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Abstract

Although the properties of the ARCH(0o) model are well investigated, the existence
of long memory FIGARCH and IARCH solution was not established in the literature.
These two popular ARCH type models which are widely used in applied literature,
were causing theoretical controversy because of the suspicion that other solutions be-
sides the trivial zero one, do not exist. Since ARCH models with non-zero intercept
have a unique stationary solution and exclude long memory, the existence of finite
variance FIGARCH and IARCH models and, thus, the possibility of long memory in
the ARCH setting was doubtful. The present paper solves this controversy by showing
that FIGARCH and IARCH equations have a non-trivial covariance stationary solu-
tion, and that such a solution exhibits long memory. The existence and uniqueness
of stationary Integrated AR(oo) processes is also discussed, and long memory, as an
inherited feature, is established. Summarizing, we show that covariance stationary
IARCH, FIEGARCH and IAR(00) processes exist, their class is wide, and they always

have long memory.
Keywords: AR, FIGARCH, TARCH, long memory.
JEL classification: C15; C22

1 Introduction

A non-negative random process {7} = {7x, k € Z} is said to satisfy an ARCH(o0) equation
if there exists a sequence of nonnegative i.i.d. random variables {£,} with unit mean Eey = 1,
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a nonnegative number w > 0 and a deterministic sequence b; > 0, j = 1,2,---, such that
x

(11) T = Ek(w—FijTk,j), keZ.
j=1

In this paper we assume that the process {7} described by equations (1.1) is causal, i.e., for
any k, 7, can be represented as a measurable function f(ex, g 1, ....) of the present and past
values g,, s < k. The last property implies that a stationary {7} process is ergodic, and &;
is independent of 74, s < k. Therefore,

E[Tk|7's,8</€]:hk, h 2:w+ijTk,j.
j=1

The usual interpretation of 7, and €, in financial econometrics is that of squared returns
and squared innovations, viz., 7, = 7%, &, = (Z, where the return process {ry} satisfies the
ARCH equations

oo
re=Gh/ h=w+ ) bpt o, kEL
j=1
{¢} is a standardized i.i.d. (0, 1)-noise and hy, is volatility. Moreover, since typically random
variables in (1.1) are almost surely positive (7, > 0), they may represent random durations
between transactions. The class of ARCH(oo) processes (1.1) includes the parametric sta-
tionary ARCH and GARCH models of Engle (1982) and Bollerslev (1986), and the ACD
(Autoregressive Conditional Duration) model of Engle and Russel (1998).

The ARCH(00) process was introduced by Robinson (1991) and later studied in Kokoszka
and Leipus (2000), Giraitis et al. (2000a) (see also the review papers by Giraitis et al. (2007,
2011), Berkes et al. (2004)). In contrast to a standard stationary GARCH(p,q) process
whose autocorrelations decay exponentially, the ARCH(oc) process may have autocovari-
ances cov(Ty, 70) decaying to zero at a rate k=7 with v > 1 arbitrarily close to 1.

In several papers (e.g. Giraitis et al. (2000a), Giraitis and Surgailis (2002), Kazakevicius
and Leipus (2002)) it is claimed that a finite variance stationary solution to the ARCH equa-
tions in (1.1), if exists, has short memory or absolutely summable autocovariance function,
while the existence of such a solution necessarily implies Z;; b; < 1. Because of the well
known phenomenon of long memory in the squares of financial returns in financial economet-
rics, the latter finding may be considered as a limitation of ARCH modeling. Subsequently,
it initiated and justified the study of other ARCH-type models for which the long memory
property can be rigorously established (see Giraitis et al. (2007, 2011)).

The above claims are correct if w > 0. More precisely, Theorem 3.1 and Corollary 3.2
of Giraitis and Surgailis (2002) (below referred to as GS(2002)) say that if a covariance
stationary solution {7} of ARCH equation (1.1) with w > 0 exists, then it is unique and
its autocovariance function is nonnegative, and >~ , cov(g, 7p) < oo. Clearly, this implies
>y bj < 1since By =w+ (3272, b)) Erie > (3272, b)) Emy..
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For w = 0, however, the situation is different. In this case the existence of a covariance
stationary solution of (1.1) implies >3, b; = 1, leading to the integrated ARCH(occ), or
ITARCH(00), equation

(12) T = Ek(ijTk,j), keZ, with 0:= Zb] =1.
j=1 7j=1

Obviously, (1.2) has a trivial solution {7, = 0}. There is not much known in the literature
about the existence of a nontrivial covariance stationary solution of (1.2). On the other
hand, the existence of a stationary IARCH process of (1.1) with w > 0,0 = 1 and infinite
mean E7; = oo was established in Kazakevicius and Leipus (2003) and Douc et al. (2006).

A particular case of the IARCH model in (1.2) is the well-known FIGARCH equation
with zero intercept w = 0:

(13) Ty = 6k(1—(1—L)d)7’k = €k(2bka_j), kGZ,
j=1

where 0 < d < 1/2 is the fractional differencing parameter, L is the backshift operator and
the coefficients b; are determined by the generating function B(z) = 3 72, b2/ = 1—(1—2)"
Note b; > 0, Z;; b; = 1 and b; = O(j7'7%) decay hyperbolically with j — oo. The
FIGARCH equation was introduced by Baillie et al. (1996) to capture the long memory effect
in volatility. They argued that a stationary FIGARCH process, if exist, has long memory.
However, the existence of a non-trivial FIGARCH process with finite mean was never shown.
See Giraitis et al. (2000a), Kazakevi¢ius and Leipus (2003), Mikosch and Starica (2000,
2003), Davidson (2004) for a discussion of controversies surrounding the FIGARCH. Several
papers (Giraitis et al. (2000a, 2002), Kazakeviéius and Leipus (2003)) claim that the
FIGARCH equation has no stationary solution with finite mean E7j < oo besides the trivial
solution 7, = 0.

The present paper corrects the above claim. We show that for each 1 > 0, the FIGARCH
equation in (1.3) has a stationary ergodic solution {7} with mean E7; = p, finite variance
(and possibly higher moments), and a nonsummable hyperbolically decaying autocovariance
function cov(rx, 7o) ~ ck™7, v =1-2d € (0, 1), see Theorem 4.1. Hence, there exist infinitely
many stationary solutions of the FIGARCH equation (1.3) with w = 0 parametrized by the
mean value E1, = g > 0. The trivial solution {7, = 0} corresponds to p = 0 and coincides
with the stationary solution of (1.1) in the case w > 0 (Giraitis et al. (2000a))

(1.4) e = wek(l + Z Z bi—s, = bs, _1—s..Es1 '53m)

m=1 g, <---<s1<k

termed also the minimal solution in Kazakevi¢ius and Leipus (2003), as the r.h.s. of (1.4)
vanishes if w = 0. For # = 1 the series on the r.h.s. of (1.4) does not converges in L
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and therefore the expansion in (1.4) is not useful for studying the existence of L;— or
Ly—solutions of the FIGARCH and IARCH(o0) equations (1.3) and (1.2). For w > 0,
Douc et al. (2006) and Robinson and Zaffaroni (2006) showed the existence of a stationary
FIGARCH process {73} in (1.4) with infinite mean E7; = oo, which excludes the desired
property of long memory.

A possible explanation of these seemingly confusing statements about stationary solutions
of the ARCH(o0) model (1.1) is that many papers on ARCH models explicitly or implicitly
assume w > 0. This assumption, together with covariance stationarity of {73} implies
Ery =w+ E1(by + by + ...), or

w
1 - Z;il bj7
yielding E1, < oo if § = Z;‘;l b; <1, and E1, = oo if 0 = 1. However, for w = 0 and 0 = 1,
which correspond to IARCH model (1.2), the r.h.s. of (1.5) is undefined, and therefore it
does not contradict E1, < oo.

