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Abstract: I consider a real business cycle model in which agents have private information
about an idiosyncratic shock to their value of leisure. I consider the mechanism design problem for
this economy and describe a computational method to solve it. This is an important contribution
of the paper since the method could be used to solve a wide class of models with heterogeneous
agents and aggregate uncertainty. Calibrating the model to U.S. data I find a striking result: That
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1. Introduction

There is a long literature analyzing dynamic efficient contracts under private information (e.g.
Phelan and Townsend [10], Spear and Srivastava [11], Thomas and Worral [12], etc.). The basic
setting consists of a risk neutral principal who seeks to design a contract for a risk averse agent
who has private information about his type or actions. The principal faces a nontrivial trade-off
between insurance and incentives: Given the risk aversion of the agent he would like to insure
him completely, but if he does he would be giving the agent no incentives to reveal his private
information. Balancing these conflicting goals, the principal seeks to provide as much insurance as
possible while inducing the agent to behave truthfully.

In macroeconomics these ideas have been used, for example, to study optimal consumption
inequality (e.g. Atkeson and Lucas [1], Green [6], etc.), optimal unemployment insurance (e.g.
Hopenhayn and Nicolini [7], Kocherlakota [8], etc.), and taxation (e.g. Golosov et al. [4], Fahri
and Werning [3], etc.). However, any interactions with aggregate fluctuations have been mostly
neglected (Phelan [9] is a notable exception). The purpose of this paper is to close this gap by an-
alyzing the cyclical behavior of efficient contracts under private information. Of particular interest
are the implications of efficient contracts for the cyclical behavior of consumption and employment
heterogeneity, for the cyclical behavior of the intertemporal and consumption-labor wedges empha-
sized by the new public finance literature, and for the aggregate business cycle properties of the
economy.

The model that I use is a simple real business cycle model with private information. Agents
value consumption and leisure, and receive idiosyncratic shocks about their value of leisure. These
shocks, which are i.i.d. over time and across individuals, are private information. The production
technology is standard. Output, which can be consumed or invested, is produced with capital and
labor using a Cobb-Douglas production function subject to an aggregate productivity shock. The
aggregate shock follows a standard AR(1) process.

Following the literature, contracts are given a recursive representation in which the state of the
contract is a promised value to the agent. Given this current state, the contract specifies current
consumption, current hours worked and next-period promised values as a function of the value of
leisure reported by the agent. Since the model has a large number of agents subject to this type
of contracts, it is necessary to keep track as a state variable the whole distribution of promised

values across individuals. The high dimensionality of this object makes computations difficult. An



important contribution of the paper is to present a computational strategy that makes this problem
tractable. In fact, the computational strategy described here is not only applicable to the model in
this paper but to a wide class of economies with heterogeneous agents and aggregate uncertainty.
In particular, the method should be applicable to any model in which agents have smooth decision
rules and are subject to idiosyncratic uncertainty, and in which the aggregate shocks are described
by autorregressive processes.

The computational approach that I use is to parametrize individual decision rules as spline
approximations and to keep long histories of these parameters as state variables. Starting from the
deterministic steady state distribution, the history of decision rules implied by these parameters
is then used to obtain the current distribution of individuals across individual states. In practice,
this is done performing a large number of Monte Carlo simulations. I then linearize the first order
conditions with respect to the coefficients of the spline approximations and solve the resulting linear
rational expectations model using standard methods

Applying this computational method to a calibrated version of the business cycle model de-
scribed above provides a striking result: The presence of private information has no effects what-
soever on aggregate business cycles dynamics. The business cycle behavior of aggregate output,
consumption, investment, hours worked and capital is exactly the same as in a public information
version of the model economy. Moreover, there is no cyclical variation in the amount of consump-
tion and leisure heterogeneity over the business cycle: The distributions of consumption, leisure and
promised values shift horizontally in response to the aggregate shocks but maintain their shapes
exactly.

The paper is organized as follows. Section 2 describes the economy. Section 3 describes the
mechanism design problem. Section 4 characterizes the deterministic steady state and provides an
algorithm to compute it. Section 5 describes the computational method for solving the mechanism
design problem with aggregate fluctuations. Section 6 describes the intertemporal wedges and
consumption-labor wedges present in the model. Section 7 calibrates the model to U.S. observations.

Finally, Section 8 presents the results.

2. The economy

The economy is populated by a unit measure of agents subject to stochastic lifetimes. Whenever

an agent dies he is immediately replaced by a newborn, maintaining the aggregate population level



constant. The preferences of an individual born at date T" are given by

Er {iﬁt_Tat_T e+ s:In(1— ht)]} , (2.1)

t=T

where ¢; is consumption, h; is hours worked, s; is the idiosyncratic value of leisure, o is the
survival probability, and 0 < 8 < 1. The idiosyncratic value of leisure s; is assumed to take
two possible values: sy and sy, where s; < sp. Realizations of s; are i.i.d. across time and
across individuals and are distributed according to the distribution function ¢ = (1,9 5). A key
assumption maintained throughout the paper is that s; is private information of the individual.

Output, which can be consumed or invested, is produced with the following aggregate production
function:

_ LAY 1—~
i =e" K, 1 H,

where Y; is output, 2; is aggregate productivity, K;_; is capital and H; is hours worked. The

aggregate productivity level z; follows a standard AR(1) process given by:

Zt+1 = P2t + €41,

where 0 < p < 1 and &441 is normally distributed with mean zero and standard deviation o..

Capital is accumulated using a standard linear technology given by
Ky =(1-96)Ki1+ I,
where [; is gross investment and 0 < § < 1.

3. Mechanism Design Problem:

In this section I provide a recursive formulation to the problem of a social planner that seeks to
maximize utility subject to incentive compatibility and resource feasibility constraints. In order to
do this it will be important to distinguish between two types of agents: young and old. A young
agent is one that has been born at the beginning of the current period. An old agent is one that
has been born in some previous period.

The social planner decides recursive plans for both types of agents. The state of a recursive

plan is the value (i.e. discounted expected utility) that the agent is entitled to at the beginning



of the period. Given this promised value, the recursive plan specifies consumption, current hours
worked and next period promised values as functions of the value of leisure currently reported by
the agent.! A key goal of the social planner is to structure the recursive plans in such a way that
the agents truthfully reveal their private information. Another, conflicting goal, is to structure the
plans so that they provide as much insurance as possible. Throughout the paper I will assume that
the social planner is fully committed to the recursive plans that he chooses and that the agents
have no outside opportunities available.

