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The discounting of future felicity flows transposes to the intertemporal optimization
context the assumption of interest-bearing wealth or savings. The validity of the hypothesis has
been challenged by empirical (ir)regularities and by theoretical implications for human decision
processing. In this article, we explore the modifications induced by generalizing the typical
welfare function in order to accommodate retrospective influences. Sensitivity of the Ramsey
optimal path to the new formulation is inspected.

The principle has useful production theory applications: in supply chain modelling, in
the determination of the optimal depth of production processes. Growth models are extended to

allow for the hypothesis.
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ABSTRACT

On Depth and Retrospect: “I Forget, and Forgive — but I Discount.”

The discounting of future felicity flows transposes to the intertemporal optimization
context the assumption of interest-bearing wealth or savings. The validity of the hypothesis has
been challenged by several empirical (ir)regularities and by the theoretical implications for
human decision processing. In particular, it implies a very special weight of past decisions on
current welfare prospects, which appears largely inconsistent with forgetfulness — even if not with
learning — and memory effects, often stressed or embedded in behavioral science studies. In this
article, we explore the modifications induced by generalizing the typical welfare function in order
to accommodate such retrospective influences. The idea is simple — and can be thought inspired
in felicity functions encompassing habit formation: to allow for accumulated welfare — of
hypothetically “compounded” but also depreciating past-to-current felicity streams — to affect the
periodic utility function — which therefore enjoy some durable good properties. Sensitivity of the
Ramsey optimal path to the new formulation is also inspected.

The mathematical principle has useful production theory applications: in supply chain
modelling. Then the optimal depth of a production process stems from a standard problem that
now also embeds delay evaluation — discounting; a rationale for a particular pattern of the term
structure of interest rates was also forwarded. Growth — general equilibrium - models are

extended to allow for the hypothesis.

February 2007

JEL Classification: D90. E40. E43. G00. C61. 040. L22. (D85)
Keywords: Time Discount; Time Preference. Interest. Retrospect Theory. Durable
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On Depth and Retrospect: “I Forget, and Forgive — but I Discount”

“I make known the end from the beginning, from ancient times, what is still to come.” In
Isaiah, 46: 10.

“If only you had paid attention to my commands, your peace would have been like a

river, your righteousness like the waves of the sea.” In Isaiah, 48: 18.

“The memory of the [uncompromisingly] righteous is a blessing, but the name of the
wicked shall rot. In Proverbs, 10: 7.

“The foundation of the temple of the LORD was laid in the fourth year, in the month of
Ziv. In the eleventh year in the month of Bul, the eighth month, the temple was finished in all its
details according to its specifications. He had spent seven years building it. It took Solomon
thirteen years, however, to complete the construction of his palace. He built the Palace of the
Forest of Lebanon a hundred cubits long, (...)” In I Kings, 6: 37-38 and 7: 1-2.

Introduction

The cumulative discounting of future flows of periodic utility — felicity functions - has
become a generally accepted hypothesis in intertemporal choice modelling. Its justification : is
usually prospective: individuals praise the present more than the future, and the close future more
than the distant one. It is the purpose of these lines to state, on the one hand, a backward-looking
argument for its convenience in theoretical representations of multi-period lived agents, and on
the other, to generalize the welfare maximand to incorporate retrospect influences echoing on
current felicity. Some applications of the same mechanics to product-chain systems modelling are
also illustrated.

The standard perspective stems from the arithmetic of a conventional intertemporal
wealth constraint: if the future is discounted, the past is implicitly compounded and at the same
rate. The hypothesis has been abandoned in several studies that tried to explain empirical
anomalies, observed in asset markets or in behavioral experiments, incompatible with the

principle. Those extensions took two different directions: incorporating re-enforcing effects of

1
See Frederick, Loewenstein and O’Donoghue (2002) for a recent survey.



future decisions — that is the case of prospect theory; and of past practices — in which analysis of
habit formation is an example. We follow the second branch of the literature 2.

The reason is simple: we want a filter of previous recollections to dim the marginal rate
of substitution between past and current prospects. Therefore, we introduce cumulative past-to-
current welfare as an argument of the current felicity (function) itself. Then, utility has a potential
akin to that of a durable good — once materialized, it accrues to all future wealth. If allowed to
depreciate, the weight of past well-being can reproduce forgetfulness. In growth terms, it is as if
the passage of time allowed for a stock ’ (of welfare) to accumulate, accruing as an utility flow
enhancing factor. In any case, the hypothesis would suggest felicity smoothing proneness and a
complexification of inter-period links embedded in efficiency constraints

The principle has an obvious production application: in supply chain modelling: we can
admit that the periodic production depends on the use of other inputs and on the product.
Moreover, if such a product chain is attached to an intertemporal — firm or representative agent’s
- objective function, an interpretation of decision-making over a dynamically spanned production
system is immediate. Optimal depth can then become endogenous. The issue has gained previous
attention: Keren and Levhari (1983) model the organization of subsequent tasks that concur to a
general input to a final production function; our approach generalizes and extends the argument,
taking into account eventual discounting as depreciation along the dynamic process — and allow
for other than intertemporally additive CRS of the periodic flow generation technology.

The juxtaposition of the supply chain to the Ramsey’s structure and allowing for direct
consumption of intermediate products was also inspected.

The exposition proceeds as follows: section 1 manipulates a standard intertemporal
wealth constraint. The analysis is replicated for the case where retrospective traits are recognized
in felicity functions in section 2. First-order conditions of the infinite-horizon consumption
allocation problem are inspected in section 3. Trajectories of a standard Ramsey economy under
the new preferences are studied in section 4. Section 5 explores potential applications to the

modelling of vertical production arrangements. A final appraisal produces a concluding section.

2
See section 5.2, specially 5.2.1, of Frederick, Loewenstein and O’Donoghue (2002).

3
In habit formation literature, this stock is usually made of cumulative past consumption — see Becker and

Murphy (1988), for example - of the addictive good.



4
1. Notation: The Effect of Standard Discounting

Let an individual be born at time 0; U; denotes his felicity in period t, and he is endowed

with a stream U, t = 1,2,...,n. If he discounts the future at a periodic rate r — for simplicity,

assume it constant -, at time 0, his prospective welfare is:

i NgE

_ © T UT+t
(4D WO_; (l+r) Z' (1+r) (1+r)T, (1+7)

Standing at time T > 0, the individual’s welfare prospects are Wy = Z (IULI)’ ; his
-1 +r

evaluation, at that moment T, of all his life’s initial potential is:

T
(12)Wo! = Wo(1+n! Z U+ Y (lj;’) >, U+t wy=
t=1 t=1

Upj(1+1y + Wy

~

-1

(letting j =T — t:)

~.
Il
oS

7-1 )
Then, Wy = WOT - z Up; (1 + r)y. All else (including total life’s prospects) fixed,
=0

_ Wy
du

T-j

is how much of an increase of current — time T’s - prospects he would have to be (have
been...) given to let go of one unit of a good memory of time (T — j). Using the last expression,

_dw,
du,_,

(1.3) = (1+r)

Such “price” of one unit of U_; for an individual located at T — the value at T of Ur.; —

in terms of units of prospects at time T is larger than 1 and increases with j — with how distant in
the past (T — j) is of T... So discounting mimics an increasing value and, therefore, effect
(positive or negative: the argument would also apply to losses...) on current decisions, of
previous remembrances as these become more distant in the past.

Also, as

4
In appendix A, we derived the first results for variable periodic discount rates. The analysis becomes

more complex but we derive similar views of the subject.



Upj 1+ + 1+ T Wr=(1+07" Y Up(d+1)
j=0 j=0

(14) Wo=(1+1nT

7-1
+(1+0T W

the last equality suggests how accumulated prospects are relatively valued along lifetime
indifference curves; if total wealth changes and that is not to affect U, t < Max(T, T’), the relative

impact on accumulated prospects at the two points in time is

aw,
aw.., aw. T-T
1.5 r = L =+r
(1.5) i = s ~ 4
dw,
and we can write
(1.6) Wy 4y = -
dWT_j dUT_j

In another angle, we note that:

(1.7) (Wo! —Wrp) =

T
i=1

Ui 1+ = (W —wpr ) +0+Up> W =W

The aggregate representing recollections of past-to-present welfare at time T always
increases with time. And:

T-1 . T-1-1 .
(1.8) Up (11 /) Upg (L) = (Wo' - W) / (Wo™ =W ) =
Jj=0 Jj=
= [(Wo™ = W) 1+ + Ul / (W™ = W) = (1 +1)+ U/ (Wo ' =W =
T-1-1 .
= 1+ +Up/[ Y Uppj(1+1)]
Jj=0

If U; grows at a constant rate g, so that U; = Uy (1 + g)i,

(1.9) _2 Urg (1 +r)i = Z_: Uy (1 +r)i (1 +g)T-1—j = U (1 +g)T-1 Z‘: [(1

+0)/(1+gP = Ug(+ {1 - [ +0/0+21™ 1 /[1-(1+1) /(1 +g)] = Up {1-[(1 +
n/A+91" ) /(g-1)

Then (1.9)isequalto (1 +1r)+(g—1)/ {1 -[(1+1r)/ (1 + g)]T'l}. As T goes to oo,
provided r < g, the rate of growth of past accumulated welfare, (WOT'1 — W), also goes to g:



(1.10) lim (Wo' - W)/ (W' = W) = 1+¢

A special case of constant U (g = 0) implies, after (1.1), that U; =r W, forall t = 1,2,...
Then, lim (Wl -Wp) /(W' =W )) = 1.

We conclude that utility discounting — as emergence of real interest-earning credits or
loans - is compatible with (more or less exponentially...) increasing importance of past (first...)

impressions with the time elapse, characterizing human behavior. We would be willing to pay a
lot to change the past...

Proposition 1: Under conventional time discounting, the individual accepts a trade-off
1.1. of cumulative future prospects at a (future) moment in time with past felicity
at a past moment in time, at a rate larger than 1 and increasing with the time
distance as in (1.3) — the price at T of felicity at T - j.

1.2. of accumulated future prospects at a (future) moment in time with past ones

at a rate larger than 1 and increasing with the time distance between them as in

(1.5).

2. Retrospective Felicity Functions

. Suppose now that periodic felicity is a function of past experiences:

@.1) U= UL Ui (1+ 05 = UWo! — Wy

We have felicity functions that depend on accumulated past (and current) well-being, or
of its memories. At each point in time, (1.1) and (1.2) — and (1.7), implying an increasing
argument of U(.) over time - still apply, but now welfare is an implicit function: the current flow
is itself a function of a stock backlog to which it contributes.

-1 .
As we can write Uy = U[Y. U; (1 + 0™ + U] = U[(Wo"' = W) (1 +1)+ U, it is
i=1
-1 |

always possible to re-arrange and solve for U; = V[Z U; (1 + r)t'i] = V[(1 + 1) z U; (1+

i=1 i=l
r)t'l'i] = V[(Wot'1 — W) (I +1)]. Yet, if r goes to -1, (2.1) tends to a function of the standard
form, of itself, Uj; in that case, a linear U(.) reverts welfare to the conventional discount aggregate

of section 1.



