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Abstract

This paper presents a test for exogeneity of explanatory variables in a nonparametric instrumental
variables (IVV) model whose structural function is identified through a conditional quantile restriction.
Quantile regression models are increasingly important in applied econometrics. As with mean-regression
models, an erroneous assumption that the explanatory variables in a quantile regression model are
exogenous can lead to highly misleading results. In addition, a test of exogeneity based on an incorrectly
specified parametric model can produce misleading results. This paper presents a test of exogeneity that
does not assume the structural function belongs to a known finite-dimensional parametric family and does
not require nonparametric estimation of this function. The latter property is important because, owing to
the ill-posed inverse problem, a test based on a nonparametric estimator of the structural function has low
power. The test presented here is consistent whenever the structural function differs from the conditional
quantile function on a set of non-zero probability. The test has non-trivial power uniformly over a large

class of structural functions that differ from the conditional quantile function by O(n‘l’ 2y, The results of
Monte Carlo experiments illustrate the usefulness of the test.
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TESTING EXOGENEITY IN NONPARAMETRIC INSTRUMENTAL VARIABLES MODELS
IDENTIFIED BY CONDITIONAL QUANTILE RESTRICTIONS

1. INTRODUCTION

Econometric models often contain explanatory variables that may be endogenous. For example,
in a wage equation, the observed level of education may be correlated with unobserved ability, thereby
causing education to be an endogenous explanatory variable. It is well known that estimation methods for
models in which all explanatory variables are exogenous do not yield consistent parameter estimates
when one or more explanatory variables are endogenous. For example, ordinary least squares does not
provide consistent estimates of the parameters of a linear model when one or more explanatory variables
are endogenous. Instrumental variables estimation is a standard method for obtaining consistent
estimates.

The problem of endogeneity is especially serious in nonparametric estimation. Because of the ill-
posed inverse problem, nonparametric instrumental variables estimators are typically much less precise
than nonparametric estimators in the exogenous case. Therefore, it is especially useful to have methods
for testing the hypothesis of exogeneity in nonparametric settings. This paper presents a test of the
hypothesis of exogeneity of the explanatory variable in a nonparametric quantile regression model.

Quantile models are increasingly important in applied econometrics. Koenker (2005) and
references therein describe methods for and applications of quantile regression when the explanatory
variables are exogenous. Estimators and applications of linear quantile regression models with
endogenous explanatory variables are described by Amemiya (1982), Powell (1983), Chen and Portnoy
(1996), Januszewski (2002), Chernozhukov and Hansen (2004, 2006), Ma and Koenker (2006), Blundell
and Powell (2007), Lee (2007), and Sakata (2007). Nonparametric methods for quantile regression
models are discussed by Chesher (2003, 2005, 2007); Chernozhukov and Hansen (2004, 2005, 2006);
Chernozhukov, Imbens, and Newey (2007); Horowitz and Lee (2007); and Chen and Pouzo (2009, 2012).
Blundell, Horowitz, and Parey (2015) estimate a nonparametric quantile regression model of demand
under the hypothesis that price is exogenous and an instrumental variables quantile regression model
under the hypothesis that price is endogenous.

The method presented in this paper consists of testing the conditional moment restriction that
defines the null hypothesis of exogeneity in a quantile 1V model. This approach does not require
estimation of the structural function. An alternative approach is to compare a nonparametric quantile
estimate of the structural function under exogeneity with an estimate obtained by using nonparametric
instrumental variables methods. However, the moment condition that identifies the structural function in
the presence of endogeneity is a nonlinear integral equation of the first kind, which leads to an ill-posed

inverse problem (O’Sullivan 1986, Kress 1999). A consequence of this is that in the presence of one or
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more endogenous explanatory variables, the rate of convergence of a nonparametric estimator of the
structural function is typically very slow. Therefore, a test based on a direct comparison of nonparametric
estimates obtained with and without assuming exogeneity will have low power. Accordingly, it is
desirable to have a test of exogeneity that avoids nonparametric instrumental variables estimation of the
structural function. This paper presents such a test.

Breunig (2015) and Blundell and Horowitz (2007) have developed tests of exogeneity of the
explanatory variables in a nonparametric instrumental variables model that is identified through a
conditional mean restriction. The test presented here uses ideas and has properties similar to those of
Blundell’s and Horowitz’s (2007) test. However, the non-smoothness of quantile estimators presents
technical issues that are different from and more complicated than those presented by instrumental
variables models that are identified by conditional mean restrictions. Therefore, testing exogeneity in a
guantile regression model requires a separate treatment from testing exogeneity in the conditional mean
models considered by Breunig (2015) and Blundell and Horowitz (2007). We use empirical process
methods to deal with the non-smoothness of quantile estimators. Such methods are not needed for testing
exogeneity in conditional mean models.

Section 2 of this paper presents the model, null hypothesis to be tested, and test statistic. Section
3 describes the asymptotic properties of the test and explains how to compute the critical value in
applications.  Section 4 presents the results of a Monte Carlo investigation of the finite-sample
performance of the test. Section 5 concludes. The proofs of theorems are in the appendix, which is
Section 6.

2. THE MODEL, NULL HYPOTHESIS, AND TEST STATISTIC

This section begins by presenting the model setting that we deal with, the null hypothesis to be
tested, and issues that are involved in testing the null hypothesis. Section 2.2 presents the test statistic.

2.1 The Model and the Null and Alternative Hypotheses
Let Y be a scalar random variable, X and W be continuously distributed random scalars or

vectors, q be a constant satisfying 0<q<1, and g be a structural function that is identified by the
relation

(21)  PIY -g(X)<0|W =w]=q

for almost every w e supp(W) . Equivalently, g is identified by

(22) Y=9g(X)+U; PU<0|W=w)=q



for almost every wesupp(W). In (2.1) and (2.2), Y is the dependent variable, X is the explanatory
variable, and W is an instrument for X . The function g is nonparametric; it is assumed to satisfy mild

regularity conditions but is otherwise unknown.

Define the conditional g -quantile function G(x)=Q,(Y|X =x), where Q, denotes the

conditional g -quantile. We say that X is exogenous if g(x)=G(x) except, possibly, if x is contained

in a set of zero probability. Otherwise, we say that X is endogenous. This paper presents a test of the

null hypothesis, H,, that X is exogenous against the alternative hypothesis, H,, that X is endogenous.
It follows from (2.1) and (2.2) that H, is equivalent to testing the hypothesis P[g(X)=G(X)]=1 or
PlY -G(X)<0|W =w]=q for almost every wesupp(W). H, is equivalent to P[g(X)=G(X)]<L1.
Under mild conditions, the test presented here rejects H, with probability approaching 1 as the sample
size increases whenever g(x) = G(x) on a set of non-zero probability.

