computational burden of solving sys-
tems of linear equations, and enhancing forecasting and economic planning.

In addition to the applications summarized by Korte and Oberhofer (1970), trian-
gulated IOTs lend themselves to useful analysis on at least two counts in the con-
temporary context. First, graphical visualization of a triangulated IOT is useful in
identifying inter-sectoral dependence. Triangulation greatly improves and enhances
the readability of a graphically represented IOT and aids in obtaining the complete
picture of inter-sectoral transactions with little loss of information for each transac-
tion. Nakamura et al. (2011) provide an example of visualizing triangulated IOTs for
analyzing inter-sectoral flows of iron and steel in passenger car production. The or-
dering of sectors in triangulated IOTs can also be used to determine the positioning
of sectors in a flow diagram. Nakamura et al. (2011) and Nakajima et al. (2013) have
shown such drawings through the Sankey diagrams.

Second, the fundamental structure of production discussed by Simpson and
Tsukui (1965), its inter-temporal stability, and inter-regional similarity need to be
re-investigated. Following the pioneering studies by Chenery and Watanabe (1958),
Leontief (1963), and Simpson and Tsukui (1965), a number of studies examined de-
veloped and less developed economies through triangulated IOTs and provided em-
pirical evidence that the production structures of these economies are quite similar
to each other and fairly stable over time. Korte and Oberhofer (1970), Lamel et al.
(1972), Santhanam and Patil (1972), Song (1977), Fukui (1986), Pryor (1994), and
Östblom (1993, 1997) are some such studies. With recent technological progress en-
gendering factors such as promotion of industrial symbiosis, substitution of materials
across sectors, and green product-service system, it is worth checking if these factors
have caused a change in hierarchy among sectors. With this background, this pa-
per proposes an extension of the triangulation problem for comparing the production
structures of multiple economies.

The remainder of the paper is organized as follows. Section 2 formulates a tri-
angulation problem according to available literature and extends it for developing a
new method to compare two or more IOTs. The new method is applied for inter-
temporal and inter-regional comparisons in Sect. 3. Concluding remarks are outlined
in Sect. 4. Computer codes used for implementing the new method are provided in
the supplementary material.

2 Methods

2.1 Literature Review

Most studies such as Simpson and Tsukui (1965) and Fukui (1986) define triangu-
lation of an IOT as an optimization problem to maximize the sum of elements in
the lower triangular part by permuting sectors. This is a combinatorial optimiza-
tion problem known as an NP-hard problem and is difficult to solve (Karp 1972;
Charon and Hudry 2007). It offers n! feasible solutions if there are n sectors. In case
the value of n is very small, enumerating all the n! permutations of sectors and choos-
ing an optimal solution from among them can easily solve the problem. For example,
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if n = 5, enumerating the n! = 120 permutations and choosing an optimal solution
may resolve the problem. However, such a brute force algorithm works only when
the value of n is very small and its application is problematic even in the case of
moderate number of sectors such as n = 50 for which n! ≈ 3.0 × 1064.

Several algorithms specifically designed for the triangulation problem have been
developed and proposed in the literature. Simpson and Tsukui (1965), Korte and
Oberhofer (1970), and Fukui (1986) proposed heuristic algorithms in which they
have iterated substitutions of sectors, called ringshift permutations. However, op-
timal solutions are not necessarily obtained by executing these algorithms. Algo-
rithms with which optimal solutions can be found for problems of moderate size
have also been developed. Haltia (1992) and Östblom (1997) proposed an algorithm
without ringshift permutations. The triangulation problem is equivalent to the lin-
ear ordering problem and more efficient algorithms for generating optimal solutions
have been proposed in the literature on operations research (Grötschel et al. 1984a;
Laguna et al. 1999; Mitchell and Borchers 2000; Chiarini et al. 2004; Pintea et al.
2009). Mitchell and Borchers (2000) have noted that an exact solution to a linear
ordering problem with 250 objects or sectors can be obtained.

Because the triangulation problem can be represented as an integer program (IP)
as explained in Grötschel et al. (1984a, 1984b) and Chiarini et al. (2004), it can be
solved, at least approximately, by a general-purpose algorithm for IPs implemented in
currently available software. It can be said that most general-purpose algorithms are
less efficient than special algorithms. However, general-purpose algorithms, unlike
special algorithms, can be applied even when the original problem is extended or
modified, for example, by adding constraints or changing the objective function. This
paper utilizes an IP representation of the triangulation problem for comparing the
production structures of multiple economies.

