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Abstract

This paper introduces a bootstrap-based inference method for functions of the parameter vector in a
moment (in)equality model. As a special case, our method yields marginal confidence sets for individual
coordinates of this parameter vector. Our inference method controls asymptotic size uniformly over a
large class of data distributions. The current literature describes only two other procedures that deliver
uniform size control for this type of problem: projection-based and subsampling inference. Relative to
projection-based procedures, our method presents three advantages: (i) it weakly dominates in terms
of finite sample power, (ii) it strictly dominates in terms of asymptotic power, and (iii) it is typically
less computationally demanding. Relative to subsampling, our method presents two advantages: (i) it
strictly dominates in terms of asymptotic power (for reasonable choices of subsample size), and (ii) it
appears to be less sensitive to the choice of its tuning parameter than subsampling is to the choice of

subsample size.
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1 Introduction

In recent years, substantial interest has been drawn to partially identified models defined by moment

(in)equalities of the following generic form,

Ep[m;(W;,0)] >0for j=1,...,p,
Ep[m;(W;,8)] =0for j=p+1,...,k, (1.1)

where {W;}? , is an ii.d. sequence of random variables with distribution F and m = (mgq,---,my) :
R? x © — RF is a known measurable function of the finite dimensional parameter vector § € © C Rdo
Methods to conduct inference on 6 have been proposed, for example, by Chernozhukov et al. (2007), Romano
and Shaikh (2008), Andrews and Guggenberger (2009), and Andrews and Soares (2010).} As a common
feature, these papers construct joint confidence sets (CS’s) for the vector 6 by inverting hypothesis tests for
Hy : 0 = 0y versus Hy : 0 # 6. However, in empirical work, researchers often report marginal confidence
intervals for each coordinate of @, either to follow the tradition of standard t-test-based inference or because
only few individual coordinates of 6 are of interest. The current practice appears to be reporting projections
of the joint CS’s for the vector 0, e.g., Ciliberto and Tamer (2010) and Grieco (2014).

Although convenient, projecting joint CS’s suffers from three problems. First, when interest lies in
individual components of 6, projection methods are typically conservative (even asymptotically). This may
lead to confidence intervals that are unnecessarily wide, a problem that gets exacerbated when the dimension
of 6 becomes reasonably large. Second, the projected confidence intervals do not necessarily inherit the
good asymptotic power properties of the joint CS’s. Yet, the available results in the literature are mostly
limited to asymptotic properties of joint CS’s. Finally, computing the projections of a joint CS is typically
unnecessarily burdensome if the researcher is only interested in individual components. This is because one
needs to compute the joint CS first, which itself requires searching over a potentially large dimensional space

O for all the points not rejected by a hypothesis test.

In this paper, we address the practical need for marginal CS’s by proposing a test to conduct inference
directly on individual coordinates, or more generally, on a function A : ©@ — R% of the parameter vector 6.

The hypothesis testing problem is
Hy:A0)=Xo vs. Hy:XA0)# X, (1.2)

for a hypothetical value \g € R%. We then construct a CS for A(#) by exploiting the well-known duality
between tests and CS’s. Our test controls asymptotic size uniformly over a large class of data distributions
(see Theorem 4.1) and has several attractive properties for practitioners: (i) it has finite sample power
that weakly dominates that of projection-based tests for all alternative hypothesis (see Theorem 4.2), (ii) it
has asymptotic power that strictly dominates that of projection-based tests under reasonable assumptions
(see Remark 4.6), and (iii) it is less computationally demanding than projection-based tests whenever the

function A(+) introduces dimension reduction, i.e., dy << dy. In addition, one corollary of our analysis is

L Additional references include Imbens and Manski (2004), Beresteanu and Molinari (2008), Rosen (2008), Stoye (2009),
Bugni (2010), Canay (2010), Romano and Shaikh (2010), Galichon and Henry (2011), Pakes et al. (2014), Bontemps et al.
(2012), Bugni et al. (2012), and Romano et al. (2014), among others.



that our marginal CS’s are always a subset of those constructed by projecting joint CS’s (see Remark 4.5).

