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Abstract

We propose instrumental variables (IV) estimators for quantile marginal effects and the parame-
ters upon which they depend in the context of a semiparametric outcome model with endogenous
discrete treatment variables. We prove identification, consistency and v/ N-asymptotic normality
of the estimators. We also show that they are efficient under correct model specification. Fur-
ther, we show that they are robust to misspecification of the treatment model in that consistency
and asymptotic normality continue to hold in this case. In the Monte Carlo study, the estimators

perform well over a wide variety of designs covering both correct and incorrect treatment model
specifications.
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1 Introduction

In this paper, we consider a class of semiparametric models in which the outcome depends on a vector
of endogenous treatments with unknown treatment effect functions of exogenous variables. For
these models, our main objective is to develop robust, efficient, and v/ N —asymptotically normally
distributed estimators for quantile marginal effects and the parameters upon which they depend.
We refer to these effects as quantile marginal effects because they estimate the expected treatment
impact conditioned on the exogenous variables being in a quantile region of interest. We term the
estimators as robust as they retain consistency and asymptotic normality when the treatment model
is misspecified. When the treatment model is correctly specified, we provide efficient estimators for
quantile marginal effects and the parameter upon which they depend.

For the models being considered, the treatments are discrete endogenous variables that flexibly
interact with other explanatory variables. Specifically, with Y as an outcome, X a vector of exoge-
nous variables, and ¥ a discrete treatment vector, we focus on the class for which the treatment
effects are given by M (W), where M is a vector of unknown functions and W is a vector of indices
that depend on X and a parameter vector 6y. To estimate marginal effect functions, we develop a
localized Instrumental Variable (IV) strategy that iteratively employs two sets of instruments for
estimating them and the underlying finite dimensional parameter vector. We provide closed form
expressions for the lower bound of the asymptotic covariance matrices for the estimators and the
corresponding instrument. To obtain these results, trimming out observations is required to deal
with small density denominators, and here we retain observations whose exogenous variables lie
in a set based on sample quantiles. For the parameter estimates, the quantile trimming set does
not need to be consistently estimated to obtain consistent parameter estimates. Accordingly, it is
not surprising that such trimming can be taken as known in developing the theory for the index
parameter estimator. In contrast, quantile marginal effects are obtained by averaging marginal ef-
fects over estimated quantile sets, and consistency of the former does depend on consistency of the
latter. Therefore, as one would expect from Newey and McFadden (1994), the covariance matrix
for quantile marginal effects depends on that for estimated quantiles in a manner that is formally
established in Lemma 3.

Endogeneity is a very important issue in econometric analysis, and there is a large parametric
literature on this issue (see e.g. Heckman (1978) and Hausman (1983)). To deal with this problem,
the IV estimator is widely employed in the empirical literature for parametric models (e.g. Card
(2001)). In part, IV is very appealing because it is robust against misspecification in modeling
the instruments. In nonlinear parametric models, Amemiya (1974,1977) developed an optimal
instrument which depends on an unknown conditional expectation of the derivative of a residual
function. Employing nonparametric expectations while retaining the parametric outcome model
structure, Newey (1990) provided a way to implement the optimal instrument and showed that the
estimator is consistent, asymptotically normal and efficient. The emphasis in this literature is on
estimating a finite dimensional parameter vector. With known parametric response functions and
with marginal effects being evaluated at a given value for the explanatory variables (often their
average or median), the marginal effects are easy to recover as they are known functions of the
parameters.



The literature has continued to progress to fully nonparametric models based on either gener-
alizations of two-stage-least-squares or control approaches. For example, Newey and Powell (2003)
developed a two-stage series estimator with a detailed discussion on identification. Imbens and
Newey (2009) provided identification results and convergence rates for average structural functions.
Das (2005) and Cai et. al. (2005) developed a substitution estimator for a model that is linear
in endogenous variables with an associated multiplicative nonparametric impact or marginal effect
response functions. Newey, Powell, and Vella (1999) and Imbens and Newey (2009) developed con-
trol estimators for a nonparametric triangular system where both the treatment and the outcome
variables of interest are continuous. Our paper differs from these in two respects. First, for nonpara-
metric models, the issue of imposing incorrect parametric restrictions does not arise. In contrast,
robust estimation is an issue in a semiparametric context and is part of the focus of the present
paper. Second, while this literature estimates marginal effects or average structural functions, with
the exception of Das (2005) and Cai et. al. (2005), it has not developed distributional results for
them.

Turning to semiparametric models with endogeneity, we note that while such models are very
important in empirical studies, there is a scarce literature on distributional results for marginal
effects in such models. Further, many of the estimators are not robust to treatment misspecifica-
tion. For example, the estimator in Das (2005) and Cai et. al. (2005) for nonparametric models,
can be extended to the semiparametric case. However, because of the structure of the estimator,
its semiparametric extension is not robust to misspecification of the treatment model. Semipara-
metric extremum approaches such as Rothe (2009) could be developed for the model considered
here, but would not be robust to treatment misspecification. There is also a substantial literature
on control function approaches in semiparametric models (e.g. Blundell and Powell (2004)), but
such approaches are not applicable with discrete treatments. GMM estimators (e.g. Ai and Chen
(2003)) could be applied to the present model and would have robustness properties. However,
while this literature has recently focused on developing estimators for parameters under a large and
growing number of moment conditions, here we derive closed form expressions for optimal marginal
effect and parameter estimators and the corresponding covariance matrices. The present paper also
differs from this literature in developing v/ N— asymptotics for quantile marginal effects. We derive
an explicit form for the asymptotic covariance matrix that accounts for the presence of indicators
on estimated quantile sets. Theorem 5 shows that this matrix is minimal under correct treatment
specification.

To obtain these results, in Section 2, we describe the model and the estimators for the quantile
marginal effect functions and the parameters upon which they depend. As discussed in this section,
the estimators may be viewed as iterative versions of global and local IV approaches, where the
local formulation is motivated by the approach in Fan and Gibels (1996). Section 3 provides
assumptions and definitions needed to obtain large sample results. Section 4 provides the main
theorems for both a finite dimensional parameter vector and for quantile marginal effects. In Section
5, we provide a Monte Carlo study with designs in which we vary the form of the marginal effect
function. For each of these functions, we consider cases where the treatment model is misspecified,
taking the form of omitting relevant variables, and where it is correctly specified. We find that the
estimator developed here has good finite sample properties under correct and incorrect treatment
specification. Concluding remarks are provided in Section 6. The Appendix contains proofs of main
theorems along with required intermediate lemmas, and their proofs.



2 The Model and the Estimator

The model we consider is one with discrete endogenous treatments and a continuous outcome. There
are many empirical applications with such a model structure. For example, in health economics,
the health outcome (e.g. survival) can be continuous and the treatment could be no treatment,
chemotherapy only, radiation therapy only, or both chemotherapy and radiation therapy. The
treatment could also be smoking choices: no smoking, smoking 1-5 cigarettes per week, smoking
6-10 cigarettes, etc. There are also many examples in labor economics such as job training program
choice with wages being the outcome.

Denote Y; as the continuous outcome and W, is an i.i.d. vector of induces. With L + 1 possible
treatment options, the endogenous treatment variable ¥; takes on values 0, .., L with 0 as the null
option. Then, the model that we consider has the following structure:

Y, =g, %) + &,

where ¢; is the error component with conditional expectation zero given the exogenous variables.
Write the treatment indicator as Ty, = 1{%; = [}, [ = 1, .., L. Then, because of the discreteness of
the treatment, we can rewrite the model as:

L
1_ZTil

=1

L
Yi = > gV DT+ g, 0)
=1
L
= Y lgWi, 1) — gV, 0)] T + g(W;, 0) + &
=1

= RZ’OJO (Wl) + &; (2)

where
[gW;, 1) — g(W;, 0)]
R, =[Ti1], (W) = [gOW;, L) _ gWi,0)] [ ¥
g(W;,0)

The data set {Y;, T}, ..,EL,WZ-}Z.]L is identically and independently distributed (i.i.d.) taking
on values in Xy x Xp x Xy C RWHEW with Ky denoting the dimension of W,;. This model
structure is the same as in Das (2005) and Cai et. al. (2005) in the nonparametric case. For
this case, they proposed a substitution estimator where the endogenous treatment variables are
replaced by estimates of their conditional expectations. This estimator is very attractive for this
nonparametric case where by definition there are no incorrect parametric restrictions to consider.
However, there are applications where sample sizes are not sufficiently large to obtain reliable
estimates of nonparametric models. Semiparametric models have become important alternatives in
such cases. If the approaches discussed above are applied in a semiparametric context, the estimator
will typically be inconsistent when the semiparametric treatment model is not correctly specified.
In contrast, here we develop a semiparametric IV estimator that retains consistency and asymptotic
normality when the treatment model is misspecified. Further, we show that the IV estimator is
efficient under correct semiparametric specifications. Regardless of whether or not the treatment
model is correct, we show that the covariance matrix for our estimator does not depend on the
covariance matrix for the estimator of the treatment model.



In the outcome model discussed above, we allow for multiple treatments and therefore we allow
for multiple indices in the treatment model. For example, consider a model with treatments 77 (e.g.
chemotherapy) and T, (radiation). Suppose that each of these treatments is described by a single
index model:

T = 1{]1 > Ul);TQ = ].{]2 > U,g},

with thresholds u; and us independent of the exogenous variables upon which the indices I; and
I, depend. For the model we consider, we allow for the joint treatment T3 = {I; > uy and I > us}
to be another treatment, which results in a multiple index model. ~To handle these types of
cases, we allow for multiple treatment indices. For the outcome model, for expositional simplicity,
we adopt a single index specification, but note that the extension to multiple outcome indices is
straightforward.

With the parametric outcome index V;(fy) defined in (D1) in Section 3 and with v as a fixed
value for the index, refer to (2) and let A;(v) = R;a(V;(00)) — Riap(v). Then, we can write the
localized model as

Y = Riao(v) + [A;(v) + &4

This localization is important, because it enables us to treat the a — functions evaluated at v
as estimable parameters.! Kernel weighting is employed to enforce this localization by severely
downweighting any observations where V; is not close to v.

If the above functions did not depend on unknown parameter values, we could then proceed to
develop a local IV estimator for the above model to recover the unknown functions at all points of
interest. With 6, having dimension K, and taking values in ®; C 23%1, assume that the outcome
index is a known function of 0y : V; (6y). If we knew 6y and hence the true index values and if we
only used observations V; (6p) in a neighborhood of v, then A;(v) would be close to zero. It would
then be natural to employ treatment probabilities as instruments and write localized IV moment
conditions as:

Q' Dy (v,60) [Y — Rap(v)] =0

where with 1 denoting a vector of ones, Q = {{P 1} includes trimming # and an N x L matrix of
probabilities P as the treatment instruments. The diagonal matrix Dy (v, ) is given by:

D (v,0,) = diag {%k(ih(@o)) }

where the kernel function k(z) is a symmetric density and represents the localization that heavily
weights observations close to v. For known 6, the above moment conditions generate the estimator
Qe

6(v,00) = [@' Dy (v.00) 7] " O'Dy (0,60) Y,

provided that the inverse on the right-hand-side exists (as established in Theorem 1). In practice,
o is unknown and must be estimated in conjunction with the unknown functions in . To this end,
with functions evaluated at an arbitrary vector of parameter values 6, define:

(v, 0) = [Q’DN (v,0) R} 0Dy (0,0)Y

Fan and Gibels (2008) analyzed a local polynomial approach in the case where endogeneity is not an issue.



We now estimate the index using a second and different IV strategy. To motivate this strategy,
consider the Non-linear Least-Squares (NLS) estimator:

fi P ] p— . A . 2
0 = axgmin Y [Y; ~ Ria(V(0).0)
The first-order conditions for the NLS estimator are given as:
1 A L
~ 2 [RiVa] [n ~ Ria(Vi(0),0)] = 0.

Since this estimator will be inconsistent in general, we require an instrument for R;Vga. The
conditions the instrument Z; must satisfy are provided in (D9) and (D10) in Section 3. We also
discuss its implementation in the Monte Carlo study, with the instrument being the optimal one as
obtained in Theorem 4. Allowing for the possibility that this instrument may (and typically will)
be estimated, denote 7 as the instrument, which we assume converges in probability to Z. Then,
the IV estimator for 6 is:

2

N

A 1 A

0 =argmin | — » Z;[Y; — R;&a(V;(0),0
Ig N?_l il (Vi (0),0)]

In proving properties for the estimator, we show that &(V; (0), ) converges uniformly in € to a fixed
function «(V; (0) ,0). Further, we show that when evaluated at 6, this function is equal to the true
marginal effect function.