Inter-temporal or inter-regional comparisons of two (or more) IOTs have been
used to address interesting and important issues in economics since the early stud-
ies such as those undertaken by Chenery and Watanabe (1958). In addition to
comparing the entire sequences of sectors in two triangulated IOTs, the Spearman
rank correlation coefficient has been used to quantify the similarity between the
two sequences (Chenery and Watanabe 1958; Grötschel et al. 1984b; Fukui 1986;
Östblom 1993). As Grötschel et al. (1984b) and Östblom (1997) have pointed out,
although the optimal sequences of sectors may appear to be quite different, their
underlying structures might be similar. This is because typically, an optimal solu-
tion to the triangulation problem is not unique. The non-uniqueness of optimal solu-
tions inherently indicates a basic characteristic of the production structure in terms
of sectors. For example, (a) the automotive sector is followed by (e) engine- and (t)
tire-producing sectors in a triangulated table. Optimal solutions to the triangulation
problem are either (a) → (e) → (t) or (a) → (t) → (e). If two IOTs are individu-
ally triangulated and the rank correlation coefficient is calculated without carefully
considering the optimal rankings or triangulated tables, the result is more likely to be
misinterpreted. It is useless to discuss the difference between the two ordering, (a) →
(e) → (t) and (a) → (t) → (e), in the example. This paper proposes a new method
for comparing the structures of multiple economies, which does not suffer from the
non-uniqueness of optimal solutions and is consistent with the maximization of the
Kendall rank correlation coefficient. The method is presented in detail in Sect. 2.3.
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2.2 Definition and Representations of the Triangulation Problem

Let there be n industrial sectors and suppose that our target is to triangulate an n × n

matrix A = (Aij ) that describes inter-dependence among sectors. We do not specify
this matrix in more detail here, and simply call it an IOT in this section. The next
section outlines this aspect in greater detail. We define the set of natural numbers re-
ferring to n sectors as N = {1, . . . , n}. We then denote a permutation of n sectors by
π = (π(1), . . . , π(n)) and the set of all permutations of sectors by Π . Given an arbi-
trary permutation π ∈ Π , let A(π) = (Aij (π)) denote the IOT in which the sectors
are permuted according to π . This is written as follows:

Aij (π) = Aπ(i)π(j) (i, j ∈ N). (1)

The triangulation problem is formulated as a combinatorial optimization problem:

maximize �
(
A(π)

)

subject to π ∈ Π,
(2)

where �(M) = ∑
i>j Mij for any n × n matrix M = (Mij ), representing the sum of

elements in the lower triangular part.
An index called the degree of linearity has been used in the literature (e.g., Fukui

1986) to represent how well an IOT is triangulated. Given an IOT, the degree of
linearity of a permutation π is defined as follows:

λ
(
A(π)

) =
∑

i>j Aij (π)∑
i �=j Aij (π)

= �(A(π))∑
i �=j Aij

. (3)

The numerator is the same as the objective function of the triangulation problem de-
scribed by (2). The denominator is the sum of all the off-diagonal elements. Note that
a permutation π that maximizes the objective function of the triangulation problem
�(A(π)), also maximizes the degree of linearity λ(A(π)), because the denominator
does not depend on π .

Let us introduce the following n × n matrix of binary variables, X = (Xij ):

Xij = 1
{
π−1(i) ≥ π−1(j)

}
(i, j ∈ N), (4)

where 1{·} is the indicator function such that 1{P } = 1 if the proposition P is true,
and 1{P } = 0 otherwise. Given a permutation π , π(p) represents the sector at the
pth position and π−1(s) represents the position at which sector s is placed, where
“sector s” refers to the sth sector in the original ordering. Note that Xii = 1 for
every i ∈ N , Xij = 1 if sector j precedes sector i in the permutation π , and Xij = 0
otherwise. In other words, Aij is located in the lower triangular part or on the main
diagonal of A(π) if Xij = 1. The following equality thus holds:

�
(
A(π)

) =
n∑

i=1

n∑
j=1

AijXij −
n∑

i=1

Aii . (5)



Page 6 of 19 Y. Kondo

It is known that the triangulation problem described in (2) can be represented as
the following IP (deCani 1969; Grötschel et al. 1984a; Chiarini et al. 2004):

maximize
n∑

i=1

n∑
j=1

AijXij −
n∑

i=1

Aii

subject to Xii = 1 (i ∈ N),

Xij + Xji = 1 (i < j ; i, j ∈ N),

0 ≤ Xij + Xjk − Xik ≤ 1 (i < j < k; i, j, k ∈ N),

Xij ∈ {0,1} (i, j ∈ N).