22)Wr=W, -3 Ul

~

~

U, (1 + 0 3 (1 + 0 =w, T - 1 U(Wo' = W) (1 +71)

J

T-j
1

~
Il
(=]

i=

Il
[=}

Then, — an; is still (1 + r). One can infer that
au,_;

daw,
2.3 ,
(2.3) W

=] W,

= U(Wo' = Wy (1 + 1y

that measures how much of current prospects would one be willing to trade for one unit
of prospects j periods ago.
Now

T—

(2.4) Wo=(1+0T > UWe I =W A+ +(1+0T Wp=(+1T

-0

—_

~

7'-1

Z U(WOT’-‘] — WT,-J) (1 + r)j + (1 + r)-T’ WT’

J=0

Then, for T > T°,

dw,

aw., aw. T-T’ T

2.5 I = 2T = (1+41) 7 [1-U(Wy —Wp)]

(2.5) AR 0 T
dw,

Hence,
aw , . .

(2.6) Sy U W =Wl (1 +ry

1=

If U’(.) = 0, we return to the standard case; but not otherwise. And as U’(.) > 0, the
trade-off is smaller than in the standard case. Still, provided U’(.) < 1 — a reasonable assumption,

implying one unit of “memories” — “echoes” of past to present welfare - are worth less than one
unit of current felicity — the trade-off is still positive.

aw, . ‘ . . .
(2.7) Tf =In(1 + 1) [1 - U(Wo? = W] (1 + 1) - U(Wo'? = W) (1 + 1)

d(WOH B Wz—j )
dj



d Wf*j W t—j-1 T | . 1—j-1 .

( 0 d] I—j) ~ Z U1 (1 + r)t—_]-l—l _ z U1 (1 + I.)t-_]—l - _ Ut.j + [ Z Ul (1 + r)t-_]—l—
i=1 i=1 i=1

T -1-1)=-Uy-r[Wo'T — Wy 1. Then:

I

aw,

aw,_. . . . .
(2.8) % ~In(1+1) [1- U (Wo'? = W )] (1 +1) + U (WoT = W) (1 +1) [Up

T (Wl =Wy )]

The first term measures the effect of the passage of time on — L

, weighing the

T-j
marginal utility of memories. The second one, the effect over marginal utility of the changes in
past memories.
It will be larger than zero when U’(.) < 1 iff

(2.9) - [Uyj + 1 (Wo 3 = Wy D1 UP(WoH = W) /[1 - U (Wo = W )] <In(1 +1) ~

ie., if — {U”(Wo'd = W) / [1 - U(Wo' = W T} Uy < (- {U(WoT — W) / [1 -
U (Wo'd = Wik (Wo' 3 = W) + 1) 1. IF U() is convex, it will be...
It will be smaller than In(1 +1) (1 +r) iff

~(210) In(1 +1) U'(Wo'7 = W) = r [U(Wo'T = W) — 11> U(WoT = W) [Up +r
(Wo' T = Wy )]
b —. 29 '. -.—1 29 '.
or  r[U(Wo7 =Wy - U (W' = W) (Wo'™ = Wi D] > U (W' = W) Uy

. If memories depreciate, we can postulate instead that:

2.11) U, = U[i U1 - ) = UMWt = W)

i=1

Eventually, (1 - d) can be thought as (1 - d) =(1 —d”) (1 +r), i.e., net of capitalization or
net of compounding. Now, W’ " differs from W' as W’, from W; W’; and W' are defined and

linked according to:

T 0 T
Q)W T=Wo(1-dT=Y Ua-9™+Y —(IUT;,’), =Y U (1 -d)T W=
t=1 =1 - =1
1 .
(letting j =T —t:) = Ur;(1-d) + Wp

-0

~



. dw
W’ appears as memory prospects at time T. ! would have the same features of

=7
the previous ratio L with r replaced by — d:
=jw,
aw’ ;
2.13 L =(1-d
(2.13) . (1-dy
"y

As long as d >0, - decreases with j. Another interesting observation is that W’Ot

=i,

— W’; may now decrease with t:

2.14) Wo'-w=> Ud-d* = (1-d) i Ui (1- )+ U= (1 - d) (W

13
i=1 i=1

-Wep)+ U

-1 .
Wool = W > Wl —wepff U > d (Wl - We ) =d DY) U (- ) the
i=1
second argument increases in time iff d is small — if current felicity, Uy, is larger than depreciation

of past memories.

We can now deduct that (1.7) still applies but now:

T-1 . T-1-1 .
2.15)> Upj(1-dy/ > Upyi(1-dy = (W =W/ (Wl -wpy) =
Jj=0 j=0
T-1-1 .
= (1-d)+ Up/ (W' =Wrp) = (1-d)+ Up/[ Y] Uy (1-dy]
Jj=0

If U, grows at a constant rate g, the expression will be equal to (1 —-d)+(g+d)/ {1 —[(1

-d)/(1+ g)]T'l}. As T goes to oo, it tends to 1 + g.
Welfare prospects at time T are given by:

~

-1 T-j

J .. .
(2.16) Wr =W - Uy U -+ ry
=0 i=1
Then
dw. i .
(2.17) = (W - W) (1 +r)
aw',, !

10



{2

—’J = In(1 + 1) U(WH - W) (I + 0l + U(WoH - W) (1 + 1)

aw'
dj
dwii-w, )
dj
i -w,) & SEEEE - i _ ) S
As 7 =2 U; (1 -d) Zl U; (1-d)F7= -Ut_j+[; U; (1 -d)

—

j-l-i] (1 -1+ d) —_ Ut-j +d [W,Ot-’-l _W,t_j-l]a

'

a,
d 1= ) ) t-j ) j 29 ) t-j ) i
(2.18) == 2 (1 ) UW - W (1 Frf - U W = W) (1+ 1) [UL

j-d (W =W )]
This will be smaller than O iff:

(2.19) In(1 + 1) U'(W’o'T = W) = r U(Wod = W) < U (W - W) [Uy - d
(W' T =W )]

or

(220) ©<[U"(WqH = W)/ U(WT = W’ ()] [Upj - d (W' T = W2y p)]

The condition parallels (2.10). The interest rate is smaller than the symmetric of the
Arrow-Pratt measure of risk aversion — a measure of convexity of the felicity function — times the

utility net of depreciation of aggregate past welfare.

Proposition 2: 2.1: Under conventional time discounting and retrospect felicity
functions, the individual accepts a trade-off of accumulated future prospects at a
(future) moment in time with past ones at a rate given by (2.6); the rate may no
longer be larger than 1 and especially it may decrease with the time distance.

2.2 Under conventional time discounting and retrospect felicity functions
embedding fading-memory effects, the individual accepts a trade-off of
accumulated future prospects at a (future) moment in time with past ones at a rate
given by (2.17); again the rate may no longer be larger than 1 and especially it

may decrease with the time distance.

11



3. Consumption Choices

. Let us now operationalize the concept in terms of decision-making. Let felicity depend
! .
on current consumption and past and current welfare so that U, = U[C,, Uil - d)*1]. The
i=l

felicity function entails memories of past-to present welfare, fading with time at rate d per period.
We also want to distinguish the market rate of interest from the individual’s discount rate, and
assign to him an initial wealth endowment, W. Capital markets are perfect and offer an interest
rate (r) on deposited funds — to be used to consume and save in future time, constant and

exogenous to the individual. Obviously, his budget constraint, that we expect he will exhaust, is:

G-D =2 (H,,) -2 (1+r) (1+F)T Z‘ (IT

t=1 t=1

Its mechanics in terms of C; obey the rules exposed in section 1. A constant C;, implies

that (a perpetuity application of W):
(3.2) Ci=1Wo, t=12,.
(1+g)
c - (l+g 1+r
If C; is to grow atrate g <r1: W =C =Cp — "2 _ =
‘ s s 0~ ; (1+r) OZ‘ (1+rj Co 1_(1+gj

1+7

;1.e., Cp=(r—g) Wy,

r—g
(3.3) Ci=(-gWo(l+o! = 28 wo1+9t, t=12,.
t 0 1 0
+g

Of course, for convergency of the series, g <r. g may even be negative, in which case C;

decreases over time — and therefore to 0, where the individual “lives” only of past memories - at

rate —g; then, (for positiver) g+r>-2...

. The individual’s rational life-cycle path will maximize

(3.4) S UIC. Y Ul - d)t] (1 +p)

t=1 i=l1



Current period felicity U, = U[C,, Ui(1 - d)t'i]. d = 1 renders the function to:

i-1
(3.5) U = UG, Uy

where echoes are still considered. dU;/ dC; = Uc(C;, Uy / [1 - UR(Cy, Up)]. With further
disappearance of echoes, Ur(C;, Uy = 0.

. (3.4) is maximized subject to (3.1). But it will be consistent, i.e., the agent knows that
he will also solve similar problems every future period. At any point in time, he cannot change
the past; but he can anticipate that his near future’s actions may be more or less regrettable in the
less near future... Then, at any time T:

(3.6) Max % Uy (1+p)"
1

CT+I=CT+2='“ 1=

st:(3.7)  Upy = UlCy, Y. Uil -d)T™ i+ 3 U1 -], t=1.2..,

1 i=T+1
T—

(3.8) Wr = Wo - > Cpjd+r) = Cry(1+1)"
=1

Jj=0

Given Wt and Uy, Uy,...,Ur.
Or (as (3.7) holds also for t=-T+1,-T+2,...,0) Wo (W (1 +1)7)and Cy, Cy,....Cr

T T+t

The problem of time T gives a solution for (Cp41, Crio, ...)T contingent on (Cy, C,, ..

Cr). Consistency is guaranteed iff all future solutions for any C; coincide and therefore coincide
with that of T = 0 — that requires that FOC for any T give the same recurrent relation for any C; —
and U_.

