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A re-examination of constrained Pareto

inefliciency in economies with incomplete markets

Mendolicchio Concetta (Institute for Employment Research - IAB)
Pietra Tito (Universita di Bologna - D.S.E.)

Mit der Reihe ,IAB-Discussion Paper“ will das Forschungsinstitut der Bundesagentur fiir Arbeit den
Dialog mit der externen Wissenschaft intensivieren. Durch die rasche Verbreitung von Forschungser-

gebnissen iiber das Internet soll noch vor Drucklegung Kritik angeregt und Qualitdt gesichert werden.

The “IAB Discussion Paper” is published by the research institute of the German Federal Employment
Agency in order to intensify the dialogue with the scientific community. The prompt publication of the
latest research results via the internet intends to stimulate criticism and to ensure research quality at

an early stage before printing.
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Abstract

We establish that, when the number of agents is sufficiently large, but finite, there are open
sets of economies with constrained Pareto inefficient equilibria, and provide a simple sufficient
condition for CP inefficiency. We also show that there are open sets of economies with CPO

equilibria.

Zusammenfassung

Wir zeigen, dass, wenn die Zahl der Agenten ausreichend grof, aber endlich ist, offene Sets
an Okonomien mit eingeschrinkter Pareto-Ineffizienz (CP) existieren und bieten eine einfache
hinreichende Bedingung fiir CP-Ineffizienz. Wir zeigen auch, dass offene Sets an Okonomien
mit CPO-Gleichgewichten existieren.

JEL classification: D51, D52

Keywords: GEI, constrained Pareto inefficiency, numeraire assets.
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1. Introduction

With incomplete financial markets, equilibrium allocations are typically Pareto inefficient.!
The natural question is if they satisfy weaker notions of efficiency, defined taking into account
the restrictions that market incompleteness imposes upon the set of feasible allocations. The
canonical criterion of constrained Pareto optimality (CPO) has been introduced by Stiglitz
(1982) and Geanakoplos and Polemarchakis (1986), and further developed by Citanna, et al.
(1998).% The key idea is that a minimal efficiency requirement for an allocation is that it should
be impossible to Pareto improve by rearranging portfolios, and letting commodity prices adjust
to restore market clearing for the commodities. The possibility to attain a Pareto improvement
using this limited set of instruments rests on the welfare effects of the induced changes in
equilibrium prices.

In this, and a companion paper, Mendolicchio and Pietra (2016), we reconsider the issue of
CPO, providing some new results which complement the ones in the literature. Here, we focus
on Pareto improvements attainable via portfolio reallocations, adopting the canonical criterion
of CPO. In Geanakoplos and Polemarchakis (1986), lack of CPO is established for economies
where the number of agents, H, is smaller than the number of normalized commodity prices,
(S+1)(C—1). Here, we extend the analysis to economies where the number of agents is finite,?
but this upper bound fails. The logic of the results in the literature implies that, no matter what
the - finite - number of agents is, there are open sets of economies with non CPO equilibria.
Think, for instance, of replica economies: If the equilibrium is not CPO with one agent per
type, the same equilibrium is also not CPO for each number of replicas, and for each economy
sufficiently close to a replica economy. Therefore, there are always open sets of economies with
non CPO equilibria, provided that there is - in a proper sense - not that much of heterogeneity
across agents.

Our results follow from a completely different logic and hold for all the profiles of utility functions
satisfying a mild condition. They can be summarized as follows: consider an economy with a
finite, but large, number of agents. Pick any of its equilibria. Fix the equilibrium price and
allocation and consider the set of economies with the same total resources and characterized by
endowment profiles such that the prices and allocation we started with are also an equilibrium
given the new endowment profile. If, at the equilibrium allocation, the matrix of income effects
has full rank, then there is a relatively open neighborhood of endowments in the given set such
that the equilibrium we started with is not CPO. The result does not depend in any way upon
the degree of heterogeneity of the agents. In this specific sense, lack of CPO at equilibrium in
GEI is a common phenomenon, independently of the number of agents. Unfortunately, with
many agents, it cannot be a generic property, since we also show that there are open sets
of economies with CPO equilibria. It follows that neither CPO, nor lack of CPO, are generic
properties, independently of any robust restriction on the class of preferences, or of the degree of
heterogeneity across agents. Lack of CPO can be established using a purely local argument, as in
the previous papers on this topics. To the contrary, to show that there are open sets of economies
with CPO equilibria, we need to provide a global argument, taking into account the equilibria
associated with each possible reallocation of asset portfolios. This can be accomplished once we
restrict the analysis to some set of economies sufficiently ”close” to economies with identical,

The set of equilibrium allocation itself may be Pareto ranked, completely, as in the Hart (1975) example, or
partially, as in Pietra (2004) and Salto and Pietra (2013), which consider economies with nominal asset and
indeterminate equilibria.

2 See also Nagata (2005) and Tirelli (2008).

The restriction to a finite number of agents is essential. In large economies, our argument of proof does not
apply. More important, as reported in Citanna et al. (1998), unpublished papers by Mas-Colell (1987) and
Kajii (1992) have shown that equilibria are CPO in large economies with well-dispersed agents.
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homothetic preferences. We also provide a simple sufficient condition for the lack of CPO of
equilibria. For a generic set of economies, equilibria are CP inefficient when the, properly
discounted, present value of the vector of net trades in the numeraire commodities is strictly
positive for each agent. This condition is easy to check, once an equilibrium is given. Its
weakness is that it is based on both ”observables”, the net trades, and "non-observables”, the
normalized vectors of Lagrange multipliers that we need to discount. While it is possible that
more satisfactory sufficient conditions could be found, they must all share this shortcoming.

Citanna et al. (1998) prove generic lack of CPO independently of the number of agents. How-
ever, they allow for both portfolio and period zero endowment reallocations. Their result is
certainly important, but it exploits both the direct welfare effects of the endowment redistribu-
tion and the pecuniary externalities generated by endowment and portfolio reallocations. We
think that it is interesting to consider what happens in economies with many agents when we
have only pecuniary externalities due to portfolio reallocations, i.e., when the possibility of a
PO improvement only rests upon the welfare effects of the induced price changes.

Contrary to most of the previous papers on this topics, in studying economies with CP ineffi-
cient equilibria, we pursue an approach based on the characterization of the CPO allocations
as solutions to a well-defined optimization problem built upon the agents’ indirect utility func-
tions.* Using the terminology of Citanna et al. (1998), we follow an optimization approach,
while both they and Geanakoplos and Polemarchakis (1986) adopt a submersion approach. We
believe that it is interesting to fully and explicitly pursue also our approach, since, for certain
purposes, it is somewhat more transparent, interpretation-wise.

To extend the analysis of CPO in GEI to economies with many agents is important. Since
we are dealing with competitive economies, to impose upper bounds on their number is a very
strong restriction. When we get rid of it, the CP inefficiency results become weaker. However,
we think that they are still interesting for several reasons. First, we establish that lack of CPO
is, while non generic, still a pervasive phenomenon, and that it may hold for any degree of
heterogeneity across agents. Secondly, our sufficient condition for lack of CPO is easy to check,
once an equilibrium is given. Third, our results make transparent that the same equilibrium
allocation, given preferences, may or may not be CPO depending upon the endowment vector.
Indeed, for each equilibrium, there is a polyhedron of initial endowments such that the given
price and allocation are an equilibrium. The same allocation may be CP inefficient for some
initial endowments, and CPO for others.

The next section presents the model and establishes the, fairly standard, properties of equilibria
to be exploited later on. In Section 3, we make precise the notion of CPO and prove our
main results. We also provide an example of an economy with a non CPO equilibrium: the
equilibrium allocation satisfies the sufficient conditions for CP inefficiency presented here, while
the economy violates the assumptions required for the Geanakoplos and Polemarchakis (1986)
result to apply.