(6)

Alternatively, it can also be represented as the following IP:

maximize
n−1∑
i=1

n∑
j=i+1

{
(Aij − Aji)Xij + Aji

}

subject to 0 ≤ Xij + Xjk − Xik ≤ 1 (i < j < k; i, j, k ∈ N),

Xij ∈ {0,1} (i < j ; i, j ∈ N).

(7)

More specifically, the last representation is a {0,1}-program, which has n(n − 1)/2
binary variables and n(n − 1)(n − 2)/3 inequality constraints.

Given that an optimal solution is obtained for (7), the corresponding optimal per-
mutation π can then be derived by the following equation:

π−1(i) =
n∑

j=1

Xij (i ∈ N), (8)

where Xii = 1 (i ∈ N ) and Xji = 1 − Xij (i < j ; i, j ∈ N ).

2.3 Extension of the Triangulation Problem for Comparing Input–Output Tables

Suppose that we have IOTs for nT time periods, A(t) = (A
(t)
ij ) (t ∈ T ), where

T = {1, . . . , nT } and superscript “(t)” indicates the time period (the method pro-
posed in this section can be applied for inter-regional comparisons; however, this
section focuses on inter-temporal comparisons). Suppose that we have solved IP (7)

with A = A(t) for all time periods and obtained an optimal solution X
(t)

ij , the corre-

sponding optimal permutation π (t), and the optimal value M(t) (maximized objective
value) of the program. We propose to find nT sequences of sectors that are mutu-
ally as close as possible, guaranteeing that best degrees of linearity are attained. The
problem for nT = 2 and T = {1,2} can be written as follows, with the concept of
“difference” allowed to be ambiguous:

minimize difference between π (1) and π (2)

subject to �
(
A(t)(π (t))

) = M(t) (t ∈ T ),

π (t) ∈ Π (t ∈ T ).

(9)
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Let us define the difference between π (1) and π (2) as the sum of absolute differ-

ences between the elements of X(1) and X(2), that is,
∑n−1

i=1
∑n

j=i+1 |X(1)
ij − X

(2)
ij |.

The advantage of this difference over others such as the sum of squared differences
will be discussed later. We now introduce new variables, Uij ,Vij (i < j ; i, j ∈ N ),
such that

Uij − Vij = X
(1)
ij − X

(2)
ij , Uij ≥ 0,Vij ≥ 0 (i < j ; i, j ∈ N). (10)

Note that |X(1)
ij − X

(2)
ij | = Uij + Vij if UijVij = 0 and (10) hold for any pair of X

(1)
ij

and X
(2)
ij . This is a well-known technique for dealing with absolute values in the field

of operations research.
By employing this technique, we make the program (9) concrete and propose the

following MIP for comparing hierarchies among sectors in two IOTs:

minimize
n−1∑
i=1

n∑
j=i+1

(Uij + Vij )

subject to 0 ≤ X
(t)
ij + X

(t)
jk − X

(t)
ik ≤ 1 (i < j < k; i, j, k ∈ N; t ∈ T ),

Uij − Vij = X
(1)
ij − X

(2)
ij (i < j ; i, j ∈ N),

n−1∑
i=1

n∑
j=i+1

{(
A

(t)
ij − A

(t)
ji

)
X

(t)
ij + A

(t)
ji

} = M(t) (t ∈ T ),

X
(t)
ij ∈ {0,1} (i < j ; i, j ∈ N; t ∈ T ),

Uij ≥ 0, Vij ≥ 0 (i < j ; i, j ∈ N).

(11)

The first and fourth constraints form the same set of constraints in (7) and correspond
to the constraints π (t) ∈ Π (t ∈ T ) in (9). X(1) = (X

(1)
ij ) and X(2) = (X

(2)
ij ) consis-

tently represent two permutations of sectors. The second and fifth constraints and the
objective function compose the technique to minimize the difference between π (1)

and π (2), or
∑n−1

i=1
∑n

j=i+1 |X(1)
ij − X

(2)
ij |. The third constraint corresponds to the

constraints �(A(t)(π (t))) = M(t) (t ∈ T ) in (9) and guarantees that best degrees of
linearity are attained. It should be noted that the nonlinear constraint UijVij = 0 is
not necessary in the program (11) in the sense that optimal solutions always satisfy
the constraint because of the characteristics of its objective function.1 Therefore, the
linearity of the program, except for the binary constraints on X

(t)
ij , is maintained.