In Lagrangean form the problem becomes:

(3.9)  Max 3 Ure (1+p)" - 3 Ay {Urs - UlCryy 3, Ui (1- )T +

Cra-Cra-- 4 = i=1

/‘TJ’T,] AT 250

T+t

S UA-OT + g Wy - S Cry (1407

i=T+1 1=l

FOC imply:

13



ow . e T
(3.10) = (1+p" - Mg * Z Mt UR[Crtss Z U; (1 - d)T
T+t Jj=0 i=1
T+t+j . .
> U=t - dy =
i=T+1
R T Y Cre Y Ui (1-@)T+ 3 U, (1 - g 1+1)t=
(3.11) T UclCrsp 2, Ui (1-d) > Uil-d) - pr (1+1)
T+t i=1 i=T+1
Transversality conditions are lim At; Uy = 0, and }im ur Wp = 0 — replacing

terminal conditions of a finite time horizon problem.
From the second FOC:

T . T+t .
(3.12)  Arg = pr 1+ UclCrip . Ui(1-)T+ > U; (1 -
i=1 i=T+1
Replacing in the first one:
o T L. T+t+j
GI3) (L +p)" +pur D {0+ UelCriegy D, Uy (1 -7+ 3 U (1 -
Jj=0 i=1 i=T+1
T .. T+t+j .. .
&I Up[Crag, >, Ui (1 - )™+ S 0,1 - ™™ (1-d) = pp (1 + 0/
i=1 i=T+1
T . T+t .
UclCrip Y, Ui(1-d)7 ™+ > U (1-d)7
i=1 i=T+1
Then:
T . T+t
G.14) [(1+p)/(A+0]" = pp {1/ UclCrip ., Ui (1-) ™+ 3 U1 -y
i=1 i=T+1
0 . T T+t+j T
- > {0+ UelCrpage Y, Ui (-4 3 U, (1 - 7] U[Cra, Y. G
j=0 i=1 i=T+1 i=1

.. T+t+j .. .
- S - (1-dY ), t=12,.n

i=T+1

(3.14) will also be valid for t + 1; dividing the equation for t + 1 by that of t:
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T . T+i+1

(315) (1 + r) / (1 + p) = {1 /UC[CT+t+15 z U1 (1 _ d)T+t+l—1+ z U1 (1 _ d)T+t+1—
i=1 i=T+l1

o T T+t+j+1

7o {1+ 07/ UclCrypsreg 2, Uy (1 - T+ % 0 (1 - gyt

J=0 i=1 i=T+1
URICrtg+14js i Ui (1- )Ty ZU (1-d)T 9 (1 -ay

i=1 i=T+1
/ {1/ Ug[Craps i U, (1 -d)Tt+ Tz U; (1-d)T7] - i {1+ 17/ Uc[Crigsis
i= i=T+1 j=0

i Ui a- d)T+t+j—i .\ T+i+; Ul a - d)T+t+J 1]} UR CT+t+y i U1 (1 - d)T+t+j-i i Tij Ui (-
i=1 i=T+1 i=1 i=T+1
T (1-ayy . t=12,...

More compactly:

0

(3.16) (1+1)/(1+p) = {1/Uc(Cragsr, Wo ™™ = W) - > [UR(Crogei+is

(=]

W ol W 14) / UeCrpagsrai Wo T - Won D] [ =d) /(L4 3/
] ] ]

/ {1/ Ue(Crie W' = Wi = > [UR(Cr+t+> W - Writsi) / Uc(Cragass

j=0

Wl W D —d) /(1 + )P ) =

= {1/ Uc(Cris1, Wo' ™ = Woris1) = X [URCrogrrsyy Wo' T = Wopir )

(=]

JUc(Cragerojp Wo T Wop o )] [ —d) /(1 +D)P } /
/ {1/ Ue(Crip W™ = W) - [UR(Crapy Wo' " = W) / U(Cragy WpT 1t —

0

W] - [(1 = d) / (4 + 0] > [UrCrepier: Wol T — WriginD) / Uc(Craers

J=0

W,0T+t+j+1 B W’T+t+j+1)] [(1-d)/(1+ r)]j } , t=12,..

o0

1/ UeCrige, Wo ™ = W) = Y [URCragersgy Wo' ™ = Worg ) /
=0

UcCrisgraps Wol 1 - W Dl A - d) /(L +0)f =
= [(1+1D) /A +p] {1/ Ue(Crop, Wo = W) - [Up(Crap, Wol ™ = W) /

Uc(Crie Wol M= W] - [(1 = d) / (1 + D] Y [UR(Crogsiers Wo' 9 = Worpgyian) /

J=0

UcCraprjrrs Wo ™ - Wor i DI TA —d) /(1 +0)F )

Or
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GBA7) [ +p)/ (p+d)] {1/ Uc(Crarr1: Wo' ™ = Wrpap) - [(1+1) /(1 +p)]/
Uc(Craps W0l ™ = Wor) + [(1+1) /(1 +p)] UR(Cras Wo ™ = W) / Ue(Cryp, WoT ™t -
Wi} = [(1+p)/ (p+d][1/ Uc(Crip, WoT = W]

{ Uc(Cry, W’OTth =Wt/ Uc(Crags1 W’OTHJrl ~Wrye) - [A+1) /(T +p)][1-

UR(Crip W' = Wop ] } =

0

_ s THAHT s s THHT o
= > [UrCrigsjrr, Wo 7 = W) / Ue(Cragsjer, Woo 0 = W)
=0

[(1-d)/(1+D} t=12,.3

The first interesting conclusion is that, in spite of complexity, consistency appears to be
warranted 5: (3.17) holds for any T + t = t: provided every generation optimizes, including T = 0,
at any point T, the previous utilities that cannot be changed any longer and are arguments of the
problem T, are — were - always the optimal ones (chosen at 0, 1, ..., T-1) and do not colide with
future upgrading.

Also, as

(3.18) Z [UR(CT+t+J+15 W’0T+t+_]+1 _ W,T+t+j+1) / UC(CT+t+J+1, W5OT+t+J+1 _
j=0

Wi D] [(1=d) /(A + 0P =1 =d) / 1+ 0] Y. [UR(Cragsn Wo' 2 = Wopigiiin) /

j=0
Uc(Crvije Wol M2 - Worii) [ = d) / (1 4+ 0P + Up(Croger, Wot ™ = W) /
Uc(Cratt1s W’OTHH ~ W]

we can replace in (3.17) and use the lead left hand-side to conclude:

[(A+p)/ (p+d] {1/Uc(Crip1, Wo " = Worp) - [(1+1) /(1 +p)]/ Ue(Cras,
W™ = Wor) + [(1+1)/ (1 +p)] UR(Cras W' ™ = W) / Ue(Crog, W2o' -
Wi} = UR(Croeer, Wo ™ = Wori) / Uc(Craers Wot 1 = Wori)] +
[(1—d)/ (1 +D][A+p)/ (p+d)] {1/ Uc(Cregpa, Wo' 2= Woripp) - [(1+1)/(1
+ )1/ Ue(Crirrs WoT ™ = Wopi) + [(1+1) /(1 + p)] UR(Crygey, WoT 1 -
W) / Uc(Craeer, Wo' ™ = Worpp)}

or
(3.19) {1/ Uc(Cragers Wol ™ = Worien) - [(1+1)/ (1+p)]/ Ue(Crap, WoT ™ -

W) + [(1+1) /(14 p)] UR(Crip, W0l = Wri) / U(Criy W0l Tt = W)} =

5
Addiction, in habit formation models, can also be compatible with rational and time consistent behavior.

See Becker and Murphy (1988) for example.
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= [0 =d)/A+D] {1/Uc(Crip W' 2 = W) - [(A+1)/(1+p)]/
UcCragrrs Wol ™ = W) + [0+ 1)/ (1 + p)] UR(Croer, Wol 1 = Wopipiy) /
Uc(Creeet, Wol 1 = W)} +[(p + &) / (1 + p)] UR(Crosr, Wol 1 = Woppiy) /
UC(CT+t+la W’OTHJrl - W,T+t+1)] =

= [(1-=d) /(1 +1)] {1/ Uc(Cropa Wo' ™2 = W) - [A+1)/(1+p)]/
Uc(Crrer, Wol ™ = W)+ UR(Crage, Woo 1 = W) / U(Crpgag, WoT T -
Wri1)]

. We can then choose T = 0 for a full solution and recognize:

(320) 1/Uc(Cpep, Wor™ = W2ii) - [(1+1) /(1 +p)]/ Ue(Cp, Wot =Wy + [(1+
1/ (1+p)] UR(Cp W' = W) / Ue(C, Wo! = W) =

= [(1=d)/ (1 + D] {1/Uc(Cpa W™ = W) - [(1+1)/(1+p)]/ U(Cpaps
Wo ™ = W)+ UR(Crp Wor = W) / Uc(Coip Wort = Wy )]

or

(321) U(Cp Wo' = W)/ Ue(Cpap, W™ =Wy [+ (1 =d) /(1 +p)] - [(1-d)/
(1+1)] Uc(Cp Wo' =W’/ Uc(Cpya, W' = Wiin) - [(1+1)/ (1 +p)] =

= UR(Cirp, W0l = W) Uc(Cp, Wit = W) / U(Crip, Woltl = W) - [(1 +1) /
(1+p)] UR(Cy, Wo' = W?))

(3.21) suggests that a balanced path for consumption is possible with a - steady-state -
constant Uc(Cy, Wo' = W) / Uc(Cia s W’Ot+1 — W) and constant Ug(Cy, W’o' — W’)). Then,
provided d is small (or negative) so that the second argument increases with time, C; should be
increasing6 if Upe(Cp, W0l = W?)) > 0 (provided that Ugp(C, W’o' — W) < 0) that is, the two
arguments are complements. It will be decreasing if Ugpc(C;, W’Ot - W) <0 - and the

arguments are substitutes. A large d may reverse the implications.

Ifd=1and U = U (C,, Uy):
(3.22) Uc(Cp, Up / Uc(Cyy1, U [1 = UR(Ciyp, U] = (A +1) /(1 +p) [1 -
UR(Ct’ Ut)]

If additionally we consider Ug(Ci+1, Uis) = constant — for instance, equal to zero -, we

have the standard case:

6
Habit, addiction to consumption, Cy, would be mimicked... Even if here we only have one good.

7
We would have that consumption and past welfare enjoy complementarity in the sense of Orphanides

and Zervos (1995).
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(3.23) Uc(C Up / Ue(Cras Uge) = (1+1)/ (14 p)

. Let d be free and consider that Uy tend to 0 — say, a possible steady-state -, the left
hand-side is of (3.21) is equated to zero. Then:

(3.24) Uc(Cy, Wo' = W) / U(Cyyy, W =Wy [T+ (1=d) /(1 +p)] - [(1-d)/
(1+1] Ue(Cp W' = W) / Ue(Cpis W02 = Wii0) = [(1+1) /(1 +p)]

or

Uc(Cp Wo' = W) / Ue(Cyip, Wor ™ =Wy ) {1+ (1= d) / (1 +p) - [(1 = d) / (1 +71)]
Uc(Crt, W0 = W) / Ue(Cin, W™ = W)} = (14 1)/ (1 +p)

Then another steady-state value of Uc(C, W’o! — W?)) / Uc(Cyi1s W’OtJrl - W)

would appear to occur. If along the way a long-run solution with intertemporal MRS constant:

[ =d) /(14 0] [Ue(Crep, W0 = W) / Ue(Cria, W02 = W) +
+ Uc(Cp Wo' = W) 1 Ue(Cpip, Wt =W ) [T+ (1= d) / (1 +p)] -
S(1+1)/(1+p)=0

Then, one can solve for the steady-state value of:

(3.25) Up(Cp, Wo' = W) / Uc(Cyrp, W™ = Wi ) = Uc(Ciip, W = Wiip) /
Uc(Cpyas W2 = W) =([1+ (1 =d) /(A +p)] £ {1+ (1 =d) /(1 +p)P -4 (1-d)/ (1 +

PR+ /(0 -d] /2= +1-d)/A+p+{[1-A-d)/A+p)PLY) [(1+1)/(1 -
d)]/2={[1+(1-d)/(1+p)]x[l-(1-d)/(1+p)]} [(1+1)/(1-d)]/2

Then, in such a steady-state, Uc(Cp, W’o' — W) / Uc(Cisy, W’OtJrl — W’41) equals
(with the plus sign) (1 + 1)/ (1 —d) > 1; or (with the minus sign) (1 + 1) / (1 + p) (the value of the

standard model).
A constant C = C; = r W, will be then possible. If Ucg > 0 and retrospective wealth

increases, Uc(Cp, W’o' = W) / Uc(Ciy 1, W’Ot+1 — W) <1 - only possible with the negative
root.