The main idea of constructing a stationary Lo-solution of the IARCH equation (1.2) with
mean p = E7; > 0 is the reduction of (1.2) to the linear Integrated AR (IAR) equation for
the centered process Yy := 7 — u:

(1.6) Y, = ijyt_j + Z, keZ
j=1
with a conditionally heteroscedastic martingale difference noise {z;} given by
(1.7) 2 = Gp(po + UZbJYk*J‘)’
j=1
where (; := (e — 1)/o, 0% := var(e;) < oo. In turn, from (1.6) the process {z;} can be

defined as a stationary solution of the LARCH (Linear ARCH) equation (Giraitis et al.
2000b, 2004)

(1.8) z = G(po+H(L)z),  H(L):=ocBL)1-B(L)™" = Z h; L7,

with standardized zero mean i.i.d. innovations {(.}, E¢x = 0, E¢; = 1. Equation (1.6)-
(1.7) is a particular case of the bilinear models studied in Giraitis and Surgailis (2002).
The last paper provides a necessary and sufficient condition for the existence of a stationary
causal Ly—solution {Y%, z} given by convergent orthogonal Volterra series in (3.13). It turns
out (see Theorem 4.1 below) that in the case of the FIGARCH equation (1.3), the above
necessary and sufficient condition for the existence of {Y;} in (3.13) reduces to the following
condition involving Fe3 and the parameter d (see Figure 1):
T'(1 — 2d)
I(1—2d)—T2(1—d)

(1.9) Eel <
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Figul‘e ]_: Graph and values of the function V(d) = m

We also establish sufficient and necessary conditions for existence of a stationary solution
of linear Integrated AR(o0) equation

(110) T — ijl‘k,j = fk; ke 7,
7j=1

where b;’s are non-negative, > "2, b; = 1, and {¢} is stationary short memory process, in
particular, a white noise. In Theorems 2.1 and 2.2 we show that stationary solutions of such
equations always have long memory, which originates from integration property with infinite
number of non-negative b;’s.

For a general non-parametric IAR and IARCH stationary processes we define long mem-
ory property of {z;} as the non-sumability of auto-covariances >~ [cov(zy, z9)| = oo, and
in spectral domain, by the property that f(z) — oo,  — 0 of spectral density of {z}}.

The paper is structured as follows. Section 2 discusses solvability and second-order
properties of IAR(o0) equation (1.10) driven by a general short memory “noise” {&}, in



particular a general uncorrelated sequence, not necessary having the form in (1.7). This
section may have independent interest since we show that long memory is an inherited
feature of stationary IAR models whose origins lie in integration rather than in fractional
differentiation or filtering. Section 3 discusses stationary Ls—solutions of the ARCH(o0)
(1.1) and bilinear (1.6)-(1.7) equations and their mutual relationship. In section 4, the
results of the previous sections are used to obtain the existence and uniqueness of stationary
Ly—solutions of the FIGARCH, IARCH and ARCH models. We also establish the long/short
memory properties of these solutions, including the convergence of normalized partial sums
chn:t]l 7k, to a fractional/standard Brownian motion. Section 5 contains auxiliary lemmas.

In the sequel, we set II := [—n, 7], and write a,, ~ b, if a,/b, — 1. Moreover, —, and
—p denote the convergence in probability and distribution, respectively. All (in)equalities
involving random variables in this paper are supposed to hold almost surely.

2 Stationary Integrated AR(co) process

In the time series literature, long memory processes are often defined via (or identified with)
fractional filtering/differencing operators and ARFIMA (p, d, ¢) models introduced by Hosk-
ing (1981) and Porter-Hudak (1990). Generalizations of fractional filters were discussed
in Leipus and Viano (2000). Being a technical tool for generating parametric long mem-
ory time series, fractional filtering/differencing cannot fully explain the phenomenon and
how long memory is induced, which was often leading to controversies justifying the use of
long memory processes and explaining their generating mechanism, see e.g. Lieberman and
Phillips (2008) for an illustrative analysis of how long memory may arise in realized volatility.
In this section we consider the Integrated AR(co) time series model

(21) T — ijl’k,j =&, ke,
=1

where the b;’s are non-negative, > 22 b; = 1, and {{;} is a stationary sequence of uncorre-
lated noise with £, = 0, B¢} = 7.

Definition 2.1 We say that a random process {xy} is a Lo-solution of (2.1) if Ex; < oo
for each k € Z, the series Z;’il bjxy_; converges in mean square and (2.1) holds.

Similarly, in the TARCH case, it is of interest to find sufficient and necessary conditions
for the existence of a stationary finite variance solution to equation (2.1) and investigate
its uniqueness and the property of long memory. Contrary to the TARCH model (1.6), the
noise {&} does not depend on {z}, so conditions are expected to be less restrictive. As in
TARCH case, a stationary solution {x;} of (2.1), if exist, is not unique, since then {z} + u}
is also a solution of (2.1).



Clearly, b;’s cannot cut off or decay to 0 too fast, viz. a unit root model x — x5 = &
does not have a stationary solution. There are two ways to construct a stationary solution.
Firstly, that can be done using power expansion coefficients g; of the analytic function

(2.2) G(z) = (1= B(2) ! = 27509,

where B(z) = Y72 b2 is defined on the complex disk {|z| < 1}. Such g;’s are uniquely
determined, and if ||g]] = (3272, ¢7)"/* < oo, they define a stationary zero mean and finite
variance process,

(23) Ty = Zgjfk_j, k € Z.
=0

Alternatively, if the transfer function A(z) = (1—B(e'®)) !, 2 € Il of the filter (2.1) is Lo-
integrable, || A|| = ([;; |A(z)[*dz)"/? < oo, then its Fourier coefficients ¢} = (2r)~" [, A(z)e ™ du,
0 /2

j 2 0 have property ||l¢g'|| = (32,2, 9; )1/2 < oo and define a stationary zero mean and finite
variance process,

(24) :i’;ﬂ = Zg;fk_j’ ke Z.
=0

Observe that the g;’s in (2.3) are nonnegative and given by

J
(25) gj = Z Z bjfs1b51752---bsm_gfsm_1bsm_17 ] Z 1; go = 17

m=10<s,,_1<--<51<J

which follows from the equality (1 — B(z))™' =Y, B™(2).

The next theorem establishes the equivalence of conditions ||g]] < oo and ||A|| < oo, the
equality of the weights g; = ¢}, and the L, equality of the functions G(e") = A(z), = € IL
It obtains conditions for the existence and uniqueness of a stationary Ls-solution of the
TAR(o0) equation and establishes its long memory property.

A stationary solution {z;} of (2.1) is said to be causal if for each k, xj, can be represented
as a measurable function f (&, &k_1,...) of the present and past values &, s < k. In addition,
we assume that the noise {{;} in (2.1) is causal with respect to some i.i.d. noise {n;} which
implies that {;} is a regular process. The last property is used to prove uniqueness of a
stationary IAR solution {z;} that is causal with respect to {n;}.

Theorem 2.1 Integrated AR equation (2.1) has the following properties.

(i) Assumption ||g|]| < oo is necessary for existence of a stationary La-solution of (2.1). It
implies ||A|| < oo and equality G(e'®) = A(x) a.e. in II. Conversely, | Al < oo implies
lg]] < oo.