A key difference between the young and the old is in terms of promised values. Since during
the previous period the social planner has decided on some recursive plan for a currently old agent,
he is restricted to delivering the corresponding promised value during the current period. On the
contrary, the social planner is free to deliver any value to a currently young agent since this is
the first period that he is alive. Reflecting this difference, I will specify the individual state of an
old agent to be his promised value v and his current value of leisure s. His current consumption,
hours worked and next-period promised values are then be denoted by ¢2 (v), h? (v) and w? (v, 2’),
respectively.? In turn, the individual state of a young agent is solely given by his current value of
leisure s. His current consumption, hours worked and next-period promised values are denoted by
cd, hY and wy (2), respectively.

The aggregate state of the economy is given by (z, K, u), where z is the aggregate productivity
level, K is the stock of capital, and p is a measure describing the number of old agents across
individual promised values v. The social planner seeks to maximize the weighted sum of welfare
levels of current and future generations of young agents.®> The welfare weight that the social planner
puts on the generation to be born ¢ periods into the future is 6%, where 0 < # < 1. In recursive

form, the social planner problem is described by the following Bellman equation:

V (2, K, ) = max {(1 —0) Z Inc? +sln(1—hY)+ BoE. (¥ ()] ¢, +0E.V (z,’Klvlj’,z’)}
) (3.1)

L Observe that I am focusing on direct revelation mechanisms.

2Observe that next-period promised values are allowed to be contingent on the realization of next-period aggregate
productivity z’.

30bserve that the welfare level of old agents are predetermined by their promised values at the beginning of the
period.



subject to:

(=) Yty + [ S @) bdn 1< EROH (3.2)

H< (=) St [ S vdn (33)

Incd +sln (1 —hY)+ BoE; [w! (z')] > Inc! 4+ sln (1 — hY) + BoE, [w! ()], (3.4)

In ¢ (v)+sn (1 - hS (V) +BoE, [w? (v,2')] > el (v)+sn (1 — hg (v))+BoE, [w? (v;2)], (3.5)
v = Z {Ineg (v) + sIn (1 — k2 (v)) + BoE. [w? (v, 2)] } b, (3.6)

K =(1-0K+1 (3.7)

waB) =03 | but(l-0)s Y w, (39)

v,8): w2(v,2')EB} s w!()eB

7 =pz+¢. (3.9)

Equation (3.2) describes the aggregate feasibility constraint for the consumption good. It states
that the total consumption of young and old agents, plus aggregate investment cannot exceed
aggregate output.* Equation (3.3) is the aggregate labor feasibility constraint. It states that the
input of hours into the production function cannot exceed the total hours worked by young and
old agents. Equation (3.4), which holds for every (s, §), is the incentive compatibility constraint of
young agents. It states that the value of truthfully reporting s provides a higher utility level than
reporting the alternative §. Similarly, equation (3.5) is the incentive compatibility constraint for
old agents. Equation (3.6) is the promise keeping constraint. It states that the recursive plan for
an old agent with promised value v must provide him an expected utility equal to that promised
value. Equation (3.7) is the law of motion for the stock of capital. Equation (3.8) is the law of
motion for the measure of old agents across promised values. It states that the number of old
agents that at the beginning of the following period will have a promised value in the Borel set
B is given by the sum of two terms. The first term sums all currently old agents that receive a
next-period promised value in the set B and do not die. The second term does the same for all
currently young agents. Observe that since next-period promised values w? (v, 2’) and w¥ (2') are

contingent on the realization of next-period aggregate productivity z’, that the same is true for the

*Observe that, given the constant probability of dying 1 — o and the immediate replacement with newborns, the
number of young agents in the economy is always equal to 1 — o.



measure . Finally, equation (3.9) describes the stochastic process for aggregate productivity.
The incentive compatibility constraints (3.4) and (3.5) introduce non-convexities to the social

planner’s feasible set. For this reason, it will be convenient to redefine variables as follows:

¥y = Ind,
nY = In(1-~hY),
zg(v) = Ine¢g(v),

ng(v) = Infrg(v)],

i.e. instead of using consumption and hours worked directly I will consider the utility levels that

they provide. With this change of variables the social planner problem becomes the following:

V (z, K, ) = max {(1 —0) Z [2Y 4+ sn¥ + Bo B, (wY (2))] v, + 0E.V (z/aK/,M/z/)} (3.10)

S

subject to:
(1—0)> e, + / S e Oy dp+ 1 < FKYH, (3.11)
H<(1-0) (1 - e”’s’) b, + / 3 [1 - e'”?(”)} b d, (3.12)
2¥ + snl + Bk, [w! ()] = 2¥ + snl + Bk, [w! ()] (3.13)
¢ (v) +sng (V) + Bo B [wg (v,2')] > 2 (v) + 5ng (v) + Bo B [wg (v;2)], (3.14)
v=> {2 () + sn?(v) + BoE. [w (v,2)] } ¥, (3.15)

and equations (3.7)-(3.9). Observe that the objective function has become linear and that equations

(3.11)-(3.15) now define a convex feasible set.

4. Deterministic steady state

In this section I characterize the deterministic steady state of the economy, in which the aggregate
productivity level z has been permanently set to zero, and provide an algorithm for computing it.
It turns out that the steady state can be computed as the solution to two simple planning problems

plus a side condition. One planning problem solves the allocations of old agents. The other one,



the allocation of the young. Steady state conditions for the deterministic version of the economy

are provided in Appendix A.

4.1. Planning problem for old agents

Consider the problem of maximizing the expected discounted “social profits” of providing a recursive
plan to an old agent, subject to incentive compatibility and promise keeping constraints. Given

a promised value to the old agent v, this planning problem is described by the following Bellman

equation:
P (v) = max {Z lq(1— 6”3) — €% +0oP (w?)] ws} (4.1)
subject to:
z¢ 4+ sn? + fow? > x2 + sn? + fow? (4.2)
v=> [+ sn? + Bow] b, (4.3)

where ¢ is the social value of labor. Observe that “social profits” are given by the social value of
the hours worked by the old agent, net of the consumption goods that are transferred to him. Also
observe that the planner discounts future social profits using the social discount rate 6 and the
survival probability o. Letting 7 ; (v) and 1 (v) be the Lagrange multipliers for constraints (4.2)
and (4.3), respectively, the first order conditions to this problem are given by equations (9.1)-(9.6)
in Appendix A.°

A direct consequence of equation (4.2) is that
ng > ng, (4.4)

and

2y + Bowyy < af + Bous, (4.5)

where variables with subscript L and H now correspond to those with subscripts s; and sg,
respectively. Moreover, these inequalities are strict if either the upward or downward incentive
compatibility constraints is satisfied with strict inequality.

