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1. Introduction

This paper addresses the problem of estimation of a regression function from selectively
observed data. To explain the problem at stake, consider a partially observed dependent
variable Y*, a vector of covariates X and a binary indicator A. The econometrician observes
a realization of A and X for each individual in the random sample but only observes a
realization of Y* when A = 1. In many applications it is important to learn about E[Y*|X]
which, by the law of total expectation, can be written as

E[Y'|X] = E[Y*|X, A = 1]P(A = 1|X) + E[Y*|X, A = 0]P(A = 0]X).

The difficulty arises because the data available cannot identify E[Y*|X, A = 0] nor E[Y"|X].
In this paper, we address this lack of identification by assuming independence between
the regressors X and the selection mechanism A conditionally on the selectively observed
outcome Y*. Relying on this assumption we propose a new methodology to consistently
estimate the regression function ¢(-) = E[Y*|X = -].

We also consider endogeneity of covariates by extending the nonparametric instru-
mental variable models of Newey and Powell [2003] and Darolles et al. [2011] to allow for
selection. That is, we propose a method to estimate a structural function ¢ which satisfies

Y =y(Z)+ U

for some unobservables U, where Z is endogenous in the sense that E[U|Z] # 0 and an
additional instrumental variable X is available such that E[U|X] = 0. If the instrument X is
independent of the selection given potential outcome Y*, we show that ¢ is identified and
can be consistently estimated under commonly imposed assumptions.

Previous literature has proposed different solutions to overcome the problem of lack
of identification of E[Y”|X]. One solution consists in assuming missing-at-random (MAR),
namely, independence between the selection variable and the outcome conditional on the
observed covariates, see Rubin [1976]. MAR implies E[Y*|X] = E[Y*|X,A = 1] = E[Y"|X,A =
0]. Unfortunately, the plausibility of this assumption may be questioned in many economic
examples where missing observations arise due to self-selection, nonresponse or because
counterfactual variables are unobservable (see the examples given in Heckman [1979]).

In his seminal work, Heckman [1974, 1979] relies on instruments that determine se-
lection but not the outcome and proposes a consistent parametric estimation method.
Point-identification comes from parametric restrictions. Ahn and Powell [1993] and Das
et al. [2003] extend Heckman’s approach to a semiparametric and nonparametric frame-
work, respectively.

An alternative strategy relies on “identification at infinity”, namely, on the fact that
the selection problem becomes negligible for large values of the covariates. This strategy
requires the existence of a covariate with a large support, see Chamberlain [1986]. Based on
this idea Lewbel [2007] and D’Haultfoeuille and Maurel [2013] propose alternative identi-
fication strategies.

A completely different approach was proposed by Manski [1989] who poses, as the only
restriction, a bound on the support of Y* conditional on X. This implies a bound on E[Y*|X].
While such a weak restriction has the advantage of ensuring robust inference, only partial
identification of E[Y*|X] can be achieved. Following Manski [1989], an extensive literature
onbounds and partial identification in econometrics has flourished (see e.g. Chernozhukov



et al. [2013] and Tamer [2010] for a review).

In this paper, we solve the problem of endogenous selection by using a different type
of instrumental strategy. We assume independence between selection A and instruments
X, conditional on the outcome Y* (and possibly additional covariates), namely

AL XY (1.1)

This assumption is suitable when selection is driven by the outcome Y*. For example, if Y*
denotes income and X expenditure then, typically in survey data, whether people report
their income or not is primarily determined by the level of their income. Assumption (1.1)
has been used in the previous literature on missing data (see e.g. Chen [2001], Tang et al.
[2003] in the statistics literature and D’Haultfoeuille [2010], Davezies and D’Haultfoeuille
[2013], Ramalho and Smith [2013] in the econometrics literature). This type of assumption
is common in the finite mixtures literature (e.g. Henry et al. [2014]) as well as in the
nonclassical measurement error literature (see e.g. Hu and Schennach [2008b]). Moreover,
it is a particular case of Assumption (41) in Manski [1994]. Assumption (1.1) alone is
not sufficient for nonparametric identification of the regression function ¢ or the selection
probability IP(A = 1]Y*). In this paper, however, we show that the function ¢ is identified
if Y* is complete for X. Moreover, Assumption (1.1) can be tested, see Theorem 2.4 in
D’Haultfoeuille [2010].

Our paper builds on these results and goes beyond what has been proposed in the
literature so far. We focus on E[Y*|X] which is point-identified despite the presence of
endogenous selection. Then, we contribute to the literature in many directions. First, we
propose a two-step estimator for E[Y*|X] that does not require IP(A = 1|Y*) to belong to a
parametric family. Under our assumptions, IP(A = 1|Y”) is identified through a conditional
moment restriction. Because IP(A = 1|Y”) is nonparametric, its estimation requires solving
a linear inverse problem which is ill-posed in general. In the first step, we use a constraint
sieve-type estimator for (A = 1|Y*) which has to account for the ill-posedness of the inverse
problem (see e.g. Newey and Powell [2003], Ai and Chen [2003] for sieve estimators for
inverse problems in econometrics). In the second step, we use this estimator to construct a
plug-in series estimator for E[Y*|X].

Second, we recover the rate of convergence of the estimator for the nonparametric
regression function E[Y*|X] and show that it does not suffer from the ill-posedness of the
underlying inverse problem. In contrast to the classical nonparametric rate of convergence,
we get an additional bias due to estimation of the selection probability in the first step.
Also Das et al. [2003] obtain an additional bias term in their convergence rate but which
it due to estimation of a propensity score. Under additional smoothness conditions, this
bias is asymptotically negligible and the usual nonparametric regression rate is obtained.
The fact that the rate does not suffer from the ill-posedness of the estimation problem in
the first step is because the second step of our estimation procedure performs a smoothing
through integration with respect to the conditional distribution of Y* given X.

We also study the case where regressors are potentially endogenous. In contrast to
Das et al. [2003], who used a control function method to correct for endogeneity and
selection, we rely on a nonparametric instrumental regression model where the dependent
variable is selectively observed. In this model, we propose a two step estimator of the
structural function and obtain a convergence rate that deviates from the usual ill-posed



inverse problem rate by an extra bias term.

Third, we establish asymptotic normality for our estimator of the regression function
E[Y*|X = -] evaluated at some point in the support of X. We point out that, due to the
nature of our estimation problem, both the rate of convergence and asymptotic normality
are new and cannot be derived from the results in Newey [1997] and the related literature.
Indeed, we derive an asymptotic variance formula that involves an additional part due to
correction for sample selection in the first step.

Forth, we propose a testing procedure to test the identifying assumption (1.1). At the
best of our knowledge a testing procedure for this assumption in the continuous-(Y*, X) case
has not been developed yet in the literature. Some ideas about how to construct a test for
assumption (1.1) are outlined in D’'Haultfoeuille [2010] but without formal implementation.
Our testing procedure is based on a different intuition.

The remainder of this paper is organized as follows. In Section 2, we present the
setup and discuss identification. In Section 3, we present our two-step estimator for
E[Y"|X], we give rates of convergence of the integrated squared error of our estimator and
establish pointwise asymptotic normality of our estimator. Section 4 deals with possible
endogenous covariates. Our testing procedure to test the instrumental variable restriction
(1.1) is presented in Section 5. Its finite sample properties are investigate through a Monte
Carlo experiments whose results are reported in Section 6. Section 7 presents an empirical
application of our method to estimate the propensity to work in the German speaking
population by using “German Internet Panel” data. All proofs are postponed to the
appendix.

2. ldentification

In this section, we provide assumptions under which the selection probability function
P(A = 1|Y* = ) and the regression function E[Y*|X = -] are identified. We further motivate
our estimation procedure.

2.1. Setup and Main Assumptions

Let (A, Y, X)) bea jointly distributed random vector where (Y*, X" isarandom vector which
takes values in R*% and A is a random variable which takes values in {0,1}. A realization
of (A, X") is observed for each individual in the random sample while a realization of
the dependent variable Y is observed when A = 1 and missing when A = 0. We write
Y = AY*.! We assume that the marginal distribution of Y* (resp. X) admits a probability
density function py (resp. px) with respect to the Lebesgue measure. The following three
assumptions are sufficient to identify the joint distribution of (A, Y*, X?).

Assumrrion 1. It holds that

AL X|Y.

'In our setting, Y* is assumed to be a scalar. Our results would still hold if we extended this framework to
allow for a p-dimensional vector Y* of selectively observed variables. In this case A = (AD)< i<p and the
j-th component of Y* would be observed when A? = 1 and missing when AY = 0. This extension would
require little modifications of our method but would burden the notation and the presentation. For this
reason we do not consider it.



Assumption 1 states an exclusion restriction of the random vector X with respect to the
selection variable A given potential outcomes Y”. The vector X is referred to as the vector
of instruments. This assumption can be justified in many settings. An example is provided
by measurement error models where Y* is observed with error for some individuals. Then,
for some error ¢, X = Y*+¢ can be interpreted as a proxy for Y* and satisfies Assumption 1 if
e L A, seee.g. Chen et al. [2011]. Other examples are given by data with nonresponse. For
instance, consider the case where Y* is income and X is expenditure. It could be that people
with high income are less likely to report it. Examples of such type of incomplete data sets
are the French “Enquéte Budget de famille” of INSEE or the British “Family expenditure
Survey”. For further illustrations of Assumption 1 we refer to Ramalho and Smith [2013].

AssumrtioN 2. For every function ¢ that is bounded from below almost surely and satisfies
E|p(Y*)| < oo it holds that E[¢(Y*)|X] = 0 implies p(Y*) = 0.?

