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Contract Negotiation and the Coase Conjecture:

A Strategic Foundation for Renegotiation-Proof Contracts*

Bruno Strulovici

Northwestern University

July 11, 2015

Abstract

What does contract negotiation look like when some parties hold private information and
negotiation frictions are negligible? This paper analyzes the above question and provides a
foundation for renegotiation-proof contracts in a related environment. The model extends the
framework of the Coase conjecture to situations in which the quantity or quality of the good
is endogenously determined and to more general environments in which the traded goods are
complements or substitutes. All equilibria converge to a unique outcome as frictions become

negligible, which is separating, efficient, and straightforward to characterize.

1 Introduction

Real negotiations contain a puzzle: On the one hand, parties often try to withhold private infor-
mation until a deal is reached. On the other hand, the very fact of agreeing to a deal, and the
timing of this agreement, reveals to some extent the parties’ real stakes in the negotiations. How is
this new information incorporated in the final agreement, when players can freely renegotiate their
contract?

This puzzle does not arise in the best-known models of negotiation, because of their specific

structure. In Coase’s model of a durable-good monopolist (Coase (1972)), for instance, buyers
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Meeting of the Econometric Society, as well as for Mikhail Safronov’s excellent research assistance. Various versions
of this project were presented at Princeton University, Caltech, UCSD, Oxford University, the Ecole Polytechnique
Fédérale de Lausanne, the Séminaire Roy in Paris, the University of Illinois at Urbana-Champaign, the London
School of Economics, the University of Essex, the University of Pennsylvania, Duke University, the 2013 Cowles
Conference in Economic Theory, Kyoto University (KIER), the Stanford Institute for Theoretical Economics (SITE
2013), the Asian Meeting of the Econometric Society (2013), Columbia University, Western University, the University
of Toronto, the 2014 Winter Meetings of the Econometric Society, the Toulouse School of Economics, and NYU Stern.
I am grateful to participants for numerous reactions. This research is supported by an NSF Grant (No.1151410) and
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only need one unit of the good. Any sale is therefore efficient, and further negotiation is pointless
regardless of the information revealed about the buyer by the timing of his purchase. Similarly,
when players with privately known patience bargain over splitting a pie (Rubinstein (1985)), any
split of the pie is ex-post efficient and further negotiation is pointless regardless of what players
learn about each other’s patience.

In richer contractual environments, however, an initial agreement may be inefficient. For ex-
ample, buyers may value multiple units or various qualities of the good being sold, in which case a
buyer’s early decision to buy the good may reveal to the seller the benefit of proposing more units
or higher qualities of the good, spurring further negotiations. Furthermore, these considerations
generally affect the buyer’s and the seller’s incentives from the very beginning of negotiations.

This paper’s objective is to characterize the possible outcomes of negotiation in these richer
contractual environments, when the ability to refine contracts is (almost) unrestricted. It provides
a dynamic resolution of the above puzzle by describing the gradual succession of agreements leading
to the final outcome. This resolution helps answer the following questions: How gradual are the
agreements? How fast do they incorporate private information? How much efficiency is lost in the
process? How do outcomes depend on the buyer’s type and on the seller’s initial belief about this
type? And how do they depend on the initial contractual relationship between the two parties?

The analysis is based on an explicit protocol of negotiation in which one party — the agent
— possesses private information while the other party — the principal — makes the offers. The
framework is broader than the buyer-seller model with quasilinear preferences and linear cost. In
particular, the parties’ preferences may treat the traded goods as complements or substitutes.

The main result of this paper is that all equilibria of the negotiation game converge to a unique
outcome, which is fully separating and efficient, as negotiation frictions become negligible. The
outcome of negotiation is renegotiation-proof in the sense that no surplus may be gained from
renegotiating them any further. Seen in this light, the paper provides a strategic foundation for
renegotiation-proof contracts. The outcome depends only on the initial relation — or absence thereof
— between the principal and the agent, not on the principal’s initial belief about the agent’s type.

In the negotiation protocol considered here, the principal can propose new contracts or changes
to a previously accepted contract at any time, including after the agent has accepted or rejected a
previous proposal. The principal is thus unable to commit not to renegotiate the contract. Time
is divided into negotiation rounds; at each round, the principal can propose various changes to
the current agreement. The agent then accepts a proposal or rejects all changes. This exchange
captures in a stylized fashion the idea of a gradual agreement formation in real negotiations; here,

any agreement is interpreted as a (possibly oral) bilateral contract, binding unless both parties



agree to replace it by another contract

For the final outcome to be well defined, negotiations must end somehow, and the protocol relies
on a particular concept of negotiation friction: at the end of each round, negotiations are exoge-
nously interrupted with a fixed probability, n, in which case the current agreement is implemented.
This interruption may be interpreted in various ways. For example, suppose that parties are nego-
tiating a risk-sharing contract, each dimension of which concerns a state of the world. Then, the
realization of the state of the world (or its public announcement) makes any further negotiation
moot. In a sales contract application, interruption may be coming from a third party, supplier or
customer, demanding a commitment or service which requires the immediate implementation of
the contractH The interruption probability captures the negotiation friction. When 7 is equal to 1,
the protocol reduces to full commitment since the first proposal is also the last one. In this case, it
is well-known that the principal typically distorts the allocation of some types of the agent, causing
ex post inefficiency. This paper’s interest lies in the opposite case, in which negotiation frictions
are negligible (1 goes to 0). This case should be interpreted as parties having arbitrarily frequent
opportunities to negotiate: the time interval between consecutive rounds is so small that parties
become unlikely to be exogenously interrupted in any such interval. In this interpretation, the time
interval between rounds is of order 7. Therefore, even though it takes an increasing number rounds
for negotiations to stop, as 1 goes to zero, the expected stopping time of negotiation is independent
of n. In particular, it remains bounded as 1 goes to zero

While the ability to freely modify past agreements seems necessary to guarantee an ex post
efficient outcome, establishing that it is sufficient involves complex issues. To appreciate the diffi-
culty, consider again the standard durable-good monopolist. Efficiency in that context means that
the good is sold without any delay, and was established by Gul, Sonnenschein, and Wilson (1986)

as the discount rate between consecutive periods goes to zeroll The proof is sophisticated even in

In practice, reneging on an agreement is costly even if they was made orally or informally. Many jurisdiction
recognize oral contracts as legally binding. Reneging on an informal agreement is also costly by damaging the

reputation of the reneging party and putting a strain on further negotiations.
2Parties may also be forced to implement the current form of the contract due to one of the parties becoming

unable to pursue negotiations further or due to some unforseen contingency.
3Precisely, suppose that the time interval between two rounds is equal to a x n for some a > 0. Then the

interruption time has mean a regardless of n and becomes approximately exponentially distributed with parameter

1/a as n goes to zero.
4The result is shown for the “gap” case and the “no gap” case under some Lipschitz condition on the distribution

of types, for weak Markov equilibria (see also Sobel and Takahashi (1983) and Fudenberg, Levine, and Tirole (1985)).
Ausubel and Deneckere (1989) show that the conjecture can fail when more general equilibria are allowed. The
analysis of the Coase conjecture has been extended to various environments: interdependent values (Deneckere and
Liang (2006)), incoming flow of new buyers (Fuchs and Skrzypacz (2010)), and outside options for the buyer (Board
and Pycia (2013)). Skreta (2006) takes a mechanism design approach and shows the optimality price posting. All



this considerably simpler contractual environment, where each contract amounts to a single posted
price. The key question is to determine whether the seller can benefit from distorting the allocation
of the low-valuation buyer by inefficiently delaying the sale, in order to extract some rent from the
high-valuation buyer. In richer environments, the question is more complex because i) the signature
of any contract may be followed by further negotiations (e.g., contractual covenants, increases in
quantities or qualities), ii) the principal may benefit from proposing multiple new contracts at each
round instead of single one[] iii) each type of the agent can randomize over all such contracts, and
iv) in many contracting problems, the utility of the agent need not be linear or even separable in
the contract components.

Due to the complexity of the analysis, the model focuses on a binary information structure: the
agent can be of two types, and the corresponding utility functions satisfy a standard single-crossing
condition. As a result, there is common knowledge of gains from renegotiation: as long as the
types of the agent have not been fully separated, there is a strictly positive surplus to be extracted.
The main result is that, as negotiation frictions become negligible zero, all equilibria (PBEs) of
the negotiation game converge to a unique outcome. The outcome allocation is separating and
efficient, and thus renegotiation-proof. Put differently, flexible renegotiation provides a dynamic
implementation, without commitment, of efficient allocations.

The type-specific contracts to which all PBE outcomes converge are straightforward to charac-
terize and determine graphically. Unlike the full commitment case (but like the Coase conjecture,
which it generalizes), these contracts are independent of the initial (non degenerate) belief that the
principal holds about the type of the agent. They do depend on the initial contract (or absence
thereof, which is formally equivalent to a ‘null’ contract), which may lie in three possible regions
of the contract space. In the “No-Rent” region, the principal extracts all surplus of renegotiation
regardless of the agent’s type. In the other two regions, there is one region-specific type (“L”, say)
who gains nothing from negotiation while the other type (“H”) gets a positive rent.

The fact that almost efficient contracts are proposed immediately implies that renegotiation
plays a relatively minor role in equilibrium, even though the possibility of renegotiation has a major
impact on the the outcome. This suggests that, empirically, one should not infer that renegotiation
is impossible or difficult in practice just because the observed renegotiation activity seems negligible.
Instead, it may well be that negotiation is feasible and cheap, but finds its expression in the very
first contracts that are proposed.

Another contribution of this paper is to establish the existence of a PBE for a negotiation

these models focus on the case in which the buyer can only buy one unit of the good, a single quality of the good is

available, and utility functions are quasilinear.
°For example, the principal may propose one contract for each type of the agent, or propose multiple almost

identical contracts as a communication device to emulate cheap talk.



game with a (relatively) rich contract space. In the present setting, backward induction techniques
cannot be applied. Instead, the proof takes a two-step approach: first, prove the existence of an
equilibrium in an auxiliary game of perfect information between the principal and the high type of
the agent, based on Harris (1985). Second, use that equilibrium to construct an equilibrium of the

negotiation game with private information.

Relation to Existing Concepts of Contract Renegotiation

Contract renegotiation with private information has traditionally been studied from two dif-
ferent angles. The first approach is axiomatic, and focuses on “renegotiation-proof” contractsH
It essentially assumes that renegotiation leads to an efficient contract, despite the potential diffi-
culties arising when one party holds private information. The second approach focuses on simple
renegotiation protocols, in which the principal has a single shot at renegotiating the contract, by
making a take-it-or-leave-it offer. This approach typically results in inefficient contracts!! The
second approach seems incomplete: what, in reality, should prevent the principal from proposing
a new contract after learning the inefficiency of the current contract? Such restriction amounts
to a strong form of commitment power for the principal, and can even result in full commitment
outcomesé The paper shows that, by dropping the restriction on the number of negotiation rounds,

one can reconcile these two approaches.

Relation to Coasian Dynamics for Multi-Period Contracts
While the model’s main interpretation concerns the implementation of a single contract arising

from a sequence of temporary agreements, one may alternatively interpret it as follows. In each

fSee Dewatripont (1989), Maskin and Tirole (1992), Battaglini (2007), Maestri (2015), and Strulovici (2011, 2013).
A similar approach has been used to study renegotiation in repeated games with complete information. See, e.g.,

Bernheim and Ray (1989) and Farrell and Maskin (1989).
"See Hart and Tirole (1988) and Fudenberg and Tirole (1990). Wang (1998) considers a more flexible protocol, in

which the principal proposes contracts until an agreement is reached. Such protocol leaves a high commitment power
to the principal, since he cannot renegotiate any agreement. Indeed, Wang’s main result is that, with this protocol,

the principal achieves the full commitment allocation, which is also ex post inefficient.
8For example, imposing any finite number k of negotiation opportunities results in the full commitment outcome:

the principal simply passes the first £ — 1 opportunities to negotiate the contract, and then proposes the full com-
mitment allocation in the last round. Similarly, Wang (1998) has shown that the principal can implement the full
commitment allocation if renegotiation stops as soon as the agent accepts an offer. In Wang’s model, the principal can
repeatedly propose menus over quality—wage contracts but renegotiation stops as soon as the buyer has accepted a
contract. Beaudry and Poitevin (1993) obtain a similar result if renegotiations break down as soon as a new proposal
is rejected. In Beaudry and Poitevin, the informed party has the bargaining power and proposes a single new contract
at each round. Renegotiation stops in the first round at which the other party refuses the new contract. In a different
setting with moral hazard, Matthews (1995) considers one-shot renegotiation by the informed party and obtains ex

post efficiency.



round, the current contract is implemented and parties receive the payoff corresponding to this
contract. The interruption probability is reinterpreted as the discount rate between periods. In
each period, the principal has a single opportunity to renegotiate the contract for future periods.
The model becomes formally equivalent to an infinite-horizon version of Hart and Tirole (1988) with
divisible goods as in Laffont and Tirole (1990), arbitrary utility and cost functions, and in which
the contract is constant until renegotiated. Thus interpreted, this paper shows that all equilibria
(PBESs) converge arbitrarily fast relative to the discount rate to an efficient, separating outcome,
as the discount rate goes to zero.

Maestri (2015) analyzes renegotiation-proof equilibria in a divisible-good, binary-type version
of the Hart-Tirole framework. The paper proposes a renegotiation-proofness refinement of PBE,
formulated recursively: in each period, the contracts offered by the principal maximize his revenue
among all renegotiation-proof continuations, given the current contract and beliefs. The principal
can propose at most two contracts in each period and the probability of facing the high type or
decreases monotonically as long as this type is not fully revealed. As the discount rate goes to
zero, any renegotiation-proof equilibrium becomes efficient arbitrarily fast relative to the discount
factor. By contrast, the present paper implies that all PBEs become arbitrarily fast, allowing for
arbitrarily large menus of contracts, general utility and cost functions, and an infinite horizon, and
focusing on contracts which are constant until renegotiated. Conceptually, the papers’ objectives
are complementary: while Maestri studies renegotiation-proof equilibria when trade happens over
time, the present paper shows — under its main interpretation — that if parties have frequent
opportunities to bargain before a one-time trade decision, then all equilibria will be approximately

efficient, thus providing a non-cooperative foundation for renegotiation-proof contracts

Relation to Screening and Reputation Models
The paper is also related to the literature on reputation, in which some players are trying to
determine whether other players have a “commitment” typel™] Both this literature and the present
paper concern a dynamic screening problem and, in both cases, much of the analysis is devoted to
establishing properties of beliefs (such as bounds and convergence rates) along candidate equilibria.
Compared to this literature, the present model differs in several ways: i) the “actions” of the players
(the types) are endogenous, because the principal chooses which contracts the agent chooses from

in each round, ii) the state space is larger, because it includes the last accepted contract, in addition

9The technical contributions are also different. For example, an important part of Maestri’s analysis lies in its
conceptual work to define renegotiation-proof contracts. By contrast, this paper analyzes all equilibria, which creates

important challenges described in later sections.
19See in particular Fudenberg and Levine (1989), Schmidt (1993), Abreu and Gul (2000), Cripps et al. (2005), and

Atakan and Ekmekei (2012).
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to the principal’s belief, and iii) all types of the agent are Strategic

2 Setting and Overview of the Results

There are two players, a principal (P) and an agent (A) who negotiate a contract lying in some
compact and convex subset C of R? whose components are denoted 1 and .

A has a utility function ug : C — R, where § € {L, H} denotes his type, and P has a cost
function @ : C — R. The functions uy, ug, and @ are twice continuously differentiable and have
strictly positive derivatives with respect to x; and x9; uy and uy are concave and () is convex.
Although it is convenient to think of the agent’s type as being “high” (H) or “low” (L) — especially
to connect the paper’s results to the existing literature — the role played by each type is in fact
determined by the initial contract, as explained below.

A contract C' = (z1,22) € C is 0-efficient if it is the cheapest contract in C providing 6 with
some given utility level. For each 6, let & denote the set of f-efficient contracts in the interior of C;

0’s iso-utility curve and P’s iso-cost curve are tangent at any such contract. To rule out pathological

"The richer state space combined with the nonlinear geometry of the problem (due to the agent’s and principal’s
nonlinear utility functions) make the problem particularly difficult to analyze. Some of the listed differences can
formally be incorporated into the standard reputation framework. For example, the action space of the agent may
be assumed to be fixed by setting a default value if the agent chooses anything outside of the principal’s proposed

set. This formal similarity does not however affect the substantive differences between the settings.



cases, it is assumed that the efficiency curves &y, are smooth and upward sloping. The setting
is represented on Figure [[lin the context of a trade application (other applications are described
later in this section). It will also be assumed that, given any contract C' on &, P’s isocost curve
going through C and 6’s isoutility curve going through C' do not both have a zero curvature at C.
This assumption is satisfied when the agent has a quasi-linear utility function and his valuation for
the good is strictly concave

The functions uy, and uy are required to satisfy a standard single-crossing condition: iso-utility
curves of L are steeper than those of H at their intersection point. This implies that the efficiency
curve &g, lies to the lower right of €. C can therefore be partitioned into three regions separated
by & and €. Contracts in the inner region are said to be in the ‘No Rent’ configuration, while
contracts below &£, (above Ep) are in the ‘H-Rent’ (‘L-Rent’) configuration. The set of contracts
in the H-Rent configuration will be denoted by H. C represents an Edgeworth box, delimited by
the sum of endowments of the agent and the principal. Each contract C' represents the a final
allocation for the agent, the efficiency curve & is the ‘contract curve’ corresponding to type 6, and

the status quo Ry represents the endowment of the agent before any trade.

The Negotiation Game

The game unfolds as follows. First, the agent privately observes his type 6; P has a prior
characterized by the probability Sy = Pr(0 = H). The game starts with a default “contract”
Ry € C, which represents the current engagement between the principal and the agent. In many
settings this initial “contract” would simply represent the absence of any past engagement, as in
most contracting models In the durable-good monopolist application, the initial contract is the
“no sale” outcome; in the trade application described below, the initial contract corresponds to the
initial endowment of the agent before any trade. Specifying Ry explicitly is useful for two reasons:
firstly, it will allow us to treat the initial round like any later round in which an agreement has
already been made, which significantly simplifies the exposition. Secondly, there are environments
such as the trade application in which the initial contract (initial endowment of the agent) plays
an important role on the outcome of negotiations.

