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Abstract

In this paper we introduce the general setting of a multivariate time series autore-
gressive model with stochastic time-varying coefficients and time-varying conditional
variance of the error process. This allows modeling VAR dynamics for non-stationary
times series and estimation of time varying parameter processes by well-known rolling re-
gression estimation techniques. We establish consistency, convergence rates and asymp-
totic normality for kernel estimators of the paths of coefficient processes and provide
pointwise valid standard errors. The method is applied to a popular 7 variable data
set to analyze evidence of time-variation in empirical objects of interest for the DSGE
literature. The results of this paper serve as a starting point for further research on
numerous open problems including establishing estimation results of time-varying pa-
rameters that are uniform in time ¢, constructing Bonferroni-type correction to the
pointwise standard error bands and developing a valid test of the null hypothesis of no
time variation.

JEL Classification: C10, C14, E52, E61

Keywords: Kernel estimation, time-varying VAR, structural change, monetary policy
shock.

1 Introduction

This paper considers a general multivariate VAR model for non-stationary processes gen-
erated by stochastic coefficients that evolve as bounded persistent processes, such as, e.g.,
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bounded random walks. In addition, it allows for potentially time-varying volatilities of
disturbances. We establish consistency rates and asymptotic normality of kernel estimates
of the paths of coefficient processes and the volatility process of the disturbances, and
supplement theoretical results with Monte Carlo evidence. Finally, we use our estimation
methods to characterise the dynamic evolution of the dataset used originally by Smets and
Wouters (2007). We investigate changes in a variety of features of the multivariate model.
These include the impact on hours worked of a technology shock, the impact on output of
a monetary policy shock, and the predictability of inflation. These three objects are at the
centre of a number of debates in recent work in empirical macroeconomics.

Our work extends in various important directions the contribution of Giraitis, Kapetan-
ios, and Yates (2014). The broad purpose of the focus of Giraitis, Kapetanios, and Yates
(2014) and the current paper on kernel estimation methods for stochastically-varying co-
efficient autoregressive models stems from the exclusive focus of the relevant literature on
a Bayesian approach to the same econometric problem. Papers by Cogley and Sargent
(2005) and others have popularised estimators that use the Kalman filter embedded within
Gibbs sampling algorithms. Stochastic time varying coefficient models have been deployed
in the study of many topics in empirical macroeconomics including: changes in inflation
persistence over time, changes in the persistence of the real exchange rate, estimating the
contribution of good luck versus good policy to the reduction in macroeconomic volatility
during the great moderation, and changes in the response of hours worked to technology
shocks.

Time varying models with deterministic parameters, known in the literature as locally
stationary processes, were introduced by Priestley (1965) and Dahlhaus (1997) and exten-
sively studied in the literature, see the comprehensive review by Dahlhaus (2012). It is well
known that such parameters can be estimated using kernel estimation methods. Our class
of models allows parameters to vary as persistent random processes which enables modeling
non-stationary processes. There is also a large literature on existence of stationary random
parameter, threshold and Markov Switching AR models, see Bougerol and Picard (1992),
Cline (2007) and Francq and Zakoan (2001). For estimation and testing of structural change
in time series regression models, see Kristensen (2012).

Our kernel estimation approach applied in this setting has a number of attractions as
an alternative tool. First, comparable theoretical results on consistency and rates of con-
vergence are not available for existing estimators, under the assumption that parameter
processes follow a bounded random walk. Although most applications of the MCMC al-
gorithms are superficially Bayesian, many of them stress the use of uninformative priors
where possible. So, the theoretical results of this paper are not of mere academic interest.
Second, our kernel estimator avoids the ‘pile up’ problem that MCMC methods are known
to be prone to, which leads to an overstatement of the probability that parameters do not
change, as documented by Stock and Watson (1998). Third, the kernel estimates are very
fast to compute, taking seconds to produce the estimates for a VAR of large dimension,
rather than days for the Bayesian competitor, with the computational gains increasing as



the dimension of the VAR increases. At some point, with VARs of dimension 5 or 6, the al-
ternative algorithm becomes entirely intractable. The difficulty of Bayesian methods stems
from the need to admit only those paths of VAR coefficient processes which imply point-wise
instantaneous stationarity, i.e. satisfy restriction of a bounded random walk. As the di-
mension of the VAR model increases, the law of large numbers makes it even harder to find
draws of parameter processes that satisfy this bounding constraint. Typically, the sampling
algorithm draws parameter path in one go, then accepting or rejecting as appropriate. The
problem is aggravated by the fact that there is considerable persistence in many macro time
series, so with the increase of VAR dimension it becomes more and more likely to find at
least one time period for which restriction condition fails. Koop and Potter (2011) modify
the method so that parameters for each period are drawn separately and, therefore, rejec-
tion does not mean discarding the satisfactory draws in the parameter process accumulated
up to that point.

Our kernel estimation method does not suffer from this problem. It produces a single
path of point estimates directly. This provides the option of assessing ex post whether the
point estimate of the coefficient process satisfies the bounding condition for the whole path.
If it does, then the estimation is completed. If not, (in fact regardless of whether it does or
not), our estimates can be used as the input into some subsequent Bayesian kind procedure
in which the prior that, the bounding condition should hold, is imposed.

A sceptical reader might accept that our kernel estimates can handle large dimension
time varying VARs, but nevertheless wonder whether we really need them? Do we forgo
anything of import by confining ourselves to studying smaller dimension systems? Our
application is an attempt to convince for the need of large dimension VARs. The 7 variable
US data set we consider was originally used by Smets and Wouters (2007) to estimate a
medium scale DSGE model with various frictions in price and wage-setting, consumption
and investment. That model is widely cited and has given rise to similar models used in
many central banks. It was predicated on the idea that the dynamics, the models’ structural
features were wired to capture, were not themselves subject to significant time variation
within the sample itself. As such it is a useful laboratory to look for time-variation. For
comparison, to assess the benefit got by focusing on the larger dimension VAR, we estimate
a smaller, 4 variable system. We identify monetary policy and technology shocks using sign
restrictions, and look for time-variation in the impulse responses to these shocks. We also
compute multivariate measures of inflation predictability and assess how this has changed
over the sample period.

The application turns up results that are interesting in their own right. We uncover
pronounced shifts in the impulse response of real variables like output and hours to an
identified monetary policy shock that imply changes in the extent of nominal rigidity in the
economy. We compute that the impulse response of real wages to a monetary policy shock
has shifted too: it begins our sample period mild and negative, but in later periods we see a
strong positive response. These results can loosely be interpreted as suggesting that wages
became more sticky relative to prices. For example, following a contractionary monetary



policy shock that leads to a recession, the more sticky wages are relative to prices, the more
likely real wages are to increase. We find that the impulse response of hours worked to a
technology shock was initially mild and negative, but becomes steadily larger and positive
through to the present day, implying that the economy (in this regard at least) more closely
resembles a frictionless real business cycle model at the end of the sample than at the
beginning. Inflation predictability shows some pronounced rises and falls in our sample
period, but there is no clear tendency for it to be less predictable in the 80’s as seems to be
the consensus in the literature.

Along some dimensions, our smaller, 4-variable system does a good job of characterising
these dynamics, but along others it does not. For example, shifts in the impulse response
of output and hours worked to a monetary policy shock look very similar whether through
the lens of the 7 or 4 variable system. However, the 4 variable system gives a very different
read on the response of hours worked to a technology shock: here there is no tendency for
this impulse response to become more positive over time, so in that respect the smaller
system fails to adequately describe the time-variation evident in the larger system. Also,
we find that the 4 variable system overstates the fall in inflation predictability in the 1990s,
obscuring the essential continuity in inflation dynamics that the larger, 7-variable VAR
system finds.

Our theoretical results extend well beyond the results of Giraitis, Kapetanios, and Yates
(2014) by allowing more general coefficient processes and providing more refined multivari-
ate version of convergence results, on top of the extension to multivariate heteroscedastic
models. We evaluate the performance of our extended estimator via Monte Carlo analysis
and, crucially, illustrate in detail the extended scope of our modelling toolkit by analysing
a well known dataset using a realistic macroeconometric model.

The rest of the paper is structured as follows. Section 2 presents our setup and theoreti-
cal results. Sections 3 and 4 present our Monte Carlo and empirical evidence, while Section
5 concludes. Proofs are presented in the Appendix.

2 Theoretical considerations

This paper considers two major extensions compared to the work of Giraitis, Kapetanios,
and Yates (2014). The first extension concerns the setup and estimation of a multivariate
autoregressive model with time varying stochastic coefficients while the second centers on
estimation of paths of the process of the time varying conditional variance of disturbances.
We start by considering two versions of a multivariate dynamic autoregressive model given
by

Yy, =W 1y, 1 +u, t=1,2,---n, (2.1)

and
Y=oy + W1y, +uy, (2.2)



/ . / /
where y, = (y1ty...,Ymet), the noise wy = (uig,...,ume) and oy = (g, ..., unt) are
m—dimensional vectors, and W; = [y ;] is m X m matrix of (random) coefficient processes
while Fuu/, = 0, ¢t # s. Alternatively, the model

Y=ty + V(Y — ) T U (2.3)

aims to describe the VAR dynamic of a non-stationary time series y, around some persistent
possibly non-stationary process p, (attractor), see (2.19). If VAR(1) structure is absent, the
attractor p, collapses to y,, differently from stationary VAR(1) models where the constant
p = i, plays the role of the mean.

To ensure that this dynamic model generates a bounded process y, and to enable estima-
tion of the model, it is important to bound the spectral norm, |[¥¢||sp := supjj, =1 || 2|,
of W;, defined as the maximum absolute eigenvalue of ¥,, above by one, i.e. ||[¥|[s < 1.
There are a variety of ways to implement such a bounding, see for examples section 2.4.
We assume that ¥, has the following smoothness properties.

Assumption 2.1. The random coefficients W, are such that ||®llsp <7 < 1,t >0 for
some r < 1. Moreover, as h — oo, h = o(t), t — o0,
sup || W, — W12, = Op(h/t). (2.4)
s:|s—t|<h
The above local stability assumption enables consistent estimation of W¥,. Specific ex-
amples of W, that are standardized unit root processes are given in Subsection 2.4. An
assumption of this form is crucial for achieving consistent estimation. Furthermore, this
condition could be generalised to
sup ||®; — W2, =0 ((h/t)”).
sp P
s:|s—t|<h
for some 0 < v < 2 at the cost of further mathematical complexity. In VAR modeling of
non-stationary y,’s with persistent (non-stationary) parameters W, oy, attractor p, and
volatility process H; introduced below, smoothness restriction has to be sufficiently weak,
comparing to locally stationary models with deterministic parameters, see Dahlhaus (2012),
which by their nature are closer to stationary processes and where v = 2.
The second extension of the paper allows for a martingale difference noise given by

Uy = Ht—IEt; E[ut|]:t_1] =0 (25)

with respect to natural filtration F;, where H; = {hy;;} is a m x m time varying random
volatility process, and e; is a vector-valued standardized i.i.d. noise, Fe; = 0, Ege} =
I. In models (2.2)-(2.1) we set F; = o(es, Hs, W5, s, s < t) while in (2.3) we define
Fi=o(es, Hs, ¥, pg s < t), respectively. This setting does not require an assumption of
mutual independence of (e5) and parameter processes (¥s), (as), (fs)-

Denote by 3y = H; 1 H}_| = E[usu}|F;_1] the conditional variance-covariance matrix.
We assume the following about (w;).



Assumption 2.2. (i) In ey = (e1t, - emet)’, Fely < o0 and Byl < oo fori=1,---,m.
(ii) Fort >0, Ehi;; <C;  for 1 <k <t/2, E||H;— Hy |2, < Ck/t.
(iii) || H; Y| |sp = Op(1) as t — oo.

Assumption 2.2 implies that max; E||u;1|| < 0. For examples of Hy, see section 2.4.
Notice that Assumption 2.2(ii) excludes stationary conditionally heteroscedastic ARCH
type volatility processes (H;) used in stochastic volatility literature, but allows handling
unconditional heterogeneity and conditional variances evolving as non-stationary persistent
random processes commonly used for modelling macroeconomic volatility.!

The next theorem states structural results. In particular, we show that y, can be
written as a moving average of the noise u; with time varying (random) weights II; o := 1,
I =¥ y---W¥,_;, 1 <j<t, and approximated by a truncated VAR(1) process z;, see
(2.9). Notice that

HHtJHSP < HlIJt—1||SP”' ||‘I’t—j”sp < ij 1<j<t. (2-6)

Below equation (2.7) contains expression of y, in terms of the parameter process ¥, and
the noise u; while (2.9) establishes a simple approximation of (2.7) by a moving average
process as t increases.

Theorem 2.1. Under Assumption 2.1, the process y, of (2.1) can be written as

Yy = ZE;%) Htajut_j + Ht,ty07 t Z ]-7 (27)
Ellyll*<C, t>0, (2.8)
Yy =zt top(l), z¢:= 25;10 q’{ut—ﬁ t — o0. (2.9)

Approximation (2.9) can be improved to y, = z; + O, ((logt)/t) as t — co.

2.1 Estimation of VAR(1) model with no intercept

To estimate the paths ¥y, -+, ¥, and ay, - , a, of the coefficient processes in (2.1) from
the sample y;,--- ,y,,, we use the kernel estimate

1

W= (Z ktjyjy;'—1> (Z ktjyj—ly;'—1> ;
p= =1

with the weights ky; := K ((t — j)/Hy) where K(z) > 0, € R is a continuous bounded
function and Hy is a bandwidth parameter such that Hy, — oo, Hy = o(n/logn). Such
estimates are a simple generalisation of a rolling window estimator

t+H¢, t+H¢ 1
v 2:< Z yj'!/;’-l)( Z yj—ly;'—1> )

j=t—Hy j=t—H,

'Foster and Nelson (1996) developed rolling regression strategies for the estimation of time varying
covariances and variances that allow to accommodate ARCH type conditional heteroscedasticity.



which is a local sample correlation of y;’s at lag 1. We assume that K is a non-negative
bounded function with a piecewise bounded derivative K (z) such that [ K(r)dz = 1. For
example,

K(z)=(1/2)I(Jz| <1), flat kernel,
K(x) = (3/4)(1 — 2*)I(Jz| < 1), Epanechnikov kernel,
K(z)=(1/V 27T)e_$2/2, Gaussian kernel.