The test we propose in this paper employs a profiled test statistic, similar to the one suggested by Romano
and Shaikh (2008) for testing the hypotheses in (1.2) via subsampling. However, our analysis of the testing
problem in (1.2) and the properties of our test goes well beyond that in Romano and Shaikh (2008). First,
one of our technical contributions is the derivation of the limit distribution of this profiled test statistic,
which is an important step towards proving the validity of our bootstrap based test. This is in contrast to
Romano and Shaikh (2008, Theorem 3.4), as their result follows from a high-level condition regarding the
relationship between the distribution of size n and that of size b,, (the subsample size), and thus avoids the
need of a characterization of the limiting distribution of the profiled test statistic. Second, as opposed to
Romano and Shaikh (2008), we present formal results on the properties of our test relative to projection-
based inference. Third, we derive the following results that support our bootstrap-based inference over the
subsampling inference in Romano and Shaikh (2008): (i) we show that our test is no less asymptotically
powerful than the subsampling test under reasonable assumptions (see Theorem 4.3); (ii) we formalize the
conditions under which our test has strictly higher asymptotic power (see Remark 4.9); and (iii) we note
that our test appears to be less sensitive to the choice of its tuning parameter x,, than subsampling is to the
choice of subsample size (see Remark 4.10). All these results are in addition to the well-known challenges
behind subsampling inference that make some applied researchers reluctant to use it when other alternatives
are available. In particular, subsampling inference is known to be very sensitive to the choice of subsample
size and, even when the subsample size is chosen to minimize the error in the coverage probability, it is more

imprecise than its bootstrap alternatives, see Politis and Romano (1994); Bugni (2010, 2014).

As previously mentioned, the asymptotic results in this paper hold uniformly over a large class of nuisance
parameters. In particular, the test we propose controls asymptotic size over a large class of distributions
F and can be inverted to construct uniformly valid CS’s (see Remark 4.5). This represents an important
difference with other methods that could also be used for inference on components of #, such as Pakes et al.
(2014), Chen et al. (2011), Kline and Tamer (2013), and Wan (2013). The test proposed by Pakes et al.
(2014) is, by construction, a test for each coordinate of the parameter §. However, such test controls size
over a much smaller class of distributions than the one we consider in this paper (c.f. Andrews and Han,
2009). The approach recently introduced by Chen et al. (2011) is especially useful for parametric models with
unknown functions, which do not correspond exactly with the model in (1.1). In addition, the asymptotic
results in that paper hold pointwise and so it is unclear whether it controls asymptotic size over the same
class of distributions we consider. The method in Kline and Tamer (2013) is Bayesian in nature, requires
either the function m(W;, 6) to be separable (in W; and ) or the data to be discretely-supported, and focuses
on inference about the identified set as opposed to identifiable parameters. Finally, Wan (2013) introduces
a computationally attractive inference method based on MCMC, but derives pointwise asymptotic results.

Due to these reasons, we do not devote special attention to these papers.

We view our test as an attractive alternative to practitioners and so we start by presenting a step by step
algorithm to implement our test in Section 2. We then present a simple example in Section 3 that illustrates
why a straight application of the Generalized Moment Selection approach to the hypotheses in (1.2) does
not deliver a valid test in general. The example also gives insight on why the test we propose does not suffer
from similar problems. Section 4 presents all formal results on asymptotic size and power, while Section 5

presents Monte Carlo simulations that support all our theoretical findings. Proofs are in the appendix.



2 Implementing the Minimum Resampling Test

The Minimum Resampling test (Test MR) we propose in this paper rejects the null hypothesis in (1.2) for
large values of a profiled test statistic, denoted by T, (\g). Specifically, it takes the form

o (Xo) = 1{Tn(Xo) > e (X0, 1 — )}, (2.1)

where 1{-} denotes the indicator function, a € (0,1) is the significance level, and ¢Mf()\;,1 — a) is the
minimum resampling critical value that we formalize below. In order to describe how to implement this test,

we need to introduce some notation. To this end, define

My, ;(0) = (W5, 0) (2.2)

a o
62 ,(0) =~ ij Wi, 0) — 1, ;(0)? (2.3)

for j =1,...,k, to be the sample mean and sample variance of the moment functions in (1.1). Denote by
O(Ng) ={0 €0 :A0) =X} (2.4)

the subset of elements in © satisfying the null hypothesis in (1.2). Given this set, the profiled test statistic
is

Tu(ho) =, inf  @Qu(0) (2.5)

where

p k _ 2
mnd (9) ] (mmj(ﬁ)) (2.6)
and [z]- = min{z,0}. The function @, (0) in (2.6) is the so-called Modified Method of Moments (MMM)
test statistic and it is frequently used in the construction of joint CS’s for 6. The results we present in
Section 4 hold for a large class of possible test statistics, but to keep the exposition simple we use the MMM

test statistic throughout this section and in all examples. See Section 4 for other test statistics.

We now describe the minimum resampling critical value, éM#(\g,1 — ). This critical value requires two

approximations to the distribution of the profiled test statistic T}, (Ao) that share the common structure

p k
s D[ @+ GO+ D7 (O +46)" ¢ (2.7)
=1 j=p+1

for a given set ©, stochastic process v’ j(0), and slackness function £;(6). Both approximations use the same

stochastic process v}, ;(¢), which is defined as

Gi (2.8)




for j =1,...,k, where {¢; ~ N(0,1)}, is i.i.d. and independent of the data. However, they differ in the
set © and slackness function £;(6) they use.