The constructions of & and # above provide the insight as to why the estimator is consistent
even when the treatment model is misspecified. Informally and abstracting away from trimming
issues, we use the term misspecified to mean that the treatment instruments are not the expected
value of the treatment vector conditioned on the model’s exogenous variables. For example, in the
Monte Carlo study, we consider a misspecified case where the treatment model is subject to omitted
variable bias. To intuitively see why the estimator is robust to such misspecification, it is useful
to consider the moment conditions that define the estimators. For the § — moment conditions, we
employ the uniform convergence property of &(V; (0),6) to show that:

Z ZLY; — Ria(V; (0) ,0)]

is uniformly close to:

E

AT AT ﬂ)]] .

Similarly, for the a—moment conditions, it can be shown that they are uniformly close to:

1< : , |
B | 2 Qi = RaaV; (0) 0 g =) | =1

Subject to identification conditions, the estimator will be robust if 6, solves the moment condi-
tions when the treatment model is not correct. This is the case, because [Y; — R;a(V; (6o) ,60)] = &

6



is uncorrelated with @); regardless of whether @Q; = F (R;|X;r) where X;r denotes the full set of
exogenous variables in the model. Similarly, with Z; as an appropriately selected vector of exoge-
nous variables, the 6—moment conditions will also be solved at 6y when the treatment model is
misspecified. In contrast, if we use a substitution estimator with @; replacing R;, then (R; —Q;);
becomes an error component. When the treatment model is misspecified, it is highly likely that
this error component will be related to other included variables in a semiparametric context. We
explore this issue further in Monte Carlo experiments below.

It is interesting to note that for 6 # 6, the a(V; () ,0) functions will depend on the instrument
() that is employed. However, at 6y, a(V; (6p),60) = ao(V; (6p)) does not depend on (). In other
words, at 6y, we are recovering a treatment effect that depends on X, but does not depend on the
instrument.

Having described the estimators for index parameters and o — functions, we turn to the estima-
tor for marginal effects. While marginal effects at specific points are implied by the a — functions,
these functions converge at a rate below the parametric rate of v/N. Further, as the model is non-
linear, the marginal effects are not constant throughout the index distribution. In this paper, we
propose a marginal effect estimator over quantiles that converges at the v/N rate as researchers
are often interested in marginal effects over different quantiles of the distribution of the exogenous
variables.

Let V}(@) be the estimated index for observation j and f,; as an indicator for a particular
variable of interest X;; being in an estimated quantile set. We then define a quantile marginal

effect as:
N N N
My = (Vi (0),0) /3 i (4)
j=1 j=1

We will show that this estimator is consistent and asymptotically normally distributed whether or
not the treatment model is correctly specified. When this model is correctly specified and the index
parameter is based on the efficient instrument given below, we show that the quantile marginal
effects estimator will also be efficient. In a parametric problem, this result would directly follow
when estimating the marginal effect at a point. In the present context, the marginal effect is
random even if evaluated at 6,. Here, we establish efficiency under correct specification by showing
that the distribution of the marginal effect depends on several uncorrelated components, one of
which accounts for parameter uncertainty. The efficient estimator for the marginal effect will then
be based on an efficient estimator for the parameters.

3 Definitions and Assumptions

In this section, we provide the definitions for our proposed estimators, the corresponding assump-
tions and also a brief discussion about them.

D1. Outcome Model. Referring to the general model in (1), with 6y having dimension K
and taking values in ®; C RX1 let W, = Vi(6o) = X1: + X100 be the outcome index which
depends onX; = [Xy;, Xjpn]. avector of exogenous variables? in the outcome equation. With

2For expositional purposes, we consider the single index case, but extensions to the multiple index case are
straightforward under bias corrections or higher order kernels.



D2.

D3.

D4.

D5.

Deé6.

R; = [T; 1] and ap(V;(0y)) the vectors in (2), the outcome model is defined as:
Yi = Riag (Vi(0o)) + &i-
Letting A;(v) = R (Vi(00)) — Riap(v), the localized model at v can be written as:

Y: = Riap(v) + [Ai(v) + &4 . (5)

Treatment Probability and Instrument. Denote P = F(T;|X;r) as the correct treat-
ment probability, where X;r contains all exogenous variables as specified in (A5). Let Vr(y)
be a vector of semiparametric indices for estimating the treatment probability, where v is a
vector of K, parameters taking on values in ®; C R%2. Denote 4 as the parameter estimator
with limiting value 7,. Then, define the treatment instrument as P; = E(T;|Vr; (77,)), which
may not be the same as P¢ due to misspecification in the treatment model.?

Trimming. Let \ be a quantile fraction and W a vector of random variables with A’ popu-
lation quantile vector ¢ (\).* Let W; be an i.i.d. sample from the density for W, and ¢ (\) be
the A\ sample quantile vector. Then, with all inequalities holding element by element, define
population and sample trimming functions that constrain the random variable of interest to
a quantile set:

ti(@) =t(g(M),q(X) , Wy) = I{g(M) <W; < q(X)}
ti(qQ) =t (G M), 4(A2), W5) = H{qg(\) < Wi < @A)}

Kernel. Referring to (D1), define Dy (v, 0) = diag (%k(%zw))) , where k(-) is a symmetric
density, [ 2?k(z)dz is bounded, and h = O(N™") with r = —.

7.99

Treatment Probabilities. Denote the i** observation on the L treatment probabilities and
the corresponding estimator as:

P={P1 Pao .. Pr}, ,; EE{ Py Py .. Py }ML-
With ¢; as any indicator restricting Vr to a fixed compact set :

]51» — Pl = o, (N’1/4) )

sup t;

Instruments for estimating o — functions. Refer to (D2)-(D3) and let X¢y be the
continuous variables in the outcome index V. Define percentiles: 0 < A\] < A1 < Ay < AJ,
with A\ — A] and A} — Ay each 0,(h°),0 < ¢ < 1. Then, define the following trimming
functions:

tATz = t(q(\),q(A5), Xov) and ty; = t(q(\y), q(Ay) , Xov),
ty = t(g(\1),q(N), Vir (§)) and ty; = t(g( A1), ¢(N2), Vir (7)),

3The treatment model is estimated under index restrictions that may or may not hold. If the treatment model
is correctly specified, then v, = v, the true parameter vector. However, we allow for misspecification in which case
Ve #%0 and E(Ti|Vri (v,)) # E(T3| Xir).

4For example, if A = .5 then ¢ (\) will contain a vector of medians for elements of WW.



D7.

Ds8.

D9.

In establishing convergence rates, the following trimming function will be useful:
i =1t(q (M), q(A3), Xev).

The instruments for estimating the o — functions can now be defined as:

Q=1 []5 1] Qi =ty [P 1]
Q: = {*,iy [ } Qr = ity [P 1],Q; = it [P 1].

Local Projection. Define the local linear projection of T; on an arbitrary variable F; as
T, =F, x (r(v),c(v)) + e,

where:

(7(v),c(v)) = E[F/F,|V; =] E[F/T,|V; = v].

a — functions. Referring to (D1), (D4)-(D6), define &(v,#) and its population counterpart
a(v, ) as the solutions for the following:

Q' Dy (v, )R QD v,
NN Z N

Qja(v,0) = E (Q;Yﬂv) gv (v), Q= E(Q}R;[v) gv(v).

With A;(v,0) = R;[a(V;(0),0)—d(v, 0)] as a bias adjustment, define a bias corrected estimator
&*(v,0) and its limiting value a(v, ) as

ZQ*’DN v, 0)] Y1 Ai(v, 6)]

Q;fd(v,e) = E( ;”Y;|v) gv (v),

~

Q*/DN(U7 9)R
N

&* (v, 0)

E (Q;’Rj \v) gv(v).

where Q’; and Q’; are defined in (D6). When v = Vj , all averages above are taken over
the N —1 terms with ¢ # j. In establishing convergence results, it will also be useful to define:
O = E(Q Rjlv)gv(v), with QF given in (D6).

Instruments for estimating the outcome index. Recalling that K is the dimension of
0, let ZO :1 x K, be the i'" observation on the vector of estimated instruments for estimating
the outcome parameters and denote its population counterpart as Z¢, which is a function
of Xr. With ¢; as any indicator restricting the treatment index V; and the outcome variables
X, to a fixed compact set, ka , k=1,..., K satisfies

\/_1_% 25—z = o), (6)

%Nit Zi- 2] e = o)), @



D10. Index Parameter Estimator. With Zf defined in (D9), let ZZ = fuf%Z{’ and Z; = ty;t9; Z7.
Then:

= argminG* () G* (0),
(%

N
1 5 ~ %
7Y - R (00),0))
=1

G"(6)

D11. Marginal Effect Trimming. Letting X be the model’s K distinct continuous variables
in treatment and outcome equations, define [A\1¢, Aoc| as a region without small denominator
issues (e.g. quantile region [.01,.99] for all the variables in X ). Further, to estimate quantile
marginal effects with respect to the variable X C X¢, define [, Agx] as a quantile region
of interest (e.g. the second quartile with [y, Aox] = [.25,.50]). With [¢'(A1), ¢ (A2)] : 2x K¢
as the vector of quantiles defined by the intersection of the quantile sets, the marginal effect
trimming is defined as:

i(@(M),q(N2), Xjo) = t(G(Mo), 4(Aao), Xjo) X H(q(Ar), G(A2k),

D12. Quantile Marginal Effects. The population quantile marginal effect and its estimator
are given respectively as:

Etgja(Vi(0o),00)]

M, = :
! E [tqj]
Mq — Zjvzl tqj&*(‘/;(e )’9 )

D13. Bahadur Representation. Referring to (D3) and (D11), let A\; and Ay be K¢ x1 vectors
of lower and upper percentiles, denote ¢(A;) and ¢()A2) as the corresponding population
quantile vectors for the model’s K continuous variables, X¢ . Let gx,.(e) be the marginal
density for the k'"continuous variable, Xc. For s : Kox1 with k' component s, denote
gc(s) as the Ko x1 vector having k' element gx, . (sx). With & denoting division by element,
let

o — [ [(1{Xje <a(h)} = M) Bgcla ()] ]
! [(1H{Xjc = q(X2)} = Xa) Dgela M) |4 1

The Bahadur representaion (see Bahadur (1966) and David (1981)) can now be defined as:
_ - 1 &
VNGO =g W] = VNB +0,(1), B = 5 > B,
j=1

where ¢(\) is a vector of A—sample quantiles.

10



There are several observations that we would like to make about the above definitions. First,
in (D5) and (D9), we provide required convergence conditions on P; and Z9 under known trim-
ming. In the Appendix we verify that these conditions hold for the particular instruments that we
employ. Further, as estimated trimming is employed in practice, we prove that it can be taken as
known. Second, the estimation of marginal effect functions and quantile marginal effects are both
based on regular kernels with a bias correction. Referring to the local model in (D1), at the true
parameter values, the bias corrected model has the form:

~

Yi— A (v) = Ria(v,OO)Jr[Ai(v)—A,-(v) te
Aiv) = Rila(Vi(6o),00) — alv,6y)].

While the kernel weighting is intended to reduce the bias from the localization error A;(v), the
resulting bias in the estimator is not sufficiently small to establish asymptotic normality. For this
purpose, we require that the gradient bias in the limiting value of v/ N G* (fo) in (D10) vanishes. By
removing an estimate of this localization bias from the outcome variable Y, we are able to ensure
that this is the case. Third, note that in (D12) we have defined a quantile marginal effect estimator.
In applied work, we would like to know how these marginal effects vary at different places in the
distribution of the X-variables. For example, with age as one of the explanatory variables, we
would want to know how the treatment effect varies over different quantiles of the age distribution.
The definition above captures this feature by averaging the marginal effect function over quantiles
of each explanatory variable of interest.® It should be noted that an additional benefit of such
averaging is the rate of convergence is increased to the parametric rate.

Finally, the quantile marginal effect estimator in (D12) depends on an indicator for being in an
estimated quantile set. The covariance matrix for this estimator will contain components that reflect
the estimation uncertainty in having to estimate these quantiles. The Bahadur representation, in
conjunction with Lemma 3, play an important role in characterizing this uncertainty.

The following assumptions are needed to obtain the theoretical results for the estimators defined
above.

A1. Referring to the outcome and treatment models in (D1)-(D2), observations {Y;, T51, .., TiL,XZ-F}fV:l
are i.i.d. and take on values in Xy x X7 x Xp C RWLHEr and E(g|X;r) = 0. For expo-
sitional simplicity, we also assume F (e¢'|Xr) = 02I.% The vector of exogenous variables in
the outcome model X; is a subset of X;r, which is the full set of exogenous variables in the
treatment model.

A2. The parameters of the outcome model, 6, and those of the treatment model, v, take values
in the interior of a compact set ® C REI+K2,

A3. Referring to (D1), the outcome index V (6y) = X; + X 70y contains at least one absolutely
continuous exogenous variable.