2. The Model

Consider a standard two-periods GEI model with numeraire assets. There is a finite set of

agents (h = 1,...,H), and a finite set of commodities (¢ = 1,...,C) at each of the (S +1)

spots, s = 0,..., S. A consumption plan is z;, = (x(,)l,x,ll,...,xf) € RS_SH)C, a portfolio is

4 Our approach is somewhat in the same vein of Stiglitz (1982).
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by, = (b}, ....b7) € R7. Commodity prices are p = (p°,p,...,p%) € RS_S:DC, asset prices are

q= (ql, ...,q‘]) € R’. As usual, we normalize the price of good 1 in each spot. Asset payoffs
are defined in terms of the numeraire commodities and described by a (S x .J) full rank matrix
R in general position,

7,.11 ’f’lJ

51 ST
T . . .

Y(q) = [—¢",R"]" is the assets’ price-payoffs matrix.
Finally, uj, (xj) is agent h’s utility function, satisfying the standard assumptions for the differ-

ential analysis of equilibria.

Assumption U. For each h, uy, (z5,) is strictly monotone, C®, differentiably strictly quasi-
concave in xp,,% and satisfies the boundary conditions: for each Z; > 0, the closure of the set

{zp, : up(zp) > up(Ty)} is contained in ]qur(fﬂ).

Consumers’ behavior is described as the optimal solution to the problem: Given (p,q),
choose (xp,bp) € argmaxuy, (x) subject to p(z, — wp) = plp = Y(q)by, (U)

where wy, = (wg, w}b, e wf) € R(ffl)c is the initial endowment vector, while p(p = [poﬁg, ...,pSC,f]T .
Let A\, € ]Rif be the vector of Lagrange multipliers associated with the optimal solution to
problem (U).

Also, let V}, (p, q) be agent h's indirect utility function, and Vi (p,q,gh) be the by, —conditional
indirect utility function. This is the function which associates with prices and a given portfolio
Eh the maximum level of utility. Whenever any ambiguity could arise, we will use ”~” to denote
functions and variables referred to the b—conditional optimal behavior. Also, if convenient,
we will use a superscript ”T” to denote column vectors. Finally, our notation will specify
that utility, or demand, functions depend upon (w,w) just when required to avoid possible
misunderstandings.

Definition 1. An equilibrium is a price vector (p,q) with associated allocation and portfolio
profile {..., (Zy,bs), ...} such that:
a. for each h, (F,, by,) solves problem (U) given (p,q),

b. >, ¢, =0and Y, b, =0.

We parameterize the set of economies in terms of endowments and utility functions, and identify
the space of economies with £ = Rsrsfl)CH x U. An economy is (w,u) € £, where Rsrsfl)CH is
endowed with the standard topology, U with the C2, compact-open topology, and £ with the
product topology. It is well-known that this is a metric space. Since our results necessarily
require perturbations of the utility functions, a set of economies is generic if it is an open and

dense subset of £, as usual.

By the appropriate version of Walras’ law, we can ignore the market clearing conditions for
commodity 1 at each spot. Hence, an equilibrium is defined as a zero of the system of
((S+1)(C —1)+J) market clearing equations ®(p,q) = 0. From now on, excess demand

5 We need utility functions to be C'® because, in the proof of Prop. 12, we use the second order derivatives of
the conditional equilibrium prices with respect to portfolio profiles.
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functions for commodities must always be interpreted as (S + 1) (C — 1) vector valued func-
tions and denoted z,(.) € RSHDE=D) 1§ e, we will, unless otherwise specified, ignore the excess
demand for the numeraire commodities.

For future reference, we need to consider only equilibria satisfying some specific properties, in
addition to regularity. Thm. 2 describes them and shows that they are generic.

Let Dy Zn(p, ,by) be the (S +1)(C — 1) x J matrix describing the derivatives of agent h’s
consumption of commodities {2, ...,C'} at each spot with respect to asset holdings.

Theorem 2. If S > J, there is an open and dense set £" C &, such that, for each (w,u) € ™ :
i. there is a finite number of equilibria and each equilibrium is regular, i.e., rank [D(p7q) O (p, q]) =
(S+1)(C —1) + J, and strongly regular, i.e., rank[Dz)_, Zp(.)] = (S+1)(C - 1), at by, =
b (P, q), for each h,

ii. at each equilibrium, the matrix Y (g) is in general position,

iii. at each equilibrium (p,q), (Z,b,\), the (S + 1) (C' — 1) x H dimensional matrix

it ~Zy
1 ~17 1 ~ T . .
AN == [HV0] o [HVeT] | = :
1 1 S =S
Al =8C A =SC
_%21 .. XTHZH
1 H

has maximal rank, min {(S + 1)(C' —1),H},
iv. at each equilibrium, if (H —1)J > (S + 1)(C' — 1), the matrix

~ 4T
|:"'7 [Dghgh(ﬁan)h) _Dglgl(ﬁaqabl)] 7:|
has full row rank at p = p and by, = by, (P, q), for each h.

The proof is in Appendix. Bear in mind that iv. immediately rules out economies with identical,
homothetic preferences, while iii. rules out, among others, economies with no-trade equilibria,
and, when H < (S + 1)(C — 1), with Pareto optimal equilibrium allocations. Property iv. is
required to obtain that portfolio reallocations induce a sufficiently rich set of perturbations of
the equilibrium prices. The condition only depends upon the specification of the equilibrium
prices and commodity allocation, while it does not depend directly upon (w,b). Specifically:
consider two profiles w’ and w” such that, at some associated vectors b’ and b”, the same profile
(Z, (p,q)) is an equilibrium. Then, the matrices in iv. are identical, since they just depend upon
the matrix of the income effects, computed at the equilibrium allocation, and the asset payoffs.
This fact will play a crucial role later on. In particular, this rank condition implies that, by
choosing appropriately db, we can obtain each possible profile of commodity price adjustments.

Let’s now consider economies with fixed resources K and utility function profile . Let

O(K) = {w e R K = th} .
h

For each profile w € Q(K), define the set of equilibrium prices, allocations and portfolio profiles

as
E(w) ={((p.q), (z,0)) |(p, ), (x,b) is an equilibrium of (w,u)}.
Its projection on Rf_fl)OH is the set of endowments associated with a no-trade equilibrium,

OVH(K) = {w € QE)|((z,b) = (.0),(p,q)) € E (w) for some (p,q)}.
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Given @, QN7 (K) includes the set of Pareto optimal endowment profiles, and, of course, it in-
cludes many other w, when markets are incomplete. Givenw € QN (K), E~! (@,0,p (@), ¢ (©))
defines the set of ws supporting the same no-trade equilibrium. Evidently, £~ (&, 0, p (@) , ¢ (@))
is defined by the system of linear equations and inequalities

foreach b : p°(@)@) = p°(@)w) — qbp, and
pl(w;, = p’(@wj +r°by, for each s > 0,
th = K, w>>0.
h

In our set-up, E~! (@,0,p (@), q(@)) is the counterpart of the set of endowment points lying
on the tangent to the indifference curves though any Pareto optimal allocation in the Edge-
worth box. For each endowment profile on this line, the same PO allocation is an equilibrium
at the same prices. Moreover, the Lagrange multipliers are w—invariant, along the line. In
our context, (p(@),q(w)) is an equilibrium with w—invariant Lagrange multipliers over the set

E ! (@,0,p(@),q (@)

The motivation for this construction is that, given @ and fixed resources K, we can pa-
rameterize equilibria looking just at the no-trade equilibria and, then, associating the set
E 1 (w,0,p (@), q @w)) with each w € QVT(K).

3. Constrained inefficiency

In the discussion of constrained inefficiency in GEI, the standard approach is to show that,
given an equilibrium, generically, there is a profile of portfolios entailing a Pareto improvement.
The argument is presented in Geanakoplos and Polemarchakis (1986) and developed in Citanna
et al. (1998). It is based on showing that, given the system of egs.