(i) If ||lg|| < oo, then with ) as in (2.3) for each real p,
(26) Tk =Wu+2Tk kE€ELZ,

is a unique stationary causal La-solution of (2.1) with Exy = p.

(iii) Solution (2.6), xy, has non-negative and non-summable covariance function

(2.7) cov(Top, Thp) = OF Zgjgk+j >0, Zcov(xoyﬂ, Tky) = 00,

=0 keZ
and unbounded spectral density f(x) = (07/2m)|1 — B(e™)|?, x € T such that f(z) — oo as
xz — 0.

Proof of Theorem 2.1. (i) the necessity of condition ||g|| < oo for the existence of a
stationary Lo- solution follows from Lemma 5.2(b) while Lemma 5.3 (a) and (b) imply
remaining claims of (i).

(ii) It suffices to consider the case u = 0. In view of (i), ), = 7}, k € Z. We will show
that {Z}} is zero mean solution of (2.1). Indeed, denote by & = [, €*”Z(dv) the spectral
representation of {{;} with the random spectral measure Z¢(dz). Since ||A|| < oo implies
Z;io g;-Q < 00, then, by general properties of spectral representation of stationary processes
(see, Brockwell and Davis (1989, Thm.4.10.1), see also Giraitis et al. (2012, Thm.2.2.1)),

the series z}, = Z?io g;&k—j converges in mean square and
(2.8) 7 = / O A() Ze(de), ke
I

Hence 7} is a well-defined stationary process with zero mean, finite variance
Bz} = (07/27) [ 1A(z)|*dx < oo, spectral density fz(x) = (07/2m)|A(2)]* and spectral
measure F;(dz) = fz(x)dx. To show that {Z}} is a Ly—solution of (2.1), observe that the
function 1 — B(el) is bounded on II and therefore Ly(F') integrable. Then, as above, by the
general properties of spectral representation of stationary processes the series Z;; bj:i";fj
converges in mean square and ), — Y00, 03 5 = [ (1 = 3077 bjel") A(x) Zg(dw) =
. % Z¢(dz) = &, proving the above claim.

It remains to show the uniqueness of solution (2.4), {Z}, with the stated properties. Let
{z}.}, {=}} be two causal Lo—solutions of (2.1) with Ez) = Ez} and y; := z} — z}. Then
{yx} is a causal stationary Ls—solution of the homogeneous equation

Y — Zj:l bjyk_j = 0.

Hence using boundedness of 1 — B(e'®) similarly as in the proof of (i) we obtain that
(2.9) [ 1= B @ =0
il
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where F), is the spectral measure of {y;}. The causality of {y,} implies that {y;} is a regular
process since {} is regular and therefore Fj is absolutely continuous with spectral density
fy, see Ibragimov and Linnik (1971), Thm.17.1.2. Together with Lemma 5.1(i) (2.9) implies
that f,(z) =0 a.e. on II and hence F), = 0 and y; = 0, proving part (ii).

(iii) The spectral representation (2.8) of the solution implies that it has spectral density
flx) = (0¢/2m)[1 — B(e™)|7*. The fact that f(x) in unbounded, viz., lim,_o f(z) = oo,
follows from continuity of B(e™*#), B(1) = 1, and the fact |B(x)| < 1 for 0 < 2 < x¢ for some
xo > 0 which holds by Lemma 5.1. The divergence ), , [cov(xo, ;)| = oo is immediate
from the previous fact since the convergence implies boundedness of f(x). Finally, the first
claim in (2.7) is a consequence of the moving average representation (2.4) and positivity of
g;’s. Theorem 2.1 is proved. O

The requirement of Theorem 2.1 that in the Integrated AR equation (2.1), {&} is an
uncorrelated noise is restrictive and can be relaxed. Theorem 2.2 establishes existence and
long memory property of stationary Integrated AR process when {&;} itself is causal process
(with respect to some i.i.d. sequence {7;}) with short memory, as precised below.

Theorem 2.2 Let {&} in TAR(0c0) equation (2.1) be a stationary causal process with mean
0, finite variance and the spectral density fe which is bounded away from 0 and oo,

(2.10) c1 < fe(x) <, z €Tl 0 < ¢ < ¢y < 0.

Then statements of Theorem 2.1(i), (ii) about stationary solution of IAR equation (2.1)
remain valid while (iii) has to be modified as follows:
(ii1) Solution (2.6), {xx}, has unbounded spectral density f(zx) = |1 — B(e'®)|™? fe(x), z € TI

that satisfies f(x) — 00 as x — 00, and non-summable autocovariance function

(2.11) Z |cov(zo, zx)| = o0.
keZ

Proof of Theorem 2.2. The proof follows using the same arguments as in the proof of
Theorem 2.1. O

Remark 2.1 The IAR(0c0) model (2.1) does not have a stationary finite variance solution,
if the weights b; decay to zero too fast, i.e. b; = O(j~7) for some v > 3/2, e.g. in the unit
root model zy — x;_1 = &, which follows from Lemma 5.2(a) and Lemma 5.3(c). However,
the TAR(00) equation has a stationary process, if a singular ”unit root” is distributed over
infinite number of b;’s that decay not too fast, so that |1 — B(e *)|~2 is integrable.

There exists a large variety of stationary Integrated AR(oo) processes. They always have
long memory, their covariances are non-summable and their spectral density is not bounded
at zero frequency. However, their covariances may not decay at hyperbolic rate £~12¢, and
spectral densities may not explode at zero frequency at the rate |z| 2. The latter properties

are key features of fractionally integrated parametric ARFIMA (p, d, ¢) models.



2.1 Parametric and semiparametric IAR(oc0) long memory models

An ARFIMA(0,d,0) model is defined as a stationary solution of the difference equation
(1-L)a, =&, 0<d<1/2

where {£} is a stationary sequence of uncorrelated noise with E&, = 0, FE, = 02. It can be
written as an IAR equation

(212) T — ijl‘k—j = fk,
j=1

with b;’s generated by operator B(L) = 1 — (1 — L)* = 3 b;L7. Here, b;’s are non-
negative, and 322, b; = 1. The function A(x) = (1 — B(e™™))"" has the property that
|A(z)? = |1 —e |24 ~ |z|2? as z — 0 and is integrable for d € (0,1/2). By Theorem 2.1,
the IAR equation (2.12) has a stationary zero mean solution {xy} given by (2.3).
The b;’s and the coefficients of the generating function G(z) = (1 — B(z))™' = (1 — 2)™¢
are given by
L'(j—d) LG +4d)

(2.13) bj:_r(j+1)F(_d)7 gj:m, J=21 go=1

They have properties b; > 0, g; > 0 and 6 = > 22 | b; = 1, and satisfy
(2.14) by~ —j YT (=d), g;~j"T(=d),  j— o0,

so |lgll < oo. This implies that the covariance 7, = cov(wo,z) = 0 3 7% gjger; of the
solution {x} decays hyperbolically:

ofl'(1 — 2d)

, D(k+d) I'(l-—2d) -
(2.15) ; Cy 1= AT —d)

— ~ k71+2d
k=% Pk —d+ ) I@I(1—a) 7

see, e.g., Chapter 7 of GKS(2012), and the spectral density is unbounded at the origin:

(2.16) flz) = (07/2m)[1 — &[>~ cffz]| 7>, cp = 0;/2m.