The first approximation to the distribution of T}, (A\g) is

p k
TPR(No) = inf ) [v55(0) +9;(0))” + > (03 ;(0) +0;(0)" ¢ (2.9)
0€6:(0) | 523 i
where
O1(Mo) = {0 € O(No) : Qu(8) < Tr(Mo)} (2.10)
and

oo if K, 1\f6_1(0) @) >1landj<p
24(6) = . (2.11)
0 if /i;l\/ﬁamj(H)mn,j(H) <lorj>p
The set ©7(\) is the set of minimizers of the original test statistic T},(A\o) in (2.5). For our method to work,
it is enough for this set to be an approximation to the set of minimizers in the sense discussed in Remark
4.1. The function ¢,;(6) in (2.11) is one of the Generalized Moment Selection (GMS) functions in Andrews

and Soares (2010). This function uses the information in the sequence
K VG, 5 (0) 5 (0) (2.12)

for j =1,...,k, to determine whether the jth moment is binding or slack in the sample. Here k,, is a tuning
parameter that satisfies %, — co and k,/y/n — 0, e.g., kK, = VInn. Although the results in Section 4 hold

for a large class of GMS functions, we restrict our discussion here to the function in (2.11) for simplicity.

The second approximation to the distribution of T}, (Ag) is

P k
TPR(o) = inf 3" [, 0) +40]° + Y (vi,;0) +60)" b (2.13)
0€O(Xo) =1 J=ptl
with
05(0) = wy ' v/né 5 (0)my,;(6) (2.14)

for j = 1,...,k. This approximation employs the set ©()\g) and a slackness function ¢;(6) that is not in
the class of GMS functions. The reason why £;(#) is not a GMS function in Andrews and Soares (2010) is
two-fold: (i) it can take negative values (while ;(#) > 0), and (ii) it penalizes moment equalities (while
pj(@)=0for j=p+1,...,k).

In the context of the common structure in (2.7), the first approximation sets © = ©;(\o) and £;(0) =
©;(6) for j = 1,...,k, while the second approximation sets © = ©()\) and £;(0) = fe;l\/ﬁ&;ﬁ(ﬂ)mn,j(ﬁ)
for j = 1,...,k. Given these two approximations, the minimum resampling critical value ¢,(Ag,1 — ) is

defined to be the (conditional) 1 — v quantile of
TR (Xo) = min {T%(Xo), TV R (No)} (2.15)

where TPE()\g) and TFE(\g) are as in (2.9) and (2.13), respectively. Algorithm 2.1 below summarizes in a



succinct way the steps required to implement Test MR, i.e., M E(\g) in (2.1).

Algorithm 2.1 Algorithm to Implement the Minimum Resampling Test
1: Inputs: Ao, ©, &kp, B, A(-), ¢(-), m(:), @ > Kk, = VInn recommended by Andrews and Soares (2010).
2: @()\0) — {9 €06: )\(9) = )\0}
3: ( < n X B matrix of independent N(0,1)

4: function QSTAT(type, 0, {W;}7_,, {G1y) > Computes criterion function for a given 6
5 M (0) < n=t 30 m(W;,0). > Moments for a given 6
6 D, (0) + Diag(var(m(W;,0))). > Variance matrix for a given 6
7 if type=0 then > Type 0 is for Test Statistic
8 v(0) < /nDn*(0)m, ()

9: 0(0) + Opx1 > Test Statistic does not involve ¢
10: else if type=1 then > Type 1 is for TPE())
11 0(8) « n=2D; 2 (0) T (m(Wi, ) — 1 (8))C
12 10) < o VD @) (6)

13: else if type=2 then > Type 2 is for TPE(N)
14: () < 2D P (0) S (m(Wi, 8) — 1 (6))Gi

15: 00) < k1/nDy 2 (0)ma ()

16: end if

17 return Q(0) < {0, [05(0) + 4O + S0y (05(0) + 6:(0))° }

18: end function

19: function TESTMR(B, {W;},, ¢, ©(N\g), @) > Test MR
20: T, < mingeg(r,) QSTAT(0,0, {W;}7 ;) > Compute test statistic
21: O1(No) « {0 € O(\y) : QSTAT(0,6, {W;},) < T} > Estimated set of minimizers
22: for b=1,...,B do

23: TDR[ } mingeg () QSTAT(L, 0, {Wi}iLy, ¢[.0]) > type=1. Uses bth column of ¢
24: TPE[b] « mm@e@g\o) QsTAT(2, 6, {W;}71,¢[, b)) > type=2. Uses bth column of ¢
25: TMEB] «— min{TPE[p], TPEb] }

26: end for

27: eME « QUANTILE(TME 1 - q) > TME is B x 1. Gets 1 — a quantile
28: return M2 « 1{T,, > eME}

29: end function

Remark 2.1. Two aspects about Algorithm 2.1 are worth emphasizing. First, note that in Line 3 a matrix
of n x B of independent N (0, 1) is simulated and the same matrix is used to compute TP ()\g) and TFE()\g)
(Lines 23 and 24). Here B denotes the number of bootstrap replications. Second, the algorithm involves
2B + 1 optimization problems (Lines 20, 23, and 24) that can be implemented via optimization packages
available in standard computer programs. This is typically faster than projecting a joint confidence set for

6, which requires computing a test statistic and approximating a quantile for each 6 € ©.