The advantage of program (11), a specific form of the general program (9), over
other forms is at least twofold. First, the objective function and constraints, except for
integralities, are linear in variables. This linearity is almost a prerequisite because we

1Suppose that Uij Vij �= 0 for some feasible solution for (11). By letting Wij = min{Uij ,Vij } and replac-
ing (Uij ,Vij ) with (Uij −Wij ,Vij −Wij ), we can construct another feasible solution which has a smaller
objective value and satisfies the nonlinear constraint as (Uij − Wij )(Vij − Wij ) = 0.
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use a general algorithm, rather than develop specialized algorithms. Therefore, we do
not specify the difference between π (1) and π (2) as a nonlinear formula such as the
sum of squared differences between rankings.

Second, MIP (11) is consistent with the Kendall rank correlation coefficient. Note
that for any pair (i, j) such that i �= j (i, j ∈ N ),

X
(1)
ij − X

(2)
ij =

⎧⎪⎨
⎪⎩

1 if π−1
(1) (i) > π−1

(1) (j) and π−1
(2) (i) < π−1

(2) (j),

−1 if π−1
(1)

(i) < π−1
(1)

(j) and π−1
(2)

(i) > π−1
(2)

(j),

0 otherwise,

(12)

because X
(t)
ij = 1{π−1

(t)
(i) > π−1

(t)
(j)} (i �= j ; i, j ∈ N , t ∈ T ) according to (4). Thus,

the objective function of the proposed program (11), Q = ∑
i<j |X(1)

ij − X
(2)
ij | =∑

i<j (Uij + Vij ), can be interpreted as the number of pairs (i, j) of sectors that
disagree in the two rankings. Note also that the Kendall rank correlation coefficient
between π (1) and π (2) is given by τ(π (1),π (2)) = 1 − 4Q/n(n − 1) (see, for exam-
ple, Kendall and Gibbons 1990, p. 5). Thus, it has been shown that the proposed MIP
(11) maximizes the Kendall rank correlation coefficient between two sequences of
sectors, guaranteeing that best degrees of linearity are attained. A variant of MIP (11)
that is consistent with the Spearman rank correlation coefficient can also be formu-
lated by specifying its objective function as the sum of squared differences between
the rankings,

∑n
i=1(π

−1
(1)

(i) − π−1
(2)

(i))2. However, we will not employ this nonlinear
formulation because a linear formulation is preferred to a nonlinear formulation for
our study.

MIP (11) for nT = 2 can be generalized for cases of nT ≥ 3 as follows:

minimize
nT −1∑
s=1

nT∑
t=s+1

n−1∑
i=1

n∑
j=i+1

(
U

(st)
ij + V

(st)
ij

)

subject to 0 ≤ X
(t)
ij + X

(t)
jk − X

(t)
ik ≤ 1 (i < j < k; i, j, k ∈ N; t ∈ T ),

U
(st)
ij − V

(st)
ij = X

(s)
ij − X

(t)
ij (i < j ; i, j ∈ N; s < t; s, t ∈ T ),

n−1∑
i=1

n∑
j=i+1

{(
A

(t)
ij − A

(t)
ji

)
X

(t)
ij + A

(t)
ji

} = M(t) (t ∈ T ),

X
(t)
ij ∈ {0,1} (i < j ; i, j ∈ N; t ∈ T ),

U
(st)
ij ≥ 0, V

(st)
ij ≥ 0 (i < j ; i, j ∈ N; s < t; s, t ∈ T ).

(13)

In this generalization, superscript “(st)” is introduced for Uij and Vij to indicate
different time periods for comparison. For formulating the objective function in (13),
sums of absolute differences between elements of X(s) and X(t) for all nT (nT −
1)/2 pair-wise comparisons are added up. Recall that minimization of the sum of
absolute differences Q(st) = ∑

i<j |X(s)
ij − X

(t)
ij | is consistent with maximization of

the Kendall rank correlation coefficient τ(π (s),π (t)) = 1 − 4Q(st)/n(n − 1) between
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π (s) and π (t). Therefore, minimization in (13) is consistent with maximization of
the simple arithmetic mean of the Kendall rank correlation coefficients for all pair-
wise comparisons, that is, c = (nT (nT − 1)/2)−1 ∑

s<t τ (π (s),π (t)). This is one of
the multivariate generalizations of the pair-wise Kendall rank correlation coefficient
studied by Joe (1990, p. 21).