One possible way of testing H, is to estimate g and G, compute the difference between the two
estimates in some metric, and reject H, if the difference is too large. To see why this approach is
unattractive, assume that supp(X,W)<[0,1]%>. This assumption entails no loss of generality if X and W

are scalars. It can always be satisfied by, if necessary, carrying out monotone increasing transformations

of X and W . Then (2.1) is equivalent to the nonlinear integral equation
1
(23) [ Frxw [900, x,wldx — afyy (W) =0,

where f,, is the probability density function of w,

Foxw (Y, X, W) = Joy fyxw (U, X, w)du,
and fyy,, IS the probability density function of (Y, X ,W). Equation (2.3) can be written as the operator
equation
(24)  T(h)(W) =afy (W),
where the operator T is defined by
T (h)(w) = J; Foxw [0, %, wldx
for any function h for which the integral exists. Thus,
g=qT *f, .
T and f,, are unknown but can be estimated consistently using standard methods. However, Tlisa

discontinuous operator (Horowitz and Lee 2007). Consequently, even if T were known, g could not be



estimated consistently by replacing f,, with a consistent estimator. This is called the ill-posed inverse

problem and is familiar in the literature on integral equations. See, for example, Groetsch (1984); Engl,
Hanke, and Neubauer (1996); and Kress (1999). Because of the ill-posed inverse problem, the fastest

possible rate of convergence of an estimator of g is typically much slower than the usual nonparametric

rates. Depending on the details of the distribution of (Y, X,W), the rate may be slower than Op(n‘g) for

any £>0 (Chen and Reiss 2007, Hall and Horowitz 2005). Because of the ill-posed inverse problem
and consequent slow convergence of any estimator of g, a test based on comparing estimates of g and
G will have low power.

The test developed here does not require nonparametric estimation of g and is not affected by
the ill-posed inverse problem. Therefore, the “precision” of the test is greater than that of a
nonparametric estimator of g . Let n denote the sample size used for testing. Under mild conditions, the
test rejects H, with probability approaching 1 as n— oo whenever g(x)=G(x) on a set of non-zero
probability. Moreover, like the test of Blundell and Horowitz (2007), the test developed here can detect a
large class of structural functions g whose distance from the conditional quantile function G in a

-1/2
)-

suitable metric is O(n In contrast, the rate of convergence in probability of a nonparametric

: : -1/2
estimator of g is always slower than O (n ).t

Throughout the remaining discussion, we use an extended version of (2.1) and (2.2) that allows
g to be a function of a vector of endogenous explanatory variables, X, and a set of exogenous
explanatory variables, Z . We write this model as
(24) Y=9(X,2)+U; PU<0|Z=zW =w)=q

for almost every (z,w)esupp(Z,W), where Y and U are random scalars, X and W are random
variables whose supports are contained in a compact set that we take to be [0,1]° (p>1), and Z is a

random variable whose support is contained in a compact set that we take to be [0,1]" (r>0). The
compactness assumption is not restrictive because it can be satisfied by carrying out monotone increasing
transformations of any components of X , W , and Z whose supports are not compact. If r=0, then Z
is not included in (2.4). W is an instrument for X .

The inferential problem is to test the null hypothesis, H,, that
(25) PU<0|X=x,Z2=2)=¢q

! Nonparametric estimation and testing of conditional mean and median functions is another setting in which the
rate of testing is faster than the rate of estimation. See, for example, Guerre and Lavergne (2002) and Horowitz and
Spokoiny (2001, 2002).



except, possibly, if (x,z) belongs to a set of probability 0. This is equivalent to testing
Plg(X,Z)=G(X,Z)]=1 or P[Y-G(X,Z)<0|Z=2z,W =w]=q. The alternative hypothesis, H,, is
that (2.5) does not hold on some set that has non-zero probability or, equivalently, that
Plo(X,Z2)=G(X,Z)]<1. The data, {Y;,X;,Z;W;:i=1..,n}, are a simple random sample of
Y, X,Z,W).

2.2 The Test Statistic

To form the test statistic, let fyyzw , fxzw, and f,y, , respectively, denote the denote the
probability density functions of (Y, X,Z,W), (X,Z,W) and (Z,W). Define

Frxzw (Y: X, Z,W) =j_yoo fyxzw (U, X, Z,w)du .
Let G(x,z) denote the g conditional quantile of Y : G(X,2) =Qq(Y | X =x,Z =z). Then under Hy,
26) S(z,w)= jm]p Frxow [G (X, 2), X, Z, WldX — qf 5,y (2, W) =0
for almost every (z,w) esupp(Z,W). H; is equivalent to the statement that (2.6) does not hold on a set
B <[0,1]°*" with non-zero Lebesgue measure. A test statistic can be based on a sample analog of
j§(z,w)2dzdw, but the resulting rate of testing is slower than n"Y'2 due to the need to estimate f,w and

Fyxzw Nonparametrically. The rate n/2

can be achieved by carrying out an additional smoothing step.
To this end, for &,&, €[0,1]° and ¢&;,&, €[0,4]", let £(&,¢:&,.¢,) denote the kernel of a nonsingular
integral operator, L, from L,[0,1]P*" toitself. Thatis, L is defined by

@7 (W)= e G v (&, 6)Gd4

and is nonsingular, where y is a function in L,[0,1]°*". Then H, is equivalent to

(2.8) S(z,w)=

ffope- Foaw[G O % £.ml¢ 2 widd Sy —af o Faw (€m) &7 2. W)dSdy =0
for almost every (z,w) esupp(Z,W). H; is equivalent to the statement that (2.8) does not hold on a set
B <[0,1]P*" with non-zero probability. The test statistic is based on a sample analog of IS(Z,W)ZdZdW.

Basing the test of H, on S(z,w) avoids the ill-posed inverse problem because S(z,w) does not depend

ong.



To form a sample analog of S(z,w), let GCV(x,z) be an estimator of G(x,z) based on all the
data except observation i. This estimator is described in detail in the next paragraph. Let I(-) denote the

indicator function. It follows from (2.8) that
(29) S(z,w)=

Jfg - AR [” dyIly <GOC O o (v X, & IS 72 W) = Faw () E iz w)dgd =0

01]
= Eyyny {IIY <G(X,Z)]-GH(Z,W; 2, W)

The sample analog is of S(z,w) is obtained from (2.9) by replacing G with the estimator G, the

population expectation Eyyz, With the sample average, and multiplying the resulting expression by nY/?

to obtain a random variable that has a non-degenerate limiting distribution. The resulting scaled sample
analog is
~ n ~ -
(210) Sy(z,w)=n""23{[Y;, <GV (X}, Z)] - aH(Z; Wi, 2, w).
i=1
The test statistic is

T, = .[[0,1 . Sn(z,w)? dzdw .

Under Hy,
j S(z,w)? dzdw =0,

so 7, differs from 0 only due to random sampling errors. Therefore, H, is rejected if z, is larger than

can be explained by random sampling errors. A method for obtaining the critical value of 7, is presented
in Section 3.

The estimator G is a kernel nonparametric quantile regression estimator based on a boundary
kernel that overcomes edge effects (Gasser and Muller 1979; Gasser, Muller, and Mammitzsch 1985). A
boundary kernel with bandwidth h>0 is a function K, (,-) with the property that for all £<[0,1] and
some integer s> 2
1ifj=0

i [
(2.11) h “*1)]5 uJKh(u,f)du={o 1< j<s_1



If h issmall and & is not close to 0 or 1, then we can set K, (u,&)=K(u/h), where K is an “ordinary”

order s kernel. If & is close to 1, then we can set K, (u,&) =K (u/h), where K is a bounded, compactly
supported function satisfying
0 1ifj=0
2.12 TK(u)du =
@12 [ R {o if1<j<s-1.

If & is close to 0, we can set K (u,&)=K(-u/h). There are other ways of overcoming the edge-effect

problem, but the boundary kernel approach used here works satisfactorily and is simple analytically. Now

define
p
Kpn(&) =Ty (x¥,®),
k=1

where x*) denotes the k *th component of the vector x. Define K, similarly. Let p, be the check

function: o, (y)=y[q—1(y<0)]. The estimator of G is

i n

(213) GV (x,2)=arginf Y’ p, (Y, —a)K, (X=X ;. 0K, 1 (2-Z;,2).

a =
j-1

J#l

The test statistic z,, is obtained by substituting (2.13) into (2.10).