5 As discussed following Theorem 5 on quantile marginal effects, we can define quantiles to be support points when
the variable of interest is discrete.

6For the current estimator, if F (e'|Xp) = ¥ # 021, consistency and normality results hold with a modified
covariance matrix that is estimable. If the model is appropriately transformed based on an estimate for 3, then all
results apply for the current estimator of the transformed model.
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A4. Recalling (D2), there exists a value for the treatment parameter vector +,, such that its
estimator satisfies:

[ =7 =0 (N7)..

A5. With X as the full set of exogenous variables in treatment and outcome models (D1)-(D2)
and with R as the treatment vector in (D1), assume that the treatment model is correct in
that the treatment instrument satisfies: [P 1] = E(R|XFp).

A6. Referring to (A2), let V (0) = Xy + X0 , v(0) = 21 + 2170, and let gyy (v (0)|y) be the
density for V' (#) conditioned on Y = y. Denote V}gyy as the derivative of g with respect
to the k™ component of # up to order p, with Vggv‘y = gv|y. Assume gy|y > 0 on all fixed

compact subsets of the support for the index V () and that |V£ gv‘y‘ is uniformly bounded
forp=0,1,2,3,4.

AT7. With X;; as any one of the exogenous variables in the outcome equation, assume thatthere
exists m > 4 such that FE[(X;Y;)™] = O(1). For the treatment index Vr;, the outcome
variables X;, and 6 in any bounded set, Z?, Voa(V; (6),0), Via(V; (6),0), and V4 E [Y;|V; ()]
are bounded.

A8. Referring to (D6) and (D7), with F} as either Q; or Q} let 7 (v) be the parameters of the
local projection of 7; on F;. Then, assume that 7 (v) has full rank, ¥ = var(F}|V; (8) = v) is
positive definite.

A9. With Z and @ defined in (D8)-(D10) there is a unique solution at 6, to the popula-
tion moment condition: E {Z}[Y; — R;a(V;(0),0)]} = 0. Further, the matrix Hy =
—E(Z;R;jVoa (V;(0),0),_y,) is non-singular.

Assumptions (A1)-(A3) and (A6)-(A7) are somewhat standard for estimating semiparametric
models. Assumption (A4) provides the conditions for the treatment parameter estimator, whose
limiting value need not be the true parameter value, v,; while Assumption (A5) defines the correctly
specified case for the treatment model estimation. In estimating marginal effect functions and
index parameters of the outcome equation, (A5) is needed for efficiency, but not for consistency or
asymptotic normality. The conditions in (A8) are needed to identify the o« — function at the point
v. The assumptions in (A9) are standard for estimating parameters based on moment conditions.

4 Large Sample Results:

We begin with Theorem 1 which provides identification results for the marginal effect functions
and the index parameter vector.

Theorem 1 Identification. Under (D1)-(D10) and assumptions (A1)-(A3) and (A8)-(A9), a(v,0),
a(v,0), and 0y are identified.

12



For estimating the marginal effect functions, there are two special cases of interest in which we can
simplify the identification conditions. Referring to (D7) , when the treatment model is correct,

Ri = Qi +u;, E (w;| XF) =0 (8)

and 7 effectively becomes the identity matrix, satisfying the rank condition. Second, when the
treatment model is incorrect and there is a single treatment, 7 is the local coefficient on the instru-
ment. Similar to the parametric linear case with one endogenous variable, we require this coefficient
to be non-zero so that the instrument locally explains R in the presence of the other exogenous
variables. Having established identification, Theorems 2 and 3 provide consistency and normality
results for the estimator of the outcome equation parameters.

Theorem 2 Consistency. Under (D1)-(D10) and assumptions (A1)-(A4) and (A6)-(A9):

Ak

0 5 6.
Theorem 3 Normality. Under (D1)-(D10) and assumptions (A1)-(A4) and (A6)-(A9):
VN [é* - 90] LW~ N(0,T), withT = o2Hy ' E [R.(V; (60))R.(V; (60))] Hy,

where

RV, (00) = Z, — [B(Z;R|Vj(00))] [EIQiR;1V;(60)]] ' Q7
Hy = —E(Z;R;Vea(V;(0),0)9-4,)

The results in Theorems 2-3 are important for conducting inferences in applications. In obtaining
them, we have taken into account several important features for implementing these estimators in
practice. First, for technical reasons, it is important to trim observations and in practice the set
over which we trim will not be known. Here, we base trimming on estimated sample quantiles and
employ results from Pakes and Pollard (1989) to address this issue. Second, we have found that the
estimator performs much better under regular than higher order kernels. For the consistency result,
regular kernels would suffice without any bias corrections, and the range of permissible windows
would be much wider than required in Theorem 3. For the normality result, we employ a bias
correction mechanism for which regular kernels are theoretically valid. We note that in stating the
normality result above, we have written the gradient component of the covariance matrix in terms
of the residual R.(V; (6p)). This form facilitates the derivation of the optimality result in Theorem
4.

Theorem 4 Optimality. Under (D1)-(D10) and assumptions (A1)-(A9), the lower bound on the
covariance matrix 1S given as:
1

o2 [E (R,(V; (00))R,(V; (60)))]
where with ¢; = Q5Vea(V;(0), 00)9—s, -

T (V) = 0, — Q7B [Q QW 00)] B[, Vi00) 9
= ij9a(‘/](6)> 9)9=90 (1())

The efficiency bound is attained by an instrument with j™ observation: R, (V).

13



To interpret this result, we note that when the a— functions are known parametric functions, the ef-
ficiency bound is given in Newey as E [¢¢'] with instrument ¢. Notice that ¢ is the expectation of the
treatment conditioned on Xz multiplied by the parametric derivative of the o — functions. For the
semiparametric model considered here, the functional form of the a — functions are unknown. We
write these functions as a(V;(#), ) to indicate a dual dependence on #. Namely, changes in 6 will
directly change a through the index (the parametric derivative), holding the function fixed. In-
directly, as «(V;(0),0) 1is defined in (D8) as an expectation conditioned on V;(#), changes in 6
will change the form of the o — functions. The semiparametric derivative, R, reflects this dual
dependence of the « functions on 6, which accounts for the difference between it and the parametric
derivative.

Employing the results above in Theorems 2-4, Theorem 5 below provides large sample results for
quantile marginal effects. Namely, it provides conditions under which the estimator is consistent,
asymptotically distributed as normal, and efficient.

Theorem 5. Consistency, Normality and Optimality for Marginal Effects. Under
(D1)-(D12) and assumptions (A1)-(A4) and (A6)-(A9):
M, % M,
and R J
VN [0, = M,| 5 Z ~ N0, E [0,45])
where V; = y; + ¥y + g, To define 1y, recall the Bahadur representation in (D13), and let
tyi = tgi (¢, Xjc). Then, with R,(V;) defined as in Theorem 3 and a,; = a(V;(6y), 0p) :

B, tyi — E[ty] t
Uy = {VF [tyice;] — Vo E (ty) M, I Y M, +
15 { q [(IJ J] q (lIJ> q}E(tqj) E[tqj] q

qj Yoj
— M
E [tqj ] !

Vo =g [tQj]E{tQJ Vo [a (V5 (0),0)]g, o ' R=(V))'e;
E(t,;|V:) = _ _ E(t, |V _, -1 _,
P35 = .é[[]—Zq’j]J)Q* Vi) v (V) Q'es = —é ([leflj]])E [Q; Rj} Qle;.

Under (A5), the covariance matriz E [@/JJw;] is minimal.

With marginal effects being important in applications with nonlinear models, Theorem 5 makes
it possible to construct confidence intervals for those quantile marginal effects of interest. For
expositional purposes, the theorem covers the case in which marginal effects are calculated over
quantiles for a continuous variable of interest. This theorem also readily applies to the case in
which the variable of interest is discrete. In this case, it would be natural to calculate the marginal
effect by averaging over observations for which the discrete variable takes on a given support point.
Accordingly, in the discrete case, replace the quantile indicator for this variable with an indicator
for each support point. With the support points known, this indicator poses no difficulties as it can
be taken as known. Because of the additively separable form of the covariance matrix, an efficient
instrument for the parameter estimated ensures an efficient estimator for quantile marginal effects.
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The form of the covariance matrix also reveals that it depends on the estimation uncertainty in
estimating quantile regions. Intuitively, from Newey and McFadden (1994), such uncertainty should
enter the covariance matrix because the consistency of quantile marginal effects will in part depend
on consistently estimating quantile regions. Lemma 3 provides results needed to incorporate such
uncertainty.

5 Monte Carlo

In the Monte Carlo study, we investigate six different designs. They differ in two dimensions:
whether the treatment model is misspecified and the form of the marginal effect function. For the
odd-numbered designs, the treatment model is correctly specified. The model structure is given as:

T = 1{V4,>u} where V5 = Xy + Z; (11)
Y = Vi+M(V}) xT + e where V; = X; + Xo. (12)

The error terms u and € are homoskedastic, correlated, and follow normal distributions, each with
expectation 0 and standard deviation 2. The variables X; and X, follow normal distributions and
are correlated with expectation 0 and standard deviation of 2 and 1 respectively. The marginal
effect function M (-) is set to be linear for the first and second designs, quadratic for the third and
fourth, and exponential for the fifth and sixth. The even-numbered designs differ from the odd-
numbered ones in that a variable X3 is incorrectly omitted from the true treatment model given
as:

T =1{Vo+ X35> u} where V5 = X5 + Z. (13)

We generate X3 so that it is normally distributed and correlated with X; and X5. The sample size
in the Monte Carlo is 2000, and we ran 100 replications.

The optimal semiparametric instrument depends on the derivative of the unknown a— functions
and the vector of true parameters. To obtain these quantities, we require an initial instrument
that does not depend on them. For this purpose, notice in the parametric case that the optimal
instrument vector is :  [E(T}|Vrj), 1]'[Vya]Xs;. To obtain the initial instrument vector, we set V,«

at the constant vector [1,1]" so that the preliminary instruments becomes: []5] + 1} Xy;. Using

this instrument to estimate the a—functions and 6, we then construct the optimal instrument given
in Theorem 4 and re-estimate the model. While the estimators based on this two-step IV strategy
have desirable large-sample properties, we have found it beneficial in finite samples to perform an
additional iteration where we recalculate the optimal instrument based on this new estimator. The
IV estimator for 6, reported below is based on this final iteration.

The substitution estimator minimizes:

1 . 2
T2 [ - Qia (v (0),0)
J
where the & (V; (0) ,0) function is defined as:

& (V;(6).0) = [Dx (v (0),0)Q] @Dy (v, 6).6) Y
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with Q; = [ £ 1] .

In reporting results, recall that the treatment model (11) is correctly specified over odd-numbered
designs, and the misspecified model (13) is used in even-numbered designs. The tables below provide
the estimation results for the index parameters in both treatment and outcome equations and also
estimated marginal effects. We supply not only the median marginal effect estimates but also the
quartile marginal effect estimates. The true parameter value and marginal effects are provided in
the first column; while mean, median, standard deviation (STDEV), median absolute deviation
(MAD), root mean squared error (RMSE) and median absolute error (MAE) are provided in the
other columns.

Beginning with the treatment index parameter, it is quite well estimated with a very small
RMSE when the treatment model is correct. As expected, under misspecification, the RMSE is
much larger, primarily due to the increased bias but also to the higher standard deviation.

Turning to the estimation results for the outcome equation, the outcome index parameter is
well estimated by the IV estimator in all designs. In comparison, the substitution estimator gen-
erally performs well in correctly specified design except the exponential design where its RMSE is
significantly higher than that of the IV estimator ( .16 vs. .08). In the misspecified designs, where
the substitution estimator is not theoretically consistent, it indeed has a very large RMSE due
mainly to a substantial bias.