E(ﬁa@: b) = [‘I’(ﬁ,ﬁ, b)7 (---,Uh(xh(ﬁ,q,/g)) - aha )] = 07

where b is the portfolio profile, D(ﬁg)E(.) has, generically, full rank ((S+1)(C' —1)+ H) at each

equilibrium. This immediately implies that, for each @ € R¥, we can find a Z, with associated
(Z, q)—conditional equilibrium p, such that both ®(p, 6,5) = 0 and up(zn(p, 6,3)) —Up = a.
This is referred to as the submersion approach. Different systems of eqs. ®(.) can be selected
to describe the equilibrium, but the basic idea is always to add to ®(p, q,g) the system of
equations (...,up(.) — Up,...) , and to show that the map so obtained has a full rank derivative.
If the full rank condition is satisfied, each conceivable Pareto improvement is attainable via an
appropriate choice of the portfolios Eh, Clearly, this is a much stronger property than the one
required by the definition of CPO. Bear in mind that, for this approach to work, there must be
at least H independent policy instruments.® Hence, its downside is that it cannot be directly

used to study the feasibility of some Pareto improvement in economies with many agents.”

In this paper, we do not impose any restriction - but finiteness - on the number of agents and
analyze both cases: open sets of economies with non CPO® and with CPO equilibria.

6 This condition is satisfied if J > 2, as in Geanakoplos and Polemarchakis (1986).

7 See the Remark on page 89 in Geanakoplos and Polemarchakis (1986).

8 Since the inefficiency result holds even with just one asset, it can be seen, in a limited way, as a counterexample
to a classical claim, originally formulated by Tinberger (1956) and stressed in Citanna et al (1998), according
to which to attain H policy objectives, we need a profile of at least H independent policy instruments,
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To consider the class of economies with non CPO equilibria, we adopt an approach based on an
appropriate optimization problem. This has two advantages: first, for certain purposes, it can
be convenient for the interpretation of the results. More relevant, it allows us to obtain some
new properties, strengthening the classical results on CP inefficiency in GEI. To establish lack
of CPQ, it is enough to show that, for some set of economies, at each equilibrium, the necessary
conditions for a CPO allocation are violated. Hence, the analysis is purely local. Later on,
we will consider a class of economies with a unique CPO equilibrium. There, purely local
conditions will not be sufficient, generally speaking, and we will need to take into consideration
the entire set of (b,q) —conditional equilibria.

Let’s start formalizing the notion of CPO.

Definition 3. An equilibrium (p,q) is constrained Pareto optimal (CPO) if there is no profile
b=4..0bp,..p with Zh br, = 0 and p such that Eh Zn(P,q,br) = 0, and up(zn(p,q, br)) >
up, (xy (P, q)), for each h, with at least one strict inequality.

This is the notion adopted in Geanakoplos and Polemarchakis (1986). In our analysis, we allow
for b, # Gbn, for each agent h. To impose the additional constraint gb, = gby, for each h,
would have no effect on our results. If an equilibrium is CPO with respect to each portfolio
reallocation, it is also CPO when the reallocation is further restricted. The analysis of the set
of economies with CP inefficient equilibria goes through with a minor modification of Thm. 2

iv.

It is convenient to split the analysis into two parts. First, we establish that, independently of
the number of agents, there are open set of economies with no CPO equilibria. Next, we will
establish that, with many agents, there are also open set of economies with CPO equilibria.

3.1.  Economies without CPO equilibria

We proceed by adopting an optimization approach. There are several alternative ways to
characterize CPO allocations as solutions to an optimization problem. For our purposes, the
most convenient is to notice that a CPO price-portfolio profile can be looked at as the optimal
solution to the following collection of planning problems: Pick any agent h. Given an equilibrium
(P,7), and a vector (...,Vj,...), for h # I,

choose (ﬁ,g) € argmax ‘N/ﬁ(ﬁ, Q,INF) subject to (W)

Vh S ‘7h (57 q, Eh)’ for each h ;é E:

0 = Z(ﬁi@ﬁb = Zgh(’ﬁaqy’gh):
h
0 = Db
h

The last two conditions guarantee that p is an equilibrium conditional on (g,b). Assume that
(P,q) is an equilibrium. If (p = ﬁ,g = b(p,q)) is not a solution to problem (Wﬁ) for some h, and
given Vi =Vh (p,q) for h # h, then the allocation associated with (p,g) is Pareto dominated by
the one associated with some other equilibrium conditional on (Z, q), for some feasible b. Hence,
the equilibrium is not CPO. Conversely, if (p = pb="b (p,q)) solves the stated optimization
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problem, for each h and V, = Vi (D, q) for h # h, then, the equilibrium is CPO. We have
established the following result:

Lemma 4. An equilibrium price system (p,q) with associated allocation and portfolio profile
{....,(@n.,by), ...} is CPO if and only if, given g and Vi, = Va(p,q), for each h, (p = p,b = b(p,q))
is an optlmal solution to problem (W3), for each h.

Given that we are interested in economies with CP inefficient equilibria, we can just focus on
a specific agent, h = 1, and write ”problem (W)” instead of (Wy).

The main, possible, advantage in adopting the optimization approach is that the issue of CPO
of equilibria may reduce to: under which conditions an equilibrium profile satisfies the FOCs
for an optimal solution to (W)? Are they sufficient? In our set-up, there are two difficulties.
First, and most obvious, the optimization problem has no nice concavity properties, so that
the FOCs of (W) are, generally speaking, not sufficient for an optimal point. This is important
when looking for economies with CPO equilibria, but irrelevant here. A more subtle problem
is that the FOCs may not even be necessary for a local maximum, when there are many
agents. Consider the derivative of the constraints with respect to (52, ...,ZH, D), replacing 51
with Zh>1gh and getting rid of the balance constraints for the assets:

CQ(bs,....by,p) =
ViVa- Vi o 0 Vil | ]
= 0 | \ T/H: Vi Vi vng/H
[ [pnZ-05.2) - |py,Z- ;2] ] [DsZ] |
[ DV
| pant

Since all the inequality constraints hold as equalities, we need to take into account all of them.
At each equilibrium, V*I;hf/h =0.IHH-1)<(S+1)(C—-1)and (H-1)J > (S+1)(C—-1),
for (w,u) in €7, Thm. 2 iii. and iv. guarantee that the matrix has full row rank, so that the
Karush-Kuhn-Tucker (KKT) constraint qualification condition is satisfied. Thus, the FOCs are
necessary conditions. Lack of CPO of equilibria follows immediately (Prop. 5).

If (H—-1)> (S+1)(C—1), the KKT condition obviously fails. Other, weaker, criteria based on
rank invariance of CQ(.)? are also bound to fail, since rankC'Q(.) may increase when we move
away from an equilibrium. However, there are open sets of economies such that their regular
equilibria may satisfy the Mangasarian - Fromovitz (1967) constraint qualification (MFCQ)
criterion, so that the FOCs are indeed necessary for a local maximum. The MFCQ criterion
holds at a vector (by, ..., by, p) if D@@Z has full rank and there is a vector 6 = (6;,6,) such

(6.5
binding constraints (i.e., here, all of them). Our proof of the existence of economies with non

that [D Z] 67 = 0 and [D(—,; 5)‘7\1] 67 > 0, where we take into account only the agents with

CPO equilibria (Prop. 7) is based on constructing, for each no-trade equilibrium, a relatively
open subset of economies with regular equilibria satisfying MFCQ, while they cannot satisfy
FOCs.