If K has unbounded support, we assume in addition that
K(z) < Cexp(—cz?), |K(z)|<C+zH)7L, x>0, 3C >0, ¢> 0. (2.10)

To estimate the conditional variance-covariance matrix 3; = HyH, we use the kernel
estimate based on residuals @; = y; — Wiy, 1,

n . n
_ t—7
1 ~ o~

Saar = L; Zztjuju;, where 1 = L(—Hh ), Li:= Zztj, (2.11)

7j=1 Jj=1
where Hj, — oo, Hp, = o(n) is another bandwidth parameter, and the kernel function L
obeys the same restrictions as K. For a symmetric positive definite matrix A we denote
by A'/? the unique positive definite square root of A. If H,_; is positive definite then
2; /2 H,_,. Subsequently, 335, is also used to evaluate standard errors in estimation of

parameter of VAR model, see Remarks 2.1 and 2.2.

Below we set Hy = Hy(log H,/,)l/2 if K _has unbounded support, and Hy = Hy if K
has bounded support. Similarly we define Hy,. Below notation a,, << b, indicates that
an/bp — 0 as n — oo.

Denote K; = Z;-lzl kij, Koy = 2?:1 k:tzj, Loy = 2?21 lfj and set

= —1/2 = —~1/2
g = (Hy/m)Y2 + HV2 k= (Hy /)Y + 1, (2.12)
Then, the following holds.

Theorem 2.2. Let yy, -y, be defined as in (2.1), and t = [n7], where 0 < 7 < 1 is fized.
Suppose that Assumptions 2.1 and 2.2 hold, and K satisfies (2.10).

(i) Then, for Hy = o(n/logn), Hy, = o(n/logn),

U, -, = Op(Knp), (2.13)
Saae — Bt = Op(kny + Fnh)- (2.14)

In particular, ’4“7217111 + Enp < 3knn if Hi/Q <Hy< (th)l/z/log n.
(ii) In addition, if HyHy = o(n), then for any real m x 1- vector a such that ||a|| = 1,

(Ko K20) 2H Y (B~ ) (Y ke 190) " 2a —p N(0,1) (2.15)
j=1



has m-variate standard normal limit distribution.

(iii) In addition, if HyHyj, = o(n) and Hi/Q << Hy << n/(Hp logn)'/2, then
(Lo/ Ly H !y (Saae — B)H' ) —p 2 (2.16)

where the elements of Z = (2ij)i j=1,... m are independent normal variables such that z;; ~
N(0,v7;) where v}y =1 if i # j and vj; = Var(e7,).

Remark 2.1. Theorem 2.2(ii) establishes normal approximation (2.15) for m- dimensional
vector of linear combinations of the elements of the rows of the matriz U, — W, e.qg. the
vector a = (0, ....,i,...,) gives the i-th column of this matriz. In (2.15) H; ', can be replaced
by 5-1/2 ~1/2 _ 52-1/2

ai,t au,t t

(2.16) for Xga+ that can be done if 3,
In addition, notice that in (2.15),

_ k
K0 kigyy ¥y = Ve +0p(1), Vi =300, B, wi". (2.17)

in view of ||3 || = 0p(1) of Lemma 6.5 (i). In normal approzimation

172 _ Ht__l1 which holds if Ht__l1 18 positive definite.

The use of estimates \i’t and X4 requires choosing the bandwidth parameters H,
and Hp. While consistency (2.13)-(2.14) holds under minimal restrictions on Hy and Hy,
asymptotic normality results (2.15)- (2.16) require stronger restrictions, e.g. one can set
Hy = 0((n/ log n) 1/2) and Hy = Hy. Practical suggestions for bandwidth parameters are
given in Section 3, while data driven optimal selection remains an open problem. For that
purpose one could develop a leading-order expansion of the bias term and then similarly
as in nonparametric density estimation use it together with asymptotic variance to obtain
the time varying bandwidth minimising the MSE. The results (2.15)- (2.16) allow flexible
choice of kernel, each of which produces a rate of convergence proportional to the square-
root of the bandwidth parameter. For practical work it would be of interest to conduct
additional study to determine, which kernel, e.g., flat, Gaussian or Epanechnikov, yields
the smallest standard error. In our simulations, the Gaussian kernel as a rule outperforms
the rolling window. The limiting distribution (2.16) involves the kurtosis of €2, that needs
to be estimated.

To highlight the basic statistical properties of a multivariate VAR(1) process with no
intercept, the following proposition analyzes the asymptotic behavior of the weighted sample
mean gy, = K, ! Z;LZI kijy;. The latter is shown to be asymptotically negligible, g, =
Op(Knp) = 0p(1). It also satisfies the multivariate Beveridge-Nelson decomposition well-
known for univariate stationary linear processes, see Phillips and Solo (1992), and the
normal approximation holds. The latter is the same as under deterministic parameters but
involves possibly random normalisation.

Proposition 2.1. Under assumptions of Theorem 2.2(i), with k;, , = (Hy/n)? + H
Gy = (I =)y + Op(ky), ) = (I — )" Hy1& + Op(r;, ) = Op(Kiny)-
In addition, if HyHy = o(n), then (Kt/K;éQ)Ht_}l(I — W) g, —»p N(0,1).

Proposition 2.1 is derived in Lemma 6.4(i).



2.2 Estimation of VAR(1) model with a random attractor

Next, we discuss the VAR(1) model y, that includes a persistent (random) term g, that in
a fixed coefficient VAR model plays the role of the mean. We decompose y, = p; + (y;, — ;)
into a persistent attractor p,, and the term

Y — = W1 (Y1 — ) +u, t>1 (2.18)

which follows the VAR(1) process (2.1) with no intercept, below denoted by ¢, := y; — ;.
By (2.9), y, satisfies the following moving average approximation:

Yy =y + S Ry +0p(1), t— 0. (2.19)

This model can also be written as a VAR(1) process y, = oy + ¥_1y,_; + u; with the
intercept oy = p — Wy_1p;_;. Although the attractor p; can be estimated, in general,
it cannot be interpreted as the mean Ey,. Expression (2.19) shows that (non-stationary)
process vy, can be decomposed into a persistent non-stationary random attractor p, and
time varying moving-average type term.

We estimate p,, ¥y and oy by pg, := y,,

n n
Co= (D k1) (D ke a9i0) s G=9, - Ty,
p=t =1

where ﬂt’j = Y; — Y, To estimate 3¢, we use the estimate X4+ of (2.11) based on residuals
Ui =Y ; — Vil ;1
The following assumption describes a class of permissible attractors .

Assumption 2.3. p, = (p1t, - pmt)’ is such that max; Euj, < oo, i = 1,---,m and

satisfies either (i) or (ii).

(i) Elliy — el P < Chjt, 1< k< /2.

(ii) py — pypr, = m(t, k) + m(t, k), where E|lm(t,k)||> < C(k/t), 1 <k <h <t/2, and
maxi <<y, ||[M(t, k)|| = Op((h/t)Y/2 + h=1), where ||.|| denotes the Euclidean norm.

The next theorem establishes consistency, convergence rates and asymptotic normality for
the estimates.

Theorem 2.3. Let y, -+ ,y, be a sample of a VAR(1) model (2.18) with an attractor,
W, and t = [nt], where 0 < 7 < 1 is fized. Assume that K and L satisfy (2.10), and
Assumptions 2.1- 2.8 hold. Then, for Hy = o(n/logn), Hy, = o(n/logn),

ﬁt - My = Op(/fn,w)v v, -, = Op(”n,z/))a at — 0 = Op(’%n,w)v (2'20>
Yaar — Bt = Op(’ii,w + Fnp)-



(ii) In addition, if HyHy = o(n), then with D, =1+ (K1 > i ktjgj,ly;_l)‘lﬁt,

1/2\ py— -
(Ko /Ky V(I =0 (i — o) =0 N(0.1), (2:21)
1A ~—1/2
(K/ Ky VH Y (G — aq)D, '~ —p N(0,1).
Moreover for any real m x 1- vector a such that ||a|| =1,
n
(Ko /Ko ) 2H L (B — 90) (- kit 1 81) 2 —p N0, 1). (2.22)

j=1
(iii) In addition, if HyHj, = o(n) and H,i/Q << Hy << n/(Hylogn)'/?, then
(Le/ LV (B~ SOH' = 2 (2:23)
where Z is the same as in (2.16).
Remark 2.2. In normal approximations for m,, o and U, of Theorem 2.3(ii) Ht__l1 can
be replaced by 21;542 because of ||Zlfl/2 - E;I/QH = o0y(1) of Lemma 6.5 (ii). For X4 in

it
(2.23) that can be done if 2;1/2 = H, ', which holds if H; | is positive definite.
Moreover, in (2.21) and (2.22),
Dy =Dy +o0y(1), Dyi=1+puV i,
KNS K@iy a1 = Vau +op(1), Vi o= Yoo UFs, 0, (2.24)
The contribution of the present paper consists, first, of setting-up a VAR(1) model
for a non-stationary process y, decomposed into a non-stationary random attractor p,
and a term y, — p, driven by VAR(1) dynamics and, second, showing that the paths of
the parameter processes can be extracted using kernel estimation method. The standard
errors in (2.21)-(2.23) have the same asymptotics as the rolling regression standard errors
in the case of constant parameters. There are, however, two differences comparing to
constant or smoothly changing deterministic parameter models. Firstly, standard errors are
random processes that vary in time, and secondly, estimation of standard errors requires
the use of significantly larger bandwidths than in deterministic case. Further research
is needed to establish estimation results of time-varying parameters that are uniform in
time ¢, constructing Bonferroni-type correction to the pointwise standard error bands and
developing a valid test of the null hypothesis of no time variation.
We choose to use the auxiliary vector a, in (2.22), instead of vec(W;) to obtain parameter
free limit distribution.

2.3 Estimation of VAR(1) model with an intercept

To conclude, we discuss estimation of a VAR(1) model (2.2) with intercept. As in (2.18),
y, can be written as a VAR(1) model
-1 t—1

Y=Yyt tu= Mgon o+ {0 Tpwe g+ Tyel = pe+ 9, (2.25)
k=0 k=0

10



that includes the attractor p, = Z};—:% II; pos—, and VAR(1) process 9, with no inter-
cept: ¥, = O 1Y,_ 1 +u, t > 1, gy = yo. By (2.9), y, satisfies the moving average
representation y, = p, + ZZ_:% Whru_p + op(1). Notice relationships between the attractor
Uy = Z};;lo IT; ot; i and the intercept oy = py — Wy p4y 4.

The following assumption describes a class of permissible intercepts ay, for which the
corresponding attractor g, in (2.25) satisfies Assumption 2.3.

Assumption 2.4. ay = (ait, - ,ame) 18 is such that maxy Eoz;lt < o0, and Ellay —
ak|P<Ok/t), t>1,1 <k <t/2.

Proposition 2.2. If a; satisfies Assumption 2.4 and Assumptions 2.1 and 2.2 hold, then
W in (2.25) satisfies Assumption 2.3(ii).

Therefore, estimation of the VAR(1) model with an intercept reduces to that of a model
with an attractor, discussed in the previous section. This completes the discussion of the
theoretical properties of our estimators.

2.4 Examples

In general, parameter processes ¥, oy, p; and H; of a VAR model may contain random
and deterministic components and can be seen as the sum of a standardized unit root type
process and an additive deterministic parameter function.
In setting the model for VAR parameter W, = {1;;}, one can use the restriction that
mirrors the bounding of Giraitis, Kapetanios, and Yates (2014) for univariate processes:
Qijt
maxo<s<t ) ; |@ij,s|’

"pij,t:""ij tZl, i,jzl,-‘-,m,

for some 7;; > 0, ;1 + -+ + 1, < 7 < 1 and some persistent processes a;; ;. It satisfies
requirement || ¥||s, <7 < 1 of Assumption 2.1. To assure validity of the second requirement
(2.4) of Assumption 2.1, one can assume that for any i, =1,--- ,m,

02055 1 = poa) Wijr + 9i5(7), 0<7 <1, (2.26)

converges weakly in Skorokhod space D[0, 1], where (Wjj -, 0 < 7 < 1) is zero mean random
process with finite variance, W;;1 has continuous probability distribution, and g;;(7) is
a deterministic continuous bounded function. Such coefficient a;;; may contain both a
stochastic and deterministic parts. The popular empirical choice of a;;; in macroeconomic
literature is a random walk

aiji=v1+--+v, v ~IID(0,5?).

If vy has 2+ 6 finite moments, then (2.26) holds with a Brownian motion limit. The condi-
tion (2.26) allows modeling of an extremely wide class of random/deterministic coefficient
processes 1;;;, see Giraitis, Kapetanios, and Yates (2014). In case m = 1, (2.26) implies

11



(2.4) of Assumption 2.1, see Lemma 5.1(iii) of Giraitis, Kapetanios, and Yates (2014). In
general, validity of (2.26) for each component 1);;; implies (2.4) for m > 2.
A typical example of an intercept ay = {«;+} satisfying Assumption 2.4 is

Oziyt:t_l/Q(Uil—i-"'—i-vit)+t_1(di1+~-—|—dit), t>1, 1=1,---,m, (2.27)

where v;;’s are stationary zero mean r.v.’s such that Y 72 [Evi,vio| < oo, Ev} < oo, and
d;¢’s are non-random numbers, max; |d;| < oo. It covers the case of a deterministic constant
intercept o;; = «, a time varying intercept co;; = g(t/n), and a purely random intercept
iy =t1/? Z;Zl v;5. In the univariate case (2.27) was discussed in Example 2.2 of Giraitis,
Kapetanios, and Yates (2014).