The results for the quantile marginal effects are more pronounced than those for the outcome
index parameter. The IV estimator performs significantly better than the substitution estimator
even in the correctly specified designs. The RMSE is around half of the substitution estimator
for median marginal effects. In the misspecified designs, the advantage of the IV estimator is
even more striking. The RMSE’s of the IV estimator for median marginal effects stay low at
.33, .55 and .57 for linear, quadratic and exponential designs, while the corresponding RMSE’s
for the substitution estimator are very high at 2.65, 1.39 and 2.69 respectively. As marginal ef-
fect estimation is arguably the main object of interest in empirical studies and treatment mod-
els are likely to be misspecified, the robustness of the marginal effect IV estimator is important.
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TRUTH MEAN MEDIAN STDEV

Design 1
Treatment Model Parameter Estimator
1.00 1.00 1.00 0.08
Outcome Model Parameter IV Estimator
1.00 1.04 1.03 0.07
Outcome Model Parameter Substitution Estimator
1.00 1.01 1.00 0.07
Marginal Effect IV Estimator
Median 5.00 5.04 5.01 0.24
1st Quartile 3.20 3.32 3.28 0.32
2nd Quartile 4.49 4.54 4.52 0.30
3rd Quartile 5.51 5.50 5.50 0.30
4th Quartile 6.81 6.79 6.75 0.36
Marginal Effect Substitution Estimator
Median 5.00 5.42 5.42 0.27
1st Quartile 3.20 3.65 3.61 0.32
2nd Quartile 4.49 4.99 4.89 0.32
3rd Quartile 5.51 5.91 5.89 0.30
4th Quartile 6.81 7.21 7.24 0.37
Design 2
Treatment Model Parameter Estimator
1.00 1.49 1.49 0.21
Outcome Model Parameter IV Estimator
1.00 1.06 1.06 0.08
Outcome Model Parameter Substitution Estimator
1.00 0.39 0.39 0.07
Marginal Effect IV Estimator
Median 5.00 4.98 4.96 0.33
1st Quartile 3.20 3.34 3.29 0.59
2nd Quartile 4.49 4.49 4.47 0.48
3rd Quartile 5.51 5.39 5.40 0.44
4th Quartile 6.81 6.70 6.65 0.53
Two-stage Marginal Effect Estimator
Median 5.00 7.54 7.43 0.77
1st Quartile 3.20 5.67 5.70 0.80
2nd Quartile 4.49 7.04 6.93 0.94
3rd Quartile 5.51 8.07 8.15 0.91
4th Quartile 6.81 9.36 9.37 1.03
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MAD RMSE
0.06 0.08
0.05 0.08
0.05 0.07
0.15 0.25
0.18 0.34
0.21 0.30
0.22 0.30
0.21 0.36
0.17 0.50
0.22 0.56
0.21 0.52
0.23 0.49
0.28 0.54
0.14 0.54
0.05 0.10
0.05 0.61
0.21 0.33
0.29 0.60
0.33 0.48
0.29 0.45
0.39 0.54
0.52 2.65
0.57 2.60
0.63 2.72
0.59 2.72
0.74 2.75

MAE

0.06

0.04

0.05

0.15
0.20
0.21
0.21
0.18

0.42
0.41
0.40
0.39
0.44

0.49

0.06

0.61

0.22
0.31
0.33
0.30
0.41

2.43
2.50
2.44
2.64
2.57



TRUTH MEAN MEDIAN STDEV

Design 3
Treatment Model Parameter Estimator
1.00 1.00 1.00 0.08
Outcome Model Parameter IV Estimator
1.00 1.06 1.06 0.06
Outcome Model Parameter Substitution Estimator
1.00 1.01 1.02 0.09
Marginal Effect IV Estimator
Median 7.36 7.31 7.29 0.22
1st Quartile 8.93 8.64 8.64 0.34
2nd Quartile 5.77 5.83 5.81 0.25
3rd Quartile 5.78 5.87 5.86 0.29
4th Quartile 8.94 8.89 8.89 0.47
Marginal Effect Substitution Estimator
Median 7.36 7.75 7.73 0.25
1st Quartile 8.93 9.00 8.97 0.43
2nd Quartile 5.77 6.19 6.15 0.27
3rd Quartile 5.78 6.32 6.28 0.29
4th Quartile 8.94 9.49 9.47 0.60
Design 4
Treatment Model Parameter Estimator
1.00 1.49 1.49 0.21
Outcome Model Parameter IV Estimator
1.00 1.06 1.08 0.13
Outcome Model Parameter Substitution Estimator
1.00 0.54 0.54 0.11
Marginal Effect IV Estimator
Median 7.36 7.32 7.25 0.55
1st Quartile 8.93 8.58 8.58 0.86
2nd Quartile 5.77 5.82 5.83 0.52
3rd Quartile 5.78 5.86 5.79 0.62
4th Quartile 8.94 9.04 8.77 1.22
Marginal Effect Substitution Estimator
Median 7.36 8.59 8.51 0.63
1st Quartile 8.93 7.72 7.81 1.11
2nd Quartile 5.77 6.21 6.16 0.64
3rd Quartile 5.78 7.64 7.57 0.89
4th Quartile 8.94 12.79 12.77 1.64

18

MAD RMSE
0.06 0.08
0.04 0.08
0.06 0.09
0.13 0.23
0.21 0.45
0.18 0.25
0.20 0.30
0.24 0.47
0.18 0.47
0.32 0.44
0.20 0.50
0.22 0.62
0.38 0.81
0.14 0.54
0.06 0.14
0.07 0.47
0.22 0.55
0.45 0.93
0.37 0.52
0.34 0.63
0.36 1.22
0.43 1.39
0.82 1.64
0.38 0.77
0.61 2.07
1.15 4.18

MAE

0.06

0.06

0.06

0.14
0.35
0.16
0.21
0.26

0.37
0.32
0.38
0.51
0.59

0.49

0.10

0.46

0.28
0.55
0.37
0.34
0.38

1.15
1.12
0.53
1.79
3.83



TRUTH MEAN MEDIAN STDEV

Design 5
Treatment Model Parameter Estimator
1.00 1.00 1.00
Outcome Model Parameter IV Estimator
1.00 1.07 1.07
Outcome Model Parameter Substitution Estimator
1.00 1.06 1.07
Marginal Effect IV Estimator
Median 7.90 7.87 7.86
1st Quartile 5.23 5.18 5.15
2nd Quartile 5.77 5.67 5.60
3rd Quartile 7.14 7.06 7.06
4th Quartile 13.48 13.55 13.49
Marginal Effect Substitution Estimator
Median 7.90 8.41 8.38
1st Quartile 5.23 5.57 5.57
2nd Quartile 5.77 6.20 6.16
3rd Quartile 7.14 7.70 7.67
4th Quartile 13.48 14.17 14.14
Design 6
Treatment Model Parameter Estimator
1.00 1.49 1.49
Outcome Model Parameter IV Estimator
1.00 1.10 1.09
Outcome Model Parameter Substitution Estimator
1.00 0.67 0.66
Marginal Effect IV Estimator
Median 7.90 7.69 7.66
1st Quartile 5.23 5.18 5.05
2nd Quartile 5.77 5.50 5.45
3rd Quartile 7.14 6.76 6.76
4th Quartile 13.48 13.31 13.14
Marginal Effect Substitution Estimator
Median 7.90 10.19 10.03
1st Quartile 5.23 6.09 5.99
2nd Quartile 5.77 6.93 6.78
3rd Quartile 7.14 8.98 8.98
4th Quartile 13.48 18.75 18.43

19

0.08

0.04

0.15

0.30
0.29
0.27
0.33
0.77

0.59
0.36
0.38
0.48
1.43

0.21

0.06

0.18

0.53
0.74
0.54
0.53
1.04

1.42
0.87
0.95
1.26
3.38

MAD RMSE
0.06 0.08
0.03 0.08
0.10 0.16
0.18 0.30
0.20 0.29
0.16 0.29
0.24 0.33
0.46 0.77
0.35 0.77
0.24 0.49
0.23 0.57
0.30 0.73
0.91 1.59
0.14 0.54
0.03 0.12
0.11 0.38
0.27 0.57
0.31 0.74
0.36 0.60
0.36 0.65
0.56 1.04
0.76 2.69
0.60 1.23
0.60 1.49
0.82 2.23
1.91 6.26

MAE

0.06

0.07

0.10

0.18
0.19
0.21
0.23
0.46

0.50
0.36
0.41
0.54
1.02

0.49

0.09

0.35

0.40
0.34
0.43
0.45
0.63

2.13
0.85
1.01
1.84
4.99



6 Conclusions

In conclusion, we have proposed IV estimators for the index parameters and quantile marginal
effects in an outcome model with endogenous treatments. Since marginal effects are of primary
interest in applied work, we have developed the theory for quantile marginal effects as well as the
index parameters that enter the marginal effect functions. =~ We have shown that the proposed IV
estimators are consistent and asymptotically normally distributed irrespective of whether or not
the treatment model is correctly specified. As the model for treatments can be difficult to specify
in practice, this robustness property is important in applications. When the treatment model is
correct, we establish efficiency for the proposed IV estimators for quantile marginal effects and for
the finite dimensional vector of index parameters upon which they depend.

As is evidenced in the Monte Carlo study, the proposed estimators perform very well in fi-
nite samples. There is a payoff to an efficient estimator, particularly in the case for marginal
effects. Perhaps most importantly for applications where the treatment model may be difficult to
specify, the proposed IV estimator is very robust and performs well under misspecification.
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7 Appendix

7.1 Main Theorems
Proof of Theorem 1. Referring to (D8), Q*(v,0)a(v,0) = E [Q7Y;1V;(0) = v] gv(v) has

a unique solution for a(v,6) if Q*(v,0)~! exists. From Lemma 6a, Q*(v, ) is non-singular for all
v in a compact set. Therefore & (v,#) is identified. A similar argument holds for a (v,6). From
Newey and McFadden(1994, Lemma 2.3), identification of 0 follows from the assumption (A9) that
E{Z}Y; — R;a (V; (0),0)]} =0 is uniquely solved at .

Proof of Theorem 2. Denoting G (6) as the k"™ component of G* (6) as in (D10), we establish
the following uniform convergence results:

Sup (G} (6) = E1Zu]Y; — R;a(V; (8).0)]]] 5 0. (14)
We prove this result by analyzing the following upper bound for the above term.
| N
sup |57 > ik [Y; = R;a (V5 (0),0)] — E(Z [Y; — R (V; () 79)])' (15)
j=1
17y
sup | 237 (2 2] 1Y — Bia (1, (6).0) (16)
j=1
N
1 . _
+sup | = ZieR; [6 (V; (0),6) — a (V; (6) .0)] (17)
o | N
AR
Fsup |37 | Z — Z| By a7 (V; (6).0) — o (V; (6) 0)] | (18)
j=1

Turning to the term in (15), it is 0,(1) from a standard uniform convergence result on an i.i.d. sample
mean converging uniformly to its expectation (see e.g. Amemiya (1985)). Noting the definition of
Z in (D10), and the assumption on Z° in (DY), from Lemma 5b with W;= Z;k and W; = Z3;,
the second term converges to zero. With E'|Z| bounded from (A7), the third term vanishes from
Lemma 5a and Lemma 8d. The final term is 0,(1) from (D9), Lemma 8d, and Lemma 5b.

Since the uniform limit of the moment condition is uniquely solved at 6y from (A9), it now

follows that 8 % 0.

Proof of Theorem 3. Referring to (D10), from a Taylor series expansion:
s N -1 A
VN — 6y) = — [VGG*(W)] VNG (00) + 0, (1).
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From Lemma 9

VoG (0F) B Ho = —E [Z{R;Voa (V; (0),0),_,, ] -
From Lemma 10 with V; = V;(6y),

N
; 1 1 .
VNG () = —= > Zj[Y; = Riag (V)] = —= > KL (V) + 0, (1),
VN = VN ‘o
where

_ — 7 -1 =/
N(V;) = 7} - B(ZRV,)E Q] RilVi] Q5

J J

Substituting for gradient and hessian expressions, we have:
VN(@O —6y) = —H" Ziﬁ’ )ej+o,(1). (19)

The theorem now directly follows.

Proof of Theorem 4. To prove efficiency, we require a convenient characterization for the
covariance matrix under any instrument Z. To this end, it is useful to note that under correct
treatment specification in (A5), for any function f(V): E(f(V)Q*R,) = 0. To establish this
result, recall the definition of 9, . Then, suppressing subscripts and function arguments, for any
instrument 7, from (A5)

-1 -1

R.=Z-QE[Q'R|V] 'E(RZ|V)=2—-QE[Q"Q*|V] " E(Q"Z|V), (20)

which follows by first taking an expectation conditioned on X and then over X conditioned on V
for each expectation. Employing (20) and (A5):

E(f(VYQ'R,) = E | [(VYQ"¢ ~ [(V)Q"QE[Q"Q V] E@Q"¢lV)] (21)
= B [f(V)Q"¢] - BvE [f(VYQ"QE [Q"Q" V] E@Q"elV)IV]
= E[f(V)Q"¢] - E[f(V)EQQ VIEQ"Q" V] EQ"¢lV)]
= E[f(V)Q"¢] - E[f(V)E(@"plV)] =0,

a result that also follows because 2R, is a residual from the local projection of ¢ on @Q*. Under
(A5) and recalling that Z includes trimming ¢,

Hy = —E (Z;Q;Vo (V; (0),0)y_,) (22)

Therefore, under Theorem 3 and Lemma 4,

= ERL(V)R, (V) + E{[Z; — R.(V))|' Ry } = BORL(V)) R, (V) (24)
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where the last equality follows from (21) because [Z; —R.(V;)] has the form Q:f(V;). Under
assumption (A5), the variance of the estimator based on any instrument Z in Theorem 3 then
simplifies to:

Cov = o? [Hy '] BIR.(V;)R.(V))] [Hy '] (25)
=02 [B (RL(V)R(V)] T BIR (VYR (V)] [B (R,0)R0%)] (26)

With Z; =R, (V) the general form of the hessian in (23) simplifies to:
Hy = —E (R, (V)R (V5)) - (27)

Substituting the hessian in (27) into the general form of the covariance matrix Cov in (25) yields:
_ _ -1
Cov* = o [E (ffi;(V})wa(Vj)ﬂ . (28)

To show that C'ov* < Cov, which establishes the efficiency bound, we follow an argument in Newey
and McFadden (1994, section 5) and let

_ _ _ _ _ o
U = R(V;) — BOLV)R)) [EG,V)R05)] 7 R, (V).
Then, Cov — C'ov* is positive semi-definite because:

-1

Cov — Cov* = [E (SJ_K{'Z(VJ-)S_‘{W(VJ'))]_I EUU") [E (%Zp(‘/})g_{z(v}))]

and E(UU’) is positive semi-definite. Recalling that C'ov* in (28) was obtained for Z; = R, (V}),
the bound is obtained under this instrument.