Assumption 2 is weaker than L!-completeness but stronger than bounded—-completeness.
Completeness conditions have been largely used in econometrics as identification assump-
tions, see e.g. Darolles et al. [2011], Newey and Powell [2003], Blundell et al. [2007], Hu
and Schennach [2008a], D’'Haultfoeuille [2011] and Hoderlein et al. [2012].

AssumptioN 3. It holds IP(A = 1|Y*) > 0.

This assumption can rule out a selection when it is a deterministic function of Y* such as
P(A = 1]Y* = -) = 1{- > c} for some constant ¢ belonging to the interval (min(Supp(Y~)), o)
where Supp(Y*) denotes the support of Y*. Here 1 denotes the indicator function. To
understand Assumption 3, consider the example where A = £(Y”, 1)) for some function &(-)
and a random variable 7. Then, Assumption 3 is verified if the distribution of 7 is such
that the set {n; £(y*,17) = 1} has positive probability for every y* in the support of Y* except,
possibly, for a set of y* with probability 0.

2.2. Identification and idea of the estimator

Our object of interest is E[Y”|X] while the selection probability IP(A = 1|Y*) is a nuisance
(functional) parameter. However, knowledge of the latter allows us to identify and estimate
E[Y"|X]in a way that we now explain. Let us introduce the function g(-) = 1/IP(A = 1|]Y" =)
for the inverse selection probability. Under Assumptions 1-3, the function g is identified
through the conditional moment restriction

E[Ag(Y)|X] =1, 2.1)

see Theorem 2.3 in D’Haultfoeuille [2010]. In the first step of our two-step procedure, we
make use of (2.1) to estimate the inverse selection probability function g.

Since the function g is identified by equation (2.1), identification of the conditional
expectation E[Y*|X] follows from

E[Y'1X] = E[Y" P(A = 1]Y")g(Y)IX] = E[ E[Y"Ag(Y)|Y']

X| = E[Y*Ag(Y")IX] = E[Yg(Y)IX]
(2.2)

where the first equality follows from Assumption 3 and second to last equality follows
from Assumption 1 and the fact that g(Y*) = ¢g(Y) whenever Y = Y*A differs from zero. This

2Since conditional expectations are defined only up to equality a.s., all (in)equalities with conditional expec-
tations and/or random variables are understood as (in)equalities a.s., even if we do not say so explicitly.



result shows that E[Y”|X] can be written as a weighted average of the observed Y where
the weight is equal to the inverse selection probability function. We use equation (2.2) to
construct an estimator for E[Y*|X] in the second step of our estimation procedure.

Remark 2.1 (Including additional covariates). Inempirical applications, only a subset of the
covariates might be independent of selection given potential outcome. We can cover this
case by slightly extending Assumption 1. More precisely, suppose that X = (Xj, X») and that
Assumption 1ismodifiedas A 1L X;|(Y*, X2) and hence, X, canbe correlated to A. Under this
assumption, E[Y*|X] = E[Yg(Y, X»)|X] where g(y, x) = 1/P(A = 1|Y* = y, X5 = x). Moreover,
if Assumptions 2 and 3 are modified with ¢(Y*) replaced by ¢(Y*, X;) and IP(A = 1|Y*)
replaced by P(A = 1]Y*, X3) > 0, respectively, then g is identified by E[Ag(Y", X5)|X] =1. O

2.3. Notation

For a random vector V we use the corresponding calligraphic capital letter V' to denote
its support. Let L%/ ={¢: ||qb||%/ = E|q§(V)|2 < oo} denote the space of square integrable
functions of V with respect to the distribution of V. We denote by (-, -)v the inner product
in L7, that induces || - [[?,. Moreover, [|¢|lw := sup,q, [¢(v)| denotes the sup norm and || - || is
the usual Euclidean norm.

The regression function of interest is denoted by:

¢() = E[Y|X =]

but we may use both notations depending on the context. Let {f;};>1 (resp. {ej};j>1) be
a sequence of approximating functions in Li (resp. Li). Then, we denote by f,, (X) =
(AX), ..., fi, X)) (resp. ek, (Y) = (e1(Y), ..., ek, (Y))}) a vector of functions which are used
to approximate the conditional expectation E[Y*|X] (resp. the inverse selection probability

g(¥)) and by Xp, = (fun,(X1),.., fﬂ(Xn))t (resp. Yi, = (Arer, (Y1), ..., Aner (Yn))!) the nxm,
(resp. n X k,) matrix obtained by putting together the n vectors S, (Xi),_z' =1,...,n (resp.
Nier, (Y:), i = 1,...,n, where A (Y;) denotes the product of A; and the vector e, (Y4)).
We denote by %, = {¢(-) = 2'1712"1 Bifi() : B € ]Rm”} the linear sieve space of dimension
my, < co that becomes dense in L% as n tends to infinity. For a matrix A we denote by
AT its generalized inverse. For a function ¢ defined on Y, we denote by M, : L%/ — L%/

the multiplication operator My = ¢ which is bounded if ¢ is bounded on Y. Then
(Mig)(y) = y(y) for all y € Y where id denotes the identity function.

3. Nonparametric Regression with Sample Selection

In this section, we consider estimation of the regression function ¢. The first step estimation
procedure for the inverse selection probability ¢ is based on constrained sieve minimum
distance. In the second step, we use a plug-in series estimator of the conditional expecta-
tion @(-) = E[Yg(Y)|X = -]. We derive the rate of convergence in mean square error and the
asymptotic distribution of our estimator of ¢.



3.1. The Estimator and its Rate of Convergence

Let G denote a separable Banach space which is endowed with a norm || - ||g and let g € G.
Equation (2.1) can be written in a more compact form by using the following notation.
LetT: G — Li be the linear operator T¢p = E[A¢(Y)|X]. Thereby, equation (2.1) can be
equivalently written as the operator equation

Tg=1 (3.1)

where the function g is identified under Assumptions 1-3. Note that since E[g(Y)] =
E[g(Y"A)] = 1 + g(0)P(A = 0) the function g belongs to L%( if g(0) < co. In the following we
assume without loss of generality that g(0) < co and hence G = L.

For every ¢ € L, denote x(-, ) = E[A¢(Y) — 1|X = -]. The least squares estimator of
X(, @) is given by

TnCr @) = Fin O O, X )™ Y (Mip(X) = 1) f, (X0) (3.2)
i=1

for some integer m, which increases with the sample size n. Under conditions given below,
XL, Xm, will be nonsingular with probability approaching one and hence its generalized
inverse will be the standard inverse. We now introduce some assumptions.

AssumpTION 4. (i) We observe a sample (A1, X1, Y1), ..., (An, Xn, Yn)) of independent and iden-
tical distributed (iid.) copies of (A, X,Y) where Y = AY". (ii) There exists a constant C > 0 and a
sequence of positive integers (my)ys1 satisfying sup .y |l fm, OI* < Cmy, such that m2/n = o(1).
(iii) The smallest eigenvalue of E[ fu(X) fu(X)'] is bounded away from zero uniformly in m. (iv) Let
@ € L% and there is F, @ € Fo, such that ||Fy, @ — @llx = O(m, %) for some constant o > 0.
Assumption 4 (ii) — (iii) restricts the magnitude of the approximating functions {f;}>1
and impose nonsingularity of their second moment matrix. It is a standard assumption
for series estimators (cf. e.g. Assumption 2 in Newey [1997]). Assumption 4 (ii) holds for
instance for polynomial splines, Fourier series and wavelet bases but rules out orthogonal
polynomials and power series sieves. Assumption 4 (iv) determines the sieve approxima-
tion error which in turn characterizes the bias of the estimated regression function ¢. In
the following, we consider the linear sieve space G, = {qb(-) = Z';ll Bjej() : B € ]Rk"} of

dimension k, < co that becomes dense in the function space L%/ as n tends to infinity. We
propose the following sieve minimum distance estimator

n

gn = arg min Z a(Xi, §). (3.3)
{0eGn: 9()21} 127

The constraint ¢(-) > 1imposed on the sieve space G, ensures that the estimated conditional
probability of observing Y* belongs to the unit interval. This estimator of g corresponds to
the penalized sieve minimum distance estimator suggested by Chen and Pouzo [2012].

If no constraint is imposed then the sieve estimator g, has an explicit solution given by

)= e, () Br, and B = (VX O, X)X, Y5) YEX(XE, Xo)™ X, 1, (3.4)

where 1, is a n-dimensional vector of ones and for some integer k, < m, which increases
with the sample size n.



The second step of our estimation procedure consists in using the estimator g, in (3.3)

to construct an estimator for ¢. Let G, = (Y1 (Y1), Yy §n(Yn)). Then, our estimator of
the nonparametric regression function ¢(-) is given by

Pn() = fun () B, where By, = (X, Xi,)” X5, G (3.5)

In the following, the sequence (R;),>1 denotes the rate of convergence of the estimator Qn
w.r.t. to the norm || - IIZQ. The next assumption is used to recover the rate of convergence of
Pn-

AssumPTION 5. (i) For all ¢ € G, there exists F,,,T¢p € Fp, such that ||[Fp, T — TPllw =
O(m;,**). (ii) There exists a sequence of positive integers (En)u>1 satisfying sup,c y llex, WIF <&

such that k,&2/n = o(1). (iii) It holds K2R, = O(1). (iv) ||ITM;¢|lx/|ITl|x is bounded uniformly
over all ¢ € G with ||ITPllx # 0.

Assumption 5 (i) holds true, for example, for splines or power series if the family of

functions {T(]J NONS gn} contains only functions which are at least a—times continuously
differentiable (see also Assumption 3 of Blundell et al. [2007]). Assumption 5 (ii) is satisfied
with &, = vk, when the approximating functions are for instance B-splines, Fourier series
and wavelet bases. For Legendre polynomials this assumption is satisfied with &, = k;.
Assumption 5 (iii) is a mild restriction on the rate of convergence of g, which we illustrate
below. Instead of a bound on Y, Assumption 5 (iv) restricts the size of the multiplication
operator M;; in the norm induced by T. Otherwise stated, it requires that the norms of the
operators TM;; and T are equivalent. Assumption 5 (iv) is satisfied for instance under an
additional link condition, like Assumption 6 (iii) below, if the basis functions coincide with
Legendre polynomials or cardinal B-splines (see Example 3.1 below).