A typical example of a time varying random volatility process H; = {h;;} satisfying
Assumption 2.2(ii) is

hij,t = |t_1/2(vij,1+- . '+Uz‘j7t)+t_1(dij71+' . '+dz‘j,t)| +cj, t=>1,4,j5=1,---,m, (2.28)

where the stationary process {v;;} and non-random d;;;’s have the same properties as {v; }
and d;+’s in (2.27), and ¢;; > 0 are non-random. Such H; can be deterministic as well as
random. Assumption 2.2(iii), [|[H; '||sp = Op(1), e.g. is satisfied when H, is diagonal and
ci; > 01in (2.28).

3 Monte Carlo study

In this Section, using Monte Carlo simulations, we evaluate the performance of the estima-
tors of the time varying VAR coefficients and the time varying volatilities.

3.1 Results for ¥, coefficient

The model for the m-dimensional vector process y, is a VAR(1) with no intercept:
Y :‘Ijt—lyt—1+€t7 t= ]-72a"' , 1, (31)

!
where W; = Pgort)AtPgort) , the matrix Pgort) is obtained from m x m matrix Py = {p ¢}
by the Gram-Schmidt orthogonalisation to the columns, and A; = diag[\;] is a diagonal
matrix. We set

Pijt = 0.9 a5/ maxXo<s<y |Qijs|s  Gijt = Qije—1 + Vije,

it = 0.9 a5/ maxXo<s<s Gis, Qi = Qi i—1 + iy
where €; 4, v;j+ and 1;; are independent i.i.d. standard normal variates. The above assump-
tion implies || W[5 <7 < 1.

Table 3.1 reports the average MSE of kernel estimates of all elements of ¥; in (3.1)
based on 1000 replications for m = 2,8 and various values of the bandwidth H,. The
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m =2 m=8

Hy | n=100 200 400 800 | 100 200 400 800
021 013 0.10 0.08 0.07 033 021 0.15 0.11
041 0.07 0.05 0.03 0.02]0.08 0.05 0.03 0.02
051 0.06 0.04 0.03 0.020.05 0.04 0.02 0.02
06 1 0.07 0.05 004 0.03]0.04 0.03 0.02 0.02
081 0.08 0.07 0.06 0.06]|0.04 0.03 0.02 0.02

S 33 33

Table 3.1: Average MSE for ¥,.

Gaussian kernel is used. Tables confirm that the estimator of ¥, is consistent. A good

choice for the bandwidth H, seems to be a value around n0-5-n0-6

, while the dimension of
the model is only a minor determinant of the performance of the estimator: we see that a
large model with 8 variables is as well estimated as a much smaller bivariate model or even
better which is in part the result of stronger restrictions imposed on the coefficient matrix

that is required to have a maximum absolute eigenvalue bounded by 1.

3.2 Results for stochastic volatility h?

In this section we explore the consistency property of the estimator for the time varying
volatility h? of the error term u; = hey of the univariate AR(1) autoregressive model with
parameter ¥, defined as in the previous subsection:

Yt = V- 1Yt—1 + Uy, up = hyeg,

where h; = cexp(at/\ﬁ), ar = a¢—1 + v; and &, vy are independent i.i.d. standard normal
noises, and ¢ > 0 is selected such that Eh? = 1/25. To estimate the time varying random
volatility h?, we use the estimate (2.11):

. ! L .
h% - (22:1 L(%)) > k1 L(%)U% U = Yk — VtYr—1-

We consider a variety of values for the two bandwidths Hj, < Hy and the sample sizes
n = 100, 200, 400, 800. Results for the Gaussian kernel estimates based on 1000 replications
are reported in Table 3.2. They clearly suggest that the estimator is consistent albeit less
well performing than the one relating to the VAR coefficients. That is of course expected.
In general, values of H, around n0-9-n0-6 perform well when combined with Hj, around n%*.

4 Empirical application

In this section, we use kernel methods to estimate a VAR model for the 7 variable Smets-
Wouters data set that, as far as we know, would be intractable for the estimation methods
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Hy, Hp, |n=100 200 400 800 | H, Hj, |n=100 200 400 800
n%4 n%2 1 0.05 0.05 004 004 | n%" 202 015 0.15 0.16 0.12
n%3 | 0.04 0.04 0.03 0.03 n%3 | 0.12 0.12 0.12 0.10
n%4 | 004 0.03 0.03 0.02 n%4 | 011  0.10 0.09 0.08
n%® | 0.04 0.03 0.03 0.03 n%® | 0.09 0.09 0.07 0.07
n%6 | 0.04 0.04 0.03 0.03 n%6 | 0.08 0.08 0.07 0.06
n%7 | 0.04 0.04 004 0.04 n%7T | 008 0.07 0.06 0.06
n%® | 0.05 0.04 0.04 0.04 n%8 | 0.07 0.07 0.06 0.06
n%® n%2 | 0.07 0.07 0.06 0.05|n°% n%2| 026 0.28 026 0.23
n%3 | 0.06 0.05 0.04 0.04 n%3 | 022 021 020 0.20
n%4 | 0.05 0.04 0.04 0.03 n%4 | 0.17 0.17 0.16 0.17
n%% | 005 0.04 0.04 0.03 n%® | 014 014 0.13 0.13
n%6 | 0.04 0.04 0.04 0.03 n%6 | 012 0.12 0.12 0.11
n%7 | 0.05 0.04 0.04 0.04 n%7 | 011 011 0.11 0.09
n%® 1 005 0.05 0.05 0.05 n%8 1 010 0.10 0.10 0.09
n%6 n0%2 | 010 0.09 0.09 0.07 | % 92| 032 037 045 0.41
n%3 | 008 0.08 0.07 0.06 n%3 | 029 0.33 0.37 0.36
n%4 | 0.07 0.06 0.05 0.05 n%4 | 025 027 030 0.34
n%% | 0.06 0.06 0.05 0.04 n% | 021 0.21 027 0.24
n%6 1 006 0.05 0.05 0.04 n%6 | 018 0.19 023 0.20
n%7T 1 005 0.05 0.05 0.04 n%7 | 016 017 0.17 0.18
n%8 | 0.06 0.06 0.05 0.05 n%8 | 014 014 0.15 0.16

Table 3.2: Average MSE for i;t, m = 1.
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based on MCMC algorithms. The data are for the United States, quarterly, and the sample
period runs from 1956Q4 through to 2010Q2. The time series comprise quarterly growth
rates (log differences) of GDP, investment, consumption, real wages, and also the levels of

1/2 and

hours worked, the Federal Funds rate and quarterly inflation. We use Hy = Hp = n
a Gaussian kernel for the estimation. We develop two themes in the application. The first
is on inflation predictability, a focus of the Cogley and Sargent (2005) paper that helped
popularize the use of the Bayesian method for estimating time varying VARs with empirical
macroeconomists. The second is on measuring changes in the estimated impulse response

to identified shocks using sign restrictions.

4.1 Changes in inflation predictability

Following Cogley and Sargent (2005), the predictability Ptj of the ith variable of the vector
of observables Y at horizon j and time ¢, is defined as

Y () 3 () e
e () = (W) e

where e; is a selector matrix with a 1 on the ith row and zeros elsewhere. To provide

Pl =1

)

intuition, consider a univariate model for inflation 7y = pym—1 + u;. Then, predictability
at horizon 2 is given by P? = p?, which in univariate studies is often labelled as squared
‘persistence’. So, the measure Ptj is a multivariate counterpart to persistence.

Inflation predictability has been of interest for many reasons. Firstly, changes in pre-
dictability can be thought of as a way of characterising changes in macroeconomic perfor-
mance. The underlying context is some macroeconomic model in which ideal monetary
policy stabilises inflation perfectly up to some unforecastable error, in which case there is
no inflation predictability. A fall in predictability came to be accepted as a main feature of
the Great Moderation period, arising out of more effective monetary policy. Another reason
for interest in this concept relates to what one might infer about the state of economy from
strong variability in predictability. Predictability can arise from hard-wired features of pri-
vate agents in a DSGE model like indexation, habits or investment adjustment costs. It can
also be produced by monetary or fiscal policy. However, the more one observes variation
in predictability, the less one is likely to conclude that it is the product of private agent
behavioural features, which are supposed to be time variant. If one needs time-variation in
behavioural features of a model to capture changes in macro dynamics, then, staying true
to the spirit of microfounded model building, one probably has a mis-specified model.

We compute the Cogley-Sargent measure of inflation predictability for our 7 and 4
variable systems and plot them side by side in Figure 1.

The Lh.s. chart for the 7 variable system of Figure 1 reveals that there have been some
pronounced fluctuations in predictability, particularly in the last ten to fifteen years. But
yet there is no clear delineation between pre- and post-Volcker episodes, emphasised in
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the early work by Cogley and Sargent (2005). Interestingly, this feature seems to be more
evident in the 4 variable system, where one can see a pronounced fall in predictability in
the early 1980s coincident with the Volcker appointment, and another very pronounced fall
in the early 2000s, reversed by the end of the sample. Based on the 7 variable model we
would say that the 4 variable model overstates the changes in predictability. In so far, as
changes in monetary policy were adduced to be the cause of these changes in predictability,
the 7 variable model would again suggest more evidence of continuity in monetary policy
than is evident from the 4 variable system.

4.2 Shifts in the impulse response functions to identified monetary policy
and technology shocks

Another way to investigate the nature of the process y, via the time varying VAR(1) model is
to see what it implies about the changing impulse response functions to identified structural
shocks €. Recall that sign restrictions only partially identify the impulse responses. In order
to proceed, we identify these shocks using sign restrictions. Although it is well known how
this is executed, we recap briefly here, especially because we apply a more general algorithm
than the one usually used.

We factorise the volatility matrix 3, = PtDtPg of the m-dimensional reduced form
error u; = H; 1€, at time t, as

Y, = B,B,, B;=P,D}”

where the columns of the m x m matrix P; contain the eigenvectors of 3;, and D, is a
diagonal matrix containing the eigenvalues of ;. Such a factorisation ¥; = BB} is not
unique, since for any nonsingular orthogonal matrix Q,, it holds that

s, = B,Q,Q,B,.

Fitting the VAR(1) model with intercept to y,, and using estimates @t and X4, the
impulse responses R(j;t) at horizon j > 1 are computed as:

R(j;t) = R(j;t, ¥, Zuay) = ¥, B,Q,.

They define the moving-average representation y, = f, + Zé;}) \Tliut_j +o0p(1) = py +
Z;;%) R(j;t)er_j + 0,(1). We will identify rotations Q, = Q,(0) parametrized by a set of
parameters 6, that satisfy particular sign restrictions (4.1) for R(1;¢) at horizon j = 1. The
intention is to choose sign restrictions (4.1) that feature in different business cycle models
(see, e.g., Peersman and Straub (2009)).

The search through the grid of parameters for possible rotations @Q; is undertaken, with
Q, parameterised as the product

n—1 n
Q:0) =TT II I0s), 0<6y<m/2,

i=1 j=i+1
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of Givens rotations:

1 ... 0 0 ... 0

0 ... cos(@) ... —sin(d) ... 0
L=+« =+ 0], 0=0=7/2

0 ... sin(d) ... cos(d) ... O

0 ... 0 0 oo 1

where p < ¢ denote the positions on the diagonal taken by cos(6). 6 is the n(n—1)/2 vector
containing all the scalar 6;;. These matrices respect the desired property that I, (6) I, (0) =
I. It is obvious that

Qt(Q)Qt(Q)/ =1I

We find it useful to search through multiple products of such rotations. This increases
the number of acceptable rotations, which may be beneficial when imposing many restric-
tions, restrictions at multiple horizons, or repeat the analysis at every point in time as we
do.

In our 7-variable VAR, among seven shocks, €1, - , e7¢, we identify four shocks: mon-
etary policy, technology, labour supply and demand shocks, using sign restrictions set
out in the table below. Blank cells indicate that the responses are left free. Restric-
tions are imposed on impact, Ry, only. In equation y, = p; + 4 + Ri4e4-1 + -+ for
y = (Ac, Ai, Ay, h m, Aw/p, r), the four lines of Ry, of impulse response at horizon j =1
with signs as in (4.1) identify the required four shocks e;,¢, -+« , 4,4

Ac Ai Ay h w Aw/p r

monetary policy - - - - +

technology + + - (4.1)
labour supply + + - -

demand + + + + +

In the table above, A denotes log difference, ¢ consumption, 4, investment, y GDP, h
hours, 7 inflation, w/p real wages and r the Federal Funds Rate. Translating the signs
above into words: a contractionary monetary policy shock €;,; (that raises nominal interest
rates) is taken to be one that causes inflation, GDP, consumption and investment all to
fall, on impact. A positive technology shock ¢;,; is supposed to raise output and investment
on impact, and to lower inflation. Importantly, we leave the response of hours worked
free, so we can comment on whether time-variation is related to the question of the sign of
this impulse response. A positive labour supply shock e;,; is taken to be one that reduces
real wages and inflation and increases hours worked and output. A demand shock g;,; is
identified as something that causes monetary policy to tighten, but despite that induces an
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increase in real wages, inflation, output and consumption. We concern ourselves only with
the monetary policy and technology shocks, but identify others to improve the precision of
our analysis.

Our identification scheme for the technology shock warrants some comment. Early
papers in the debate by Gali (1999) and Christiano, Eichenbaum, and Vigfusson (2003)
used a long run restriction and identified technology shocks as the only thing that should
contribute to long run changes in labour productivity. We adopt a different strategy, akin
to that used by Peersman and Straub (2009), but with two differences. First, we leave the
response of technology to real wages free. We leave it free because we found we could do
without it: in our results we find that on impact of the technology shock, real wages rise.
A second difference is that we include investment and restrict its response to be positive,
while Peersman and Straub (2009) leave investment out of their set of observables.