There are countably many potential rounds, indexed by n € N. At each round n, P can propose

12 Alternatively, the agent’s utility could be in the linear in the good if P’s cost function is strictly convex. The
assumption does rule out settings in which both A’s and P’s indifference curves are linear, but even this case can
be approximated arbitrarily closely. It guarantees that the two curves take off cleanly from each other as one moves

away from C, a property used to compute a lower bound for the inefficiency of some contracts (see Lemma [I2)).
13Indeed, assuming no pre-existing contract is equivalent to assuming a contract that entails no transaction. Seen

this way, any contracting model may be seen as implicitly assuming an initial contract, perhaps trivial, between

parties.



a menu M, of contracts in C. In terms of interpretation, proposing contracts or changes to the
current contract are formally equivalent; the former formulation is used here. The number of
contracts in M, is bounded by some constant G > 2 that is arbitrary but fixed throughout the
game The agent chooses a contract in M, or holds on to the last accepted contract, R,. Any
mixed strategy over the choice set M,,U{R,,} is allowed; indeed, as in the standard Coase conjecture
and in reputation models, mixing plays a key role in the analysis. At the end of each round,
negotiations are frozen with probability n € (0,1], in which case the last accepted contract, R, +1,
is implemented. Otherwise, negotiations move on to the next round. The event of a negotiation
freeze will be hereafter referred to as a “breakdown.” This term means that future negotiations
are terminated. However, agreement formed before the breakdown (or the initial contract, if no
agreement was formed) is still valid. Although it is not necessary for the analysis, one should
interpret 7 as being proportional to the time interval between two rounds. With this interpretation,
even though it takes an increasing number rounds for negotiations to stop, as n goes to zero, the
expected stopping time of negotiation is independent of 7. In particular, it remains bounded as 7
goes to zeroi

Letting {R,} denote the stochastic process of contracts entering each round n, the agent’s
expected utility is equal to

Vo =E | > (1—=n)"nus(Rni1)
n>0

while P’s expected cost is

Q=B |3 (1 - n)"mQ(Rus1)

n>0

The parameter n represents the negotiation friction of the game The objective of this paper

MThere is no guarantee that proposing only two contracts at each round is without loss of generality. As Bester
and Strausz (2001) have shown, the set of implementable outcomes can require more “messages” (or contracts)
than the number of types of the agent, even in a two-period setting. While their modified revelation principle
without commitment implies that incentive efficient contracts may require only 2 messages, here one must consider
all possible continuation equilibria, including incentive inefficient ones (indeed, an inefficient continuation equilibrium
may provide incentives at earlier stages of the game). Since C is a continuum, one could also imagine that P exploits
a higher G by proposing several almost identical contracts as a ‘cheap’ way of communicating with the agent. The
assumption that G is finite is used in Lemma [B] and only this lemma, to bound the probability that the principal’s

posterior jumps up as a result of an unlikely contract choice by the agent.
15Precisely, suppose that the time interval between two rounds is equal to a x n for some a > 0. Then the expected

interruption time is equal to a for all 1, and the interruption time becomes approximately exponentially distributed

with parameter 1/a, as 1 goes to zero.
There is another interpretation of the setting where 7 is the discount rate and the parties receive payoffs at each

period of the on going relationship. This interpretation is discussed at the end of Section
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is to characterize the PBEs of the game as the friction 1 goes to zero. Existence of a PBE is

guaranteed by Theorem [, whose proof is in Appendix [Al

THEOREM 1 For each n € (0,1], there exists a PBE of the negotiation game.

For any contract R € C, let Ey(R) and Er(R) denote the cheapest pair of H- and L-efficient
contracts such that each type 6 # 6’ weakly prefers Ey(R) to Ep(R) and to R. That pair is
well defined for each possible configuration of R Figure [2] represents these concepts for the
case of CRRA utility functions and a linear cost function, and where C is the Cartesian product
[0,z1] x [0, Z2].

The proof of Theorem [2, below, exploits the inefficiency stemming from both types of the agent
getting the same contracts at the time of a breakdown. To guarantee that such an inefficiency does

exist, one must rule out situations in which contracts lying at the boundary at the contract space

'If R is in the No-Rent configuration, Eg(R) is simply the f-efficient contract that gives 6 the same utility as R. If
R is in the H-Rent configuration, then Er (R) is similarly defined, while Eg(R) is the H-efficient contract that gives
H the same utility as Er(R). Because that contract gives a strictly higher utility to H than the initial contract R, H
must be getting a positive rent in any equilibrium, hence the name of that configuration. A symmetric construction

obtains if R is instead in the L-Rent configuration.

10



arise in equilibrium, since such contracts may be efficient for both types
This is achieved by focusing on the following contracts: a contract Ry is regular if either it is
in the No-Rent configuration or if it satisfies the following condition, stated when Ry lies in the
H-Rent configuration (an analogous condition is imposed when Ry is in the L-Rent configuration):
for any R’ € H,
up(EL(R)) = up(Ro) = EL(R') # En(R) (1)

When Ry € H, one may show that any contract R’ € H arising in equilibrium satisfies uy (EL(R’)) >
ug(Rp) (Proposition [Tl part iv). Therefore, the premise of the condition is always satisfied on path.
If Ry is regular, the condition then implies that any breakdown with a non-degenerate belief yields
some inefficiency. The condition is straightforward to check for any Ry and is satisfied as long as
Ry is so bad for the agent that negotiated contrtacts can hit the lower boundary of the contract

spacel™ In Figure 2 all contracts are regular except for the origin.

THEOREM 2 Consider any regular contract Ry, belief By € (0,1), and ¢ > 0. There exists 7 > 0
such that the following statements hold for any n <7 and corresponding PBE:

A: The expected utility of each type 6 is bounded below by ug(Eg(Ry)) — €.

B: The probability that each type 0 gets a contract within a distancelﬁ e of Eg(Ry) when renegotiation

breaks down is greater than 1 — ¢.

Statement B implies that the outcomes of renegotiation must get arbitrarily close to ex-post
efficiency as the renegotiation friction 1 goes to zero, since each contract Ey(Ry) is O-efficient. That
statement is a corollary of Statement A, to which the quasi-totality of the proof is devoted.

Theorem 2 implies that P always gets some surplus from negotiation: When the contract is in
the No-Rent configuration, P extracts, in fact, all the surplus regardless of the agent’s type. When
Ry is in the H-Rent configuration, P extracts all the surplus from negotiating with L, and extracts
some additional surplus in case he is facing H (the surplus obtained by moving from E7(Ry) to

Ew(Ro)).

18 At the boundary, even the strict single crossing property is ineffectual in separating efficient contracts: even if the

isoutility curves for the low and high types have different slopes for a contract lying at the boundary, that contract

may be efficient for both types.
YEven when regularity does not hold, it is easy to slightly perturb the agent’s utility function so as to satisfy it,

as illustrated by Section [B] to recover the standard Coase conjecture. Furthermore, if the utility and cost functions
are defined on some upper orthant O = [{1,4+00) X [{2,+00) containing the contract space C, one can always expand
C to the smallest rectangle C’ containing C and such that &; (resp. €m) hits the boundary of C’ on its right (resp.
upper) edge. The regularity condition then only rules out initial contracts that gives such a low utility to the agent

that negotiated contracts may hit a lower boundary of C.
20The statement holds for any norm on RZ.

11



Applications

1. Durable Good Monopolist. A is a buyer with quasi-linear utility uy(C) = fu(x2) + x1,
where xo is the quantity of the good sold by P, x1 is A’s wealth, and u is A’s concave utility
function The initial contract, Ry, is equal to (Z1,0) where Z; is A’s initial wealth. P’s cost is
Q(z1,2) = cxg + 21, where ¢ > 0 is the marginal cost for producing the good and x; captures how
much wealth P “leaves” to A

2. Labor Contract. P is a potential employer and A is a worker. —x5 represents A’s effort
and z7 is his wage. A gets a utility ug(C) = 0¢(—x2) + z1 from contract C, where 1) is a factor
entering A’s cost of effort, increasing in its argument, and 6 is a worker-specific factor entering
this cost. The status quo Ry = (0,0) represents unemployment, while P’s profit is II(z1,29) =
—Q(z1,z2) = —w9p — w1, where p > 0 is the unit price of the good.

3. Consumption Smoothing and Insurance. There are two periods and a single good. The
dimensions of C represent A’s consumption in each period. P is a social planner or a bank who can
help the agent smooth his consumption. The type # may be a privately known patience/discount
factor, or a distribution parameter that describes how likely the agent is to value the good in the
second period. For example, u(z1,z2) may be equal to v(z1) + Ov(z2) or to v(zy) + Elw(z2a, p)|d]
where p is a taste shock whose distribution is increasing in 6 in the sense of first-order stochastic
dominance and where w is supermodular, so that E[0w/0z(x2, p)|f] is increasing in 9 Ry is A’s
autarkic income stream. Q(z1,z2) = pi1x1 + pawe, where p; is the market price for the good in
period t.

4. Trade. More generally, the model describes a trade environment in which the dimensions of
C represent distinct goods, with z; denoting the quantity of good i consumed by A. Type L cares
more about the first good than the second, relative to H. P (like A) has convex preferences and @
is the negative of a utility function representing P’s preferences. Ry denotes A’s initial holdings of
the goods.

5. Risk Sharing Suppose that parties are negotiating a risk-sharing contract. Fach dimension
corresponds to a state of the world. The quantity x; denotes the transfer of a good from P to A
in state i. The relevant transfer is performed when the state of the world is realized. According
to one interpretation, types differ in their subjective beliefs about the state of the world, with L

assigning a higher probability to the first state of the world than H does. Another interpretation

2IThe iso-level curves of ug have positive curvature as long as the second derivative @ is strictly negative, as is

easily checked. A similar observation applies to v in the labor contract application.
22p’s profit is II(¢t,x2) = t — cx2, where ¢ is how much the agent pays P. Letting ¢ = Z1 — z1, we obtain the

formulation in terms of the cost function Q.
23This application is explored in detailed by Strulovici (2013).
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is simply that L values the good more in state 1 than in state 2, relatively to H.

3 Relation to the Coase conjecture

In the standard Coase conjecture, buyers value only one unit of the good. As a result, the set of
efficient outcomes is the same for all buyer types: it consists of all outcomes for which the buyer gets
the good (regardless of the sale price) However, when goods are divisible or available in multiple
qualities, it becomes rather restrictive to assume that the same contracts which are efficient for one
type of the agent are also the ones which are efficient for other agent types. In fact, when efficient
contracts lie in the interior of the contract space, the strict single-crossing property implies that
whatever contract is efficient for one agent type is inefficient for the other.

This distinction explains why, in this paper, the principal can always extract some surplus from
the “high” type, in contrast to the Coase conjecture. It also explains why, when the initial contact
lies between efficiency curves of both types — something that is obviously impossible in the setting
of standard Coase conjecture, since the curves coincide — the principal can extract all the surplus
from negotiations. In this sense, the Coase conjecture appears to be non-generic because it relies
on the assumption that agent types share the same efficient outcomes.

However, because the model does not impose any lower bound on “how far” the efficiency curves
of both types have to be, it is easy to recover the Coase conjecture as a limit of Theorem 2l To see
this, suppose that the first contractual dimension represents the agent’s wealth, while the second
dimension represents the probability that the agent gets the good (alternatively, it could represent
the quantity, between 0 and 1, of a divisible good). The initial contract is (W,0), where W is
the agent’s initial wealth. The principal incurs a cost ¢ for the good (or marginal cost ¢, in the
divisible-good interpretation), resulting in linear isocost curves. To bridge the two settings, we
fix an arbitrarily small constant 0 and define the agent’s utility as follows. The agent’s utility is
quasilinea for xo < 1 — 20, given by u(x1,x9;60) = Oxo + x1 with 0y > 0 > ¢; the iso-utility
curves are then kinked for xo > 1 — 26 as depicted on Figure Bl so as to guarantees that all efficient
contracts for H (L) involve a fixed probability 25 = 1—¢ (1—24) of getting the good. The red (blue)

curves represent the iso-utility curve of the high (low) type. The boundary of regular contracts is

24This statement concerns the “positive gap” case (lowest buyer valuation exceeds seller cost), which is the relevant

comparison here.
5 . . o1 . .
25The paper assume a nonzero curvature condition for isoutility curves. However, the curvature can be arbitrarily

close to zero, so that the quasilinear case can be approximated arbitrarily well, and this can be done simultaneously
as 0 is taken to zero. Moreover, the Coase conjecture really concerns the value of the agent for zero and one unit of
the good. It doesn’t have to be linear for intermediary quantities of the good, though this restriction is natural if one

think of the “quantity” as being the probability of that the agent gets the good.
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» final wealth
Ry = (W,0)

Figure 3: Recovering the standard Coase conjecture

shown on the left of the figure. All contracts of H lying to the right of that boundary, including
Ry, are regular.

This situation approximates, for § arbitrarily small, the setting of the Coase conjecture, in
which it is always efficient to sell the good to the agent. For any § > 0, however, it also satisfies
the assumptions of Theorem 2l In particular, the efficiency curves of the types are separated.

The Coase conjecture is then recovered as follows: if P were sure to face H, he would move to the
contract Cy appearing on Figure Bl With uncertainty about the buyer’s type, however, Theorem
2 implies that the outcome is given by the contracts Fr(Ry), Fr(Ry), which converge to the same
contract as 0 goes to zero. Both types of the buyer obtain essentially the same outcome, which is
the (almost) sure sale of the good at the same price. The high type gets a rent corresponding to
the distance between Ep(Ry) and Cp, while L gets no rent.

As the previous discussion illustrates, the Coase conjecture is rather special in its assumption
of a common efficiency curves. Seen in this light, Theorem [2] provides a way to check which part of
the Coase conjecture is robust to a more general setting. In particular, the efficiency part continues
to hold, but the seller’s inability to extract any surplus disappears.

Finally, the richer contract space considered here gets rid of a stark discontinuity arising in
the Coase conjecture between the gap and no gap cases. With two types, in particular, H’s rent
increases as L’s valuation vy, (and hence the equilibrium price) becomes lower. However, when L’s
valuation reaches P’s marginal cost ¢, turning into the “no gap” case, H’s rent suddenly drops to

zero and P’s profit leaps up from zero to Sy(vy — vr). Consider a similar exercise in the setting
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of Theorem [2I where L’ efficiency curve is lowered until it goes through Ry. The surplus that
P extracts from H then varies continuously, until £, goes exactly through Ry and P extracts all
surplus from H

4 Explaining Theorem
This section provides some intuition for Theorem [2] and explains the structure of its proof.
Intuition

An important aspect of Theorem 2] among its most surprising ones, is the fact that all equilibria
converge to a unique and efficient outcome. The coarsest explanation for this fact is that the
situation resembles the setting of the Coase conjecture with two types. In this environment we
know (Gul, Sonnenschein, and Wilson (1986)) that there is a unique equilibrium, which may be
determined by backward induction on the probability of facing the high type, and which becomes
efficient (no delay) as the discount rate converges to zero (discounting and negotiation breakdowns
are equivalent in this case). The present setting is more complex, as there is no ‘final’ round to
which backward induction may be applied. The key is to show that all equilibria have the same
essential features: Firstly, a quasi-backward induction argument can be provided to replace exact
backward induction. Secondly, all equilibria contain at least one on-equilibrium-path sequence that
behaves qualitatively like the unique equilibrium of the Coase conjecture with a positive gap.

Theorem [2] stands in contrast to Ausubel and Deneckere’s (1989) analysis of the no-gap case
for the durable good monopolist, in which many equilibria exist. As explained above, the intuition
for this discrepancy is that the present setting concerns an “endogenous but positive gap” which

functions quite differently from the no gap setting which they analyze.

This intuition may be further developed by considering several restrictions on the principal’s
type and number of contacts that he may propose. The strongest of these restrictions turns the
setting into one which is analytically equivalent to the standard Coase conjecture (Level ‘1’ below).
It is then relaxed in several steps (Levels ‘2’ and ‘3’) to reach the most general setting (Level ‘4’).
This section will explain why one should expect the conclusions of Theorem ] to continue to hold

after each relaxation of the restrictions.

Preliminaries Theorem [2] encompasses in one statement two very different configurations: the
No-Rent and H-Rent ones (the L-Rent configuration is symmetric). The No-Rent configuration is

the easiest one to analyze because the full-commitment allocation is ex post efficient in this case: no

26The rent that P extracts from H need not be monotonic throughout this transformation of &1, but it evolves

continuously and reaches its maximum as &1, goes through Ry.
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Figure 4: From the Coase conjecture to the General Case

type benefits from mimicking the other type if P proposes the efficient contracts extracting all the
surplus from each type (Figure2)). While it is straightforward to show that P immediately proposing
these contracts is an equilibrium, it is more challenging to show that this equilibrium is unique.
The core of the proof is a “cost undercutting” argument similar to the one applied to utility levels
in Rubinstein’s (1982) bargaining model with complete information. Some challenges arise due to
the presence of private information, and the precise definition of PBE (as defined by Fudenberg
and Tirole (1991)) is used to show uniqueness. Furthermore, the geometry of the problem requires
some specific use of the single-crossing crossing condition to apply the undercutting argument (see

Proposition [).
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The analysis is significantly harder when Ry is in the H-Rent configuration. To understand the
arguments underpinning it, it is helpful to decompose it into four layers of complexity, corresponding
to decreasingly stringent restrictions on P’s strategies, and represented on Figure [l

Level 1 considers a restriction in which P can propose, in each round n, either an H-efficient
contract C,, or the pair {Ey(Ry), Er(Rp)}. In this case, L rejects all contracts until being offered
Er(Rp), just like the low-valuation buyer in the Coase conjecture rejects all offers until the price
drops to his valuation. In equilibrium, the contracts C},’s are chosen so as to make H indifferent
between accepting them or waiting for future rounds. H randomizes in each round between taking
C,, and waiting. This situation is equivalent to the standard Coase conjecture: as long as H rejects
the H-efficient contracts C),’s, any breakdown causes the parties to be stuck with the initial contract
Ry. Since Ry is inefficient for L, it is optimal for P to jump to Fr(Ry) if the probability 3, of facing
H is low enough. Backward induction in beliefs can be applied from there and used to uniquely
pin down the equilibrium.

Now suppose (Level 2) that P is allowed to propose two contracts at each round, C,, and Rj41.
The contract C, is H-efficient, as in Level 1, while the contract R,+; gives L the same utility
as Ry, but is more efficient as it gets gradually closer to Ep(Ry). This makes the analysis more
challenging because even when 3, is small, the L-inefficiency of R,, may be small enough that P
doesn’t mind continuing the negotiation. As a result, there is no belief threshold below which P
gives up trying to extract any rent, and backward induction can no longer be used. To address this
problem, the strategy of the proof is to replace proper backward induction by an infinite-horizon
equivalent described by Proposition Bl Intuitively, this proposition states that when £, is small,
the current contract R, must be extremely close Er, (as it would if P just gave up extracting rent)
so that the backward-induction argument is almost valid.

In general, the contracts R, proposed by P need not give L the same utility as Ro This new
difficulty is represented on the third part of Figure @ (Level 3). The proof addresses it by providing
bounds on how R, can “wobble” away from L’s initial isoutility curve. This step involves some
elementary differential geometry combined with incentives bounds.

Finally, because we cannot presume the efficiency of continuation equilibria following any given
round — this is, after all, what we are trying to establish, and only in the limit! — one cannot a
priori rule out equilibria in which P proposes more than two contracts in each round This takes
complexity to a much higher level because there can now exist on path choice sequences along

which the belief 3,, is non monotonic: depending on which of the proposed contracts is chosen

2TProposing an H-efficient contract C,, which only H may accept in equilibrium is without loss of generality, as

explained in later sections.
2Bester and Strausz’s (2001) revelation principle result only applies to constrained efficient continuations.
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(the red dots of Level 4) in Figure ), the belief could a priori jump back up arbitrarily close to
1. Here, the proof consists in showing the existence of one sequence of equilibrium choices by the
agent along which both 3, and the contracts R, behave as in the simpler cases. This part is the
most challenging and requires several conceptual and technical steps. It should also prove useful

for future work, to extend the analysis to three or more types.
Overview of the Proof

While the increasingly complex levels described above are useful to convey the intuition for
Theorem 2 the actual proof of this result directly tackles the general case and is organized with
a distinct structure. This part provides a road map of the key steps and ideas used to establish
Theorem 2l Most arguments and concepts are purposely simplified; all proofs are in the appendix.

As a first pass to understanding the arguments, the reader may wish to assume that P can
only propose two contracts in each round (as in Level 3, above), so that f3, is decreasing along the
(unique) choice sequence consisting of contracts in H. The proof is significantly simpler and Part

IT (below) becomes unnecessary in this case.
Preliminaries

When P assigns probability 1 to either type of the agent, or when the last accepted contract is
in the No-Rent configuration, it is comparatively easy to show that there is a unique continuation
PBE: P immediately extracts all the rent from negotiation and efficiency obtains (Proposition [II).
The most challenging part of the analysis is to prove the theorem when Ry is in the H-Rent or the
L-Rent configuration; this section focuses on the former case, without loss of generality.

With Ry in the H-Rent configuration, one may show that, along any PBE, L accepts only
contracts in the H-Rent configuration (Lemma[3]). Without loss, a PBE looks like this: P proposes
at each round an H-efficient contract, C),, and some contracts in the H-Rent configuration. H
mixes over all contracts, while L mixes over all contracts except for C,,.