Proof of Theorem 5. To prove consistency for the quantile marginal effect estimator, refer
to (D11)-(D12) and write:

[Mq - Mq] = A+ A, (29)

B = (NIR) 5 Sl @ Xie) — ty 0. X,0)] 6" (V6. 8)

Ak Ak

N
<\ 1 ~ %
Do = (N/Ny) 5 Doty (0. Xp0) & (V;(6).07) — M,
=1

where N, = >N ,; (4, X;¢). From Lemma 3,

< N
N, — N, 1 . _
S = S (0, Xe) — s (0 Xe)] = Op(N ).
j=1

Therefore, N,/N 5 E [t,; (¢, X¢)] > 0. Tt follows from Lemma 5 and Lemma 8d that A; = 0,(1).
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For Ay, from the convergence of (]%/N) to Elty; (¢, Xjc)] > 0, it suffices to show (Nq/N) Ay =
0p(1). We have:

(No/N) &, < % it (0, X50) [* (V;(07),6") = a(v;(0"),8") (30)
vl it (0:X,0) [V, @), 8) ~ a(v;(#").00) (31)
+% gtm (4 X0) [a(V;(0"),60) — a(V5(60), 60) (32)
+ % itqj (¢, Xje) a(Vi(0o), 00) — M, (Nq/N> | : (33)

From Lemma 8d, the term in (30) is o0,(1). For the term in (31), with # and v in compact
sets and under the assumption that a (v, ) is continuous in both arguments, from Berge (1963),
sup, | (v, 6) — a (v, 6p)| is continuous in 6. Therefore, this term is 0,(1) under the continuous func-

tion theorem because 6 2 6. For (32), the result follows from a standard Taylor series argument.

For the term in (33), the result immediately follows. Therefore, Mq 5 M,
To establish asymptotic normality, from (29), we study

\/N[Mq—Mq} —VNI[A + A

Referring to (29) , write : VNA, = VNA; + VNA,, where:
VAR = (N/80) = 3l Xie) =1y (0. X)) [3° (00,0 (Vo). 00)] G4
VA = (N/8,) <= 3 t(d Xic) =ty (0. X)) oV (0). 0) (35)

With <N / Nq> converging to a positive number, v NA; in (34) is 0,(1) from a Taylor series expan-

sion in @*, Theorem 3, Lemma 5, and Lemma 3. Therefore, recalling (D13), from Lemma 3 and
the convergence of (N/Nq> to 1/E [ty (¢, Xjc)]:

1 _
\/NAl = E [tqj (q’ ch>] qu [thj(qv XjC)O[(V} (90>7 90)] \/N% + Op(l)‘ (36>

It now remains to characterize +NA,, the second component in (29). With t,; =t,;(¢, X;c),

25



write it as the sum of:

VA + (NIR,) <= 3ty [0 (V0).57) = °(V5(60).0) 7
VA= (N/8,) < 3016 (V5 00).00) = V5 (60). )] (33)

}- (39)

1

1
\/NAgg : \fﬁ N
Tn T~ Byl 2=t @(V;(00),60)

From the convergence of N/N, to 1/E|[t,;] , a Taylor series expansion in 6", Theorem 3, and Lemma
8d it can be shown that:

[Vea (V; (6),6)]

YNy = NEml b /R B0) + 0,(1) (10)
Elt,; [Voa (V; (0) 0 "
_ Elty eE([tqj]() )]eo]\/ﬁ@ _90>+0p(1)' (41)

For +/NAy, from Lemma 11 and the convergence of N/N, to 1/E[t,],
11 &
VNAp = —o——= > B (V) Q" (V)" g (V) Q'e; + 0,(1) (42)
E [tqj] N ]221: q17J J J ) p

Turning to the term in (39), it can be written up to o,(1) as

_ 1 - toi (¢, Xjc) a (V; (0o) , 00)
VA = VN ; K [tjj (¢, Xjo)] ~ M= A, (43)

_ Ny/N = E[ty; (¢, X;0)]
Ba= \/N{ Eltq; (g, Xjc)] Mo

From the convergence of (N/Nq> to 1/E[t,;(q, Xjc)] and Lemma 3, up to o,(1), we have

(44)

Ay = (\/NZ[tqj(@,Xj ) — toi(q, Xjc)| + Z[tqj(q, Xje) = Etgi(a, Xje)) 5 > ](\qujC)]
— (V4 B0, X )VND + 3 [0, Xi) = Bty (g, Xe)]) e

E [ty (¢, Xj0)]

<.
Il
_

Substituting the above into the expression for v/NAys, we have up to o, (1):

1 N tqj (‘Zvch)a(‘/j (00)790)
T8 2= Bl (axe)] M

A/ _ AT My
NAys = -V E {tQJ<Q7 Xj(J)} N%E[tqj(%xjc)] (45)

— v i ltey (@ Xje) — Bltes(a, ch))]m-
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Combining (36), (41), (42), and (45):
. 1 X
VN |:Mq - Mq] = \/_N ;WU + P9 + 3] + 0, (1), (46)

where with t; = ty; (¢, Xjo), oy = (V;(6o),6o) and with (9* — 90) given from (19) in the proof
of Theorem 3:

B,  t,— Flty tei Vo g
77Z)1j ={VE [tgjan] — v E(tg) Mq}E (t‘flj) - ng [tqj[] qj]Mq + quv[teqj — M,
1 _
Yy = _mE{tqj Vo [a(V; (9), 9))]90}H51mZ(‘/j)/€ja
_ E(tQJ’V;) M) * -1 ! _ E(thH/J) %! -1 k!
by = thg]ﬂ (Vi) av (V;) Q5 g; = T%]E [Qj RJ} Qj &j-

The estimator now has a form to which a standard central limit theorem applies, and it remains
to examine the form of the covariance matrix. Under correct treatment specification and the optimal
instrument in Theorem 4, this matrix will be minimal if the v, — components above are uncorre-
lated. As the first term is uncorrelated with the other two, we complete the argument by examining
the covariance between the last two terms. It suffices to analyze this covariance conditioned on V;,
which is proportional to:

C' = E [R.(V))e]Q;|V;] = o2 B[R.(V)) Q5|Vi]. (47)
From (20) in the Proof of Theorem 4, under (A5):
R(Vj) =2 - QEQ"Q"V]

Since fR.(V})is the residual from the local projection of Z on Q*, C' is 0, which completes the
proof.

-1

E(Q"Z|V). (48)

7.2 Intermediate Lemmas

Lemmoa 1 provides uniform bias and variance results; while Lemma 2 provides pointwise and uniform
convergence rates for kernel weighted averages. As the proof for lemma 1 is standard (see, for
example, Klein and Shen(2010) ), it is not presented below, but is available upon request. The
uniform results in Lemma 2, which are standard for bounded random wvariables, are provided here
as in this context this bounded assumption will not always hold.

Lemma 1. Let G; be i.i.d. and not depending on 0. Define v (0) = z1 + x1/0, x = [x1, 2],
Vi (0) = X1; + X170, With Vf = f, let V2f be the dth partial derivative of f w.r.t. 6. Define:

()
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With g,s(e) as the density for V; () conditioned on &;, assume that Vdgv‘g, d=0,1,2 are uni-
formly bounded in z,6. Further, F (&?) is bounded. Then, with the sup taken over x and 6 in
compact sets:

a); supE[&, Vi K (“U5H)] —V [E(S,|V; (0) = v (0))gv (v)] = O(h?)
b) : supVars, V‘“K(—e) Vi )) = O (h~0+29)
c): supVgE [gy (v (8))] = O(h?)

=
d): supVar{vd [h (%)}}:O(h‘““d)).

Lemma 2. Employing all notation and assumptions in Lemma 1, define:

S(v(0);0) = i2611k<w)7 S (9);0) = %ege,)?

For ¢ > 0 arbitrarily small let ¢, = min [27“, W} — ¢§. Then for gy (v) # 0:

a) : [V5(6(v(0);0) — E(&]V; (0) = v (0)gv (v (0))]] = 0p(N ™)
b) : ‘Vd gy (v) — gy (v ’—O(N_CT’)
c):‘Vd[ v) — E(S|V =v)]| = 0,(N~%).

Further assume that £ [|&;]™]

— 0( ) [|W+4VIEK;|™] = O(1), and that E [|&,]™ |hHIViK,|"] =
O(1) for m > 4, where K, = 1 (42-%®)

V(a ) Define:

2 m-+2

{ min [27“, %] if |6 =O0(1) and d =0
Cu =

min [27‘, 1=204d)r 1 } Otherwise
Then, with the sup taken over x and € in compact sets:

d) ssup [V [S(v (6):0) — E(&i|Vi (6) = v (0))gv (v (0))]] = 0p(N™)
: sup ‘Vd g U) —gv(v ! = 0,(N™)
sup|V9[ v) = E(&|V =v)]| = 0,(N~).

Proof. The proofs of a)-c) follow from Lemma 1. To prove d), we write the expression in d)
as:

L3 6, VIK; — E [6,V}K;]| +
E [&:ViKi] — Vi [E(&]Vi (0) = v(0))gv (v(9))]-
It can be shown that the second line in (49) is O(h?) from a). For the first line in (49), consider first

the case where |S;| = O(1) and d = 0. Then, since hK; = O(1) and h = O (N7"), it follows from
standard results in the literature (see, for example, Bhattacharya(1967) and Klein(1993)) that:

(49)

1 _(1=2r
s;%)W;Gingi—E[Gingi} =0, (N (*5 >).
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The proof for d) then follows for this case. Next, consider the case where d > 0 and/or |&;| # O(1).
Define:
- { 1: |6 [n' VK| > N
’ 0: Otherwise

Then, write the first line in (49) as the sum of T(;1_) and T}, where:

1
Toy = 2 (1= b)&ViK; — B [(1 - b)6:VjK]] (50)

T, %Z L& ViK;, — E [0,6,ViK,] . (51)

It then follows (see, for example, Bhattacharya(1967) and Klein(1993)) that uniformly

Ty = O, (N_(1/2_(1+d)7~_ mgz)) _

Turning to T}, in (51), we separately order each of its two components. For the first, the absolute
value of its expectation is bounded above by:

& vd 1o 11/2 2 d421/2
E[bz\szgKZH < E[bl] E|G; (VQKZ) (52)

1/4

< B! B R [(ViK)']
By assumption, E [6] = O(1). For E[by]:
Elb] = Pr [|Gi| VK| > Nm%z] — Pr [|6i|m IR > Nm%z} (53)
< NREE (|6 |h ViK™ = 0 (N—m%z)

from Markov’s inequality and the Lemma’s assumptions. Therefore E[b;]Y/2 = O(N 2@+, Since
E[(vgm)“]l/% O (h~+D)) = O(N"U+9) it follows that:

1 Cw e
T DBV = O,(N” (),
Employing the same arguments, E ([b;|&;V§K;(v (0),0)|]) = O(N~ 22 "D Hence:
1 )
5 D bGViK: — E ([b&:ViK(w (6),0)]]) = 0, (N 00

and the result then follows. The proofs for e) and f) are very similar to that for d) above.