Remark 2.2. The leading application of our inference method is the construction of marginal CS’s for
coordinates of 6, which is done by setting A(6) = 5 for some s € {1,...,dp} in (1.2) and collecting all values
of Ao for which Hy is not rejected. For this case, the set ©(\g) in (2.4) becomes

@()\0) = {9 €c0:0, = )\0} . (216)

This is, optimizing over ©()\g) is equivalent to optimizing over the dy — 1 dimensional subspace of © that

includes all except the sth coordinate.



3 Failure of Naive GMS and Intuition for Test MR

Before we present the formal results on size and power for Test MR, we address two natural questions
that may arise from Section 2. The first one is: why not simply use a straight GMS approximation to the

distribution of T;,(Ag) in (2.5)?7 We call this approach the naive GMS approximation and denote it by

» k
Thalve()\g) = eelen(f;\o Z )+ @;( 9)]2 + Z (U:;,j(e) + @ (‘9))2 ) (3.1)
j=1 Jj=p+1

where vy, ;(6) is as in (2.8) and ¢;(f) is as in (2.11). This approximation shares the common structure in
(2.7) with © = ©(Xo) and ¢;() = ¢;(0) for j = 1,...,k. After showing that this approximation does not
deliver a valid test, the second question arises: how is that the two modifications in (2.9) and (2.13), which
may look somewhat arbitrary ex-ante, eliminate the problems associated with T741V¢(\g)? We answer these

two questions in the context of the following simple example.

Let {W;}, = {(W14, Wa,;)}"; be an iid. sequence of random variables with distribution F =
N(02, I), where 0 is a 2-dimensional vector of zeros and I5 is the 2 x 2 identity matrix. Let (61,603) € © =

[—1,1]2 and consider the following moment inequality model

Ep[mi(W;,0)] = Ep[W1; — 01 — 03] >
Ep[mo(W;,0)] = Ep[fy + 0y — Wy ;| >

If we denote by O;(F') the so-called identified set, i.e., the set of all parameter in © that satisfy the moment

inequality model above, it follows that
Or(F)={0€©:6,+6,=0}.
We are interested in testing the hypotheses
Hy:0,=0vs. H :0, #0, (3.2)
which corresponds to choosing A(8) = 6; and A\g = 0 in (1.2). In this case, the set ©()g) is given by
O(N)={0€0©:0, =0,0, € [-1,1]},

which is a special case of the one described in Remark 2.2. Since the point § = (0, 0) belongs to ©(\g) and
O;(F), the null hypothesis in (3.2) is true in this example.

Profiled test statistic. The profiled test statistic T;,(Ao) in (2.5) here takes the form

_ , )
T,(0)= inf Qn(0,0;)= inf {{Wnl_ﬂ +[92—n2] }
- n,2 _

02€[—1,1] 02€[—1,1] On,1 On,

where we are implicitly using the fact that &, ;(#) does not depend on 6 for j = 1,2 in this example.



Simple algebra shows that the infimum is attained at

~2 17X ~2 1
02 W + o2 W
05 = n,2 An’l A;’l w2 w.p.a.l, (3.3)
Un,2 +0 1

and this immediately leads to

1 1
T,(0) = Qn(0,03) = 7_~_ (VW1 — VW, 2] 5[21 — Z5)% (3.4)
where (Z1, Z2) ~ N(02, Iz). Thus, the profiled test statistic has a limiting distribution where both moments
are binding and asymptotically correlated, something that arises from the common random element 63

appearing in both moments.