“Jump” deviation: It will be shown that P can, at any round n, propose the efficient contracts
Ey(R,) and Er(R,) and have them accepted by their respective types (Lemma [2)). Jumping to
these efficient contracts is therefore a feasible deviation for P, in any equilibrium. It provides a key
upper bound on P’s continuation cost and forms the basis of the incentive compatibility equations
used in the proof.

Main question and strategy: The crux of the proof is to show that P cannot do any better
than the jump deviation, as 1 goes to zero. To achieve this, it is sufficient to show that P must
leave to H a utility arbitrarily close to ug(Er(Ry)); the other claims of Theorem [ follow from

that statement.
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Contradiction hypothesis and block construction

The proof proceeds by contradiction. Fixing some & > 0, suppose one may find some arbitrarily
small 77 and an associated PBE for which P extracts a rent of at least ¢ from H, compared to
upg(Fg(Rp)). To fix ideas, let uy(0) denote H’s expected utility at the beginning of round 0, and
suppose that uy (0) = uy(Eg(Ro)) — e

The contradiction argument starts by constructing blocks of rounds delimited by continuation-
utility thresholds for H, denoted 1y = ug(0) < 41 < Gy < ---, and an on-equilibrium-path sequence
of contract offers and choices along which the probability of facing H is guaranteed to drop by at
least some factor ¢ < 1 between consecutive blocks. The argument and all variables below pertain
to this particular choice sequence: they correspond to one specific realization among all possible
equilibrium paths.

The thresholds are defined inductively: for block &+ 1 (starting with block 1, corresponding to
k = 0) 11 is defined by the equation

oy — G 1
M 1 (2)
€ — Uk t
where ég = ug (Er(Rp)) and, for k > 1, we hav@
o ¢, =uy(En(Ry,)) where ny is the las round of block k, and

e { > 1is a factor that will be defined shortly.

These thresholds were chosen so as to generate a geometric sequence for é; — g, which is then
used to compute an upper bound on éy — g This upper bound is of clear interest because
éo — g = ug(Fp(Rp)) — ug(0) is exactly the quantity which must be shown to be less than ¢ in
the contradiction hypothesis above.

It is easily shown that H’s continuation utility at the beginning of round n, ug(n), increases by

steps of order at most 7 between consecutive rounds. In fact, H’s Bellman equation implies that
ug(n) =nug(Ryy1) + (1 —n)ug(n+1) (3)

for any contract R, 11 chosen by H with positive probability, which implies the 7 bound on ug(n+

1)—ug(n). Therefore, each block k contains at least in the order of (i —1uy_1)/n rounds. Since each

2Tn general, u(0) is strictly less than g (Em(Ro)) — . However, this distinction can be easily addressed by an

initialization phase. See Lemma [4l

30The actual definition of é; is more complicated and involves the entire history of play.

3!'Lemma [I4] shows that H’s continuation utility must eventually exceed iy, in finite time, so that the final round
ny is well-defined.

#Precisely, one can show that éo — @0 < [;45]"(éx — k) for any relevant k. See the argument preceding (22).
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round is followed by a breakdown with probability n, this puts a lower bound, of order @y — ty_1 on
the probability of a breakdown within block k. Moreover, each breakdown creates an inefficiency,
conditional on facing H, that is bounded below by some constant D > 0 Given this inefficiency,
the only reason for P to proceed with the equilibrium instead of directly jumping to the efficient
contracts {Ey(Ry,), EL(Ry)} is to extract some rent from H. However, this rent is bounded above
by é;, — U because é; is what P would leave to H if he gave up on rent extraction, while 4y, is H’s
continuation utility if P goes on with the equilibrium. This implies an upper bound of the form
a(é — uy), for some a > 0, on the cost reduction that P can hope to get through rent extraction.

Taken together, these observations imply an upper bound on the probability [, that H rejects
all H-efficient contracts (the C),’s meant only for him) throughout block &:

. a e — U 1
< =t <1 4
'Uk_a—l-D?lk_H—?lk ()

where the equality comes from (2]) and from choosing a particular value for the factor ¢ introduced

s +D . s - . . .
earlier: ¢ = |/ %t=. Since H’s probability of accepting only contracts in H is bounded above by (@)
and L accepts contracts in H with probability 1, P’s posterior probability of facing H conditional
of facing these contracts must go down by at least some factor related the bound provided by (@),
at least for some choice sequence of contracts in H. Letting By denote P’s assigned probability of

facing H at the end of block k, this implies that
B < 9Bk

for some factor g < 1 independent of 7. As previously mentioned, this inequality is shown to hold
only along a specific choice sequence on the equilibrium path, but this will suffice for making the

contradiction argument.
Adapting backward induction to an infinite horizon

The above construction is interrupted at the first block K for which the difference éx — u is
less than W, where W is chosen high enough to guarantee that éx — Gx lies above the threshold
Wn for some constant W > 0. This lower bound W7 is guaranteed to exist and plays an important
role in establishing the contradiction, as explained below.

The remainder of the analysis hinges on the value of the posterior BK at the end of block
K. To see this, consider the standard Coase conjecture with 2 types. In that simpler setting,
there exists a belief threshold 3 below which the seller immediately sets the price at the low-buyer

valuation, completely giving up on rent extraction. If such a threshold existed in our problem,

33The existence of such a constant hinges on the geometric assumption of regularity, as explained before stating
Theorem 2l See also Lemma [I6]
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then because ﬁk < ¢* By, this would put a fized bound on the number of blocks until ﬁ is reached.
Proceeding backward on the utility thresholds, this would then imply that the initial difference
ug(Fg(Ro)) —ug(0) = éy — g is also of order . This, for n small enough, would yield the desired
contradiction.

Unfortunately, such a belief threshold does not exist here. Unlike the positive gap case of the
Coase conjecture, where the “no sale” outcome generates a first-order inefficiency even for the
lowest type, here the default contract R,, varies over time and becomes asymptotically L-efficient.
Instead of jumping to an L-efficient contract when ,, becomes small enough, the principal makes
active proposals yielding ever smaller improvements to the contract until negotiations exogenously
break down. As a result, the relatively simple backward induction argument in the standard Coase
conjecture must be modified. The key is to establish the following result.

Proposition (Belief Bound) For any d > 0, there exists an upper threshold 77 > 0 such that
B > n® for all PBEs corresponding to any n < 1 .

To apply this result, let p > 0 by (uniquely) defined by ¢77 = ﬁ and set d = %min{%, 1} €
(0,1/2]. Proceeding by backward induction on the constructed blocks and applying the above
proposition to this value of d, one may easily show that éy — g is of order /7 (see see (22) in
the Appendix), which yields the desired contradiction. Proving this proposition is challenging,
however, and takes up most of the proof.

The intuition for the above proposition is — deceivingly — simple: if BK were smaller than n?,
for n arbitrarily small, then P would be willing to sacrifice almost all rent extraction from type H,
who is extremely unlikely anyway, in order to avoid any inefficiency on type L. This would imply
that the current contract must be approximately L-efficient. Formally, this would imply that the
rent extraction éx — G is of order n'*t¢ and contradict, for 7 small enough, the lower bound of

Wn which was mentioned above.
Deriving the belief bound for Bx

The idea for proving the proposition is to transform (beyond recognition!) H’s Bellman equa-

tion (3]) into the following dynamic belief equation:

Bn+2 > Bn-i—l e /—Bn-i-l- (5)
Bn-i—l /Bn

This transformation requires a number of conceptual and technical steps, outlined below, and

involves the observation that, for n large and 7 small, one can set without loss of generality

AWnp, — /Bn—i-l (6)
nb B
where w, = ug(Eg(Ry)) — un(n) is the rent extraction index. This index w, must converge to

zero as n goes to infinity (Proposition [2]): Intuitively, the probability 3, of facing H converges to
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zero and R, converges to an L-efficient contract as n goes to infinity. This implies that Eg(R;,)
gives roughly the same utility to H as R,, does for n large (see Figure [2)) or, in other words, that
wy, converges to zero. It turns out however (Lemmal[0) that if Br = Bn « 1s too small (in particular,
below the belief bound that we are trying to establish), then no solution to the dynamic equation (&)
is such that (,41/8, converges to zero. From (@), this implies that w,, cannot converge to zero as

n goes to infinity, yielding the desired contradiction.
Transforming H’s Bellman equation into the dynamic belief equation (f])

The transformation of H’s Bellman equation is based on P’s IC constraint. One may consider, at
each round n, P’s incentive to jump to {Ey(R,,), Er(Ry,)} instead of pursuing active negotiations
(this “jump deviation” is always available to P, as mentioned earlier). For this deviation to be

suboptimal, we must have

wnaﬂn > Z [/BnﬂnH(Rn-i-l)TlD + (1 - /Bn),uﬁ(Rn-i-l)n(Q(Rn-i-l) - Q(EL(Rn)))] (7)
Ryt1€(MpU{Rn})NH

where pf (R, 1) is type 6’s probability of accepting any given contract R,y of H that lies in the
menu M, U R, of available contracts. The left-hand side is an upper bound on P’s gain, similar to
the one used in the block construction described earlier. The right-hand side consists of the loss on

the high and low types, respectively, for each possible chosen contract R,,41. Rewriting (7)) as

L ,u;?(Rn_H) - _
wnafy > > i (Bag) | B mm =D + (1= Ba)n(Q(Rus1) — Q(EL(Ra) |, (8)

I
Ry y1€(MuU{Rp })NH i (Bnt1)
the right-hand side may now be seen as a convex combination of these losses, weighted by L’s
probability uZ (R, 1) of choosing each contract R, ;. Therefore, there must exist a contract R, 1,

chosen with positive probability, for which}

WnaBn > pnBunD + (1 - Bn)n(Q(Rn-i-l) - Q(EL(RN)))7 (9)

H
where pu,, = M. That condition is then broken up into two weaker condition
#ii (Bng1)
Wna

nD

> fhn, (IC%L)

and
Brwna > (1 = Bp)n(Q(Rn+1) — Q(EL(Ry))) (IC%H)

31Some “loss” terms in (§) may be negative, but very slightly so. The argument can be adapted to account for

this, as shown in the appendix.
35 Again, some of the terms in the right-hand side of (@) may be negative, but only very slightly so. This complication

is addressed in the appendix.
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This step establishes the existence of a sequence {R,,} of on-path contracts such that the coupled
inequalities ICLE and ICTH are satisfied for all n large enough and for which the sequence {3,} of
posterior beliefs satisfies in good approximation 8,11 = Bpptn. To exploit this system of conditions
and derive the desired contradiction, it is helpful to make it more tractable by replacing all inequal-
ities ICL" by equalities. This is achieved as follows: starting from some judiciously chosen round
N, increase uy so as to satisfy [ C’J%,L as an equality. We also increase Sn1 to preserve the relation
Bn+1 ~ Bypn. After these modifications of pux and Byy1, we get % ~UN = %. Crucially,
this change does not violate any inequality for indices n > N. One can then repeat increase pn.1
and fByio, etc, while satisfying all the relevant inequalities. Moreover, this operation on beliefs
and rejection probabilities has no impact on the contracts involved in the inequalities. Therefore,
if one can show that these contracts violate some equilibrium property (in particular, asymptotic
convergence to efficiency), this will establish a contradiction, irrespective of the fact that the beliefs
were modified to establish that violation.

Subtracting ug(Em(Ry)) from both sides of H’s Bellman equation () and rearranging (also
recalling that, by definition, w, = ug(Eg(R,)) —um(n)) yields

Wnt1 = wn = N(un (Ex(Rn)) —wn (Rng1)) + nwntr + (1 =) (us (B (Rns1)) —ub (Ex(Rn))). (10)
The last two terms are shown in the appendix to be negligible, resulting in the simpler equation
Wyt1 = Wy, — N(up (B (Rn)) — up(Rot1)). (11)

Finally, one can further show by exploiting ICX# and some geometric inequalities (Lemma [I2)) that
H’s utility difference in () is of order \/S,+1. Since wy, is proportional to 775 g:l, as explained
above, it easily follows that (II]) can then be turned into ().

Bridging blocks and the dynamic belief equation

The previous paragraphs have naturally made abstraction from a number of complications
arising in the actual proof. One intermediary step must be mentioned here, however, as it takes
up almost a third of the actual proof (Part II in the Appendix). The dynamic belief equation and
the non-convergence to zero that it implies only work as long as 3, remains small during all the
rounds following block K. Unfortunately, however, one cannot guarantee that 3, remains small:
even though, on average, L is more likely than H to choose contracts in H (since H can also choose
the H-efficient contract C,,), there may be contracts in the menu M, N H that are chosen with
much higher probability by H than L, resulting in a spike up of the posterior £,,. And, at least in
principle, one cannot rule out the possibility that those contracts creating the spike are precisely

the contracts chosen in P’s IC constraint (8) to get the simpler condition ().
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Fortunately, this issue does not arise if w,, is small enough (precisely, below %), because in
that case u, can be shown to be smaller than 1, implying that 3, must be decreasing. But the
last block K ended up with the condition w, < nW, and the constant W could a priori be well
above %. To address this difficulty, the idea is to insert a number of intermediary blocks, following
block K, and build a hybrid argument drawing on the arguments used along the blocks constructed
earlier and the arguments used to derive the dynamic belief equation. Along those new blocks, w,,
is guaranteed to decrease until it drops below %, but not too fast, as it must remain exactly of
order n: remember that, in the above contradiction argument, we used the fact wx = éx — Ux
was greater than nW for some fixed W > 0. Moreover, these intermediary blocks are built so that
f3,, remains of order n?. The dynamic belief equation argument can then be applied at the end of

those intermediary blocks.

5 Discussion

Whether it concerns trade, production, employment, finance, or other economic activities, con-
tract negotiation is central to economic analysis and has been widely studied from both pure and
applied perspectives. However, much remains to understand when i) contracts are more complex
than binary sales or divisions of a given “pie”, ii) some parties hold private information, and iii)
negotiation is not limited to a single take-it-or-leave-it-offer. In these common situations, private
information is endogenously revealed through negotiation even in the absence of any new exogenous
information, and this affects ongoing negotiations, providing a dynamic interaction between beliefs
and contractual agreements.

I have taken the view that parties should be able to react to this endogenous flow of information,
particularly when it reveals some inefficiency of the current agreement, instead of being stuck with
this agreement. This view captures the idea of unconstrained negotiation, and seems essential
to generate a foundation for renegotiation-proof contracts While the analysis has focused on a
specific negotiation protocol (just like foundations of the Nash bargaining solution and of the Coase
conjecture), it would be useful to explore, in future research, more general protocols of negotiation.
One may conjecture that contract negotiation should lead to efficient outcomes under these more
general protocols as long as it is unconstrained in the above sense and does not entail additional
frictions, such as explicit renegotiation costs

In the present setting, where the efficiency gap converges to zero (for type L)@ it is perhaps

36For instance, Wang (1998) shows that when the first signed contract is always implemented, outcomes can be ex

post efficient. In fact, those outcomes are, in his model, identical to the full commitment outcome.
37See, e.g., Brennan and Watson (2013).
38The gap for type H remains bounded away from zero but the probability of facing type H converges to zero.
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surprising that efficiency obtains for all equilibria, including non-stationary ones, as frictions van-
ish. Future work should consider extensions of this result to more than two types or contract
dimensions While those extensions do not seem straightforward, the techniques developed here
should prove helpful to analyze them. With more than two types, one may conjecture that the
protocol of this paper will lead to ex post efficiency, and that the limit contracts will also be easily
determined by ex post efficiency

Allowing shared bargaining power between the principal and the agent would also be natural@
However, this extension would not provide a foundation for the renegotiation-proof contracts, com-
mon in the literature@ which are proposed by the principal. Negotiation protocols in which both
parties have some bargaining power should typically not yield the principal-optimal renegotiation-
proof contracts analyzed in this literature.

Finally, the analysis has focused on a single “delivery” time at which the contract is imple-
mented (an alternative interpretation, in which payoffs occur in each round, was discussed in the
introduction). To provide a foundation for multi-period renegotiation-proof contracts, one should
consider a more general model with multiple “physical” events (payments or efforts are made, new
information arrives) and with a renegotiation protocol like the one analyzed here inserted between
each consecutive events. Each renegotiation stage would pertain to continuation contracts per-
taining to the remaining events. In such a model, each event arrival would trigger the end of the
current negotiation. Alternatively, events could occur at integer dates and renegotiation rounds
between event dates t — 1 and ¢ would occur at times 78 =t — 2%, for n > 1. This double time
scale is natural in many contexts where physical deliveries have a particular calendar structure
(e.g., monthly wage, weekly delivery, quarterly report, etc.), but parties’ ability to negotiate has

no reason to be thus constrained

39 Another extension concerns the case of interdependent values. Deneckere and Liang (2006) provide an in-depth

analysis of this case for the case of binary sales.
“OWith three types (H,M, L) for instance, the contracts {Eo(Ro)}eeim a2} would be the cheapest f-efficient

contracts that are incentive compatible. The conjecture extends trivially to finitely many types and can also be
extended to a differential equation characterizing {Fg(Ro)}eco for a continuum of types, although proving the

conjecture in that case seems particularly challenging.
! Ausubel and Deneckere (1992) analyze a model with shared bargaining power. In that model, the informed party

(buyer) is getting all the surplus, even when the seller is making all the offers. When given the opportunity to make
offers, therefore, the buyer does not lose anything by remaining silent. In the present setting however, the agent does
not get all the surplus and it is clear that, even in the absence of private information, sharing bargaining power would
affect the equilibrium allocation of surplus. The key question is whether shared bargaining power would create some

efficiency loss.
428ce, e.g., Dewatripont (1989), Maskin and Tirole (1992), and Battaglini (2007), in addition to the work already

cited.
“3The time structure described here allows unrestricted renegotiation between physical events, as there are infinitely
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Appendices

A Proof of Theorem [I] (Existence of a PBE)

It suffices to prove the result for Ry in the H-Rent configuration and 8y € (0,1): the degenerate prior and
No-Rent cases obtain as direct consequences of Proposition [Il below, which proves (independently of this
section) the existence and uniqueness of an equilibrium in those cases, while the L-Rent case obtains by

symmetry of the H-Rent case. The proof proceeds in two steps:
e Step 1 - Prove the existence of an equilibrium in an auxiliary game played between P and H.

e Step 2 - Construct a strategy profile of the original game based on the equilibrium established in
Step 1, and verify that it defines a PBE of the original game.

Step 1: Auxiliary game

The game starts with a contract Ry € H in the H-Rent configuration and a parameter § € (0,1). For
this auxiliary game, (3 is just a parameter affecting the payoff functions and is devoid of its interpretation as
a belief.

The auxiliary game is a dynamic game with infinitely many rounds. At each round n, starting in state
R,,, P proposes new contracts R,11 € H and C,, € £y subject to the constraints

ur(Rny1) > ur(Ry) (12)
ur, (RnJrl) Z uL(On) (13)

H then chooses a number p, € [0,1]. The interpretation of this choice is that H accepts R,41 with
probability u, and C,, with probability (1 — w,). For this auxiliary game, however, p,, is simply an action
deterministically affecting payoffs.