9 See Janin (1984).
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Bear in mind that we are not concerned with existence of CPO prices and allocations. This could
be established using a completely different argument, based on continuity and compactness of

the relevant constraint set.!9

Let L(p,q, 5; o, 1,7,1) be the Lagrangian of problem (W). The FOCs are given by

Do) = Y on [V )] —D5Z0) =0, (@
h

Dy L() = {..,d)h (9‘(;%2() — ;)12(.), J =, for each h, (b)
Dy, L(.) = Via(P,7,bn) > &, and

0 = [f/h(ﬁ, 7,bn) — fh] ¢n, for each h > 1, ¢, > 0, (c)

D,L() = ~Z([B.3.b) =0, (d)

DyL() = =Y by=0, (f)

h

where, with some abuse of notation, we use ¢1 = 1. {¢, u,7v,n} are the vectors of Lagrange
multipliers.

We need to distinguish two cases. The first is basically the one considered in Geanakoplos and
Polemarchakis (1986): the number of agents is smaller than the one of the, non-numeraire,
commodity prices: H < (S+1)(C—-1).If (H —1)J > (S + 1)(C — 1), generically, at each
equilibrium KKT constraint qualification holds and the FOCs of problem (W) do not. Hence,
equilibria are not CPO. Our result is not encompassed by the one already established in the
literature, since our lower bound on the number of agents may be smaller than the one in
Geanakoplos and Polemarchakis (1986), H > 2(C — 1). However, the substantive difference is
really tiny. The result is presented here mostly for completeness.!!

Proposition 5. Under the maintained assumptions, if H < (S + 1)(C — 1) and (H — 1)J >
(S +1)(C — 1), each equilibrium allocation is not CPO for economies in the generic set £".

Proof. By Thm. 2 iii. and iv., the matrix CQ(Z2, ...,EH,@ defined above has full row rank at
each equilibrium. Thus, the KKT constraint qualification criterion is satisfied and the FOCs

are necessary for a local maximum of (W). At each equilibrium, 8;7%]-(') = 0. The system of
FOCs essentially reduces to '
~ T -
DpL() = > én VsV ()] —D5Z() =0, (a)
h
- ~ 4T
D; L() = —v { [Dth(.) - D;)«lZ(.)] } =0, for each h > 1. )

By Thm. 2 iv., and since (H — 1)J > (S +1)(C — 1), (¥') implies v = 0. Hence, by Thm. 2

~ T
iii., >, on [V;Vh ()] = 0 if and only if ¢ = 0. This contradicts the fact that ¢; = 1. Hence,
the system of - necessary - FOCs has no solution at each equilibrium of (w,u) € £”. Therefore,
equilibria are not CPO. [

10 Werner (1991) studies CPO allocations in GEI. Their possible non-existence is due to changes in the rank of
the payoff matrix. This issue cannot arise with numeraire assets.

11 This is also why it is not worthwhile to investigate if our approach, with some adjustment, works, as it
probably does, with a less tight lower bound on H, limiting ourselves to the easy case.
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Let’s now turn to the most interesting case: CP inefficiency when H > (S + 1)(C — 1). Later
on, we will show that there are open sets of economies with a unique, CPO equilibrium. Hence,
CP inefficiency cannot be a generic properties, when there are many agents. However, we can
still ask: first, how common are economies with non CPO equilibria? Second: can we provide
simple conditions guaranteeing lack of CPO? The answer to the first is: quite common. In
Prop. 7, we show that, given any no-trade equilibrium satisfying condition iv. of Thm. 2, there
is a open set of economies whose equilibrium is not CPO. We provide a (limited) answer to the
second: lack of CPO typically holds if, for each agent, the present value of the vector of their
net trades in good s1, s = 0,...S, computed according to his/her own risk-neutral probabilities,
is strictly positive. Clearly, it would be nice to have a result just in terms of observable (prices,
consumption, or net trades, and portfolios). This is, however, impossible: the normalized vector
of Lagrange multipliers, i.e., the personalized risk-neutral probabilities, necessarily play a key
role.

As a preliminary step, we show that, in each open neighborhood of an economy with a no-trade
equilibrium, there are economies with a regular equilibrium satisfying MFCQ.

Lemma 6. Let H > (S + 1)(C — 1). Given @, consider any @ € QNT(K) and any open set
B (w,w) . Then, there is some (w,u) € B (w,u) with a regular equilibrium satisfying MFCQ.

The proof is in Appendix. Bear in mind that H > (S + 1)(C — 1) implies that (H — 1)J >
(S+1)(C-1).

Proposition 7. Let H > (S 4+ 1)(C — 1). Then, for each no-trade, Pareto inefficient equilibrium
(@,0),(p(@),q(w)), there is a relatively open subset of E~! ((z0,0), (p (@) ,q (w))) such that,
for each economy in this subset, the associated equilibrium allocation is not CPO.

Proof. Consider any Pareto inefficient, no-trade equilibrium (@, 0), (p (@), ¢ (@)) . By Lemma
6, we can pick w € E~1 ((@,0),(p(@),q@))) such that MFCQ holds, so that the FOCs of
(W) are necessary for an optimal solution. The construction in Lemma 6 implies that both
[Dﬁv\l] 67]; >> (0 and [Dﬁvl] CT]; > 0. Hence, by Stiemke thm. of the alternatives there is

no vector ¢ > 0 such that >, ¢p [Dg‘N/h]T = 0. This implies that the equilibrium cannot
satisfy the FOCs. Given that there is no loss of generality in assuming that the equilibrium is
regular, there is a relatively open subset of E~! ((&,0), (p (W) ,¢ (@))) such that the associated
economies have a non CPO equilibrium. [

In our construction, we have established the existence of relatively open subsets of

E=1 ((©0,0), (p(@),q w))) with a non CPO equilibrium. However, in principle, economies in
this set could have some other, possibly CPO, equilibria. We can rule out this possibility by
restricting ourselves to economies with a unique equilibrium.

Corollary 8. Let H > (S + 1)(C — 1). Then, there is an open subsets of &, ENYFO such that,
for each (w,u) € ENCPO | the associated unique equilibrium allocation is CP inefficient.

Proof. Uniqueness and regularity of the equilibrium for each (@, ) with a PO initial endow-
ment imply that there is some open ball B (w, @) such that, for each (w,u) € B (w,u), the
equilibrium is unique and regular. Pick any (w,u) € B (w,uw) with a Pareto inefficient no-trade
equilibrium and apply Prop. 7. By construction, all the economies have a unique, regular, CP
inefficient equilibrium. This property can be immediately extended to all (w,u) in some open
neighborhood. [
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Remark 9. In a neighborhood of each no-trade, Pareto inefficient equilibrium, we can construct
open subsets of economies such that MFCQ holds and FOCs are violated at equilibrium, as
in the proof of Prop. 7. We could also construct open sets of economies such that MFCQ
and FOCs are satisfied at the equilibrium. Equilibria of economies in this set could be CPO.
In fact, as shown in Prop. 12, they are CPO when the initial no-trade equilibrium is chosen
appropriately. The key issue for CPO is the row span of the matrix A (), z). At each no-trade
equilibrium, A (), z) is trivial. Arbitrarily small perturbations of the endowments allow us to
associate with the same equilibrium (p, ) matrices A (), z) spanning different subspaces of RY.
For some of them, spanA (A, z)T N ]Rf # (), so that the equilibrium is definitely not CPO. For
others, spanA (/\,z)T N ]R{f = (), so that the equilibrium could be CPO. In Prop. 12, we will
show that they are actually CPO when preferences are sufficiently close to be identical and
homothetic.

A simple sufficient condition for CP suboptimality is provided in the following Proposition.

Proposition 10. Under the maintained assumptions, if H > (S + 1)(C — 1), for each (w,u) €
E", each equilibrium allocation such that, for each h,

Zz\s p 3 (w,u) 23 (B (w,u) , 7 (w,u) >0,
is CP inefficient.