Semiparametric IAR model. A wider class of AR processes generalizing ARFIMA (0, d, 0)
is defined by equation (2.12 ) with uncorrelated noise {¢;} and b;’s generated by operator

(2.17) B(L):=(1-(1-L)*)P(L)= ibjﬂ', 0<d<1/2

J=1

where P(z) =372, p;z’ is a generating function with coefficients satisfying
(2.18) pi=>0, p1>0, >F p;=1 and 7 jp; <oo.
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Then b; = Y17, pib?_;, where b2 are coefficients of ARFIMA generating function 1—(1—z)¢ =
>o021 b)27, defined in (2.13), and therefore the b;’s in B(L) = 3772, b;L7 are non-negative
and sum up to 1.

Let us show that |A(z)|?> = [1—B(e!*)| 2 is integrable for d € (0, 1/2). Then, by Theorem
2.1, the TAR equation (2.12) has a stationary zero mean solution {z;} given by (2.3).

Since b; = pob! > 0, by Lemma 5.1(ii) |A(x)| is bounded on [e, 1] for any e > 0.
Therefore, it suffices to show that |A(z)|? is integrable at x = 0. To this end, rewrite
1—-B(e")=1—(1—(1—e")4)P(e') = (1 — e*)?h(x), where

(2.19) h(z) := P(e™) — (P(e") — 1) (1 — ")~

From (2.18) we have |P(¢%) — 1] = Y%, 67 — 1p; < Ja] 5%, jp; = O(fa]) = o([1 - ¢¥[?)
and therefore h(z) — h(1) = P(1) = 1 as & — 0. Hence, |A(z)|?> ~ |z|2?,  — 0, proving
the integrability of |A(z)]?* for d € (0,1/2). The corresponding stationary solution {z;} of
(2.12) with uncorrelated noise {&;} has spectral density

(2.20) f(x) = (07/2m)[1 = B(e™)| 7% = (07 /2m)|1 — e | *|h(x)| 7, zell

with % defined at (2.19), that satisfies f(z) ~ (07/27)]z|™), z — 0, and is a continuous
bounded function on intervals [¢, 7], ¢ > 0. Moreover, using (2.20), (2.19), (2.18) and Lemma
2.3.1 in Giraitis et al. (2012), one can show that

(2.21) cov (g, T1) ~ e kT

with ¢, as in (2.15) for ARFIMA(0, d,0) model. Hence, the p,’s are essentially parameters
of short run dynamics and do not have an impact on the long-run behavior of cov(zg, xx)
and asymptotic of f(x) as x — 0.

IAR(q,d) model. Finally, let us remark that the IAR(c0) model given by equations (2.12),
(2.17) with polynomial P(L) defines a parametric class of long memory processes that are
different from ARFIMA(p, d, ¢) models. For example, B(z) = (1 — (1 — 2)?)(1 +rz)/(1 +r)
generates a different covariance structure than ARFIMA(1,d,0) model (1 — L)4(147rL)x), =
Ek-

It is convenient to parameterize P(L) as

1+ nrnL+. +r Lo
N 14+7r+..1yg

(2.22) P(L) , 11>0,...,1>0.

Then coefficients p; == r;/(L 4+ + ...+ 71y, i =1,....,¢ and py == 1/(1 +r; + ...r,) are
nonnegative and have property po + p1 + .... + p, = 1, so this model is a separate case of
(2.17). For d € (0, 1/2) it has a stationary long memory solution with the spectral density
(2.20) satisfying f(z) ~ (07/27)|z|7*¢,  — 0 and cov(xo, zx) satisfying (2.21).

Observe that an IAR(0, d) process is an ARFIMA(0, d,0) process.
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Remark 2.2 The well-known ARFIMA (p, d, ¢) model is obtained from the IAR ARFIMA(0, d, 0)
equation (2.12) by replacing {&} by a stationary ARMA(p, ¢) process & = A(L) *B(L)n;.
Here, {7;} is an uncorrelated stationary noise, Eny, = 0, En; = o7 and the polynomials A(z),
B(z) do not have zeroes on the complex disk {|z| < 1}.

In the IAR(p,d) model, parameterizing weights b; by P(L) changes the correlations
corr(zk, o) at finite lags but the asymptotics of corr(zy, zo) remain the same as for ARFIMA(0, d, 0).
In ARFIMA(p, d, q), instead of b;’s we are modelling the persistence of the noise {{;}. The
latter has strong impact on corr(xy, xq) for large lags, distorting the long memory behaviour
generated by b; and controlled by d.

Example 2.1 Figures 2-5 contain realisations, sample and theoretical ACF’s and the spec-
tral densities of

~TAR(1,d) process z, = B(L)xy + &, B(L) = (1 — (1 = 2)) (1 +7r2)/(1 + 1),

— ARFIMA(0,d,0) process (1 — L)%z, = &,

— ARFIMA(1,d,0) process (1 — L)4(1 — rL)x), = &
where d = 0.3, r = 0.5 and {&} is standard normal i.i.d. noise. They confirm theoretical
findings on long memory properties of TAR(1, d) processes.

It can be seen from Figure 2 that, although realizations of TAR(1, d), ARFIMA(0, d, 0) and
ARFIMA(1,d,0) processes are rather similar, persistence slightly increases for ARFIMA(1, d, 0)
processes. Different values of parameter r in the IAR(1, d) model lead to different shapes of
ACF at very low lags, for example, increasing r would form a peak in ACF at lag 2. Due
to the impact of the parameter r on short-range dependence, the ACF is notably lower at
lag 1 for TAR(1, d) model compared with ARFIMA(0, d, 0), see Figure 4. This illustrates the
important inherent feature of IAR(g, d) models - coefficient r or, more generally, coeflicients
of polynomial P(L)) - are mostly associated with the short-range dependence structure of
IAR process, while having a minor impact on long-run behaviour of ACF, in contrast to
ARFIMA models where parameters 7 and d tend to duplicate each other, and therefore it
might be hard to separate them in finite samples.

3 ARCH(o0) model and bilinear equation

In this section, we derive important auxiliary results. Our objective is to rewrite the
ARCH(o0) process {1} of (1.1) as a bilinear process driven by an i.i.d. zero mean noise
and analyse the existence of its stationary solution. In Section 4 we use solutions of bilinear
model to find stationary solutions for ARCH(oo) model

(31) T = 5k(w+2bj7k,j), k € Z.
=1
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—IAR(1, 0.3)

3

2

1

o .
a1 1 1 ) o1 251
-2

—ARFIMA(0, 0.3, 0)

5] —ARFIMA(1, 0.3, 0)

Figure 2: Realizations of ARFIM A(1,0.3), ARFIMA(0,0.3,0), ARFIMA(1,0.3,0) with r =
0.5

——IAR(1, 0.3)
——ARFIMA(1, 0.3, 0)

— — ARFIMA(0, 0.3, 0)

Figure 3: Sample ACF of ARFIMA(1,0.3), ARFIMA(0,0.3,0), ARFIMA(1,0.3,0) with r =
0.5, sample size n = 1000

Specifically, for a stationary ARCH(oo) process in (3.1) with mean E7, = p, we set
h= (e —p)+p=Ye+tp Yii=m—p

Recall § = 377, b;. We focuss on two cases, a) w > 0 and 0 < ¢ < 1, and b) w = 0 and

6 = 1. In case a), equation (1.5) implies y = E7; = w/(1 — @), while in case b), it does not
contradict a free choice of u > 0. Motivated by these facts, put

w/(l—0) if @ <1, and w > 0,
any positive number >0 if # =1 and w = 0.
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——1AR(1, 0.3)
0,80 - — ARFIMA(0, 0.3, 0)

—— ARFIMA(1, 0.3, 0)

——IAR(1, 0.3)
——ARFIMA(1, 0.3, 0)
- — ARFIMA(0, 0.3, 0)

Figure 5: Spectral density of ARFIMA(1,0.3), ARFIMA(0,0.3,0), ARFIMA(1,0.3,0) with
r = 0.5 computed averaging the periodogram at Fourier frequencies u;, j =1, ...,n = 250.