The principal’s cost, for strategies { R,+1,Cpn} and {u,}, is given by

Q({ Rus1, Cuby {in}) = 3 Q(Ch (1= i) Hﬂk

n>0
+ZQ(Rn+1)< nHug B)(L—m)" 77), (15)
n>0
while H’s payoff is
V({Rn+1, Cn}v {/Ln}) = Z UH(OH)(l - 1 - /Ln H M+ Z UH n+1 1 -n)"n H Hn - (16)
n>0 n>0

These payoffs correspond to the expected cost and utility that P and H would obtain in an equilibrium
of the original game in which P proposes two contracts at each round, the breakdown probability is 7, {1, }
is the mixing strategy of H, L always accepts R,+1, and the initial probability of facing H is equal to 5.

many renegotiation rounds, and could in principle also be captured by a continuous-time model, in which the principal

can propose new contracts at any instant between physical events occurring one a discrete time set.
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LEMMA 1 For any initial Ry and 8 € (0, 1), there exists a perfect equilibrium of the auxiliary game

Proof. The result is direct consequence of Theorem 1 in Harris (1985). We check Assumptions 1-5 of that
theorem. The payoff function of the principal is simply the negative of his cost, Q. P’s (unconstrained)
action set in round n is Sp, = H x g, while H’s action space is Sy, = [0, 1] which are both compact and
Hausdorff spaces. Hence, Assumptions 1 and 2 are satisfied. P’s feasible set at each round n, as defined by
the constraints (I2) and (Id), is closed and depends continuously on the current state. Therefore, the set
Sy of feasible sequences is closed in S = x,(Sp, X Sg, ) endowed with the product topology, and the set
of feasible actions in round n depends continuously on past play. Thus, Assumptions 3 and 4 are satisfied.
Finally, the payoffs —Q and V are clearly continuous on their domain S¢, so Assumption 5 is satisfied as
well. The result follows. [

REMARK 1 We can similarly define an auxiliary game and equilibrium when instead Ry s in the L-Rent
configuration. This equilibrium yields an expected utility for H, as a passive player of the auziliary game,
given, by
Vi (8) = > (1 =) num(Rni1). (17)
n>0
This equilibrium and payoff is used to define H’s strategy, off the equilibrium path, in the PBE construction

for the original game.

Step 2: Equilibrium of the original game
Starting from Ry € H and a belief 5y € (0,1), the equilibrium strategies are defined as follows:
At each round n:

e P proposes the sequence of contracts {C,, R,11} corresponding to the auxiliary game started at

(Ro, Bo)

e [ accepts R, 1 with probability 1, while H accepts R,+1 with probability u, and C;, with probability
(1 — wp), where p, is H’s equilibrium choice in the auxiliary game. If R, # R, and the agent
accepts R, P assigns probability 1 to H, so the continuation play is trivially defined in that case, by
Proposition [l (whose proof is independent of Theorem [I).

e If P proposes, at some round n, a menu M, that does not correspond to the pair of contracts defined
by the auxiliary game, let R, ; denote the contract of M, U {R,} that maximizes L’s utility and
C,, denote the contract of M,, U{R,} that maximizes H'’s utility By construction, R, 1 and C),
satisfy (I2)—({4). Let Rn—i—l denote the L-efficient contract that gives L the same utility as Rn+1 and C'n
denote the H-efficient contract that gives H the same utility as C,. There are three cases to consider:

a) ug(Cr) > up(Rpy1) and ur,(Rpq1) > un(Cr), b) up(Ch) < up(Rpt1) and ur(Rpq1) > ur(Cr),

and ¢) ug(Cpr) > ug(Rpt1) and ur(Ryy1) < ur(Cy). Because of the single-crossing property, the
fourth and last logical case cannot occur, as is easily checked.

Continuation play is then defined as follows, according to each case.

MTf there are several maximizers, the equilibrium selects any of them. There must be at least one maximizer,

because the menu is finite.
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a) L chooses R, 1 with probability 1, H chooses C,, with probability 1. If the agent chooses any
other contract R in M,, U{R,}, then the principal assigns probability 1 to a type 6 of the agent
such that the other type 6’ # 6 cannot benefit from choosing that contract if the principal put
probability 1 on 6‘ There always exists at least one such type, as is easily checked.

b) Case b) can occur only if R, is in the H-Rent configuration. Continuation play is defined
by the continuation equilibrium of the auxiliary game in which, following R,,, P proposes R, 1
and C’n, but replacing C, by C’n In particular, L accepts R,41 with probability 1, and H
randomizes between the contracts C,, and R, ;; according to the probability s, of coming from
the auxiliary equilibrium if C,, is replaced by C,. 1If the agent picks any contract other than
R, 41 and C,,, P assigns probability 1 to one type according to the same rule as in Case a).

Continuation for rounds m > n 4+ 1 is also determined by the equilibrium of the auxiliary game.

c¢) Case c) is symmetric to Case b), and can only occur if C,, is in the L-Rent configuration. The
continuation equilibrium is defined by the continuation equilibrium, from period 1 onwards (see
Remark [I]) of the auxiliary game starting in period 0 with belief Bo=1-Pn (since L now plays
the role of H and vice versa) and at some fictitious contract R in the L-Rent configuration such
that R, and C, satisfy equations ([4) and (I2)), respectively (the inequalities are reversed,
because the equilibrium is in the L-Rent configuration).

This construction defines the continuation strategies after any possible history. We now verify that the strat-
egy profile forms an equilibrium, using the one-shot deviation principle, which applies since the breakdown
probability n has the effect of discounting the utility of future rounds at a geometric rate.

Consider first L’s strategy, assuming that P follows the prescribed sequence of contracts. From (I3),
L cannot benefit from picking C),: indeed, doing so causes [, jumps to 1, and L to be stuck with utility
ur(Cy), which is (weakly) lower than wur (R,+1) and hence lower than his continuation utility if he chooses
Rn+1 Similarly, if R,+1 # R, and L chooses R,, then (3, jumps to 1, and L’s continuation utility is
bounded abov by ur,(R,,), which is weakly dominated by accepting R, 11 by ([[2)) (guaranteeing that L’s
continuation utility is bounded below by ur,(Rp41).

Let us now consider the optimality of H’s strategy. From ([[)), ug (Cy) > ugy(R,). Therefore, if H holds
on to R, his continuation utility is equal to ug(R,,), which is weakly dominated by taking C,,. Moreover,
given that H randomizes between C,, and R, 1, his expected payoff is given by (I6), and by perfection of
the auxiliary equilibrium, the strategy {u,} is a best response to the sequence of contracts.

Consider now the agent’s strategy after a deviation by P. In Case a), if L chooses C,,, his utility is
bounded above by max{ur,(Cy),ur(Cy)}, which is less than uz(Rpy1), by definition of Case a). Similarly,
if L picks any other contract R, then either P puts probability 1 on L, in which case L gets utility ur(R),
which is less than ur (R, 1), by definition of R, 1, or P puts probability 1 on H, but in this case L cannot

4 That is, 0’ prefers the contract that he is supposed to take with probability 1 in equilibrium (e.g., Cnif 0’ = H)

to the O-efficient contract that gives 6 the same utility as R.
1By construction, Rny1 € H, Cy is H-efficient, and the contracts satisfy conditions (), (I3), and ([, so the

contract pair is feasible for the auxiliary games.
4TThat utility is always weakly higher than uz, (Rn+1), since L can always hold on to Ryy1.
“8Indeed, P then proposes the H-efficient contract R that gives H utility w (Rn), and ur(R) < ur(R»,) by the

single-crossing property and the fact that R, is in the H-Rent configuration.
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benefit from this erroneous belief. The same reasoning applies to H: it is optimal for that type to choose

Ch.

In Case b), L prefers R, .1 over any other contract in M,, U {R,}, by an argument similar to Case a).
Now consider H'’s response to P’s deviation. First, H cannot benefit from choosing a contract R other C,,
and R, 1, for the reason explained in Case a). Moreover, given the continuation play, which is defined by
the auxiliary equilibrium, randomizing according the probability u, coming from the auxiliary equilibrium
in which R, and C, are proposed is optimal

Case ¢) is similar to Case b).

There remains to show that P’s strategy is optimal. By construction of the auxiliary equilibrium, P’s
strategy is optimal among all strategies that propose contracts (R,1, Cy) satisfying (I2), (I3), and (I4).
As shown by Lemma B] (whose proof is independent of Theorem [II), P can never benefit from any deviation
in which L accepts a contract that is not in the H-Rent configuration. Moreover, any contract R accepted
by H with positive probability and that is not in the H-Rent configuration immediately results, at the next
round, in an H-efficient contract that gives H the same utility as R and is less costly to P than R. We
can therefore, without loss of generality, consider deviations in which P proposes one H-efficient contract,
C,, and a number of contracts in the H-Rent configuration, among which R, ;1 maximizes L’s utility, and
such that ur(C,) < ur(R,41). Given the agent’s strategy, the menu is equivalent to just proposing C,, and
R, 11, which is a feasible strategy in the auxiliary equilibrium and thus has to be weakly dominated by the
equilibrium menu, by subgame perfection of that menu in the auxiliary game.

B Results holding for all friction levels

B.1 Statements

PROPOSITION 1 The following holds for any PBE and n:

i) If the prior B puts probability 1 on some type 0, P immediately proposes the 0-efficient contract that
leaves 0’s utility unchanged and 0 accepts it.

ii) If Ry is O-efficient, P immediately proposes Eg (Ro) (0" # 0), and 0" accepts it.

iii) If Rg is in the No-Rent configuration, P immediately proposes Er(Ro) and Er(Ro), and each type 0
accepts Eg(Rp).

iv) If Ry is in the H-Rent (L-Rent) configuration, H’s (L’s) expected utility is bounded above by up (Ex (Ro))
(ur(EL(Ro))).

The next result is crucial for the analysis: for any PBE and round n, P can always propose the contracts
En(Ry) and Er(R,) and have them accepted by types H and L, respectively. This deviation puts an upper
bound on P’s continuation cost as a function of the current contract R,,. The deviation will henceforth
simply be referred to as the “jump.”

Let 8, denote the probability, at the beginning of round n, that P assigns to type H.

19Because uy (C’7l) = up(Cy), H gets exactly the same utility as in the auxiliary equilibrium, even though the

contract C,, is not in the H-Rent configuration.
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LEMMA 2 (JumP) If R, is in the H-Rent configuration and P proposes the contracts Eg(R,,) and Er(R,),
with Efg(Ry,) augmented by an arbitrarily small amount € > 0, then H accepts Ey(R,) with probability
1 and L accepts Er(R,) with probability 1. Therefore, P’s continuation cost is bounded above by Q, =

BnQ(Er(Rn)) + (1 = Bn)Q(EL(Rn))

Proof.  The result follows from Part iv) of Proposition [} Eg(R,) plus any small amount gives a strictly
higher utility to H than what he can get under any continuation utility, and also gives him strictly more
utility than Ep(R,). Therefore, H accepts the contract with probability 1. Because L strictly prefers
Er(R,) to Eg(R,) in the H-Rent configuration, and because the agent’s type is revealed in round n unless
L takes the strictly suboptimal contract Eg(R,,), it is optimal for L to accept Fr(R,). [

LemMMA 3 If Ry is in the H-Rent configuration, then in any PBE, L accepts only contracts that are in the
H-Rent configuration.

Given any PBE, any contract sequence {R,} that is accepted by L with positive probability (until
the exogenous negotiation breakdown) will be called a choice sequence. When Ry is in the H-Rent
configuration, choice sequences will play a particular role: we will see that, without loss , any accepted
contract sequence is a choice sequence until H accepts an H-efficient contract. Moreover, choice sequences
have several important properties. First, as indicated by Lemma[3] any choice sequence consists of contracts

that are in the H-Rent configuration. Other properties are described by the following proposition.

PROPOSITION 2 Suppose that Ry is in the H-Rent configuration. Along any choice sequence {R,}, i) Bn
converges to zero, i) R, converges to an L-efficient contract, denoted Cr, and iii) the quantity w, =
ug(Eg(Ry)) — up(n) (where we recall that ug(n) is H'’s continuation utility at the beginning of round n)

converges to zero as n goes to infinity.

B.2 Proofs

PrOOF OF PROPOSITION 1

Part i) Let @ denote the agent’s supremum over his expected utility, given his type 6, over all possible
continuation PBEs starting from Ry at which P puts probability 1 on type 6, and let u = ug(Rp). Suppose
by contradiction that @ > u. By time homogeneity, @ will be the same in the next round if the agent rejects
new offers from P in round 0 and P continues to assign probability 1 on facing type 6. In such case, the
agent’s continuation payoff is bounded above by @ = nu + (1 — n)a < 4. Consider any PBE that gives
0 an expected utility up € (@, @) (such PBE must exist, by definition of @). Suppose that the principal
deviates by proposing the -efficient contract C' that give 6 a utility level «’ in (@, ug). By definition of a
PBEPY P continues to assign probability 1 to type 6 after his own deviation. If the agent accepts C' with
probability 1, the deviation is strictly profitable to P since C' is the cheapest way of providing utility v’ < ug
to the agent. If the agent rejects the offer with positive probability, then by Bayes rule, P must continue to
assign probability 1 to type 6, which implies that his continuation utility is bounded above by 4. Therefore,
the agent’s rejection is strictly suboptimal, implying that the agent must accept C' with probability 1 and

%0See Fudenberg and Tirole (1991), part iii) of the definition.
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the deviation is proﬁtable Let @ denote the cost of the f-efficient contract, C', that provides utility u to
6. Clearly, any PBE must cost exactly (), otherwise P has a profitable deviation which is to propose the
f-efficient contract that gives 6 slightly more than u and costs less than following the PBE. Moreover, the
only way of achieving @ is to propose C' in the first round and have it accepted with probability one.

Part ii) Suppose without loss that 6 = L (the opposite case is treated identically). Let uy, = ur(Rp)
and ug = ug(Ro). Also let up () denote the supremum utility that H can achieve over any continuation
PBE starting from Ry when P assigns probability 8 to H, and let uy = supgep 1 ap(B). Suppose by
contradiction that wg > ug. Then, for any small £ > 0, there exists 8 and an associated PBE for which H’s
continuation utility is above ugy — ¢ > upy. For that PBE, because L gets at least uy, and C' is L-efficient,
Qr > Q, where Q = Q(Ry), and Q. is P’s expected cost in that PBE conditional on facing 6. Since not
proposing any new contract is always feasible for P, and costs @, the continuation cost Qz conditional on
facing H must satisfy Qp < @Q to offset the weakly higher cost conditional on facing L. Suppose that P
deviates from that PBE by proposing the H-efficient contract that gives 8 utility @y — e — €, for arbitrarily
small €. Because, for small enough € and ¢, ug — e — € > nuyg + (1 — n)amw, H accepts this proposal with
probability 1. For any strategy that 67 chooses and continuation equilibrium, this proposal strictly reduces
P’s expected cost (since Qy < Q), yielding a contradiction. This shows that @y (3) = ug for all ﬁ To
conclude, suppose that P proposes the H-efficient contract that gives H utility ug + €, for € arbitrarily small.
From the previous observation, H must accept that contract regardless of L’s strategy. This shows that P
can and, hence, does achieve the full-commitment optimal cost under any PBE. This proves Part ii).

Part iii) Suppose without loss that Q; > Qg, where Qo = Q(Ey(Rp)) (the opposite case is proved
symmetrically). Let @ denote the maximal expected cost incurred by P over all PBEs and beliefs 3 € [0, 1],
starting from Rp.

We start by showing that Q < Qr. Suppose by contradiction that @ > @ and consider any PBE
that achieves Q Now suppose that P deviates by proposing the pair Cp,Cy of contracts such that Cp
is efficient for # and costs @ — ¢ for some ¢ arbitrarily small compared to 7. Those contracts maximize
each type’s utility subject to costing P at most Q — . Because these contracts are efficient and incentive
compatible, Part ii) guarantees that no type ever chooses the contract meant for the other type. Moreover,
no matter what belief and continuation PBE follows rejection of these contracts, P’s continuation cost must
be less than Q, by definition of Q. But this latter bound implies that there must be at least one type 6
of the agent who is getting a lower payoff if he rejects Cyp than if he accepts it: conditional on rejection P
has to be spending weakly less on at least one type of the agent than under Cy (up to &, which is negligible
compared to 7). Moreover, the contract Cly maximizes that type’s utility subject to P spending less than Cy.
Since rejection leads to a renegotiation breakdown with a probability 7, which gives that type a strictly lower
utility than Cy, accepting Cy is strictly more profitable than rejection for that type, and thus he accepts
Cy with probability 1. As a result, a rejection fully reveals that the agent is of the other type. From Part
i), that agent gets ug(C) after rejection, which is strictly less than the utility he gets from Cp (since that

51The continuation play after P’s deviation must be a PBE of the corresponding continuation game. Therefore, if
0’s continuation strategy, after P’s deviation, is to reject the proposed deviation with positive probability, Bayes rule

applies. I am grateful to Marcin Peski for proposing the current version of this argument.
52If B = 0, P does not propose anything new, from i) and L-efficiency of Ro, and the result trivially holds in that

case too.
53If the supremum Q is not achieved, the argument below can easily be adapted by considering a PBE whose

expected cost is arbitrarily close to Q.
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contract maximizes the agent’s utility subject to a higher cost than what P incurs with C'). Therefore, both
types accept their contract, and this reduces the cost of the principal strictly below Q, showing that this is
a profitable deviation. Thus, necessarily, Q < Qp.

Since L cannot get utility less than ur(Ro), under any PBE, and @y, is the cheapest cost of providing
that utility, this means that in all PBEs starting with 8 € (0,1), P must spend weakly less than @Q on the
high type, in order to guarantee that Q < Q. Let @y denote the supremum expected utility that H gets
over all PBEs and beliefs g > 0. Since P spends less than QJ; on H, uy is bounded by the utility 4y
obtained from the H-efficient contract C'y that costs Q. We will show that @y = ugy(En(Rp)). Suppose
by contradiction that @y > ug(Em(Ro)), and consider a PBE that achieves a4 The expected cost @
from that PBE must be above 3Q(Cx) + (1 — 8)Qr, where Cy is the H-efficient contract that gives utility
ug to H. Suppose that P deviates by proposing the contracts Cp,Cy such that Cp, is L-efficient and gives
utility uz,(C) + €2 to L and Cy is H-efficient and gives utility @y — e to H, for ¢ small compared to 7.
H accepts Cy, since rejection leads to a continuation utility bounded above by %y and to a strictly lower
payoff in case of a breakdown. Given that, L also accepts, since rejection will reveal his type, and, by Part
i), result in a utility of uz,(Er(Rp)). The cost reduction on the high type is of order ¢ compared to Q(C),
while the cost increase on the low type is of order €2, compared to Q. Therefore, this deviation is strictly
profitable for ¢ small enough. This shows that @y = upy(Fg(Rp)). Proceeding as in the end of the proof of
Part i), this shows that L’s maximal utility across all PBEs for 5 € (0,1) is ur(EL(Ro))-

Part iv) The argument is similar to the proof of Part iii). Let @ denote P’s maximal expected cost over
all PBEs and beliefs, starting from Ry. We will start by showing that Q < Q(Er), where Er = Er(Rp).
Suppose by contradiction that @ is strictly greater than Q(E;) and achieved for some PBE and belief and
consider the following deviation: P proposes the contracts Cy that are efficient for each type and cost Q — ¢
for € arbitrarily small. It is easily shown that these contracts are IC, and by a similar argument as in Part
iii), rejecting those contracts is always a strictly dominated strategy for one of the two types, and hence for
both types. This is a strictly profitable deviation for P, yielding a contradiction. Hence, Q < Q(Er). Since L
gets an expected utility of at least uy,(Rp) in all PBEs, and providing that utility costs at least Qr = Q(EL)
to P, this means that P spends at most Q1 on H, in all PBEs, and for all initial beliefs 8 > 0. This implies
that H’s expected utility is bounded above by the utility it achieves with the H-efficient contract that costs
Q1. We now show that H’s expected utility is bounded above by ug (Fr). Suppose not, and consider a PBE
that gives H its highest utility, across PBEs and beliefs, denoted @y > un(Fr). The expected cost Q from
that PBE must be above 8Q(Cx) + (1 — B)Qr, where Cy is the H-efficient contract that gives utility @y to
H. Suppose that P deviates by proposing the contracts Cp,Cy such that Cp, is L-efficient and gives utility
ur(C) + €% to L, and Cy is H-efficient and gives utility uy — e to H, for € arbitrarily small. Because Ch
gives strictly more to H than wug, H will accept Cy and, hence L will accept C7. Repeating the proof of
Part iii), one can show that this deviation is strictly profitable, establishing the desired contradiction. The
only difference with that earlier proof lies in showing that the proposed contracts are incentive compatible.
This is indeed true, for € small enough, because ty > ugy(EL) so H does not want to mimic L

PROOF OF LEMMA 3]

54 Again, the proof is easily adapted if the supremum is not achieved, by considering a PBE that gets very close to
providing g .