Naive GMS. This approach approximates the limiting distribution in (3.4) using (3.1). To describe this
approach, first note that v}, ;(¢) in (2.8) does not depend on ¢ in this example since

. 1 (Wi =61 —02) — Wy — 61 —6)] G .

vh (9)_\/772[( 1 1 2) 5—"(1 1 1 2)] :Zn,l
i=1 :

. 1 = [(01+ 02 — Wa,) — (01 + 02 — W, G

vﬂ(g)_\/ﬁz[(l 2 2)(7"(21 2 2)] 7,
i=1 ’

and Z;, ; = <=6, 530 (Wi — Way) G for j =1,2. In addition,
(Z: 1. ZE WY Y S Z = (21, Z2) ~ N(02,15) w.p.a.l.
It follows that the naive approximation in (3.1) takes the form
naive . * 2 *
Tna e(O) = inf [Zml + <p1(0, 92)]_ [ Z 2 + (P2(0 92)] ,
926[—1,1]
where (Z 1, Z} 5) does not depend on 6 and ¢;(0) is defined as in (2.11). Some algebra shows that

(T2 (0) {W; 3} 3 min{[Z1)2, [~ Z2]% } w.pa.l. (3.5)

This result intuitively follows from the fact that the GMS functions depend on

1 A 1 W
F&nl\/ﬁgn,llmn’l(o792) = ﬁnl\/ﬁ% — K,
n,l

a1 1 W
Hnl\/ﬁo'n,;mn’Q(()? 92) =Ky - ﬁnl\/ﬁ a_n’
n

2

It thus follows that (¢1(0,602),p2(0,02)) —P (0,00) when 63 > 0 and (¢1(0,62),p2(0,62)) —P (00,0)
when 65 < 0. In other words, the naive GMS approximation does not penalize large negative values of
n;l\/ﬁ&;ﬁ,(a)mn,j(()) (due to the fact that ¢;(#) > 0) and thus can afford to treat an inequality as slack by
making the remaining inequality very negative (and treat it as binding). When o = 10%, the 1 — « quantile
of the distribution in (3.4) is 1.64, while the 1 — & quantile of the distribution in (3.5) is 0.23. This delivers



a naive GMS test with null rejection probability converging to 31%, which clearly exceeds 10%.

Test MR. Now consider the two approximations in (2.9) and (2.13) that lead to Test MR. The first

approximation takes the form

TM0) = inf 20+ en0n02)]7 + [ 200+ ea(6r, 0]

where, for 65 defined as in (3.3), it is possible to show that

@[(0) = {9 €0O: 91 =0 and 92 = 95 if V_le < _n,2 or 92 S [Wn,27Wn,1] if V_Vn’l > Wn’g} .

We term this the “Discard Resampling” approximation for reasons explained below. Some algebra shows
that
{TPRO)H{WN ) 5 (212 + [~ 22 wpal, (3.6)

where (Z1, Z3) ~ N (02, I5). Since 1[Z — Z5]% < [Z1]% +[—Z,]2, using the 1 —a quantile of T.°%(0) delivers
an asymptotically valid (and possibly conservative) test. This approximation does not exhibit the problem
we found in the naive GMS approach because the set 6 7(0) does not allow the approximation to choose
values of 65 far from zero, which make one moment binding and the other one slack. In other words, the set

6 1(0) “discards” the problematic points from ©()\g) and this is precisely what leads to a valid approximation.

The second approximation takes the form

TR0 =, inf (75 o G 1 1(0,02)]7 + [~ 25 o + w6, b 2(0,62)]
bel-11 , ; - ; ; -
We term this the “Penalize Resampling” approximation for reasons explained below. Some algebra shows
that )
n d
{TPRO) W} = 5141 - Z5)% w.pal, (3.7)

and thus using the 1 — o quantile of T7#(0) delivers an asymptotically valid (and exact in this case) test.
This approximation does not exhibit the problem we found in the naive GMS approach because the slackness
function £;(9) = ﬁgl\/ﬁ&;j (0)my, ;(6), which may take negative values, “penalizes” the problematic points
from ©(\g). This feature implies that the infimum in T.F7(0) is attained at

(Kn/+/10) ([772;,22;5,1 + 5‘3,12;:,2)

07 = 05 +
2 029+ 62,

w.p.a.l, (3.8)

where 603 is as in (3.3). Hence, using a slackness function that is not restricted to be non-negative introduces

a penalty when violating the inequalities that mimics the behavior of the profiled test statistic T}, (o).

Putting all these results together shows that
n 1
{TYFOHWYL 5 512~ Z2° wpal, (3.9)

and thus Test MR, as defined in (2.1), has null rejection probability equal to « in this example, i.e., it is
an asymptotically valid test. We note that in this example the quantile of Test MR coincides with the one



from the second resampling approximation. In general, the two resampling approximations leading to Test
MR do not dominate each other, see Remark 4.11.

Remark 3.1. In the next section we present formal results that show that tests that reject the null in (1.2)
when the profiled test statistic in (2.5) exceeds the 1 — « quantile of either TPE(\g), TEE()\g), or TME(\),
control asymptotic size uniformly over a large class of distributions. We however recommend to use Test
MR on the grounds that this test delivers the best power properties relative to tests based on T.PE()\),

TPE()\y), projections, and subsampling.