C, may decrease over time; as Upe < 0, Ua(Cp, Wol = W) / Uc(Cya g, W’OtH -W’i)
<1 if Ucg > 0 and retrospective wealth increases — again, only possible with the negative root.

If C, increases over time as Ucc < 0, Uc(Cy, W0l = W) / U(Cii 1 W’Ot+1 -Wip)>1
if Ucg < 0 and the sign of the root can be positive or negative; if Ucg > 0, we may achieve a
constant Uc(Cp, Wol = W) / Uc(Craqs Wolt = W2 ).
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Proposition 3: Under conventional time discounting and retrospect felicity functions
embedding eventual fading memory effects,
3.1 standard optimization is time consistent — allowing conclusions to be drawn
from the beginning moment dated problem.
3.2 if d is small, an allocation of wealth with perfect capital markets and constant

market interest rate, may have a steady-state over (3.21), provided a constant
Uc(Cp, Wot = W) / Uc(Ciyp, W’OtJrl — W’;) and a constant Ug(C,, W’y —
W*,) are compatible. If C; and memories are complements - Ug(Cy, W’o! — W)

>0 -, and Uggp(Cy, W’o' — W?p) < 0, consumption will increase along the steady-

state — or rather optimal balanced - path.

4. Capital Accumulation

. Suppose we stage the new intertemporal preferences on the Ramsey’s growth model.

The representative household problem becomes:

© T . T+t .
@) Max 3 UlCpy 3, Ui(1-d)™+ 30 Ui(1-d) ™) (1 +p)?
Tl T2 o] i=1 i=T+1
T . T+t .
s.t. (4.2) Uty = UlCrep, Y, Ui(1-d)7 ™+ > Uy (1-d)™™7, t=1.2...

i=1 i=T+1
(4.3) (I +n)kpye = (1 =d”) ke + ki) - Crag
Given kp and Uy, Up,...,Ur.
Or (as (4.2) holds also fort=-T + 1, - T+ 2,...,0) ky and Cy, C»,....Ct

which in Lagrangean form becomes:

© oo r .
44) Max > Upy (1 +p)" - 3 Ary (Ui - UlCTyy, U (1- )+
=1

CT+1 ﬁCT+2 e

kpoy Ky oo
Ura-Ursa e

AT, 250
Hre1sHr12 500

t=1 t=1 i

T+t . w0
S UA-OT 4 > g [ - d) kg + fkpeet) - Crog - (1+1) Ky

i=T+l1 t=1

Transversality conditions are lim A1 Uy = 0,and lim pry ke = 0.
t—o0 ’ t—o0

FOC imply:

19



T+t+j

W ) 0 T ;-
= (1+p)" - Ay + > Ay URlCra 2, Ui (-9 + 3
aL]T+t Jj=0 i=1 i=T+l1

(1-d)T 1 (1-dy =0, t=1.2,..n

(4.5)

aW T ¥ T+t ¥
(4.6) = M UclCrie . G-+ 3 U (1-d)™ - gy = 0, t=
aCTH i=1 i=T+1
1,2,...n
ow ,
(4.7) EY prie (1 + 1) + ppy [A=-d) + Pkl = 0, t=1,2,..n
T+t

From the second one:

T+t

T . .
(4.8) Mrg = prag /UclCrap >, Ui (1-d)T™+ > U; (1 -], t=12,...n

i=1 i=T+1
Replacing in the first one:
T L T+1+) )
4.9) (1+p" + Z et/ UclCrip 2, Uy (1 -0+ 3 0y (1 - )T
=0 i=l i=T+1

+1+]

. T .. T
T} UR[Crogsje 2, Ui (1-d)T 97+ Z U (1- )™ (1-d) = pry/ UelCrar Y. Ui

i=1 i=T+1 i=1
) T+t .
_ d)T+t-1 + Z Ul (1 _ d)T+t-l]
i=T+1
From the third FOC:
(4.10) Wseet / ips = (140)/[(1—d) + P (k)]
and

(4.11) prypyy = {f[ (I+n)/[(1 =d) + Flkpse)]} /{0 +0) /[0 = d) + Flkrye) ]}

HT+
Then:
412) (1 +p)" = pr {1/ Uc[Croe i Ui (1-d)T + Z Ui (1- T -
i {H (1+n>/[<1—d’>+f<kT+t+i)]}/{(1+n>/[<1—d’>+f’<kT+t+j)]}/Uc[cmﬂ,i Ui
(1- d)T+t+j-i Ti Ui (1 - d)T+t+J 1]} UR[CT-i—H-y i U, (1 - d)T+t+j-i n Tf U (1 - d)T+t+J 1] (1
i=T+1 i=1 i=T+1

~dyy , t=12,..n
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(4.12) will also be valid for t + 1; dividing the equation for t + 1 by that of t, and using
the fact that, from the third order condition:

(4.13) [(1-d)+ f’(km)]/[(l tn)(1+p)] =
T +1+1 © J
(1/Uc[Craper, Y. U (1 -yt 4 Z U (- S (T a+ny/[a
i=1 i=T+1 j=0 i=0
T . .
= &)+ Pkl /{0 + ) /(1= d) + PRy 4]} / UelCrersgs 2, Ui (1- )4
i=1
. THH+1-i R (UTTRR A S T+ 14H-i '
> Ui(l-4d) 1} UR[Crigi14j 2, Ui (1 -d) + > Ui(l-d) 1(1-dy
i=T+1 i=1 i=T+1
}
T . T+t . 0 J
/{1/UclCrapy Y, UGi(1-d)T™+ > Uyr-)™ - > (T +n)/[(1-d)
i=l i=T+1 Jj=0 i=0
T L. T+t+j
+ P (krep)]} /{0 +0) / [(1=d) + Py )]} / UelCrias 2, Ui (1= 74+ % U, (1 -
i=1 i=T+1

T .. T+t+j .. .
&) Up[Crae, Y. Ui (-4 3 U (1-)™ 9 (1-d) )

i=1 i=T+1
More compactly:

@.14) [(1=d)+ Plkpl /[A+0) 1+ p)] = {1/U(Craper, Wol = Worpi))

Z [UR(Crstt14> W T Writr14§) / Uc(Cragr1+s LA W) (1 - dy
J=

~

{H (L+n)/[(1 =) + Pk )13 /AT +0) /[(1 = d) + Pkpp )15/

/{17 Uc(Crip Wo = Wony) = X [UR(Crisjp Wo' T = Woryi) / Uc(Crs

W~ Wl (- dy {1‘[ (1+n)/[A-d)+ Plp)lt / {0 +0)/ [(1-d)+
f’(kT+t+j)]} j =

= {1/ Uc(Croprt: Wo ™ = Worie) - D [URCraesrag Wo' ™ = Wopsgira)
j=0

/ U(Crigers WoT M = W] (1 - &) {H (1+10) / [(1 = d) + P lkper)]} /(1 +

i=0
n) /[(1—d) + £ kpper ]} )/
/ {1/ Ue(Crapy W™ = W) - [UR(Crapy WoT™ = W) / Ue(Cragy W7oT™ -

Wopsd] = (1= d) (1 + 1)/ [(1 = d) + Ppedlt ) [URCrasjen Wol 51— Wop i) /

Jj=0
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Uc(Crarsjrns Wo T = W] (= & (T (1) / [0 = &) + Plkpyers]} / {(1+ 1)

M1 =d) + P (kpier+]}

Or
(4.15) 1/Uc(Cragip, Wl =Wy - ([0 =d) + £l /[(1+1) (1+p)]} /
UcCrie Wo' M= Wor) + {[(1 = d) + Plkpep] / [(1+ 1) (1+ p)]} UR(Crye Wo' ™ =

0

Wor) / UeCrip W™ = Wop) = [+ d) / (1 + p)] D [UR(Cragsjer, Wo' 97 =

Jj=0

Writi+1) / Uc(Crigejr W,OTHJrj+1 - W)l (1 - dy { .jo I+n/[1-4d)+
£ (kpsr14+)]} 7 {1+ 1) /[(1 = d) + P (kpiper )]} =

= {(1-d) A +n0)/[(1-d)+ Py} {1/ Uc(Cropa Wol 2 = Wirin) -
A =)+ Pleree)] /[ +0) (1 + )]}/ Ue(Cragey, Wol ™ = Woppy) + {[(1-d) +
Plkqaee)] / [+ 1) (1 + P)I} UrCrarrs Wol ' = Worpey) / Uc(Craprs Wool 1 =
WD) + [(p+d) /(1 +p)] [URCreger, Wo' 1 = W) / Ue(Crager, WooT 1 =
Wri1)]

using the fact that:

[(1+p)/ [(p+d)] {1/ Uc(Crapsr, Wo ™ =Wy + {1 —d) + Pkl /[(1+
n) (1+p)]} UR(Crip Wl = W) / Uc(Crip, W0 T = W) - ([ = d) + £(kpi] / [(1 +
n) (1+p)]} / Ue(Crs, W' = W)} =

0

- [UR(CT+t+j+1 >
j=0

o

A= {JT A +n)/[(0 =)+ Flkpper)]l} /{1 +0)/[(1=d) + £ (ke 149)]
i=0

= [UR(Cras1, Wo' 7 = W) / Uc(Crgey, Wo ™ = Wopggy ] +

(1 =d) (1 + )/ [(1 = d) + Pkrae)l} Y [URCropeers WoT T2 = Wopiia0) /

J=0
. . J

Uc(Cropjuns W0l T2 - W) (1= d) (] (1 +0)/ [(1 = d) + £(kpperr )]} / {1 +n)
i=0

M =)+ P kpn)]}

= W) / Uc(Crtajrs = Wil

(4.15) Uc(Craps Wo' ™ = Worap) / Uc(Crager, Wol 1 = Wopp) - {[(1—d) +

Pkl /[(L+1) L+ )]} + {[(1—d)+ Pkl / [(1+ 1) (1 + p)]} Ur(Crap, Wo' ™ -
W’T+t) =
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= {A=d) (A +n)/[(1=d)+ Plkpse D]} { Ue(Crap Wl = Wiy / Us(Crigins
W ol 2 - W) - ([ =d) + £ep)]/ [(1+n0) 1+ p)]} Ua(Crip Wl = W) /

Uc(Crigrs Wo ™ = Wopiep) + {11 = &) + Pyl /[0 +0) (1 + p)T} UR(Cragan,
WM = W) UeCrie Wio ™= W) / UeCrie, Wio ™= Wi} + [(p + )
/(1+p)] [UR(Crige1, Wo T = Wori1) Uc(Crves WoT = W) / Ue(Crrye, W' ! =
Wil

Then consistency appears to hold; and then for T = 0:

(4.16) Uc(Cp, Wo' = W) / Uc(Craps W =W ) [T+ (1-d) /(1 +p)] - {(1—d)
(1+n)/[(1-d) + F(kpa)]} U(Cp Wo' = W) / U(Cras W02 = Wiin) - [(1 - d) + F(ky)]

/T(1+n)(1+p)] =
= Up(Cep, W0 = W2 i) U(C, Wot = W2 / Uc(Cr, W0 = W) - {[(1 - d)

+ (k)] / [(1+n) (1+p)]} UR(C, Wo' = W)

(4.16) seems analogous to (3.21).