3. ASYMPTOTIC PROPERTIES

This section presents the asymptotic properties of the test of exogeneity based on 7, and explains

how to obtain the critical value of z,, .

3.1 Regularity Conditions
This section states the assumptions that are used to obtain the asymptotic properties of z,,. The
following notation is used. For any real a>0, define [a] as the largest integer less than or equal to a.
Define U =Y —g(X,Z) and V =Y -G(X,Z). Let || denote the Euclidean metric. For any vector
X=(X,...,Xq), function f(x), and wvector of non-negative integers Kk =(kj,....ky), define
|k |=k +...+ ky and
Ik|

DK () =— 2 (x).
0% *...0X 4"



For aset X cRY and positive constants a, M <o, define Cf (X) as the class of continuous functions

f : X > R such that ||f||a <M , where

|D*f(x)-D* f(x)]

a—[a]

fl. = DX f
I71. = e sup | O F 00l sup ===

and derivatives on the boundary of X" are one sided. Let fyx,(v|x,z) denote the probability density
function of V conditional on (X,Z)=(x,z), and let fy, denote the probability density function of
(X,Z) whenever these density functions exist.

We make the following assumptions.

Assumption 1: (i) The support of (X,Z,W) is [0,1]?P*", where dim(X)=dim(W)=p and
dim(Z)=r. (i) (Y,X,Z,W) has a probability density function fyy,, Wwith respect to Lebesgue
measure. (iii) There is a finite constant C; such that | fyyzyw (Y. X,z,w)|<C; for all (y,x,z,w).
Moreover, ofyyow (Y, X,2,w)/ 0y exists and is continuous and bounded for all (y,x,z,w). (iv) The data
{Y;, X;,Z;,W; : i=1,...,n} are an independent random sample of (Y, X,Z,W).

Assumption 2: (i) P(U <0|Z=2zW =w)=q for almost every (z,w)e[0,1]°*". (ii) There is a
finite constant C such that [g(x,z)[<C, for all (x,2) €[0,2]P*". (iii) Equation (2.4) has a solution
g(x,z) that is unique except, possibly, for (x,z) in a set of Lebesgue measure zero.

Assumption 3: (i) The probability density function fyx; (v|X =x,Z =z) exists for all v and

(x,z) esupp(X,Z). Moreover, for all v in a neighborhood of zero and (x,z)e<[0,1]°"",
fuixz (VIx,2) 26 for some 6 >0, and ofyxz (V[X,z)/ov exists and is continuous. (ii) fy;(x,2)>Cy,
for all (x,z)€[0,1]°"" and some constant Cy, >0. (iii) G(x,z)eCég ([0,11°*") with s>3(p+r)/2
and C, as in assumption 2. (iv) fyyzy eCég (supp(Y) x[0,1]2P*"). (v) There are a neighborhood W\, of

v=0 and aconstant C; suchthat fyx, eC¢ (N, x[0,1"") and fy,(x,2)eCg ([0,1]""").
Assumption 4: (i) The kernel K, satisfies (2.11) for s as in assumption 3. (ii) There is a
constant Cy <o such that |Ky (u,&) — K, (u',&|<Cy Ju—u’|/h forall u, u’, and £e[0,1]. (iii) For
each £€[0,1], K, (u,¢), considered as a function of u, is supported on [(£—h)/h,&/h]n K for some
compact interval /C that is independent of &. (iv) sup{| K, (u,&)|: h>0,£€[0,1],ueK}<w. (v) The

bandwidth h satisfies h = Chn‘b where C,, >0 is a finite constant and 1/ (2s) <b <1/[3(p+T1)].



Assumption 5: (i) The operator L defined in (2.7) is nonsingular. (ii) There is a constant

C, <o such that

sup [ £(z,w;&,m)|<C,,
(z,w,¢ )[04+
sup |ol(z,w;&m)l0s|<Cy,

(ervgrn)e[orl]Z( per)
and

sup |ol(z,w; &)l on|<C,.
(z,w,¢,m)e[0,17P*0

Assumptions 1 and 2 specify the model and properties of the random variables under

consideration. Assumption 2(iii) requires the structural function g to be identified. Assumption 3
establishes smoothness conditions. Because of the curse of dimensionality, the smoothness of G, fyxz,
and fy, must increase as p+r increases. Assumption 4 establishes properties of the kernel function
and requires the estimator of G to be undersmoothed. Undersmoothing prevents the asymptotic bias of

G from dominating the asymptotic distribution of 7. K, must be a higher-order kernel if p+r>2.

3.2 Asymptotic Properties of the Test Statistic under H,
To obtain the asymptotic distribution of z,, under Hy, let f,y, denote the probability density

function of (Y, X,Z). Define

By (&,1) =2 DY, < 9(Xi,Z)]- q¥(Z; Wi ¢ )

i=1

-[[0,1]“ fyxow [G(X,Z;), Xi, Zi , W) L(Z;, w; &, 17)dw
fyxz [G(Xi,Z;), X, Z;]

—{IlY; <G(X;,Z;)]-q}

and
R(¢1,7m:¢2,m2) = E[B,(61,71) B, (£2,m2)] -

Define the operator Q on L,([0,1]°*") by

(B.1)  (QP)S2m)= J.[Oyl],ﬂr R(S1: 771362, 12) (1, m)d S1dp



Let {»;: j=1.2,..} denote the eigenvalues of Q sorted so that »; > w, >..>0.% Let {;(121- =12}
denote independent random variables that are distributed as chi-square with one degree of freedom. The
following theorem gives the asymptotic distribution of 7, under H,.

Theorem 1: Let H be true. Then under assumptions 1-5,

7, —d iwj;(fj .

j=1

Under H,, G =g, so knowledge of or estimation of g is not needed to obtain the asymptotic

distribution of z,, under H,. This observation is used in the next section to obtain the critical value of

T,

3.3 Obtaining the Critical Value

The statistic z,, is not asymptotically pivotal, so its asymptotic distribution cannot be tabulated.

This section presents a method for obtaining an approximate asymptotic critical value. The method is

based on replacing the asymptotic distribution of z,, with an approximate distribution. The difference

between the true and approximate distributions can be made arbitrarily small under both the null
hypothesis and alternatives. Moreover, the quantiles of the approximate distribution can be estimated

consistently as n—oo. The approximate 1—« critical value of the 7, test is a consistent estimator of

the 1—a quantile of the approximate distribution.
We now describe the approximation to the asymptotic distribution of z,. Under H,, 7, is

asymptotically distributed as
~ - 2
T= ZCOJ}(]_J .
j=1
Givenany ¢>0, there is an integer K, <oo such that
j=1

K,
0< P[ijllzj StJ—P(fSt)<g.

uniformly over t. Define

K€
~ 2
Te = 2 oinj -
=L

2 R is a bounded function under the assumptions of Section 3.1. Therefore, Q is a compact, completely

continuous operator with discrete eigenvalues.
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Let z,, denote the 1—« quantile of the distribution of 7.. Then 0<P(f>z,)—-a<e. Thus, using
z,,, to approximate the asymptotic 1—« critical value of z,, creates an arbitrarily small error in the

probability that a correct null hypothesis is rejected. Similarly, use of the approximation creates an

arbitrarily small change in the power of the 7, test when the null hypothesis is false. The approximate
1-« critical value for the 7, test is a consistent estimator of the 1—« quantile of the distribution of 7.