Assume o2 := var(g;) < oo and let {(, := (e — 1)/0, k € Z} be the centered i.i.d. noise.
With this notation, the ARCH equation of (3.1) can be written as the bilinear equation

(3.2) Y, = ijYk_j ~+ (. (ua—l—aijYk_j>,
7j=1 j=1
see also Giraitis and Surgailis (2002). By introducing the generating function
_ 0B(2) = ;
7=1
and putting zx := (1 — B(L))Y%, (3.2) can be further rewritten as a system of two equations:

(34) (a) Yvk = ijkaj + ks (b) 2 = Ck (,UO + Z hjzk,j).
j=1 i=1
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Note that the second equation in (3.4) does not contain the Y;’s and coincides with the
so-called LARCH model studied in Giraitis et al. (2000b, 2004) and elsewhere. Also note
that {2} is a martingale difference sequence and can be written as

(3.5) =Gk, VR =po+ > iz,
j=1

where vy is interpreted as volatility while the first equation is an IAR equation studied in
Section 2. A stationary solution {z;} of the second equation in (3.4) is constructed in terms
of causal Volterra series in i.i.d. innovations (s, s < k, see (3.9), (3.10) below, also Giraitis
et al. (2000b). Thus, the first equation in (3.4) in the integrated case 6 = > 77, b; = 1
represents a particular case of the IAR(oo0) model with causal albeit dependent uncorrelated
noise {z;} discussed in Theorem 2.1 of the previous section. Accordingly, the stationary
solution of the bilinear equation (3.2) is obtained as a solution

(3.6) V= gz
=0

of the IAR equation with martingale difference innovations z;_;’s determined by the second
equation in (3.4), or (3.5), and with g;’s as in (2.2) which satisfy h; = og;, 7 > 1. This
seems the most simple way to construct and solve the bilinear equation (3.2) and the ARCH
equation (3.1), too.

In the rest of paper, by “causal” we mean a stationary process {yy} written as a measur-
able function of the present and past values (,,s < k or, equivalently, ¢,,s < k. Similarly
as in Definition 2.1, by an Lo—solution of equations (3.1), (3.2), (3.4) we mean a random
process with finite second moment such that all series in these equations converge in mean
square and the corresponding equations hold for each k € Z.

The following proposition establishes the relation between solutions of (1.1), (3.2) and
(3.4) with ¢ and ( related by e = 0(,+ 1, and w = p(1 —0). For Y} in (3.2), we define the
“noise” as zj, 1= (p(uo + 0 3 %, b;Yy ;). For 2 in (3.4), the volatility process vy, is defined
in (3.5).

Proposition 3.1 Let 0 < p < oo and 0 € (0,1].

() If {1} is a causal Lo—solution of (1.1) then {Y} := 7 — p} is a causal Ly—solution
of (3.2) such that Y, > —p.

(ii) If {Yi} is a causal Lo—solution of (3.2) such that Yy > —pu, then {7, := Y, + pu} is a
causal Lo—solution of equation (1.1).

(iii) {Yx} is a causal Ly—solution of bilinear equation (3.2) if and only if {Yy, 2k} is a causal

Lo—solution of equation (3.4). Moreover, {Yy > —u} is equivalent to {vy > 0} with vy as in

(3.5).
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Proof. The equivalence of (i) and (ii) is immediate. It remains to prove (iii). Let {Y}} be a
causal Ly—solution of (3.2), zj := ((uo + 0 D72, b;Yy ;) and vy, == po + 3772 bz, ;. Let
us prove that {Y}, z;} is a causal Ly—solution of (3.4). This follows from (3.2) and equality

(3.7) v = ua+aijYk_j
=1

which is verified below. From the definition of z; and (3.2) it follows that the Y}’s satisfy
the IAR equation Y, — Z;; b;Y;—; = z, where {2} is a causal uncorrelated process with
finite variance. Therefore by Theorem 2.1 we have Y}, = Z;‘io g;%k—j, and 02}21 b;Yy_j =
0 b > 0 gizk i = Yoy hjze; follows from the definition of h; in (3.3), proving
(3.7) or the fact that {Y}, 2} is a causal Ly—solution of (3.4). Moreover, Y}, > —pu and
(3.7) imply vx > po + o (372, by)(—p) = po(1—0) = 0.

Conversely, assume that {Y%, 2} is a causal Ly—solution of (3.4). Then the fact that
{Y%} is a causal Ly—solution of (3.2) follows from (3.7) which in turn follows from Theorem
2.1 exactly as above. Finally, from v, > 0, (3.7), (3.2) and {, > —1/0 we obtain

Y, = ijykfj‘i‘CkUk > ij}/;cfj_(l/a)vk

=0

= ZbYk _i— (1/o)( ,ua—i—aZbYk _i) = —,

7=0
proving part (iii) and the proposition. O

Solution of bilinear equation. The solution {Y;} of equation (3.2) can be obtained by
finding a solution, {z}, of the LARCH equation (3.4)(b), and then using it to solve AR
equation (3.4)(a) to find {Y}}.

The existence of stationary Ls—solution of LARCH equation (3.4)(b) was discussed in
Giraitis, Robinson and Surgailis (2000b). As shown in this paper, a necessary and sufficient
condition for the existence of such solution is ||h]|> = Y702, h% < 1. Using the fact that

J=1""
hj = og;, j > 1, this condition can be written as

(3.8) Ih? = o Zgj < 1,

where the g;’s are obtained using the generating function (2.2), G(z) = (1 — B(z))™! =
> 52095%". Under (3.8), the solution z; of LARCH equation is written as the sum

(3.9) 2e = iU, v 1= (po) Z Ul(cm)’
m=0
of Volterra series of order m
(310) 'Ul(gm) = Z hsfslhmfsz T hSm—I*SmC81 e CSm? m > 17 ,U](gO) =1
Sy e <81 <8
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which converge in mean square under (3.8), have zero mean Ev,gm) = 0 and variance

Bof™?= N R 2, = ||h|]*" < oo.

§—S81° "S§1—82 Sm—1—5m
Sm < <851 <8

By orthogonality of the summands in (3.9), it follows
(1) of = B = B = (o (1+ S AP = (ko) (1 [I8]P) < oc.
m=1

The corresponding solution Y of AR equation (3.4)(a) is then written as a moving-average
of martingale difference innovations z,;, s < k

(312) Yvk = Zgjzk,j,
j=0

where E[z|(s, s < k] = 0, E[22|(, s < k] = v2. With (3.9), (3.10) in mind, Y} in (3.12) can
be rewritten as the Volterra series

o0

(3.13) Yy = (po) Z ( Z Gr—siPsy—sy - hs, s Cop o CSm)'

m=1  sp,<--<s1<k

The solution of bilinear equation in (3.12) is causal (in particular, ergodic), has zero mean
EY; = 0, and covariance-correlation functions

Z;io 95 9k+j
——x 5 k=0
ijo 9j

Assumption (3.8), ||2]] < 1, mainly guarantees that solution {Y}} has finite variance. Solu-

(3.14) cov(Yy, V3) = o2 Zgjgk+j, corr(Yy, Yy) =

J=0

tion (3.12) has spectral density
0'2 o s 12 0'2 i iz 12
f) = ZIY e = Zp-Yhe . rel
=0 =1

in view of equality A(z) = (1—B(e™))~" = 332 gje 7* proved in Lemma 5.3(a), and with
o2 defined in (3.11).