Letd=1. Then:

(4.17) Uc(Cp, Wo' = W) / Ue(Cyip, Wo'™ = Woiiy) - [(1 = d) + (k)] / [(1+n) (1
tp)] =

= UR(Cor1- W' = W) Uc(Cp Wo' = W) / Uc(Cyip W2or = W2 ) - {[(1 - d)
+ (k)] / [(1+n) (1+p)]} UR(Cp, Wo' = W)

With Uy = 0, we have the the standard Ramsey model solution:

(4.18) Uc(Cp, Wo' = W) / Uc(Crap, W0t = Woiip) = [(1-d) + £(k)]/[(1 +1n) (1
+p)]}

(4.18) 1s analogous to (3.23).
Let, as before, Uy tend to 0 after (4.16):

(4.19) Uc(Cp, W' = W) / Uc(Cip, W = Wi [1+(1-d) /(1 +p)] - {(1-d)
(1+n)/[(1 -d)+ P(kpo)]} Uc(Cp W0 = W) / Ue(Crag, W02 = W2iip) - [(1 - d) + £(k)]
/[(T+n)(1+p)] =0

With steady-state level of k* we can generate similar statements as those of section 3...
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. Under (4.16), a steady-state solution for k* is possible. It may imply that U-(C,, W’Ot —
W) / Uc(Caqs W’OtJrl —W’;) is constant and so is Ug(C;, W' — W”,). Then:

Then the expression becomes — for constant k*:

(420) Uc(Cp, Wo' = W) / Ue(Coyp, W2o' =Wy [T+ (1-d) /(1 + p)] - {(1—d)
(1+n)/[(1=d) + K]} [Uc(Cp Wo'= W) / Ue(Crap, W™ = Wi )P -

- UR(Cp Wo' = W) {UG(C, Wo' = W) / Uc(Crepy W = W) - [(1 = d) +
PR/ (1 +n) 1+ )]} = [(1-d)+ £&H]/[(1+n) (1 +p)]

Let us suppose that on such path U; grows at rate g; then W’ to W’ grows at rate —d +
(g+d)/ {1-[(1-d)/ (1 +g)]""y, that goes to g as t tends to oo.

An additively separable felicity function in W’ — W’; and C; — implying U (Cy, W’Ot
— W’ = 0 - for example, is compatible with a steady-state path with constant C — then Ug(C,,
Wt — W’,) may tend to zero.

Homogeneous felicity functions in the two arguments may generate paths along which
UR(Cp, W' = W) is constant; g and ¢ = Cyy / C; — 1, must then allow for Uc(Cy, W’o! = W)
/' Uc(Ciy1s W’OtJrl — W’(4) to remain constant as well.

If UR(C, W' — W) tends to 0, one can expect that Us(Cp, W’o! — W*)) / Uc(Cya1,
Wt =W ,)) will tend to [(1—d’)+ £(k*)]/[(1 +n) (1 + p)]; being C constant, [(1 + n) (1
+ p)] divided by 1 plus the growth rate of marginal utility with respect to consumption will equal
[(1-d)+ £(k*)]; the interest rate ; will tend to be the same as in the Ramsey case; if Ugc >0 —
say, U(., .) is linear in W’Ot — W’ -, it is possible that £'(k*) is now smaller than in that case and
therefore, capital stock is larger.

Finally, a constant U(Cy, W’o' — W), if URp(Cy, Wo' = W?)) < 0 but Up(C, W' —
W) >0 9, would allow for an increasing C; 0 along a balanced path — while the stock of past

welfare is increasing. Ugr(C;, W’Ot - W’y > 0, though, would be consistent with the opposite

result. Clearly, consumption becomes more variable than without retrospective effects;

; The interest rate is still (as usual) the marginal rate of substitution — on a cumulative welfare indifference
curve - between consumption of two consecutive periods minus 1 — but consumption enters future “past welfare”
which should be accounted for in that MRS computation.

’ We would have that consumption and past welfare enjoy complementarity in the sense of Orphanides

and Zervos (1995).

Habit, addiction to consumption, Cy, would be mimicked. ..
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intuitively, that would be expected: now there is a stock that already accrues and provides a
“weight” — a balanced source of felicity.

Proposition 4: Allowing retrospect felicity functions in the Ramsey growth model,
4.1 standard optimization allows for time consistency — allowing conclusions to
be drawn from the beginning moment dated problem.

4.2 steady-states for capital are possible. Then if along the optimal balanced path
Ur(C;, W’Ot — W) is constant (and W’,' — W’ increasing), if Ugg < 0 and Ucg

> (0, consumption may be increasing. Steady-state capital may then be larger than

in the standard Ramsey’s world.

5. Applications: Vertical Systems
5.1. Vertical Systems and the Optimal Depth

. The principle has an obvious application in production theory — namely, in the
modelling of vertical product chains.
Let Y14 denote the output of knot T + t in the production descending hierarchy — i.e.,

interpreted backwardly; each knot requires one unit of time to process. Maximum complexity is
achieved at knot T = 0, where the final product Y is decided or processed and requires G knots

to develop. The problem faced — at any point in time - by all upstream knots to process T (T =
0,1,2,...,G-1; YG+1 can be thought as raw material) is:

G-T

14
(5.1) Max Y P Yoo - Wrag Xpwg - Progt Yoo [[ (L prep) =

Xra: X2 X6 Yon o i=1

0 t
Z i, H (1 +pr14)

t=1 i=1
s.t. (5.2) Yoo = FUXpa Yrogr (1-d)], t=12.,G-T
Given Yl: Yz,. . .,YT
Or (as (5.2) holds also fort=-T + 1, - T + 2,...,0) Xy, X5,...,XT

Each term of the objective function accounts for profits at tier T + t. The costs with the
intermediate input - revenues of the immediately lower tier - were not discounted, which would

impose an additional cost factor on the producer — an hypothesis that we proceed below. Optimal
internal prices would be zero and the first term would disappear with the exception of P14 Y141,

and the last term in parenthesis would disapear with the exception of PG4 Y-

The Lagrangean of the problem is then:
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!

G-T
(53)  Max Py Yo (1 F pryy) - > Wi Xroe [I (1 + prad) - P

XT+I)XT+2 G 1=1 i=1
T I’YT+2’ "Y(J"Y(JH
/‘LI +1 ’/’LT+2 ‘716

G-T+1

G-T
Yoo [T e + D) e - Yrug + FU X, Yy (1- )1
t=1

i=1

FOC yield, along with the restriction:

ow
(5.4) = Pryy (T +pre) - Argg =0
aYT+1
ow - _ THt-1 _ _
(5.5) v AMag + Apser By X Yo (1-d)] (1-d) = 0, t=
T+t
23...,G-T
ow _ T T+t _ _
(5.6) S IT A +pred) Wree + Ap B X[ Xopi Y (1-d)] = 0, t=
T+t i=1
1,2,...,G-T
aW G-T+1 G
(5.7) 7 Poir [T (+prsi) - A Foy[Xg, Yo (1-d)] (1-d)=0
G+l i=1

From (5.6), Then the current value —at T - of the shadow price of Y is:

1

58) A = [] (1 +pr) W/ F U XX, Yy (1-d)] ,t=1.2,..,G-T

i=1

(5.8) is the shadow-price of Y. in the supply chain at date T. If Y. were available in
the market - at time T + t — at price

(5.9) Pro<Apee/ [ (1 +pr) = Wree/ FU 5 Xpug, Y (1- D)),

i=1

it would be worthwhile to buy Y. rather than producing it. If Pry > Apy / [ (1 +
i=1
pT+i), it would be worthwhile to produce in excess of Y., the requirement of next knot.

Replacing in (5.4) and (5.5):

(5.10) Prit = Wreg /F 5 [Xpi, Yyan (1 - d)]

and

(5.1 (14 pre) Wrge/ FU SN[ X, Yroger (1= )] = Wy / FU N X, Yo
(1-d)] FIY [ Xy, Yr (1-d)] (1-d) , t=23..,G-T
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and
(5.12) Py (1 +pgs1) = FOy[Xg, Ygar (1-d)] (1 -d) Wg / F9x[Xg, Y1 (1-d)]

Consistency is no longer guaranteed, if Y4 is decided at level T — instead of level T —

1 or lower -, i.e., obeying (5.4) and (5.10); then, a unique form does not hold forany T +t

T+t
= 1. This provides a rational for vertical integration — or suggest quantity-fixing seeking by the

uptream entity of the immediate downstream tier output under a decentralized vertical system...
The objection is withdrawn if (5.4) — and (5.7) only holds for Y| — for t =1 at problem T

= 0; or rather for Y x| where T* is the optimal depth.

The optimal depth T* would be the one at which the most recent optimal profit — the

marginal effect of switching from the problem of complexity (ordered descendingly) T + 1 to that
of T (provided they increase with T) - becomes zero: I+, - [T+ = 0, where Il denotes optimal

overall optimal profits of the T — G-length supply chain.
FJ(., .) may or may not be knot-dependent —i.e., of j. If F[X;, Y41 (1 - d)] = F[X;, Yj4

(1 -d)], all j, and F(., .) results in just increased production, the problem solves for the optimal
time-span and total Y« .