The estimator for quantile marginal effects will depend on a trimming indicator over estimated
quantiles. Lemma 3 below provides the results needed to take such quantile uncertainty into account
in deriving the asymptotic distribution of the estimator.
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Lemma 3. Quantile Estimation Uncertainty. Assuming that W, isii.d. or constant
and that m = E [t,; (¢, X;c) W;] is bounded and continuously differentiable in ¢. Then

D= %— >l 6:X,0) ~ o 0. X)) W, = 9] VAR 40,00, (54)
where t,; is defined in (D11) and B in (D13).
Proof.
Soimy [t (G, X)Wy — mi(@)] —
= VN ==l
P { L5, ltyla, Xso)W; — mig) } %)
+V'N [m(g) — m(q)]. (56)

With ¢ an arbitrary value for ¢, for the term in (55) it suffices to show that:

LN Zj\le [tei (@, Xjc)W; —m(q)] —
sup VN q C q _ Op(l)

la=ali<dn | = D270 [tei(a X)W — m(q)]

for each sequence J,, tending to zero. From Pakes and Pollard (1989, Lemma 1.17) the above result
holds, implying that the term in (55) vanishes in probability. Turning to the term in (56), from a
Taylor series expansion:

VN[m(q) —m(q)] = Vym () VN(G — q).

From the Bahadur representation in (D13) :
VN (§—q) = VNB + 0,(1).
The lemma follows.

Lemma 4. a — derivative. Recalling Theorem 1) and define:

-1

a(V;(0),0) = E[Q]R;|V;(0)]
ao(V5(0)) = a(V;(0),6o).

E[Q5'Y;|V;(0)]

Then, with Vy as the derivative operator w.r.t. 6 :

Voa(V, () 0)o=9, = Voao(V;(0))s=a,
E[Q7R;|V;(60)] " EIQ% R;[Vaco (Vi (0))]1V;(60)]o=o, -

Proof. Differentiating a(V; () ,6), with respect to 6y, the k' element of §. We have:

Vo aV; (0).0)0, = {VaE [QIRIVO) ™}, EIQiYIVi(00) (57)
+E [QYR;|V;(00)] " Vo E[QYY;|V;(9)],, (58)
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We first note that for any nonsingular matrix M (f) and for 8 an element of 6 :
Vo M~ (0) = =M~ (0)[Vo, M (0)]M~(0), (59)
a result that follows because
Vo, [M~H0)M(0)] = Vo, (I) = 0=V, [M1(0)] M(0) + M~ (0)Ve, [M(0)] .

Employing (59), the first component in (57) is given as:

Vo B [Q§/3j|‘/}(9)];1 = —E[QVRy|Vj(00)] " {Ve,El *'Rjo(@)]}g E [Q5' R;|V;(60)]

=6o =0o

-1

Recalling that Y; = R;a0(V;(6y)) + €5, the second component in (57) is given as:
EIQ;Y;1Vi(6)] = EIQ; Ryao(Vi(00))1Vi(60)] = EIQ; R,V (00)lao Vi (6y).
Therefore, the expression in (57) has the characterization:
B [Q) RIV,00)] " (V0 EIQLRVO))},_,, 00 (V3 60). (60)
Turning to the gradient component in (58), let 6(6) = V;(0y) — V;(6). Then we may write :

Vo, EIQFYiIVi(0)],o, = Vo, B [QF Rjlao(Vi(00))]IVi(0))],_,,

= Vo, B [Q} Riln(3(0) + Vi (O)]IV;(0))] 5y,
= G+ Gy,
Gi = Vg, E[Q) Rylao(d(0) + V;(00))]Vi(6o)]

Gy = Vg, [Q} Rylag(d(6o) + V;(0))]|V;(0)]

0=0o

9=6,
from the chain rule.” For the G;-term, since Vy, 5(0o) = —V,, V;(0):
G = E[Q)R[¥,,00(0(6) + Vi(6o))]IV; (60)]
= —E[Q}R;[Va,a0(V;(0))]IVi(00)lo=0, -

For the G-term above, since §(f) =0 :

=bo

Gy = Vo {EQ] Rjao(Vi(0))IV;(0)]},_,.
= Vo { EIQ] R;|V;(0)]o(V;(0) },_,,

= E[Q} R;|V;(60)]Ve,0(V;(0))o=0, +
{Vo, E[Q} R;|V;(0)]o=6, } ao(V;(60)) -

"To the best of our knowledge, Whitney Newey was the first to make this type of argument for semiparametric
expectations. It underlies the efficiency result in Klein and Spady(1993) as well as the bias reduction mechanism
in Klein and Shen (2011) and Klein, Shen, and Vella (2014).
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Combining the G; and G5 terms, the term in (58) can be characterized as:
~E{Q} R;Vo,a0(V;(0))IV;(60)]},_,, +
Axt -1 At
[E[Q} R;|V;(60)] E[Q7 R;|V;(00)]Ve,0(V;(0)) =6, + : (61)
{Vo. E[Q}'R;IV;(0)]s=0, } co(V;(60)) -
Finally, adding (60) and (61) together, the form for Vg, a(V;(0);0)g—g, follows.

Lemma 5. Estimated trimming. Let W, be an i.i.d. vector with estimator WZ With ¢ and
q as vectors of sample and population quantiles, let ¢;(¢) be a trimming function of the form shown

in (D3). Let M5 ={q¢:||¢d —q|] <0} where 6 - 0as N — oco. Denote ||A]| = AA". With ¢, >0,
¢, = 0,c, >0, assume that A; and W; are vectors satisfying :

N
1 ~
c1) NE:ti(q)TTHWi—Wi — 0, (N2
=1

N
1 —2c
C2) Y H@Tr Al = O(N~2)
i=1

C3) : sup t;(q) A =0, (N~%).
i; GeNs

c4) : E ~0(1).

1 N
~ 2 Tr (WA
j=1

Then, for ¢ > 0 and arbitrarily small and for the indicators employed here, under (C1), (C3) and
(C4) :

1 N N

a): NZ[T%(@)Wi — i (q) Wil A; = %Ztl (q) (Wi = Wi)A; + 0y (N71/7F9) .
Under (C1)-(C4):
B) : Wi — 1 (4) Wil Ay = o (N~ (o)
) %;w) — 4 (q)] = op(N12*).
Proof. For a), we have:
IREAR 1 & .
F LMD, = @ WIA = 53l (W= W) 4+ A
Buw = 2@ @A+ (62)
LS 0@ - e @) (Wi - wi) A, (63)
N =1 Z Z Z l l ;



where s; is an indicator that is one if ¢;(¢) or ¢; (¢) is 1 and is zero otherwise. For the component,
of Ay, in (62), from Cauchy-Schwarz and (C4), the absolute value is bounded above by:®

N 1/2
{% > [t(d) — <Q>12} X Op(L).

j=1

Employing an argument in Klein and Shen(2010, Theorem 2) and a convergence rate for in-
dicators in Klein(1993),° the above term is o,(N~Y2*€) for ¢ > 0 and arbitrarily small. For the
absolute value of the second component of A, in (63), from an argument similar to that above, it

is bounded by:
L 1/2 L& 1/2
A 2 ~ A
|Aua| < {N ;[ti(Q) — 1 (q)] } sup {N ;Sj(q)Tr | (=) A, } .

As above, the first term is 0,(N~1/2%¢) for ¢ > 0 and arbitrarily small. The second term converges
in probability to 0 from the uniform assumption (C3) on A; and the pointwise assumption involving
Wi.

The proof for b) readily follows from a), an extension of Cauchy Schwarz and the point-wise

convergence assumptions. The proof for ¢) employs the same argument as that in a), making similar
use of the s; indicator .

Lemma 6. Let v e€, a compact subset of the support for V and 0 e®; a compact set. Refer
to (D6) and (D8). Set the window parameter as in (D4) and take the sup over v and ¢. Then, un-
der (AS8):

a)2*(v,0),Q(v,0) are non-singular for all ve€, fed, (64)
[ 9-al T o, (v
bysup | |Q —Q | = | o0, (N7?) (65)
10— o op (N71%)
[ 1O-1 -1 _
1%4 a S} | Op (N _124)
osuwp | |Q - | = o (N~?) (66)
|Q*71 — Y 0p (N—1/4)

Proof. To show that * in a) is non-singular, from (D6)-(D8), locally project T; on @Q; to
obtain:

T, = Q" (7' (v),c (v) + e, E [e:Qf Vi = v] = 0.

8Letting B; = W; A, have k' element B;j, from Cauchy-Schwarz

1/2

=

N 1 L
Z[fi(‘f) —ti (¢)]Bix < [N . [t:(4) — t; (q)]*]"/ lN Z B,

1

7

=1 7

where =SV By < SN Tr[B;B]}.
9The rate is obtained by bounding [t;(§) —t; (¢)]> from above by a smooth function and then employing a Taylor
series expansion.
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It then follows that:

BIO! RV =) = B@0 M=ol | T ] |,

If ¥ = var(t;P!|V; (§) = v) is positive definite for all v and 6 in a compact sets, then E(Q;”Q;"|V; =
v) will have full rank. It then follows that if 7 has full rank and gy (v) is non-zero,

O (v,0) = BE(Q;" R;|Vi = v)gv (v)

will have full rank, completing the proof for a). The proof for Q(v, #) is identical. A
Next we show b): For the first and third parts, let 2, (v, 8) refer to either €2 (v, 0) or Q*, Q, (v, 0)
to either  or 2*, and @, to either ) or Q*. Then,

A

Qa - Qa}’DN@,e)R‘

Qu(v,0) — Qq (v,

~ (9)’ S ’QQDN]\([U,0>R -

_Qa<v,e>‘+ﬂ

The sup of the first component on the right-hand-side is 0,(N~/4) from Lemma 2d. From (D5),
Lemma 5, and Lemma 2d, the second component is also 0, (N ~1/4). The second part of b) follows
from the convergence of ¢ to t; in (D6) and the definition of Q* in (D8).

For the first part of c), let

(v*,0%) = argsup HQ (v,0)"" —Q (v, 0)71H .

v,0

Notice that from a)-b):

@q@@amg—daauwﬁﬂ): 0,(1),
det (Q(v*,0%)) > in@f det (2 (v,0)) > 0.

Therefore, it can be shown that Q (v,0)"" — Q(v,#)~! uniformly converges to 0. To obtain the
required rate, write the expression in c) as:

Q@09 = Q@0 = Q0T Q5 0%) — Q (vt 09)]Q (vF, 0%) . (67)

With the first and third terms being O, (1), the result follows from the convergence rate for the
middle term established in b). The arguments for the other two parts of ¢) are similar with the

slower convergence rate in the second part being due to the slower convergence rate of ||Q* — Q|
in b).

Lemma 7. Recalling (D1) and (D8), define V; = V;(6y). Let ap, &, and &y be matrices
with it rows given as ag; = « (V, 0), & = a5(Vi, 6p), and dg; = & (V;, ) respectively. With [ =
1,...,L+1,let A;(V;) be the I element from A(V}) corresponding to L treatments and a default
option, and Ay(V;) the I element from A(V;,6) in (D8).  Assume that t; is an indicator
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constraining V; to a compact set. Then, recalling that ||A|| = AA’:

% D677 o — aal = o, (N2) (63)
b SonTr | [A05) = AV)] D (Vi 00) ,00)]| /(N = 1) = 0, (N172) (69)
Oy SoHTr 65— ol = 0,(N172), (70)

Proof. For a), let Dy (V;) = Dn(Vi(6p), 6 0) and define:
1

Go; = 192 (Vi)' Q' Dy (V)Y = a; + NQ( ) Q' Dy (e + A (V). (71)
We prove a) by showing:
N
1 N _
(1,1) : Al = N thTT HOCOi — OéOiH = 0p (N 1/2) (72)
1
02) 1 Ay = Zt Tr||dro; — cvoi| — —Zt Tr||édo; — aosll] = 0p(N~12) (73)

For al),
E(Ay) = Elti Tr|do; — al|]] = B[t Tr||aoi — E (Goi) ||| + E [t Tr || £ (dwi) — aill] (75)

From Lemma 2, it can be shown that last (squared bias) component is uniformly O(h*) while
the remaining (variance) component is uniformly O(). With A = 1/7.99, it follows that al)
holds. Turning to a2):

N N
1 1
Ay = ; BT || (éoi — i) + (Goi — 00s) [| = ;tm”am — oy (76)
and hence
1 < 1 &
Ay = N ZZI t; [Gvoi — o) [Goi — o) + QN ZZI t; [Gvos — o] [Goi — vog)- (77)

For the first component in (77), recalling the definition of & in (D8):

o) (@-Q) +[e0nT -]
+(Qm -2 ) (@-Q)

ti(Goi — i) =t
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where Ay = Dy (Vi) e+ A(V;)]/N. From (D5) and Lemmas 5-6, t;,Q(V;)~ (Q Q) is uni-
formly o, (N~'/4) in i and from Lemma 6, t(Q (V)" =Q (V)" s also uniformly o, (N4
Accordingly, it can be shown that

Sup ’tz(dOz — 6(01)‘ = 0p (N71/4) . (79)

It now follows that the first term of A, in (77) is o, (N -1/ 2) . From Cauchy-Schwarz, the absolute
value of the second term of A, is bounded from above by:

i=1

N N
1 | ) )
QJ N ;t [éroi — ;] [Gvos — aOi]J N >~ tildoi — o]’ [éo; — o) (80)

The first component of the above product is o, (N - 4) from (79) above. The second term in the
above product is o, (N -/ 4) from al). The result in a) now follows.
To prove b), recall from (D1) and (D8) that:

A; (Vi) = R;[og; — aoi] ; A (Vi) = Ryléo; — o] = (81)
A; (Vi) = A (Vi) = R {[oi — aoi] — [Goj — ]} - (82)

Employing the definition of &g; in the proof of a), define
A; (Vi) = R; [ao; — an] = A; (Vi) = A; (Vi) = Rj {[G0i — aos)] — [ao; — ags]} . (83)
Under an argument similar to that in a),

Ztmu[ AW Dy = 1) = Tr || [AV) = AWA)| Da(V)|| /(N = D)} (34)

is 0, (N~'/2). Therefore, to prove (b), we study:
1
h?