The following MIP should also be useful when a slight deterioration of the degree
of linearity is acceptable in comparing the optimal ordering of sectors:

minimize
nT −1∑
s=1

nT∑
t=s+1

n−1∑
i=1

n∑
j=i+1

(
U

(st)
ij + V

(st)
ij

)

subject to 0 ≤ X
(t)
ij + X

(t)
jk − X

(t)
ik ≤ 1 (i < j < k; i, j, k ∈ N; t ∈ T ),

U
(st)
ij − V

(st)
ij = X

(s)
ij − X

(t)
ij (i < j ; i, j ∈ N; s < t; s, t ∈ T ),

n−1∑
i=1

n∑
j=i+1

{(
A

(t)
ij − A

(t)
ji

)
X

(t)
ij + A

(t)
ji

} ≥ αM(t) (t ∈ T ),

X
(t)
ij ∈ {0,1} (i < j ; i, j ∈ N; t ∈ T ),

U
(st)
ij ≥ 0, V

(st)
ij ≥ 0 (i < j ; i, j ∈ N; s < t; s, t ∈ T ),

(14)

where α is a constant such that 0 < α ≤ 1. MIPs (13) and (14) are the same, except
for the difference in the third constraint. The smaller the value of α is, the more
concordant optimal ordering of sectors is obtained at the cost of degrees of linearity.
Note that MIP (13), by construction, is equivalent to MIP (14) when α = 1.

3 Empirical Applications

There are several possible choices for the target matrix to triangulate. For example,
the flow matrix Z = (Zij ), where Zij refers to the intermediate flow from sector i to
sector j ; the input coefficient matrix A = (Aij ) = (Zij /xj ), where xj refers to the
output of sector j ; the Leontief inverse matrix L = (I − A)−1; the output coefficient
matrix B = (Bij ) = (Zij /xi); and the Ghosh inverse matrix G = (I−B)−1. Although
comparison among these matrices is beyond the scope of this paper, it is worth giving
a comment on the relationship between direct and indirect linkages. Indirect linkages
represented by L are properly considered even if the target matrix to triangulate is A,
in which only direct linkages are represented by positive elements, because all sectors
are simultaneously arranged in a sequence. See Korte and Oberhofer (1970, Sect. 6)
for a discussion of how the optimal ordering of sectors and its interpretations vary
with different matrices to be triangulated. We chose the input coefficient matrix A
for our empirical applications because the purpose is to compare production systems
from a technological perspective and/or fundamental structures of economy, factors
that are independent of the final demand (Leontief 1953; Simpson and Tsukui 1965).

Xpress Mosel language version 3.2.3 and Xpress Optimizer version 22.01.09 were
used to solve IPs and MIPs. Calculations were performed on a workstation with two
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Table 1 Inter-temporal comparison of the Japanese economy between 1995 and 2005

Degrees of linearity Individual Simultaneous

1995 2005 ρ τ ρ τ

Without trimming 0.9100 0.9090 0.9579 0.9126 0.9666 0.9437

With trimming 0.9481 0.9479 0.8751 0.7329 0.9470 0.9018

Note: Rank correlation coefficients are in the columns labeled “Individual” and “Simultaneous.” “Individ-
ual” refers to the results of IP (7) and “Simultaneous” refers to results of MIP (11). ρ and τ refer to the
Spearman and Kendall rank correlation coefficients, respectively

Source: Own calculation

Intel® Xeon® CPUs of 2.27 GHz and 24 GB RAM. The operating system and soft-
ware were of 64 bits.

3.1 The Japanese Economy in 1995 and 2005: Inter-temporal Comparison

Data for the input coefficient matrices representing the production structure of the
Japanese economy in 1995 and 2005 were obtained from the fixed-price tables of the
Japanese Linked Input–Output Tables (SB-MIAC 2011). This particular study pe-
riod is chosen because it is covered by the latest available linked IOTs. In addition
to these input coefficient matrices, we also utilized “trimmed” versions of the input
coefficient matrices to check the robustness of our analysis. The trimmed input coeffi-
cient matrix was constructed by setting Aij = 0 if Aij < 1/n (i, j ∈ N ), according to
Simpson and Tsukui (1965). Typically, the larger elements are likely to be estimated
more precisely, while the smaller elements possibly include more noise. The trimmed
matrices are expected to emphasize significant inter-dependencies between sectors or
highlight the features of production structures. The number of sectors is n = 102. The
number of non-zero elements of the trimmed matrix is 1104 for 1995 and 1135 for
2005, while that for the input coefficient matrix without trimming is 6321 for 1995
and 6326 for 2005. For each year, the sum of all elements of the trimmed matrix is
about 84 % of the sum of all elements of the matrix without trimming, while the num-
ber of non-zero elements of the trimmed matrix is considerably smaller than that of
the matrix without trimming. Therefore, it can be observed that trimming effectively
highlights the essential features of production structures.