Proof. Restrict the analysis to (w,u) € £". The proof is essentially identical to the one of
Prop. 7. Observe that, for each s,

Y7 (0,0 = rbn (3,0) — 2 (0,9), and Y "= (5,9) = ~abn (7,0) — = (5.9)

c>1 c>1

and that, by the noarbitrage conditions, for each h:

“ENEDLIE D = LA 0 YO 3

c>1
+Y N@DE By = Y NGz 3.9

[4)2 750] c R(ﬁjl)(c‘fl) .

Hence, set dp = |p”*,...,D

B [viv] = l---,ZAZ @0 3.9

and, by assumption, this is a strictly positive vector. Hence, there is no ¢ € ]Rf such that

don On [ng/h] = 0. Therefore, the equilibrium allocation does not satisfy the FOCs, and it
must be constrained inefficient,. [ ]

Evidently, the previous results are non-generic, when there are many agents. Still, they are of
some interest for at least three reasons:

1. they may hold even if there is just one asset. Thus, we can obtain a Pareto improvement
when the number of independent policy instruments is smaller than the number of agents,

2. they hold for each sufficiently large, but finite, number of agents, without requiring the
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use of additional policy instruments, such as period 0 lump-sum taxes, as in Citanna et
al. (1998),

3. they illustrate how the same equilibrium allocation may, or may not, be CPO depending
upon the distribution of the initial endowments.

We conclude this section presenting a parametric example. Since H > (S + 1) (C' — 1), Geanako-
plos and Polemarchakis (1986) does not apply. However, there is a range of values of the pa-
rameters of the utility functions such that the condition stated in Prop. 10 is satisfied, so that

the equilibrium allocation is not CPO.

Example 11. Consider an economy with four agents, three spots, two goods in each spot and
one asset, inside money. Preferences are Cobb-Douglas,

up(zp) = aflnap' + (1—af)Ina)® + By (e Inap! + (1 — ap) Inz?)

+Yh (a% lnxil + (1 - ai) lnxff) ,
with the following values of the parameters

01 11 21

ay, ay, 3 Bn Yh
h=1 005 015 L (2-3v) .3 (0.25952,2)
h=2 095 090 005 (£-2+) .1 (0,0.3772)
h=3 095 090 08 I(l-1v;) 05 (0,1)
h=4 005 005 1 (1-2v) 13 (1.0957,1.4)

The endowment vectors are wy = [1,7,2,2,0,2], we = [7,1,1,1,3,1], w3 = [2,2,4,4,6,0],
and wy = [2,2,3,3,1,7]. A straightforward computation shows that there is an equilibrium,
(p,q) = (1,1,1,1,1), with associated consumption, excess demand and Lagrange multipliers
described below

S S S S S DY D VR Y
h=1 -065 -125 I 035 075 % I (Z2-3y)t iy
h=2 065 170 -275 665 27 025 1 (2-2yp): iy
h=3 275 230 -2 475 630 4 P Il-m)i im
h=4 -175 -275 3 025 025 4 Lo(1-2y)t iy

By direct computation, we obtain

> O XE = [1.0m - 0.25952,0.335 71 — 0.8972, 1.01 — 0.863, 0.821437, — 0.9],

which can be made strictly positive for an appropriate choice of the coefficients (71, ..., 74) -
Figure 1 reports the utility gains associated with a portfolio reallocation

db = [~80.671,6.792 5, —3.1259,77.004]d, d > 0.

Evidently, there is a Pareto improving feasible direction of portfolio reallocation.

3.2.  Economies with CPO equilibria

Our last result is that there are also open sets of economies with CPO equilibria. The argu-
ment is more elaborate, because we need to compare each equilibrium with the entire set of
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Figure 1: Utility gains

b—conditional equilibria. Prop. 12 shows that equilibria are CPO for some set of economies
with equilibrium allocations close to a PO one, and preferences close to be homothetic and
identical across agents. This means that lack of CPO cannot be a generic property of equilib-
ria, when there are many agents. An heuristic argument to understand this property is based
on the optimization approach pursued above. If constraint qualification holds, the essential
issue for CPO, or lack of it, is if there is a strictly positive solution to the system of egs.

~ T ~
don On [V]—,;Vh ()] = 0. Given the structure of V;V}, (.) and market clearing, when the equilib-

rium allocation is PO there is always a solution ¢ >> 0. If H < (S+1)(C — 1), the existence of
a non-trivial solution is not robust to perturbations of the economy. Thus, lack of CPO may be
a generic property, as shown in Prop. 5. Instead, its existence is robust if H > (S+1)(C' —1), so
that there is a strictly positive solution ¢, for some open set of economies in any neighborhood
of a Pareto optimal allocation. This suggests that, at least locally, these equilibria may be
CPO, since they satisfy the necessary FOCs. The next proposition shows that this is actually
the case.

Proposition 12. Under the maintained assumptions, if H > (S + 1)(C' — 1), the set
E9PO = {(w,u) € E9PCall the equilibria are CPO}
has non-empty interior.

The proof is in Appendix. Here, we just provide its outline. We start with an economy
(w,u) with identical, homothetic preferences and a PO endowment. The properties of the
utility functions guarantee that each economy has a unique equilibrium price, which does not
depend upon the portfolio allocation. Hence, the second order effects of price changes on the
equilibrium level of utility are negligible. In fact, the indirect utility functions, evaluated taking
into account the price adjustments, are strictly concave in b. By continuity, the same properties
hold for economies sufficiently close to (w, ). The proof that the equilibria of these economies
are CPO rests crucially upon the fact that we are dealing with open sets of economies contained
in some small neighborhood of a Pareto optimal allocation.

To avoid misunderstandings, it may be convenient to recall here Remark 9 above. Consider
economies with a unique CPO equilibrium and the associated no-trade economy, say (I, ).
Assume that preferences are sufficiently close to be identical across agents and homothetic.
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Then, provided that Thm. 2 iv. holds at (&, %), E~((@,0), p(@), ¢(&)) contains both economies

b))

(w',u) with a unique CPO equilibrium and economies (w”, %) with a unique, CP inefficient

equilibrium.

4. Concluding remarks

In this paper, we have shown that, in economies with a large, but finite, number of agents,
typically there are open sets of economies with CPO equilibria, and other open sets of economies
with CP inefficient equilibria. We have also provided a simple sufficient condition for lack of
CPO for economies in a generic set.

To use problem (W) as a building block for the analysis of CP inefficiency is of some interest,
because it allows us to make transparent the nature of the efficiency problem of GEI equilibria.
With complete markets, or in the non-generic cases where equilibria in GEI are always CPO, pe-
cuniary externalities induced by portfolio reallocations can be aggregated over the set of agents
using positive weights in such a way that they cancel out. Hence, any gain in utility for some
agent must be compensated by a loss in utility for some other agent. Equilibria are CPO. In
GEI economies, this happens, for instance, when there cannot be pecuniary externalities (as in
the case of identical homothetic preferences) or when Lagrange multipliers are collinear, so that
market clearing immediately implies that the effects of these externalities must disappear in the
aggregate. Apart from non-generic cases of this sort, portfolio-induced pecuniary externalities
may lead to a Pareto improvement. This is the key result of Prop. 7 and of its corollary. On
the other hand, given preferences and any asset structure, we can always find a Pareto optimal
initial endowment profile. The associated equilibrium is, obviously, CPO. Prop. 12 has shown
that in each open neighborhoods of these exceptional endowment profiles there are open sets
of economies with a unique, CPO equilibrium, when preferences are sufficiently close to be
identical and homothetic. Both results are robust to utility perturbations. Therefore, there
are no robust classes of preferences such that CPO (or lack of CPO) holds generically, with
many agents. From this viewpoint, we believe that our results settle most of the open issues
concerning the general CPO properties of equilibria in GEL. A remaining one is if there are
more appealing sufficient conditions guaranteeing CPO of equilibria, or its lack of, for some
restricted class of economies.