Specifically, let c?)j (1=12,..,K,) be a consistent estimator of w; under H,. Then the approximate

critical value of 7, is the 1—a quantile of the distribution of

KL‘
- A2
Ty = ZCOJ}(]_J .
j=1
This quantile can be estimated with arbitrary accuracy by simulation.
In applications, K, can be chosen informally by sorting the a“)j ’s in decreasing order and plotting
them as a function of j. They typically plot as random noise near c?)j =0 when j is sufficiently large.

One can choose K, to be a value of j that is near the lower end of the “random noise” range. The
rejection probability of the z,, test is not highly sensitive to K, so it is not necessary to attempt precision

in making the choice.

The remainder of this section explains how to obtain the estimated eigenvalues {& jt- Define

MXZiEm = [ foaw[G(X,2), X, Z,WIAZ, W&, m)dw.

Because G =g under Hy,

B, (¢,m) =n"Y2 3 {II, SG(Xi,Zi)]—q}{f(zi,WﬁC,U) -

i=1

A(Xi,Zi3¢ 1) }
fYXZ[G(XiiZi)’Xini]

An estimator of R(&y,7;¢5,,7m,) that is consistent under H, can be obtained by replacing unknown

guantities with estimators on the right-hand side of

AMX.Z;8m) }

R(¢1.1m:¢2:72) = E{I[Y gG(x,z)]_q}z{g(Z,W;ith)_ fyxz[G(X,Z),X,Z]
Xz L) R

x{z(z,w;gz,nz)— X2 ) }

fixz [G(X,Z), X, Z]
To do this, let fozw and foz , respectively, be kernel estimators of fyy,, and fyy, with bandwidths

that converge to 0 at the asymptotically optimal rates. As is well known, fvxzw and ‘:sz are consistent

uniformly over the ranges of their arguments. Define
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A(X:,Zi:8m) =j[0’1]p foow [CV (X0, Z0), Xi Z WA(Z; Wi 8 om)dw; i =1,...,n

and

R i &) = NI < G (X;,Z)]- ¥ {E(Zi Wii St m) -

i=1

_ /{(xhzi?ﬁﬂh)
foxz [G)(X1,2), X1, Zi]

. B (X, ZiiCpumn)
{K(Z.,W.,é“z,nz) ];YXZ[GA(i)(xi,zi),xi,zi]}

Let O be the operator defined by
@A) C2m)= [ RCumiCam)d(Crm)dgidm,

[O’l]pﬂ
Denote the eigenvalues of 9 by {&;:j=12,..} and order them so that @ >@,>..>0. The relation
between the a“)j 'sand o;’s is given by the following theorem.

Theorem 2: Let assumptions 1-5 hold. Then c?)j —w;=0,(1) as n—oo foreach j=12,.. B

To obtain an accurate humerical approximation to the cbj ’s, let If(x,z) denote the nx1 vector
whose i’th component is {/(Z; W;;¢7.m) - A(X;,Zii&m) ! Foox [V (Xi,Z:), X, 2,1}, and let Y
denote the nxn diagonal matrix whose (i,i) element is {I[Y; <G (X;,Z,)]-q}*. Then

é(glﬂhifza??z) = n_l'f(fliﬂl)’Yﬁ(fzrﬁz) :
The computation of the eigenvalues can now be reduced to finding the eigenvalues of a finite-dimensional
matrix. To this end, let {¢; : j =1,2,...} be a complete, orthonormal basis for L,[0,1]°"". Then
WZW;¢m) =2 > didi (& ma(ZW),
j=1k=1
where

ik = [ o L@ WE 1) (k2 )dwidzd S d

and

A XEm =SS ayd (i (X.2),

j=1k=1

where

2y = [[g o A@ WL (1) (2 W)dwdzd Sl

12



Approximate ¢(Z,W;¢,n) and /{(X,X;g,n) by the finite sums

L L
I,(ZW;<,n) =2 dd; (&ma (Z,W)

j=1k=1

and

L L
(X, Z;8m) =Y. > ajd; (&b (X,2)

j=1k=1

for some integer L <. Since ¢ and A are known functions, L can be chosen to approximate them

with any desired accuracy. Let @ be the nx L matrix whose (i, j) component is
L ~ ~ -
D;; :nillzz{djk@(Zi’Wi)_ajk¢k(xini)/ foz [GUV(Xi,2), X, Z, 1}
k=1

The eigenvalues of Q are approximated by those of the Lx L matrix ®'Y® .

3.4 Consistency of the Test against a Fixed Alternative Model

In this section, it is assumed that Hy, is false. Thatis, P[g(X,Z)=G(X,Z)]<1. Define
(32 HEm = [ o Foaw [6(%2). X2, W]~ R [9(¢ 2), X, 2, WIH (2, wi £ )dvciwelz
Let z, denote the 1-«a quantile of the asymptotic distribution of z, under sampling from the null-
hypothesis model Y =G(X,Z)+V,P(V <0|X,Z)=q. The following theorem establishes consistency

of the z,, test against a fixed alternative hypothesis.

Theorem 3: Let assumptions 1-5 hold, and suppose that
2
»[[0,1]"” H (¢ m)?dgdn >0.
Then for any « suchthat O<a <1,

limP(r,>2z,)=1. N
N—o0

Because ¢ is the kernel of a nonsingular integral operator, the z,, test is consistent whenever

g(x,z) differs from G(x,z) on a set of (x,z) values whose probability exceeds zero.

3.5 Asymptotic Distribution under Local Alternatives
This section obtains the asymptotic distribution of z, under the sequence of local alternative

hypotheses

(33) P[Y <G(X,Z)+nY2A(X,Z)|W =w,Z =2)=q

13



for almost every (w,z) €[0,1]°*", where A is a bounded function on [0,1]°*". Under (3.3)
(34) g(x2)=6(X,Z)+nY2A(x,2),
and
Y=¢g(X,2)+U; PU<0|Z=2,W=w)=q
for almost every (w,z) €[0,1]°*".
Let Q be the integral operator defined in (3.1), {¢;} denote the orthornormal eigenfunctions of
Q, and {w;} denote the eigenvalues of Q sorted so that & > @, >... Let f 4z, denote the probability

density function of (U, X,Z,W). Define

wgm=-]

0" fuxzw (0, %, 2, W)A(X, 2)¢(z, w; &, 77)dxdzdw

and

(38) = [y &M ()
Let {;(12 (,uJ2 lw;): j=12,..} denote a sequence of independent random variables distributed as non-

central chi-square with one degree of freedom and non-central parameters ,uJ2 ;.

The following theorem gives the asymptotic distribution of 7, under the sequence of local

alternatives (3.3)-(3.4).

Theorem 4: Let assumptions 1-5 hold. Under the sequence of local alternatives (3.3)-(3.4),
7, —d ij;(fj (yl2 lw;). B

j-1
It follows from Theorems 2 and 4 that under (3.3)-(3.4),

limsup|P(z, >2,,)-P(z,>12,)|<¢

nN—oo

forany >0, where Z,, denotes the estimated approximate « -level critical value. Moreover,

limP(r,>z,) >«
nN—o

if ,uJ2 >0 for at least one j. In addition, for any & >0

limP(z, >2z,)>1-¢
N—oo

if ,uJ2 is sufficiently large for at least one j.
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3.6 Uniform Consistency
This section shows that for any ¢>0, the z,, test rejects H, with probability exceeding 1-¢

uniformly over a set of functions g whose distance from G is O(n’”2

). This set contains deviations
from H, that cannot be represented as sequences of local alternatives. Thus, the set is larger than the
class of local alternatives against which the power of z,, exceeds 1—¢. The practical consequence of this
result is to define a relatively large class of alternatives against which the z,, test has high power in large
samples.