55 As before, one can use a PBE that yields a cost arbitrarily close to Q, in case it is not exactly achieved.

561t is straightforward to show that L does not want to mimic H, since P spends less on H than on L, and L is

already getting his maximal utility given the cost that P incurs conditional on facing L.
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Consider any PBE starting with Ry in the H-Rent configuration. Consider, by contradiction, the first
round n such that i) R, is the H-Rent configuration and ii) L accepts with positive probability a contract
R,,+1 that is in a different configuration. Suppose first that R,,4; is in the No-Rent configuration. Then
ur(n) = up(Rpt1), by Part iii) of Proposition I This immediately implies that ur(R,) < urp(Rnt1):
R, +1 is on a weakly higher iso-utility curve of uy, than R,,. Moreover, because H can always accept R, 1,
ug(n) > ug(Rpt1) > ug(Eg(Ry)), where the strict inequality comes from the fact that uy is increasing
along the iso-utility curve of uy, in the direction of £ H This implies that the continuation cost for P is
strictly above 8,Q(En(Ry)) + (1 — 8,)Q(EL(R,)), which contradicts Lemma 2l Now suppose that R,1
is in the L-Rent configuration. Part iv) of Proposition [l applied to the L-Rent configuration implies that,
by choosing R,+1, L gets a continuation utility of at most u L(E’L(Rn+1) where EL(R) is defined — when
R is in the L-Rent configuration — similarly to Fz(R) when R is in the H-Rent configuration. Therefore,
uL(EL(RnH) must be weakly greater than uy(R,). However, notice that when Ey, is constructed, we use
L’s isoutility curve between the efficiency curves £y and £, which is steeper than H's isoutility curve at
Er(R,.1), from the single-crossing property. As can be easily seen visually, this implies that wg(Rp41)
must have been strictly greater than uy (Fg(R,)), contradicting Part iv) of Proposition [l applied to H. W

PROOF OF PROPOSITION

i) Observe, first, that negotiation cannot end endogenously at a finite round N in the sense that 3, =
Oy > 0and R, = Ry € H for all n > N. If that were the case, P could strictly reduce his cost at round
N by proposing the H-efficient contract Ey(Ry) and have it accepted by H with probability 1, by Part iv)
of Proposition Il Hence, consider the case in which P keeps proposing new contracts until renegotiation is
exogenously interrupted, and suppose by contradiction that there is a choice sequence with an associated
belief subsequence {3,k }ren that converges to * > 0. Let u} = sup{ug(R,)} where the supremum is
taken among all contracts in the choice sequence. For H to accept R, with positive probability infinitely
often, upy (R, ) must converge to u}; for any subsequence, including along the subsequence {n(k)} > However,
that implies that proposing the H-efficient contract C'y that gives uj; to H is a strictly profitable deviation
as [n(k) gets arbitrarily close to 8*: it does not change P’s cost conditional on facing L but it strictly reduces
P’s expected cost by an amount arbitrarily close to 8*[Q(CL) — Q(Cr)], where Cy is the f-efficient contract
that provides H with utility uj‘q

i) Suppose that there exists € > 0 and a subsequence of rounds, indexed by m, for which Q(R,,) —
Q(EL(m)) > e. For m large enough, f3,, converges to zero, from part i), and is thus bounded above by %,
where Ag = maxcec Q(C) —mincec Q(C). Therefore, P can deviate by proposing Er(m), Ex (R, ), which
are respectively accepted by L and H. This deviation yields an immediate gain of ne on L and a loss of
at most - on H, given the upper bound on f,,, and is thus strictly profitable. This shows that the limit
points of {R,} are all L-efficient. Let u} = sup{ur(R,)}. There is a subsequence m for which ur(Rs)

*"More explicitly, we have s (Rn+1) > ur(Er(Rut1)) > ur(Er(Ry)) = ur(Emx(Rn)).

580therwise, there must exist a subsequence of rounds for which ug(Rm+1) is bounded above away from uj by
some constant § > 0. However, H’s continuation utility, uz (m), is nondecreasing and becomes arbitrarily close to uj;.
(Monotonicity comes from the fact that H can always hold on to the last accepted contract and is proved formally
in Lemmal[Bl) When H'’s continuation gets within en of u}; for some ¢ arbitrarily small, this implies that accepting
Ry,41 causes a loss of order nd, due to the probability of an immediate breakdown, and contradicts the fact that
ug (m) is within en of uj.

®Since un (Ry,) gets arbitrarily close to uj; and R, lies in H, Q(R») becomes arbitrarily close to (or above) Q(Cr,)

as n gets large.

33



converges to uj,. Moreover, since L can always hold on to any contract R,, along the choice sequence, and
thus in particular for contracts occurring along the subsequence {m}, ur (R, ) must converge to u} for all
subsequences. Combining these observations, {R,,} must converge to the L-efficient contract C, such that
uL(C_'L) = ’U,*L [ |

ili) Parts i) and ii) have shown that (3, converges to zero and R,, converges to an L-efficient contract as
n goes to infinity. This implies that Fy(R,,) gives asymptotically the same utility to H as R,, does for n

large (see Figure[2) and, hence, that w,, converges to zero

C Proof of Theorem

Without loss of generality, it suffices to prove the theorem when Ry is in the H-Rent configuration: Proposi-
tion [l already addresses the case in which Ry is in the No-Rent configuration, and the L-Rent configuration
can be proved by symmetry. Let us thus assume that Ry € H. From Lemma Bl L accepts only contracts in
‘H. Moreover, any contract C,, that is accepted only by H in equilibrium can be replaced by an H-efficient
contract C,, that gives H the same utility, without affecting anyone’s incentive (assuming that H accepts
C,, with the same probability as the one with which he was accepting C,, in the initial equilibrium) and
reduces P’s cost. Therefore, we can without loss of generality focus on PBEs in which P only proposes, at
each round, a number of contracts in H, and the H-efficient contract that gives H his continuation utility.

This assumption is maintained throughout the analysis.
ORGANIZATION OF THE PROOF

The proof of Theorem [2] (Statement A) proceeds by contradiction. We will suppose that there exists
e > 0, a decreasing sequence {7, }men of breakdown probabilities converging to zero, and a PBE associated
to each n,, for which H’s expected utility uz(0) at round 0 is below ugy(En(Rp)) — . Throughout, ug(n)
will denote #’s continuation utility at the beginning of round n.

In what follows, we focus entirely on that sequence of n’s and corresponding PBEs. The expression “as
7 goes to zero” will refer to the elements of that sequence and corresponding PBEs

The difference wg = ug(En(Rp)) — up(0) can be thought of as a rent extraction index for type H. It
defines how much rent P is extracting from H, relative to the immediate jump: wuy(0) is H’s continua-
tion utility while upy (Fp(Rp)) is the maximal utility that P can give H in any equilibrium, as shown by
Proposition [ part iv).

The proof consists of the following steps.

Step 1: For each PBE of the sequence, show that one can construct a choice sequence ending at some

finite round N for which the augmented rent extraction index,

wy = max{ug(Ex(m))} — ug(N),
m<N

is of order 7, and there exists d > 0 such that either
a) By > n% and wy < w,/M, where w > 0 is exogenous, or

50Put differently, the contract C'y defined in Part iii) of the proof of Proposition [l satisfies un (C’H) =uyg (C’L).
5'Without loss of generality, we focus on e small enough so that the constant D(2¢) defined by (&7) is strictly

positive.
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b) 61\7 < 77d.

Proving that step is the object of Part I below. Of course, Case a) above implies that wg could not have
been greater than e, for 7 small enough. Therefore, it suffices to rule out Case b).

Step 2: Show that, in Case b), there must exist a round N > N for which wy < % but wy > wn and
By < n?, for some exogenous constants a, D, w. This is done in Part II.

Step 3: Show that at round N, one must have wy < wn'*? for some @ > 0. This contradicts, for n
small enough, the inequality of Step 2 involving w, which rules out Case b). (Part III).

To avoid cluttering the exposition, the longest proofs for each of these parts are given in separate
appendices (Appendix[Elfor Parts I and IT and Appendix [Flfor Part IIT). Several of these proofs are based on
geometric inequalities and other inequalities based on incentive constraints which are collected in Appendix[Dl
Once Statement A of Theorem Pl has been proven, showing Statement B is relatively straightforward; the
proof is provided in Appendix

PART I: BLOCK CONSTRUCTION

The strategy of the proof is to build a sequence of blocks (each consisting of finitely many rounds), and
a choice sequence going through these blocks, with the following properties: i) within each block, for the
PBE to be profitable to P compared to an immediate jump, H must accept H-efficient contracts with a high
enough probability, which drives the posterior 3 closer to zero, by a controlled amount, ii) P’s potential gain,
conditional on facing type H, shrinks geometrically across blocks. This construction ends at some terminal
block, K, such that P’s maximal potential gain on H is of order 7, and the posterior B x 1s bounded above
by g% 3y for some factor g < 1. When Br > n? for some power d > 0 that is judiciously chosen, this yields
an upper bound on the number K of blocks which, by using the geometric series backwards, implies that
the initial gain on H must have been small as well, for 1 small enough, contradicting the existence of a
sequence {7, } and corresponding PBEs for which the initial rent index wg always exceeds the constant e.
The ulterior parts (Parts IT and III) of the proof establish that B x > n® is the only possible case, provided
that n is small enough.

For any round n and choice sequence up to round n, let €, = max{ug(Eg(Ry)) : m < n} and
Wy, = &y — up(n).

Notation Throughout the analysis, variables with upper bars, such as w,,, refer to specific rounds, while
variables with hats, such as wy, refer to specific blocks.

We begin the proof by the following observation.

LEMMA 4 Ifup(0) < ug(En(Ro)) — e, there exists a choice sequence and a round ng such that i) Bn, < Bo
and i) Wy, € [e/2,¢].

Block 1 starts after the choice sequence and round ng coming from Lemma @l At round ng, one has by
construction Wy, = én, — ug (ng) € (£/2,€). Let g = ug (no), ég = eny, and By = Bn, < Bo. The last round
of Block 1 is determined as follows: let ;7 be defined by the equation

éo—ﬂ0:t>1

iy — 1o
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where ¢ > 1 is a fixed threshold to be determined shortly and let ny = inf{n : ug(n) > 41} denote the first
round at which H’s continuation utility exceeds the threshold ;. We set the last round of Block 1 equal to
ny. Because 11 < éy, Lemma [[4] (Appendix [E]) guarantees that np is finite with probability 1

To get a control on how much S must have dropped within Block 1, let [ip denote the probability,
evaluated at round ng, that H accepts only contracts in H until round n; (i.e., the probability that H does
not fully reveal himself during Block 1). Lemma [[H] (Appendix [E)) shows that there must exist a choice
sequence such that, upon observing that sequence up until H’s utility passes 1, the posterior probability

B of facing H satisfies A

P L R— (18)

Bofto + (1 — Bo)

This inequality need not hold for all on path choice sequences, but it must hold for at least one choice
sequence arising on the equilibrium path, and we focus on such a sequence, called the pushdown sequence.
The construction parses together choice sequences: until round ng, we use the choice sequence guaranteed to
exist by Lemma [ and between ng and ni, we use the continuation choice sequence guaranteed to exist by
Lemma After ny, we will similarly define choice sequences that can be appended to the choice sequence
built until round nq, etc.

At round ng, P can always implement the jump to the contracts (Ex(Ry,), EL(Rn,)), by Lemma
For that deviation to be suboptimal, the net gain from extracting some rent from H, compared to the
jump, must outweigh the net loss resulting from a negotiation breakdown at an inefficient contract. In the
argument below, it suffices to exploit the inefficiency loss on H. (The loss on L is exploited later in the proof
of Theorem [21)

We now compute an upper bound on this gain and a lower bound on the loss. Comparing these bounds
will yield an upper bound on P’s posterior belief of facing H after the first block, following the pushdown
choice sequence. The following lemma will be helpful to derive these bounds, as well as in later parts of the

proof.

LEMMA 5 Along any choice sequence, H'’s continuation utility at the beginning of round n, denoted ug(n),
is nondecreasing in n and satisfies
ug(n+1) —ug(n) <nAg,

where Ay = maxcec up (C) — mingec upg (C).

Proof. Given the current contract R,, at round n, let R,,+1 denote any contract chosen by H with positive
probability among R,, U {M,}. H’s utility satisfies the dynamic equatio

ug(n) =nug(Rny1) + (1 —n)ug(n +1). (19)

Therefore, up(n) is a convex combination of uy(R,+1) and ug(n + 1). Because H can hold on to Ry1
in all rounds m > n+ 1, ug(n + 1) is bounded below by ug(R,+1). Combining these observations yields
upg(n) <wug(n+1). Since ug(n +1) —ug(n) = n(ug(n + 1) — ug(Rp41), the second claim of the lemma

52Tndeed, up (R,) must eventually exceed any utility level below max{un (En(Rm)) : m < no}, along any choice

sequence, as n gets large enough.
% More generally, H’s utility satisfies the Bellman equation ug (n) = maxpe (g, yun, {nua (R) + (1 —n)un(n+1)}.

Equation () then follows for all contracts that are optimal for H in round n.
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follows. The intuition is simple: if the utility jump was higher between two rounds, H would prefer to wait
until the next round rather than accept any contract today. |

The net gain, between rounds ng and ny, is bounded above by Bo(l — fip)a(éo — tp) for some Lipschitz
constant a > 0. Indeed, Bg(l — fip) is the probability that the agent is of type H and that he accepts some
H-efficient contract at some round of the first block. Because H accepts only H-efficient contracts that give
him at least his continuation utility@ and because that continuation utility is nondecreasing, by Lemma [l
the smallest utility that H when choosing H-efficient contract within that first block is ug. By contrast,
€0 > en, is an upper bound on the utility that P provides to H if he chooses the immediate jump. Therefore,
the maximum rent that P can extract from H is éy — @g. The constant a is a Lipschitz constant that
“translates” utility differences for H along £g into cost differences for P, and is derived in the “Inequalities”
section of the appendix (Lemma [I0]).

Similarly, the expected net gain made after round n, but seen from round ng, is bounded above by
Boﬂoa(éo — 1), because Boﬂo is the probability of facing H and reaching round n;, and w7 is the smallest
utility that P must provide to H at any round following n;.

To get a lower bound on the net loss, the intuition is that, as long as H accepts contracts in H, he is
getting contracts that are inefficient, and hence costly to P relative to the immediate jump to Ep(Ry,).
Lemma [I6 shows that this inefficiency cost must be greater than some constant D > 0 whenever the rent
extraction index at the beginning of a block is less than 2e, which holds without loss of generality (see
Remark Bl in Appendix [E]). This cost is only incurred in case of a breakdown. To compute the probability of
a breakdown between rounds ny and nq, the key is to observe that H’s utility jumps, at each round, by at
most nAp, by Lemma[ll Therefore, there must be at least n(1) = | (41 — Gg)/nAp)] steps to get to 4y, for
any choice sequence.

This implies that the breakdown probability is bounded below by@

1= (1) =1~ exp (n(1) In(1 ~ 7)) > ~n(1) In(1 ~ ) ~ 2n(1)*(in(1 — 7))*. (20)

Because the gain is of order €, which is small, while the loss conditional on a breakdown is of order D, the
probability of a breakdown must be (at most) of order ¢, which means that n(1) In(1 —7) must also be small.
The quadratic term of ([20)) is therefore negligible. Moreover, because we are focusing on the case where 7 is
small, In(1 — 1) can be approximated by —»n. Combining these bounds on gains and losses yield

1 — U

al(éo —0)(1 ~ o) + (éo — in)io] 2 FoD "5 (21)
H

Recall that @1 was defined in terms of an arbitrary threshold ¢t. We now define ¢ precisely by the following

54Indeed, by accepting such contract, H reveals his type, and his continuation utility is exactly the one provided

by the last accepted contract, by Proposition [Il Part i).
5The inequality comes from the standard inequality 1 — exp(z) > —z — 22/2, valid for all < 0, which may be

shown as follows. The function x — exp(x) — 1 —z — % vanishes at 0, as do its first and second derivatives. Since
its third derivative is positive (equal to exp(z)), its first derivative is convex and, from the previous observations,
must have a minimum at zero. This implies that the function itself is increasing and, since it vanishes at 0, that it is

negative for x < 0.
56For expositional simplicity, the “floor” operator is dropped. This change is negligible because n(1) is large, since

U1 — Uo = %(éo — o) > nAm, for n small. That observation applies to each block k; see Footnote
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equatior@
a+D/Ay <

a

2 = 1.

With this value of ¢, we have
a éo — ’llo

a+ D/Ay i1 — g

fio < =t

Combining this inequality with (I8]) implies that, upon observing the constructed pushdown choice sequence
until round nq, the posterior Bl satisfies

1 .

» ftoBo < fo— — gbo.

' fiofo + (1 — Bo) Bot=1 + (1 = fo)

where g = m and we used the inequality o < Bo. Because t~! < 1, g is strictly less than 1. This
achieves the goal of guaranteeing that the posterior 51 drops by some fixed factor along the first block, for
some choice sequence.

To initiate the second block, we use the value 4, that was defined as part of Block 1 Note that the
actual value of ug(n1) may be slightly above 1, but by no more than Ay, by Lemma[El This observation
is useful to bound below the number of rounds in each block. The level é1 = max,,<pn, {un(Eg(Ry))} is
the maximum value that H gets if P jumps at any round m < n; along the particular choice sequence
constructed so far. Having defined 4; and é;, we define 4y € (41, é1) by

Lo oy

U2 — Uy
Let fi; denote the probability, seen from round n; and following the pushdown choice sequence used for
Block 1, that H takes a contract in H at all rounds n > n; until 49 is reached. Repeating the previous
analysis, there exists a pushdown choice sequence for Block 2 such that, upon observing that sequence up
to @i, the probability B of facing H satisfies 5 < 5E brin

1+(1-p1)"
exceeded. Repeating the analysis used for the first block, we have

Let ny denote the round at which s is first

. -1
B2 < Az < Bi1= !

_ _ < ¢*B,.
B+ (1= p5) prt=t + (1 - B1) =9

The value of é; is determined by the pushdown sequence of the second block, by é; = max,,<n, {un (Eg(Rm))}-

By induction, this defines a sequence of blocks indexed by k. To each block k corresponds a terminal
round, ny, as well as values 4y, é; and Bk = fBn,, which is P’s belief at the end of the k' block following
the successive pushdown sequences. The potential overshoot of ug(ny) above 4y, Agn is negligible when
computing the lower bound on number of blocks, because we stop the block construction when 41 — t
is still large relative to Agmn, as explained in the next paragraph. Upon observing the pushdown choice
sequence across blocks 1 to k, we get

Br < g"Bo < g* o

57D is defined independently of ¢ (and of this entire block construction), so there is no circularity in the definition.
58The next block is defined only following the pushdown choice sequence that we constructed in Block 1: what

matters to us is to understand what happens along a particular choice sequence constructed by piecing together

pushdown sequences constructed for each block.
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The construction stops at the first block, K, such that é, — i, < W for some constant W such that

W > max{%(l + Apg), WtzﬁH}, where W is an arbitrarily large constant@ Such a block must exist,

because Wy, = é — @y, converges to zero, as shown in Part ii) of Lemma[[dl Let p be defined by g=* = 5.

Since the ratio is greater than 1 and g < 1, p is strictly positive. Also let d = %min{%, 1} €(0,1/2].
As explained earlier, the key to showing Theorem Plis the following proposition, whose proof is the object
of Parts II and III.

PRroproOSITION 3 There exists n > 0 such that Br > n? for all n < 7 and BK resulting from piecing together
pushdown sequences as constructed above, given any PBE with friction parameter 1.