We also identify monetary policy and technology shocks from the 4 variable VAR, so that
we can gauge whether inference about changing impulse responses is affected by limiting
the dimension of the VAR. Relevant sign restrictions are shown below.

Ay © Ai h
monetary policy - -+
technology + -

The first object we look at is the impulse response of output Ay to the monetary policy
shock. This gives us an overall impression of the strength of nominal rigidities in the
economy: with flexible prices and wages, a monetary policy shock would have no effect on
output at all. Chart2 shows the impulse response of output to a monetary policy shock,
under the assumption that the reduced form VAR has time varying volatilities, which means
that the size of the shock hitting the economy is potentially different at different points
in time, so that we can nevertheless compare like with like. The impulse responses are
normalised so as to deliver a 25 basis points increase on impact of the shock in the central
bank policy rate r.

The magnitude of the response of output, measured by the absolute distance of the
impulse response away from the zero plane, has fluctuated a lot. The cleanest indicator
of the degree of nominal rigidities is the response on impact effect of the monetary policy
shock. Looking at the L.h.s. panel of Figure 2 which records the results for the 7 variable
VAR, we might deduce that the economy evolved toward being a more flex-price economy
(the impact of the shock falls from the beginning of the sample). Also the tendency for the
economy to oscilate thereafter reduces, suggestive of the fact that corrective monetary policy
responses improved. The 4 variable VAR shows some differences in these patterns. For a
start, for most of the period the 4 variable VAR understates the impact of the monetary
policy shock. Second, although the fall in the impact is captured by this smaller system, the
4 variable VAR shows the impact growing again towards the end of the sample, a change
that is much less evident in the 7 variable system.

We turn next to the impulse response of hours worked to a technology shock. To set the
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scene, and give a flavour of the importance of this object, it is useful to recap briefly on the
empirical macro-literature on this topic. The influential work by Gali (1999) contested the
real business cycle view that technology shocks were a key driver of the business cycle, which
had been at the forefront of the debate since the seminal work of Kydland and Prescott
(1982). He identified technology shocks as being the only thing that gave rise to long run
changes in labour productivity. He estimated that these shocks caused hours worked to
fall.  This implies that either the RBC account of business cycles is incorrect, or at least
incomplete; or the model has to be modified to change the sign of the response of hours
worked: the sticky price version of the RBC model does this, or some other shock was
responsible for the major part of business cycles. Christiano, Eichenbaum, and Vigfusson
(2003) made things look better for the RBC model by noting that whether hours rise or
fall depends on whether the per capita hours work variable enters the VAR in levels or
rates of change. Peersman and Straub (2009), whose sign restriction identification scheme
most closely resembles ours, found that hours worked rise. An interesting comparison for
our purposes is with Gali and Gambetti (2009). They estimate a 2-variable time varying
VAR involving hours and labour productivity for the US using estimation based on MCMC
algorithms. Technology shocks, as in the original Gali (1999) paper, identified to be the
only shocks that explain labour productivity in the long run. They find that the impulse
response of hours worked to a technology shock is always negative, but gets less so over
time.

Figure 3 shows our impulse response functions, from the VAR with time varying reduced
form volatilities, and for both the 4 and 7 variable VARs. To compare like with like, we
normalise the impulse responses here so that on impact the technology shock has a 25
basis points effect on output, imposed to be positive in the sign restrictions identification
scheme.?

We find clear evidence of time-variation in impulse responses in the 7 variable system.
The impulse of hours worked to our identified technology shock starts out small and nega-
tive, showing the economy resembling a sticky price version of the RBC model with fairly
weak propagation, and evolves steadily to the most recent period to be large, hump-shaped,
and positive, looking much more like a traditional flex-price real business cycle model. (Note
the echo here with the evolution in the impulse response of output to a monetary policy
shock, which also shows some evidence of the economy becoming more like a flex-price econ-
omy in the first half of the sample). This mirrors the Peersman and Straub (2009) results,
which use an identification scheme most similar to ours. The results of Gali and Gambetti
(2009) are comparable in the sense that they also find that the economy comes to resemble

2For the monetary policy shock, one can uniquely and fairly uncontroversially normalise the impulse
responses over time so that they have the same effect on impact on the policy rate, thereby eliminating
variability in the IRF due to time variation in the volatilities. When identifying time variation in changes
in a tax instrument, normalisation could be achieved by isolating the impact of the shock on some tax rate.
However, for shocks to economic primitives like technology there is no unique way to normalise the impulse
responses, and doing it using output seems reasonable.
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the RBC economy more, but his impulse response starts out markedly negative, and fin-
ishes the sample period marginally negative, whereas ours becomes markedly positive. The
4-variable system fails to pick up the tendency for the impulse response of hours to become
more positive. There are some marked fluctuations in the 4 variable impulse response, but
no clear pattern emerges, as indicated in the 7 variable system.

5 Concluding remarks

Giraitis, Kapetanios, and Yates (2014) offered an alternative, kernel-based method for es-
timating simple autoregressive models with stochastic time varying coefficients, in which
parameters are assumed to be bounded random walks. This paper extends the theoreti-
cal results to the case of more realistic, multivariate models with time-varying volatilities,
and shows through Monte-Carlo evidence that the theoretical results translate into good
small-sample performance.

We also apply the estimation method to a 7 variable VAR with time-varying volatilities
estimated on the US Smets-Wouters data set. We compute time-variation in three objects
that have been the focus of attention in recent research in empirical macroeconomics. We
find some evidence that the impulse response of output to a monetary policy shock has
gotten smaller, as though the economy has become more like a flexible price economy. It
appears that the impulse response of hours worked to a technology shock has become steadily
more positive through the sample period, also implying that the economy has become more
like a flex-price RBC economy. We also find fluctuations in inflation predictability, but
no clear evidence that predictability fell in post-Volcker period, as has been advocated by
previous work. Our results suggest some advantage in using the 7 variable system, since
estimates of a 4 variable system contradict those from the larger system in a number of
respects. To begin with, the 4-variable system understates both the impact of and changes
in the impact of the monetary policy shock on output. Second, the 4-variable system fails to
record the slow increase in the response of hours worked to a technology shock. Third, the
4 variable system shows a much more marked difference pre- and post-Volcker in inflation
predictability, when the 7 variable system was suggestive of more continuity in this respect.
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6 Appendix

6.1 Proof of Theorems 2.1-2.3

In the proof we use repeatedly the following properties of the spectral ||.||s, and Euclidean
||.|| norms of matrices: ||AB||sp < ||Allspl|Bllsps ||AB]|| < ||Allspl|B||, and for a vector a it
holds ||ul|sp = |[ul].

Recall notation H = H when K has finite support, and H = Hlogl/2 H when K has
infinite support. In addition to &, 4 of (2.12), we define

K= (Hy/m)' P+ H' k)= (Hy/n)'? + Hy

We will use the following property of the weights k;; (see (6.16) in Giraitis, Kapetanios,
and Yates (2014)): for ¢ = [tn]| (0 < 7 < 1) there exists b > 0 such that, as H — oo,

2 1<j<n, ji—jzoit Ktj = o(1), (6.1)
Sk ~H, Yk~ BH, B3>0,
Proof of Theorem 2.1. Part (2.7) follows applying recursion (2.1). To show (2.8), note

that by Assumptions 2.1-2.2, |[IL; j||sp < 77, El|y|[* < oo and max;j>q E||u;||* < oo, which
together with (2.7) implies

t—1 t—1
[1yell < D 1Tl plletes| + 1t sl [yl | < D7 sl + 7ol
J=0 =0

Blly||* < (I}lggElluy‘H“ + Ellyoll) (Y r7)* < oo
> =

To show (2.9), use |ai---a; — bi---bj| = |(a1 — bi)az---ay + bi(az — b2)ag---a; +
by---bj_1(aj —b;)| < jmaxi— .. jla; — bila? 7L, if |a;| < a and |b;| < a, to obtain

[Ty = ®[p < /™" max (1@ — Wi, (6.2)

Denote
R = a ‘IJ - ‘Ils Sps 63
th s:\Isrit|X§h || t || P ( )

where h — 0o and h = o(t). Then, by (2.7),

t—1
[lye —zell <D [Ty — @7 [spllaa—s1] + [l [spl 1o

j=1
h ‘ t—1 ‘
< Rop S Ml +42 Y g fucsll + llwol [} = Renzena + 22 = 0p(L),
J=1 j=h+1
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because R;;, = Op(\/m) = o0y(1) by Assumption 2.1, whereas FEzp; <
max; B||u;|| 3252, jr/ ™" < oo and Ezpp < CY52,,jr7 — 0 as h — oo implies
zth,1 = Op(1) and zpp 0 = 0p(1). O

Proof of Theorem 2.2. (i) First we prove (2.13). Set V,; := K, * Y kY Y,

n n n
Syyi =K Z ktjyjy;-_l, Syt =K Z ktjujy;_l, St =L thjuju;. (6.4)
=1 j=1 j=1

Then, \i’t = Syy,tV;y{t. We will show that

||‘i’t e Suyvtvy_yl,tHSp = Op(’f:z,w)- (6.5)

Then || W; — W[ < [| ¥ — ¥, — Suy,tv;yl,t”szo"'|‘Suy,t||8p||V;;t||8p = OP<K‘:L,1/)) +Op(Kiny) =
Op(kinp) by (6.5), noting that |[Suy.llsp = O,p(H, ") by Lemma 6.2(1), and ||V}, |5 =
Op(1) by Lemma 6.1(vi), which proves (2.13). Since by (2.1),

U, — Oy = (Syys + )V roi= KN k(W0 — W)y, Y, (6.6)
(6.5) follows from
llrellsp = Op((ﬁw/n)l/Q + ngl) (6.7)

To show (6.7), select h = bH,, such that (6.1) holds. By Assumptions 2.1 and 2.2, Ry, in
(6.3) satisfies Ry ), = Op((h/t)l/Q) = Op((Hw/n)l/Q)a [ —Wel|sp < |[e—jllspt[|Tel[sp <
2r, E||lu1||? < co. Therefore,

[lrellsp < K7 Z?:l ksl | ®e—j — ‘I'tHspHyj—lHQ < Rinln + qn2s

where g1 5= K; ' 320 kijlly; il |? and guo o= 2r K Y00 Kyl

Observe that Eg,1 < C’Kt_1 Z?:l kyy < C and Eg,2 < C’Kt_1 Zj:\t—j|2h ki =
H;lO(l) = O(qul) by (6.1) which implies ¢,,,1 = Op(1) and gn2 = Op(HIZl). This proves
(6.7): [[rellsp = Op((h/1)/?)Op(1) + Op(H ') = Op((Hy/n)'/? + H,'), which completes
the proof of (6.7) and (2.13).
(ii) Proof of (2.15). Denote by T, ; := (Kt/KQ,t)l/QH;_ll(l/I\lt — \Ilt)(zglzl k:tjyj_ly;_l)lﬂa
the Lh.s. of (2.15). By (6.6), one can write

Toi = (Ko/ Ky VH Y 80yl V o) et (K Ky H eV P a= T g + T,

By Lemma 6.2(ii), T, +1 —p N(0,I). It remains to show ||T,42l|sp —p 0. By (6.1),

1/2 1/2 1/2 — —1/2
Ki/Ky)? = O(H)?). Hence, ||[Tuualley < CHYZIHopllrellspl|V 07 lips where
1H ;41 |lsp = Op(1) by Assumption 2.2(iii), ||r||, satisties (6.7) and ||V,11||s, = Op(1) by

Lemma 6.1(vi). So, ||Tt2llsp < CH}/2OP((H¢/71)1/2 + qul) = 0,(1) for H,Hy = o(n),

which completes the proof of (2.15).
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(iii) Proof of (2.14). Use
zﬁﬁ,t - Et - (Eﬁﬁ,t - zuu,t) + (Euu,t - 215)7 (68)

to bound ||2ﬁﬁ,t - 2:tHsp < ||2ﬁﬁ,t - z:uu,tHsp + ||2uu,t - EtHSp' By Lemma 65(1>7 Hzﬁﬁ,t -
Suutllsp = Op(/-s,217¢ + Knp), while by (6. 32) of Lemma 6.3, ||Xuu: — Z¢l||sp = Op(.'-@mh)7
which yields (2.14): [|Zaar — Z¢llsp = Op(K 4 + Knp)- i

To complete the proof, observe that Hi,w < 2((Hy/n) + H, o< 2k =
2((Hp/n)Y/? + Hh_l/Q) under assumption H,}L/z < Hy, < (th/log2 n)Y/2, because
HJI < Hh_l/2 when Hfll/2 < Hy, and (Hy/n) < (Hp/n)'/? since (Hy/n)/(Hp/n)'/? <
log n(Hy/n)/(Hp/n)'/? <1 for Hy < (Hyn)'/?/logn.

Proof of (2.16). Use (6.8), to write
(Le/ Ly Y H Y (Saag — SOH'C = G + T,

where gus = (Le/Ly ) VH; Y (S — SOH'y and 1oy = (Le/Ly) ) H Y (Saas —
Syui)H'; Y. Notice that assumption Hy, Hj, = o(n) implies Hj, = o(n'/2). Thus, by Lemma
6.3(i1), gn,t —p Z. It remains to show that ||7,|[sp —p 0. By (6.44), ||Zaat — Zuutllsp =
Op(/i%’w + (Hyp, /n)'/? +H; Y = O(Hfjl/z) because (Hj,/n)'/? = 0(H{1/2) under assumption
HuH;, = o(n), and /ﬁfw < 2((Hy/n) + HJl) = 0(H71/2) under assumption H}tﬂ <<
H, << n/(Hplogn)/2. Recall that by (6.1), Lt/Ll/2 = O(HI/Q), and ||H, Y|l =
Op(1) by Assumption (2.2)(iii). Therefore, ||rnellsy < (Le/Ly/ ) IH Y2 rnillsp =
O(Hi/Q)op(H,jlp) = 0p(1) which completes the proof of (2.16) and of the theorem. O

Proof of Theorem 2.3. Proof of the claims about ¥,. Note that
G — 1] < 11Ge — 110 — 9ol + 1|9l = Op(hin,p) (6.9)

1K S0 kel =

since ||, — py — 9yl| = Op(“:;,w by Lemma 6.4(ii), and ||g,||
Op(Kn,p) by (6.38) of Lemma 6.4, which proves (2.20).
To show (2.21), write

(Ko /Ky VH A (1 — 00 (g — py) = (Ko /Ky H L (1 — 0)g,
(Kt/Kl/z)Ht_j1 (I —Oy) (1 — py — Qt) =!Up,1 + Up2.