Estimation of g requires to ”solve” a conditional moment restriction that is different
from (2.2), namely E[Ag(Y")|X] = 1. From Blundell et al. [2007] and Chen and Pouzo
[2012] we obtain the rate of convergence of ||[T(g, — ¢)llx. Their result, however, is not
enough to obtain the rate of convergence of ¢, as our case requires to determine the rate
of IITMid:g\n — TMi8llx where T is a series least square estimator of T. Thereby, additional
arguments are needed to obtain the rate of ||, — ¢llx given in the following theorem. In
the following, for any ¢ in G let Ey, ¢ € G, be such that ||E, ¢ — ¢llg = o(1).

Tueorewm 3.1. Let Assumptions 1 —5 hold true. Then we have
— - m
1P = Il = Op( max (my "™, =2, IIT(Ey, g = I )

As we see from Theorem 3.1, the rate of convergence of our estimator ¢, depends
on both parameters k;, and m, which correspond to the first and second estimation step,
respectively. In addition to the usual nonparametric rate we obtain an additional bias term
IT(Ex,g — g)||§( which is due to the sieve approximation of the inverse selection probability
function g. An additional bias occurs also in the convergence rate for estimating regression
functionsin Theorem 4.1 of Das et al. [2003]. In their case, however, the additional bias arises
from nonparametric estimation of a propensity score. From Theorem 3.1 we see that ¢,

attains the optimal nonparametric rate of convergence if || T(E, g — §)llx = O(m,*'™). If the

inverse selection probability ¢ is sufficiently smooth in the sense that ||Ex, §—gllg = O(m,, afdy)

then, by Jensen’s inequality, the optimal nonparametric rate is obtained. In the following,



we provide a more general treatment by incorporating mapping properties of the operator
T in the Hilbert space case where G = L.

AssumpTion 6. (i) E[Y?] < oo and E[gX(Y)] < oo. (i) Assume ||[Ex g — glly = O(k,") for some
constant B > 0. (iii) There exists a sequence of non-increasing positive real numbers (t;)j>1 such
that || T|l5 > c L2 T, ej)? and ||Tl3 < CLZ (P, ej)3 for some constant C > 0 and all
¢ € Lzy. (iv) The largest eigenvalue of (T}/ 211_1/ Z(Midej, €l>y)], 15 18 bounded away from infinity.

Assumption 6 (i) ensures that ¢ belongs to the Hilbert space Li and Y has finite second
moment while (i7) determines the sieve approximation error for estimating the function g.
Assumption 6 (iii) is also known as a link condition and commonly used in the analysis of
inverse problems (see, e.g. Chen and Reif3 [2011]).

CoroLLARY 3.2. Let Assumptions 1-4, 5 (i)—(iii), and 6 hold true. Then we have

- 2 _ —2a/d, Mn -2

llpn — @lls = Op(max (mn Al 7,Tk”kn )) (3.6)
Remark 3.1. In the mildly ill-posed case where t; ~ j™2, t > 0, let k, ~ n'/*2+1) and
my, ~ n/@atd) Hence,

”(/P\n _ (P”%( — Op(max (n—(2t+2ﬁ)/(2t+2[3+1), n—Za/(2a+dx)))

which is Op(n‘z"‘/ @a+d)y if o < dy(t+P). In case of trigonometric basis functions, the operator
T acts like integrating (t)-times which then automatically implies @ = dy(t + p) (cf. page
12 in Breunig and Johannes [2011]). Also it holds |[g, — gll% = O,(n2/2+26+1)) and in
particular we have k2R, = O(n?=20)/2+26+1) = o(1) if B > 1. In the severely ill-posed case
where 7; ~ exp(—j*), t > 0, we let k, ~ (logn)!/? and obtain
llpn — g0||§( = op(n—za/(mmx)).

In this case, [[g, — gl = Op(log(n)~2#/") and in particular, kzR, = O(log(n)*2)/*) = o(1)
again if § > 1. We conclude that under mild conditions on the smoothness of ¢ the optimal
nonparametric rate of regression in mean squared error is obtained. m|

The following example illustrates that Assumption 6 (iv) is automatically satisfied when
{ej}j>1 coincides with Legendre polynomials. Similarly to this example, Assumption 6 (iv)
can be verified for cardinal B-splines (cf. De Boor [1978]).

ExampLe 3.1. Assume that Y is contained in [-1,1] and consider the Hilbert space Li =

L[z_1 1 enowed with the usual norm. Let {¢;};>1 be the Legendre polynomials. That is, for

y €[-1,1] we definee; =1, e2(y) = y, and
jeiri(y) = 2j—Dyei(y) - (j — Dej-(y)
for j > 3. This recursion formula is equivalent to

_jei(y) + (= Deja(y)
yei(y) = 21




which implies

211/2
0 T 0 0
T,
M 1/2_-1/2 M 1/2 2 1/2
(Mijgeq, e1)y T, T, Miger, e2)y - 21} 0 0
1/2_-1/2 172 172
T, T U Miger, e1)y (Migez, e2)y =% U
. . O 4T3 O
157}/

The norm of the right hand side matrix is bounded by its Frobenius norm which is
2

Y1 Q]]T)Zm within a constant. This series is bounded and thereby Assumption

6 (iv) holds true for either the mildly ill-posed case or the severely ill-posed case. m]

3.2. Pointwise Asymptotic Distribution of the Estimator

This subsection is about inference on the regression function ¢ evaluated at some point of
the support of X. To establish the asymptotic distribution of our estimator we require the
following additional assumptions. Let us introduce the matrices Q, = E[fin, (X) fun, (X)'],

T, = E[Afiu, (e, (Y)'], and TY = E[Y £, (X)e, (V).

AssumptioN 7. (i) Let E[|[Yg(Y) — p(X)|*X] < C and Var(Yg(Y)|X) > c for some constants
¢,C > 0. (ii) The matrix T\ T, has full rank. (iii) The function g is uniformly bounded away
from 1. (iv) There exist some constants ¢,C > 0 such that ¢ < I,/tx, < C, where I, is the
minimum eigenvalue of THQ;'T,. (iv) It holds lEx,g — 8llo = O(k;ﬁH/Z) for B > 1/2 and
Fm, @ = @llo = O, Y2) for o > d, /2.

A bounded fourth moment of the error was also assumed by Newey [1997] to establish
asymptotic normality of series estimators in the regression context. The consistency result
established in Theorem 3.1 together with Assumption 7 (iv) imply that the constraint is
not binding asymptotically and hence the estimator g, given in (3.4) conicides with the
one in (3.3). To prove consistency of the asymptotic variance formula we require uniform
convergence of the approximation biases at a certain rate. Examples of approximating
functions that satisfy this condition are Fourier series, splines series and wavelet series (see
also Belloni et al. [2015]).
For the asymptotic distribution result we introduce the asymptotic variance

Viu(x) = Var (fin, 09" Q5 (fin, )(Y(Y) = (X))
# Var (fu, (9 Q7 T (L) TH05 (fn, (0 = ELAn, (01

In contrast to Newey [1997], the asymptotic variance is driven by an additional summand
that arises from the first step estimation of the inverse selection probability g. An additional
part in the asymptotic variance formula, due to sample selection correction, is obtained
also in Das et al. [2003] but which is due to the estimation of a propensity score. In the next
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result we replace the variance V,,(x) by the estimator
— 1 2
Vo) = 1Y o 0 K, Xon, /1) fn (YY) = PulX0)| +
i=1
n —
n_l Z ‘fﬂ(x)t(xfﬂnxmn)_xit’l’ln dlag(Y)Ykn (Y]t(nxmn (Xfﬂn an)_xf’flnYkn) X
i=1

Y. X, 0%, X, /1) (i) = Y fin (X0)|

i’=1

where diag(Y) is the diagonal matrix with entries on the diagonal given by (Y1,...,Y},). The
next result establishes the asymptotic distribution of the estimator ¢, evaluated at some
point x in the support of X.

TueoreM 3.3. Let Assumptions 1 —5 and 7 be satisfied. If
nllFm, ¢ = @lix = 0(1) and  nl|T(Ex,g - QI = o(1) (3.7)

then we have
1/ Va@)(@n@) - o) S N(O, ).

Moreover, if Y is bounded, and myk, = 0(1‘; n) then

V@)@ - 9(0)) S N(O, 1),
—2a/dy —2p

In the setting of Corollary 3.2, condition (3.7) is satisfied if max (nmn Nty k, ) =
0(1). Thereby, in both estimation steps, undersmoothed estimators have to be consid-
ered. This ensures that also the sieve approximation bias for estimating the function g
becomes asymptotically negligible. Moreover, the second result of the theorem requires
the additional rate m,k, = o(*tﬁ”n). In the setting of Corollary 3.2, this is equivalent to

m, = o(k;(gtﬂ)n) in the mildly ill-posed case and to m,, = o(n exp(—4k%t)) in the severely
ill-posed case.

4. Sample Selection with Endogenous Covariates

In many economic applications, it is necessary to correct for both sample selection of the
dependent variable and endogeneity of (some) covariates. In this section, we show that
under the assumptions of Section 2 identification of the corresponding reduced form equa-
tion can be achieved. Under further conditions, which are common in the nonparametric
instrumental variable literature, identification of the structural function is also obtained.
An estimator of the nonparametric structural function is proposed and we establish its rate
of convergence as well as its asymptotic distribution.