. An interesting special case is the one for which p; = 0, all j. It would apply if all tiers
work simultaneously. Then

G-T

(5.13) MaxX Prig Y14 - Z Wit X141 - Pgr1 YGri

XT+I ’XT+2:~~~: G t=1
YrasYrigsa Yo Yo
At A2 504G

s.t. (5.14) Yo = FU Xy Ypuy 1-d)], t=12.,G-T
Given YI’YZ""’YT

Then, optimality requires:

(5.15) Prig = Wrag /F 5 [Xpi, Yy (1- d)]

and

(5.16) Wrpy / FU'5 Xy, Yot (1- D] = Wrpy / FU X g, Yy (1- )]
FI X, Yo (1-d)] (1-d) , t=23...,G-T

and

(5.17) PGy = FOY[XG, Yaur (1-d)] (1-d) Wg / FO[XG, Yo (1 - )]

If Y; is homogeneous (then P; is constant for all j, possibly all j > G + 1), economies of
depth at level t + T may be linked to FT [ X1, Yrieg (1-d)] - Y (1—d)>FU Y (Xpyy, 0).
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. Another interesting modification considers that an integrated vertical system is being

evaluated and factors must be paid in advance each period. Then the typical firm solves:

G-T
(5.18) Max " [Pryg Yoo - (1+ prage Wrag Xpag - (1F progeg) Progn

XT+]’XT+2 """ XG ’YG+I t=1

1 G-T 14 G-T 1+1
YTtt+1] H (1+pryp) = Z Tt H (I+tpr) = A+ pp1) Prog Yrug - z H (1+
i=1 1=l i=1 t=1 i=1
G-T+1
p1+) Wrat X - [ (1 +p1i) Pger Yo
i=1
s.t. (5.19) Yra = FU X Yo (1-d)], t=12..T-G
Given Yla Y2,...,YT
The Lagrangean form becomes:
G-T t+1 G-T+1
(520)  Max (1 +prep) Pryg Yoo - [T O+prd) Wree Xy - []

XT+1’XT+2’-"’XG
YT+IﬂYT+2""ﬂYG:YG+1
T+ T+2 554G

G-T
+p14) Poat Your + 2 Mg = Yrug + B Xy Yy (1- DT

t=1

t= i=1 i=1

Then:
ow
(5.21) = Proy (T4 prr) - Ay =0
T+1
ow T+t-1
(522) —0— = = Aree T Arwr BUUN X, Yr (- d)] (1-d) =0, 0=
T+t
2.3,....G-T
aW t+1 T+t
(5.23) a - 'H I+ p1ai) Wrag + Ap B XX, Yo (1 -d)] = 0, t=
T+t i=1
1,2,....G-T
aW G-T+1 G
(5:24) === T (1+pri) Poi +26 FOyIXa. Yau (1-d)1 (1-d) =0
G+1 i=1

Then the current value —at T - of the shadow price of Y is:

1+1

(5.25) Apr= [ 0+ prad) Wrs/ FT 5 X, Yoy (1-d)] L t=1,2,.,G-T

i=l1

Replacing:
(5.26) Prep = (14 prag) Wrpy / FU Xy, Yoo (1-d)]
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and

(5.27) (14 proee) Wrse/ FU 5 X Yo (1-d)] =

= (1= d) Wy FUNXper, Yoo (1= &1/ FU S Xy g, Yy (1- d)], =
2.3,....G-T

and

(528)  Pgyy = F9y[Xg, You1 (1-)] (1 -d) Wg / F9x[Xg, Ygep (1 - d)]

The two first conditions now allow for two different interpretations:

If the sequence of functions Fj(.,) is the only technology available in the market,
desintegrated supply chains can be efficient with prices obeying (5.25). Then, it must be the case
— because consistency must then hold — that for any T

(5.29) Pryy = (14 proge) Wrse/ F XX Yoo (1-d)] =
= Prigt (1= ) FU N X, Y (- ]/ (14 pry) 5 £=2,3,..,G-T
i.e., for any knot j:

(530) Py = (14 pj) Wi/ Fx[Xj, Yiey (1-d)] =
= P (- P YX, Y (- A1/ (1 p) , j=23,..G

If not, and Py 1s the price at which Y 1s offered in the market, tier T+t-1 will be
integrated with T+t provided that ...

(5.31) Pryy < (1+ proge) Wree/ F XX Yrsgr (- )] = (1= d) Wy g
U X Yo (- @]/ FU S Xopg, Y (1-d)] < Prygg

Also, if Xty 1s not specific and must be uniformly priced at moment t, for observed

vertical integration until j:

(532) Py FIXIXG, Yy (1- )1/ (1+pjy) = Wi
or
(5.33) P FIX[X;, Y (1-d)]/ W = (1+pjyq)

As P; decreases with j, and if Fx[Xj, Yjiy (1 - d)] = Fx[Xj, Yieq (1 - &), Fxy[Xj, Yo
(1 - d)] > 0, and only depends on X, we would expect that — if W is constant - p;; to decrease

with j — to decrease with the distance to the delivery as a final product. Then this implies a
.. . . .1
decreasing interest rate with the distance to maturity

Alternatively:

" Some studies report a downward sloping term structure - see Shiller (1990), page 629.
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(5.34) (1-d) FY[X; 1, Y, (1-d)] = Pj/Piy (1+pjsy)

If the product is homogeneous and P; = P;_;, provided Fyy[X;_1, Yj (1 - d)] <0, and
Fyx[Xj.1, Y (1 -d)] is negligible, Pj+1 must increase with j. Conversely, interest rate rises with
term — decreases with time to maturity s Fyvy[Xj.1, Y;j (1 - d)] is negligible, and Fj_lyx[Xj_l,
Y; (1 - d)] > 0, both term structures may emmerge. Note, however, that condition (5.34) is only

observed for only integrated knots...

Proposition 5: Considering the product-chain problem of a conventional producer
5.1 standard optimization will not allow consistency unless the current tier
product is decided at the downstream stage. Quantity-fixing practices may levy
the ineficiency of eventual vertical desintegration.
5.2 (5.29) holds for “shadow” prices of a vertically integrated system.

5.3 A decreasing discount rate with time to maturity may be observed.

5.2. Vertical Systems in Growth Models:
5.2.1. Without Capital

. In a growth model, assuming there are T (ascending) hierarchic production levels.
There are potential externalities across the production tiers so that, instead of Yr_j = F1J [XTai,e

Y1101 (1- d)], Y. represents value-added at tier T-j and obeys (6.2):

o0

(6.1) Max > U(Yr) (1 +p)*

RONEES CUE PRI NP SUE R =1

S.t.
T—j-1 T—j-1

62)Y1j=F X1 D Yryiei (1-d)'T- D Yy (1-d),j=0,1...T-1

i= i=
T-1

(6.3) > X=X

j=0
Given Yl,0> Yz,(),. . "YT,O

The problem is equivalent to:

" See Shiller (1990), page 629,
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MR Er. Y2 -1

5 > © _ © T_.
(6.4) fizetratrae Z, U(Yty (1 +p)" + ] Mup - Yo + X
t=

172 5o =1 j=0

S Yo (-0 + 3 XY Xejo

i= t=1

~

~.
Il
(=}

Transversality conditions require that lim kT-j t YT-j ¢« =0,5=0,1,2,...,T-1
t—o0 ’ ’

FOC yield:

(6.5) aaf S () U < <0

(6.6) GZV,,; e X T,Zjl Yo (-] - me = 0,j=0,1,...T-1
(6.7) a(j,W = - e Zj: AT js t+s fT-j+SY[XT-j+S,t+Sa T_lm_l Y jss-igi (1 - d)']

T-ji 5= i=

(1-d° =0, j=1,2,...,T-1

From (6.5) and (6.6)
7-1 .
6.8) m¢ = Ay fx[Xre Y Yriw (1-d1 = (1 +p)' U(Yry fx[Xre
i=1
T-1 T-j-1

> Yy (-7 = Ap £ %Xy Yrjiwi (1-d)7,j=0,1,...,T-1

i=1 i=1

From (6.6) and (6.7)

. 7-j-1 o .
(6.9) n¢ = fT_JX[XT—j,ta D Yo (1 -7 D nys (1 - d° fT_J+SY[XT-j+s,t+s,
i= s=1

T—j+s-1 T—j+s-1

> Yrjesiei - DT/ 5% X 2 Yojusipsd (-7, j=12..,T-1

i=1 i=1

Replacing (6.8):

-1

(6.10) 1+p) U (Y1) x[Xre Y, Yy (1-d)f =

i=
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T-j-1 . T-1

= fx[Xrje 2 Yrgie -1 Y {0+ p) T U (Y9 fxXr o Z Y.

i=l1 s=1 i=
T—j+s-1 T—j+s-1

i,t+s-1 (1- d) ]} (1- d) fT J—i_SY[XT -jts,t+s Z Y. -jts-1,t-1 (1- d) 1/ fT J—i_sX[XT -jts,t+s z Y.

JHs-i,t+s-1 (1 _d)] B j: 1729---5T'1

or
T-1 .
6.11) UY1o £ x[Xrp 2, Yriei(1-d)'] =
i=1
T T—j-1 T-1
=f J -J t> Yt T-j-1,t-i (1- d)] z {1+ p) U’ (YT t+s) f X[XT t+s> 2 Yt -1,t+s-1
i=1 s=1 i=1
. . T—j+s-1 . . T—j+s—1
(1-d7 1 -dy fT'J+SY[XT-j+s,t+se Yjiseii (1-d)7/ fT-J+SX[XT-j+s,t+sa D Yrjis

i=1 i

s (1=, j=12,..,T-1

A steady-state — with Y1 = Y1.;*, Xr.j ¢ = X7* — implies that all multipliers decrease
at rate p. (6.10) implies:

T—j-1

. . J .
(6.12) fIIN[Xp® Y Yr* (1-d)] = 1/ ) (1+p)S(1-d) 5 [Xp i,
i=1 s=1
T—j+s-1 T—j+s-1

Z Yrjrsi® (1- '/ F35[Xp 5%, Z Yrjsi* (-4, j=1.2,..,T-1

That is, optimality requires the inverse of the marginal product with respect to X at a
knot T-j to equal the discounted sum of those above it, each weighted by the corresponding

(properly depreciated) marginal product with respect to the intermediate product.

Proposition 6: Introducing the product-chain system into a representative infinitely
lived agent’s problem, a steady-state may exist with constant per capita

aggregates and obeys (6.12), (6.2) and (6.3). Consistency is obeyed.

5.2.2. Vertical Systems in Growth Models: With Capital Accumulation

. With capital used in all knots, with Y = FT'j[XT_j’t, k7, Y1161 (1 - d)], build
along with the final output:

(6.13) Max i uc) (1 +p)t

XT+I:XT+2 »"'vaH »kT+Zﬂ"' t=1
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S.t.