5. Appendix

Proof of Theorem 2. i. is standard, see Geanakoplos and Polemarchakis (1986). Let £ be
the generic set of economies such that i. holds.
ii. Since R is in general position, we just need to consider square submatrices [—q, ET] , where

R is given by a collection of (J —1) rows of R, without loss of generality, rows 1, ..., J — 1. Define
S—1

o
the map = (v,7) = [~ [RT¢]° + R"[',....777']]. We can take = : A x S/~ = R/,
0S—1
where S7~! is the unit sphere in R/, while A is some compact manifold without boundary
contained in the unit simplex. Since R is in general position, and v # 0, = (¢,7) = 0 implies

that 4% # 0. Given that Dy, .45= (¥,7) = —R"+°, = h 0. Therefore, there is an open, dense
0 S—1
subset of A such that Z, M 0. Then, Z;'(0) = ), because Z;, : $/=! — R’. Tterating the

procedure for all possible collections of (J-1) rows of R, and taking intersections, we obtain
that, for a generic choice of the vector ¢ of Arrow state-prices, Y (#)R) is in general position.
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Restrict the analysis to (w,u) € £ and, without loss of generality, assume that, for each h,
the equilibrium allocation is different at each one of the distinct equilibria of (@, @) . Given any
(w, W) , pick any equilibrium (p,q) such that Y () is not in general position and § = ¢R. As we
have seen, an arbitrarily small perturbation of 1 suffices to guarantee that, at the new asset
prices ¢' = ¢'R, Y (¢') is in general position. Evidently, for 4 close to ¢, for each h we can find
a vector A} close to the Lagrange multiplier at the equilibrium of the initial economy, A, and
such that A;Y (¢') = 0. For each h, replace the equilibrium consumption bundle T; with the
bundle 2}, defined as follows: z{” = z{° for each sc # 01, 29" = Z0' + (7 — ¢')by,. Evidently,
x, is budget feasible at prices (p,¢') . Now, consider a locally linear perturbation of the utility
function, obtained replacing @y (.) with

! - Sl—s ai s
(o) = (o) + 02 o0) 3 (70 = T,y ) o,

S

where 6, (x3) is a smooth "bump” function taking the value 1 on the open ball of radius € cen-
tered on Ty, = xp, (P, G; Wh, Ur) , Be(Th), the value 0 at z, ¢ B, (Th). It is easy to check that, for
the new economy, (P, ¢') is an equilibrium with allocation and portfolio profile {..., (z},,bx) , ... }.
Choosing ¢ sufficiently small, we can guarantee that, given any pair of equilibria of the initial
economy (w,u), (p,q) and (P,q), Bae (xh (D,q)) N By (xn(p,q)) = 0, so that we can locally
perturb @y, in different directions at the distinct equilibria. Given that the number of equilibria
is finite, by iterating the procedure, given any open neighborhood of (w, @), we can construct
a profile (w,u”) contained in the neighborhood and such that, at each equilibrium, Y (¢’) is in
general position. Given that, for ¢’ sufficiently close to @, u},(z;) can be made arbitrarily close
to 1y (zy), this establishes density of the set (w,u) € 7 satisfying ii. Its openness follows im-
mediately from regularity of equilibria for (w,u) € E%. Let £97 be the generic set of economies
such that i. and ii. hold.

iii. This also follows by an iterated application of the transversality thm. Thus, we just outline
the proof. First, observe that,!?

(a) Generically, at each equilibrium (p,q), for each h, iﬁ (Z ’Z # )\(, for each s # o,
for some h. This can be established exploiting the same - locally - hnear utlhty perturbation
described in ii.,

(b) This 1mphes that, generically, Z h >\0 (p q) 2% (p,q) # 0, for each s # o, and each o,at each
equilibrium (7, q),

(c) Generically, for each s, [ A (P,9) 2z (P, q)]T ] has full row rank (C — 1) at
each equilibrium (p,q). This follows immediately from the fact that, generically, at each equi-

librium and for each s, [ - 2 (B, " - ] has full row rank.

Restrict the analysis to the set of economies such that (a, b, ¢) hold and look at the two possible
cases:
(1) (S+1)(C — 1) > H. Consider the system of eqs.

AN 2)pT =0, ¢p € SHL.
D, [A(/\, z)¢T] spans the directional derivative
| Diag (1) - 6535) -+ Diag (dndn - o5) |

for each h. If there is h such that ¢ = 0, D, [A(), 2)¢”] has full rank (S+1)(C —1). Otherwise,
¢n # 0, for each h. If rankD,, [A(X, 2)¢"] < (S + 1)(C — 1), it must be that, for some s = o,

12 (g) and (b) are also exploited as properties (2.2.) and (2.3) in Citanna et al. (1998). Here, we impose that
they hold for all pairs s, s’, instead than just for s = 0, 1.
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GRA] — qﬁﬁ/\% =0, for each h, i.c., i—h = )‘—Z However, A(X, z)¢ = 0 and i—; = i—g is impossible,

=
>
q

because it violates (b).
(IT) (S +1)(C —1) < H. Consider the system of egs.

AN 2) e =0, p e ST,
D,, [A(X,2)T¢"] spans the directional derivative

X
X
Ny Xy

Suppose that, for at least two spots s and s', there exists ¢(s) and ¢(s') such that ¢*¢(¥) £ 0
and % ¢(") £ 0. Then, it must be apAj = Ay and ah)\,szl = /\i}, for each h, which violates (a).
On the other hand, ¢* = 0 for each s’ # s, for some s, is impossible in view of (¢). It follows
that A(), z) has maximum rank at each equilibrium for economies in some open, dense subset
of £9P.

iv. Restrict the analysis to (w,u) € E9. At p =P,

— az?ﬁ(ﬁ;a) _ aziqc(ﬁaq) Tsj
B om§ oms

0% (B,q,bn)  0%°(B,7,b1)
b, b,

where mj is h’s income in state s.

Define the ((S+ 1) (C' —1) x (H — 1).J) —dimensional matrix

— —__ 17T
5 e = 9z, (P, 921 (P, j
G(p,q,w,u) = e [ Zgrslpsq) - 57(:{1) 787
h

and the system of equations

®(p,q;w, u)
Q(ﬁaqaa;wau) = =0
[G(,q;w,u)]" T

with o € SSTUCE-D-1"the unit sphere in RSTVE-1 Under standard technical condi-
tions, by the transversality thm., if ©(p,q,a;w,u) h 0, there exists an open, dense sub-
set of £97, £, such that, for each (w,u) € &7, O, (P,q, @) M 0. Since O, ,)(.) maps
ROSHDIC)HT 5 GSHOC=1) 1 jpto RISHICD+T 5 RUL-DT and (H—1)J > (S + 1) (C — 1) —
1, ©(u)(P,q @) h 0 implies that @(*Wl’u)(O) = (), i.e., that, at each equilibrium, the matrix
G (w,u)(P,q) has full row rank (S +1)(C — 1). Let’s show that ©(p,q, a;w,u) th 0. Consider

D,®(p,q;w,u) D @(p,q;w, u)
D(w7u)®(ﬁ> q, 5w, U) =
— T
- Dy [16(.7:w,u)]" o]

It is straightforward to ﬂow that D, ®(p, q;w,u) has full rank ((S+ 1)(C —1) + J). We will
consider perturbations du of the utility functions which do not affect ®(p,q;w,u), so that
sl

_ . T . i
D=+®(p,q;w,u) = 0, while they change by 1 the derivatives 8;% (and, accordingly, 327”;), for
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h = 2,...,H. Perturbations with these properties exist (see Geanakoplos and Polemarchakis
(1980)).