By (6.39) of Lemma 6.4, v, 1 —p N(0,I). Thus, to prove (2.21), it remains to show
that [[vnl| = op(1). Tndeed, [[vnall < (Ko/ Ko, ) IHZ spllT = Wil ol — 120 — 4l] =
O(H;J/Q)Op(/@;w), because (Kt/K;/tQ) = O(Hj/Q) by (6.1), ||H; ;|| = Op(1) by Assumption
2.2(iii), (|1 —Wel[sp < 1+|[®e][sp < 1+7 by Assumption 2.1, and ||, — py — Yy|| = Op(57, )
by Lemma 6.4(ii). Since r;, , = o(H,, 12 ) for HyHy = o(n), this implies ||v, 2|| = 0,(1).
Proof of the claims about ;. Using notation (6.4), write U, = lilgg,t = SgyytVy;t

23



Notice that Wy, = SyytV ¢ 1s an estimate of ¥; of a VAR(1) model (2.18) for y;
with no intercept. Therefore it has consistency property (2.13) and satisfies asymptotic
normality (2.15) of Theorem 2.2. Write

A

Wigr— W= Wy — 0y) + (B, — Tyyy). (6.10)

To prove consistency claim (2.20) of Theorem 2.3, bound H‘i’g)g,t — Wyl < ||\ilyyt —
Wi llop+ [|®g5.t — Wygtllsp, where || Wy5 ¢ — Wy||sp = Op(Kn,y) by (2.13) of Theorem 2.2, and

Jn = H‘i’ﬁﬁ,t Wyillsp = Op(k m/,) (6.11)

Indeed, jn = [[Sy,tV, yyt - Syyvtvy;,%s“sp < |[Sgge = SyaallspllV, ytHsp + [1Sygtllspl1 Vg yyt -
yyt”sP = Op(lﬁln ) because by Lemma 6.5(iii), |[Sgge — Syg,ellsp = Op(£y, ), || yy,t”sp =
Op( ) and ||V yyt Vigillsp = Op(ry, ), while [[Syyillsp = Op(1) because E|[Syy.¢llsp
KU S0 ka9, < CK; P S0 ky = C in view of (2.8). So, jn = Oy(}, ) and
W96 — ¥i|lsp = Op(kiny) + Op(k}, ;) = Op(Kn,yp), which proves (2.20).
To show the asymptotic normality (2.22) of Theorem 2.3, denote by i, the
. 15 L 1/2
Lhs. of (2.22). Then, i, = (Ko/Kog)2H\(Byye — ©0) (X0, kijd;1951) " a
1,5 - . \1/2 . . .
+(Kt/K2,t)1/2Ht711(‘IIQQt — \I’yy'7t)(2?:1 ktjyjfly;‘—l) / a =: inp] + n,2, where n,1 —D
N(0,1) by (2.15) of Theorem 2.2. To complete the proof it remains to show ||iy 2|| = 0,(1).
. 1/2 N 1/2 1/2
Bound ina|| < (Ko/ Ky HAN @550 = Bl lpl Vg lspllall, where (Ki/E5) =
1/2 . -
O(H,/*) by (61). [[¥45: = ¥igullsp = Oplr}) by (6.11), [[HL|| = 0,(1) by As-
sumption 2.2(iii) and H‘/yly/?Hsp = ||Vyyt||1/2 = Op(1) by Lemma 6.5(iii). Hence, ip2 =

O(H;ﬂ)Op(KJ:L’w) = op(1) since r}, , = o(H,, /2) when HyHy, = o(n). This proves (2.22).

IN

Proof of the claims about &;. Use relations oy = y, — ‘/I\lt'yt and oy = p, — W1y to
decompose

G-y =10y, — (1~ Ceapy 1) = {1 =) (G, — p) — (T — @), }
_{(‘i’t =) (Y — ) + (Popy — ‘Pt—lp't—l)} =ilp,1 — an2- (6.12)

To show consistency (2.20), bound [|a: — a:|| < ||lan1|| + ||anz2||, where ||ap1]| < [|T —
Willopllg — pll + 1191 — Bellopl1g]| = Oplrin) because [T~ Wil < 1+ [[Willop < 147
by Assumption 2.1, ||y, — ps|| = Op(kp ) and ||y — W4||s, = Op(kin,y) by Theorem 2.3(i),
and ||p,|| = Op(1) by Assumption 2.3. In turn, ||a,2|| = Op(ky,y) follows from

|lan2|l = 0p(Kin,y)- (6.13)

To verify the latter, bound [lanall < %1 — @illollg, — sll +{1¥0 — Ty 1llopllis]
H Pt |spl e — e—1ll} =t Sna + Sn2 where s, 1 = Op(/f?mp) by Theorem 2.3(i), while
Assumptions 2.2 and 2.3 imply that s, 2 = o,((Hy/n)?) = 0p(kny). Hence [|an || =
OP(”EW) + 0p(kn,p) = 0p(kn,y) completing the proof of (6.13) and verifying consistency
claim (2.20) for éy.
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To show asymptotic normality (2.21), use (6.12) and notation D; of Remark
22, to write v, = (Ki/KYPH (@& - a)D, " = (K/KY)H; a0 D, -

~—1/2
(Kt/KQIé2)H;f1an72Dt Y =: Up1 — Un2, where v,1 —p N(0,I) by (6.40) of Lemma 6.4.

Therefore, to verify (2.21) it remains to show

Bound [[vn2l < (Ki/ Ky IH llspllansl|1D; 2, where K, /K32 = O(HL?) by (6.1),

_ ~1/2
IH Iy = Op(1) by Assumption 2.2(iii), [|ansl| = op(kny) by (6.13) and ||D, || =
Op(1) by Lemma 6.5(1\/7). Hence, ||v,2|| = O(H;/z)op(nmw) = op(1) since Ky, = O(lel/z)
under assumption HyHy = o(n). This completes the proof of (6.14) and (2.21).

(1). (6.14)

Proof of the claims about Xgq4. To show (2.20), bound ||Zaa —X¢|sp < || Baa,e — Buuel|sp+
[Zuut — Zellsp = Op (k2 Kyt Fn ) + Op(kinp) by Lemma 6.5(ii) and Lemma 6.3(i), which
proves (2.20).

To show (2.23), write (L;/Ly;)H; ﬂ(zuut ~ S)H' = (L/Ly)H (S —
SOH' T+ (Lt/L1/2) H ' (Zaas— S H'L 1= qn,1+qn2. By Lemma 6.3(ii), gn1 —p
Z, while [[gnz2llsp = 0p(1). Indeed, [|gn2|lsp < CHi/2\|Ht_1||sp||2aa,t — Suut|[sp where
Lt/L”Z = O(H,"*), I|H; 4\ sp = 0p(1) and [|Saa.e—Suutllsp = Op (K2 +(Hi /n) 2+ H; )
by Lemma 6.5(ii). Hence, ||gn2|lsp = O(H 1/2)Op(/i%,w + (Hp/n)Y? + Hh_l) = 0p(1), be-
cause H,Hy, = o(n) implies (Hy,/n)'/? = o,(H ;1/2), while assumption H;/z << Hy <<
n/(Hylogn)'/? ensures that K%,w = op(Hh_l/Q). This completes the proof of (2.23) and the
theorem. O

Proof of Proposition 2.2. By (2.25), u, = Z;;%) II; joup— ;. Write

—1 —1
Py =t = 000 Mok jou kg — 5o Mjou—j = {250 (Mppy — i j)ey 5}
A0 Mgk g (ks — @ g) + 20 Ty jousi g o= mlt, k) +m(t, k).

It remains to show that m(t, k) and m(¢, k) satisfy conditions of Assumption 2.3. Recall
that ||k ;]|sp < 7 by (2.6), and max; E||a|| < co by Assumption 2.3.
~ h

Bound [li(t, k|| < o [ty — Hogllaplleu—sl + T4k el

By same argument as in the proof of (6.2), for k < h, maxj—1__p|[Iliqr; —
Ht]HSP < er]_l maxs:|s— t\<3h||\I’t - ‘IISHSP =: erj_lRt,Sh‘ Therefore’ HﬁL(tv k)H
O Sy 3ol +2 Zih gy sl = CRosiona + - By (0. R

Op((h/t) 1/2)7 while Espp1 < C’Z]: jri7l < oo implies s, 41 = Op(1) and Es,po
C’Z;’ihﬂ ri < Crh < Ch™! implies s,41 = Op(h™!). Hence maxy<y ||[(t, k)|
Op(Ryzn +h™1) = Op((h/t)Y/? + 1), Therefore m(t, k) is as in Assumption 2.3.

Bound [[m(t, )| < Y0h t7llaweis — iyl + XA il By Assumption
2.3, Blloyi—j — ou—j||* < C(k/(t — j)) < C(k/t) for j < t/2. Thus,

A I IA

t — : 2
Bllm(t, 0)* < 2((SL 7 Elle i — cuyll) + (S Bllowan s — )
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S P Bl |)2) < (/0 (2550 7)" + (E52027?)
< C((k/1) + 1) < (/).

since vt < Ct~!, ¢t > 0 for 0 < r < 1. Therefore m(t, k) satisfies condition of Assumption
2.3. O

6.2 Auxiliary lemmas
This section contains auxiliary lemmas used to prove Theorems 2.1-2.3.

Lemma 6.1. Under assumptions of Theorem 2.2(i), with V y; as in (2.17),

i) Vgt — (1), (i) ||V;_z;,1t||8p = 0p(1), (6.15)
_ . —1/2 —1/2

iit) [Vt = Vbl = 0p(1); () IV 12 = V2 lp = 0p(1), b = o(t);

v) Hvyy, V b h||8p =o0p(1), h=o(1),

~1/2
vi) |V yillsp = Op(1)7 IV llsp = Op(1), IV yyallsp = Op(1).

yy,t

—~ o~ ~

Proof. First we show (6.15)(i). Write V= ¥V, W, + 3y + ry, where ry := (37, —
i)+ (Vg = iV Wy — 3y, ), where 3, ;= K D i1 krjuju
weights k;;. (Recall that in 3, of (6.4) the weights [;; are used.)

By recursion,

is computed using

Vit = OOV, 0 4 S LWk s, w4 S gl
Recall that |[¥||s, <7 < 1 by Assumption 2.1. Hence, for p > 1,
Ve = Visllop < 12V %7 p + 532 p||w'“ztw;’“||sp+ 15250 whre® "l
< LRIV yyellsp + 208, 12l 261Bellsp + S50 1%l 35l lsp
< PPV allsp + 11 Bellop 32, 7 + el lsp R 7
<P ([[Vyyellsp + (1= 72) 7 IZellsp) + (1 = 12) 7 H[rel[sp-
Notice that ||Z¢||sp < ||Hi— 1|| = O,(1) by Assumption 2.2(ii), and E[|Vyyllsp <
Lt ijl k:tjEHy]_lHQ < CK; ijl kyj < C by (2.8). This implies (6.15)(i): ||V yy,t —
Vyillsp = Op(1)(r? + ||rt|]sp) = 0p(1) because of 7 — 0 as p — oo and
[I7ellsp = 0p(1)- (6.16)

To verify (6.16), we bound ||r¢|[sp < [|Z5,: — Zellsp + [[Viyyt — eV s Wr — X3 4llsp =
re1+7¢2 and show that ||7;||sp = 0p(1), 7 = 1,2. By (6.32), 111 = O ((Hw/n)l/Q—f—H 1/2)
op(1). To evaluate ¢ 2, use (2.1) to write yjy; = () 1y,_1+uy)(y)j_ ¥j_; +u}), to obtain
!/
YY1 — Wy 1y O —wul = {y; v~y Py gy P+
{\Ilj_lyj_ly]_llIlﬁ \Ilty]_lyj_l\Ilt} =: 21 + 2452 + 25,3 Use this to write

Vit — WiV Wy — X p = Kt_l Z;‘lﬂ ktj(yj—ly;‘—l - ‘I’tyj—1y}_1‘1’; - UJU;)
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= Tp1+ Tog+Tog, Tog=H; ' Y0 Ky, i=1,2,3.

<||Tn1llsp + || Tn, + [|T5,3]|sp, and it remains to verify that

[Toillsp = 0p(1), i =1,2,3. (6.17)

Observe that |[T5,1[lsp = K;1|‘Z?:1(ktj - kt,j—l)yj—ly;;1 — knYnYn + koYoyollspy <
Ky 300 g = Fujalllyy—al P + Fenllyall* + Kuollyol*. By Assumption 2.2(i) and (2.8),
max;j>o E||y;||* < oo; by (6.1) K< H;l, while by (2.10) and the mean value theorem,
|ktj — ke jo1| < CHy'(1+ (j/Hy)?*) ™", Hence,

E|[Toallsp < CK7M (20 [ktj — kija| +C)
_ n . -1 _ _
< CH 2 Zj:l (1 + (J/Hw)Q) + O<H¢1) = O(le)v

since 7 (...) 7 < Z W1+ HE Y 1, 2 < CH , which implies (6.17) for i = 1.