It must be emphasized that the proposition holds for any d > 0. However, we only need it for the value
of d defined above. Taking Proposition [3] as given for now, we compute an upper bound on the initial rent,
by backward induction. For each block k < K, we have

. . R . . . R . R . t o, N
EK — Uk = (€K - uk+1) + (Uk—i—l - Uk) < (€K - Uk-‘,—l) + 1 (ek - Uk+1) < _ 1(€K - Uk+1)-
By construction, moreover, éx — @i < W, which implies that
t O\~
e —Ug < | —— Wn. (22)
t—1
Since BK > n? and BK < gKBO < 1, we must also have
Lo
—n <L
gK

Combining these inequalities yields
£\ - _(N\E _
éx — o < <ﬁ> Wn=Wn (—) < WPt < Wn'/2,
- g

Since éx > éo, this shows that éy — g = 0(771/2), which contradicts the existence of the sequence of {n,,},
converging to zero, and corresponding PBEs for which éy — 4y € (£/2,¢).

To avoid confusion, we remind the reader of the ‘o’ and ‘O’ notation: A function f(n) is ‘o(n)" if
lim, 0 [£(n)|/n = 0. It is ‘O(n)’ if there exists a constant f > 0 such that |f(n)| < fn for all  small

enough
PART II: BRIDGING ARGUMENT

The objective of Parts II and III is to prove Proposition Suppose, by contradiction, that Br < n?.
By definition of K, the previous block K — 1 must satisfy éx_1 — @ix—1 > Wn. This implies tha

Wi =éxg —ux > Wn (23)

dp—lp_1—Agn 1 A N
oy > a7 (61 — k1 — Apn) >

> W7 which can be made arbitrarily large by choosing W appropriately. The reason for also requiring that

59The number of rounds in each block k < K is bounded below by
Wn—Apmn
tnA g

W > %(1 + Apg) is explained at the beginning of Part II.
O Equivalently, lim sup,, o |f(n)]/n is finite.
"1 This inequality comes the fact that éx—1 — tik—1 = t(4x — Gx—1), by construction of the blocks in Part I, and

the fact that éx > éx_1.
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where W = LW, Since we chose W > 5 (1+ Ap), we have W > 14+ Ay. Combining this with Lemmal[i]
we obtain, for the augmented index evaluated at round ng )"

’U}K—GK—’U,H(TLK) (W AH)T]>’I7 (24)

Part III (Proposition [)) establishes that if wx < %, then wx < wn't?, which contradicts (24)) for n
small enough.

Unfortunately, nothing guarantees that wg lies below %. The purpose of Part II is to bridge Parts I
and IIT when wg € ( o ,Wn) We will analyze the dynamics of /3,, and w,, along some appropriate choice

sequence between the levels wg and " , and establish the following result.

PROPOSITION 4 (BRIDGE) Suppose that Br < n?. Then, letting N > ng denote the first round for which
wy < ’7 there exists a choice sequence such that

1. wy Z % —o(n)

2. Bn = O(n?).

Thus, if B x < n?, there must exist a choice sequence and a round N to which the contradiction argument of
Part III can be applied.

To construct a choice sequence that yields the two conclusions of PropositionH] we start by exploiting P’s
IC constraint, similarly to what was done in Part I. This time, however, there are no blocks: the equation
is used at every single round n, and exploits the losses on both types. For each R,41 € M, U{R,}, let
1 (R, +1) denote the probability that § accepts R, . Because P can always jump to Er(R,), Eg(R,) (cf.
Lemma 2]), P’s IC constraint implies as explained below that

waaBn = Y Bl (Rup)nD + (1= B (Rt )n(Q(Rus1) — Q(EL(Rn))) (25)

Rn+1€(MnU{Rn})mH

= Z 115 (Rni1) [Bupin (Rug1)nD + (1 = Bu)n(Q(Rny1) — Q(EL(Rn)))] (26)

Ryi1€(M,U{R,})NH

where ji,(Rnt1) = pl (Rpi1)/puE (R, 41) and D is the lower bound on the loss on H given in Lemma

The left-hand side of (25)) is an upper bound on the gain, relative to the immediate jump, made on the
high type: given his continuation utility wg(n), the lowest achievable cost that provides this utility is the
cost of the H-efficient contract that gives ugy (n). From Lemmal[I0lof Appendix[D] this gain is bounded above
by a(ug(Eg(Ry)) — upg(n)) = aw, (that bound is computed using a ‘best case scenario’ for P, in which H
accepts with probability 1 the H-efficient contract C,, providing ug(n))[d The first term of the right-hand
side is the net loss on H if he accepts a contract in the H-Rent conﬁguratmn and, hence, far from efficient,

"2The reason for using ug (nk) instead of Gk is that H’s continuation utility at round ng need not be exactly

equal to Gk it lies between ux and tux + Agn.
We can assume without loss of generality that uﬁ (Rn+41) is strictly positive for all Rp41 € (M, U{R,}) N H:

first, if any contract in that set is not chosen with any probability, we can construct an equilibrium in which those
contracts are removed. And if any contract R, in that set is chosen only by H with positive probability, then
Proposition [ implies that H gets the H-efficient contract C' that gives him the same utility as R, 1, so that the
equilibrium can be modified by having P propose C instead of R, ;. That change reduces P’s cost and does not

affect incentives.
"This is an upper bound on the gain, since C,, is the cheapest way of providing H with his continuation utility.
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1%

Figure 5: Rent extraction concepts (contracts are in black, utilities are in purple)

in case of a breakdown at the end of round n. This loss is bounded below by D as long as w,, < 2¢, which
will be true along the choice sequence that we consider. The last term is the net loss on L in case of such a
breakdown.

To establish Proposition @, we introduce the variable y, = ug (Fy(R,)) — ug(Rp+1), ie., H's utility
gap, for any choice R,,;1, between the immediate jump and his utility in case of a negotiation breakdown
at round n (the breakdown occurs after the agent has chosen the new contract, R, 41, which explains the
index). This quantity y,, is important for the analysis, because it provides a control on the decrements of w;,
and makes sure that we do not overshoot the threshold % by too much. Indeed, subtracting ug (Em(Ry))
from () and rearranging (and recalling that w,, = uy(Ex(R,)) —upm(n)) leads, along any choice sequence,
to

Wil = Wy — NYn + NWns1 + (1 =) (ug (Eg(Ruy1)) — un(Er(Ry))).

These concepts are represented on Figure

Proposition @ is based on the following lemma, which is proved in Appendix [El Fix a positive integer N,

positive constants 3 and w, and a small positive constant &.

LEMMA 6 Suppose that negotiations reach a round i such that B < Bn® and wy, < wn. There exist functions
W(N) and k(N) of N (only) such that the following holds. Let S denote the event that the agent chooses at
all rounds n € {n+1,...,n+ N} contracts such that y, = O(n¥*), Bp < Bag ~=™, and w, < W(N)n.
For n) small enough, the probability of S is greater than 1 — k(N)&.

We now modify the analysis of Part I to study blocks consisting of N rounds, indexed by 7+ 1 to i+ N,
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where N will be determined shortly. The first such block starts with 7 = ng, the second of these blocks
starts with 7 = nx + N, etc. These blocks are different from those of Part I, because the number N of
rounds in each block is fixed and, unlike the blocks of Part I, H’s utility at the end of each block is not
precisely controlled.

The analysis of Part I is modified as follows. First, notice that P’s IC constraint at round 7, looking
ahead over the next N rounds, implies that

Bﬁa {(1 - Mﬁ)(eﬁ - UH(’fL)) + Mﬁ(eﬁ - E[UH(’fL + N)])} > BﬁNﬁDn]\_f - BﬁéQk(N)&:,

where 5 is the probability, seen from round 7, that H rejects all H-efficient contracts between rounds 7 and
n + N. The argument for this equation is the same as in Part I, the only difference being that we are now
taking the expectation of u (7 + N) because we do not know its value (before, we had precisely defined the
end of the block as the first time that ug crosses some level, but now N is exogenous). The lower bound D
on the loss is valid with probability 1 — k(N )e because conditional on S occurring, w,, is small throughout
the block by Lemmas [0l and the lower bound on the loss follows from Lemma On the complement of S,
whatever cost is incurred by P conditional on facing H is bounded above by some constant, by compactness
of the contract space. The difference between D and that constant is captured by dg > 0 (last term of the
above equation), which is independent of 5, N, and &.
This implies that

alen —up(n)) + dgk(N)e - aW + 6qk(N)e
a(Elug(n + N)] —ug(n)) + DnN — DN ’

fa <

where the second inequality comes from i) the fact that ug(n) is nondecreasing across all paths which
implies, taking expectations, that Eug(n + N) > ug(n) and i) w; = en — ug(n) < Wn (this inequality
holds for all blocks of Part II, without loss of generality, see Remark B below). Now let uS (resp. wu5)

denote the probability that H rejects all H-efficient contracts, conditional on event S (resp. conditional on
B

its complement, B), and let ps (resp. pp) the probability of S (B). We have u; = psus + psus. Since

ps > 1 — k(N)&, we conclude that

1S < (aW + dok(N)e) (1 + k(N)e) ' (27)

DN
We now choose & and N so that this ratio is less than %: first choose N so that % < %, then choose € so
that k()& < 1 and dok(N)&E < aW so that the numerator of ([27)) is less than 4aWV.

Proceeding as in Part I, there must exist a pushdown choice sequence contained in event & such that
the ex post probability that H has not chosen an H-efficient contract is weakly less than uS. Along that
sequence, i) yy, is of order O(n%/*), and ii) B, 5 < 67” We have thus built a choice sequence over N rounds
starting from 7, such that y,, and f,, stay small, and 3,, ends up smaller than at the beginning of the block

Starting from round n g, we build a sequence of N-sized blocks as described above. Because 1,, converges
to zero (by part ii) of Lemma [[4)), it will eventually cross %. Let N denote the first round at which wy
drops below that threshold. From (52) of Lemma [l (Appendix D), we have wy,+1(1 — 0Bn41) = Wy — NYn,

or

Wn4+1 — Wn Z bﬂnJrlwnJrl — NYn- (28)

"Notice that 3, can increase up to Bﬁéfﬁ along such a block. However, because N is fixed, it still remains of
order O(nd) along the sequence, and drops in any case below $7/2 when round 2 + N is reached, for the pushdown

sequence.
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The blocks were constructed in such a way that y, = O(n%*) and 8, = O(n?) at each round of each block.
Applying these observations to ([28) at round N — 1, we obtain

WN —WN_1 > —0(77).
Finally, we have

Wy —Wn-—1 = (wy—wy_1)+ (max{e;:k <N} —en)— (max{er: k< N—1}—en_1)

> —o(n) — (exn —en-1),

since the different of maxima is nonnegative. From (@8], the difference ey — en_1 is bounded above by

aBn-—1

T An  WN-1 which is o(n). Since wy_1 > % by definition of N, we conclude tha

D D
oy 2 Bn-1 = o(n) 2 £~ oln) 2 -
This concludes the proof of Proposition @ and implies that we have reached a round N such that i) wy is
above wn, for some w = 3% > 0 independent of n, and ii) fy = O(nd) Part IIT will show that this is
impossible.

REMARK 2 It is a priori possible that @, goes above Wn at the end of some block. If that happens, the
bound D = D(2¢) need not be valid for the next block. At the end of such a block, should it occur, B, is of
order n® < By. We can restart the blocks of Part I as if n were the initial round. Since 3 decreases along the
blocks of Part I, we have to reach again a round at which w, drops below Wn. At that point, we necessarily
have B, < n%. Because W, converges to zero along any sequence (by Lemma [74), and thus also along the
sequences constructed through Parts I and II, the back and forth between blocks of Part I and Part II has to
stop in finite time at some round N of the type above, i.e., with wy € (wn, %) and By < n?. The logic of

the argument is explained in more detail in Remark[3

PArT III: ASYMPTOTIC ARGUMENT
The purpose of this section is to establish the following proposition:

PROPOSITION 5 There exist a constant w > 0 and a threshold 11 > 0 such that the following holds for all
n < 1: if one reaches a round N for which Bxy < n® and wy < %, then wy < wn'td.

The proof proceeds in three steps:

1. Show, starting from round NV, that one can build a choice sequence along which f,, is decreasing and,
at each round, a simplified version of P’s ex ante IC constraint (before the agent chooses R,,11) is also
satisfied ex post (after R,y is chosen). This step is achieved by Lemma [Tt

2. Show that along such a sequence, one must necessarily have w,, < éng, for all n > N, where ¢ > 0 is
independent of 1 (Proposition [Gl);

"6The last inequality must hold for 1 small enough, since o(n) is negligible compared to 7.
7" As a reminder, the notation Sy = O(nd) means that Sy is bounded above by Bnd for some positive constant B

as n becomes arbitrarily small. But Sy could be much smaller than this bound, too.
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3. Show that wy — wy = O(n*+2?) (Proposition [).

Combining these steps (with 2. applied to n = N) along with the fact that Sy < 7% then proves Proposi-
tion
To express P’s IC constraint, recall from Part I that

wnafy > Z fir (Rni1) [Buptn(Rs1)nD + (1 = Bo)n(Q(Rnt1) — Q(EL(Ry)))] (29)
Ryy1€(M,U{R, })NH
where ji,(Rnt1) = pfl (Rpi1)/puE(R,41) and D is the lower bound on the loss on H introduced earlier
In particular, the RHS of ([29]) is a convex combination of terms indexed by R, 11, and there must exist
Rpi1 € (M, U {R,)}) NH such that

wWnafn 2 B pin(Bny1)nD + (1= Bn)n(Q(Rni1) — Q(EL(R))). (30)

Therefore, there exists a choice sequence that satisfies (0] for all n > N. In what follows we entirely
focus on that sequence, which will be called a regular choice sequence.

We have Q(Rn+1) — Q(FL(Ry)) > Q(EL(Rnt1)) — Q(EL(Ry)) > —kBpt1wny1, where the second
inequality comes from (50) of Lemma [l (Appendix [D). Letting p, = pn(Rn+1), B0) implies that

Brwpa > BnﬂnnD - nkﬁn-l-lwn-i-lu

which may be re-expressed as
Wna Bn-{-l
< —+k—F . 31
The first step, in order to exploit this equation, is to show that 3,, remains small for all n > N. This is
achieved by the following lemma, which guarantees that 3, is actually decreasing along the regular sequence

(see Appendix [H for the proof).

LEMMA 7 There exist 11 > 0 and w > 0 such that, for n <17 i) B, is decreasing in n and bounded above by
n?, i) pn < 3/4 for alln > N, and iii) w, < wn for alln > N.

Part ii) of Lemma [Tl implies that the second term in the right-hand side of [BI) is of order w11 (since

Wn

Bn+1 ~ Bnpn from Bayes rule, see (B8))) and is thus negligible compared to the first term, of order =,

because wy,+1 is bounded above by w,, (1 + 10155,1) (see @) in Appendix [D) and n < 1. Therefore, by

slightly increasing a, whose specific value does not matter in any case for the proof, we get

Wpa LI
< ek (32)

Moreover, [B0) also implies that
Bawpa > (1= Ba)n(Q(Ru41) — Q(EL(R,)))  (ICKT) (33)

Indeed, we have wn < wn, + O(n'T29) < énBy + O(n*+2?) < én' T + O(n'T2%), where the first inequality comes
from Step 3., the second comes from Step 2. applied to n = N, and the third one comes from the assumption that

Oy < nd. Taking w slightly above ¢ then yields the proposition.
™This bound holds only for wy, smaller than 2¢. However, Lemma [ shows that w, is O(n), which guarantees

that the bound applies. More precisely, the proof of Lemma [7] shows inductively, starting from round N, that at
each subsequent round n less that some round M defined in the proof, w, is small enough to guarantee that the loss
bound D and equation (Z9) can be used for the next round. This shows that the loss bound D is valid for all rounds
n < M. Since M is in fact shown to be infinite, the loss bound D is valid for all rounds n > N.
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Relaxation

The previous arguments have shown that any PBE must entail, given the assumptions of Proposition 5]
a regular choice sequence satisfying ([B2) and B3] for all n > N. Moreover, Appendix [D] contains a list of
inequalities which must also be satisfied at all these rounds. Finally, w,, converges to zero along that regular
sequence, by Proposition 21

From now on, we entirely focus on all these inequalities, which arise along the regular sequence. Those
inequalities involve the contracts chosen along that sequence as well as the beliefs 3,,’s and likelihood ratios
wn’s for n > N. We work with these inequalities in complete isolation from the rest of the PBE. The
objective here is to prove some properties of the contracts involved in this sequence by modifying the beliefs
By and likelihood ratios .

The transformation works as follows. Starting with round N, one increases the likelihood ratio py so
as to satisfy ([B2)) as an equality. The interpretation of this change is that H becomes relatively more likely
than before the change, conditional on observing the contract Ry, arising in the regular sequence. We
maintain standard Bayesian updating, but applied to this new likelihood ratio, so that Sy is given by

BN
Bypn + (1 —Bn)

With only that change, the posteriors ,’s at all rounds n > N + 1 of the regular sequence are weakly

BN+1 =

increased as a result of Bayesian updating. Therefore, the inequality [B3) at all rounds n > N + 1 is
preserved (in fact, looser) along the regular sequence. After this is done, one can increase the likelihood
ratio pn 41 pertaining to the contract Ry 1o chosen in the regular sequence at round N + 1, so as to make
I C’ﬁ,ﬁ_l tight. All beliefs 3,, for n > N + 2 are then weakly increased as a result of Bayesian updating. This
preserves the inequalities B3] for n > N 4 2 and does not perturb (B3)) and (B2]) at round N. Increasing .,
inductively for all n > N along the regular choice sequence, the new {1, }n>n and {By }n>n41 satisfy (B3)
as well as
fin = %. (34)
Moreover, because all the posteriors 3,,’s have been weakly increased compared to the initial belief sequence,
while the contracts involved in the regular sequence are left completely intact by the transformation, all the
inequalities appearing in Appendix [Dlstill hold, because they only get looser for higher values of Bn
This transformation leads to a new sequence of beliefs and likelihood ratios which, along with the
contracts of the regular sequence satisfy all the previous inequalities and now satisfy [B2]) as equality (B4).
Because the contracts have not been changed, moreover, w, must still converge to zero. From (B2), this
implies that the sequence of u,’s also goes to zero and, hence, that 3,, goes to zero even after the relaxation.
We are now ready to perform the Steps 2 and 3 needed to prove Proposition In Appendix

(Lemma [TT), it is shown that
urt (B (Rot1) = un (Ba (Ra))) = =bBns1wni (39)

for some constant b > 0. As in Part II, we use the following relation between w, and w, 1 (see (54)):

Wni1 = W — NYn + NWns1 + (1 =) (ug (Bg(Ruy1)) — un(Er(Ry))).

80The only inequality which does not get looser is (G2). However, this inequality was only used in Part II, is not
involved in the derivation of any other inequality of Appendix [Dl and does not appear anywhere in the analysis of

regular sequences.
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Combining this with (B3] yields

(L= m)wny1 > wn =0y = bns1tn . (36)
Multiplying both sides of (B8] by ;p and using B4), we obtain for n > N

a ~
HUn+1 Z (1 - n)ﬂnJrl Z Hn — 55 - bﬂnJrl (37)

Dyn
for some constant b > 0. (The term b comes from the inequality w,, < m for n > N in Part iii) of LemmalZl )
The Bayesian updating equation
Buyy = = Dnbn
Brttn + (1 = Bn)
implies tha

Bt 5 iy 2 2 B O(82) 2 P~ s 4 ofB). (38)

Lemma [T of Appendix [[] shows that y2 < Aﬁ "“ Intuitively, this equation means that the loss on L

in round n, which is of order ny?, must be smaller than the gain on H, which is of order S,w, (i.e., the
probability of facing H times the maximum gain)

Combining this upper bound for 32 with ([B7) and (B8), we obtain the following dynamic equation for
B, for all n > N:

bns2 > Prtr _ v/ But1 — (14 5)Buta (39)
ﬁn-i—l Bn
where ¢ = £/ 15 B For (3,41 small enough, the last term is negligible compared to the penultimate term.

Therefore, by slightly increasing the value of ¢, whose precise value does not affect the proof, we obtain

Bura y Ponr (40)
/Bn+l /Bn

Let, for all n, ¢, = % We have [T g = 5%1 and ([@0) may be rewritten as

Gn+1 = qn — d V HZ)IQk (41)

where ¢’ = /Byc. Since q,, is proportional to u, and, hence, w,, it converges to zero as n — +oo.