From the inequalities (4.4)-(4.5), the first order conditions (9.1)-(9.6), and the fact that P is

Observe that the envelope condition P’ (v) = —n (v) is implicitely used in equation (9.3).



strictly concave (and therefore that the the Lagrange multiplier 7 is strictly increasing), it follows
that®

% () + sgngy (v) + Bowyy (v) > z¢ (v) + sgng (v) + Bow§ (v) (4.6)

and

z¢ (v) + spng (v) + Bow (v) = 2% (v) + spng (v) + Bowy (v) . (4.7)

That is, at the optimal plan, the incentive compatibility constraint of an old agent with high (low)
value of leisure is always slack (binding).”

Given these results, the planning problem for old agents can be simplified to the following:
P (v) =max {[q (1 - e”(}f) — ¢%H + Qo P (wi)] v+ g (1 - e”OL) — €L + 0o P (w)] ¥} (4.8)

subject to:
x9 + spnf + Pow§ = x4 + spny + Bowly (4.9)

v = [2f + sunpy + Bowy| Yy + 2] + spng + fowp] Py, (4.10)

The first order conditions to this problem are the following:

0= —"5Wpyy — € (v) + 1 (v) g (4.11)

0= ="t +€° (v) +n(v) ¥y (4.12)

0=—qe"tpy — 506 (v) + 1 (v) sEYy (4.13)

0= —ge"i ™y +5.€° (v) + 1 (v) spy, (4.14)

0 = —fon [wi (v)] ¥ — BoE® (v) + 1 (v) Bty (4.15)

0= —fon [w, (v)] 1, + Bo€° (v) + 1 (v) fotpy, (4.16)

z¢ (v) + spng (v) + Bow? (v) = z% (v) + spny (v) + Bowy (v) (4.17)

v =[af (v) + sanfy (v) + Bowy (v)] Yy + 22 (v) + s2ng (v) + Bow (v)] Yy, (4.18)

SFor a proof, since the Technical Appendix.

"From equation (4.6) it follows that the inequalities in equations (4.4) and (4.5) are strict.



where £° and 7 are the Lagrange multipliers for constraints (4.9) and (4.10), respectively, and where
the envelope condition

P'(v) = —n(v) (4.19)

has been used in equations (4.15) and (4.16).

4.2. Planning problem for young agents

Now consider the problem of maximizing the social surplus of a young agent’s recursive plan, subject

to incentive compatibility constraints. The problem is the following;:

max {Z [x?s/ + sn¥ + Bow! — Ae™ + Ag (1 — e”g) + O\ P (wﬁ’)} ws} (4.20)

s

subject to

z¥ + sn¥ + Bow! > z¥ + sn + fow?, (4.21)

where A is the shadow value of consumption. Observe that the social surplus is the utility level
of the young agent, minus the social cost of the consumption provided to the young agent, plus
the social value of the hours worked by the young agent, plus the discounted “social profits" of
providing a promised value to the young agent at the beginning of the following period. These
discounted social profits are the solution to the planning problem for old agents. Letting f‘g s be
the Lagrange multipliers for constraint (4.21), the first order conditions to this problem are given
by equations (9.7)-(9.11) in Appendix A.

Equation (4.21) gives rise to similar inequalities as those in equations (4.4)-(4.5). These in-
equalities, the first order conditions (9.7)-(9.11), and the strict concavity of P imply that, at the
solution, the incentive compatibility constraint of a young agent with high (low) value of leisure
is always slack (binding).® Thus, the planning problem for young agents can be simplified to the

following:

max { [le/q + spny; + fowy, — AePH + \q (1 - e”%> +0Xo P (w%)} Yy

+ [z% + spnY + Bow] — Ae®L + Aq (1 - en%) + O o P (w%)] ¢L} (4.22)

8For a proof, see the Technical Appendix.



subject to

Y + spnY + Bowy = aY, + spnl; + Bowl,. (4.23)

The first order conditions to this problem are given by equation (4.23) and the following;:

0=1py — Ae“Hrpy — \EY (4.24)
0=1; — Ae"Ltp; + AV (4.25)
SHU s — Age™Hap — AspEY =0 (4.26)
s, — Age"by, + As€¥ = 0 (4.27)
0= Bopy — ABo&¥ — O apym (w) (4.28)
0= Bovy, + ABa&¥ — O aprn (wY) (4.29)

where ¢ is the Lagrange multiplier for constraint (4.23) and where the envelope condition (4.19)

has been used in equations (4.28) and (4.29).

4.3. Computational algorithm

This section provides an algorithm for computing the deterministic steady state of the economy.
While the method is fully standard, it will introduce objects and notation that will be needed in
the next section.

In order to compute a deterministic steady state it is first important to realize that the shadow

value of labor ¢ in equations (4.8) and (4.20) is known. In particular it is given by?

oot )

Given this value of ¢, the planning problem for old agents in equations (4.8)-(4.10) can be solved
using standard methods. I find it convenient to use cubic splines approximations and iterate with
the first order conditions to this problem, given by equations (4.11)-(4.18). In order to do this, I first

restrict promised values to lie on a closed interval [Umin, Umax] and define an equidistant vector of grid

See equations (9.14) and (9.15) in Appendix A.
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points (”j);']:p with v; = Vmin and v = Vmax.'? Given the function n from the previous iteration,
which is used to value next period promised values in equations (4.15) and (4.16), the values of
(29, (v)) &% (v;) ,ng (v5) ;% (v), wf (v;), Wy (v5),€° (v;),m (v5)]]_; that satisfy equations (4.11)-
(4.18) are then solved at the grid points (Uj)‘jjzl. Once this values are found, the functions are
extended to the full domain [Vmin, Umax] using natural Hermite cubic splines. The iterations continue
until the values for [z9 (v;), 2% (vj),ng (vj),ny (vj),w (v;), wy (v;),£° (v5),n (vj)]jzl converge.
Observe, that this solution does not depend on any other endogenous values, so it forms part of
the steady state.

Given the steady state solution for 7 the planning problem for young agents can be solved next.
This problem is static and has a finite number of decision variables. However, it has the complication
is that it depends on the shadow price of consumption A, which is an endogenous variable. Thus,
conditional on a value for A, equations (4.23)-(4.29) can be solved for (zY,2Y,,n¥,nY, w¥, wY,, &),
but later on I will have to provide the condition that A must satisfy for this to form part of the
steady state.

Equation (9.12) describes the recursion that the invariant g has to satisfy. This equation
corresponds to the case of a continuum of agents. However, I will find it convenient to work with a
large, but finite number of agents, and perform the recursion for this case. In particular, consider a
large but finite number of agents I and endow them with promised values in the interval [Umin, Vmax]-
Using the functions w{¢ and w% obtained from the planning problem for old agents and the values
wY and wY, obtained from the planning problem for young agents, simulate the evolution of the
promised values of these I agents and their descendants for a large number of periods T. To be
precise, if agent ¢ was promised a value v at the beginning of the current period (conditional on
being alive), then his promised value (or his descendants, in case the agent dies) at the beginning

of the following period will be given by:

w9 (v), with probability o,

w9 (v), with probability o)y,
o 7 (v) p y o¥p (4.30)
w? , with probability (1 — o)y,

wY,, with probability (1 — o).