We need to consider two different cases:

a. there are at least J distinct states such that, for some ¢(s), (%) £ 0. Given ii. above, we
can assume, without loss of generality, that s = 1,...,J. Define @ = [alc(l),...,a"c(")] ,yadJ
dimensional vector with no zero coordinate. Perturb, as described above, the utility functions

se(s)

of each agent h > 1, changing by 1 the derivatives Oz, Then,

—.
oms,

Do [G(ﬁﬁ;w,U)]Ta] = [ ] ate o ] ) } ,

a block diagonal matrix. Given that (w,u) € €97, Y(q) is in general position. Hence, the
nontrivial elements are given by a full rank matrix. Evidently, D> |[G O1F aT] has maximal
rank (H —1)J.

b. there are at most (J — 1) states, without loss of generality, as above, s = 1,....J — 1,
such that, for some c(s), a®**) # 0. We now show that this is impossible, for a generic set of
economies. By contradiction, assume that there is & such that [G(.)]7 @7 = 0 and @ # 0 for

some c in less than J states. We can explicitly write

(GO a

1

_ 8zp° 021°\ ~oc| =T 0z5° 021°\ ~sc| ,.6T
- - I:Zc>1 (8m2 - 8m? o q + Zs>0 Zc>1 om;, ~ ams @ r

By assumptions, for each h, there are, at most, (J — 1) non-zero coordinates of the vector
[..., Dt (82” De ) a’e, ] . Since Y (g) is in general position, this implies that [G(.)]" &% =

om;, - om3
. . dz7¢ 8z7°\ ~
0 if and only if [, Des (3,,?2 - 877%) ase, ] =0, for each s and h.
To conclude, we will now show that, for each s and h, [, Yoes1 (SZT’S{ — gfj; asc, .| =0if
h
and only if @ = 0. Since, by assumption, ||&|| = 1, this is impossible. To establish this last

step, we make appeal, once again, to the transversality thm. applied to the following system of
equations: for given s, and § € S¢~2,

e (paqa a;wau) = =0.
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Its derivative contains

Do(.)

u
=0.

+ Do [[...,vmiz; —Vm;zf,...]TGT]

We apply the same type of utility perturbations as above, so that Da;(I)(.) = 0. Since § € S¢—2,

there is ¢ such that ¢ # 0. Perturbing, for each agent h > 1,

8z,°

5, we obtain
h

D “ (Vs 2 = Vi 23] ...]TGT} —9°1.

Hence, ¥® h 0 at each (p,q, a;w,u) € ¥¥~1(0). By transversality, for a generic subset £° C £97,

i, 0 M 0. Since ¥
(C—2), ¥, ) M0 means gl

S

(w,u)

. R(S+1)(C—1)+J X SC—Q N R(S—i—l)(C’—l)—i—J X R(H_l), and (H _ 1) >

(0) = 0.

(w,u)

This concludes the proof: for each s, there is an open and dense set £° C &£9P such that

T
{..., [ani 2y — Vmizf] ,] has full row rank (C — 1). By taking intersection over s, we con-

T
struct a generic set " C £9P such that, for each economy (w,u) € £, rank [, [ani zp — Vmizf] , }

(C —1) for each s. As argued above, this implies that case (b) is impossible.

Hence, O, (P, g, @) M 0, which implies that, at each equilibrium, the matrix G(.) has maximal
rank (S +1)(C — 1). This establishes iv. |

Proof of Lemma 6.

Regularity and strong regularity at each no-trade equilibrium hold be-

cause of the absence of income effects.

To establish the second part of the Lemma, let’s first consider no-trade, Pareto inefficient

equilibria.

For future reference, we start showing a result which is stronger than the one

claimed in this Lemma.:

Fact.

Given %, consider any @ € Q7 (K) and any open set B (w, 7). Then, there is some

¢ —
(w,u) € B (w,u) with a regular equilibrium such that, for some dp, both dpA(\, z) >> 0.

Proof.

Modulo a locally linear perturbation of the utility functions and a relabelling of

agents, we can assume that, at the no-trade equilibrium, the normalized Lagrange multipliers
—nl —nl
satisfy A} > ... > Az . Consider the matrix A(), z) =

~nl

-1 et 7]
0 : ) )
0 0 0
I4eny! —nl =1+ g —rHe
( ;{Lll ) _)‘gl A1111—1 _)‘7;{1 A1111—1 ’
) : ) : )
0 0 0
[0] [0] [0] 1

with non-zero excess demand just for commodity 2 at s = 0, 1. Evidently, for (J,e) >> 0 and
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sufficiently small,

nl 7l —n Tnl ynl —n
—nl AlX:f\2 _/\218 e _/\Hl

1, 1AM 2) = [A] &b L o L o

[7 7](72) 1 €0, H—1 IR H—1 >>0

Given (@, ), define (w,u) as follows:
1. for h = 1, wi® = 75° for sc # 01,02,11,12. w?? = 792 4+ 6, W = P - p*? ()4,
w2 =712 -6 [%Jﬁ] ,wil =721 +p"2 @) § [% +e} ,

1 1

2. for h > 1, wi® =75 for sc # 01,02,11,12. w)? = 792 — 22—, W =720 + p*? (@) 725,
12 12 Y%JFE 11 11 02 %4_6
Wp? =T 46 | |y w, =T, — 07 (W) 6 |

We now show that (Z,p (@), ¢(@)) is an equilibrium of (w, %) with excess demand z;° = 0 for
sc # 01,02,11,12, for each h, and

1
it TE
1

[z?g,ziz] = |f57 —0

-6 0 1
02
’ [Zh’zh] [H—l’H—lL{” EH

Evidently, market clears. We just need to show that, for each agent, given (wy,@y), Ty, is the
optimal choice at prices (p (W), ¢(@)). Since, by construction, Vs up (z5) = X.p* (@), for each
s, and X;Y(q (@)) = 0, it suffices to show that T, is budget feasible for each h. By construction,

P@en = @' =" @) +p” @) B+ + ) p" @ = @),
c>2
and
1 /— 1 —11 1 12 (— 12 /—\ | =12 1
p@uw, = W +0|optelp(@+p7 (@) |w7-0 T te
1 1
+Y P @w° = p @7

c>2

Similarly, for h > 1. Hence, for each h, T} is the optimal consumption bundle at prices
(p(@),q@)), given (wp,up), so that (p(@),q(@)) with allocation T is an equilibrium of
(wp,ap) . By construction, dp = [1,0,...,0,1,0, ..., 0] satisfies L%A() >> 0. Hence, @Dﬁh > 0,
for each h. [

To conclude the proof of the Lemma, observe that, by the same argument used to establish
Thm. 2 iv., DEZ has full row rank, so that [Dgf , D,»,;E] has full row rank. Moreover, for each

— N =1
dp, there is % such that [DZZ] % + [D;,;Z] dp = 0. This implies that MFCQ holds. [

Proof of Proposition 12. We will construct an open set of economies with a unique CPO
equilibrium, in some neighborhood of an economy (w”®, ) such that preferences are separable
across periods and states, identical across agents and homothetic. The endowment is PO. Thus,
the unique equilibrium allocation of (w”?, ) is no-trade and PO.

We split the proof into two steps.

Step 1. There is an open neighborhood Bs. (w??,u), e > 0, such that, for each (w"?, ) €
Bs. (w”?,w) , there is a unique equilibrium which is CPO with repect to each b € Ba¢ (b (w9, 1)),
for some & > 0.

Proof of Step 1. Evidently, there is some open neighborhood Bs. (w”?, %) such that the
actual equilibrium (p(w,u),q(w,u)) is unique and regular. Also, each conditional equilibrium
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is strongly regular for each (w,u,b) € Bs. (wF?, @) x Bse (b(wP?,w) = 0), for some & > 0.
Moreover, there is no loss of generality in assuming that, for each h, diag(%) is negative-
definite on the same set. Indeed, if uj is homogeneous of degree 1 in the income vector, replace it
with @, = (up)®, @ € (0,1) . This has no effect on the demand functions, and their derivatives,
while it affects the gradient of the vector of Lagrange multipliers. Given any open neighborhood
B3, (wP? u), we can choose a close enough to 1, so that (w”? %) € Bs.(w!?,u). Then, since

preferences are separable, the matrix D,,, Xh (5, w,u) is diagonal and negative-definite.