PROPOSITION 6 Let ¢ =

4[3162 . Along the regular choice sequence, we have w, < énpy, for alln > N.

Proof. The proposition is based on the following two lemmas, proved in Appendix [El

LEMMA 8 Suppose that there exists a round N > N such that

ﬂ]\?+1 Z 4C2 ]2\”[7 (42)
a1 43
By < NG (43)
Then,
liminf 4L > 1.

n—-+oo Qn

81We have g— = unm = pn(1+ Bn(l — pn)) + tin (Bn) Rearranging yields the second inequality.
82Dividing by 7, we get y2 < xSBnwn /1 for some constant x. Since wy /7 is proportional to i, and p, By is roughly

equal to Bn+1, this provides some intuition for how the equation was derived.
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LEMMA 9 Suppose that {q,} is a strictly positive sequence such that

Gn — qnt1 < VI

for some ¢’ > 0 and liminf, qul > 1. Then, {qn} does not converge to zero.

To conclude the proof of Proposition [6] suppose by contradiction that there exists N > N such that
wyg > énPy. From ([B4), this implies that pyg > %8y, and from the first inequality of (38) this implies than
Bryr = ‘jl:‘; 2 . From the definitions of ¢ and ¢, this shows that (@2]) holds for N. Moreover, from Lemmal [T
By clearly satlsﬁes @3)) for n small enough. Therefore the hypotheses of Lemma [ are satisfied and, hence,

liminf, oo q"“ > 1. Combining this with Lemma [0 then implies that w,, cannot converge to zero, which

contradicts Proposition Bl since w, converges to zero along any choice sequence. |

PROPOSITION 7 There exist w > 0 and 7 > 0 such that wy —wy < wn**2¢ for all for n < 7.

Proof. Recalling the definition of C as the H-efficient contract that provides H with its asymptotic utility

lim,, ugr(n) (see Proposition [2)), we have

un (Cn) = up(Eu(Ry)) = Y wi(Eg(Ro41)) = un (Br(Rp)) < 200y Bown,
n>N n>N

where the last inequality comes from (@S]). From Proposition[6l we have w,, < éng,, for all n > N. Therefore,

up (Cn) — up(En(Ry)) < Kn ) B,

n>N

where K = 2aé.

We have 811 < 2upnfn = 2‘““” Bn, by B4). Using again the inequality w" < éBy, which holds for all
n > N, and letting K= 2“0 , We have Bni1 < Kﬂ For By <
that

\/_K, this 1mphes that 11 < \B/% and, hence,

Bn S BN(\/E)_(H_N)

Therefore,

Zﬁ2<z2 nN _2BN

n>N n>N

We then obtain
up(Cu) — un(Ea(Ry)) < 2KnBy < 2Kn' 24, (44)

where the last inequality comes from the fact that By < 1.

To conclude, note that Wy —wy = max{e; : k < N} —eny = max{ug(Fy(k)) : k < N} —ug(Fu(RnN)).
Since max{uy (Ey (k) : k < N} <up(Cg), by an argument that is similar to the proof of Lemma [I4)), (44
yields the result. |
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D Inequalities (For Online Appendix)

LEMMA 10 (REGULARITY BOUNDS) There exist positive constants a,a,b,b such that for any C,C' e &y

such that ug (C) < up(C), we have

(€) = Q(C) < a(un(C) —un(C)) (45)
Q(C) —Q(0) <b(Q(D) - (D)), (46)
where D (resp. D) is the L-efficient contract that gives H the same utility as C (resp. C).

1
=
=
\CE)
|
I
=
2
IN
IN QO

Proof. Consider two contracts C' and C on &y ordered as in the statement of the lemma. The efficiency
curve g can be parameterized by a univariate parameter A such that, letting C'(\) = (x1(\), z2(\)) denote
the H-efficient contract corresponding to parameter A, the map A — C()) is continuous, one-to-one, and onto
from the parameter set A (a compact interval of R) to £. We can assume without loss that A contains [0, 1]
and that C(0) = C and C(1) = C. We choose the parametrization to be regular, i.e., such that A — C()),
seen as a function from A to R?, is smooth and does not go “too slow” or “too fast” along & H We have

1

d\
[ 9Q(C(N) dzy - 9Q(C(N)) das

Similarly, we have

(@) =u(0) — [ LG ey

d\
lf‘&m@@»ﬂg+&m@9»@gdA
o dr1  d\ dza  dx )

By assumption, the partial derivatives of () and upy are strictly positive and continuous on the compact
domain C, and hence bounded below away from zero as well as bounded above. Therefore, there exist
positive constants ¢ < a such that @%“T’j < g—g < a%“Tfj for ¢ = 1,2. Using these inequalities into the
previous integral representations of Q(C) — Q(C) and ug(C) — uy(C) then shows [{@H).

For the second part of the lemma, consider the parameterizations of £y and & for which the pa-
rameter corresponds to the utility that each contract gives to H (thus, ug(C(A\)) = A), with elements
C(\) = (zH(\), zE () for Eg and D(\) = (xF(N), 2L ()\)) for £1. Because the partial derivatives of ug are
strictly positive on the compact domain C and because the curves & are both nondecreasing in C, that pa-
rameterization is well defined and regular (in the sense of the previous paragraph) for both curves. Consider
two contracts C and C of € 1 with provide H with utilities uy < 4y and let D and D denote the contracts

of &1, corresponding to utilities uy and . Repeating the argument of the previous paragraph, we have

ﬂﬂcwwu»mf+&ma»w¢vdA

a0 -a©) - [

UH

8171 d\ 8:172 d\

83Formally, this means that the norm of the gradient of the function A — C()) is uniformly bounded below and

above by strictly positive constants.
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and

- Y 0Q(D(N)) dzf | 0Q(D(N)) dak

D)—-Q(D) = — —= | dA.
Because the paramaterizations are regular and the curves are nondecreasing, there must exist positive con-
stants z < Z such that 0 < z max{dz¥ /d\, dzf /d\} < max{dxl/d\,dzL/d\} < zmax{dx Jd\, dxE Jd\}.
Moreover, since @ has strictly positive derivatives, bounded below away from zero and bounded above, there
also exist positive constants ¢ < ¢ such that ¢gdQ(C(X))/0z; < 0Q(D(N))/0x; < qOQ(C(N))/Ox; for all

A € |up, ty] and ¢ = 1,2. Combining these inequalities with the previous integral representations implies,

as is easily checked, that there exist positive constants b < b such that
b(Q(D) — Q(D) < Q(C) - Q(O) < b(Q(D) - Q(D)),
which concludes the proof. |
For the next result, let @y denote P’s expected continuation cost at the beginning of round n, conditional

on facing type 6. (We omit dependence on n for simplicity).

LEMMA 11 (INCENTIVE BOUNDS) Given any PBE and choice sequence {R,}, there exist positive constants
a, v, I;, and b, such that

Q1 < Q(FL(Ra) + %awm (47)

urg (B (Rnt1)) —un(Er(Rn)) < %wm (48)
Wpi1 < wp <1 + 10‘_52 > 7 (49)

urp(Rn) —ur(Rng1) < VBnr1Wngt, (50)
uit(Ex(Rs1) — un (En(Rn))) = —bBuiiwns1, (51)
wn—i—l(l - bﬁn-i—l) = Wp — NYn- (52)

Proof. Lemma [2limplies that

BrnQu + (1= Bn)QL < BnQ(En(Ry)) + (1 = Bn)Q(EL(Ry)).

Moreover, Qg is bounded below by the cost of the H-efficient contract C'y(n) that provides utility wgy(n)
to H, since that is the cheapest way of providing H with his continuation utility (by convexity of the cost
function Q). This implies that Q;, < Q(FL(Ry)) 15}%7@ (Q(Ex(Ry))—Q(Cr(n)). The contracts Fg(R,,) and
Cp(n) both lie on £, Equation {@H]) implies that Q(Fy (R,))—Q(Cr(n)) < a(upg(Fu(Ry))—ug(n)) = aw,.
This shows [@1).

From [{T), R, 1 cannot give L a utility greater than the L-efficient contract that costs Q(EL(R,)) +

ﬂagn wy,. This implies that Q(EL(Rn+t1)) — Q(EL(R,)) is bounded above by 1‘1'85" wy. Combining this
with @5) yieldd
abBn

Q(Eu(Rnt1)) — Q(Er(Rn)) < -5,

84Equation B8] applies if Q(Er(Rn+1)) — Q(Em(R»)) > 0. In the opposite case, the inequality holds trivially since
the left-hand side is negative and the right-hand side is positive.
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This, along with the first part of ({5 yields ([@S). We have

Wpt1 = upg(Ep(Rpt1)) —un(n+1) = [ug (B (Rut1)) — un (B (R))] + un (En (Ry)) —up(n+ 1)
[up (B (Rot1)) — un(Ba(Rn))] + un (B (Rn)) — un(n)

b
o (1—ﬂn “)

where the first inequality comes from the monotonicity of ug(n) in n, and the second inequality comes

from (A8]). This shows (@J).

Because L can hold on forever to R, his continuation utility ur(n) is bounded below by wur(R,). At
round n + 1, P’s expected cost conditional on facing L is bounded above by Q(EL(Rn+1)) + lf%:il AWnp 41,
from (1) applied to round n + 1. By the same argument that yielded (X)), there exists ay, > 0 such that
up(E)—ur(E") < ap(Q(E)—Q(E")) for all E, E' € £,. Therefore, the highest utility which may be achieved

at that cost is bounded above by ur,(R,+1) + aBnt1/(1 — Bnt1)Wn+1, for some proportionality constant a,

IN

IN

and
up(Rn) <up(n) <up(n+1) Sup(Royr) +aBpia/(1 = Bpgr)wnq,
which yields (B0J).
In general, up(Eg(Rn+1) —un(Fr(R,))) may be negative. To provide a lower bound for that case, we
use the relations

ur(EL(Ry)) —ur(BL(Rnt1)) = ur(Ry) — ur(Rot1) < aBny1/(1 = Bat1) Wi, (53)

where the equality simply comes from the definition of Er(R,) and E(R,+1) and the inequality comes
from (B0). Replicating the argument that yielded ([@Hl), but using &, instead of Ex and the pair of functions
(upr,up) instead of (um, Q), we get

ug(EL(Ry)) —up(EL(Rnt1)) < & fun(EL(Rn)) — urL(EL(Ryg1))]

for some positive constant &. Since ug(EL(R,)) = up(Eg(Ry)) and ug(EL(Rn+1)) = ug(Fg(Rnt1)), the
previous equation combined with (B3]) proves (&1I)

For the last equation, subtracting ug (Eg (Ry,)) from ([[9) and rearranging (recalling that w,, = ug(Eny(Ry,))—
ugr(n)) leads, along any choice sequence, to

Wi = Wn = NYn + NWnp1 + (1= 0)(un (Ea(Rny1)) — wn (Bn (Rn)))- (54)
Combining this with (&) yields
Wpt1 = W 2 NWnt1 = NYn — bBpt1Wnqa

and hence (52). [ |

85Intuitively, that equation comes from two observations. First, L’s utility from the current contract, R,, cannot
decrease by too much between consecutive rounds. Indeed, recall that 5,41 is the probability of facing H in round
n + 1, while w,+1 is a measure of the maximum rent that P can extract from H at round n + 1. If the product
Br4+1Wn+1 is small, it means that, comes round n 4+ 1, P has very little incentive to extract rents from H, which
implies, intuitively, that his continuation strategy must be similar to what he would do if he only faced L, namely
to jump to the L efficient contract Er(Rn+1), which gives L utility ur(Rn+1). Anticipating this, however, L is
willing to forgo the current contract R, only if R, 11 gives him a utility that is not much lower than R,. The second
observation is that the H-efficient contracts Fg(Ry,) and En(Rn+1) are constructed based on the utility that L gets
from R,, and R, +1. Using a suitable Lipschitz relation between utility differences then yields (BH)
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LEMMA 12 (GEOMETRIC BOUND) There exists ¢ > 0 such that for any C on £, and R in H such that
ur(R) = ur(C),
Q(R) = Q(C) = q(un(C) — un(R)).

Before proving this result, it is useful to give some intuition. Given isoutility curve of L, moving along this
curve affects both H’s utility and P’s cost. The idea is to bound the cost difference for any two points on
the curve in terms of the corresponding differences in H’s utility. At any regular point, one would expect to
obtain a Lipschitz bound, just like the ones obtained in Lemma [0l However, because C is on L’s efficiency
curve, this efficiency curve is tangent to P’s isocost curve at C'. Therefore, moving slightly away from C
along L’s isoutility curve has only a second-order effect on the cost, while it has a first-order effect on H's
utility (since H and L’s isoutility curves satisfy the single crossing property and are thus not tangent). This
yields (locally) the sharper bound provided by Lemma[I2] and the global bound can be obtained by choosing
the bounding constant g appropriately. Proof. Fix some C' € £, and consider the referential centered at C
whose z-axis is the common tangent of uy, and @ at C, oriented towards H, and whose y-axis is the normal
vector pointing northeast in C. The components of a contract, in this referential, are denoted z; and x,,
respectively, with C' being the origin. We parameterize the contract set U, (C) = {R € C : ur,(C) = ur(C)}
in terms of zy: {C(zy) = (zy, v (2¢))}. With this parameterization, we have C(0) = C and C(z;) € H if and
only if z; > 0

Let Q(z) = Q(C(zy)) and ug(x;) = upg(C(x;)) denote the cost and utility of H along UL (C), as a
function of the parameter x;. By L-efficiency of C, we have Q'(0) = O Because uy, is concave and Q)
is convex, the iso-utility curve of u; going through C is convex and corresponds to positive values of x,,
while the isocost curve going through C' is concave and corresponds to negative values of x,. Moreover,
by assumption at least one of these curves has a nonzero curvature at C. In the (x¢,x,) space, this means
that either d*uy,/dx? > 0 or d*Q/dz? < 0. We wish to show the existence of a constant ¢ > 0 such that
Q(z¢) — Q(0) > Ga? for z; in a right neighborhood of 0. Suppose first that d*uy/dx? > 0. This implies that
() > quea? for some g, > 0 and z; in a neighborhood of zero. Therefore, Q(z;) > Q(0) + .|| VQ(C)||«?
for that neighborhood. Now suppose that d’Q/dz? < 0. In that case, let D(x;) denote the contract of
the isocost curve with z-value z; in the new referential (hence, just below C(z;) in the new referential), so
that Q(D(x;)) = Q(C) for all ;. By tangency of the curves, we have ||C(z;) — D(z¢)| = o(x¢). Moreover,
Q(ry) = Q(C(xy)) = Q(D(x4) + VQ(D(w4)) - (C(xt) — D(wy)) + O(||C () — D(z¢)||?) by a standard Taylor
expansion. Finally, for z; in a neighborhood of 0, VQ(D(z:)) = VQ(C)+ O(||D(z:) — C||) = VQ(C) + o(z+).

Combining this, we get Q(21) = Q(D(x))+VQ(C)-(Clar) — D(w))+ o) (|C (1) - D(wy) | + | D)~ C).

Since d*Q/dx? < 0, the y-value of D(z;) in the new referential satisfies z2 (z;) < —§,2? for some G, > 0.
Hence, VQ(C) - (C(xy) — D(x1)) > Gu(zn (1) — 2 (24)) > Go2? for some positive constants G, ¢,. Combining
all this implies that

Q(z¢) > Q(C) + gai + o(x7), (59)

proving the result for that case too.

86The parameterization is well defined, because UL (C) can only have one point for each z:, by strict monotonicity
of ur, in the original coordinates (z1,z2) and the fact that increasing z, corresponds to increasing both x1 and w2
and at least one of these increases is strict, since the normal vector defining x,, points northeastwards.

87Formally, we have Q’(z¢) = %% + g—i%

that the tangent vector (dz1/dx:, dz2/dz:) is orthogonal to the normal vector (9Q/dz1,0Q/dx2) at C.

. Since C' is L-efficient, @) and ur are tangent at C'. This implies

93



By compactness and convexity of U, (C), moreover, ¢ may be chosen small enough so that the inequality
Q(ar) — Q(0) > g

holds for all nonnegative x;. Since ugy has bounded derivatives, there must exists 4 > 0 such that |ug (z;) —
up(0)] < @xy (the single-crossing property between upy and wuy imply that ug(z:) < ug(0) for all 2 >0
and that Vug (C)-(C(z,) —C) # 0 for z; in a neighborhood of 0). Combining these inequalities, there exists
q(C) > 0 such that

Q(Cy) ~ Q(C) > ¢(C) (un (C) —un(Cx))*
Moreover, ¢(C) can clearly be chosen to vary continuously in C' € 5L By compactness of £, ¢ =
minceg, ¢(C) is strictly positive and yields the desired inequality. |

LEMMA 13 There exist positive constants ko and ks such that

yp < k2[Q(Rny1) — Q(EL(Ry))] + ks(max{(Bnwn/(1 = Bn))?, (Bnt1wns1)*} + Brg1wns1) (56)

Proof. We have

vr = [(un(Eu(Rn)) — ub(Eg(Rut1))) + (un (B (Rug)) — s (Roga))]”
< 2up(Eu(Rn)) — un (B (Rns1))* + 2[un (B (Rut1)) — wa(Roga)]”
<k (max{Bpwn/(1 = Bn), Bus1wni1 })* + 2[un (Bar(Rut1)) — um(Rut1)]?
<

k1 max{ (Bpwn /(1 - Bn))Qv (ﬁn-i-lwn-i-l)z} + ka[Q(Rpt1) — Q(EL(Rnt1))]
ke max{ (Bnwn /(1 = B2))?, (Brs1wns1)*} + k2[Q(EL(Rn)) — Q(EL(Rpt1))] + k2[Q(Ruy1) — Q(EL(R,))].

The first inequality is standard ((a+b)? < 2a®+2b?). The second inequality comes from (@&) and (E1I), which
taken together imply an upper bound on |uy (Fg(Ry) — ug(Fg(Rpt1))]. The third inequality comes from
the equality up (Eg(Rnt1)) = upg(Fr(Rp+1)) and Lemma [[2] applied to the contracts C = EL(R,+1) and
R = R, 4+1. The difference Q(EL(Ry,)) —Q(EL(Ry+1)) is bounded above in proportion to ur (R, ) —ur (Rp+1)
(by a simple transposition to £ of the proof of (@), and that latter difference is bounded above by
YBn41Wn+1, from (B0O). This shows that

Y < k2[Q(Rns1) — Q(EL(Rn))] + ks (max{(Bnwn/(1 = $n))?, (But1wn+1)*} + But1wns1)

which yields the result. |

E Proofs for Parts I and II (For Online Appendix)

Proor orF LEMMA M Fix any choice sequence and let ng denote the first round along that sequence such
that w,, < e. By construction, w,,—1 > ¢. From Lemma [B] (whose proof, in the main text, is independent

of this lemma), we have ug(ng) < ug(ng — 1) + nAp. Therefore,
Wpy = Wne—1 +um(no —1) —up(ng) > e —nAg.

Since we can always select a choice sequence along which f,, is weakly decreasing, we also get 8,, < 5o. B

88Indeed, all the constants involved in the previous steps are based on the curvature of the isoutility and isocost
curves at C', which only involve the second derivative of the utility and cost functions at C'. These functions were

assumed to be C? over C.
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LEMMA 14 i) For any round ng, € > 0, and choice sequence, there exists a round n > ng such that ug (R;,) >
max{ug(Eg(Rm)) :m < ng} —£&. i) The augmented rent index w,, = max{uy(Eg(Ry)) :m <n} —ug(n)

converges to zero as n goes to infinity, along any choice sequence.