4.1. Model and Identification

In this section, we consider the instrumental variable model under selectively observed
outcomes given by

Y'=19(Z)+U where E[UX]=0andY =AY" (4.1)

11



where Z is a d,-vector of possibly endogenous regressors in the sense that E[U|Z] # 0 and
hence 1)(Z) need not to coincide with E[Y*|Z]. Here, X is a vector of instruments used to
identify the structural function ¢. The instrument X is also assumed to satisfy Assumption
1; thatis, A 1L X|Y*. An example is the estimation of Engel curves, where Y* denotes budget
share allocated to alcohol which is often not reported (see for instance the British FES) and
Z is total expenditure. Expenditure is commonly thought of as endogenous and typically
instrumented for with labor income X. In this case, the instrument certainly influences
Y* through Z but is unlikely to directly influence survey nonresponse. The reduced form
equation of the structural model (4.1) is given by

E[Y'X] = E[¢(2)IX]

where the left hand side is not identified. By making use of equation (2.2), we obtain the
reduced form

E[Yg(V)IX] = E[¢(2)X] (4.2)

where the left hand side is identified under Assumptions 1-3. Thereby, completes of Z with
respect to X ensures identification of the structural function ¢. In the following example,
we see that Assumptions 1 and 2 are satisfied in a triangular model.

ExamrrLeE4.1. Letusrewrite model (4.1) in reduced form and additionally specify a selection
equation. Then the assumption A 1L X|Y" is satisfied in the triangular model

Y* = E[Y(Z)|X] + ¢ where E[¢|X] =

A =&Y, n)
and 1 1L (X, €). As in D’'Haultfoeuille [2011] it can be argued that, under some assumptions
on the distribution of (X, ¢), Y* is complete for X. O

4.2. The Estimator and its Rate of Convergence

In this section, we propose an estimator for the structural function ¢ and derive its rate of
convergence. For any ¢ € Lé we introduce the function o(:, g, ¢) = E[Yg(Y) — ¢(2)IX = -].
The least squares estimator of ¢(-, g, ) is given by

(8 ®) = fin () O, X )™ Y (Y YD) = G(Z)) fona (X0).
=1

Let us now propose a plug-in minimum distance estimator of 1) which involves the esti-
mator ¢, given in (3.3) of the inverse selection probability ¢. That is, we estimate ¢ by

¢, = arg min Z 0,0 (Xi, G, P)- (4.3)

P =1

Here, we consider the linear sieve space ¥, = {qj(-) = Zk" " Bipi() 1B € IRk"} of dimension

kn < oo for some basis functions {p;}j>1 in L. In partlcular, we have the least squares
solution

Pu() =pe,() S, and 8 = (ZEXu(X,X)™ X, Zi) ZEXon (X, X)X, Gy (4.4)

— — t
where G, = (Yl gn(Yl)/ e Yy gn(Yn)) and Z; = (Plg(zl)/ .. -/Plg(zn))t-
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AssumptioN 8. (i) We observe a sample ((A1,Y1,21,X1), ..., (D, Yn, Zn, Xy)) of iid. copies of
(A, Y, Z, X) where Y = AY™. (ii) There exists a constant C > 1 and a sequence of positive integers
(kn)ns1 satisfying sup, 7 lIpx, (2)|> < Cky such that kK2/n = o(1). (iii) The smallest eigenvalue
. . . . . 2 .
of Elpi(Z)pi(2)'] is bounded away from zen‘)j uniformly in k. (iv) For every 1 € L7, there exists
Iy, Y € W, such that ||[Ty, Y — Iz = ok, ?) for some constant y > 0.
Let us introduce the linear conditional expectation operator K : L2 — L5 with K¢ =

E[¢(2)|X] for all p € Lé. We introduce the following assumption which ensures identifica-
tion of the ¢ in the model (4.1).

AssumrTiON 9. (i) For some a > 0 and for every ¢ € @y there exists F,, K$ € Fyy,, such that
IFn, Kp—Kollew = O(m;,,*'™). (ii) For every function ¢ € L2, E[¢(Z)|X] = 0implies p(Z) = 0. (iii)
There exists a sequence (k)1 such that ||K¢)||§( <C 2}21 Kk i{P, p]-% and ||qu||§( >c 2}21 K i{P, p]-%
forall p € L% and some constants ¢, C > 0.

The next result establishes the rate of convergence of the estimator {b\n.
Tueorem 4.1. Let Assumptions 1-5, 8 and 9 hold true. Then we have

- 2 _ —2p/d, kK -1 2
19 = PII% = Op( max (&, s IT(Ex,g - 9)1%)). (4.5)

In contrast to Theorem 3.1, the additional bias due to sample selection is also effected
by the potential ill-posed coming from endogeneity of covarites Z. Under the conditions
of Corollary 3.2, the bias K;nlllT(Ekn g - g)||§( can be bounded by K]:ank”k,_zzﬁ . Thereby, the
usual rate in nonparametric instrumental regression (see Chen and Reifs [2011]) can be only
obtained if 7y, kiw % < const. Kk, kiﬁ for all n sufficiently large.

Remark4.1. To conclude this section it is worth to mention that with our estimation method
we can deal with another type of endogeneity, different from the one just considered.
Suppose that the random vector X that satisfies Assumption 1 is endogenous, in the sense
that the relationship of interest is the structural function ¢ satisfying

Y =(X)+U where E[UX]#0andY =AY". (4.6)

This situation can be easily dealt with by assuming that there exists another vector W of
instruments such that E[U|W] = 0 and A 1L X|(Y",W). The latter assumption replaces
Assumption 1 and corresponds to the one in Remark 2.1. For simplicity, we assume that W
is observed for all the individuals so that the conditional distribution of X|W is identified
from the data. Moreover, we have to assume that P(A = 1|Y*, W) > 0 a.s. and that
Assumption 2 holds with ¢(Y*) replaced by ¢(Y*, W). Then v is identified through (4.6)
and

E[Y|W] = E[Y'P(A = 1]Y", W)g(Y", W)|W] = E[Y"Ag(Y", W)IW] = E[Yg(Y, W)IW].
Consequently, we obtain the identified reduced form equation
E[Yg(Y, W)IW] = E[{(X)|W]

and identification follows as above.
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4.3. Pointwise Asymptotic Distribution of the Estimator

This subsection is about inference on the structural function ¢ evaluated at some point of
the support of Z. To establish the asymptotic distribution of our estimator we require the
following additional assumptions. Let us introduce the matrix K;, = E[f,, (X)py, (Z2)'] and

recall Q, = Elfy, (X) fs, (X)'], Ty = E[Afy, (X)ey, (Y)'], and T = E[Y £, (X)ey, (V']
Assumption 10. (i) Let E[|Yg(Y) — ¢(Z2)*X] < C and Var(Yg(Y) — ¢(Z)IX) > ¢ for some

constants ¢,C > 0. (ii) The matrix T' T, has full rank. (iii) There exist some constants ¢,C > 0
such that ¢ < An/xx, < C where Ay is the minimum eigenvalue of K,Q,'K,. (iv) It holds

IEx. g — glleo = O™ for p > 1/2 and Ty, 1 — Yllee = O, 12) for y > d. /2.
Since E[|Y*X] = E[|Y[2g(Y)IX] < E[|Yg(Y)PIX] it holds

Var(Yg(Y) ~ $(2)IX) > E[[Yg(V)PIX] - 2\ [EIYg(V)PIX] | EP2(2)IX] + E[YA(2)IX]

= ((EIYSMPIX] — \E[p2(2)IX])
> E[|Y'?1X]/2 - E[Y2(Z)X]
> Var(U|X)/4 — 3E[y2(Z)X]/2

where we used twice the basic inequality (2 — b)? > a%/2 — b%. Thus, Var(Yg(Y) — ¥(Z)|X)
is bounded from below if Var(U|X) is sufficiently large, more precisely, if Var(U|X) >
2(c + 3E[Y*(Z)[X]). On the other hand, assuming a bounded conditional fourth moment
of the structural disturbance U (E[U*|X] < const.) implies E[|Yg(Y) — ¢(Z)|*|X] < const. due
to the finite support of Y. This condition can be similarly motivated as in Example 3.1.
Assumption 10 (ii) further ensures that the asymptotic distribution is not degenerate. Let
us introduce

Wa(2) = Var (py () (K0, 'K) Q! (fn, (OO - 0(2)
+ Var (g, () (K1.Q7 ) KETY(TH Q7 )™ TQ; (fn 00 — Elfon, (1))

If there is no endogenous selection (that is, ¢ = 1) then the first part of the asymptotic
variance formula coincides to the one obtained by Chen and Pouzo [2013] in nonparametric
instrumental regression. Under endogenous selection, however, an additional term in the
asymptotic variance arises due to the first step estimation of the inverse selection probability
g.
Let ?ln = (Z;{n X, (ann Xin,)™ Xfﬂ”an / n). In the next result we replace the variance ‘W, (z) by
the estimator

n

Wi(z) =nt Z

i=1

P &) P (2, X, Xl X)) fn KV BV = 20| +

n
Y ka_n (2 Py (Z,, X, )X, diag(V) Y, (YL Xon, (X, X, ) X, Y, ) %
i=1
|2

Y X, (X X ) (i () = Y (X))
=1
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where diag(Y) is the diagonal matrix with entries on the diagonal given by (Y7,...,Y}). The

next result establishes the asymptotic distribution of the estimator 1, evaluated at some
point z in the support Z of Z.

Tueorewm 4.2. Let Assumptions 1 -5, and 8 — 10 be satisfied. If

nll, ¢ — YIS =o1) and  nl|T(Ex,g - 9% = o(1) (4.7)

then we have

N1 Wa@( (D) - () 5 N, 1).