Since y; = Hj_ 15] Where £ 11d random Vectors, it is easy to verify that
| Th2llsp = Op(lel/Q) = o0p(1), see e.g. proof of (6.23). Finally, to bound ||T},3]sp
note that [|2¢3/lsp = [[(¥;-1 — 'I’t)yj—1y}—1‘1’;f1+ ‘I’tyj—1y;‘—1(‘1’;e1 — ¥+ (¥ -
By (B — )]sy < 2051 — Wyl [ ol [P 151 — Wyl 2y | <
Ar|[ ;-1 — Wyl|sp|ly,;_1||*. Therefore, by the same argument as in the proof of (6.7), it
follows that ||T}, 3[sp = Op((Hy/n)Y? + lel) = 0p(1), which completes the proof of (6.17)
and the claim (6.15)(i).

To verify (6.15)(ii), we show that

1V il < 1B s = Op(1). (6.18)

Recall that 3, = H; 1 H}_,, and || H;||s, = Op(1) by Assumption 2.2(iii), which implies
157 lsp = [1HL 112, = Op(1). Moreover, |57 |5 = A

—1 1
min,> and qupﬂg”sp = )\minﬂﬁ where

Amin,y, = ianQCH:l '3 and Apin g = inf\|z||:1 x'V @ are the smallest eigenvalues of X
and V', respectively. To prove (6.18) it remains to show that Aminy > Amin,y. For any
real m-dimensional vector x, ||z|| = 1,

o0 o0
PV =3 (@ UZ(@ ) > Anins 3 B2 > A,
k=0 k=0
which implies Aminy > Amin,. completing the proof of (6.15)(ii).

To prove (6.15)(iii), write Vg, = V(I + Ag), Ay := ;i(Vyyt Vy+). Notice that
||At||8p < ||V¢t||8p||vyyt VzMHSp = Op(l) by (6.15)(ii) and (i). Therefore Vyyt V;i =
V ((I+ Ayt - )7 and ||Vyyt tHSp S ||V tHSp||(I+ Ay) ™t = Isp = 0p(1) since
||V¢,t\|sp = Op(1) by (6.15)(ii) and ||(I+At) f||sp = Op([|Adllsp/ (1= A [sp)) = 0p(1).
This completes the proof of (iii).

To show (6.15)(iv), bound [[V, 1% = V1% || < [V, 002 = VPl + [V, /7 —
Vo 1 2 ||sp- Tt remains to show that
—1/2 —1/2 —1/2 —1/2
) IVt =V Pl =01, 0) IV, = VBl = 0p(1): (6.19)
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To prove (a), we use the following results (xii) and (xi) of Davies (1973) p.496: for any
positive definite symmetric matrices A and B, such that ||A — B||s|[A7]sp < e < 1/2, it
holds

|42 = B2||p | A7 < €. (6.20)

Moreover, ||A1/2||sp — ||A||;Z/)27 which implies || A~ 1/2H5p _ 1/||A||1/2_
The matrixes A := Vy,; and B := V,; are positive definite and have property ||A —
Bllsp = 0p(1) by (6.15)(i) and HA_1||sp = Op(1) by Lemma 6.1(ii). Therefore, by (6.20)
/2 172 12
IV = Vil V3 ey = 0p(1). Thus,

yy,t
—1/2 1 2 1/2 1/2 1/2 1/2
IVt =V 2l = WV 2 (Vi = ViV Pl (6.21)
—1/2 1/2 1 2 —1/2 —1/2
< ||vyy,{ ||sp||v/ VsVl = 1V 12 lspop(1) = 0p(1),
since ||V;y1’12||5p = ||Vyyt||1/2 = Op(1) by Lemma 6.1(vi), shown below.

The claim (b) can be verified applying the same argument as in the proof of (a), not-
ing that ||V_1/2||5p = Op(1) and ||V1;,1t£2h||8p = Op(1) by Lemma (6.1)(ii), and verifying
that ||V, — Vyi—nllsp = 0p(1). To show the latter, observe that ||V, — Viyllsp <
S 1wt — Wk s, W Fl|, where tg = ¢ — . Using ||®,||s, <7 < 1 of Assumption
2.1 together with (6.2) type bound gives

1Vt = Viptollsp < 2721 Br2E D118 — @[5 (1[Sellsp + B0 ]]sp) (6.22)
H( 2o TIZe = S, llsp = 0p(1),

since ||¥; — Wy ||sp = 0p(1) by Assumption 2.1, whereas by Assumption 2.2(ii), ||2¢||sp =
Op(1), 124 ||sp = Op(1) and ||y — 3y, ||sp = 0p(1). This proves (b) and completes the proof
of (6.15)(iv).

To show (6.15)(v), bound Hvyyt V_t nllsp < Hvyy, 1/;t||8p+||v V_t pllsp =
op(1), where ||Vyyt - thSP = 0p(1) by Lemma 6.1(iii), and ||V th pllsp <
HV;t wllspll Vgt = Voo hHsp||V¢tHsp = 0p(1) by Lemma 6.1(ii) and (6 22).

To show (6.15)(vi), notice that ||Vyyt||5p < ||Vyyt - ;Wsp + ||V1;35||5P = 0,(1)
by (6.15)(ii)-(iii), which also implies ||Vyy1{2||sp = ||Vyyt||1/2 = Op(1). Finally,
Vyyillsp < [[Vyys = Vpellsp + [IVillsp = Op(1) by (6.1)(i) noting that [[Viyllsp <
Yo ||\Ilf§]t\112k||5p <||IZ¢|sp D52 7?* = Op(1). This completes the proof of the lemma.
O

Lemma 6.2. Let S, be as in (6.6).
(i) Under assumptions of Theorem 2.2(i),

(@) [|Suyell = Op(H, %), (0) [ kujuyl| = Op(HV?). (6.23)
Jj=1
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(ii) Under assumptions of Theorem 2.2(ii), for any m x 1 vector a such that ||a|| =1,

(Ko/ Ky Y H Y Sy Vot a —p N(0,1). (6.24)
Proof. (i) To show (6.23)(a) note that by definition (2.5), E(uju|y;_1,yz_1) = 0if j # k.
Thus,
EHSuytH2 2trace(E(S;y,t.S’uy,,f)) = K{Qtrace(E Z;L:l kijj_lu;ujy;_l)

<K 22]':1 tj (||yj—1||2||uj||2) < CK;Q Z?:l thj < CHJI
by (6.1), since max;j>o(E(||y;|[* + E||u;||*) < oo by (2.8) and Assumption 2.2. The same
argument implies (6.23)(b).
(i) In view of the Cramér-Wold device, it suffices to verify that for any m x 1 vector b, the
scalar random variable py, ; := (K;/ K;f)b’ H ;_11 SuyytVy_;’ {2a has property

pn,t —D N(O, b,b)

Set tg = t — h, where h = bH,, is such that (6.1) holds. With V¢ = > 22, \IlfOEtO\Ilgok
defined as in Remark 2.1 and S.,; = K; * > i1 kijejy_q, write

Pnt = (Kt/Kzt )b’SgytiltéQ

(K Ky W [(H Suys — Sey) Vi + Suya(Viy 2 = V) a = pa + pisea.

It suffices to show that
(CL) pn,t;l —D N(Ov b/b)v (b) pn,t;2 _>p 0. (625)

Proof of (6.25)(a). Setting &; := KQ_’tl/Qb’sjy;_lV;%féQa, write

Pnt;1 = Z;'Lzl ktjgt] ZM t|<h ktjftg + ZU t|>h kt]ft] Y qn,1 t qn,2-

—1/2 —1 2 .
Observe that [gu 2| < [IB]| V5 42112, K50 " S5 o koillejys a1l = op(1) since

—1/2
V2 = IV

,to zptOHl/z Op(1) (6.26)

by Lemma 6.1(ii), and E' >, -, kijllejy |l < C 32y 45 key = o(1) by (6.1). It remains
to show ¢,1 —p N(0,b'd). In view of (2.5) and definition of V@_z;,lt(y gna is a sum of
martingale differences &, F[&;|Fj—1] = 0, |j —t| < h. By the central limit theorem for
martingale differences (see Corollary 3.1 in Hall and Heyde (1980)) it suffices to show that
for any € > 0,

g = Yo jen K BIEEIFs 1) = b0, (6.27)
Un,e := Z|tfj|<h E[k?jggjj(k?jfgj > €)|~7:j—1] — 0. (6.28)
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By definition V;i/ % is Fi, measurable. Therefore
L0

ElE}|Fj1] = Ky EWe; 2d V3 Py, Vi Pafor j >t —h =t

where E(Ve;)? = |[b||>. Setting V. := thl >t jl<h kY191, we obtain
~1/27 ~1/2
n = PaV 2V Ve = (I +

— 2 1127 —1/2 . .

where r, = |[b]|*a'V " (Vyyt — Vipto)V 4~ To prove (6.27) it remains to show that
1/2 - 5

rn —p 0. Note that [r,| < |[b]|? HV'L/;t(/) ngHVyyﬂf = Vitollsp = Op(W[IViyt = Vigollsp-
Hence, it remains to check that

||Vyy7t - V¢7to||sp = 0p(1). (6.29)

Bound ||‘~/yy7t = Viyiollsp < ||K2t Z] 1"%1‘!3 1yg 1= Viellsp + [V = Vigollspt
||K§t1 Z|j—k\>h ktzjyj—1y;>1||sp = in1 +in2 +in3 = 0p(1) where i1 = 0,(1) by Lemma
6.1(i), in,2 = 0p(1) by (6.22) and i, 3 = 0,(1), because Eiy 2 < K;} > lj—k[>h kLEly;l* <
CK{,? D lj—k|>h k#; = o(1) by (6.1).

To show (6.28), bound v, < th*jl<h e’lE[kfjﬁfﬂfj_l]. Note that k;; is bounded
uniformly in %, j, and

_ —-1/2
Blgh|Fjm] = Ky P B(Ve) (W), Vi) a)!

_ —1/2
< ORIy, V2, < CRG2IY, 110, (1),

by (6.26) and because E(V'e;)* < ||b]|*E||e;||* < C. Hence,

Une < Op(l)K2_,t2 Dlt—jl<h k?j||y;‘—1||4 =op(1)
since BIKy7 > jicn kllyG 111 < CK5 2 300 kY < CKy — 0 by (2.8) and (6.1). This
completes the proof of (6.28) and (6.25)(a).
Proof of (6.25)(b). By (6.1), Kt/K217/t2 =O(H 1/2) Therefore

1/2 — —1/2 —1/2 —-1/2
g2l < CHY(I1H Suyt — SeyllspllV P llsp + 1Suyallspl Vs = Vi i)

We will show below that

— —1/2
H Sy — Sepellsp = 0p(H ), (6.30)

while [V /%[l = Op(1) by (6.26), [[Suyillsy = Op(H,"?) by Lemma 6.2(i), and

||Vyylé2 - Vw,ltéQHSP = op(1) by Lemma 6.1(iv). Hence, |pp 2| < C’Hl/Q(op(HJI/Q) +

O,(H,,/*)0,(1)) = 0,(1) proving (6.25)(b).
To show (6.30), use H, '\ u; = H; H, 1e; =¢; + H;',(H;_1 — H;_1)e; to ob-
tain Hy ' Suys — Seys = H LK Y0 kiy(Hjo — Hy1)ejy; 1 = Hy'\gny. Thus,
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1 H 21 Suye—Seytllsp < [H [spllamellsp where || HZ ||y = Op(1) by Assumption 2.2(ii),
so that it remains to verify that

—~1/2
lan.tllsp = Op(Hzp / ).
Observe that
E||(Hj-1 — Hi1)ejyjllop < (E|[Hjy — Hia||2) 2(Elle ]y -1[[*)"/?
< C(B||Hj—y — Hy|2,)?

since by Assumption 2.2(i) and (2.8), E|lg;||?|lyj—1ll?] = Elle;|[*E|ly;—1]]> < C for all
j. Moreover, by Assumption 2.2(ii), for |t — j| < t/2, E|[H;_1 — H, 1|2, < C|t — j|/t.
Therefore,
Ellantllsp = K; ' X5y kg EIl(Hjo1 — Hi-1)ejyj-1llsp (6.31)
< C(sz/t)l/Qqul Z|t7]‘|§t/2 ktj(|t - j|/H¢)1/2 + CHq;1 Z|t7j\>t/2 ktj
< C((Hy/n)'?+ HY),
by (2.10) and (6.1), bearing in mind that ¢t = [rn]. Together with assumption HyHy, = o(n)

this implies ||gn.i||sp = Op((Hy/n)Y? + lel) = op(H;UQ), completing the proof of (6.30)
and (6.25)(b). O

Lemma 6.3. Under assumptions of Theorem 2.2(i), X+ of (6.4) satisfies
(D) ||Zuut — Billsp = Op(Knn), (6.32)
(66) (Le/ LYV HE (B = SOH' L =0 2 if Hy=o(n'/?) (6.33)
with Z as in Theorem 2.2(ii).

Proof. First we show (6.32). Recall ¥, = H; 1H},_; and Esjs;- = I. Then, ¥.; =
Lt 2?21 ltjsje‘; has property H, 1 E[X..;JH;_; = ;. Therefore,

2]uu,t -3 = Pnit + 6n,t; (634)
Pnit = Ht—l (255,t - E[Eaa,t])Héfﬁ 5n,t = Lt_l Z?:l ltjgtjv
where &; = 'u,ju;» — Ht,lejsg»H;_l = Hj,lsjs;.H;_l - Ht,lejs;-H;_l. Then ||y —

Sillsp < ||Pntllsp + ||0n.tlsp- We will show that

@) pullsp = Op(Hy, ), (i8) 8ntllsp = Op((Ha/n)? + H; Y, (6.35)

which implies (6.32).