""When restricting promised values to lie in the interval [Umin, Umax], the first order conditions (4.15)-(4.16) and
(4.28)-(4.29) change by incorporating inequalities that check for the extreme values.

11



Simulating the I agents for T" periods using equation (4.30) we obtain a realized distribution
(@i)ij:l of promised values (conditional on being alive) across the I agents. Observe that the last
iteration of equation (4.30) also gives the corresponding realized values of leisure (5;)_; across
the I agents. The joint realized distribution of promised values and values of leisure (z_}i,Ei)le
can then be used to compute statistics under the invariant distribution. In particular, aggregate

consumption can be obtained as:

I
Z (1-0o Zezs Py, (4.31)

)\.IH

To understand this expression, suppose that we are at the beginning of period T + 1. The joint
realized distribution (;, EZ-)f:l now corresponds to agents that were alive in the previous period,
and thus a fraction o of them will have survived and a fraction (1 — o) of them will have died. The
first term in equation (4.31) corresponds to those who have survived. It averages the consumption
of these agents and multiplies the result by the probability of surviving ¢. The second term
corresponds to those who have died and thus have been replaced by young agents. It averages the
consumption of young agents and multiplies the result by the probability of dying (1 — o).

Aggregate hours worked can be similarly computed as

1 _ "5, (@)
H= 02121 [1 - } +1-0)> (1 - e"2> W, (4.32)

s

Observe that by a law of large numbers equations (4.31) and (4.32) will become arbitrarily good
approximations to equations (9.13) and (9.16) as I and 7T tend to infinity.

Given aggregate hours worked, aggregate capital can be then obtained from the fact that the
social planner equates the marginal productivity of capital to its shadow price. In particular, from

equation (9.14) we have that aggregate capital is given by

- =]
K=|+—— H. 4.33
(%—1+5> (4.33)

I =K. (4.34)

Then, aggregate investment is

The last equation that needs to be satisfied is the feasibility condition for the consumption

12



good,
C+I1=K'H™. (4.35)

This is the side condition mentioned above for the shadow value of consumption A. The shadow
value of consumption determines the consumption, hours worked and promised values of young
agents, and therefore each of the variables in equation (4.35). Therefore, it must be changed until

equation (4.35) holds. In practice, this is done using a bisection root finding method.

5. Computing business cycle fluctuations

The method to compute the solution to the stochastic economy will be completely standard. It
will require linearizing first order conditions around the deterministic steady state and solving the
resulting linear rational expectations model. The novelty stems from the set of variables chosen
to represent the decision variables and the state of the economy in order to break the “curse
of dimensionality”. As we will see, we will end up with a large but finite number of variables.
Linearizing the system of equations defined in terms of these variables will require performing
a massive number of Monte Carlo simulations. Moreover, solving the resulting linear rational
expectations model will require performing linear algebra with matrices of high dimensionality.
While these are non-trivial difficulties, the computational turns out to be completely feasible given

current technology.

5.1. Linearization

In what follows, it will convenient to switch from a recursive representation of variables, in which
variables are written as a time invariant function of the state of the economy, to a dated repre-
sentation. The convention that I will follow is that a variable dated t is one that becomes known
at date t.!! Appendix B provides the first order conditions to the problem defined by equations
(3.10)-(3.15) in terms of these dated variables.!? Since these equations present different types of
issues in the linearization, I will classify them into different categories.

The first category is composed of equations that only entail real variables. Equations (10.10)-

"'This is the same convention used in Uhlig [13].

12Gee the Technical Appendix for their derivation.
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(10.13), (10.16), and (10.19)-(10.21) fall into this category. For example, consider equation (10.10):

0= by — Me"Hinhr — A\£v

This equation is a function of {)\t, xz;{ tﬁ}, which are all real numbers. Linearizing this equation
around the deterministic steady state values {5\, fi’q, Ey} poses no difficulty.?
The second category is composed of a continuum of equations that only entail real variables.

Equations (10.1)-(10.4) and (10.7)-(10.9) fall into category. Consider, for example, equation (10.1):

0= =iy — &2 (v) + g (v) V-

This equation depends on {x?{t (v),&2 (v),ny (v)} which are all real numbers. The problem is
that there is one of these equations for every value of v in the interval [Vmin, Umax]- In this case
the “curse of dimensionality” is solved by considering this equation only at the grid points (”j)}]:1
that were used in the computation of the deterministic steady state. It is now straightforward to
linearize each of these J equations with respect to {x?{t (vj), &7 (v5) .y (vj)} at their deterministic
steady state values {29 (v;),£” (vj),7 (v;) }. Extending {x?{t (v),&7 (v),ny (v)} to the full domain
[Umin; Umax] using spline approximations will make equation (10.1) hold only approximately outside
of the grid points (vj)}]:r The quality of this approximation will obviously depend on how many
grid points J we work with.

The third category is composed of equations that entail both real variables and functions.

Equations (10.14) and (10.15) fall in this category. For example, consider equation (10.14):

0= Boy — Atﬁaff — OX10 g <w§{,t+1> :

This equation depends on M\, &/, A1, w%jt 41 and on the function 7;,, which is a high di-
mensional object. In this case the “curse of dimensionality" is broken by considering that 7,
is a spline approximation and, therefore, is completely determined by the finite set of values
{ni1 (vj)};.]:l, i.e. the value of the function at the grid points. The equation can then be lin-

earized with respect to [)\t, & Mg, wYy, 41 {nt 11 (UJ')};‘]:J at the deterministic steady state values

&3 w10 ()|

13 Although in this case derivatives can be taken analytically, throughout the section derivatives are assumed to be
numerically obtained.
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The fourth category is a combination of the previous two: it is composed of a continuum of
equations that entail both real variables and functions. Equations (10.5) and (10.6) fall in this

category. For example, consider equation (10.5),

0= —\Ba& (v) + Ay (v) Bo g — ON 10V N1 [w?{,tﬂ ("U)} .