4 Main Results on Size and Power

4.1 Minimum Resampling Test

We now describe the minimum resampling test in (2.1) for a generic test statistic and generic GMS slackness
function. In order to do this, we introduce the following notation. Let m.,(8) = (M, 1(0), ..., Mp k(0)) where
My, (0) is as in (2.2) for j =1,..., k. Denote by

D,(0) = diag{67, 1(9),- .. 57 1 (6)}

2
n,J

of the vector m(W;,0). For a given A € A, the profiled test statistic is

the diagonal matrix of variances, where 62 (6) is as in (2.3), and let €,,(6) be the sample correlation matrix

T.(\) = eei(gfk) Qn(9) , (4.1)
where
Qn(0) = S(VnD M 2(0)mn (6), 2 (6)) , (4.2)

and S(-) is a test function satisfying Assumptions M.1-M.9. In the context of the moment (in)equality
model in (1.1), it is convenient to consider functions @, (6) that take the form in (4.2) (see, e.g., Andrews
and Guggenberger, 2009; Andrews and Soares, 2010; Bugni et al., 2012). Some common examples of test
functions satisfying all of the required conditions are the MMM function in (2.6), the maximum test statistic

in Romano et al. (2014), and the adjusted quasi-likelihood ratio statistic in Andrews and Barwick (2012).

The critical value of Test MR requires two resampling approximations to the distribution of T},(A). The

“discard” resampling approximation uses the statistic

TR = inf  S(u)(0) + @(r, VD, 2 (0)ma (6)), 2 (6)) (4.3)

9O (N)
where (:)[()\) isasin (2.10), ¢ = (¢1,...,9r), and @;, for j = 1,..., k, a GMS function satisfying assumption
A.1. Examples of functions ¢; satisfying our assumptions include the one in (2.11), ¢;(z;) = max{z;,0},
and several others, see Remark B.1. We note that the previous sections treated ¢; as a function of § when
in fact these are mappings from n;l\/ﬁ&;émmj(ﬁ) to Ry . We did this to keep the exposition as simple

as possible in those sections, but in what follows we properly view ¢; as a function of x;, 1\/5&;;77%0- (9).



Using TPE(\) to approximate the quantiles of the distribution of T}, ()\) is based on an approximation
that forces 6 to be close to the identified set

Or(F)={0€©:Epm;(W;,0)]>0for j=1,...,pand Ep[m;(W;,0)] =0for j=p+1,...,k}. (44)
This is achived by using the approximation ©;()) to the intersection of O(\) and O;(F), i.e.

The approximation therefore “discards” the points in ©()) that are far from O;(F). Note that replacing
O7(\) with ©(\) while keeping the function ¢(-) in (4.3) leads to the naive GMS approach. As illustrated

in Section 3, such an approach does not deliver a valid approximation.

Remark 4.1. The set ©7()\) could be defined as ©;(\) = {8 € O(\) : Q,(0) < T,(\) + 8, }, with &, >0
and d,, = 0,(1), without affecting our results. This is relevant for situations where the optimization is only
guaranteed to approximate exact minimizers. In addition, the set 6 7(A\) in not required to contain all the
minimizers of Q,(6), in the sense that our results hold as long as ©7(\) approximates at least one of the

possible minimizers. More specifically, all we need is that
Pr(©:(\) CON) NORE(F)) =1, (4.5)

uniformly over the parameter space defined in the next section, where ©'" " (F) is a non-random expansion
of ©7(F) defined in Table 1. Tt follows from Bugni et al. (2014, Lemma D.13) that all the variants of ©(\)
just discussed satisfy the above property.

The “penalize” resampling approximation uses the statistic

LMY = dnf S(0n(6) + wi' VDL 2(6)mn (6), 2 6)) (46)
This second approximation does not require the set 0, (M\) and it uses a slackness function that does not
belong to the class of GMS functions. This is so because GMS functions are assumed to satisfy ¢;(-) > 0
for j=1,...,pand ¢;(-) =0 for j = p+1,...,k in order for GMS tests to have good power properties,
see Andrews and Soares (2010, Assumption GMS6 and Theorem 3). As illustrated in Section 3, the fact
that /i;l\/ﬁ(};;(ﬂ)mn’j(e) may be negative for j = 1,...,p and n;&/ﬁ&;&(&)mmw) may be non-zero for
j=p+1,...,k is fundamental for how this approximation to work. This is because using this slackness
function penalizes 6 values away from the identified set (for equality and inequality restrictions) and thus

automatically restricts the effective infimum range to a neighborhood of the identified set.

Definition 4.1 (Minimum Resampling Test). Let TP®()\) and TF%()\) be defined as in (4.3) and (4.6)
respectively, where v} () is defined as in (2.8) and is common to both resampling statistics. Let the critical

value ¢MB (), 1 — a) be the (conditional) 1 — a quantile of

TYR(A) = min {TPRN), TER(N)} .
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The minimum resampling test (or Test MR) is
SME(N) = 1{T,(\) > MEN 1 - )} .