Write this term as the sum of:

Bt [AV) = A0A)] DRV [A0h) - AW /(v - 1)} (35)

T= s i E{td,(v) - B (& (V) ViV, ) K2} (56)
T,= o Z B [B@ 0 Wiv) - a, 0] K2 | (87)

where K;, = K [(V; = V;) /h]. TheT; term is o0,(N~1/2) because K? is bounded and the variance
term: .
- - I .
B {0 (800 - 5 (&0om)] (800 - 5 (&00m)]
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has order -50((w;)) = 0,(N~Y/2) uniformly in r for h = O(N~—Y7%). Turning to Tb, it can be
shown that .
EIE(A (Vi)[Vi, Vi) = A (V) Vi, Vi] = W [B(V) = B(V,)),

where B is a bounded function. Therefore, we need to evaluate:

Vi—=V,

BEWELBD - B K25 ] 1802) - BODIWY

The order of this term is further reduced with the kernel restricting V, to be close to V; . In

particular, letting Z = (V, — V;)/h, it can be shown that the inner expectation is uniformly O(h?).

Therefore, with h = N="/7% | the above term is o(N /) which establishes part b) of the lemma.
To establish c), refer to (D8), recall the definition of A (V;) above, and define:

0 'Q"Dy (Vi) [Y — A (V3)]

aL = - (88)
— g + U IQVDy (Vi) [e + A(V;) — A (V)]
Then, similar to a), the proof follows by showing
XN
DAL= DT — ool = 0, (N7) (89)
CAY= = Zt T |GG, — aoil] — = Zt Tr|ag; — aolll = Op(Nil/z)' (90)

The proof for c1) is very similar to that for al). Employing b), the proof for ¢2) is very similar to
that for a2).

Lemma 8 provides convergence rates on derivatives, which are needed to establish asymptotic
normality.

Lemma 8. Define V; (0) = X1; + X0, where Xy;, X7, and 6 are in compact sets.!®  Let
ng f(0) be the d** partial derivative of the function f with respect to 6y, the k' element of § where
ngf(O) = f(0). Let d4 be a small positive number. Then, referring to (D6) and (D8):

@) s o [V (8),6) = Vi (9),0) ]| = op(N)
) s v (Vi (0),0)" = (Vi (0),0) ] | = 0, (N )
For d = 0,1
¢) = sup|VilalVi (6), 6] - a(Vi (0).O)]] = op(N™)

d) sy@pwz[&*[vi(e),@]—@<%<9>,9>]}=op<N‘5d>

10Tn applications of this lemma, trimming ensures that the index variables are in compact sets.

37



Proof. For a), employ the derivative of a matrix inverse in (59) and write the difference in
derivatives in a) as:

QV; (0),0)" [V, Vi (0),0)] Vi (0),0) " = Q(Vi (9) ,0) ! [VakQ(Vz' (6) ,9)] QVi (9),0)"
From Theorem 1 and Lemma 6,

‘Q(m (6),0)"t —Q(V; (8),6) "

is uniformly o,(N~%¢). Therefore, it suffices to show that

Vo (Vi (8),8) — V4, Vi (6) ,9)‘

is uniformly o, (N —94¢). An upper bound on this expression is given as:
Q' Dy (Vi (0),0)R
N
. /
Q-0 Dy(vi(9),0)R
=

Suep ‘VOJC - ngQ(V; (6) 76)‘ (91)

+sup |V, (92)
i0

From Lemma 2a with r = 1/7.99, the component in (91) is 0,(N ~%¢). Based on Lemma 5 and (D5),
it can be shown that the component in (92) is 0,(N~°¢), which completes the proof of a).

As the proof for b) is identical to that for a), we turn to c). As the argument for d = 0 is similar
to but less complicated than that for d = 1, we provide the argument for d = 1. For this case, the
difference in estimated and true derivatives is given as:

Vo, {mv;(e), ) 1 EPAGOOY_ov,0).0) B QYiIVi(0)] gv<w<e>>}

Q/DN(VZ’(Q)7 8>Y

= Q(Vi(6),0) Vg, | — E[QYi|Vi(0)]gv (Vi(6))] (93)

N
1 me).0 | LY iy o) g vii6) (04)
+[000.07" - awi0).0) 1] v, {LEOIYL 5
V0, [20V(0).0)" — avi(e). 07| CEYEELIT )
For the term (93), [(V;(6),0)""| < sup, 4 [Q(v,6)"!] is bounded, hence we study

v, | LPEOIT g0 v vio))

= v, | FREREE - pipviola o)) (97)
[@-Q] vonxvi0).0)7

+[ N (98)
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The absolute value of the term in (97) is bounded above by:

va, | OO pamv )i 0)

Y

sup
00

which is 0,(N %) from Lemma 2d) and (A6). For the term in (98), the absolute value of a typical
term is bounded above by:

YV, K;(V; () ,6)
>

sup to;| Py — Py| sup
i 5.0

J=1

The first component is 0,(N~1/4) from (D5). The second component is O,(1) under Lemma 2d and
(A6). Consequently, the term in (98) is 0,(N ).

Turning to the term in (94) the absolute value of its second component is 0,(N %) from an
argument virtually identical to that for (93). For the first component:

Vo 2V (0).0)| = |V (6).6)" [Va, Vi (6).0)] Vi (6),6) "]
sup, ¢ 12V (6) ,6)'] x
< { supyy Vo, QV (6),6) < b = O,(1).
supy o [Q(V; (6) ,6) |

For the term in (95), the absolute value of its first component is o0,(N ~%¢) from Lemma 6c¢). For
the second component we must analyze:

(99)

{ 0-q Vekva(”*ve*)Y} N {Q’vakDN(v*,e*W}
N N

Employing arguments similar to those for (93), the absolute value of the elements in the first term
is 0,(N %), while those in the second are O,(1) from (A6) and Lemma 2d.

For the term in (96), its first component is 0,(N~°?) from a), while the second component,
which is similar to that in (99), is O,(1). The proof for d) is very similar to that for c).

To establish asymptotic normality for the estimator of the index parameter vector, the next
lemma shows that the estimated Hessian matrix converges to a fized matriz.

Lemma 9. The Hessian. Recalling the definition of Hy in Theorem 3, for any 87 2 6, :
VoG*(07) 5 Hy

Proof. To prove the result, recall the definition of &* and & in (D8) and let
X 1 M.
Vo, G, () = — 3" 20, RV, " (V;(6).6)
i=1

N
1
Hiy, (0) = E[_szisziv%l@ (‘/3(0)7 0)],

i=1
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where nglGA;;Q(@) is the derivative of k¥* moment w.r.t. 6y ; while Hy,, () is the fixed matrix to

which it is converging. Then since 67 2 6, we must show:

N
N 1
a) sup Vo, G, (0) + [szikgRiVlea (V;(8),0)]| =0

Sup |ZZZ;€2R Vo, a(Vi(0),0) + Hiy (0)| 5 0.

=1

For a):

N
1 _ vk
(= 22t Vo, (Vi(6),0)] = Vi, G, (0)

= %;Zikﬂiv@kl (6 (Vi (6),6) —a (Vi(0),0)] (100)
+%; (2, = Zs | RiV,,0 (Vi (0),6) (101)
+%; (2, = Zuo| RV, 107 (Vi (0),60) = a (Vi (0),0)). (102)

The absolute value of the term in (100) is bounded above by:

1 N
— Zi2
v

sup R;|sup|V, [a" (Vi (0),0) —a(v,0)
0 00

From Lemma 8, the first component is 0,(1). The second component is O, (1) under (A7), which
completes the argument for (100).

Turning to the term in (101), from Lemma 5a, trimming can be taken as known. Then, since
0 only enters through Vo, a(V;(0),0), the resulting term is then o, (1) from Cauchy-Schwarz.

Using arguments similar to those above, the term in (102) converges to 0 faster than the
other two. For b), with #;Vy, & (V;(0),0) bounded from (A7), uniform convergence holds from
Amemiya(1985, Thm. 4.2.1).

Lemma 10. The Gradient. With V; = V;(0y) and oo(V;) = a(V},0), recall that Y; =
R;ap(V;) + ¢ and denote a5(V;) = &*(V;, 60p). With G*(0p) as the gradient and with

= =/ _17*/
W(V;) = 7 - B(ZRV)E |QF RilVi| @5 (103)
it follows that:
1 & 1 &
VNG (6y) = —— [V, — Rjas (V)] = —= > R, (V)e; +0,(1). 104
0 \/NZ 0 )} \/N; (J)] p() ( )
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Proof. Recalling that ¢; =Y, — 2), write v NG*(6p) in (104) as

0 (V
VNG (0o) = %ZA ZZ’ 65(V5) = a0 (V7)] (105)
%Z Zie A——Zz' 65(V3) = a0 (V)] (106)

N
1 . ! 1 . r
s [b-a] - 5318 - 4] Rl - w 107
The first term in (106) has the required form. For the second term in (106), from Lemma 11

N
ZZ’ (V) = a0V = <= 3 B RIVIEQ RIV) Q5 +o, (). (108

Therefore, the proof will follow if the terms in (107) vanish in probability. For the first term, the
result follows under (D9) because estimated trimming can be taken as known under Lemma 5. For
the second term in (107), it vanishes from Lemma 5, Lemma 7c and (D9).

For both the index estimator (as illustrated in the proof of Lemma 10 above) and marginal
effects, we need a result for a weighted difference between bias corrected estimator, &*(V;) and the

true function, ag(V;). Lemma 11 provides the key result, with required intermediate results provided
i Lemmas 12-135.

Lemma 11. Letting S; be i.i.d. or constant and define S; = ¢;S7, where ¢; is any trimming
function of the form in (D3) that constrains Vj (6y) to a compact Set and assume S; is finite.!!
Referring to (D8), let V; = V; (6p) and DN(Vj) = Dy (V; (60) ,60). Then, with Q;",Q; defined in
(D6) and (D8), let:

U

ZIH

— ao(V;)]

U*

ZIH

N
>S5l
N L _ _
Z (S51V3) (Vi) 9<‘G>Q§€jzN;E(SAWE(Q?RM)1@;'@-
Then:

VN U - U] = 0,(1).

Proof. To prove this result, with Q* defined in (D6), we will first show:

VEU = VIV + Ui+ 0,100 = 5=y L2057 Dy ) (109

UQZN( NN D) ZZZpﬂk, (110)

J=1 i#j k#ig

"The proof is simplified under this assumption, but only requires E(S;|V;) to be finite.
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where
QVi) QL Kk(V;) [er + An(Vy)] —

pin =[S0 (V)) QYK (V))] R [ Q) QER(V)) [ex + Ak(V))]

The proof will then follow by showing : vV NU; = VNU* + 0,(1) and v NU, = 0,(1).