Both the matrices were effectively triangulated, without trimming, by solving IP
(7): the degrees of linearity were about 0.91 for each year, as shown in Table 1.
The trimmed matrices were also triangulated almost perfectly and the degrees of
linearity were about 0.95, as shown in Table 1. These values close to unity imply that
the inter-dependence among sectors can be summarized as a nearly uni-directional
hierarchy. Thus, there is little multi-directional dependence such as feedback loops
with substantial inter-sectoral transactions.

To summarize the similarity of optimal rankings of sectors in 1995 and 2005, we
calculated the Spearman rank correlation coefficient ρ and the Kendall rank correla-
tion coefficient τ . As shown in the column labeled “Individual” in Table 1, the rank
correlation coefficients are very large for the matrices without trimming: ρ = 0.958
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and τ = 0.913. This result indicates that the production structure revealed by triangu-
lation is fairly stable during the period 1995–2005. On the contrary, weaker correla-
tion coefficients were obtained with the trimmed matrices: ρ = 0.875 and τ = 0.733.
This result implies that either the production structure has gone through a mild change
during 1995–2005 or a stable structure cannot be revealed due to non-uniqueness of
optimal solutions to the triangulation problem. It is found that it is the latter in this
case. Much stronger correlation such as ρ = 0.947 and τ = 0.902 was obtained by
solving MIP (11), as shown in Table 1. Therefore, by utilizing the new method pro-
posed in Sect. 2, we could identify a fairly stable production structure in Japan during
1995–2005.

The optimal ordering of sectors obtained by solving IP (7) and MIP (11) for the
trimmed matrices are shown in Figs. 1 and 2, respectively, in the form of a migration
diagram (Grötschel et al. 1984b). Figure 1 has much more crossings than Fig. 2.
Note that the ordering of sectors in Fig. 2 was obtained by minimizing the number
of crossings, or equivalently, by maximizing the Kendall rank correlation coefficient
between orderings in 1995 and 2005, keeping the degrees of linearity equal to optimal
levels. The two diagrams clearly show that a comparison based on IP (7) is strongly
influenced by the non-uniqueness of optimal solutions.

As shown in Fig. 2, it is found that the top 24 sectors agree with each other in the
two rankings. This implies that the drastic change in hierarchies, which appears in the
form of several crossings in the upper half of Fig. 1, is not meaningful. The top 50
sectors approximately remain in top positions over time. Such stability in rankings is
not limited to top-ranked sectors only. The difference in ranking for two years is less
than 10 for 95 sectors.

Figure 2 shows that sector #87 “Public administration,” sector #83 “Communica-
tion,” and sector #85 “Information services” drastically changed their rankings during
1995–2005. Only sector #102 “Activities not elsewhere classified” purchases the out-
put of “Public administration,” and the input coefficient A87,102 drastically increased
from 0.076 to 0.279 during 1995–2005. Thus, “Public administration” sector was lo-
cated just after “Activities not elsewhere classified” sector in the 2005 rankings. It is
inherently difficult to infer the economic interpretation of this result because of the
highly miscellaneous nature of sector #102.

Sector #83 “Communication” and sector #85 “Information services” are located
in the middle of the optimal sequence (i.e., at the 59th and 54th positions), respec-
tively, in the ordering for 1995. On the contrary, these sectors are located at the bot-
tom of the sequence (i.e., at the 99th and 93rd positions), respectively, in 2005. This
indicates that the importance of these infrastructural service industries has gone up
during 1995–2005. On an average, the input coefficients representing purchase of
“Communication” and “Information services” per unit of output of industrial sectors
have substantially increased by 34 % and 96 %, respectively, over the study period.