Moreover, if Y is bounded and m,, = o(\/n min( /T, Kin, N Tin)) then

1 Wa@(En(@) - 9(2) S N(O,1).

5. A Model Specification Test

Our estimation procedure crucially relies on the conditional independence between se-
lection and covariates given potential outcomes (see Assumption 1). Hence, it would be
desirable to test the validity of this assumption before conducting the estimation proce-
dure. An attractive feature of Assumption 1 is that it is indeed testable (cf. Theorem
2.4 in D'Haultfoeuille [2010]). In this section we construct a test for this assumption.
As seen in Section 2, given Assumptions 2 and 3, Assumption 1 is equivalent to the op-
erator equation Tg = 1. Let us consider a reasonable class of functions for g namely
F = {qb € Li : ¢(-) = 1and ||¢p — Ei, ¢lly < Ck,_lﬁ for any n > l} for some f > 0. The null
hypothesis under consideration is

Hy : there exists a function g € ¥ such that Tg = 1.

The test statistic. Our testing procedure is based on the criterion in (3.3). We verify
whether Y7, ’)E%(X,-,:g\n) does not become too large, which is the case if the true inverse
conditional probability function g does not satisfy the minimal smoothness conditions
imposed by Hy. By reformulating the quantity Y. ; x3(X;, g») we obtain our test statistic

S = (;@mmi 1)y (X)) (X X)) (;@mmi 1) f, (X)) (5.1)

where the dimension m;,, coincides with the first step dimension used for the estimator ¢,,.
Our testing procedure builds on Breunig [2015]. But as we consider a constraint estimation
procedure we cannot apply the method of Breunig [2015] directly. A constraint sieve
testing procedure was proposed by Breunig [2013] but for the specific situation of quantile
versions of instrumental variable models. In addition, note that in these two papers the
basis functions used to construct the test statistics are assumed to be orthonormal, which
is not required in the following.
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Asymptotic distribution of the statistic. Our test statistic S, is asymptotically normally
distributed if it is standardized by appropriate mean and variance, which are introduced
in the next definition.

DEerINITION 5.1. Let us introduce the matrix

Z, = E[(g00A = 1) QM2 £, (X) fi, (X0 Q5 2]

Then the trace and the Frobenius norm of X, are respectively denoted by i, and G,

AssumptioN 11. There exist constants ¢,C > 0 such that Var(g(Y)AIX) > c and E[(g(Y)A —
14Xl < C

Due to Assumption 11 (iii) it holds ¢, > C+/m, for some constant C > 0. The next
result establishes asymptotic normality of S, after standardization.

TueoreM 5.1. Let Assumptions 1-6, and 11 be satisfied. If
m> =o(n), kym>=0(nty), and max (kn,n'cknk;zﬁ) = o(\/my) (5.2)
then it holds under H

(V2em,) ™ (1S = i, ) 5 N(O,1).

Estimation of Critical Values. For the estimation of critical values of Theorem 5.1,
let us define U, = (Agu(Y1) = L., Augu(Y) - 1)’
S, = (XL, Xim,) 71 /2XE, diag(Uy)* Xon, (X5, Xin,) /2. The asymptotic result of Theorem 5.1
continues to hold if we replace ¢, by the Frobenius norm of fm,l, denoted by ¢, and iy,

We estimate the matrix X, by

by the trace of £, , denoted by Ty, .
TueorEM 5.2. Let the assumptions of Theorem 5.1 be satisfied. Then it holds under Hy

(V2G,) (1S = Fim,) > N(0, 1).

Limiting behavior under local alternatives. In the following, we study the power of
the test, that is, the probability to reject a false hypothesis against a sequence of linear local
alternatives that tends to zero as the sample size tends to infinity. We consider alternative
models defined through a sequence of functions g, that satisfies

ITgn =1 = my ™" %llx = o(m,*n™'72) (53)

for some function 6 € Lj. Due to (5.3), for any n > 1 the function g, does not satisfy
Tgn = 1. The next result is a direct consequence of Proposition 2.4 of Breunig [2013] and
thus, its proof is omitted.

ProrositioN 5.3. Given the conditions of Theorem 5.1 it holds under (5.3)

[s¢]

(\/Egmn)_l(n Sy — an) i) N(2—1/2 Z (E[é(x)f](X)])z, 1).

=1
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6. Monte Carlo simulation

In this section, we study the finite-sample performance of our test by presenting the results
of a Monte Carlo simulation. There are 1000 Monte Carlo replications in each experiment.
Let X = ®(x) where x ~ N(0,1). Further, generate Y* from the model Y* = ¢(X) + cyV
where ¢(x) = CD(S(x - 0.5)) with standard normal distribution function ®, cy = 0.4, and
V ~N(@,1).

Estimation of conditional expectation. We consider estimation of the conditional ex-
pectation of Y* given X. We generate realizations of the selection variable A from A ~

- — — e estimator in (3.7)

© MAR estimator

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 1: The regression function ¢, the median of ¢, with 90% confidence intervals and
an estimator under MAR assumption

Binomial(1, h(Y™)) where h(y) = 0.4 * 1{y < 0.4} + 1{y > 0.4}. We estimate the function ¢ by
using the constraint estimator ¢, given in (3.5). As basis functions we use B-splines of order
3 with 2 knots (hence k;, = 6) and for the criterion function we use orthogonal B-splines
of order 3 with 6 knots (hence m, = 10). Figure 1 depicts the median of the estimator ¢,
together with its 90% pointwise confidence bands and an estimator under the missing at
random (MAR) assumption. The MAR estimator becomes more biased for small values of
x and lies even outside of the pointwise confidence bands of @,,.

Nonparametric Specification Test. Results are presented for the nominal level 0.05.
Let us now study the finite sample behavior of our nonparametric specification test.
We construct the observations of A via the function h(y) = 1/(10y + 2) + 0.5 for y € [0, 1]. If
Hy holds true we generate A ~ Binomial(1, 1(Y)).
In the experiments where Hy fails, X is not a valid instrument in the sense that it
influences the endogenous selection. In this case, we generate realizations of A from

A ~ Binomial(1, (1 = v)h(Y") + vp(X))
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for some constant v > 0 and where p(x) = 1 — (2x — 1)%. Clearly, if v = 0 then the null
hypothesis Hy is true. We estimate the regression function ¢ as in the previous paragraph.

Model Empirical Rejection probability

p v (V220,)" (1S — Fim,)
Hy true 0.046
P1 0.2 0.221
0.3 0.389
0.5 0.562
02 0.2 0.374
0.3 0.677
0.5 0.814
p3 0.2 0.659
0.3 0.909
0.5 0.942

Table 1: Empirical Rejection probabilities for Nonparametric Specification Test

In Table 1, we depict the empirical rejection probabilities of our test statistic with critical
value 0.05. The critical values of these statistics are estimated as described in Theorem 5.2.

7. Empirical lllustration

In this section, we apply our estimation procedure to study the way in which the level of
expenditure of an individual affects his/her expected “propensity to work”.

We use data from the German Internet Panel (GIP)3. This data set contains data
about individual attitudes and preferences which are relevant for political and economic
decision-making processes. The survey represents the German speaking population aged
16 to 75 in Germany.

In our application we measure the “propensity to work” by the “number of desired
hours” which is present in our data set. The latter variable is the number of weekly hours a
person would like to work by taking into account that the income would change according
to the hours of work. Let Y* denote this variable and X denote the variable “expenditure”.
The latter measures the total average expenditure in one month of a person.

The object of interest in our study is the regression function of Y* given X, that is, the
expected number of desired hours given a level of monthly total expenditure.

In our data set we have 1118 observations, a small number of missing in the variable
“expenditure” (56 observations) and a large number of missing in the variable “number
of desired hours” (392 observations). As the number of missing values in “expenditure”
is small we eliminate these observations from our data set (since the bias is going to be
negligible) so that the sample size we work with becomes n = 1056 and the missing values
in the variable “number of desired hours” are now 365. This shows that only less than half

3The GIP is a survey part of the Collaborative Research Centre “Political Economy of Reforms” (SFB 884)
based at the University of Mannheim which studies the determinants and perceptions of political reforms
and their consequences for the economy.
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Figure 2: Estimator of IP(A = 1|Y* = y) with 90% percent confidence intervals.

of the missing in “expenditure” corresponds to missing in “number of desired hours”.
The fact that Y* is not observed is likely to be endogenous since one could think that
in “extreme” situations, where Y* is either excessively low or excessively high, a person
would be more likely to not provide this information. While the variable “expenditure” is
statistically related to Y*, it is reasonable to assume that it is independent of the selection
mechanism once Y* is accounted for. In particular, we have implemented our specification
test proposed in Section 5. We have computed the test statistics for a grid of values for
my, and the maximum absolute value of the (standardized) test statistics is obtained for
my, = 42 and is 0.1757. Therefore, our test fails to reject Hy at the level 5%.

Figure 2 depicts our estimator for the conditional probability IP(A = 1]|Y*) and we
observe that this estimated probability of reporting increases with potential desired hours
of working. The pointwise confidence intervals, however, are too wide to make significant
statements. A reason for this is that the conditional probability function is a solution to an
inverse problem and hence estimators can be imprecise in finite samples.

Mean Median Min Max Std. n missing
Y = AY* | 22.05 30 0 60 18.2392 1056 373
X 1439 1225 0 6000 899.2948 1056 0

Table 2: Descriptive Statistics for Y = AY* and X.