The following theorem establishes sufficient and necessary conditions for the existence
of a causal Ly—solution of the ARCH(00) equation (3.1) and bilinear equations (3.2), (3.4).
Recall that 6 = 70, by, 0 = var(ey), ||lgl|* = 3272, g7 and [[A|]* = [;; [A(2)[dz.

Theorem 3.1 (a) Bilinear equation (3.1) has a nontrivial causal La-solution if and only if
(3.15) lgll” < (1+0%)/0”.

Condition (3.15) is equivalent to || Al]* < 27 (1 + 0?) /o
(b) Let (3.15) be satisfied. Then
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(i) Ifw > 0,0 < @ <1 then ARCH equation (3.1) has a unique causal Lo-solution {7y}
given by 7, = p+ Yy, where {Y;} are defined in (3.12) and p=w/(1 — B).

(i) If w = 0,0 = 1 then (3.1) has infinite number of causal Lo-solutions. Fach such
solution {1} with ET, = p > 0 is unique and has the form {m, = p + Yy}, where Y}
are defined in (3.12) with {z} given in (3.9).

Proof. (a) Note first that (3.15) is equivalent to (3.8) while the equivalence of (3.15) and
|A]|? < 27(1 + 0?)/0? follows from Lemma 5.3(a).

Let us prove the necessity of condition (3.8). Assume that {74} is Lo—solution of ARCH
equation (3.1). By Proposition 3.1(i), the last fact implies that {Y} := 7 — p1, 2 := ((po +
0 ;21 b;Ys )} is an Ly—solution of bilinear equation (3.4). Consequently,

ol =Ez = E(,ua + Z hjzk—j)Q = (uo)* + (Z h?)af > (Z h?)a2
7j=1 7j=1 1=1

yielding (3.8).

Conversely, let us show that (3.8) implies the existence of Ly—solution {7} of (1.1) with
Ety, = p given by 7, = Y + p, with Yy, defined in (3.13). As shown above, (3.8) guarantees
that the above {Y}} is an Ly—solution of (3.2). Therefore, by Proposition 3.1(ii), it suffices
to prove that

(3.16) Yi > —p

To show (3.16), we approximate Yy in (3.13) by

o

Yk,p (NU) Z( Z Gr—siPsy—sy "+ " Mg — 5, Csy gsrn)’

m=1 p<lsm<-<s1<k

where p > 1 is a large integer. Observe that for £ > p the Y} ,’s satisfy equation (3.2), viz.,
0 0

(3.17) Vip=Ge(no+0 D bYijp) + Y biYiyy,  for k>p,
j=1 7j=1

while Y, = 0 for £ < p. Moreover, by orthogonality of Volterra series,

E(Yk_Yk,p - QZ‘]IMJJ Jkp = Z glz 51h§1 s2 hgm 1= Sm”
m=1

Sm <+<81<k, 8, <p

Note that J,E, < |lg||?||A]|*™=1), where ||h|| < 1, and hence > >0 k"; is dominated by a

converging series. Moreover, for each m > 1, Jkp — 0asp — —o0. Hence, lim,, o E(Y) —
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Yip)? = 0 for any k € Z by the dominated convergence theorem. Therefore, (3.16) follows if
we show that for any p € Z,

(3.18) Yip > —p, ke

To prove (3.18), we use induction on k. Clearly, (3.18) holds for £ < p because by definition
Yip =0 > —p for & < p. Also, (3.18) holds for £ = p+ 1 since Y11, = (po)Gpp1 > —p
because (po)(; = (po)(e; —1)/o > —p, for j € Z. Let k > p+ 1. Assume by induction that
(3.18) holds for all k = k — j, j > 1. Then, by (3.17) and the inductive assumption,

o

Yip = <k(ua>+<<ka+1>(me_j,p)z<k<uo)+<<ko+1)<2bj)<—u)

> o) + (Go+ 1) () >

This proves the induction step £ — 1 — £ and (3.18), (3.16), too, thereby proving part (a).

(b) Claim (i) follows from Giraitis and Surgailis (2002), Thm.3.1. Let us prove (ii). By
Proposition 3.1, it suffices to show the uniqueness of solution {Y};} in (3.4) with {2z} as in
(3.9)-(3.10). Since the above {z;} is regular and {Y}} is causal, the uniqueness follows from
Theorem 2.1. Theorem 3.1 is proved. O

4 Stationary solutions of IARCH, FIGARCH and ARCH

equations

We now are ready to establish the existence of stationary IARCH and FIGARCH processes
with finite variance. Theorem 4.1 and Corollary 4.1 below show that covariance stationary
[TARCH and FIGARCH processes exist, and that long memory is their inherited feature. The
proofs are based on results obtained for a bilinear model (3.2) in Section 3.

The results of the previous section lead to the following conclusions about stationary
solutions of the IARCH, FIGARCH and ARCH(o0) equations. The stationary solution {7y}
with mean E'1; = p in Theorem 3.1 can be represented as

(4.1) T, = p+Y,, keLZ,

where {Y};} has mean EY}; = 0 and is given by

x
(42) }/;c = ngzkfsa g = CsUsa
5=0
vsi= po™H TN (Zsm<-..<81<s Gs—s19s1—s2 """ Gsm_1—smCs1 """ Csm)'

The sequence {z; = (55} in (4.2) is a stationary ergodic martingale difference sequence with

zero mean and variance o? = Ez? := (po)?/(1 — 0*(]|g||* — 1)), and assumption o2 < o is
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equivalent to

(4.3) lgll* < (1 +0%)/0".

The following theorem shows that under assumption (4.3) there exist an infinite number of
TARCH solutions 73 parameterised by the mean value o > 0. Part (iii) of the theorem shows
that TARCH process always has long memory, viz. its auto-covariance is not summable, and
spectral density is unbounded at zero frequency.

Theorem 4.1 The IARCH equation (1.2) has a non-trivial stationary causal Ly—solution
if and only if 0* = var(e,) and b;’s satisfy condition (4.3). In the latter case,

(i) For each pn > 0, the process {7} in (4.1) is a unique causal Ly—solution of (1.2) with
mean T, = p.

(ii) The covariance function of {1} in (4.1) is given by

oo
(4.4) cov (7o, k) = 0 Zgjgk+j-
=0
(iii) The covariance function in (4.4) is nonnegative: cov(ry,Tx) > 0 and nonsummable:

> pez €ov(To, Tk) = 0o. Moreover, {m.} has spectral density f(x) = (02/2m)|1 — B(e™™)|72,
x € II that is unbounded at the zero frequency.

Proof. All claims with the exception of (iii) follow from Theorem 3.1, and claim (iii) follows
from Theorem 2.1(iii). O

Remark 4.1 The above corollary together with Lemma 5.2(a) and Lemma 5.3(c) imply
that that the JARCH model in (1.2) with w = 0 does not have a stationary solution with
finite variance if the b;’s tend to zero fast enough: exponentially or vanish for j large enough,
or decay at rate b; = O(j77) for some v > 3/2. In contrast, the sufficient conditions for the
existence of a stationary IARCH process with non-zero intercept w > 0 and infinite mean
ET; = oo obtained in Kazakevi¢ius and Leipus (2003) and Douc et al. (2006) require an
exponential decay of b;’s as j — oo, or the opposite property.

The next corollary details the case of the FIGARCH equation in (1.3). It establishes the
existence of stationary long memory FIGARCH processes and shows that their covariance
function cov(7y, 79) decays to zero hyperbolically slowly as in (4.6). Recall that o2 = var(ey).