Similarly to the third category, this equation depends on the real numbers A, £ (v), Av+1, W 444 (V)
and on the function 7, ;. Similarly to the second category there is one of these equations for every
value of v in the interval [Umin, Umax]. Given these similarities we can use the same strategies. In

particular, we can consider this equation only at the grid points (vj)‘] and linearize each of these J

j=1
equations with respect to [ A, &7 (v5) , Mg, w41 (v5) 5 {Mea (vk)}]izl} at the deterministic steady
state values [\, €7 (v;), A, @ (v;),{n (vk)}izl} :

The fifth category is much more involved. It is composed of equations that entail real numbers

and integrals of variables with respect to the distribution p,. Equations (10.18) and (10.22) fall in

this category. For example, consider equation (10.22):

0 = (=o)ebpy + (1 -o)ehuvy + [ty

+ / iy ydp, + I — e K] H

This equation depends on the real numbers x%’t, x‘qjﬁ, Iy, z;, Ky—1, and H, and on the integrals
i %L dpy, and [ T dp,. To make progress it will be important to represent these integrals with a
convenient finite set of variables. In order to do this, I will follow a strategy that is closely related
to the one that was used in Section 4.3 for computing statistics under the invariant distribution.
In particular, consider the same large but finite number of agents I that was used in that section
and endow them with the realized distribution of promised values (171-)2-1:1 that was obtained when
computing the steady state. Now, assume that these agents populated the economy M time periods

ago and consider the history

M
o o Yy Yy
{wL,t—m7 WH t—m> WLt > WE t—m }mz[) )

which describes the allocation rules for next-period promised values that were chosen during the
last M periods (where ¢ is considered to be the current period). Observe that, given that WY 4,

and wf,_,, are spline approximations, this history can be represented by the following finite list
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of values:

J J M
P A Y )] M L ) S (5.1)

Using the history of allocation rules for next-period promised values, we can simulate the evo-
lution of promised values for the I agents and their descendants during the last M time periods to
update the distribution of promised values from the initial (7;)/_; to a current distribution <”i,t)i1:1'

In particular, we can initialize the distribution of promised values at the beginning of period

t— M — 1 as follows:

Vit—-M—1 = Ui,

for i = 1,...,I. Given a distribution of promised values at the beginning of period ¢ — m — 1, the

distribution of promised values at period t — m is then obtained as follows:

.
(L) — (Vit—m—1) , with probability o9y,

; WY 4, (Vit—m—1) , with probability o1, (5.2)
it—m — .
WY _,,» With probability (1 — o)y,

w?;{,t_m, with probability (1 — o)y,

\

for i =1,..., 1. Proceeding recursively for m = M, M — 1, ...,0, we obtain a realized distribution of
promised values (Uiat)i]:l at the beginning of period t.

Observe that the last iteration of equation (5.2) also gives the corresponding realized values of
leisure (Sit)i[:1 across the I agents. The joint realized distribution of promised values and values of
leisure (vj, sit)ile can then be used to compute statistics under the distribution pu,. In particular,
equation (10.22) can be re-written as:

y y 1<
0=(1—0) |e"Le), + e‘rH’th} +o5 S e 4 — e K H T (5.3)
i=1

Since x7 , and x%;, are splines approximations, they can be summarized by their values at the

grid points (”j);']:r Therefore, equation (5.3) can be linearized with respect to

J J
I, 2z, K1, Hy, x%’t, xzjq,t, [w%t (vj)]j:1 , [w?ﬂ (vj)]j:1 , (5.4)
J J M
{ [w%i—m (Uj)]j:1 ) [w?{,t—m (Uj)]j:]_ 7w?IJ,,t—m7 w?;{,t—m}mzo
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at their steady state values

Observe that equation (5.4) provides a large but finite list of variables. In particular one directly
verifies that there are M (2J + 2) variables in the second line of equation (5.4). Taking numerical
derivatives with respect to each of these variables requires simulating I agents over M periods.
As a consequence, linearizing equation (5.3) requires performing a massive number of Monte-Carlo
simulations. While this seems a daunting task it is easily parallelizable. Thus, using massively
parallel computer systems can play an important role in reducing computing times and keeping the
task manageable.

The last category of equations has only one element: equation (10.17), which describes the law
of motion for the distribution u,. While frightening at first sight, this equation is greatly simplified
by our approach of representing the distribution p, using the history of values given by equation
(5.1). In fact, updating the distribution y, is merely reduced to updating this history. In particular,

date-(t 4+ 1) histories can be obtained from date-t histories using the following equations

J J
{wz,(tﬂ)fm (vj)Lzl = [wz’tf(mfl) (vj)]jzl (5.5)
J J
{w?i(tﬂ)—m (UJ)L.:l = [w?{,t—(m—l) (Uj)L,:l (5.6)
w%,(tﬂ)—m = w%,t_(m_l) (5.7)
wz;i,(tﬂ)fm - wlyLI,tf(mfl) (5.8)

for m =1, ..., M. Observe that the values for wz,(t+1)—0 (vj)L:1, [wOH,(tH)—O (vj) it w%’(tﬂ)io,

w%’i(t +1)-0 cannot be obtained from the date-t history because they are jump variables that will
become known at date ¢+ 1. Also observe that the law of motion described by equations (5.5)-(5.8)
is already linear, so no further linearization is needed. Finally, observe that the variables that are
M periods old in the date-t history become dropped from the date-(¢ 4 1) history. Thus, the law
of motion described by equations (5.5)-(5.8) introduces a truncation. However, the consequences
of this truncation are expected to be negligible. The reason is that the truncation only affects

the agents that had survived for M consecutive periods, and given a sufficiently small survival

probability o and/or a sufficiently large M there will be very few of these agents.
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5.2. Linearized system

Define the vector of endogenous state variables as follows:

) Yy o ~ J o — J M
Tt—1 = <A In K4, {AwL,tfma Aw[{,tfm: [AwL,tfm (vj)]jzl ) [AwH,tfm (vj)]jzl} > s

m=0
and the vector of decision variables and Lagrange multipliers as follows:

1 J _\1J
Y = <Aw%,t+1» Aw%,tﬂv [szﬂtﬂ (Uj)]jzl’ [Aw?{,t+1 (Uj)]jzl

Al‘%,t, A:U?u AN n%’t, An%yt Aln&l, Aln X, Alng,

(A ()] [82%,0 @)]7_ s [Dahe @)]_ s [Anf, (3],

o /- \1J 0 /-
[ (0], [AME (@)]y A Hy Aln )

where Az; denotes the difference between the variable x; and its steady state value Z.
Then, using the approach described in the previous section, the linear approximation to equa-

tions (10.1)-(10.22) can be written as follows:

0 = Az + By + Oy + D, (5.9)
0 =Guay + Jysr1 + Kys + Lz, (5.10)
Zt4+1 = NZt. (511)

where I have applied the certainty equivalence principle.