Figure 3 shows the estimated regression function of “number of desired hours” on
“expenditure” together with the 90% percent confidence intervals. The estimator is based
on the nonparametric methodology described in Section 3 where we use B-Splines where
the first step was penalized by a smoothness matrix as described in Blundell et al. [2007]
page 1638. The additional penalization avoids to stablize the estimates even if the number
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Figure 3: Regression curve of “number of desired hours” on “expenditure” with 90% per-
cent confidence intervals.

of B-spline basis functions might be chosen too large. The B-splines used here are order 4
with 3 knots, hence k, = 8. We also report the estimated regression function of “number of
desired hours” on “expenditure” estimated under the MAR-assumption in Figure 4. As we
see from the figures the MAR estimator is only significantly different from our estimator
when expenditure is small.
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Figure 4: Regression under MAR of “number of desired hours” on “expenditure” with 90%
percent confidence intervals.

A. Appendix

Throughout the proofs, we will use C > 0 to denote a generic finite constant that may be
different in different uses. I, denotes the m, X m, identity matrix. Further, for ease of
notation we write ) ; for Y./, and Y _; for }; Zf,_:ll. For a matrix A, we denote by ||A|| its
operator norm.

In the following, we denote Qn =n! Vi fo (Xi) fn, (Xi)!. By Assumption 4, the eigen-
values of E[ fy,, (X) fin, (X)'] are bounded away from zero and hence, it may be assumed that
E[fy, (X) fi, (X)!] = Ly, (cf. Newey [1997], p. 161).

A.1. Proofs of Section 3.

Proor or THEOREM 3.1. The proof is based on the following decomposition

1B = 1B < 2]|Q s, — Qu)(Xt, G/t = Qu ELp(X) fi, ()|

- 2
+4][X, G/ — Qu El9(X) fon, O|* + 411, 0 — @l
= 21, +4II, + 4lII, (say). (A.1)

First observe that

Ly < IQ; M 1PIQu = L, JPIX,, G /1 = Qu EL(X) o, (NI,
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We have ||§n - Imn||2 = m2/n and ||(§,;1||2 =1+ 0y(1) as Newey [1997] page 162. Further, we

observe

My

Ly<a) | ) Yi(@Y) - (Er8)(Y)

j=1
#8Y [y Vi (B, (YD) £i(X) = BLY (g, 9)(V) £(X)]
=1 i

)FHX0) ~(TMig G — Ex, &), fi)x|
|2

My 1My

+4 Y Y (DA = ELLCOAON) ELYAGO]
j=1

i I=1

|2

+2 Y (TMig(Go - Ex,9), i)k +8 ) (TMu(Ex, 8 - 8), )k

j=1 j=1
= 4B, + 8By2 +4B,3 + 2B,4 + 8B;5  (say).

Consider B,;;. The Cauchy Schwarz inequality implies
— I 2
But < IIBu = B2 Y [In™ Y, Yiew, (Yi) £(X) = ElYer, (1) £(X)]]|
j=1 i

= 1B = B, I* Op kit /1)
= Op(my/n)
where we used that knler\n - ﬁkﬂH2 = Op(1). Consider Bp. Since Var(YE, g(Y)) is bounded

we have
— « 2
By <n™' ) E[YEqgMfi(X)|
=1
B 2
<" sup o, (IP E|Y Ey, g(Y)|
xeX
< 207" sup [l fn, (I ( Var(Y Eg, g(Y)) + ITMigEy, 815
xeX
= O(mn/n).

Consider By;3. It holds

EBys =n"" ) Elfi(X)(Fu,@)X)P < 207 supl|fu, NIP(1Fm, = @Ik + Il ) = O, /)
xeX

=1
Consider B,,4. We observe
Bus = IF, TMia(8n — Ex, 9)II% < ITMia(8n — Ex, 9)II%

ITMig(¢ — Ex, QIR
XUIT(@n — Ex, 9)I%

< sup 5
(oG, 0021} | IT(P — Ex, 9l
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Due to Assumption 5 (iv) we have
ITMia(¢p — Ex, 9)lI%
sup S <00
(6Gi 0021 | I1T(P — Ex, %
From Blundell et al. [2007] page 1659 we deduce
IT( — Ex, I = Op(1m, '™ + my [+ IT(Eg, g — 2)I})-

Consequently, we have

By = Op(m, /™ + my fn + | T(E,g - 9)II%).
Further,
w5 < I, T(Ex,g = % = O(IT(Ex, g - 9)I%),
which proves the result. O

Proor or CororLrARry 3.2. It is sufficient to check that
ITMapllx

A2
P TITlix (A.2)

Let T* denote the adjoint operator of T which is given by T*¢ = E[A¢(W)|Y]. Since the
multiplication operator M;; is a selfadjoint operator we obtain
ITMiully = (TMiacp, TMiap)x = (T¢p, (T") "' MigT" TMigp)x < IITlIx INT") ™ Mig T TMiapllx

From the link condition ||Tgi)||2 cY? =17 ip,e ]>Y weinfer by a duality argument [|(T™) 1gbll2
Yy =1 7‘1(¢> e]>2 Let L be a selfadjoint operator acting on L2 with eigenvalue decompo-

sition {7 }/ ,¢j}i>1. Then we conclude
ITMiall%, < c T Plx IL Mg T TMigdlix < ¢ M ITPlIx ITMigL ™ lIx ITMigplix
which gives

ITMia¢pllx
ITllx

Consequently, (A.2) follows since ITM;;L Y% is bounded. m]

< cTML Yk

Proor or THEOREM 3.3. To bound the asymptotic variance V,(x) from below we observe
that assumption Var(Yg(Y)|X) > C yields

%) > fun, ()" B [ fun, (X) Var(YgOIX) s, (0! o, (/2 > Cl fr, RIP-
In the following, we also make use of

Var(Yg(Y) - p(X)IX) = E(Yg(Y) - p(X)P|X)

= E(IYg(V)PIX) - p*(X)
= Var(Yg(Y)IX).
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The proof is based on the decomposition

@) = 9(0) = fr, (' Q)" Y for, D(Yig(¥D) ~ (X))
+ fna (0 Q)™ ) fon (XYi(8(Y3) = E g(Y)
+ fna (0 Q)™ ) fon, (X)Yi(Ex, 8(Yi) = (Y1)

+ fn,(0'(1Q0) ™ Y fn (X)) = ()
=1, +II, + I, + IV, (say).

Let us denote f, = (T;Tn)_leq E[f,(X)]. As in the proof of Theorem 3.1 and since
E[ fﬂ (X)] = E[Ag(Y) fﬂ (X)] it is easily seen
Iy = VI funs @ T B, —Bi)+ Vi fin, () TH(TLTL) T E [ fun (OA(5(N) ~ Er, g0)] +0,(0).

From Assumption 5 (iv) we infer

-1 ITMiallx -1 -1
IT} (T, T,) T;||<sup{ﬁ IT,(T4T,) Thll < CIT,(T,T,) Tl =C
PeG Mn

where we used the fact that projection matrices are bounded in the operator norm. The
Cauchy Schwarz inequality together with n||T(g — Ex, g)||§( = o(1) implies

Iy = 1 fin, ()T (B, = Br,,) + 0p(1).

Consequently, we obtain

V) (L4 1) = Y (1Y) a0 (fn K(Yig(¥) = (X0

1

—TY(TLT) Ty (X0 = Elfon, (X01)) + 0p(1)
= Z Sin + 0p(1)

Moreover, s;;, 1 < i < n satisfy the Lindeberg condition which can be seen as follows. It
holds E[s;;] = 0 and n E[sl.zn] = 1. Pollowing Newey [1997] (p. 164), for all ¢ > 0 due to

E|Yg(Y) — p(X)|* < C we observe

Z E[s7, Ly, >e)] < ne? Elsin/el* < Cn'e™?m;, = o(1).
i

Again from Assumption 5 (iv) together with n||T(g — E,9)l% = o(1) yields nlll, = o,(1).
Finally, nlV, = o0y(1) follows from n||F,,,¢ — (p||§( = 0(1), which completes the proof of the
first statement in the theorem.

By Lemma A.1 we have

V(@) = () = 1 Va@)(Bulx) = 9@))( V) V() 5 N (O, 1)

which proves the second result of the theorem. m]
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LemMma A.1. Let Assumptions 1 -5 and 7 be satisfied. Moreover, assume that Y is bounded. Then,
Vi) V() = 1+ 0,(1)
where V,(x) and (T/n(x) are as defined in Theorem 3.3
Proof. Let us introduce some notation. We denote X, = E [ fﬂ(X) Var(Yg(Y)|X) fﬂ(X)t],
Zus = Iny = ELfon, COTELfin, (X)) T = Tt fin, (50 for, () (Yi ZalYD) = §u(XD)) /i, Sy =
?” = (X}, 1/m)(1; Xon/n) and o = Y fn,(X0) fﬂ(xi)f(yi g(Y;) - (p(Xi))z /n. Moreover, let
1= (Va(0) V2 fn, (0 Qi B = (Vi)™ fin, (1), T = X5, Y, /1
Ty = (V@) 2 £, (0 Q" (X, diag (Y)Y, /) (T4 Q' T) THQ,"
and i, = (V) 2, (¥ TY(T,T,) " T!,. Hence,
Vi) (B Zuy + BT, o) = V()
and by noticing that 1|,y + 5%, ¢hy = 1, the triangle inequality gives
(V) PV V)2 1| < [ S = S| + [ = | + [F Sl = 1 S|
4 B = S | + 155 2 = 5% o (A3)
Remark that ||71\1 — 1]l = 0p(1) and ||71\1|| = Op(1). Consider/h\z. We have
(T, Q5 )™ (T T 1 < (T Q5 )™ (T, T) = (T4, Q5 Tl (TS T) )
= Op(r2n ™' Nk, (A4)
as we see in the following. It holds
T, Qu Ty = ToTall < IT4(Qu = L, Tall + T4 (T, = T) + T4(T, — T
= IT%,(Qn = L, Tull + (T = T)' (T = Ty) + 2T4(T, = T
<IT4(Qn = I YTl + 1T = Tl (1 + 1Qu = Lo 1) + 21Ty = Tull(ITll + Qs = L, 1)
= IT4(Qn — I, ) Tull® + 0p(1).