The following additional notation is used. Let || denote the norm in L,[0,1]. Define H(¢,7)
as in (3.2). Define the linear operator T by

&) = Jig g Foam [906.2), %2, WIE(z, Wi )y (,2)dvclwelz
and the function

7(X,2)=9(x,2) —G(x,2).

For some finite C >0, let ]—“ncg be the class of functions g(x,z) e Cég ([0,]°*") with a> p+r, Cy<®
satisfying:

(i) There is a function G(x,z) such that P[Y <G(X,Z)|X =x,Z=2z)=q for almost every

(x,2) €[0,1]°*".

(it) Assumption 3 is satisfied with V =Y —-G(X,Z) .

(iif) The density function fy,y,, satisfies Assumption 1.

(iv) The function g satisfies Assumption 2 with U =Y —G(X,Z).

V) [Tz|=n"Y?C

Condition (v) implies that %, contains alternative models g such that |g —G||=0(n™"?).  In addition,

condition (v) rules out differences between the structural functions under the null and alternative

hypotheses, 7(x,z)=9(x,z)-G(x,z), that are linear combinations of eigenfunctions of T associated
with eigenvalues of T that converge to zero too rapidly. Thus, the z,, test has low power against
deviations from H, that operate through eigenfunctions of T associated with eigenvalues that converge

to zero very rapidly. Such deviations often correspond to highly oscillatory functions that have little
relevance for economic applications.

The following theorem states the result of this section.
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Theorem 5: Let assumptions 1-5 hold. Then given any 6 >0, any « such that 0<a <1, and
any sufficiently large (but finite) C,

lim inf P(z,>2,)21-6
n—wgefc,

and

lim inf P(r,>7,,)>1-25. W

n—o0 ge}‘ncg

3.7 Weight functions

This section considers the choice of the weight function /(z,w;¢,n). We show that setting
Uz,w;¢,n) =11(z,¢) fuxzw (0,%,z,w) has certain power advantages over a weight function that does not

depend on the distribution of (U, X,Z,W). The function ¢, is assumed to be the kernel of a non-singular

integral operator from L,([0,1]") to itself. Horowitz and Lee (2009) present a method for estimating
fuxzw (0,%,z,w) . Section 6.2 outlines the extension of Theorems 1-5 to the case of an estimated weight
function.

To start, assume that r =0, so Z is not in the model. Let 7, denote the 7,, statistic with weight
function fyyy (0,x,w) and z,,, denote the statistic with a fixed weight function ¢(w,7) that does not
depend on the distribution of (U, X,W). The arguments of Horowitz and Lee (2009) show that there are
combinations of density functions f,, and local alternative models such that an « -level test based on
7, has local power that is arbitrarily close to o, whereas the asymptotic local power of an « -level test

based on z,; is bounded away from and above « . In contrast, it is not possible for the asymptotic local
power of the « -level ¢ test to approach « while the asymptotic local power of the « -level z,, test

remains bounded away from and above « .

Horowitz and Lee (2009) did not investigate the case of r >1. The following theorem extends
their result to this case.

Theorem 6: Let assumptions 1-5 hold. Let A(x,z) be the bounded function defined in (3.3)-

(3.4). Fix the functions ¢(z,w;¢,n) and ¢,(z,<), and assume that these functions are bounded and that

¢, is bounded away from 0. Define

H1o(Sm) = j fuxzw (0,%,2,W)A(X, 2)£(z, w; &, ) dxdzdw

and
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#6€m) = [ Tuxaw (0.%,2, WA, 2)14(2,) fuxzw (07,2, w)dxdlzw .
Then

(@) For any ¢>0, there are functions A(x,z) and fyyzy such that ||y£||2 /Zila)j <¢ and
H,uf HZ /Zila)j > D? forsome D2 >0.

(b) There is a constant D >0 such that ||y[||2 < D“yf HZ [
Theorem 6(a) implies that there are combinations of density functions f,,, and local alternative models
such that an o -level test based on z,, has local power that is arbitrarily close to o, whereas the
asymptotic local power of an « -level test based on 7, is bounded away from and above «. Theorem
6(b) implies that it is not possible for the asymptotic local power of the « -level 7, test to approach «
while the asymptotic local power of the « -level z,; test remains bounded away from and above «.

Theorem 6 does not imply that the power of z,; always exceeds that of z,,,. Moreover, in finite
samples, random sampling errors in an estimate of fy,, can reduce the power of z,; and increase the

difference between the true and nominal probabilities of rejecting a correct H,. Consequently, a weight
function that does not depend on the sample may be attractive in applications. Section 4 provides

illustrations of the finite-sample performances of z; and z,, with two weight functions that do not

depend on the sample.

4. MONTE CARLO EXPERIMENTS
This section reports the results of a Monte Carlo investigation of the finite-sample performance of

the z,, test. In the experiments, p=1 and r=0, so Z does not enter the model. Realizations of
(X,W,U) were generated by
W =d(J),

X=®(m§+ﬁ§),

and

U =py¢+41-piv,

where @ is the N(0,1) distribution function; ¢, &, and v are independent random variables with

N(0,1) distributions; and p; and p, (0< p;, p, <1) are constant parameters whose values vary among
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experiments. The parameter p; determines the strength of the instrument W , and p, determines the
strength of the correlation between U and X . H, istrueif p, =0 and false otherwise. Realizations of
Y were generated from
(41) Y=6+6X+o,U,
where 6,=0, 6, =05, and oy =0.1. Experiments were carried out with p; =0.35 or 0.7, and
p,=0,0.1 0.2, or 0.3. The instrument is stronger when p, =0.7 than when p, =0.35, and the
correlation between X and U increases as p, increases. The sample size was n=750,1000, or 2000,
depending on the experiment, and the nominal probability of rejecting a correct H, was 0.05. There
were 2000 Monte Carlo replications per experiment.

The kernel function K (v) = (15/16)(1—v?)?1(|v|<1) was used to compute G in 7, and fyyy

in the estimated critical value of z, and in the data-dependent weight function. The rule-of-thumb

bandwidth of Yu and Jones (1998) was used for G and fAwa in the critical value of z,. Four

different weight functions ¢(w,7) were used in z,,. One is the data-dependent estimated probability
density function fvxw[@ (m7),m,w] with § computed using the method of Horowitz and Lee (2009). The

bandwidths for fvxw in the Horowitz-Lee estimator were hy =h, =0.01 for the X and Y directions
and hy =0.3 for the W direction. The other weight functions are not data dependent. The second
weight function is the infeasible true probability density function fyy, [9(77),77,w]. The third and fourth
weight functions are /(w,n)=1(w<n) and /(w,7n)=exp(wr), respectively. The third weight function
was used by Song (2010) and Stute and Zhu (1998). The fourth was proposed by Bierens (1990). The

second weight function is not feasible in applications but provides an indication of the reduction in finite-
sample performance due to random sampling errors in estimating the weight function.

The results of the experiments are shown in Table 1 for p; =0.35 and Table 2 for p, =0.7. In

the tables, 7,5, 7np, 7., and z,g, respectively, denote the 7z, tests with the data-dependent weight

function, the infeasible weight function, the Song (2010) weight function, and the Bierens (1990) weight
function. In what follows, the difference between the empirical and nominal probabilities of rejecting a

correct H, is called the error in the rejection probability or ERP. The performance of the 7,5 test is
poor. It has a large ERP when n <2000and low power. The z,, test has the best performance over all

experiments. Its ERP is low. Its power is higher than the that of the 7,5 test and only slightly lower than

the power of the infeasible 7, test in experiments in which the 7, test has a low ERP. The 7,5 test
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has a relatively high ERP if the instrument is weak (o, =0.35) or n is small. The power of the 7, test

is lower than that of the 7, test. The relatively poor performance of z,, compared to 7,5 is a
consequence of random sampling errors in estimating fyyy [9(X),77,W] in z,5. In summary, the 7, test

performs particularly well in the Monte Carlo experiments. It has good power and a low ERP, even with

moderate sample sizes.