Except for these drastic changes in sector ranking, the fundamental structure of
the Japanese economy was fairly stable during 1995–2005, as shown in Fig. 2. Per-
sonal service sectors (e.g., medical service and health care, accommodations, and
restaurants) and final products manufacturing sectors (e.g., machinery, and electric
and electrical equipment) are located at the top positions. The products of these sec-
tors are mostly purchased by the final demand sector. Business service sectors (e.g.,
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Fig. 1 Inter-temporal comparison of the Japanese economy between 1995 and 2005 based on individual
triangulation. Note: The trimmed input coefficient matrices are triangulated individually by IP (7). Three-
character codes represent the following aggregated sector classification. aff : Agriculture, forestry and fish-
ery; min: Mining; man: Manufacturing; utl: Utilities; con: Construction; ser: Services; mis: Miscellaneous
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Fig. 2 Inter-temporal comparison of the Japanese economy between 1995 and 2005 based on simultane-
ous triangulation. Note: The trimmed input coefficient matrices are triangulated simultaneously by MIP
(11). See also notes to Fig. 1



Page 14 of 19 Y. Kondo

transportation, research, commerce, and finance and insurance), mining sectors, util-
ity sectors (electricity), and basic products manufacturing sectors (e.g., petroleum
refinery and petrochemical basic products, coal products, and metal products) are
located at the bottom positions. The products of these sectors except for mining sec-
tors are purchased by most industry sectors, while the products of mining sectors are
mostly purchased by the basic products manufacturing sectors. The sectors located
in the middle positions are parts manufacturing sectors (e.g., motor vehicle parts,
electrical devices and parts, and semiconductor devices), light industry sectors (e.g.,
textile products, wooden products, and paper products), and agriculture, forestry, and
fishery sectors.

This fundamental structure of the Japanese economy observed by triangulation
is very similar to the fundamental structure found by Simpson and Tsukui (1965),
except for the drastic changes in sector ranking mentioned above. From a point of
view of empirical analysis, it is found that the fundamental structure of the Japanese
economy has been fairly stable over the last decades, and it is slightly changing be-
cause of the expansion of information and communication technology. From a point
of view of method development, the new method for triangulation based on MIP (11)
is very useful to clearly highlight exceptional difference in sector ranking between
time periods.

3.2 Chinese, Japanese, and the U.S. Economies in 2009: Inter-regional Comparison

Domestic direct requirement matrices for the 2009 national input–output tables of
China, Japan, and the U.S. were used for inter-regional comparison. Data were ob-
tained from the World Input–Output Database (WIOD) (Timmer 2012; Dietzen-
bacher et al. 2013). The year 2009 is the latest available period in WIOD. The number
of sectors is n = 35. The number of non-zero elements is 1085 for China, 1156 for
Japan, and 1148 for the U.S. These matrices are not sparse as only 6 %–11 % of
1225 elements are zero. These matrices are relatively denser than data pertaining to
102 sectors outlined in Sect. 3.1 possibly because of higher aggregation of sector
classification.

Although the three matrices are not sparse, they were triangulated by solving IP
(7). The degrees of linearity were 0.812, 0.815, and 0.873 for China, Japan, and the
U.S., respectively, as shown in Table 2. These results are comparable with those re-
ported in the literature. For example, Fukui (1986) showed that the degrees of linear-
ity range from 0.83 to 0.94 for 22- or 29-sector IOTs of India, Italy, Japan, Korea,
Norway, and the U.S. for the period 1947–1965.

A comparison of the optimal ordering of sectors indicates the presence of weak
similarities among the production structures of the three countries. As shown in the
row labeled “Individual” in Table 2, the Kendall rank correlation coefficient ranges
from 0.462 to 0.620, revealing weak similarities. These conclusions are also sup-
ported by results obtained from solving MIP (13). For Japan and the U.S., MIP (13)
has provided exactly the same optimal ordering as IP (7). For China, the optimal or-
dering obtained by MIP (13) is the same as the ordering obtained by IP (7), except for
four sectors, in which case two sectors are interchanged with their adjacent sectors.
Thus, the concordance in ordering of sectors has strengthened by the simultaneous
optimization, that is, MIP (13) with respect to these four sectors of China.
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Table 2 Inter-regional comparison among the Chinese, Japanese, and the U.S. economy in 2009

Country China (CHN) Japan (JPN) USA

Degrees of linearity 0.8121 0.8154 0.8732

Kendall τ

Pair of countries (CHN, JPN) (CHN, USA) (JPN, USA) Mean

Individual 0.5866 0.4622 0.6202 0.5563

Simultaneous 0.5933 0.4689 0.6202 0.5608

α = 0.99 0.8857 0.8588 0.8387 0.8611

α = 0.95 1.0000 1.0000 1.0000 1.0000

Note: “CHN” and “JPN” refer to China and Japan, respectively. The Kendall rank correlation coefficients
are in the lower table. “Individual” refers to the results of IP (7) and “Simultaneous” refers to the results
of MIP (13) or MIP (14) with α = 1. The two rows at the bottom refer to the results of MIP (14) with
α = 0.99 and 0.95
Source: Own calculation

MIP (14) was solved to check the possibility of further strengthening of con-
cordance between ordering. The Kendall rank correlation coefficients obtained are
shown in the row labeled “Simultaneous” in Table 2. The result of MIP (14) with
α = 1 is the same as that of MIP (13) described above. The result of MIP (14) with
α = 0.99 shows that the Kendall rank correlation coefficient ranges from 0.839 to
0.886. MIP (14) with α = 0.95 provides the Kendall rank correlation coefficient value
equal to unity, which indicates that the optimal ordering of sectors is common to all
the three countries. Therefore, the production structures of China, Japan, and the U.S.
can be regarded as very similar if we accept a 5 % loss of degree of linearity.