The profiled test statistic T, () is standard in point identified models. It has been considered in the
context of partially identified models for a subsampling test by Romano and Shaikh (2008), although Romano
and Shaikh (2008, Theorem 3.4) did not derive asymptotic properties of T;,(\) and proved the validity of
their test under high-level conditions. The novelty in Test MR lies in the critical value éME(\,1 — ).
This is because each of the two basic resampling approximations we combine - embedded in T'PF()\) and
TPE()) - has good power properties in particular directions and neither of them dominate each other in
terms of asymptotic power - see Example 4.1. By combining the two approximations into the resampling
statistic TM()), the test ¢ %(\) not only dominates each of these basic approximations; it also dominates

projection based tests and subsampling tests. We formalize these properties in the following sections.

Remark 4.2. Test MR and all our results can be extended to one-sided testing problems where
Hy: )\(9) <X v.s. Hy: )\(9) > Ao -

The only modification lies in the definition of ©()\), which should now be {# € © : A(8) < A}. This change
affects the profiled test statistic and the two approximations, T.°()\) and TL%()), leading to Test MR.

4.2 Asymptotic Size

In this section we show that Test MR controls asymptotic size uniformly over an appropriately defined
parameter space. We define the parameter space after introducing some additional notation. First, we

assume that F', the distribution of the observed data, belongs to a baseline distribution space denoted by P.

Definition 4.2 (Baseline Distribution Space). The baseline space of distributions P is the set of distributions
F satisfying the following properties:

(i) {W;}, are i.i.d. under F.
(ii) 0% ;(0) = Varp(m;(W;,0)) € (0,00), for j =1,...,k and all § € ©.
(iii) For all j =1,...,k, {0;’2 (0)ym;(-,0) : W — R} is a measurable class of functions indexed by 6 € ©.

(iv) The empirical process v, () with jth-component as in Table 1 is asymptotically pp-equicontinuous

uniformly in F' € P in the sense of van der Vaart and Wellner (1996, page 169). This is, for any € > 0,

lim lim sup sup Pj. sup  ||vn(0) — v, (8)]| > ] =0,
00 nooco FeP pr(0,0/)<8

where Pj. denotes outer probability and pp is the coordinate-wise intrinsic variance semimetric in (A-1).

(v) For some constant a > 0 and all j =1,...,k.
) 0 2+a
sup Er |sup M < 00 .
FeP oco| or,;(0)
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(vi) For QF (0,0’) being the k x k correlation matrix with [j1, jo]-component as defined in Table 1,

lim sup sup || Qg (61,0,) — Qp(02,05)]| =0 .
240 1(01,61)~ (02,05 | <5 FEP

Parts (i)-(iii) in Definition 4.2 are mild conditions. In fact, the kind of uniform laws large numbers we
need for our analysis would not hold without part (iii) (see van der Vaart and Wellner, 1996, page 110). Part
(iv) is a uniform stochastic equicontinuity assumption which, in combination with the other requirements, is
used to show that the class of functions {UE;(Q)TI’LJ‘(', #) : W — R} is Donsker and pre-Gaussian uniformly in
F € P (see Lemma C.1). Part (v) provides a uniform (in F' and ) envelope function that satisfies a uniform
integrability condition. This is essential to obtain uniform versions of the laws of large numbers and central
limit theorems. Finally, part (vi) requires the correlation matrices to be uniformly equicontinuous, which is

used to show pre-Gaussianity.

Second, we introduce a parameter space for the tuple (A, F'). Note that inference for the entire parameter
6 requires a parameter space for the tuple (6, F), see, e.g., Andrews and Soares (2010). Here the hypotheses
in (1.2) are determined by the function A(-) : © — A, and so the relevant tuple becomes (A, F).

Definition 4.3 (Parameter Space for (A, F')). The parameter space for (A, F') is given by
L={(\F):FeP,A€A}.
The subset of £ that is consistent with the null hypothesis, referred to as the null parameter space, is

Lo={(\F):FeP,Ae N\,O;(F,\)#0}.

The following theorem states that Test MR controls asymptotic size uniformly over parameters in L.

Theorem 4.1. Let Assumptions A.1-A.3 hold and ¢p2 () be the test in Definition 4.1. Then, fora € (0,1),

limsup sup FEr[pMEN)]<a.
n—oo (X, F)eLy

All the assumptions we use throughout the paper can be found in Appendix B. Assumptions A.1 restricts
the class of GMS functions we allow for, see Remark B.1. Assumption A.2 is a continuity assumption on
the limit distribution of T}, ()), see Remark B.2. Finally, Assumption A.3 is a key sufficient condition for
the asymptotic validity of our test that requires the population version of @, () to satisfy a minorant-type
condition as in Chernozhukov et al. (2007) and the normalized population moments to be sufficiently smooth.
See Remark B.3 for a detailed discussion. We verified that all these assumptions hold in the examples we

use throughout the paper.