We seek a linear solution to equations (5.9)-(5.11) of the following form:
T = Pxi_ 1+ Qz (5.12)

yt = Rxy1 + Sz (5.13)

Equations (5.9)-(5.13) have exactly the same structure as in Uhlig [13], so his methods can be
directly applied. Alternatively, one could iterate with equations (5.12)-(5.13) as follows. Suppose
that at iteration j we have that

xp = Play 1+ Q z, (5.14)

yr =Ry + 2. (5.15)
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and that we want to find

Tt = P‘j+1$t71 + Qj+12t, (516)
g =Ry + S0y, (5.17)

for iteration j + 1. Substituting equations (5.14)-(5.17) into equations (5.9)-(5.10), it is easy to
show that P/*1, Qi+l RI+1 and S/*! are the solution to the following system of linear equations:
A C pitl Qitl B D

| == | : (5.18)
(JR+G) K || R+ st 0 (JS+L)N

which can be solved using a LU decomposition. Iterating with equation (5.18) until convergence is
an alternative way of obtaining the solution P, (), R and S that we seek.

The important thing, is that whatever method one chooses to solve it, the linear rational
expectations model given by equations (5.9)-(5.13) is completely standard. The only difficulty is
its high dimensionality. Once equations (5.12)-(5.13) are obtained, they can be used to simulate

the economy.

6. New Public Finance

This section explores the implications of the model for the distortions emphasized by the New
Public Finance literature (e.g. Golosov et al. [5]) since, in principle, it would be interesting to
characterize their optimal cyclical behavior. I first discuss the “intertemporal wedges” present in

the model and then I turn to the “consumption-labor wedges”.

6.1. Intertemporal wedges

From equations (10.1), (10.2), (10.5), (10.6), (10.19) and the fact that u(c) = Inc we get that

1 1

u! (e (v) -1 1 1 (0 o - e
IBEt (eZt+1nyt Ht+1 -+ 1-— 5) Z ['LL (Cs’,t—H [ws’tﬂ ('U)i| >] 1/)8/
S/
(6.1)
for s = sy, sy, a condition that is known in the literature as the “inverse Euler equation”.

Observe that in the case that s;, = sy we have that:

W (6 (v) = BB { (e K7 Hed' ™7 4 1= 6) W (e [wis (0)])
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so the regular Euler equation holds. Otherwise, applying Jensen’s inequality to equations (6.1) we

get that:

u (cg,t (U)) < BE; {<€Zt+1ryK£ylHt+ll_7 +1— 5) Zu’ (Cg',t+1 [w§’t+1 (’U)]) ws'} ,

and the regular Euler equation does not hold

Following the literature, the intertemporal wedge (distortion) 7¢, (v) can then be defined as:

u (Cg,t (U))
BE; {(eZHl’YK?lHHllV +1— 5> Z:u/ <Cg',t+1 [wgwl (U)}) @Z)S,}

L—75,(v) = <1,

a distortion that is sometimes interpreted as a tax on capital.

Intertemporal wedges for young agents can be similarly defined. They are given by:

u (Cg,t)

BLE; {(ethnglHtHl’Y +1-— 5> Zu’ <c§,7t+1 {w?tﬂb 7/15'}

S

Yy
1_7—3,1‘,_ <17

for s = sp,sy.

6.2. Consumption-labor wedges

From equations (10.1), (10.3) and (10.20) we have that

_ o o R
K] (1—-7) Hy Ve = (s = 51) & (v) + sV 5 gy e®ha )

Yy

and, therefore, that
on,t(v)
1— k%, (v) = SHE — <L (6.2)
7 e K} | (1— ) Hyve et

We see from equation (6.2) that the full information efficiency condition that agents equate the
marginal product of labor to the marginal rate of substitution between consumption and leisure
does not hold in this case. The consumption-labor wedge %, (v) can then be defined as one minus
the ratio in equation (6.2). This consumption-labor wedge is positive and often interpreted as a

labor tax.
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On the contrary, from equations (10.2), (10.4) and (10.20) we have that

a:‘iyt(v)
1— k9, (v) = oLC =1 (6.3)
7 e Ky (1 =) Hyve"bal”)

That is, when old agents have a low value of leisure, they equate the marginal product of labor to
the marginal rate of substitution between consumption and leisure. Thus the consumption-labor
wedge K7 , (v) is equal to zero in this case and labor supply is undistorted.

Similar derivations for young agents give that

Zl'y
kY — sHe T <1 (6.4)
Hit et K7 (1 —~ H,— i ’
t—1 v) Hy=ve'™,

spele
1-kY, = =1 (6.5)
Lt 2zt KV _ -y "%,t
et K, (1 —~)H; e

That is, the labor supply of young agents gets distorted in the high leisure valuation state but not

in the low valuation state.

7. Calibration

Except for the private information, the basic structure of the model corresponds to a standard real
business cycle model. In fact, with the log-log preferences of equation (2.1) the basic structure of
the model is identical to the one in Cooley and Prescott [2]. For this reason, I will treat their model
as a benchmark and calibrate all parameters associated with the neoclassical growth model to the
same observations as theirs. In order to simplify computations, the model time period is selected
to be one year.

Following Cooley and Prescott [2] the labor share parameter 1— is set to 0.60, the depreciation
rate 0 is chosen to reproduce an investment-capital ratio I /K equal to 0.076, and the social discount
factor 6 is chosen to reproduce a capital-output ratio K/Y equal to 3.32. The values of leisure sy,
and sy are chosen to satisfy two criteria: that aggregate hours worked H equal to 0.31 (another
observation from Cooley and Prescott [2]) and that the hours worked by old agents with the high
valuation of leisure and the highest possible promised value n% (vmax) be a small but positive
number. The rationale for this second criterion is that I want to maximize the relevance of the
information frictions while keeping an internal solution for hours worked. The probability of drawing

a high value of leisure 1 is chosen to maximize the standard deviation of the invariant distribution

21



promised values. It turns out that a value of 1y = 0.50 achieves this. The survival probability
o is chosen to generate an expected lifespan of 40 years. In turn, the individual discount factor
[ is chosen to be the same as the social discount factor #. In terms of the parameters for the
aggregate productivity stochastic process, p is chosen to be 0.95 (since Cooley and Prescott report
that aggregate productivity is close to a random walk) and the variance of the innovations to
aggregate productivity o2 is chosen to be 4 x 0.007% (another estimate from Cooley and Prescott
2)).

While the above parameters are structural, there are a number of computational parameters
to be determined. The number of grid points in the spline approximations J, the total number of
agents simulated I, the length of the simulations for computing the invariant distribution 7', and
the length of the histories kept as state variables when computing the business cycles M are all
chosen to be as large as possible, while keeping the computational task manageable and results
being robust to non-trivial changes in their values. The lower and upper bounds for the range of
possible promised values vpyin and vpax in turn were chosen so that the fraction of agents in the
intervals [v1,v9] and [vy_1,v] are each less than 0.1%. Thus, truncating the range of possible
values at vpin and vyax should not play an important role in the results.