Corollary 4.1 For the FIGARCH model in (1.3) with d € (0,1/2), condition (4.3) is equiv-
alent to

I'(1 — 2d)
F(1—-2d)-T?(1-d)

(4.5) Esj <
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Under (4.5), the statements of Theorem 3.1 (i) and (ii)(b) hold. Moreover, as k — oo, the
covariance and spectral density of the FIGARCH process {} with ET, = p satisfy

(4.6) cov(7o, T) ~ ple kT

where ¢, = 02I'(1 = 2d)/{T(d)T'(1 — d)}, 02 = 0?/(1 + 0® — 0°T'(1 — 2d) /T?*(1 — d)) and
(4.7) flx) = (62/2m)|1 — 7|72 ~ (62 )2m) ||, = — 0.

Proof. From (2.15), we have ||g||> = T'(1 — 2d)/T?(1 — d) yielding the equivalence of (4.3)
and (4.5). The remaining claims of the corollary follow from Theorem 4.1 and (2.15). O

For comparison, Corollary 4.2 below recovers the results on the existence of a stationary
finite variance solution of ARCH(co) equation with 6 = »7°7, b; < 1, obtained in GS(2002).
As noted above, the existence of such a solution in this case necessary implies E1, = pu =
w/(1 — 6). In sharp contrast to finite variance stationary IARCH processes, which can have
only long memory (see Theorem 4.1(iii)), a stationary finite variance process ARCH processes
with # < 1 always has short memory, in the sense that its covariance function is non-negative
and absolutely summable.

Corollary 4.2 An ARCH(oc) equation in (1.1) with w > 0 and § = 3222, b; < 1 has a
unique stationary causal Lo—solution if and only if condition (4.3) is satisfied. The above
solution is given by 7, = p+ Yy, (4.1), with p = w/(1—0). It has mean Et, = pn = w/(1—0)
and non-negative covariance function given in (4.4). Moreover,

ZCOV(T@,Tk) < 00, ng < 0.

keZ keZ
Proof. All statements with the exception of the last convergence follow from Theorem 3.1.

To show it, note that g; > 0 in (2.5) satisfy > 2 g; <> (0™ < oo since < 1. O

The following proposition discusses the weak convergence in the Skorohod space D[0, 1],
denoted by —p 1), of the partial sums process of {r;}. Below, {B(t),t € [0,1]} denotes a
standard Brownian motion with variance EB?*(t) = ¢ and {Bg.1,2(t),t € [0,1]} a fractional
Brownian motion with variance EB§+1/2(t) =2 0<d<1/2.

Proposition 4.1 Suppose that (4.3) holds.
(i) Let w >0, 0 <1 and {7} be the ARCH(<) process in Corollary 4.2. Then

[nt]

(4.8) n~4? Z(Tk — ET) —ppa 8°B(t), st = ZCOV(T@, Tk)-
k=1 keZ
(ii) Let {7} be the FIGARCH process in Corollary 4.1. Then
[nt)

(4.9 n7VIN(r = En) —ppgy SaBawip(t),  sqi= pley/(d(1 + 2d)).
k=1
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Proof. (i) The convergence in (4.8) is a consequence of the summability >, ., cov(, 1) <
00, the associativity property of {7} and the functional CLT by Newman and Wright (1981),
see Giraitis et al. (2007) for details.

(ii) Using the fact that {7} in (4.2) is a moving average of stationary ergodic martingale
differences, (4.9) follows from Theorem 3.1 in Abadir et al. (2014) or Theorem 6.2 in Giraitis
and Surgailis (2002). O

We end the paper with two examples of integrated ARCH(oo) processes.

Example 4.1 Autoregressive Conditional Duration (ACD) model of Engle and Russell
(1998) of order 1 is given by

(410) T — 6k(w—|—b7'k_1),

where w > 0, 0 < b < 1, Ee; = 1 and 0? = var(s;) < oo. In this case we have that
B(2) = bs, G(2) = (1— b)™ = X5, b20, g, = b1, by = obd, j > 1 and [[h]]? = S22, b2 =

Jj=1""
0? Y2 b7 = /(1 — b%). The corresponding bilinear equation (3.2) for Y3 = 7, — EY

writes as

Vi = G(po+0bYe1) +0Y1, p=w/(1=0), &= (sx—1)/0.
Condition ||| < 1 of (3.8) becomes 02b?/(1—0?) < 1, or b*Ee? < 1. By (3.14), the covariance
of the ACD process in (4.10) is a multiple of that of AR(1):

o o
cov (7o, Tk) = nggjgkﬂ' = U?Zb]bk“ =ab®, k>0,
J=0 j=0

where a := (wo)?/(1 — b*(1 + o?)).

Example 4.2 The following extension of the FIGARCH model

14+rL

(4.11) o= aBL)m,  B(L):=(01-0-L))5

where 0 < d < 1/2 and r > 0 are parameters, is a particular case of integrated autoregressive
operators discussed in example (2.22).

Figures 6-9 contain realisations, sample and theoretical ACF’s and the spectral density
of the FIGARCH process 7, = FIGARCH(0.2) and the long memory ARFIMA process
xp ~ ARFIMA(0,0.2,0) + 1 with Exy = E7; = 1 which confirm our theoretical results on
long memory properties of FIGARCH processes.
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——ARFIMA(0, 0.2, 0)

——FIGARCH(0.2)
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Figure 6: Realizations of zy ~ ARFIMA(0,0.2,0) + 1, 7u, ~ FIGARCH(0.2) processes, E1, = 1

——ARFIMA(0, 0.2, 0)

——FIGARCH(0.2)

Figure 7: Sample ACF of zy ~ ARFIMA(0,0.2,0)4+1, 7, ~ FIGARCH(0.2), sample size n = 500

5 Auxiliary lemmas

This section contains three auxiliary lemmas.

Lemma 5.1 Let 6 = Z;’il b; = 1 where b;’s are non-negative.
(i) The function 1 — B(e'®), x € II has only finite number of zeroes on 11, including x = 0.

(ii) The point x = 0 is the unique zero of 1 — B(e'®) provided either by > 0, or byby,1 > 0
for some k > 2 hold.
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0,30 ——ARFIMA(0, 0.2, 0)

——FIGARCH(0.2)

0,15

Figure 8: True ACF of z;, ~ ARFIMA(0,0.2,0) + 1, 7, ~ FIGARCH(0.2)

——ARFIMA(0, 0.2, 0)
4,5

——FIGARCH(0.2)

Figure 9: Spectral densities of xy ~ ARFIMA(0,0.2,0) + 1, 7, ~ FIGARCH(0.2) computed

averaging the periodogram at Fourier frequencies u;, j = 1,...,n = 250.

Proof. (i) Suppose that B(e'®) =1and b, =... =b, ; =0, b, > 0 for some 7y € I, p > 1.
We will prove that

(5.1) B(el™) = e,

Then, 1—B(e'#0) = 1—eP* = 0 yields pzo = 0 (mod 27). Hence, zy € {0, £27/p, ..., 27k /p,
0 < k < p/2}, proving the first statement in (i).