5. CONCLUSIONS

Endogeneity of explanatory variables is an important problem in applied econometrics.
Erroneously assuming that explanatory variables are exogenous can lead to highly misleading results.
This paper has described a test for exogeneity in nonparametric quantile regressions. The test does not
use a parametric model, thereby avoiding the possibility of obtaining misleading results due to
misspecification of the model. The test also avoids the slow rate of convergence and potentially low
power associated with the ill-posed inverse problem of nonparametric instrumental variables estimation of
either mean- or quantile-regression models. The new test has non-trivial power against alternative

-1/2

hypotheses whose “distance” from the null hypothesis of exogeneity is O(n™~<), which is the same as

the distance possible with tests based on parametric models. The results of Monte Carlo experiments

have illustrated the finite-sample performance of the test.

6. APPENDIX: PROOFS OF THEOREMS AND EXTENSION TO AN ESTIMATED WEIGHT
FUNCTION
6.1 Proofs of Theorems 1-6
Assumptions 1-5 hold throughout this section. To minimize the complexity of the proofs

without losing any important elements, assume that p=1 and r=0. The proofs with p>1 and r >0
are identical after replacing quantities for p=1 and r =0 with analogous quantities for the more general
case. Let fyy,y and fyy , respectively, denote the probability density functions of (Y, X ,W) and (Y, X).
With p=1and r =0, (2.10) becomes

6.1) S (w)=nY2S DY <GV (X)) - W),
i=1
A(X, X;¢,n) becomes

2067 = [ i [B0X), X Wl (),

and the test statistic is
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1~
7 = [ Sn(w)?dw.

Define

S (W) =n""2 D IY; < g(X;)] - G W, W),

=

Snz (W) =n”22{lm <G(X)]=IIY; < g4I W, W),
and )

Sha(W) = n—”zi{lm <GV (X1 1Y < G(XIH W, w).
Then B

S, (W) =23;snj (w).

1Ny 31— 2K W)
Spa(W) =-n iz_ll{l[Y'SG(X')] v fYX[G(Xi)’Xi]+

0,(@)

uniformly over we[0,1].
Proof: Write S,3(W) = S;31(W) + S5, (W) , where
Sna1(W) = Spa(w) — E;[Syz (W],
Snaz (W) = Ei[Spa(W)],
and E; denotes the expectation over random variables indexed by i. It follows from Theorem 2.1 of van

der Vaart and Wellner (2007) and the consistency and asymptotic Gaussianity of nonparametric quantile

regression estimators that

(6.2)  sup [Spzn(W)l=0,().
we[0,1]

Therefore, the lemma follows if

63 Spa(W)=-nY2Y {11 <G )] - o i)

2. G0 X1 oW

uniformly over we[0,1].

To prove (6.3), observe that

(6.4)  Spp(v)= n*l’zi [ 162 (), X, W1 = Ry [G (), X, WIH (w,v) e
i=1
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A Taylor series expansion yields

[€Roxw [6 2 (0, % Wl = Py TG (), X, WIH (w, ) ceiw

= [t [600 WG (x) —G(x)]ﬁ(w,v)dxdw+O(“é(‘i) ~qff )
Therefore,
(65)  Spp(v)=2S-—nY? j fuew [G (), X, WIIG T (x) — G (x)](w, v)dxdw + o (1)

Calculations like those in Kong, Linton, and Xia (2010) show that

2(-i) oy B 1 in v . Xj—X

G (x) G(X)_—fYX[G(X),X]thZl{q I[Y,SG(XJ)]}K( . j+Rn(X),
J#i

where

|O n 3/4
sup | R, () |:a-5-o“ij +h3}.

xe[0.1] nh
Therefore, standard calculations for kernel estimators yield

(6:6)  [{Fxw [G1 (x), W] = Ry [G (), X, WI}(w, )

_as N _ 1 /1(XJ-,V) @3/4 s
—as jz_;{q I[YjSG(Xj)]’fYX[G(X,-),X,-]JrOH nh) +ht|.

The lemma follows by substituting (6.6) into (6.4). Q.E.D.

Proof of Theorem 1: Under H,, S,,(w)=0 and g =G . Therefore, it follows from Lemma 1

that
Sn(m) =S (1) + Sps ()

=B,(m)+0,()
uniformly over 7 €[0,1], where

B, (7) =n"Y2> {1, se(xi)]—q}{fwm)—

i=1

A(Xi:m) }
fYX [G(Xi)1 ><i]

Therefore,
70 " [Bi(mdn .

But
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B, (7) = Db (1)

i1

where the ¢; ’s are the eigenfunctions of the operator € defined in (3.1) and

1
bj = [ Ban)g; (e
It follows that
2
42 N\ bj
0ot D bi =2 o5 = | -
j=1 =\
The b; ’s are independently distributed as N (0, ;). Therefore, the random variables (b; /a)j)2 are

independently distributed as chi-square with one degree of freedom. Q.E.D.

Proof of Theorem 2: Let |||, denote the L, norm and ||||Op denote the operator norm

”A”op - SUp”AU"2 !

ull,

where A is an operator on L,[0,1]. By Theorem 5.1a of Bhatia, Davis, and MclIntosh (1983), it suffices

to prove that HQ—QH —P 0 as n— . An application of the Cauchy-Schwarz inequality shows that
op

[2-q] <[, [Rxin2) - Rzima)F dngdr
It follows from uniform consistency of G( for G, fyyny Or fyypy » and gy for iy that

R(71,772) = R(m,12) +0,
uniformly over n,,7, €[0,1]%, where

R(m:17,)

L . A(X;, A(Xi,
=100 <6 ')(xi)]—q}z{f(vvi;m)——fw [é(;(%,)xi]}{f(wi;ﬂz)— - [Ea(3<7>2,)xi]}'

Arguments like those used to prove lemma 1 show that F?n (m.m2) =R(m,n,) +0,(2) foreach n,7,, so
Ifin (m,m0) = R(nl,n2)+op(1) as n— o foreach 7,7, . Therefore,

Jio (RO 712) = RGnina)I dng = 0 (1)

by the dominated convergence theorem. Q.E.D.

1
Proof of Theorem 3: Let IO H (77)2 dn >0. Itsuffices to show that
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L1
plimn~z, >0.

N—o0

As n— o,

n—l/ZSnl(n) _>a.s. 0
and

-1/2 as 1

2805 () > [ (P [600), X1 = Fyxw [900), X1} (w, ) cedw = H ()
by the strong law of large numbers (SLLN). In addition

n—1/28n3 (m)—-°0
by lemma 1 and the SLLN. Therefore,

1
n_lrn —P .[0 H (77)2d77 >0.

Q.E.D.