Beginning with the decomposition of v/ NU into v/N[U; 4 U] above, note that:

) =y SN [¥ - A05)
(V) = (V) g
QD) [e AW - Ay)
= ag(Vy) + (V) g
Therefore,
L& QD) [e+ AW - A
VNU = ﬁ;sjg (V) .
L Nrg gy [@Dn(V)e
- \/NUl.ﬁ;S]Q (Vy) { . }
L& QDN () [A) = A
leﬁ;sjg(v;) [ N }+

Q"D (Vi) |e + AV) - Ay)]
! o

Aw;)|

T30S [0 - o) L
N O — Q| Dx(vy) [e + (V) — AWy
13 [ )] 4] N{_ 1 |

We begin by showing that terms 75,75 and T vanish in probability. For T,
contains a trimming function and define:

L& @Dy [+ AW - AW
L = \/__; — (V)™ N

where from (83) and (71) in the proof of Lemma 7a,
A; (Vi) = A; (V) = Ry {[do; — aoi)] — [ao; — ao,l},

0—0401+NQ( 07 Q' Dy (e + A (Vh)).
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recall that Q*

(112)
(113)



From Lemma 6c, sup, (V)™ = (V)™ = o, (N=Y/%) . From (79) in the proof of Lemma
Ta, supt;|ao; — do;| is 0, (N~'/*). Therefore, )Tg — TQ‘ = 0, (N71/2) . It then suffices to consider

Ty. With &, — ag; = @ 71Q"Dy (V) [e + A (V) A (V;)] in (88) of the proof of Lemma 7c:

= ) () I (V) (1) - aolV)
< sup[[€0(V) ! = (V)0 (V) D187 (V) = olV5) (114

From Lemma 6¢, the first component in (114) is o, (N -1/ 4). Employing arguments similar, but sim-
pler than, those in the proof of Lemma 7c, it can be shown that the second component is o, (N -1/ 4),
which completes the argument for 75.

For T}, as above,

T - Ti| =0, (N‘1/2)
4fzs (Vi) 1] [@ - @ Dav) [+ A7) - A

It can be shown that the ¢ — component of Ty converges to 0 as a degenerate U-statistic. The
analysis for the remaining components is similar to that above as QZ — @} is uniformly o, (N 1/ 4)
in ¢ from (D5) and Lemma 5.

Turning to 77, notice that
[ao(Vi) — ao(V;)] = [ao(Vi) — & (V)]} i # j
[@o(V5) = ao(V))] = [@0(Vi) — ao(V3)]}
Q(V})—le;Kk(VJJ)V[&k;-Ak(V)]

Ai(Vy) = Ai(V;) = Ri{
Ri{

_ R 1’“%@/ CHGINENGE)
ki
Therefore,
ZQkKk Ek-‘rAk )
- o ZSQ* ;Q*/K k#ZQkKk(v lentAL (V)] (115)
7]

k#i

To simplify notation and shorten expressions, let:

A= S,0°(V))™ By = QYK(V))R; , Cry = Q(V)) QL Kk(V)) [er + A (V)]
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Then, employing arguments similar to those for analyzing 75, we may replace Q(V})*lwith QV,)!
for r = 4,4, Qi with @}, and write the expression in (115) as:

o= v oA B R o) (116)

J=1 i#] k#i,j

- Ciy—Cu) | Cy—Ci | (N2
_ - ZAszij{<z L )+ Lt }(N_1)+op<1>.<117>

)= i#j k#i,j

Since A; = O(1) and B;; = O(1/h), up to an additive term that is 0,(1), we have

" e E R R RS e

Jj=1 1#] k#i,5 J=1 i#j

N
- ZA N Gy _2'“] +0,(1).
7=1

i#j k#i,j

ZT,'

From above, as T1 = Uz + 0,(1), we have now established that:

VNU = VNU, +VNU, + 0,(1), Ul_\/_(l o ZSQ* QDN (Ve (118)

UQE(N—l N—2) Zzzpjzk+0p (119)

J=1 i#j kFij

From Lemma 12, up to an additive term that is o, (1):

J

N N
1 () * 7* 1 *l -1
VNU = 5> B(S[V) 2 (V) (V)@ e ENZ (S51V3) B(Q5RIV;) ™' Qe
j=1 j=1

and from Lemma 13, v/ NU, = 0,(1). Lemma 11 then follows.

Lemma 12 Referring to the proof of Lemma 11:

VNU, ! ZSQ* )'Q¥ Dy (Vy)e = VNU;

Uy

N N
¥ 2 B SV (V)T e(ViQe = Z (Si1V3) B(Q5'RIV;) ™ Qj'e;.
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Proof. Defining p;; = S;Q*(V;) ' Q;'K;(V;)e;, we have

VNU, = W—;;:SQ LYK (Ve

=1 >3

With obs j denoting observation j, as the above expression is a centered U-statistic, we have:

VNU, =

> B[S (Vi) K (Vi)lobs j] Qjfej + 0p(1)

Y E[E(S|Vi) (Vi) K (Vi) |obs ] Q5'ej + 0,(1)

j=1
N

= — > E(SIV) (V) 'g(V)QYes + 0p(1)
j=1
]N

= —= > E(S|V)) E[Q} R;|V;]7' Q5 e + 0,(1)
Jj=1

from a standard U-statistic projection and (D8). To complete the proof, we need to show that we
can replace @* with Q*. To this end, let §; = E[Q} R;|V;]'Q; — E[Q} R;|V;]7'Q; and define

N
Z [S;1V;] 8¢ (120)

With E (D)= 0, the proof will follow if Var (D) — 0. We have:
Var (D) = E{E[Sjﬂfj] 5,0, [Sjn/j]’}ag. (121)
Since E [S}|V;] is bounded, it suffices to consider: E (0;65). Noting that A is a difference in terms,

one depending from (D6) on t and the other on ¢; converging to ¢}, from the same arguments
used to establish Lemma 5, it can be shown that E [6 jéﬂ — 0, which completes the proof.

Lemma 13. A Degenerate U-Statistic Result. Referring to the proof of Lemma 11:

VNU, = 0,(1).
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Proof. With

[][]

we have:
VNU, = " 123
TN ; ; k;”pj (123)

Letting

pjzk [pjlk + ngk + pzk] + pkz] + pjkl + pka:| /3‘ (124)
we can rewrite (123) as

VNU, = ( >_lii Z P

=1 1>j5 k>i>j

To see that this result holds, notice that

N N N
Zzzp]zk Zzzpﬂk_‘_zzzpﬂk
J=1 i#j k#i,j 1> k>i1>) 1> i>k>)
+Zzzp]zk+zzzp]zk
j 1> i>5>k i< k<i<j
+ZZ 2 ﬂwaZ D P
1< i<k<j o i<g i<j<k

The first term has the required form. For the second term:
D02 pn= ZZ D Pk
7 k>ji>k>jg 1> k>i>j

which has the required form. The analysis for other terms is similar. Recalling the definitions of
Py, and piy in (122) and (124), the remainder of the proof consists of showing the following:

Elpjilobs j] = o(N~'/2), uniformly in V;

E (pji) = o(N7'/?)
E (plylobs j) = o(h?), uniformly in V;

VNU, = 0,(1).

For a), we may write F [pjik|0bs j} as: By — E,, where

> R

o

)
)
)
)

SQ*( i) E QY RV Ki(V;)Q(V;) X

Bi= B B0k V) [er + AV V]| obs j ) (125)
B 18,00 (V) Q' Ri) Ku(V;)Q(V;) '
B, = E{ QUEL (V) e + A(V)]| obs } (126)
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For the £y — term in (125), we require the second interior expectation:

E[QKk(Vi) [ex + Ax(Vi)] [Vi] E[QuKe(Vi)Ar(Vi) V] (127)
E[QyRe Ki(Vi)[ao(Vi (00)) — o (Vi (60))] [Vi]

EE Q)R (V) [ao(Ve (60)) — ao(Vi (60))] Vi, Vil

EE (Q)Ri|Vi) K (Vi) o (Vi (60)) — a0 (Vi(0o))] V]

QVi)1 . (Vi—Vi
[ (M) ol (80) = v ol oV

- /Q(Vi +h2)K (2) [ (Vi + hz) — ao(Vi(6))] dz
= B*VIQ(Vi)ao(V;) + O(hY),

where V7 denotes a second derivative taken with respect to V;. Substituting this expression into
(125) yields:

Ey = ES;Q(Vy) T E[Q)Ri| Vi Ki(Vy) (Vo) [W*V[Q(Vi)ao(Vi)] + O(RD)]| obs j}

- {sow Tl
(Vi)
9(Va)
= (V) TRV ao(V))]] + O]}
= h2SQ(V) VIRV ao(Vi)]] + O(RY),

Ki(V;)Q(Vi)~ [R*VEQ(Vi)ao(Vi)]] + O(hY)]] obs j

— S0 E{ K V)V V2RV ao(Vi)]]  O(hY)]| obs j}

Turning to the Ey — term in (126)
B, = E{[S;(V})” 1@’”3} (VY ) leKk( i) e+ Ax(V))]| obs j}
= E{[S,0(V;) "B [Q RiVi]] K:(V))Q(V}) ™' Qui(V;) [ex + Ax(V))] | obs j}
)

—E{Sﬁ*(%)lﬁm o) |obsg}E{QkKk< ek + Ax(V))]| obs ).

In a derivation similar to that in (127).

EA{QL (Vi) [ex + Au(Vy)]| obs j} = [R*V5[Q(V))ao(V)))] + O(h*)].

(Vs

Substituting this expression into Fy above:

B = {50 Z K000 s 519 00)00(V)] + 00

V)V V210V, Jao(V)] + O(hY)lobs j}

g
sy ﬂ*(%)&(%)d%] V) 1292 [V, )ao(V,)] + O(hY)

- (V) + O(13)] (V;) 1292 (V) (V)] + O(h")]
= W50V V2V ao(Vy)]] + O(hY).
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The proof now follows as By — Ey = O(h') = o(N~Y/2) with h = O (N~1/79).

For b) the proof follows immediately from (a) and the fact that all terms in pj;, have the same
unconditional expectation. For (c), it suffices to analyze the components involving A’s.  With the
analysis being very similar to that for F; or Es, the result follows.

For d), from b), E (\/N[AJ) = 0(1). For the variance, it can be shown that

Var (ﬁﬁ) = Var(E[pjy|obs j]) =o(1),
from which the result now follows.

The results in Lemma 14 hold under reqular kernels when the treatment depends on a single
index. In the multiple index case, we would require a bias reduction strategy (e.g. higher order
kernels) to obtain the required results. Below, for expositional purposes, we provide the argument
for the single index case.

Lemma 14. Convergence Rates for Instruments. With the treatment instrument given
as Pj, let the preliminary instrument for estimating the index parameters in the outcome equation
be

~

[Pj + 1] X5, (128)
and denote the resulting parameter estimate as ép . Define the second stage instrument as
[Py 11906"(V; (6,) . 6,) (129)

Then, denoting Z9, as the k* element of either (128) or (129), the instruments satisfy the conditions
in (D5) and (D9) in that

a)

[ G) = By ()] | = op(v 11,

b)

N X 2
th [Zgok - Zjok} = o0p(1),
N o

WE

c) t [Z]Ok — Z;’k} g = o0p(1).

5- 5 -2

1

<.
Il

Proof. To establish a) , from a Taylor series expansion in 4, (A4), and the uniform convergence
of probability derivatives (Lemma 2), it suffices to consider:

L [Jf’z (V) = B (%)} ’ :

From Lemma 2, with a window of h; = O(N~'/?), the difference is uniformly o,(N—'/%), which
completes the argument.

For b), we first consider the preliminary instrument in (128). With trimming constraining Xo;
to a compact set, the result follows from a). Turning to the second stage instrument in (129), it
suffices to show that:

M) = iTT Hve@* (Vj (ép> ,ép) — Vsa (V; (6) , 00)

i=1

= 010(1)7
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where ||A|| = AA’. From a Taylor series expansion,

2 -
Ml = 2a00) + 28 4, gy 1 20,0y TS 6,0 a30)
From the pointwise results in Lemma 2, the first term in (130) is 0,(1). For the second and third
terms, it can be shown that |V2(&* — ag)| = 0,(N ™), 8, > 0 and that |V3(&* —ag)| = O,(N27%),
85 > 0. Therefore, since |0, — 6| = O,(N~2) from Theorem 3, the remaining terms of the expansion
n (130) are o,(N~2).
For c), beginning with the preliminary instrument, it suffices to consider:

Ay = \/—%%:%‘ [plj - Plj] Xaj€;

We first reduce the problem to studying a linear combination of estimated functions. To this

end, write
-V
v m il ()
p—_ 7 _ i
T Vir—V; ey
v (R 0
i#]
Then, with A} defined as
1 9
A= t[ﬁl-—P,} 9i Xy, (131)
2 \/N; i |4 i) g

Employing Cauchy-Schwarz, it readily follows that |Ay — A} = 0,(1):

N ~
1 . g
[As — A3 = _NE ) [Plj —Plj] {g]g gJ}X%SJ
VIV

J

IA

N

— |1 . g

Ny w2t [P”_P”} NZt {j } Xs5E5
=1

The proof will now follow if Aj= 0,(1). With ¢ in A} ensuring that the bias in A} is o(1), it is
possible to employ a U-statistic argument to show that Ay = 0,(1). The argument for the second
stage instrument is not provided as it is very similar to that above with more steps required to
reduce the problem to one of studying a linear combination of estimated functions.
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