Proof. 1) Fix & > 0. Proposition[2lguarantees that, along any choice sequence, R,, converges to an L-efficient
Cr. Continuity of ug(-) implies that there exists a round 7 such that ug(R,) > ug(Cr) — & for all n > n.
Therefore, it suffices to show that ug(Cr) > max{uy(Eg(R.)) : m < ng} for all ng. Equivalently, we must
show that uy(Cr) > max{ug(EL(R,,)) : m < ng} for all ng since, by construction, EFg(R) and Er(R) give
the same utility to H for any R € H. For contracts C,C" on the L-efficiency curve &1, ug(C) < ugy(C")
if and only if uz,(C) < ur(C"). Therefore, it suffices to show that uz(Cr) > max,en{ur(Fr(Ry))}. By
construction, ur(Er(R)) = ur(R) for all R € H, since EL(R) is the L-efficient contract that gives L the
same utility as R. Therefore, we have reduced the problem to showing that

ur(Cr) > max{ur(Rm)}.
meN
We recall that for all n, ur,(n) > ur(R,) since holding on to R, is always a feasible strategy for L, and that
ur,(n) is nondecreasing in n for all choice sequences (see Lemma [} the argument there also applies to L).

Since R,, converges to Cf,, ur,(n) must converge to ur,(Cy). Finally, because uz(n) is nondecreasing, we get

ur(Rn) <ur(n) <urp(Cr),

which concludes the proof of i). To prove ii), it suffices to notice that max{ugy(Ey(Rnm)) : m < n} and

up (Ry) both converge to uy (CL), by the previous argument. [ |

LEMMA 15 There exists a pushdown sequence at Block 1.

Proof.  Let p?({R,}) denote the probability, conditional on facing type 6, of observing choice sequence
{Rn} until @ is reached. By definition, summing over all choice sequence with elements in H and truncated
at the first round at which H’s continuation utility reaches 1, we have 3z T ({R,}) = po. Because L
always chooses contracts in H, we also have Y (R} uk ({Rn}) = 1. These two equations immediately imply
that there exists a choice sequence {R%} such that u ({R%})/u({R%}) < po. Conditional on observing
that choice sequence, the posterior is given by Bayesian updating

B = @H({Rg})ﬁo .
P (LR B0 + pt({R) (1 = Bo)
Dividing by uX({R%}) and using that u® ({RO})/ul({RY}) < po yields the result. [ ]
Let uy = ug (Ry) and, for any € > 0,
D(é) =inf{Q(C)—Q(E): C e H,E€En :uy <up(E) <upg(Ex(C))+ &} (57)

D(é€) is nonincreasing in €, as a higher € merely increases the set of (C, F) pairs over which the objective is
minimized. Because Ry is regular, the contracts C arising in (57) are bounded away from Ey for € small
enough, and this implies that D(€) is strictly positive for € small enough. Intuitively, C' and F must provide
almost the same utility to H, and F is a strictly cheaper way than C' of doing so. For such values of €, D(€)
defines a lower bound on the inefliciency of contracts in 4 conditional on facing H.
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LEMMA 16 If at the beginning of any block k, wy, , < €, then for all rounds n of block k,

Proof. Let C denote the L-efficient contract that gives H utility wy(ng—1). Since ug(n) is nondecreasing,
we have for any round n of block k, ugy(nr—1) < ug(n). From part iv) of Proposition [l we have ug(n) <
ug(Eg(Ry,)). This implies that R, must cost weakly more than C; otherwise, we have ur(FEr(R,))
ur(C) and hence ugy (Ey(Ry,)) < ug(Eg(C)), which implies that ug(n) < up(Eg(Ry)) < ug(Ex(C))
up(nk—1), a contradiction. So Q(R,) > Q(C). By assumption, we have uy (Ep(Rp,_,))—un(C) = wy, _,
. By definition of D(e), this implies that Q(C) > Q(En(Ry,_,)) + D(e). Since Q(R,) > Q(C), this proves
the lemma. u

We will consider e such that D(2e) > 0, we let D = D(2¢) denote the lower bound on the loss that is
used throughout the proof.

A

IN

REMARK 3 In principle, one could reach a block k for which wi_1, and hence wi_1, is greater than 2e,
which would imply that the lower bound D on the loss is not guaranteed to hold for that block. If that is
the case, however, Lemma[j guarantees that one can find a later round n for which w, lies in (¢/2,¢), and
one can restart the analysis from that round (i.e., this is our new “ng”). Moreover, Bk_l < Bo, so the two
conclusions of Lemma[§) hold. Re-starting Part I from the new round ng, one may encounter a block for
which this problem arises again, in which case one re-initialize the analysis again, starting from a yet later
round. Since Wy, converges to zero along any choice sequence as n goes to infinity, by Lemma [I])] there
can only be finitely many such initializations: there must exist a round ng such that i) w,, € (¢/2,¢), i)

Bno < Bo, and iii) Wi remains below 2e for all blocks constructed from no

PROOF OF LEMMA
Consider any round n and contract R, 1 in M, U{R,}. If p2(R,+1) > &, then p,(R,+1) < % and,
hence, Bp+1 < %", since Bp+1 ~ pin(Rny1)Bn by Bayesian updating (see (B8]); the term f,418, can be
neglected). The set of contracts R, for which u%(R,;1) < & has probability at most G&, where G is the
upper bound on the size of the menu. Therefore, with probability at least 1 — G&,
ﬂn

ﬂnJrl S —
1S

At round 7, we have B, < n? and wn < wn. Therefore, 8411 < n?/& with probability at least 1 — G&.
From {9), wp+1 < wy, (1 + %) Therefore, we also have wp 11 < k17 for some constant k. This implies
that with probability at least 1 — G&, the lower bound D = D(2¢) on the loss is valid for round .+ 1, because
Wny1 < 2e. The previous reasoning can be applied by induction to rounds n = 7,...,7 + N — 1. It implies

that with probability 1 — k(IV)&, we have

B < ()N B (58)
w, < W(N)n (59)

for all n € {n,...,n+ N}, for some constants k(N) and W (N) independent of & and 1.

89Indeed, the contrapositive is that there exists a choice sequence such that for all n, there is a round n’ > n for

which w,s > 2¢, which clearly contradicts the convergence of w,, to zero along all choice sequences.
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Consider any choice sequence such that 3, and w,, satisfy the above inequalities throughout the block,
which occur with probability 1 — k(N)z. There remains to show the claim that v, = O(n%*) throughout
the block for such sequences. We begin by showing the result for round n = n. The first step is to show that
Q(Rn+1) — Q(EL(R,)) must be of order O (T) for that round. If each term in the sum entering P’s

IC constraint (28] is nonnegative, this result comes from the 1nequa11ty@

which implies that
awn, Bn

Q(Ru+1) — Q(EL(Ry)) < T ) AL (Rns)’ (60)
In general, while some terms
p (Rn1) (L = B)n(Q(Rp41) — Q(EL(Ry))) (61)
involved in the sum of (ZB) may be negative, they can only be very slightly so: indeed, we have
Q(Rni1) — Q(EL(Rn)) 2 Q(EL(Rn41)) — Q(EL(Rn)) 2 —kfBni1wnya, (62)

where the second inequality comes ([B0) of Lemma [l Moreover, w11 < wy, (1 + 0‘5 n ), from J), and
UE(Ryi1)Bny1 is of order 3,. Therefore, the lower bound of (&0) is of order wy,3,, and hence each negative
term which may arise in (26]) are of order nw,(3,. Since there are at most G of them, we conclude that (GQ))
holds up to a term of order 7nf,, which is negligible compared to the first term.

From (G0), we see that for all R, 1 such that uZ(R,+1) > +/Bn, the difference Q(R,11) — Q(EL(R,))
is at most of order v/B,. By Lemma [[3 of the Appendix, this implies that y, is O(n?/*): Indeed, 32 is
bounded above by terms proportional to Q(R,+1) —Q(EL(R,)) and a term proportional to max{(S,wy,/(1—
Ba))?, (Bag1wni1)?} + Bas1wny1. The first term is of order /B, = O(n?/?), while the latter is of order 3,1,
and is thus negligible compared to the first. Moreover, the set of contracts R,, 11 for which puZ(R,11) < v/Bn,
is negligible: it arises with probability at most G+/B,. Since v/B, = O(n?/?) is small compared to &, for 7
small enough, we conclude that with probability 1 — O(8), 3, = O(n%), w, = O(n) and y, = O(n¥*) for
round 7 and, by induction, for all rounds of the block. |

F Proofs for Part III (For Online Appendix)

Proor oF LEMMA [T]

By assumption, By < n¢ so Sx becomes arbitrarily small as 7 gets small. We recall equation ([@J) from
Lemma [TT}

1_611

where a > 0. From Bayesian updating, we have [,11 = Mﬁignfﬁ) Since By is arbitrarily small, the

Wng1 < W (1 4+ b ) : (63)

denominator is arbitrarily close to 1 for n = N. More generally we have

ﬁnJrl S ,unﬂn(l + 6) (64)

9The inequality holds because each term in the sum is nonnegative, and wn a3, is bigger than the sum.
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where € is a small positive constant, as long as (3, remains small. At N, we have Sy < n? and wy =
ey —uny < ey —uny < %, which implies from (G3]) that wy1 < %(1 + aB,/(1 = B)). From (3II), this
implies that uy < % +0(n) < %

Consider the first round M > N for which ups > 3/4. The probability 3, is decreasin until at least

round M. Proceeding by induction, from round N to round M, the previous inequalities imply that

WN+m < WN H(l +a(l+¢e)Bnii) (65)
i=1
and -
Byis < By [[ (unvei(1+ ), (66)
j=0

and hence also that (64]) is valid for all rounds n € {N,..., M}. From (G6), we have

Bnti < (%) BN

Therefore, (Gh]) implies that

M—N i
3(1+e€
wy < W H (1 +a(l —|—a)77d <%> )
The product

I1 (1 +a(l+e) (Llj 6)>l> (67)

is finite for 7 small enough, and converges to 1 as 1 goes to zero@ Therefore, for n small, wys is bounded
above by 2wy < %. From (3I)), this implies that pas is bounded above by 5/8 +O(n) < 3/4, so M cannot
be finite. This shows that for n below some threshold 7, u, is bounded above by 3/4 for all n > N and,
from (64)), that 3, is decreasing. Since w,, is bounded above by %wN and wy < %, the last claim follows
easily. |

LEMMA 17 There exists a positive constant A such that

AB
2 n+1
< 68
T s (68)
Proof. Equation [B3) implies that Q(R,+1) — Q(EL(R,)) < ﬁ"i”g:), since 3, < By. This, along with (B4]),
yield
DpBnia
Q(RnJrl) - Q(EL(RH)) < 1 _nﬁo .
91This comes from the Bayesian updating equation S,41 = M:ii%’ which is nondecreasing in p,. Taking

tn = 1 shows that Bn+1 < B, as long as uy, < 1.
92Indeed, taking the logarithm of that product, we obtain a sequence that is approximately geometric with geometric

factor 3/4 and, hence converges, uniformly in 1. Moreover, each term of the sequence is of order n¢, which converges
to 0 as n goes to zero. This implies that all partial sums converge to zero and, by uniform convergence, that the
sequence converges to zero as well. By continuity of the exponential function, the product itself thus converges to 1

as 7 goes to zero.
93We are using Bn41 > nBn, which comes from the first inequality of (35).
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Combining this inequality with Lemma [I3] we get

DﬂnJrl
1—fo

2 < o PO e (B /(1 — )2, (Burwnen)?) + Bsrttnsa).

Since w41 < 172% < 1, the last term is negligible compared to f3,,1. Taking A slightly greater than koD

proves the lemma. |
PROOF OF LEMMA [

Taking the square root of ([@2]) and multiplying the result by Y- we get
BN-H
ﬂN > 2c ﬁN—i—l'

Combining this with (0] yields

ﬁA
ﬁZ\AH-? 2 C\/ ﬂN-ﬁ-l'

N+1

Taking the square root of this expression and dividing both sides by /B85, we get
V ﬁN+2 (69)

= 1/4
BNJrl

B

Combining this with 3] (and using that 85, < 8y ) shows that ([@2) holds at round N + 1. Since 8,
is non-increasing in n for n > N and hence satisfies @3)) for all n > ]\7 we can apply the previous argument
by induction to conclude that @2) and @) hold for all n > N. Multiplying (E0) by 5 ﬁ = we obtain

n+1 > 1 Cﬂn

Gn _\/ﬁn-i-l'

From (@J) applied to round n (instead of N + 1), the last term is bounded above by c(ﬂ}/ */,/¢), which
converges to zero as n goes to infinity. |
PROOF OF LEMMA

Suppose by contradiction that {¢,} converges to zero. This along with the second assumption of the
lemma implies the existence, for any fixed € > 0, of an integer N such that i) q’;“ >1l—candii) ¢, <qy <e
foralln > N . Convergence of {qn} to zero also implies that maxy IT)) g is bounded above by some constant
II. Letting & = VAN, we have ju N +1qk < &%k for all integers k > 1. Therefore, for any integer K > 1, we
have

AN+K = AN+ K — 9o = Z (@n — @ny1) ~5K Z g
n>N+K k>0

where & = ¢/VII and the last inequality comes from the first hypothesis of the lemma. Taking K = 3 and
using that Y, o, &% = 1/(1 — ), this yields

¢ 3/2 o3/
IN+3 S 7T qN/ QC/QN/ : (70)

94Indeed7 there exist N1 such that i) holds for all n > N; and N2 such that ¢, < € for all n > Na. Letting
N = max{N1, N2}, any N € argmax,,>n{gn} satisfies conditions i) and ii).
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Applying inequality i) above to n = N, N + 1, and N + 2, yields

Ayis > an(l —e)®. (71)

Combining ([70) and (7)), we get(1—¢)? < 2c’q]1v/2 < 2¢/€'/2, which is impossible if we choose £ small enough.
This yields the desired contradiction. |

G Proof of Theorem 2], Statement B (For Online Appendix)

Fix an initial belief 8y € (0,1) and suppose without loss that Ry € H. We start by showing that the
probability py that H ends up with a contract in H converges to zero as 71 goes to zero. Let Q(u,p)
denote the minimal expected cost of providing an expected utility v to H with a contract distribution
that puts probability at least p on contracts lying in H. We have Q(ug(Ex(Ro)),0) = Q(En(Ro)), and
Q(u u(En(Ry)),p) is strictly increasing for p in a neighborhood of zero because contracts in H are inefficient
for HP?1 Statement A of Theorem [2] guarantees that H must get a utility arbitrarily close to uy(Fn(Ro
and that the cost to P conditional on facing H must be arbitrarily close to Q(Ex(Rp)) as n goes to zerol%
For any € > 0, this implies that there exists a threshold 7j(¢) such that py < e for all PBEs corresponding
to any n < 7(e).

For the remainder of the proof, we fix some smal ¢ > 0 and focus on 7’s below the threshold 7 = 7j(?),
so that py < et.

From Statement A, there exists a threshold 7 such that §’s expected utility at the beginning of the game
is bounded below by vg(g) = ug(Eg(Rp)) — €* for all n’s below that threshold Moreover, the cheapest
contract Fg(vg(e)) that provides this utility costs Q(Eg(Rg)) — O(e*) and lies within e of Ey(Ry). We
also recall from Lemma 2] that P’s expected cost is bounded above by SoQ(FEr(Ro)) + (1 — Bo)Q(EL(Ryp))
for any n and PBE. Fix a PBE associated with some 7 < min{7#}, 7} and let Qp denote P’s expected cost
conditional on facing € and ug denote €’s expected utility in that PBE. The previous observations imply
that |Qs — Q(Eg(Ro)| = O(e*) (see Footnote [8]).

Let E. denote the L-efficient contract that gives H a utility of ug (vg(g)). That contract lies within O(?)
of E(Ry). Part iv) of Proposition[[limplies that H never accepts a contract R’ such that ugy (R") < ugy (Ee).
Moreover, L as well would reject such a contract since it would reveal his type and lead to a lower utility,
from Part i) of Proposition [l Thus, such a contract does not arise in equilibrium. Let C(e) = {R’ € C :
upg(R') > uy(E.)} denote the set of contracts which may arise in equilibrium. Also let B(6) denote the
e-ball of R? centered at Eg(Rp).

The set of contracts which § may end up with can be split between B(#) and its complement C'(6) =
C(e)\ B(f). Let py denote the probability that 6 ends up with a contract in C'(#), and let u’ and u§ denote
the expected probabilities of § conditional on ending up with a contract in B(#) and C(0), respectively. Our
objective is to establish that pg < ¢ for  small enough.

91n fact, Lemma [[2] (which can be reproduced for £ instead of £1) already implies this for contracts that must

lie outside of any fixed ball centered at Er(Ro).
“Indeed, each type gets a utility arbitrarily close to ue(Fs(Ro)) but P’s expected cost is bounded above by

BoQ(Eu(Ro)) + (1 — Bo)Q(EL(Ro)), from Lemma 2l Since Ey(Rp)’s are efficient, the claim follows.
97Tt suffices to show the claim for all £ small enough, as it immediately implies that claim for higher values of e.
98We have proved the result for = H, and the result is also trivially true for L, without the £*, since ur (Er(Ro)) =

ur(Ro) is a lower bound on L’s utility.
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From above, we already know that py; = O(e?). Consider the probability p that H ends up with a
contract in D(H) = C(H) \ H. We show that p is of order £2. Because these contracts lie in C(g) \ H, they
must provide H with utility at least ug(Ro) — e*. However, because they are outside of B(H), they must
cost at least Q(En(Ro)) + que® + O(e*) from Lemma [2 (again, applying it to £y instead of £,) where
qg > 0. Therefore, the expected cost QH conditional on contracts being in D(H) is bounded below by
Qu +qre? 4+ O(e*). Moreover, the expected cost Qp conditional on the contracts being in B(H) is bounded
below by Qi — O(g?). Let Q4 denote P’s expected cost conditional on the joint event that # = H and that
H ends up with a contract in H. From Qx = pQu + pQu + (1 —p —pH)QH we get

. Qu —QI{-FPHEQH ~Qn)
Qu — Qu

Since the numerator is bounded above by O(e*) while the denominator is bounded below by a factor €2, we

conclude that p = O(¢?) and, hence, that py = p + py < kye? for some ky > 0.

There remains to show the result for pr. We repeat the argument of the previous paragraph. Any
contract in C(¢) provides L with utility at least ur,(EL(Ro)) — O(e*). However, because contracts in C(L)
lie outside of B(L), they must cost at least Q(EL(Ro)) + qre® + O(e*). Therefore, the expected cost Qr,
conditional on contracts being in C(L) is bounded below by Q. + qre? + O(e?) where ¢, > 0. Moreover,
the expected cost Q 1. conditional on the contracts being in B(L) is bounded below by Q7 — O(g*). From
QL =prQr+ (1 —pL)QL we get
_Qr— QL

Qr—-Qr

Since the numerator is bounded above by O(e?) while the denominator is bounded below by a factor €2, we

pL

conclude that py, < kpe? for some k, > 0.
For ¢ small enough, max{kre?, kye?} < e. The threshold min{7, /} delivers the conclusions of Statement
B.

H Notation

e up(n): type 0’s continuation utility at the beginning of round n.

e Ey(R): If Ris the H-Rent configuration, Er(R) is the L-efficient contract that gives L the same utility
as R and Ey(R) is the H-efficient contract that gives H the same utility as E7(R) (see the definition
preceding Theorem [2).

o w, =up(Ey(Ry)) —un(n).
o W, = max{ug(Eg(m)): m <n} —ug(n).
¢ Yo =un(Er(Ry)) —un(Roy1).

o Cp=lim, 00 ug(n).

e a, = o(n) means that lim,_,o lan"l =0.

e a, = O(n) means that there exists A > 0 such that limsup,_,, ‘a—;‘ < A.

61



	Introduction
	Setting and Overview of the Results
	Relation to the Coase conjecture
	Explaining Theorem 2
	Discussion
	Proof of Theorem 1 (Existence of a PBE)
	Results holding for all friction levels
	Statements
	Proofs

	Proof of Theorem 2
	Inequalities (For Online Appendix)
	Proofs for Parts I and II (For Online Appendix)
	Proofs for Part III (For Online Appendix)
	Proof of Theorem 2, Statement B (For Online Appendix)
	Notation