The optimal ordering of sectors obtained by solving IP (7) and MIP (14) with
α = 0.99 are shown in Figs. 3 and 4, respectively. Note that in Fig. 4, the ordering
of sectors was obtained by minimizing the number of crossings drawn in the figure
as well as crossings that would appear if sectors of the U.S. were connected with
corresponding sectors of China. A comparison of Figs. 3 and 4 shows that production
structures of the three countries appear similar on accepting a 1 % loss of degree of
linearity.

It is worth pointing out some sectors that cause exceptional dissimilarity among
the production structures of the countries. Sector #2 “Mining and quarrying” in Japan
is located at a very higher position as compared to China and the U.S., since the min-
ing and quarrying sector in Japan operates on a much smaller scale than in China
and the U.S. Moreover, the positions of service-producing sectors such as sector #26
“Other supporting and auxiliary transport activities; activities of travel agencies,” sec-
tor #27 “Post and telecommunications,” and sector #34 “Other community, social,
and personal services” are relatively high in China (13th, 14th, and 15th position,
respectively), while they are lower in Japan (17th, 18th, and 22nd position, respec-
tively), and further lower in the U.S. (26th, 27th, and 28th position, respectively). This
may indicate that the importance of these sectors as infrastructural service industries
is the highest in the U.S., followed by Japan, and least in China. Except for these two
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Fig. 3 Sector rankings of China, Japan, and the U.S. based on individual triangulation. Note: The domestic
input coefficient matrices are triangulated individually by IP (7). See also notes to Fig. 1

Fig. 4 Sector rankings of China, Japan, and the U.S. based on simultaneous triangulation. Note: The
domestic input coefficient matrices are triangulated simultaneously by MIP (14) with α = 0.99. See also
notes to Fig. 1

aspects, the production structures of China, Japan, and the U.S. can be regarded as
being very similar, on accepting 1 % loss of degree of linearity.

As shown in Fig. 4, the fundamental structures of the countries found in this sec-
tion are roughly similar to those of the Japanese economy discussed in Sect. 3.1.
Personal service sectors and final products manufacturing sectors are located at the
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top positions, and followed by light industry sectors, basic products manufacturing
sectors, utility sectors, mining sectors, and business service sectors.

4 Concluding Remarks

This paper has proposed a new method for triangulation of input–output tables (IOTs)
by extending an integer-program representation of the triangulation problem for con-
ducting inter-temporal and inter-regional comparisons. The new method provides se-
quences of sectors that are mutually as close as possible and consistent with max-
imization of the Kendall rank correlation coefficient. This study demonstrates the
utility of the new method by applying it to the Chinese, Japanese, and the U.S. input–
output tables. Comparisons based on individual application of the existing method
for triangulation were found to be strongly influenced by the non-uniqueness of opti-
mal solutions. Consequently, smaller rank correlation was obtained even though the
underlying production structures may be very similar. On the contrary, employment
of the new method revealed similarities among the production structures of China,
Japan, and the U.S. It also enabled investigation of the exceptional dissimilarity be-
tween the economies by examining the sectors that were positioned differently.

Future research in this area may apply the new method to larger datasets. Ob-
taining practically good solutions, instead of optimal solutions, would be useful for
a large dataset because it may not be easy to solve large-scale mixed integer pro-
grams on personal computers or workstations. Application of the new method to the
following datasets is another important area of future research: inter-sectoral mate-
rial flows (Nakamura et al. 2011; Nakajima et al. 2013), multi-regional input–output
tables including carbon, water, and material flows embodied in trade (i.e., carbon,
water, and material footprint of transacted goods and services) (Peters et al. 2011;
Steen-Olsen et al. 2012; Wiedmann et al. 2013; Tukker and Dietzenbacher 2013),
and standard monetary input–output tables. The application will provide a useful tool
for graphically visualizing the inter-relationship among sectors from various perspec-
tives.
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