Proof of Theorem 4: By lemma 1

S0 (1) = Sy (7) + Sn2 (1) + Sa ()

=By (1) +Sn2(m) +0, (D).
Some algebra shows that E[S,,, (17)] = u(n) and Var[Snz(n)]:O(n’llz) . Therefore, S,,(7) > u(),

S1 (1) =By () + () + 0, (),

and
d * 2
7 = [ [Ba(n) + ()Pl
But
By (1) = _big; (m)
j=1
and

1) => 16 (),
1

where the ¢; ’s are the eigenfunctions of the operator Q defined in (3.1), the ;s are as defined in

(3.5), and
1
bj = [ Ban)g; (e
It follows that
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@i j

2
_)d N (b+ .)2— C A b_J+A
Tn Z j T Hj _Zwl 2 |
=L =L 9

The b; ’s are independently distributed as N (0, ;) , and the x;’s are non-stochastic. Therefore, the

2
b. ,

random variables [ﬁ+%} are independently distributed as non-central chi-square with one degree
[OF [On
j j

of freedom and non-central parameter ,uf lw;. QE.D.

Proof of Theorem 5: Define
Sna2(m) = E{I[Y <G(X) - I[Y < g(X)IHW,7),

Dy (7) = Spa () + 13S0, (1),

and

Sn(1)=S,(7)— Dy ().
Then

Sn(m) =S (1) +[Sn2 (1) — ESpp ()]

=n"Y2Y LIV <G(X{)IW;,m) — EINY <G(X))W, )}

i=1

—nY2Y" qLeWs ) - ECW, 7))

i=1
It follows from lemma (2.13) of Pakes and Pollard (1989) and Theorem 7.21 of Pollard (1984) that §n (1)

and ”S~n H are bounded in probability uniformly over 7 €[0,1].
Note that 7, =[S, [*. Use the inequality a?>0.5b? — (b—a)? with a=S, and b =D, to obtain
P(zy > 2,)> P(O.5||Dn||2 15[ > za).

Because H§n “:Op(l), for each ¢ >0 thereis M, <o suchthat forall M >M,,
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P(08]DuF - |8 <2 | =P (081D <z + S, o[ < |

n |:>(0.5||Dn||2 <z, +H§ﬂ Hz ’Hgnuz >M )

<P(05[D, [ <z, +<M )+,
Therefore,

(67)  P(n>2,)P(05D,[ > 7, +M).

Now D, =S5 +n"2S,, and Sy, =Tz+0,(n"Y?). By a®>0.5b° - (b-a)® with a=D, and
b:nllzs::z,
2 * ||2 2
IDn|” = 0.5n(|S2 | —|[Sns]|

=0.5n|T | ~[Spsl +0,®.
But ||S,13||2 =0, (1) by lemma 1. Therefore,
6.8) |Dn|* =0.5n|T 7|’ +0, (D).
Substituting (6.8) into (6.7) yields
P(rn > 2,) > P(0.250[T 7" + £, > 7, + M)
for some random variable &, =0, (1). The theorem follows by letting C in the definition of 7. be

sufficiently large. Q.E.D.
Proof of Theorem 6:

Part (a): We construct an example in which ||ﬂ/||2<8 and H,uf szl. To simplify the

discussion, assume that G is known and does not have to be estimated, and set p=r =1. Define

Bur (1) =n"Y2 3 {IDY; < 9(X;, Z)1 - G34(Zi.€) fuxaw (07,23, W)
i1

Bo (Cm) =023 {IY, < 9(X;, Zi)1- GH(Z; Wis &)
i=1

Iinf (C1:71362:72) = E[énf (Q:’h)é’nf (S2,m2)], and Iinz (C1:7m382,m2) = E[Ls’nz (é/lvnl)énf (S2:m2)]. Also,

define the operators Q¢ and Q, on L,([0,1]*) by
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(QN(&0172) ZJ.[OYI]Z Rt (617132, m2)9(S1m)d &idmy
and
(Q9)(G2m2) = [ 1 Re (G113 62.m2)9(60,m)d G
Let {(oj,w ), 1=12,..} and {(@j,,¥,); 1=12,..} denote the eigenvalues and eigenvectors of Q;

and Q,, respectively, sorted in decreasing order of the eigenvalues. Define

A1 G == Toxaw O X ZWARX 2)4(2.0) fugw (07,2 w)dxdzdw,
(&) == o fxaw (0%, 2 WA, 2)((z,w; &, ) dxdzdw,

Hit = J‘[Oyl]z:[lf (&.my i (¢ m)dddn,
and
fy0 = Jigap A3 )dSdry
Arguments identical to those used to prove Theorem 4 but with a known G show that under the sequence

of local alternative hypotheses (3.3)-(3.4),

o0
A" ~ . 2,-2 5 ~
Tnp = ijfllj(ﬂjf/wjf)

-1
and
d o]
~ 2,2 4 ~
The = zwjzllj(ﬂj/z/wjz)
-1
as n— oo,

To establish part (a), it suffices to show that for any fixed function 7, f s,y and A can be
2 o . 2 ® . oo
chosen so that Hﬁ% H /Z jzla”)jf is bounded away from 0 and “ﬂf “ /Z j:l@jg is arbitrarily close to 0.
To do this, assume that Z is independent of (U, X ,W) so that
fuzxw (0,%,2,W) = 17 (2) fyxw (0. X, W),
where f, and fyy , respectively, are the probability density functions of Z and (U,X,W). For

ve[0,1], define ¢ (v) =1 and ¢;,,(v) =27V2 cos(jzv) for j>1. Define

{1ifj=10rm
=

e 21 otherwise.

Let
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fuxw (0, X, W) =1+ Zi}/2¢j+1(x)¢j+1(w) :
-1

Then
F:)f (S1:7m:82,m2) =a-a)Ez [1(Z,81)04(Z,85) 5 (Z)Z]Ew [ fuxw (0,77, W) fuxw (0,72, W ]
=q(1- )&, $) | 1+ X 4851 (1) .1 (22) |
j=1
where

Q61 &,) =Bz [01(Z,81)05(2,4,) £, (2)71.

Let {v, : k=12,..} denote the eigenvalues of the integral operator whose kernel is Q(¢7,<¢5) . Then the
eigenvalues of Q¢ are {1jv: j.k=12..}. Let
A(x,2) = DoAz (2)fn (%),

for some m>1, where Dy >0 isaconstant and A, € L,([0,1]) is a bounded function. Then

i (€m) = Do (D[ (2,0 £, (2024 (2)cz,

and

2
Jae|f =03 [} [y 1.2 2 @, (e |

= Dlz.
Moreover, Df >0 forany m because /; is the kernel of a non-singular integral operator.

We now show that m can be chosen so that ||,u€||2 is arbitrarily close to 0. To do this, observe
that /(z,w;{,n) has the Fourier representation
zwgm= D s (@d W) ()d (1),
j.k,s,t=1
where {hjkst : j,k,s,t=12,..} are constants. Then

A =-Dy 3 bihmsds ()4 (),

j,st=1

where

by = [ £ (1) ()4 (2)dz.
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The b; s are Fourier coefficients of f;(z)A;(z), so Z‘}Ozlbjz =¢, for some c, <oo. Therefore, by the
Cauchy-Schwarz inequality

2
||w||2=oéz(zb,-h,-mst]

s,t=1\ j=1

0
2 2
j,st=1

Because 7 is bounded, m can be chosen so that

> h,?mst <&l(c,Df)
j,s,t=1

forany &>0. With this m, |z, ||2 < &, which establishes part (a).
Part (b): We have

A& m)=-]

(o1 fuxzw (0, X, 2, W)A(X, 2)£(z,w; &, n7)dxdzdw .