The claim (6.35)(i) follows from |[puellsp < || H 1|2 Zeers — E[Seedlllsp = Op(H,, )
noting that ||[H;_1||sp = Op(1) by Assumption 2.2 (ii), and because for independent €;’s
it holds E||E..; — E[Z.c4]|2, < CL;7?Y0_ 17 < CH, ' by (6.1), which implies ||Z..; —

—1/2
E[Esa,tmsza = Op(Hh / )-
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To prove (6.35)(ii), observe that

€esllsp < I[(Hj—1 — Hy—1)ejei HY; o ||sp+| [ Hi—1€5€)(Hj—1—Hi—1)'||sp
<[|Hj-1 = Hyl|spl| Hj-1llsplles P+ H -1 — Hioa||spl [ He—1]splle;]>-
< (|| Hllsp + DI H j—1 — Hi—1|[sp(|[H j-1]sp + 1)][e;]*-

By Assumption 2.2(ii), |[H¢|lsp = Op(1), and E[|[H;_1 — Hy1||sp(I1H j1]sp + 1)lle511)<
(BIH 1~ Hy | 2) 2B+ H Lo l)2) V2Bl |2 < COBI|H 1~ Hy]%,)Y2. Hence
(6.35)(ii) follows by the same argument as in the proof of (6.31).

Proof of (6.33). Using (6.34), write

(Le/LY Y H Y (Suug — SOH' ) = ot + tnps

where ¢, 1 = (Lt/L;f)(Eee,t — E[X..4]) and ¢ 2 = (Lt/Ll/Q) ;_11(5n,tH';11. To prove
(6.33) it suffices to show that

(1) o1 —p Z,  (ii) |lgn2llsp —p O (6.36)

To verify (6.36)(i), observe that g, 1 is a m x m matrix

~1/2
Gn,1 = Lgvt/ > i=1ljeies = (znik)ik=1,..m
with a typical (i,k)-th element z,,, = L_l/2 2?21 lij(eijer; — Eleijerj]). Since g5 =
(€15, ,€m;)" is a vector of independent iid. noises {eij}, i = 1,--- ,m, the elements
2z k’s for different (7, k)’s such that ¢ < k are independent. Thus, to prove (i), it suffices to
show that for each (i, k),

Znik — N(0,02). (6.37)

Write 2z, ;1 = 2?21 00 Cj, Onj = L;tl/Qlt], G = 81]5@ FEleijer;] as a weighted sum of 1.i.d.

random variables (; with E(; = 0 and ECJ2 = vzk Notice that 0,,; satisfy Z] 1 97%] =1 and

-----

normahty (6.37) of the sum 2, ji, see e.g. Lemma 2.1 in Abadir, Distaso, Giraitis, and Koul
(2014).
To verify (6.36)(ii), bound ||gnzllsy < (Le/LyIH 11280l lsp, where Le/Ly; =
O(H 1/2) by (6.1), ||[H; Y |lsp = Op(1) by Assumption 2.2(iii), and by (6.35), |[6,¢||sp =
Op((Hp/n)Y? + H, ') = o,(H, 1/2 ) under assumption Hj, = o(n'/?). Hence, ||gn2||sp =
O(H;/Q)op(H,jlm) = 0,(1), which completes the proof of (6.36)(ii), (6.33) and the lemma.
g

Lemma 6.4. (i) Under assumptions of Theorem 2.2(1),

g, = (I — ‘I’t)_lﬁt + Op(lﬁ;';’d)) = - \I’t)_l.HtflE_t + OP(K:MP) = Op(lin#,). (6.38)
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In addition, if HyHy = o(n), then
(Ko /Ky 2V HEY (I — )G, —p N(0,1). (6.39)

(ii) Under assumptions of Theorem 2.3(i), ||y, — pe — .l = Op(7, )
(#ii) Under assumptions of Theorem 2.3(ii), with Dy as in Remark 2.2,

(K Ky H Y (1~ 90 (G, — ) — (%~ $)p) D, 5p MO, (6.40)

Proof (i) Proof of (6 58). By (2. 7) Y Zf& Ojiuj—; + 1 jyy.  Thus, g, =

IZ] Lhtjy; = Ky Z] 1’%2 OHJZUJ 1+K ZJ 1kl Y0 =2 sna + sn2. We
show that

(@) sn2 = Op(r;, ), (0) sny = (I — ®) "'y + Op(r}, ), (6.41)

which implies the first claim of (6.38), y; = (I — ®;) '@; + Op(Ky, )

To show (a), use [|ILjillsp < 7* of (2.6), to obtain [[snal| < |lyol[K; ST <
yol K32 rt = Op(lel) since ||yo|| = Op(1) by Assumption 2.2(i), and K; ' =
Op(H ') by (6.1). i

To show (b), recall that t = [rn]. Select h = bH,, that satisfies (6.1). Write

—1 xR ;
Z Z] 1kt,J+z iy = K ZizOZ\j—ﬂShkt:j\Ij%uj

_ . e
{K Zi -0 Z\j7t|<h(kt7j+i i — ke Uy 4+ (K73 Do ljt/>h K grilljpiaug b
+K Zz h+1 kt,jJrz j+i, Zuj} =!Qn,1 + qn2 + qn3-

We verify (b) showing that
o1 = (I = C) 7 a + Op(ky ), dn2 = Oplkyy)s  dns = Oplky ). (6.42)

To evaluate g1, observe that g,1 — (I — W) la, = (Z?:o \Ifi')Kfl le_t‘gh ki juj—
(Z;ﬁo ‘I’f;)Kt_l Z?:l ki juj. Then,

lana — (L =) " g < (1305800 Willsp X K¢ 30y Kl
HI 020 Willsp X K¢t Yo gpon kel sl = anabng + an2bn .

Observe that a, 1 < ZoohH i <rh(1l—r)7l = O(h’l) =O0O(H 1) and a2 < Z o) =
(1—7)~1, while b, ; = (1) because Eb, < CK; le _tj<h k;t] =C, and b, 2 = Op(H, 1)
because Eby, 2 < C x K, Z‘] f>n ktj = Op(H,, ~1Y by (6.1), which proves the claim (6.42)
about gy 1.

To bound gy 2, use ||k jilljvii — ke Vi | < [kt i — Kol 1 Tgaallsp + ke [ T4a — Wi sps
where by (2.10) and the mean value theorem, |k i — kij| < C(i/Hy)ky;, ki == (1 +
(j/Hy)*) ™Y [Tl lsp < r?, whereas for |j — t| < h, and i < h, arguing as in the proof

of (6.2), it follows that HH]_H,Z Wi|gp < irt™ maxs:|s,t|§2h [ Wy — Wy|lsp = ir" 'Ry gp. In
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addition, Ry op = Op((h/t)Y/?) = O,((Hy,/n)"/?) by assumption (2.4). Hence, ||kz j+illj4ii—
ke ;Wi < (CH + Ryon)ir' (K + ke j), and

- h o i— — *
gnall < (CHL' + Reon) (i ir' ™ )T, Toi= K V0 gyen (ki + Feg) |yl

Since ET, < CK; 'Y, ycpn(kij + kej) < C, this implies T, = Op(1), and g9 =
Op((Hy/n)'? + Hﬁl) Op(5}, ), which proves (6.42) for gn .

Finally, to bound In.3, note that HHJ_HZ'U,JH < ]|Hj+”]|5p|]uj|| < r?||u;]||, and therefore
Egn3 < C(O°% h+17’ NE;! >t kg = O(r ) = O(H, 1), which implies (6.42). This
completes the proof of the ﬁrst claim of (6.38): g, = (I — W)ty + Op(k Ky, ). To show
the second claim g, = (I — ¥,)"'H, 1& + Op(/g*w)), it suffices to verify that ¢, := (I —
W)~ — Hi-18) = Op(k;, ). Since [[®y[|s, <7 < 1, then [[(T — ;)]s < 1/(1 -
|| ®¢l|sp) < 1/(1 —r). Therefore,

llan|| < IICT = ®e) Mlspll@e — Hea&|| < CE YT kegll(uj — Heor)e|

< CKt Zj:l k|| H j—1 — Hea|[splle;]] = P(Hn,w)

by the same argument as in the proof of (6.31).
Proof of (6.39). By (6.38), (K¢/ Ky H L (I — @G, = (Ki/K,)& + 6,, where

18] = | (Ke/Ey, 2V HZL (T — @) Oy (w5

< (Ko Ky IHZ ||spl 1T = @[O0y (7 ,) = O )0, (k% ) = 0,(1),

because k;, , = O(HJI/Z) for HyHy = o(n). It remains to show that (Kt/Kl/Z) =
K;tl/Q ZT-L: kije; —p N(0,I) which follows by the same argument as proving (6.37).

(ii) By definition, yj = pj+ y] where g, is a VAR(1) process with no 1ntercept Then

G — bt — Gy = fy — pe = K, P00 k(g — ). Thus ||, — pe — 94| = Op(s}, ) follows
using Assumption 2. 3 comblmng arguments used in the proof of (6.7) and (6.31).

(iii) To prove the asymptotic normality (6.40), denote
1/2 —1/2
= (Ko/ Ko VH (1= W0) (9, — 1) — (W0 — ®o)p,) Dy
By Lemma 6.4(ii) and (6.38),

1 H 2 (=) (g — 1) — &l < [ H (L= C0)lspllgy — pe — il + [IHZ (1= Ro)j— &
< ||Ht_—11||SpHI - ‘I’t”sp(”@t — k=il + Op(’f:;,w)) = Op(’f;,zp)-

Using notation ¥, = \ilg@,t = Sggvthglt and lilyw = Sy, tVyt of the proof of Theorem
2.3(ii), bound

||H;—11(‘I’t = W) — Seyg yy,t||8p <|[H.- 1||5p||‘1'yy7 yy,t”é’p
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+HHt_—11||5p||‘I’z'/z),t - - Suz'/vtvyz;,ltHsz? + ||H;}15uy,t = SeytllspllV, yt||3p = Op(k m/J)

because ||[H,,||sp = Op(1) by Assumption 2.2, |5, — Wyy.llsp = Oy (K, ) by (6.11),
1W550 — e — SuyaVigillsy = Oplry, ) by (6.5), [[H 1 Supe — Seyellsy = Op(ry, ) by
(6.30) and ||Vy_y,1t|‘8p = Op(1) by Lemma 6.1(vi).

In addition, observe that assumption Hy H,, = o(n) implies By = O(H ) Kt/Kl/2
Op(Hi/Q) by (6.1), ||ps|| = Op(1) by Assumption 2.3 and |1A);1/2| = Opy(1) by Lemma
6.5(iv). The above bounds imply

24 (= - ~—1/2
4n = (Kt/Kzl/t )(Et - Sey,tVyy,ltNt)Dt

Let to = t — h, where h = bH,, is such that (6.1) holds. Setting hy, = Vw toMios Do =
L+ py, V;’io py, write

+0p(1) =: pn + 0p(1).

1/2\ /= 71 2
Pn = (Kt/K2/t )(E - S€Z) thto) to /

1/2 ~—1/2 1/2 1/2 _ =
(KK E (D, — DY) — (K0 /Ky ) Sy (Vighi Dy

2 hto 1/2 }+ OP )

=:Pn,1 +pn,2 + Op(l)-

In view of the Cramér-Wold device, it suffices to verify that for any m x 1 vector b, the
scalar random variable d,, := b'p,, 1 satisfies

(@) Vpna = NOBI?), (0 pnzll = op(1). (6.43)
Proof of (6.43)(a). Letting &; := K2 1/2(6 sj)(l —y; 1ht0)D;01 2, write pp, 1 = Z?Zl K&t
Observe that ||k, || < || wtoHSPH“‘to” O,(1) since || wtoHSP = Op(1) by Lemma 6.1(ii),
|44, ]| = Op(1) by Assumption 2.3, while |Dt01/2| = Op(1) by Lemma 6.5(iv). Hence, by

the same argument as in the proof of (6.25)(a) it suffices to show that for the above &;’s,
Jn satisfies (6.27) and vy, . satisfies (6.28). Since h¢, and D%l/ 2 are Fi, measurable then,
for j >t —h =ty,
. ~1/2 . . ~1/2
E[é?j‘]:j*l] = K27t1E(b/€j)2Dt0 / (1- y;‘—lhto)/(l - y;‘—lhto)Dto / .
Hence, with Vyy ¢ := Ky D, i k39, 1951 and Sy o= Kol >0 i, k91, write

—1/2 —1/2 — . .
n = bIPD,*QueDy . Qua = K5} > kG =g ihe) (1= 9 by,
[t—jl<h

Qnt_KQtZU —t|<h ki — {5 shee + iy Sy} + i Vighto =t $n1 4 sn2 + sn3.

Since sp,1 = 1+ 0(1) by (6.1), [sna| < 2[[Syell ||hty]] = 0p(1) because [|Sy|| = Op(rny) =
op(1) by (6.38), and Vyy = Vi 4, + 0p(1) by (6.29), we obtain

—1/2 —1/2
o = [[B12Dy. (1 + )y Vipsohio) Dy + 0p(1)
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—1/2 —1/2
= [[b|*D5, 2 (1 + gty Vi ) D32 + 0,(1) = [[BII? + 0,(1),

proving (6.27) for jy,.

To verify (6.28) for vy, ¢, observe that E[k}&L|Fj1] = K;tzE(b’sj)‘l(l — 9 _1hy)' D’
< CKyf (L4 191! [[he[[)Dy? where [[he|[* < [[Vy 15|l ][* = Op(1) by Lemma
6.1(ii) and Assumption 2.3. Hence (6.28) follows by the same argument as in the proof of
Lemma 6.2(ii).