To show (5.1), let byoq = ... =by_1 =0, by > 0. (If such p’ > p does not exist, then (5.1)
holds trivially.) Then B(e 1xo) = Z bjeli®o = elPvo > e, b) elU=P)To = olrvo (b 4 >+ 1), where
2 = byl P20 and o = > iy byel i p)xo. Write z = b /cos((p —p)xo)+iby sin((p'—p)zo) =
u +iv. Then,

1= [B(c*)] = [b, + z +w| < [by + 2| + [w] < by + 2] + |w| < 3772, b; = 1.
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This implies |b, + 2| = b,+|2|, or ((b,+u)?+v?)Y? = b, + (u®+v?)'/2. Taking squares of both
sides gives u = (u? +v2)/2 or u > 0,v = 0. Hence, z = by and B(e'*°) = €% (b, + by + w).
Repeating the above argument, we obtain w = by 11+ by 12+ ... and consequently B(e'®) =
eP% (b, + byyy +...) = eP(by + by +...) = €™ proving (5.1) and part (i).

(ii) Let first by > 0. Then (5.1) implies 1 — B(e™) = 1 — e'® = 0 and hence zy = 0. Next,

if for some k > 2, byby,1 > 0, then, with 2’ := by €% and w' := Z;il;#k’kﬂ bjei(j_k)ito,

1= |B(e®)]| = |by + 2’ + | < by + 2| + |w'| < by + |2] + || §Z;’i1bj:1.

Hence, |by + 2'| = b, + |2'|, and the same argument as used in the proof of (5.1) implies that
2" = by;1. Therefore e® = 1, or 2y = 0, proving (ii). Lemma 5.1 is proved. O

Lemma 5.2 Let ) = Z;‘;l bj =1, where b;’s are non-negative. Assume that & is a station-
ary zero mean process which spectral density fe is bounded away from 0 and oo.

Suppose that equation
(52) Tk — Z;il bjxkfj = &, ke,

has a stationary zero mean solution xy with 0 < Exi < co. Then,
(a) A(z) := (1 — B(e®)) ! is Ly -integrable.
(b) [lgll < oc.

Proof. (a) Let f(z) = |1l — B(e )| ?f¢(x), z € II. Then, by the same argument as in
the proof of Theorem 2.1(ii), the corresponding spectral measures F, and F¢ of stationary
processes {zx} and {&;} satisfy

11 — B(e™)|2F,(dx) = Fg(dz) = fe(z)dz, x €1l

By Lemma 5.1(i), 1 — B(e '*) = 0 has finite number of zeros 1, ..., ¥, in II. Since F} is non-
decreasing, the only difference between F, and F; is a possible jump at the points 1, ..., Ty,
which yields equality F,(dz) = f(z)dx + Y ., ¢;0,, where ¢; > 0 are some non-negative
constants. Therefore, oo > Fuy = [, Fy(dz) > [, f(z)dz > ¢ [ |1 — B(e )| 2dz, since by
assumption fe(z) > ¢ > 0, z € II, for some ¢ > 0, which proves (a).

(b) Next, we show that the existence of a stationary Ls—solution {z} with the finite
second moment Ezi < oo contradicts ||g|| = co. From Lemma 5.3(c), condition ||A]] < oo
implies that b; > 0 for infinite number of j > 1. For a large p > 1, denote b} := b;1(j < p)
and

B'(L) =372 b7, G'(L):=(1—-B'(L) ' =379,

Observe that g} satisfy (2.5) with b;’s replaced by b}’s. Rewrite (5.2) as
Trp — Z?:l bjl‘kfj = §k + ug, where U 1= Zcierl bjxk;fj;
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or (1 — B'(L))zx = & + ug. Since Y77 b < 1, standard spectral argument implies that

(5.3) x = G (L)(& + ug) = & +up, where & :=G'(L)&, u), = G (L)uy
We claim that under ||g|| = oo, as p — oo,
(5.4) E(u})? < Ex} = 0(1) and  E(&)* — o

On the other hand, since Ex? < oo, then E(&,)? = E(xy, —u})? < 2Ezi+2E(u))* = C < oo
which leads to contradiction.

To prove (5.4), notice that from the definition of u), as a linear filter and F,(dx) the
spectral measure of {z},

ija:
_P+1 Laj=p+175 p+1 b
o) < [ |2
/‘1— bew 2 / 1->7 b

proving the first relation in (5.4). The second relation follows by standard spectral argument
using the lower bound f¢(z) > ¢ >0, z €I,

Fx(dx) = /HFI(dac) = Ex}

2 00
B = (@/2n) [ 16 Phetado = TF [ G0 = 23

and the fact that the sum Y °*) ¢"* — [|g]|* = oo tends monotonically to oo with p — oo.
This completes the proof of the part (b) of the lemma. O

The following lemma shows that the analytic function G(2) = 377 g;27, [2| < 1 extends
to the unit circle |z| = 1, and such extension coincides with A(z) := (1 — B(el®))™!, z € TI
in Lo-norm. Recall notation ||A|| = (J |A(z)[*dz)Y/2.

Lemma 5.3 Let 0 =Y =, b; = 1, where b;’s are non-negative,

(a) If [|g]] < oo, then ||A]| < oo and A(x) = G(e'®) a.e. in IIL.

(b) If [|A[] < oo, then ||g|| < oo.

(¢) If by = O(k™), k — oo, for some v > 3/2, then |1 — B(e'®)| 2 is not integrable on I1.
Proof. (a) Let us show that [|g|| < oo implies ||4]| < oo and A(z) = G(e?) a.e. in

I Let ||g]] < 0o and 0 < 7 < 1. Then [|G(re™) — G(e*)[Pdx = 27 Y2 g5|r7 — 1]* = 0

as 7 1 1 and therefore lim,+; G(rel®) = G(e®) a.e. in II implying 1 = lim,4 G(re'®)(1 —

B(rel®)) = G(e*)(1 — B(e'?)) a.e. in II. Since 1 — B(e*) # 0 a.e. in IT (see Lemma

5.1(i)), this implies G(e®®) = (1 — B(e'?))~! = A(z) a.e. in TI. Then by Parseval’s identity,

(27) " Al|? = ||g||* < oo which completes the proof of (a).

Proof of (b). Let ||A|| < co. We will show that ||g|| < co. For that we will construct IAR

equation

(5.5) Yk — Z bjyk—j = &k ke Z,
j=1
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where &;’s are i.i.d. random variables with zero mean and unit variance, and show that this
equation has a stationary zero mean and finite variance solution, which by Lemma 5.2(b)
implies [|g|]| < oo. To construct such solution, denote by & = [, e*"Z(dv) the spectral
representation of {&}, and let

(5.6) Je = [y e* A(x)Ze(dx), ke Z.

Since || A]] < oo, {gk} is a stationary process with the spectral measure Fj(dz) = |A(z)|?F¢(dz) =
(2m)7'A(x)?dz, Ej, = 0 and variance Ey; = [ Fy(dz) < co. To show that g is a solu-
tion of (5.5), observe that the function 1 — 3772, bje_lﬂ is bounded and, therefore, Lo(F})-
integrable. Then, by properties of spectral representation of stationary times series (see,
Brockwell and Davis (1989, Thm.4.10.1) gk =327, bjfk—; = [;; ¢ = bie I A(x) Ze(dw) =
[ €% Ze(da) = &, and therefore § is a solution of (5.5). This completes the proof of (b).

Proof of (¢). We will prove that [1—B(e”)| < C|z|"/? which implies (c): [, [1—B(e”)| 2dz >
C™! [qloz|7'dz = oco. Recall that 33, b; = 1, b; < Cj77 < C53/? and notice that by
the mean value theorem |1 — 2| < Cj|z|. Thus, |1 — B(el®)| = |Z;’il bi(1 — €| <
C’Zl/m 12| 3| + Czj21/|$|j*3/2 < Cz|"/2. This proves (c) and completes the proof of
the lemma. O
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