Moreover,
ki
IT(Qu = L Tl < 17 Y E| ELACY) fun, (O f (X for, (X0 ELAe}(Y) for, (1]
jil=1

kn
=n'E [Z | (B, TeD(X)(En, Te)(X)|

jl=1

2
<n’! (SU)}(D I(Tey, )(x)llz)

yey

= O(n'k%)

2
<n’! [sup |Iek,1(y)||2)
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since [[(T4Q; T,) Yl < T4 T,) "Ml + 0,(1) and (TLT,) Y| < Cr;! by assumption 7 (iv),
Q! — 11 = Op(m? /n), X, diag(Y)Y, /n = TY|* = Op(myky/n), IT, — Tul? = Op(myky/n).
Then, ||hy — ho|* = 0,(1) by Assumptions 4 (i) and 5 (ii), (iv), and so ||h2|| = Op(1).

Under Assumptions 4 (ii)-(iii) and 7 (i), we can show similarly as in Newey [1997] page 165
— 166 that:

Iﬁgznﬁl — K| =0,1)  and ’Zg(in - zn)ﬁl' = 0,(1). (A5)
Moreover, denote S, = 17 ¥; fon, (X0) fons i) 1Yi (YD) =0(X)l, S = E fi (X) fon, (XYY g(Y)—

p(Xl, Dg, () = gn(-) — g() and D3 () = @n(-) — ¢() and remark that E||S, — S,|I> < Cm?/n
under Assumption 7 (i). Hence,

Ii;i(/in - En)ﬁl| =

n! Z (}l\ifﬂ(xi))z {(Yi u(Yi) - (/ﬁn(Xi))z - (Yi g(Yi) - (p(Xi))z}‘

<

™ Y (o C0)” (05D, - D, 00

+2

w7 Y (0 (0 (Y8069 = 9(X0)(YiD, (Y = D, (%)

< 0p(WHL[Qy = Ly, Iy + 20,(WHL[S,, — Syl + 0, (DIl + 0, (VK S,y
(A.6)

since Sup,cy |y|2(SUPyey |D§n (y)|)2 =0, (max (k%/(n’[kn), k;2ﬁ+1)) and

2 oy m2
(sup Dz, @)l) = O, (max (m,f [ 8 | T(Ex, g ~ g>||§<))
xeX n

by the Cauchy Schwartz inequality and both converge to zero under the assumptions of
the theorem.
Next, by the Cauchy-Schwarz inequality,

(12 = 12)' Ty 012 = o) + 2H T gty = 2155,

\(h2 ~ hZ)th,f(}l\Z — o)l + 2I(z - h2)' L, ghol
op(1). (A7)

N

3 fﬁz — 5L, £l

N

Furthermore, by E ||’Z\n, F— Ly, f||2 < Cm2/n,

ﬁl\;(’in,f - Z:n,f)/l/l\2| <

Tof = Zn g

1721 = 0,(1). (A8)
Then, by (A.3), the triangle inequality and (A.5)—(A.8), the result of the lemma follows. O

A.2. Proofs of Section 4.

Proor or THEOREM 4.1. The proof is based on the inequality

1 = llz < M, = Yllz + 1n — i, Yllz.

26



By assumption, we have [T, ¢ — Y|z = O(k,;y/ dz) and thus, it is sufficient to bound ||7:b\n —
[T, )llz. By Lemma B.2 of Chen and Pouzo [2012] it holds ||{, — Hk”gl)llé < C1<]:1||K(1p,1 -
[T, Y)|%- From the proof of Theorem 3.1 we have

Y [t Y Vg% - EYgO XN = Op(r) (A9)
=1 i

where we denote r,, = max (m 2arfdy 7 bmy,, |IT(g - Ey, g)llz) Consequently, we observe

It (Yi (Vi) — (T (20 P, 0|

< 2| E[(Y V) ~ (T, )(@))pu, || + Op(r)
< 2K,y = )l + Op(ru + IFsn, KT, ¢ = I )-

Further, using the elementary inequality (2 — b)> > a?/2 — b? and again applying relation
(A.9) gives uniformly in ¢

7 3 (Vi@ = 6@ fun KO 2 [ (Y = 0@ fun (]| 12
Ky

- max
= PEBy,,

n! Z (Yigu(Ys) — 6(20))f;(X) - E[(Y" - $(2)) f]‘(X)]|2

> CIK(ITi,yp = )l = Op(ru + I, KT, ¢ = I )-
For some ¢ > 0 let us denote ¥, = {p € Wy i IK(Q—)I3 = €7} whereT,, = ry+||Fp; K(ITi, -
lp)II%(. Therefore, following the proof of Lemma B.1 of Chen and Pouzo [2012] we obtain
(||1<<¢n P > eta)
2
mm || Z (Vi @YD) = &(Z0) fur, | < | Z (Y8 (Y0 = (T, 9)(Z0)) i X[ )

< P min K@ — )1 < [K(TTe, ¢ = 9)IE + Oy(F)

P,

which goes to zero for all n > 1 as ¢ — co. This shows ||K(¢n Iy, )llx = Op(ry) and thus
proves the result. m]

Proor or THEOREM 4.2. Observe that the asymptotic variance ‘W, (z) is bounded from be-
low. Indeed, from condition Var(Yg(Y) — ¢(2)|X) > C we infer

-1 -1
Wa(2) > pi, (2)'(KLKy) KL E [ i, (X) Var(Yg(Y) = (21X fs, (X' [Kn(KLK)  pi, )
> Cpi, (' (KK,) i (2)
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which we use in the following. LetA 1= (Zt X, XE, X, ) XE, Zy,/ n) Z’f X, Xt Xon,) !
and A;! = (K{K,)7'K!,. Then, we make use of the decomposition

Pu() - Y(2) = pr, () A7 Z S, KX)(Yig(Y3) = (Z)))
+ pr, @A Z S )Y (80 (Y1) = Er, (Y1)
+ (@) A Z Fon, (X0 Yi( Er, 8(Y:) = (Y1)
@AY o (OPZD) ~ (@)
= I, + II,, + III, +l IV, (say).

-1
Let us denote 9y, = (K;Kn) K! E[Yg(Y) fm,(X)]. As in the proof of Theorem 3.1 and since
E[ fﬂ (X)] = E[Ag(Y) fﬂ (X)] it is easily seen
-1 —
Iy = Vpy,(2) (K K,) KETY (S, — 9,)
-1 -1
+ Vi pu, (@) (KKy) KETH(TRT,) T4 E [ £, (OA(8(Y) = Ei, g(0)] + 0p(1).
-1
Since the largest eigenvalue of TZ(T,ZTW) T!, is bounded and Assumption 5 (iv) together
with 7||T(g — Ex, &)l = 0(1) the Cauchy Schwarz inequality implies
-1 —
I, = Vipe, @' (KLK,) KT (S, — 85,) + 0,(1).
Consequently, we obtain

VAT Wa@) (1 + 1) = Y (1Wa@) ™ Py @' A (i KD(Yig(¥) — $(Z0)

~ (KK) KT ) T (X0 — ELf, (01)) + 0,(1)

= Z Sin + 0p(1)

Moreover, si;, 1 < i < n satisfy the Lindeberg condition which can be seen as follows.
-1
It holds E[s;;,] = 0 and nE[sl.Zn] = 1. From Assumption 5 (iv) we infer Y (T;Tn) Till <

C||Tn(Tf1Tn) T:|| = C and due to E|Yg(Y) — ¢(X)|* < C we observe

Z E[Sm 1{|Sm|>é} ne E |Sm/€|4 < Cn™ 18_27712 = 0(1).

Again from Assumption 5 (iv) together with n||IT(g — E,9)ll% = o(1) yields nlll, = o,(1).
Finally, nIV,, = 0,(1) follows from n||IT, 1y — |[Z = o(1), which completes the proof of the
first statement in the theorem.
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To prove the second statement of the theorem, remark that by Lemma A.2, W, (z)‘l’/M\/ w(z) =
1+ 0y(1). Therefore, we obtain

I Wa@(0n(2) = 9@) = 1| Wa@)(0n@) - @) Wa@/Wa@)? 5 N(O, 1)

which proves the second result of the theorem. m]

LemMma A.2. Let Assumptions 1 -5, and 8 — 10 be satisfied. Moreover, assume that Y is bounded
and my, = o( Nnmin( T, 7 , \fKx, 17 )). Then,

Wo(2) " Wa(z) = 1 +0,(1)
where W, (z) and (wn(z) are as defined in Theorem 3.3.

Proof. LetX, rand fn, rasdefined in the proof of Lemma A.1. We denote Z,lf =E [ fﬂ (X) Var(Yg(Y)-
—~ _ —~ 2 ~
POIX) fin, | T = 17 L (X0 o, (X (Y3 G (V) ~Pu(Z0)) and = 171 5 fn, (X0) fn, (X' (Vi 8(Y)-

—

gb(Xz-))z. Moreover, let A, = (Z, X, /1Q, X, Zy, /n), Ay = KLK,
Ty = (Wi(@) ™o, @' ATNZL Xon, /m)Q5Y, Yy = (Wa@))py, (2 A KL,
= (W) P @ ANZE X, /)X, diag(Y)Ys (T0;'T,) T.Q; !
L= (W, P, () AL NZL X, /)X, diag(V)Yy (T4Q;'T,) T,,Q;

-1 i =
and K, = (Wu(2) py, (2 A, KLTY(TT,) Th. Hence, Wy(2) (BZihs + HZ, fha) =
(/M\/n (x) and by noticing that hg):fhg + hi):n, rhs =1 and by the triangle inequality

(W) W@ W) 2 = 1| < [IE] - s + JAES - =i

+ 8T — | + [ = S |+ 5 s = 1 .