Proof of (6.43)(b). Bound

1/2 _ A—1/2 —1 2 ~—1/2 —1 2
pnz2ll < (Ko/ K3 (llEi 1D w21 1Sl Vg e Dy = hay D)
—1/2 —1 2
< 0p(1) + O,V 5Dy~ — hey D7),

since K/ Iy," < CHY/? by (6.1), [|&]| = O,(H, %) by (6.38), |D, V2 D2 = 0,(1)
by Lemma 6.5(iv), and |[Scy¢||sp = Op(H _1/2) by (6.23). Notice that

D 1/2 1/2
ViguiuDy " = hio Dy, /H<Hwt wmmMMmD
~1/2

+|] ¢t0||sp||ll't o110+ ) ¢t0|’sp||/1’tg|||D D' = 0,(1).
The latter follows noting that ||V, yyt w_,tloHSp = 0p(1) by Lemma 6.1(v); ||ps|| = Op(1),
ol = Op(1) and ||, — gy, || < [l — poell + [[12r = p20]| = 0p(1) by Theorem 2.3(ii) and

~ 1

Assumption 2.3; ||V 78% to|lsp = Op(1) by Lemma 6.1(ii), | D, /2 | = Op(1) by Lemma 6.5(iv),

-2
and |D, / 1/2| = 0p(1) by Lemma 6.5(iv). This proves that ||p,2| = 0p(1) and

completed the proof of the lemma. O
In Lemma 6.5 we use notation Sy, Viyy ¢, Tyt of (6.4) and g; of (2.25).
Lemma 6.5. (i) Under assumptions of Theorem 2.2(i)
« ~1/2 —1 2
(a) [[Baas — Suutllsp = Op(’%%}w + ’inﬂp)a (b) ||2uu{5 / |lsp = op(1). (6.44)
(ii) Under assumptions of Theorem 2.3(i),
1/2 —1/2
(0) 1850~ Susller = Op (524 + 7). (0) 18551 = 2 llp = 0p(1). (6.45)
(11i) Under assumptions of Theorem 2.3(1),
_ . . ~1/2 —1/2 «
(a) ||Vgg1,t - Vyyl,tHSP = Op(’fn,qp)v (b )||Vyy{ Vyy,é |lsp = Op(’fn,w)a (6.46)

(¢) 11845 = Syyillsp = Op(r3 y), DIV ggillsp = Op(1)s [Viggallsy = Op(1)

(iv) Under assumptions of Theorem 2.3(i), with Dy and D, as in Remark 2.2,
- 1/2 -2
() D;'* = 0,1y (b) D; " = 0,(1); () ID; "~ D% = 0,(1). h = o(t).
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Proof. (i) To verify (6.44)(a), write Zaas — Syur = L; * Soio L (WA — wjul). By def-
j
\flt)yj_lu; + ujy;  (Pj1 — \ilt)’ + (P — \flt)yj_ly;;l(\Il]»_l - \ilt)’. Use equality
Wi~ = (W1~ W)+ (¥, —¥,) and the bound || (%1~ @)y, 13/}, (¥;-1-F,)||sp <
(111 — Tillsp + 120 — Tofl5p)? ||y [P < 201150 — T2, + 120 — Tf[3)]]y; 4 to
obtain

inition @; = y; — lfltyj_l = (¥, — \Tlt)yj_l + u;. Hence ;4 — uju = (¥;-1 —

1Bt — Buullsp < 207 3000 iyl (Bj—1 — 20) ||
2/ — Wyl | L7 S0 by s + 201%0 — B2, L S0 Ly |2
2L 0 |1 — W2y
= 2(qn1 + 1€ — Ol lspgnz + [T — B¢]2,00,3 + dna).

By Theorem 2.2(i), ||¥; — ®y||sp = Op(kn); by Lemma 6.2(1), gno = O,(H, /?); by
the same argument as in the proof of (6.7), it follows that g,; = O, ((Hy/n)Y? + H; ")
for i =1 and ¢ = 4, and ¢,3 = Op(1) because Eq, 3 < C’Lt_1 Z?:l lyj = C by (2.8). So,
1S 000~ Suutllsp = Op (k2. Fn g Hy, >+ (Hy /) 2+ Hy Y) = Op (K2 4+ (Hp /)2 + H, ),
proving (6.44)(a).

To show (6.44)(b), we will check

) 11Baas — Sellsp = 0p(1), (i) 1B lp = 0p(1), (i) (15505 lsp = Op(1),  (6.47)

which implies (6.44)(b) arguing as in the proof of (6.21). Firstly, ||Zaa+ — 3¢||sp < || Baa —
St lsp + Bt = Sellsp = 0p(1) by (6.44)(a) and (6.32). Next, || || < [|H, |y =
Oyp(1) by Assumption 2.3(iii), while || 277 [[sp < [ ol lspll (14 S 1 St —Zut) " lsp <
Oy (1/(1 = 11250 a1 ~ Bunellp)) = Op(1) implies (155577 Loy = 11553, 1157 = Op(1).
This completes the proof of (6.44)(b).

(ii) Proof of (6.45)(a). By (2.18), y; = p; + 9; where g, is a VAR(1) process with no
intercept, so that g; — ¥, _1y,_; = u;. By definition, @4; = §,—¥,g;_; where §;, =y, — ;.

Hence,
U —uy =9; — WG, — (9 — W19, 1) = (95 —9;) — (Cedj 1 — ¥j19; 1)
=@ —9;) — (1 — Y1) + (Pjm1 — W)Y
Since §; — Yy, = p; — Yy, then

@y —uj = (p; — G) — Colpy g — Fp) + (T — TG,
=: Dij = Dij1+ Dio2 + Di3y,_q, where

Dyja1 = (1 — 1) — ‘i’t(ﬂjq — 1) + (¥ — )Yy,

Dy = (py — Yy) — 'i’t(ﬂt — )y Dig =9, — ;.

37



Then,

Uty — uju; = u;Dy; + Dyjuy + Dy Dy

= (u; Dy + Diouy) + (w;g;_1 Dy 5+ Di3y;_qu)) + (u;Dy; g + Dyjau}) + DDy,
Hence

1Baa.e — Buullsp = 1Ly 2joy by (505 — wju))||sp < 2[| Deallspl| Ly D25y sl
+2|De 3l lspl 1L 3052y by @ llsp + 2L D20y Uil Dejallspl 51| + Lt D20 lij| [ Dijl |2,

=!8p1 Tt Sn2+ Sn3+ Sna-
It remains to show that
Sni = Op (K2 + (Hp/m)* + HY), i=1,..,4. (6.48)
Observe that
IDtillsp = Op(biny), i =2,3, (6.49)

which follows from || De2llsp < [lste = Fellsp + 1@l spl 1t = Fillsp = Oplrin,) and [|Dya|lsp <
|| ¥, — Wy||sp, applying the first two claims of Theorem (2.3)(i). In addition, by Lemma
6.2(), [1L7 20 ljwi o llsp = Op(Hy, /%) and [|L7E S0 Ljug|| = Op(H, /%), Hence
Sp1+ Sp2 = Op(/fn@Hh_lﬂ) = Op(/@?%w + H,:Z) satisfies (6.48).

To bound sy, 3, obsirve that |[Dyj1llsp < ||Nj — ky|lsp + ||‘i’t||8p||llljf1 — yllsp + [ ¥j-1 —
‘IItHSpHyj—lH' Since || Wy|[sp = Op(1), then s, 3 < OP(l)Lt_l Z;’L:I ltj(”ﬂj*#t”sp*“ﬂj—l*
pllsp + 1151 = Rillsp) (15| (1 + (|55 1]1) = Op((Hn/n)"/? + H "), which follows using
Assumption 2.3(i)-(ii) and Assumption 2.1 about p; and ¥;, combining arguments used in
the proof of (6.7) and (6.31).

To estimate s,, 4, bound ||D¢;|[? < 3(||Dgjal|* + || De2ll? + || Des

Pllg; -1 1?). Thus,

sna < 3Ly Y0 Ll Daj| P+ 3{[| Dol + 1Dl YLy 3052 g (1 + 95411
= dp1 + ([|De2l P + 1| Desl|*)dn2 = di1 + Op(k2 ;)dn 2

by (6.49). The same argument as used above to bound sy3 implies d,, 1 = Op((ﬁh/n)1/2 +
Hy,'), while by (2.8), Edpa = EL7 Y0 1 (1 + [|9;411%) < CL; Y25 Iy = C, which
yields dn 2 = Op(1). Hence, s,,4 = Op(/izw + (Hh/n)l/2 + Hgl). This completes the proof
of (6.48) and (6.45)(a)

To show (6.45)(b), similarly as proving (6.44)(b), it suffices to check validity of (6.47).
In this case, (6.47)(j) follows from (6.45) and (6.32), while (6.47)(jj)-(jjj) hold by the same
argument as in the proof of (6.44)(b). This completes the proof of Lemma 6.5(ii).

(iii) First we show that
Hvﬁﬁ,t - Vz'/z'/,tHszv = O;D("‘@;:,zp)' (6.50)
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Since ?Jj —?;lj = Q=Y = (Nj — ) + (1 —Fy), then @jg;' - yjy;' = (Hj —ﬂt)f/;- +yj(lij -
gp)' + (ﬂj - gt)(,u'j —4;)'. Then,

Vgt = Vigallsp = ||Kt_1 Z?:l ktj('gjflg;'—l - yjfly;'—l)Hsp
< 2K Z?=1 Fujllp—y — el 951] + 2112y — G| |k 2?21 kijy;l|
+Kt_1 Z;’lzl ktj||l"‘j—1 - gt”2 = 2pn,1 + 2pn,2 + pn,3-

It remains to show that
Pni = Op(kinp), 1=1,2,3. (6.51)

For i = 1, using Assumption 2.3 about p;, (6.51) follows combining arguments used in the
proof of (6.7) and (6.31).

For i = 2, note that [[4, — |l = Oplkn) by (6.9) and ||| = 1K, S, kgl =
Op(Kn,p) by (6.38) of Lemma 6.4, which implies py, 2 = Op(n?%w) = Op(ky, 4)-

For i = 3, bound [|pe; — F,|* = [[(1; — o) + (b — G < 20y — wel [ + 2/ [y — G4l
=2||p; — mel? + Op(ky, ). Then pp3 < o Z;‘L:I kijllpj 1 — el ? + Op(#y ) = Op(k7, )
by the same argument in the case i = 1. This completes the proof of (6.50). (Observe that
the same argument implies (6.46)(c) of the lemma.)

To show (6.46)(a), write Vg5 = Vg (I +A), A = Vyy (Vs — Viggi). Observe that
|A]lsp < ||V;yl,t||8p||vyyt yytHSp Op(k m/;) = op(1) by (6. 50) and ||V;ylt||sp = Op(1)
of Lemma 6.1(vi). Then, ||Vyyt yt||8p§ |V ytHspH(I—f—A —1I||sp = Op(||Al]sp/ (1 —
[[Allsp)) = Op(ks, ), which proves (a). In addition, ||Vyy,t|’3p < Hvyy,tHSpH(I+ A7 =
Op((1 = [|A[lsp)~") = Op(1), while ||V ggellsp < [[Vigge — Vigellsp + [Viggellsp = Op(1) by
(6.50) and (6.15)(vi), which proves (d).

Finally, (b) follows from (6.50) and the bounds ||Vyy lsp = Op(1), ||Vg;y'17t||5p = 0,(1),
arguing as in the proof of (6.21).

Proof of (iv). Observe that D, D; are scalars.
(a) The matrix V' ; is symmetric and positive definite. Thus, it has positive eigenvalues

and its spectral decomposition implies that V;i has positive eigenvalues and is positive
definite. Hence with probability tending to 1, Dy = 1 + u%V;,ltut > 1+ op(1) which yields
1 2
(iv)(a). D} * = O,(1).
To show (b), notice that

D; — D, = 0,(1). (6.52)

-1 ~—1 . ~—1
Indeed, | Dy — Dy| = |V g5 oty — Vil < [l — ol ||Vgg,t|!sp||ut|\ eIV g =
Vo illspllal |+ eV 3 sl By = mill = 0p(1), since ||/"’t|| = Op(1), [[]] = Op(1) and
l|ft; — p|| = 0p(1) by Assumption 2.3 and Theorem 2.3(ii) HVyyt thsp < ||Vyyt
yyt||5p+ ||Vyyt z;,tHSp = 0p(1) by (6.46)(a) and Lemma 6.1(iii), ||Vyyt||sp = Op(1) by
(6.46)(d) and ||V¢7t||sp = Op(1) by Lemma 6.1(ii). 6.1(iii)
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Write Dy = Dy(I + A), A := D;Y(D; — D;). Then, |[A| < |D;||D; — Dy| = 0,(1) by
(a) and (6.52), which implies (iv)(b): ﬁt_l/Q = Dt_l/Q(I +A)2 = 0,(1).

To show (c), use the bound D+ > 14 0,(1) we showed proving (a), to obtain D; =
D, + (D; — D;) = D; + op(1) > 14 0p(1). This together with (6.52) implies f)t_l/z —
l?:f = (D, —ADt,h)(ﬁ;1/2 + D:,{Z)_l = (D — Dt—h)?p(l)- It remains to notice that
D, — D, _j, = (D¢ — D)+ (D¢ — Dy_p) = 0,(1), because Dy — Dy = 0p(1) by (6.52), while
|Dt1_Dt—h|: AT Héf?vli_hﬂt—m < b= pn V5 3 sl il n V5~
VzltthSPHN‘tH + [l HV;thHSPH’J't = ty_p|| = op(1), since |[py|| = Op(1), |[pe—pll =
Op(1) and |[p; — ;|| = 0p(1) by Assumption 2.3; HV;%‘/ - V;i&-hHSP = 0p(1) by (6.19),
and ||VJ,1tfh||5P = 0,(1), ||V1;1t7h||5p = Op(1) by Lemma 6.1(ii). This completes the proof
of (c¢) and the lemma. O
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Figure 1: Inflation Predictability
Predictability of inflation (7 variable VAR) Predictability of inflation (4 variable VAR)
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Figure 2: Monetary Policy Shock
IRF of output to a mon pol shock (7 variable VAR) IRF of output to a mon pol shock (4 variable VAR)

quarters after impact

quarters after impact
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Figure 3: Technology Shock

IRF of hours to a tech shock, (7 variable VAR)

IRF of hours to a tech shock (4 variable VAR)
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