Restrict the analysis to some open set of economies in Bs. (w”?, %), say Ba. (w”?,%), such

that |[b(w, u)|] < €. Then, for each (w,u) € Bs. (w2, @), if b € B (b(w,u)), [|b]| < |[b(w,w)]|| +
|16(w, ) — b| < 2¢. Thus, given any (w, u) € B, (wFe,7), ifbe By (b(w,u)), diag(m)

oms
is negative-definite and the b—conditional equilibrium is strongly regular.

Given (w,u) € Bo. (wPO,E) , restrict the analyisis to be B (E(w, u)) .

The effect of a feasible portfolio adjustment % = [dby, ..., dby] = [...,Zh — by, ] on agent h’s
utility can be computed using a second order Taylor’s expansion

Ah@wmz%@@mﬂmEMM—wmmwmww=ﬂ@%w+@@%ﬂﬂ

where F}(b,w,u) denotes the first order effect, while Sy (b,w,u,n) measures the second order
effect, evaluated at the equilibrium associated with 57 = b+ndb. Bear in mind that, by definition,

My, (b,w,u) incorporates both direct and indirect effects of Jé on equilibrium utilities, i.e., it
also reflects the impact of the induced price adjustments. By direct computation,

T

Fu(b,w,u) = [aon] V@) )" = [N Xnzi | (D5 ()]) ]

Evaluated at some b7, n € [0,1],

om V(@ (w,w)] [dbs]"

Sh(gﬂ*uau;"]) = [dbh] [Y(q)]T |fliag <6/\;’L(b,w,u,n)>

] [¥ @) AnB, 0, u,m) [D5p o, m)] [@B]

+ [d_g] [Dgﬁ(g,w,u,n)] Bh(g,w,u,n) [Dgﬁ(g,w,u,n)]T [%]T

+ et T | [@)] [z 0] [@]

The first term is a negative definite matrix. Ap(b,w,u,n) and By (b,w,u,n) are well-defined
matrices. Their coefficients are continuous functions, because, in particular, the matrix DzZ (.)
has, locally, full rank.

When preferences are identical and homothetic, since p(b7,w, u) is b —invariant, at each equilib-

rium, all the terms of Sy, (g,w, u,n), but the first, are nil. Therefore, for each feasible (Z,w, u, 1)
with b, # bp, Sp(b,w,u,n) < 0. We will now show that a similar property holds for all the

economies in a neighborhood of (w?, 7).

—\) — (H-1)J-1 . (H-1)J . T _
Let d\ = [da, ...,dy] € Se (w,u), the sphere in R of radius ¢ centered on b(w,u) =
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%
0. Let d = [~ Y, dn,d\].
Given (w,u), define the problem

- —
max Sy, (b, w, u,n) subject to (d\,n) € SéH_l)J_l (w,u) x [0,1].
H.
Evidently, there is an optimal solution (d\*,n*)(w,u) for each (w,u) € Bs.(wF?, @), and, by
Berge’s thm., the associated value of Sy(.), Si(w,u), is a continuous function. Evidently,
S’;’;(wPO,ﬂ) < x < 0, for each h. Thus, there exists an open neighborhood, say B. (wPO,ﬂ) =
ﬁhszfl(—oo, 3N By (wF© ), such that, for each (w,u) € B.(wF?,u), Sj(w,u) < 3 <0, for
%

each h. Hence, for each (w,u) € B:(w??, @), Sp(.) < ¥ < 0 for each d\ € SéHfl)J*l, n€[0,1],
and each h.

For now, we only compare the actual equilibrium to conditional equilibria associated with b such
that ||(bz, ..., by ) — (by(@, 1), ..., by (0, @))|| < €. Pick any feasible b and consider My, (b,&, ). By
construction, b = b+ @db, for some § € [0,1]. Thus, for each h, Sy, (b,&,4,n) < 0, while

Fu(b,,7) = 0labn] [V @]" )" =0 [Xa2h, .. Xz [P ()] [d_Z]T.

_0

~ _ _ — T
Hence, if b Pareto improves upon b, the induced price adjustment must satisfy [D;p ()] [dp] <<
0. By Stiemke thm. of the alternatives,

. B 3 . B T
(W) | M wXiz | =0 o (B) | X hz | [d] <<,

for some ¢ > 0, but never both. To conclude, it suffices to show that such a positive ¢ exists.

PO

Pick any economy (w,u) € Be(w' ©,u) with the following properties:

~ T
1. { [D Z(0(), () — Dy, 7 ((.), (.),bl)] ] has full row rank (hence preferences

are not anymore h-invariant),
2. zZ(p(w,u),q(w,u),d,u) is not PO,

3. there is a strictly positive solution ¢ to (A), for h =1,...H.

First, observe that there are open sets of economies close to (wpo,ﬂ) such that (3) holds.
Indeed, given (w”?.w), perturb the initial endowment to some w’, so that the matrix with

typical row [)\h (wh! — WO .. )\h (wi' — w;fpo)] has now full column rank, while w”? is

_ ~0
still the equilibrium allocation, with by, (p(w??,7), g(w??, ), w’,u) = 0. Set ¢, = %, for each
_ _ h
h. Since Pareto optimality implies collinearity of A, and A/ for each h, h', by market clearing,
condition (A) above is satisfied for (w’,w). Then, it suffices to pick (w”,u”) € B.(w"?,7),
satisfying (1) and (2) above and close to (', @), to guarantee that there is some ¢” >> 0 such
that (A) holds at (w”,u”). It follows that, for such an economy, there is no dp such that

[ (@) 23 @ u7) [%}T >0,
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each h. Hence, for each g, there is at least one agent h such that both Sj (Z,w,u,n) < 0 and

Fy(b,w,u) < 0. Thus, for some agent,

vh(ﬁ(fgv ):6() 7};7"‘)7”) - Vh(ﬁ()aﬁ() awau) <O0.

Therefore, there is no b € SéHfl)J’l (

w”,u”) Pareto improving upon the equilibrium allocation.

This does not conclude the argument. In principle, we could still have that equilibria are

dominated by conditional equilibria associated with some b such that the induced égg ¢
int S 171 (w,u)

g >
Step 2. There is an open neighborhood B. (wpo,ﬂ) , € > 0, such that, for each (wpo,ﬂ) €
B, (wPO,ﬂ) , the unique equilibrium is CPO.

Proof of Step 2. Bear in mind that all the properties specified above in the construction
of (w”,u”) are open. Suppose that there is no open neighborhood of (wPO,H) such that all
the equilibria of economies satisfying (1 — 3) are CPO. Then, we can construct a sequence
{(Wvu)}2,, (W' u?) = (W, ) of economies satisfying (1 — 3) and such that, for each v,

v=1"

there is a b¥ such that the associated equilibrium Pareto dominates Z (p (w?, u?) ,q (w¥,u") ,w?,u"),

i.e., for each v, and each h, M (b¥,w”,u?) > 0. Since all sequences can be taken to be conver-
gent, b¥ = b, p(b¥,w?,u’) = p , and  — 2", we conclude that

Va7 (", ut) b, 0" m) = Vi(p (W70, 1) .7 (w70, 1) , (", 1)) > 0.
Since, for each v, |[b* —B"|| > &, it must be |[b|| > &. It is easy to check that, given that R
has full rank, this implies z° # w?©. This is impossible because utility functions are strictly
quasi-concave: z # wPO, for each 7 € [0,1] 2™ = 7wP? + (1 — 7)2" is feasible and strictly
Pareto superior to w??. This cannot be, because w!? is PO. |
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