—_

T—j— T—j-1

(6.14) Y1 = FIXp o ket D) Yrjiei (- '+ Y Yy (1-d)'=

i=1 i
T—j-1

= X0 ke 2, Yrjini(1-d)7, j=0,1.,T-1

i=
-1

(6.15) Xpj; = X

~

~.
Il
(=}

7-1 7-1
(6.16) (1+n) > krje = (1-d) Y kpjer + Yo -G
j=0 j=0

Given kl,07 kz’o,. . ':kT,O and Yl,Ov Yz’o,. . '9YT-1,0

The problem is equivalent to:

) -1

. -t T-j
(6.17)  Max D UC)+pt + > Mg - Yo + © I[Xp e ko
‘Xlljlf)é'l.,'z ~~~~ XT.I XT 2 = =1 j:O
kl,l vkl‘Z """ kT.l ’kT 2
Y s Yr 027
j'l,l’ﬂ'l,z """" ﬂT,l AT 2
HisHy s
MM s
T—j-1 . @ -1 @ -1
1 s
il O Yo (- + Y i (X- Xrj0+ 2w [(1=d) > kpje + Yry -
i= =1 j=0 =1 j=0

7-1
Cy -(1+n) > krjy
7=0

Transversality conditions require that lim 7‘T-j t YT-jt = 0,j=12,..,T-1, and lim py
t—o > ’

T-1 o
kT-j,tZO'
j=0
FOC yield:
ow B
(6.18) — = (1+p) "' Uc(Cy - p =0
oc,
ow g Ty . '
6.19) — = - e+ g PO Xy ke 2, Yrgaei (1-d)' = 0,5 =
T—j,t i=
0,1,2,....,T-1
aW J T-i T—j+s-1
(6.20) - 7¥T-j,t + 2 KT-j+S,t+s f JJFSY[XT-jJrs,Hsa kT-j+s,t-1+sa YT-j+s-
T-j,t s=1 i=1
i (1= (1-dF =0, j=12,..T-1
ow
6.21 = - Ap; + =0
( ) 5YT,, Tt " Mt
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ow s i
(6.22) 7 = - pe(I+n) + pyy (1-d) +Aq e fr WX 001 ko 2. YT

T—j.t i=1

o (-] =0, §=0,1.2,..,T-1

From (6.22) and (6.18)

(623 2y = [0+ Py Uc(C) (1 +n) - (1+py D U(Cryp) (1= d)] 7 FT3 [ Xopj 11,
T-j- )
kT.je Yrjipi(1-d7 , j=0,12,..T-1

i=1

Replacing in (6.20):

(6.24) Arjy = i [(1+p) T D UN(Cpygp) 1+ 1) - (1+py D U(Cypg) (1 - d)] £

s=1

T—j+s-1 .
+s s T-j+s
! Y[XT—j-i-s,H-sn kT-j+s,t-1+s’ Y. -j+s-1,t-1 (1 - d) ] -d°/f ! k[XT—j-Irs,H—sa kT-j#—s,t—l-s—l:

i=l1
T—j+s-1

Yrjrsigsi (-7 Lj=12,..T-1

i=l
Leading one period and equating to (6.23):

(6.25) [(1 + p) Uc(Cy (1 +n) - (1 + p) D U(Cpap) (1 = d) / F Xy o1, krj

. J
Yrjipi (-7 = Y [(1+p) D Ug(Crg) (1 +1) - (1+p) D Ue(Crgay) (1 -

i=1 s=1

T—j-1

. T—j+s-1 . .
)] FISY X s st 1 KT s s Yrjesigtd (- @71 -/ 35 Xy kr
i=1
T—j+s—1 .
Jts,t+s YT—j+s—i,t+s+1-i (1- d)l] ,j=1,2,...T-1
i=1
or

T—j-1

(6:26) [Uc(Cy (1 +1) - (1+p) Uc(Cor) (1 =)/ X1 kg 2, Yo

i=1

. J .
P (1-d' = D [+ p)® Ue(Cg) (1 +1) - (1 + py ™D Ug(Cprgry) (1 = d)] 15 [Xp
s=1
T—j+s-1 T—j+s-1

i s ; ¢I-jts
itstrst Kojisers 20 Yojrsigrtd (- T4 - &/ F I X g prsi1s Krojis trss Y.

i=1 i=l

]+S 1t+s+l -i (1 d) ] _] 152)"'>T_1
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A steady-state — with C; = C*, kp ¢ = kpj*, Xr.j¢ = Xp%, etc. — implies that all

multipliers decrease at rate p. (6.24) implies:

T—j-1

(6:27) dopje = (1 +p) Uc(CH) [(1 +p) (1 +1) - (1= d)]/ £ [Xpj*, ki, Y

i=l1

F(1-d)],j=1.2,...,T-1

(6.25) then implies that along a balanced path:

T—-j-1

(6.28)  FIRXpg*, ke, Z Yri* (1-d)7] = [(1+n)-(1+p)y (1-d)]/

T—j+s-1

2 [(1+p)S (1+1n) - (1+p) D (1= d)] I35y [ Xy jog*, ks, Z Yrjrsi® (1-d)7(1 -

s=1
T—j+s—1

O IS X kps®s D Yrjesi® (1@, j=1,2,., T -1

i=l

Proposition 7: Introducing the product-chain system into the Ramsey’s growth model, a

steady-state may exist with constant per capita aggregates and obeys (6.28), (6.14)
to (6.16).

13
5.2.3. Vertical Systems in Growth Models (without Capital ): Possible Direct
Consumption of Intermediate Products.

. Finally, a multi-stage consumption felicity can be forwarded:

(6.29)  Max > U(Cryg Crig e Cr) (1 +p)!
T+1>2T+2 5 1=1
S.t.
T-j-1 T-j-1 .
(6.30) Y + Crj = FIIXp Z Yrjiei(1-d)7- D Yy (1-d) =
i=1
T—j-1

fJ[XTJt» Z YT_]ltl(l d)] j=1.,T-1
i=1
T-1 -1

(631)  Cry=F'[Xrp > Yrjigi (1-d)1- Y Yy (1-d)' =

i

~

Il
LN

=1
T T-1 .
=f (Xt Yt (1-d)7]

i=1

13
With Capital is reproduced in Appendix B.
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X7

(1-dy°

-1

(6.32) X1t =
j=0

(633) Given Yl,O’ Y2 0s--

>

'9YT-1,0’

The problem is equivalent to:

o0 0 T-1
(6.34) = Max > UCry Crogpen Crp I+ p)t + > Mo - Yoy -
XX Xy Xy g 7] =1 j=l
Y Y s Yr Yy
A1 2 s A 1A 2
Ml s
T—j-1 T-1 w
Y (1 - ]} + Z Ny (X - X0+ ), Mg f- Cry +
i=l1 Jj=0 t=l1
T-1
Yrjiei (-7
i=l
FOC yield:
oW y L
(635) C = (1 + p) UCT_j(CT,D CT-l’ta---: Cl,t) - )\’T-j,t - O,_] - 051523"'5 T_l
T—j,t
) T—j-1
(636) =2 = -+ g Py > Yrie (1-d)i] = 0,j=0,1.2,..,T-1
EiXTT—jJ ’ ’ i=1
ow J T T—j+s-1 .
(637) —=— = - hpjy ¥ Z Mursrs T Y[ Xjrs s >, Yrjrsigi (1]
T—j,t 5= i=
=0,j=1.2,..,T-1
(6.36) implies:

T-j-1 .
(638) (1+ p)* U, (Crpo Cra s C1) 1 xXrje D Yo (1- 0] =

i=1
T—-j'-1
=(1+p)" Ucp, (Crp Croppo- :Clt)f_JX[XT]ta Z Yy (1- d)']

or
(6.39) Uc (Crp CTl,tw, Cr0/Ucp (Crp Croppoees Cr) =

T—j-1
Y (1

J . . .
= 19y X1 2 Y (1- &)/ 3% Xq -d L, G0 =

i=1 i=l

The MRS in consumption between two of each arguments of felicity equals the

corresponding ratio of marginal products with respect to X.
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Replacing (6.38) in (6.36)

J
(6.40) (1 + p)* UCT_-(CT,b Crip- Crp = 2, (1+p** UCT_j+S(CT,t+s’ Cr-

s=1
T—j+s-1

rseens Clprg) £y [Xp st Yjrsipi (1-d)7 (1-d)° or
i=1
J
64 1= > (A+p° [Ucr,, (Crirs Cr-tprss Crus) / Uy (Crp Cro s
s=1
T—j+s-1 .
Crolf! Y[XT-J+S t+ss Yjrsii (1-d)7 (1-d)°
i=1
Using now (6.39):
J Toit T—j+s-1 . T
(6.42) 1 = (1+p)7° I [Xpjispts YT-j+s-i,t-i (1-d)7 (1-d° -
s=1
] T-j-1 —_— T—jts—1
XX 0 krsj e 15 Y (1- )T/ £ X s 0 Y js-i-i (1 - d)']  or
i=1

i=1

T—j-1

J . . .
643) 1= > (1+p)*(1-d)° fx[Xpp Yrjiei(1-d)] j=12,...,T-1

s=1 i=1

The real interest rate in the economy — the one at which individuals — or rather,

households - discount consumption, or are willing to trade t’s consumption/real goods for t+1
ones and therefore ask for to lend — is the marginal rate of substitution between (L4 c+1) and (L¢

. .. . . 14 .
c) over the individuals welfare function minus 1 : Now, we must choose the numeraire — the

consumption good at which the exchange takes place; if the highest level consumption, Cr

—and
production, Y, given (6.35).

ow

dL,.C dcC oC,,
(6.44) _ |: ( 1+1 T,H—l)} _ 1 - _ Z‘+l ( Tt-H] _ (1 +n) aW _ 1 —
aLC,) | L, ((ac,, )

t

W -

oC

T,t+1

In the Ramsey’s model, the real rate of return to savings is — equated to - ry = f'(k¢_;) —d’ = R¢/Py —d” —

see Barro and Sala-i-Martin (1995), p. 63-69. The term (1 — d”) (Pk,t — Pk,t-l) / P t1 should be added — see

footnote 11. p. 69 of the same reference - when Py  is the price of capital in units of consumables — in the one-

sector model, fixed to 1.
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(+p)'U (Cr 0, Cry s Gy
= (1 + n) = CCT’ C“’ lb -1 = (1 +n) 1A+ p)
(1+p) Ucr( JTTY CURPIRIRN SRy

UCT (CT,r > CT—I,t EaRie Cl,t) _ N UCT (CT,t > CT—],t EaRaed Cl,t)
-1 =(1+p)
UCT (CT,t+1 ’ CT—l,t+1 9000y Cl,t+1) UCT (CT,t+1 ’ CT—I,t+l 9000 Cl,t+l)

-1 =rpy

where (1 + p) was replaced by (1 + p)=(1 +p’) /(1 +n) and p’ denotes the individuals’

discount rate when future household members are valued and population grows at rate n per
period. Again, if we consider It j=12,...,T, the term structure of those interest rates can be

increasing in j — and we observe a decreasing pattern of interest rates relative to maturity - if
Uc, (Cri»Croyorn C1Y)

Uc_, (CT,t+1 > CT—I,HI s C

increases with j. In a steady-state path with C;; = C;*, the interest

Lr+1

rate(s) will be constant and equal p’.

Proposition 8: Introducing the product-chain system into the one-sector growth model
(without capital), and allowing intermediate products to also be consumed:
8.1 a steady-state may exist and obeys (6.41), (6.43) and (6.30) to (6.32).

8.2 interest rates are indexed to a particular (tier) intermediate product.

Conclusion

Intertemporal preferences embedding memory effects were allowed to replace standard
static felicity functions. Discounting — constant discounting — and additive accumulation — first-
order separability - is still assumed; consistency is therefore not threatened by the assumption.

The intertemporal optimization problem yields interesting interpretations. Decisions
become less fluid.

When preferences are coupled with capital accumulation, the equilibrium interest rate in
the economy may be the same as in the standard case — but economies may prefer, in case of
consumption-past welfare complementarity, a larger stock of capital. Balanced paths are no
longer necessarily compatible with steady-state constant levels of per capita consumption — much
less felicity that here exhibits a durable good nature.

Possible extension with variable discount and depreciation/forgetfulness rates are not
expect to alter the problem solution —as long as each periodic rate is time specific and
accumulating in product terms — guaranteeing time-consistency.