Tablel and 2 describe all parameter values. It turns out that under the computational para-
meters specified in the second table the dimensionality of the linear system described by equations

(5.9)-(5.10) is about 12,000 x 12,000, a large system indeed.

8. Results

Before turning to the business cycle dynamics, I will describe different features of the model at its
deterministic steady state.

Figure 1 shows the invariant distribution of promised values across the J—1 intervals [v;, Uj+1]‘j]:_11
defined by the grid points of the spline approximations. While it is hard to see at this coarness
level, the distribution is approximately symmetrical. More importantly, we see that the invariant
distribution puts very little mass at extreme values. As a consequence, in what follows I will report
allocation rules only between the 7th and 15th ranges of the histogram. The reason is not only
that there are very few agents at the tails of the distribution for them to matter, but being close
to the artificial bounds vy, and vpax greatly distorts the shape of the allocation rules.

Figure 2 reports the log of consumption for old agents ¢ (v) and x% (v) across promised values

v, as well as those of young agents ! and z¥; (which are independent of v). We see that, in all cases
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consumption is higher when the value of leisure is low. Both ¢ and x¢; are strictly increasing in the
promised value v, are linear and parallel to each other. Moreover, the vertical difference between
z9 and z% is the same as between zY and zY,. Figure 3 reports the log of leisure for old agents
ng (v) and nY (v) across promised values v, as well as those of young agent n¥ and n¥,. We see
that in all cases leisure is lower when the value of leisure is low. Both n¢ and n% are strictly
increasing in the promised value v, are linear and parallel to each other. Moreover, the vertical
difference between n¢ and n% is the same as between n% and ni{l In turn, Figure 4 reports the
next-period promised values for old agents w$ (v) and w% (v) across promised values v, as well as
those of young agent wY and wY;. We see that in all cases next-period promised values are higher
when the value of leisure is low. Both w{ and w$ are strictly increasing in the promised value v,
are linear and parallel to each other. Moreover, the vertical difference between w$ and w9 is the
same as between wY and wY,.

Taken together Figures 2-4 given a clear picture of how the social planner deals with the trade-
off between insurance and incentives. When an agent reports a low value of leisure he is put to
work more hours, which is the efficient thing to do under perfect information. However, in order
to induce truthtelling these agents must be compensated with a mix of higher consumption and
higher next-period promised value, thus full insurance is not achieved. In fact, when agents get
a stream of low values of leisure they get pushed upwards in the distribution of promised values,
with persistent effects on their consumption and leisure levels. This creates persistent heterogeneity
across individuals.

Actually, in Figure 4 we see that the 45 degrees line passes right between w¢ and w%, and that
the three lines are parallel. This gives rise to a random walk behavior with equal upwards and
downwards increments as the low and high values of leisure are realized. This leads to a well known
result in Atkeson and Lucas [1]: That inequality grows over time without bound. The difference
with Atkeson and Lucas [1] is that in this paper the inmiserizing result is obtained only within a
same cohort of individuals. However, as these individuals die, new agents are born with nex-period
promised values at the center of the distribution which produces a strong reversion to the mean.
In fact, the existence of an invariant distribution of promised values when agents have a constant

survival probability has been previously shown by Phelan [9].14

14 Another reason why this paper has a well defined invariant distribution is the presence of lower and upper bounds
for the range of possible promised values.
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Figure 5 shows the intertemporal wedges 7¢ (v) and 7% (v) across promised values v. We
see that these wedges are roughly constant. The constancy of the intertemporal wedges weakens
quite substantially as we get closer to the extremes but this is a consequence of the numerical
approximation. What is important to realize in Figure 5 is the scale of the vertical axis. These
intertemporal wedges are absolutely negligible. Figure 6 in turn shows the consumption-labor wedge
Kt (v) (recall that K7, was shown to be identical to zero). We see that this wedge is also roughly
constant and, while not being negligible, it is definitely small: only 0.145%. Both Figures 5 and 6
show that, at least by this metric, the economy is close to being full information efficient.

The discussion of business cycle dynamics that follows will be centered around the analysis
of the impulse responses of different variables to a one standard deviation increase in aggregate
productivity.

Figure 7 shows the impulse responses of the (log of) consumption levels of young agents =¥ and
a:zjq We see that both impulse responses coincide, which means that the amount of consumption
heterogeneity of young agents across sy and sy is constant over time. Moreover, we see that the
shape of both impulse responses qualitatively resembles the one for aggregate consumption in a
standard RBC model.

Figure 8 shows the impulse responses of the (log of) consumption of old agents with a low value
of leisure z9 (v), at each of the eleven grid points (vj);iﬁ. While the figure shows eleven impulse
responses, only one of them is actually seen because they happen to overlap perfectly. This means
that, in response to the aggregate productivity shock, the function x4 (v) depicted in Figure 2 shifts
vertically over time. Figure 9, which does the same for z%; (v), is identical to Figure 8. This means
that % (v) also shifts vertically over time and that its increments are the same as those of x4 (v).
Since both z¢ (v) and z, (v) are linear, parallel to each other and are shifting vertically over time
with identical increments, the variance of consumption levels across old agents will remain the same
if the variance of promised values does. This will be true if the distribution of promised values
shifts horizontally in response to aggregate productivity.

Figures 10-12 are analogous to Figures 7-9, except that they depict the behavior of the (log of)
leisure. Figure 10 shows that the amount of leisure heterogeneity of young agents across sz, and sg
is constant over time, and that the impulse response of leisure for these individuals is qualitatively
similar to that of aggregate leisure in a standard RBC model. Figures 11 and 12 indicate identical
vertical shifts over time in the functions n¢ (v) and n% (v). Since both n9 (v) and n% (v) are linear,

parallel to each other and are shifting vertically over time with identical increments, the variance
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of leisure across old agents will remain constant if the variance of promised values does. Again, this
result will be true if the distribution of promised values happens to shift horizontally in response
to aggregate productivity.