(A.10)
Remark that
Z-1 -1 Z-lna -1y _ Vi, my o o
1A, — A < A A, — Al (A, = Op(max( \r/% ",7%)%)

since IIK’?\I,‘llll2 < 2|1 A + o0p(1), NA? = A < CKI;Z, ||annan/n - K, = Op(kymy/n) and
IQ;! — II2 = O,(m,2/n). Then, |[h3 — hsll = 0,(1) and |[i3]| = O,(1). By these results, (A.4),
X, diag(Y)Y,/n — TY|? = Op(muky/n), [Ty — Tyll> = Op(myky/n), Assumptions 4 (ii) and
5 (ii), (iv) and the assumptions of the lemma we conclude that ||hs — hal? = 0y(1) and so
[hall = Op(1).

Under Assumptions 4 (ii) — (iii) and 10 (i), we can show similarly as in Newey [1997] page
165 — 166 that:

[ﬁgz,‘f’ﬁg —HEVhy| =0,(1)  and [Eg(i;f = 23] = 0,(1). (A11)
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Moreover, denote &/ = (Y; gu(Y)~9u(X0)), & = (Vi g(YD)—(X1)), Su = 17" T fun, (Xi) fon, (X1,
S¢ E[ fin, (X) fin, (X)F1EVI], Dg (Yi) = <n(Yi)—g(Y;) and D (Xi) = 1/}n(X) Y (X;) and remark
that E || " Sﬁll2 < Cm?2/n under Assumption 10 (i). Hence,

= 0| = ) (s, C0) (& - €
i=1

n! Z (s fn, (X)) (ViDg, (Y3) = D (X)2| + 2! Z (s fn, (X)) &Y, (Y9) ~ D (X))

< 0p(YHL[Qy — I, T3 + 20,(1)HL[SY — S¥1h3 + Op(1)||h3||2 + 0,()SY Ty
(A.12)

since Sup,cy |y|2(Supy€y |D§n (}/)|)2 =0, (max (k,%/(n’[kn ) k;2ﬁ+1)) and

2
k2
[sup|D <x>|] (max(k ikl ,knx,:1||T<Ek,1g—g)||§<))
ZEZ nKkn g

and both converge to zero under the assumptions of the lemma. Next, by the Cauchy-
Schwarz inequality and similarly as in the proof of Lemma A.1 we get

N

- — — 1/2 1/2
s = halP +2 [ (hs = ha)' Ty phs = ha)| " [HyZon pha

Clihy — ha?
0p(1). (A.13)

@Zn, f7’1\4 — Wy %, fhal

N

Furthermore, by E IIEH, F—La, f||2 < Cm2/n,

ﬁ’l\i(/in,f - Z:n,f)i’l\4| <
Then, by (A.10) and (A.11)-(A.14), the result of the lemma follows. O

S = S |11l = 0,1, (A14)

A.3. Proofs of Section 5.

Proor or TueorEM 5.1. Since we have ||Q, — Ly, 1> =

(\/Ecmn)_l( ;'Zl 172 ¥ i(Aign(Yi) = 1) f(X)* - ymn) — N(0,1). The proof of this statement
is based on the decomposition

i|n-1Z<A,-§n<Yi>—1m<xi>|2:%n-lz (aig(rd) - 1)fiX0[
j=1 i =1 i

2% (Z(Aig(Yi)—1)ﬁ(Xi))(ZAi(§n(Yi)— g(¥))fi(X))

2
n j=1 i

op(m2 /n) it is sufficient to prove that

My

+Z|n Z (Zu(Yi) - g(Y))f](X)| = I, — 2, + II,. (A.15)

i
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Consider I,. We calculate

o (10~ ) = (aig0rd = 1)fx" - E[(a300 - 1) £200))
i ]:1
ngZ Yi) = 1)(Arg(Yi) = 1) £(X) fi( X
A =1

where the first summand tends in probability to zero as n — oco. Indeed,we have

ZZ 850 - 1) - E[(ag0 - 1) £00))|

i =1

< 8| (a5 - 1)00 - E[ (a5 - 1) 200

gmnn j=1

1 4
< —— sup | fu, W)II* E [Ag(Y) - 1]
Cm, M xeX T
C 2
< = = o(1).
S, 1

Therefore, to establish ( \/Egm )Ly — pim,) 4N (0,1) it is sufficient to show
ZZ Aig(Y) = 1)(Arg(Yi) = 1)fi(X) fi(Xi) > N(O,1).
i#’ j=1

This follows from Lemma A.2 of Breunig [2015].
Consider II,,. We observe

i

an:Zn:(Z (Aig(rd) = 1)£X)( ZA (YD) - g(¥)) (X))
j=1

Ingclingt

() (Aig0r) = 1) A Y MG — Er, X)) £(X)

i i

Y (Y (g = 1)£X0))(n ZA Er,gu(Y0) — (X)) ;(X0)
o = Cy1 + Coa.
Consider C,;. We have
Ci ||Diag(”[1 ..... %) 2 (Br, — B
xZ Z Aig(Y) = 1) fi(X))IDiag(r1, . .., )2 E[Aex, () (O + 0p(1).
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Using

My

E|Y (Y (8500 - 1) fix0)IDing(xs, ... )2 Ele, (1) FiCON|
=1 i
<Y E[((ag00 - 1,00) IDing(e, .., )2 Eldeg, (0N
=1

< Cnl|Diag(ty, . . ., t,,) ™" E[Aeg, (V) fon, )T

Since ||Diag(t1, . .., T¢,) /2 E[Aeg, (Y) fu, (X)'1I2 = O(ky) it holds

Cu = |IDiag(ty, - .., t,) "> (B, — Bi )l Op(Vkutt) = Op(kn) = 0p( N1t

Further, we have

ElCal < Y EIE,$ - 9P VE|ais(r) - D[
j=1

+Cnl2E| Y (T(Ek,g - 8), f)xfi(X)|
j=1

< C(mallEx,g = glleo + VlIT(Ex,g - 9)lIx)
= Omykey > + T, k) = o( Vi)

where we used that mnk,li_zﬁ = 0(1). Consider III,,. It holds true that

111, < Crll(Br, — Br,)! ElAer, (Y) f, (X1
+ CrllT(Ex, g - 9)II%)
= Op(kn + 71K, )
= 0p( V11t

which completes the proof of the first result in the theorem. m]

Proor or THEOREM 5.2. Remark that (Vz/g\m,i)_l<n5n — ﬁmn) = (\/ﬁgmn)—l(nsn - ‘umn)é’""
(\/Egmn)_l (Hom, = thm,) ? . The statement of the theorem follows from the results of Theo-

rem 5.1, Lemma A.3 and Lemma A .4. O

Lemma A.3. Let Assumptions 1 — 6 be satisfied. Then,
oG, = 1+ 0p(1)

where Gy, and Gy, are as defined in Theorem 5.1.
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Proof. Let]|-||r denote the Frobenius norm of a matrix. Then ¢, = [|Xy, ||rand ¢, = ||Emn lIE.
Let us denote Xy, = 171 Y fun, (Xi) fn, (Xi)! (Ex, g(Yi)A; — 1)2. Observe that Observe

I, = T 12
= Y 360 o 0 [ — B P + 2B 800 = DA — B 910,

<2 Y o X0 (X @ -

" 2””_1 Z Sy (i) fn, (X)' (Ex, §(Yi) Ay = 1)Ai(Gn = E"ng)(yi)Hi
=2I, + ZIlIn.

We further calculate
1 - — 2
I < || Y, A, = Bk, (i) fn (X0 o (X0 e, (V' B, = B,
i

? 1
F+op( )

< | @, = B ELACk, () o, (X) o (X e, O 1B, - i)

<1iBk, = B, I* Y, ElllAey, NI GNP + 0,(1)
il=1

< Cr2|IBx, — B I* E(IIAek_n (Y)||2)2 +0p(1)

= Oy (m2ks/ (ti,m)?) = 0p(1)

by using k;, = o(+/m;,). Similarly, we conclude

— 2
I < o 3 B O = 1), (60 fn X, (N B, — B,
< || BICEL, 8NA = 1) fn, (0 fin, (e, (00 1B, ﬁk,,)Hi +0,(1)

m, ky
<~ BulP Y Y (EUE, A ~ DAGM£COAX) + 0,1

jl=1r=1
= 1IBe, — B, ||ZZZ IFo, T(Ex,8 = 1) - er) - filly + 0p(1)
j=1rI=
=0y (mnk,zl/(rknn)) = 0p(1)
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by using k, = o(+/m;). Next,

my, 2
E IS, = Zu |2 = Z E Z FXD AKX Er, g()A; = 12 = E[ f(X)AX)((NA - 12])
=
% Y E[£002X)E, A - DY+ Y (E[fOACOMEL M - s)P] )
jl=1 jl=1
< cm?% z||anT(Ek g—9) - filk = Om2n™" + myk, ) = o(1)

=1

Finally, by these results and the reverse triangle inequality we conclude that

Q;&’C\mn - 1| = C;ﬁz '”Zmn”F - ”Zmn”F| Cmnllzmn o, |lp + C;&”Z‘mn = L, llF = Op(l)
which proves the result. m]

Lemma A4. Let Assumptions 1-6 be satisfied. Then,

ﬁmn = lleH + OP(Gmn)
where Ly, and Uy, are as defined in Theorem 5.1.

Proof. The proof of Lemma A.3 establishes IIEmn = Zm,llE = 0p(1). In particular, convergence
of the trace of Z,,, to the trace of X, follows by using [tm, — tm,| < VT |1 Zm, — Zm,llF =
0p(Crm,)- O
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