By the Cauchy-Schwarz inequality,

2 2
122 SJ.[OJ]? {[[0,1]2 U[o,l] fusxzw (O,X,Z,W)A(X,Z)dx} ddex“[MFﬁ(z,w;g,n)zdzdw} d¢dn

2
(6.9) <C, I[o,uz [ I[O,l] fuszw (0, X, Z, WA(X, z)dx} dzdw
for some constant C, <co. Under assumption 2(ii), A(x,z) is bounded from below, say by c, > -, so

it can be assumed without loss of generality that A(x,z) >0 for all (x,z) €[0,1]°*". (If c, <0, replace
A(X,z) by A(x,z)—c, and G(x,z) by G(x,z)+c,. This is a normalization that has no effect on model
(3.4) because G is nonparametric.) By the boundedness of A(x,z) from above, and of /,(z,£) from

below,
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I[O,l]z “[0’1] fuxzw (0, %, Z, W)A(X, z)dx}2 dzdw
= J'[O,l]“ fuxzw (0, X, 2, W)A(X, 2) fuxzw (0,7, 2, W)A(n, z)dxd ndzdw
= J.[o,1]5 fuxzw (0, %, 2, W)A(X, ) fuxzw (0,77, 2, W) A(77, ) dxd pdzdwd &
<G j{ms fuszw (0, % 2, W)A(X, 2) fusay (0,77, Z,W) 4 (&, ) dxd pdzdwd &
=Cuffy ol A1 (€ | d el

(6.10) <Cylus |

for some finite constant C; <o, where the last line follows from the Cauchy-Schwarz inequality.

Theorem 6(b) follows from substituting (6.10) into (6.9). Q.E.D.

6.2 Extension of Theorems 1-5 to the case of an estimated weight function
Let /(W ,n7) be an estimator of the weight function E(W ,17) . The test statistic with the estimated
weight function, p=1,and r=0 is
1o
7, =josn(w)2dw,

where

S () = Y230, - GOV (%) - T, w).

i=1

Define

Sna(W) =072 {ITY; < g(Xi)]- GHLW;, ) — £(W;, W],
i=1

Sps (W) =n"Y2 Y LINY; <G (X)) 1Y; < g (X )IHOW;, ) — £QW; W],

i=1
and

16 (W) =172 1Y, < GOV (X, )] - 1Y, < GO, W) — Wy, w)].

i=1

Then
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6
Sn(W) =Sy (w).

j=1
Under assumptions 1-5 of Section 3.1 and assumptions 6-7 below, it follows from lemma A.3 of

Horowitz and Lee (2009) that S,,(w) =0, (1) uniformly over we[0,1]. Methods like those used to prove
lemma 1 show that S,¢(w)=o0,(1) uniformly over we[0,1]. Under Hg,, S,5(w)=0, so the use of an
estimated weight function does not affect Theorems 1 and 2. Theorem 3 is also unaffected because it is
concerned with the behavior of n‘lrn as n— oo, and n‘”zsns(w)—>p 0 uniformly over we[0,1] as
n—oo. In addition, S;5(w)=0,(1) uniformly over we[0,1] under the sequence of local alternatives
(3.3)-(3.4). Therefore, Theorem 4 is unaffected by estimation of /.

Now consider Theorem 5. For any function &(w,#), define

Sps(8,m) = E{IIY <G(X)—I[Y < g(X)}sW 7).

Let

Dy, (17) = S (1) + M2S5 (1) + M2S s [EOW, 77) — L0V ,7), 7] + S (1)
and

Sn(1)=S,(7) - Dy ().
As before,

P(r, >2,)> P(O.5||Dn||2 15[ > za).
Arguments like those used to prove theorem 5 and lemma 1 combined with S.¢(77) =0, (1) uniformly
over 77 €[0,1] show that “S~nH2 =0,(1) . Therefore, as in the proof of Theorem 5,
P(0.5||Dn P-I5[ < zajs P(05]Di <z, +<M)+e
and
(6.11) P(r>2,)2P(05]D,[F>2, +M)
for any sufficiently large M . But
Sps (0= £,11) =O( ] -[2 1]

and, under assumption 7(ii) below, ||7r||“%—€”/||T7r|| =0,(1). Therefore,

Sns(7 = 0.9 =0, (T 2]). Now

use a%>0.5b% — (b—a)? with a=D, and b=n2S", +nY?S"; to obtain,
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* * 2
IDAJF 2 0.5n[S7, + Sns |~ ~[|Sns + Sns

But n?S:, () =n"?(T 7)) +0,@), [Tz >0, [Sys| =0, (@), and ||Sye]| =0, (@) . Therefore,

(6.12) |D,J* =Cn|T|* +0, @)

for all sufficiently large C . The theorem follows by substituting (6.12) into (6.11). Q.E.D.
The following are the additional assumptions needed to accommodate an estimated weight

function.
Assumption 6:
(1 SUR (¢ m)efo,177 | 6(z5, W53 &, m) = £(20, W3, m) [€C, ”(Zz’Wz)—(Zz’Wz)” for each

(z,w) €[0,1]°*", where |(z,,W,) - (z,w;,)|| is the Euclidean distance between (z,,w,) and (z;,w;) .
(i) £(z,w;--)eC¢ ([0,]°"") for each (z,w) €[0,1]"*" and some v >(p+r)/2.

Assumption 7:
(1 SUP (7., 7)e[0.1 | £(z,w; ¢, ) — £(z,w;¢,n) [=0, (1) @as n—oo.

(i) supgese, |z [2 | /[T =0, @) as n—>co.
(iii) With probability approaching 1 as n —» «, SUP (7.w,¢ )04 |%(z,w;§,r7) I<C,,
SUP ¢ eqoap | U2y, Wy ¢ ) = Uz, w;¢ ) I C, (22, Wo) = (25, W),

and for each (z,w) €[0,1]°"", /(z,w;--) e C¢ ([0,]*"") for some v > (p+r)/2.
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TABLE 1: RESULTS OF MONTE CARLO EXPERIMENTS WITH p; =0.35

Empirical Probability of
Rejecting H,,

n P2 ThD ™D Tni Tng
750 0 0.093 | 0.073 | 0.056 | 0.074
0.1 0.108 | 0.136 | 0.104 | 0.098
0.2 0.194 | 0.334 | 0.279 | 0.184
0.3 0.384 | 0.640 | 0.542 | 0.350

1000 0 0.072 | 0.067 | 0.053 | 0.072
0.1 0.123 | 0.168 | 0.124 | 0.114
0.2 0.226 | 0.416 | 0.328 | 0.230
0.3 0.524 | 0.782 | 0.690 | 0.420

2000 0 0.062 | 0.056 | 0.046 | 0.054
0.1 0.162 | 0.252 | 0.205 | 0.147
0.2 0.483 | 0.697 | 0.608 | 0.384
0.3 0.860 | 0.968 | 0.926 | 0.731
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TABLE 2: RESULTS OF MONTE CARLO EXPERIMENTS WITH p; =0.7

Empirical Probability of
Rejecting H,,

*

n P2 ThD T Tni Tng

750 0 0.063 | 0.048 | 0.050 | 0.098
0.1 0.217 | 0.240 | 0.212 | 0.164
0.2 0.640 | 0.757 | 0.660 | 0.410
0.3 0.952 | 0982 | 0.958 | 0.721

1000 0 0.057 | 0.048 | 0.054 | 0.086
0.1 0.262 | 0.312 | 0.269 | 0.177
0.2 0.610 | 0.861 | 0.794 | 0.511
0.3 0.991 | 1.000 | 0.993 | 0.854

2000 0 0.054 | 0.044 | 0.049 | 0.056
0.1 0.488 | 0.582 | 0.516 | 0.288
0.2 0.980 | 0.996 | 0.985 | 0.840
0.3 1.000 | 1.000 | 1.000 | 0.996
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