Turning to promised values, Figure 13 depicts the behavior of w¥ and wY,. We see that both
impulse responses coincide, which indicates a constant amount of heterogeneity across sy, and sy for
young agents promised values. Figure 14 and 15 report the impulse response functions for w$ and
);66. The eleven impulse responses coincide

w9y, respectively, across the the eleven grid points (v;
in each of the figures, indicating vertical shifts in the w$ and w¢; functions of Figure 4. Moreover,
since Figures 14 and 15 are identical, the vertical shifts in w¢ and w% are the same. Comparing the
impact responses of wzz and w%{[ in Figure 13 and of w9 and w% in Figures 14 and 15, respectively,
we see that all promised values shift horizontally to the right by the same amount. After this initial
horizontal shift to the right in the distribution of promised values, w{ and w$; shift back but not all
the way to their initial levels. In Figure 4 it is easy to see that as long as w7 and w% remain above
their initial levels, that their displacements relative to the 45 degrees line will generate an upward
drift in promised values. This upward drift continues to shift the distribution of promised values
to the right, mimicking the increments in wY and wY, observed in Figure 13 after the initial period.
Observe that when wY and wY, start to retreat in Figure 13 is exactly when w$ and w% drop below
their initial values, now generating a negative drift in promised values. In fact all what this is
indicating is that the distribution of promised values shifts horizontally on impact and continues to
drift to the right for a while before reverting the sign of its drift and starting to shift back towards
its initial position. A key implication is that shape of the distribution of promised values remains
constant over time. From the above discussion, this means that the variance of log consumption
and the variance of log leisure will remain unchanged.

Since the amount of consumption and leisure heterogeneity stays the same, one suspects that
an aggregation result may be in place. To verify that this is the case I consider a version of the

model with full information and solve its social planning problem, which is given by:

V (2, K) = max {:L‘ + answs + BE, [V (z’, K,)] }

subject to:

C+K —(1-60)K<fKTHY™,

25



H <Y [1-e¢™],

Calibrating this full information economy to the same observations as the benchmark economy re-
quires exactly the same set of parameter values. Figure 16 shows the impulse responses for aggregate
output, consumption, investment, hours and capital that correspond to this parametrization. Fig-
ure 17 does the same for the benchmark economy. Comparing Figures 16 and 17 we find that they
are identical. Thus we verify that the information frictions that plague the benchmark economy

have no implications whatsoever for aggregate business cycle dynamics.

9. Appendix A: Deterministic steady state conditions

Taking first order conditions to the problem defined by equations (3.10)-(3.15), assuming that the
aggregate productivity level z is identical to zero, and imposing the condition that allocations are

constant over time, we get the following steady state conditions:

0=~ + €25 (v) = €, (v) + 1 () ¥, (9-1)

0= —qe" Wy, +5£2 5 (v) = 362, (v) + 1 (v) s1), (9.2)

0 = 8025 (v) — BoEL, (v) + 1 (v) Bor, — Oobn [wf (v)] (9-3)
zg (v) + sng (v) + Bow] (v) > xf (v) + sn? (v) + fows (v) (9.4)
0= €25 () {a (v) + 502 (v) + Bowg (v) = [22 (v) + sng (v) + fow? (v)]} (9-5)
v="> [#2(v) + sng (v) + Bowg (v)] ¥, (9-6)

by = A, + AL = AL =0 (9.7)

stbs = Age™ b, + As€l = As¢¥ =0 (9-8)

0 = Both, + ABot! ; = ABoEL  — OAah . (w}) (9-9)

zd + snf 4+ Bowd >z + sn + fow! (9.10)

0 =&Y {a¥ + snl + Bowy — [2¥ + sn¥ + fow] } (9.11)

_ UZ /(U D ween) Yodp+ (1 — o) ) wZeBws (9.12)

26



H=(1-0)% (1 - e"?) b, + /Z [1 - e“?@)] bdp (9.13)

1

VKT HY = g 1+d (9.14)
¢g=K"(1-~)H (9.15)
C=(1-0)) e, + / > e W dp (9.16)
I =K, (9.17)
C+I1=KYH™" (9.18)

where ), g, §§7§, £5.5 (v) and 7 (v) are the Lagrange multipliers to constraints (3.11), (3.12), (3.13),
(3.14) and (3.15), respectively.'®

10. Appendix B: Optimality conditions for stochastic economy

Taking first order conditions to the problem defined by equations (3.10)-(3.15), and using the fact
that equations (3.13) and (3.14) are reduced to equations (4.23) and (4.9), respectively, we get the

following equations:

0= —€ 1y — &0 (v) + 17, (v) Yy (10.1)
0=—LeWy; +&7(v) + 1, (V) ¥y, (10.2)

0= —qe" ity — 5167 (v) +n, (v) spy (10.3)

0= —que" ey + 517 (v) +my (v) 5Ly, (10.4)

0= =MB0E] (v) + Aergy (v) By — OXe109 gy [Wh iy (0)] (10.5)
0 = MBoty (v) + Aimy (v) Botbr, — ON 1109 0pey [WF 410 (0)] (10.6)

15For a derivation of these steady state conditions, see the Technical Appendix.
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0 = v— {xoLt (v) + sLng; (v) + BoEy [w%,t-i-l (”)] } VL (10.8)

- {x%{t (v) + SH”(‘;{,t (v) + BoE; [w?[,tﬂ (U)] } Y (10.9)
0=ty — Me“inhyy — \&? (10.10)
0=1b; — Me“Lith, + A&V (10.11)
0=spy— AtQten%’t@Z)H — \esp&f (10.12)
0= spiby — Aegre"Ltipy + s (10.13)
0= Boy — MBo&l — ONr10% 41 <w§{7t+1> (10.14)
0= Bovy + MBoE! — ONiaopmes (wh,,,) (10.15)
0= x%t + sLn%yt + BoEy {w%,tﬂ} - {a:‘}’{t + sLnZ]{Lt + BoEy {wll/ﬂﬂ} } (10.16)
=0y [ i+ (L =o)o 3 b (B) (1017)
s H{(v9): we, i (v)EB}

C oY
s: wSYtJrIGB

0 = (1-0) [1 - e”%»t} Yp+(1—0) [1 - 6”%“’5} Yu

+ / [1 - e"i,t@)} N / [1 - e”‘f’u@)} b pduy — Hy (10.18)
0=\ +0E, {)\tH [ezt“'yK?_lHHll’V +1- 5} } (10.19)
O0=q—e*K) {(1—7)H " (10.20)

0=K, — (1—0) K1 — I (10.21)

0 = (=o)ebpy + (- o) ehuvy + [ty

For ease of comparison, these equations follow the same ordering as those in Appendix A.
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Figure 1: Frequency distribution
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Figure 2: Log of consumption levels
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Figure 3: Log of leisure
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Figure 4: Promised values
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Figure 5: Intertemporal wedges
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Figure 6: Consumption-labor wedge
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Figure 7: Log of consumption levels, young agents
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Figure 8: Log of consumption levels, old agents with low value of leisure L
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Figure 9: Log of consumption levels, old agents with high value of leisure H
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Figure 10: Log of leisure, young agents
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Figure 11: Log of leisure, old agents with low value of leisure
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Figure 12: Log of leisure, old agents with high value of leisure
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Figure 13: Promised values to young agents
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