Models of product-chain systems use the same type of mechanics. They were shown to

have potential consistency problems and suggest an explanation for a term structure of interest
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rates decreasing with distance to maturity (here, final product stage). Embedded in general

equilibrium setups — as Ramsey’s growth model — generate possible steady-states.
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Appendix A

Let an individual be born at time 0; U; denotes his felicity in period t, and he is endowed

with a stream Uy, t = 1,2,...,n. If he discounts the future at (heterogeneous) periodic rates ry, at

time 0, his prospective welfare is:

e U r U 1 e U
(Al) Wo=> ———=> —— + — P ——

= JTa+# = TTa+n  JJa+rn = [10+#.)

i=1 i=1 i=1 i=1

Standing at time T > 0, the individual’s welfare prospects are Wy = z ZU#;

= TTa+r.)
i=1

his evaluation, at that moment T, of all his life’s initial potential is:

A W' = Wy [[a+n) =Y U [[a+n + Y r— = Y,

11[(1+r,) +Wr =

i=t+1

7-1 [Ta+r , [Ta+r_.»)
(letting j =T —t:) = Up; 22 + Wy = Uiy = LWy
JZ—: ! 1+ Ir_; ; ! 1+ Tr_;

Exemplifying,
Wo*= Uy (1+1p) (1+13) (1 +14) + Uy (1 +13) (1 +19) + Uz (1 +14) + Uy + Wy

9 U . .
where W, = Z —*—— accumulated prospects at moment 4, consistent with

= H (1 + r4+i)
i=1
W). Then we have a compatible summation writing.
j
1 H (1 + rT—i)

Uri =>———. All else (including total life’s prospects)

Then, W = W, - i
T-j

—0

~

aw, . . .
fixed, — L is how much of an increase of current — time T’s - prospects he would have to be
T-j

(have been...) given to let go of one unit of a good memory of time (T — j). Using the last

expression,
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J

aw. H(I-H/'Tﬂ') ,

A3) - = 5 =(+rpd+ (L +r17o4) = L4 7
() au,_, 1+7. (I+rp) (L +rry) o U trpge) = [JA+7)

i=T—j+1

Such “price” of units of Ur.j for an individual located at T — the value at T of Ur; - is
larger than 1 and increases with j — with how distant in the past (T —j) is of T... So discounting
mimics an increasing value and, therefore, effect (positive or negative: the argument would also

apply to losses...) on current decisions, of previous remembrances as these become more distant
in the past.

Also, as
J
| . [Ta+x.) | |
(A4) WO = B — UT-j I:OIT + - WT = -
[Ta+rn = = [Ta+n [Ta+r
i=1 i=1 i=1

J

- [Ta+x.) .
Z UT’-j i=0

_|._
- 1+7. . T
e e (1+r)
il

Wt

the last equality suggests how accumulated prospects are relatively valued along lifetime
indifference curves; if total wealth changes and that is not to affect Uy, t < Max(T, T”), the relative

impact on accumulated prospects at the two points in time is

d T
dVVII//O gy L@
(A.5) ro- L= d = [T1a+»
dVVO dWT' H(l + I’.) i=T'+1
dWT i=1 ’
and we can write
T
(A.6) aw, - _ [Ta+rn = - an; , forj>0
dWTfj i=T—j+1 dU]Lj
Appendix B

5.2.3. Vertical Systems in Growth Models (with Capital): Possible Direct
Consumption of Intermediate Products.

. Finally, a multi-stage consumption felicity can be forwarded:
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(6.29) Max Y U(Crp Crog s Cr (1)
=1

XT+] ’XT+2 v"skT+l ~kT+2 LA

S.t.

T—j-1 T—j-1

(6.30) Yr_j + Crojy = F X pj 0 krjets O Yoo (- 1+ D) Yy (1-d)'=
i=1 i=1

T—j-1

= fIX ket D Yrujuigi (1-d)], j=0,1., T-1

-1
(6.31) Xt = X
Jj=0

T-1 T-1
(6.32) (1+n) Y kpje = (1-d) D krjep + Yo - Cpy
j=0 j=0

Given kl,O’ kz’o,. . "kT,O and Y1,09 YZ,O" . '5YT-1,0

The problem is equivalent to:

0 0 T-1
(6.33) . Max U(Cr Crop e Crp (1 F P+ > Mo - Yoy -
*Xl]jl 2X”]Z """ XT,] XT 2 =1 =1 j:0
kll kl PR kT.l’kT 2
YooY oYYy
1A, 25 AT 1 AT 2 e
HysHy e
Mt s
T T—j-1 . © -1 ©
Cris + £ X e ket 2, Yrjiei 1-DT + D0 ne(X- D Xpjo+ D, me[1-d)
i=1 1=1 Jj=0 =
T-1 T-1
D krjer + Yyu - Cry -(1+n) D) k]
J= J=0
FOC yield:
ow B
(6.34) = (1+p)" Uc (Crp Creg s Cr ) = g =0
Tt
ow y P
(635) oC = (1 + p) UCT_j(CT,t’ CT-I,t""’ Cl,t) - 7\‘T-j,t = O,J = 1,2,..., T-1
T—jt
ow T T—j-1 , '
(6.36) o = - M + A £ X Xre ke D, Yo -4 = 0,j=
T—j.t i=
0,1,...,T-1
ow
6.37 = - Ay t+ =0
(6.37) %, Tt T My
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ow J T T—jts—1
(6.38) = - 7‘T—j,t + Z }\'T—j+s,t+s f J+Sy[XT—j+S,t+S’ kT-j+s,t_1+sa YT-j+s—
T—j,t s= i=
i (1= (1-d° =0, j=12,.,T-1
5W o s T-_] T_j1
(6.39) ok, = - pe(T+n) + pay (1=d) + A e £ 00X 6015 K o ,Z‘ Y

it (=) = 0,j=0,1.2,..T-1

(6.35), (6.36) and (6.37) imply:

T—j-1

(6.40) (1 +p)" Ucp (Crp Croppees Crp) X ke 2, Yo (1-d) =
i=1

., T—j'-1 .
=(1+p)" Ucp (Crp Crog o Crp) 9 XX o K1 o1 Y1 (1-d)]
i=1
or
(6.41) UCT_j(CT,‘D CT-I,D"" Cl,t) / UCT_j,(CT,t’ CT-I,ta"'a Cl,t) =
T—j'-1 T—j-1
i=1

e -
= £ Xrg e ke 2, Yrguiei (- T/ £ 95X 6 ks D, Yoo (1-

i i=

A1, i’ =0,1.2,..T-1

The MRS in consumption between two of each arguments of felicity equals the
corresponding ratio of marginal products with respect to X.
Replacing (6.34) to (6.37) in (6.38):

J
(642) (1 +p)" Uc, (Crp Cripes €19 = 2 (149 Ue (Crpess Cr

3 T—j+s-1 )
T-j+
Ltts Clprs) T ! sY[XT-j+s,t+sa kT-j+s,t-1+sa Z Yt (1 -d)] (1-d)° or
i=1

J
643) 1 = 3 (1+p)° [Ue,, (Criss Crprsn Criss) / Uey (Cro Crop

T—j+s-1

Crol I [X s e Kjrseivs O Yrjrsie (- @' (1-d)F
i=1

Using now (6.41):
j Toit T—j+s-1 .
644) 1= (1+p)® £ YIX T trss KTojis o140 > Yjisigi (1-d)1 (1
s=1 i=1

T—j-1 T—j+s-1

T-j i T-j+
-d)® P X ket 2, Yo (- T/ 955 [ Xris o krjesets D, Yrojrsigd (1 -
i=1 i=1

d)]  or
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J T—j-1

645) 1 = > (1 +pyS(1-d° 5 Xpjp kpjer, 2, Y (-7 ,j=
i=1

s=1

Using (6.34) to (6.37) and (6.39):

(6.46) (1 + p)" Uc (Crp Crg s Crp) (I4m) + (17 p)" Uc(Crts1> Crop pi1omees
T—j-1

Cren) (I—d)+(1+p*! Ucr (Crerts Crorertss Creen) X 1 ke 2, V1o
i=1
i,H‘l-i (1 - d)l] = 0 ,j = 1,2,...,T-1
or
(6.47) [Uc (Crt C1o1 65 C10) / U (Crpe1s Crogrgses Cree)] A +p) (1A 1) =-(1
+p)(1-d)+ [UCT_j_l(CT,tﬂ, Crttt1 CreeD) / U (Crprts Cropgrtss Crt)] 19, [ X

T—j-1

i Krge O, Yrgigri (1-d)'7 = 0,j=1.2,..,T-1
i=1

T—j-1

. n | .
Then: Uc . (Crs1s Cropprtos Crgnd) £ X 10 ke Y Yrgigrs (1 - )]
i=1

will be constant for j=1,2,...,T-1:

(6.48) UCT_j_l(CT,t—l-la Cr-1,t+15+ Crer1) / UCT_j,_](CT,t—Hs Cr-1 415 Crer) =
T-j'-1 T—j-1

., ——
X s ke 2, Yrgrigrt (U= ' /£ 50X s ke D, Y-
in1 i-1

~d), i =12,...T-1

The marginal rate of substitution equals the marginal rate of transformation between any
two intermediate products.
The real interest rate in the economy — the one at which individuals — or rather,

households - discount consumption, or are willing to trade t’s consumption/real goods for t+1
ones and therefore ask for to lend — is the marginal rate of substitution between (L1 c¢+) and (L,

. .. . . 15 .
cy) over the individuals welfare function minus 1 : Now, we must choose the numeraire — the

" In the Ramsey’s model, the real rate of return to savings is — equated to - ry = f'(k_;) —d = R¢/Py —d -
see Barro and Sala-i-Martin (1995), p. 63-69. The term (1 — d) (Pk,t — Pk,t-l) / Pi -1 should be added — see

footnote 11. p. 69 of the same reference - when P t is the price of capital in units of consumables — in the one-

sector model, fixed to 1.
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consumption good at which the exchange takes place; if the highest level consumption, Ct ; —and
production, Y1, given (6.31).

ow
d(L,.C dcC oC
(6.49) _{ ( t+1 T,z+1):| -1 = _i[ T,t+1J -1 = (1+n) ap[T/J -1 =
d(LCr)) | L\ dc,, ).
oC

T,t+1

1+p)"U,. (C, ,C,, .,...C
- e O tnent) o g (5 p)
1+ p) UCT (CT,HI ) CT71,1+1 seee Cl,Hl)
UCT(CT,I’CT—I,t""’Cl,t) S = (1+p) UCT(CT,Z’CT—I,H""CI,[)

UCT (CT,1+1 > CT71,1+1 ERCED) C1,1+1) UCT (Cr,r+1 > CT—l,t+1 seeey Cl,t+l)

_1 = I‘T’t

where (1 + p) was replaced by (1 + p) = (1 +p’)/ (1 +n) and p’ denotes the individuals’

discount rate when future household members are valued and population grows at rate n per
period. It has correspondence with (6.44). In a steady-state path for C; = C;*, the interest rate

will be constant.

Proposition 8: Introducing the product-chain system into the Ramsey’s growth model,
and allowing intermediate products to also be consumed:
8.1 a steady-state may exist and obeys (6.41), (6.47), (6.30) to (6.32).

8.2 interest rates are indexed to a particular (tier) intermediate product.
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