Remark 4.3. We can construct examples where Assumption A.3 is violated and Test MR over-rejects.
Interesting enough, in those examples the subsampling based test proposed by Romano and Shaikh (2008),
and discussed in Section 4.4, also exhibits over-rejection. We conjecture that Assumption A.3 is part of the
primitive conditions that may be required to satisfy the high-level conditions stated in Romano and Shaikh

(2008). This is, however, beyond the scope of this paper as here we recommend Test MR.
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Remark 4.4. The proof of Theorem 4.1 relies on Theorem C.4 in the Appendix, which derives the limiting
distribution of T, () along sequences of parameters (A, F,,) € Ly. The expression of this limit distribution
is not particularly insightful, so we refer the reader to the appendix for it. We do emphasize that the result
in Theorem C.4 is new, represents an important milestone into Theorem 4.1, and is part of the technical

contributions of this paper.

Remark 4.5. By exploiting the well-known duality between tests and confidence sets, Test MR may be

inverted to construct confidence sets for the parameter A. This is, if we let
CSY1—a)={Ne A:TMEN) <eMB(N1-a)},
it follows from Theorem 4.1 that

liminf inf Pgp ()\ €CSM1— a)) >l—-a. (4.7)
n—oo (X\,F)ELy
In particular, by choosing A(6) = 6 for some s € {1,...,dy}, CS}(1 — ) constitutes a confidence interval

for the component 6.

4.3 Power Advantage over Projection Tests

To test the hypotheses in (1.2), a common practice in applied work involves projecting joint CS’s for the

entire parameter 6 into the image of the function A(-). This practice requires one to first compute
CS91—-a)={0ecO:Q,0) <én(d,1—0a)}, (4.8)

where Q,,(6) is as in (4.2) and é,(0,1 — «) is such that C'S?(1 — «) has the correct asymptotic coverage.
CS’s that have the structure in (4.8) and control asymptotic coverage have been proposed by Romano and
Shaikh (2008); Andrews and Guggenberger (2009); Andrews and Soares (2010); Canay (2010); and Bugni
(2010, 2014), among others. The projection test then rejects the null hypothesis in (1.2) when the image of
CS?(1 — «) under A(-) does not include the value \g. Formally,

BN\ =1{CSi(1—a)nO\) =0} . (4.9)
We refer to this test as projection tests, or Test BP, to emphasize the fact that this test comes as a By-

Product of constructing CS’s for the entire parameter 6. Applied papers using this test include Ciliberto
and Tamer (2010), Grieco (2014), Morales and Dickstein (2015), and Wollmann (2015), among others.

Test BP inherits its size and power properties from the properties of C'S?(1 — ). These properties
depend on the particular choice of test statistic and critical value entering C'S?(1 — ) in (4.8). All the tests
we consider in this paper are functions of the same @, (6) and thus their relative power properties do not
depend on the choice of test function S(-). However, the performance of Test BP tightly depends on the
critical value used in C'SY(1 — «). Bugni (2014) shows that GMS tests have more accurate asymptotic size
than subsampling tests. Andrews and Soares (2010) show that GMS tests are more powerful than Plug-in
asymptotics or subsampling tests. This means that, asymptotically, Test BP implemented with a GMS CS
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will be less conservative and more powerful than the analogous test implemented with plug-in asymptotics
or subsampling. We therefore adopt the GMS version of Test BP as the “benchmark version”. This is stated
formally in the maintained Assumption M.4 in Appendix B.

The next theorem formalizes the power advantage of Test MR over Test BP.
Theorem 4.2. For any (\, F) € L it follows that pME(X) > ¢BF(\) for alln € N.

Corollary 4.1. For any sequence {(An, F},) € L}n>1, iminf, o0 (Er, [0ME(N\,)] — Er, [027(\,)]) > 0.

Theorem 4.2 is a statement for all n € N and (A, F') € £, and thus it is a result about finite sample power
and size. This theorem also implies that the CS for A defined in Remark 4.5 is always a subset of the one

produced by projecting the joint CS in (4.8).

To describe the mechanics behind Theorem 4.2, let ¢2%(\ 1 — a) be the (conditional) 1 — a quantile of
TPE()N) in (4.3) and
BPR() = 1{Tu(N) > ePR(\ 1 — a)) (4.10)

be the test associated with the Discard Resampling approximation leading to Test MR. To prove the theorem
we first modify the arguments in Bugni et al. (2014) to show that ¢2%()\) > ¢ZF()), provided these tests
are implemented with the same sequence {k,},>1 and GMS function (). We then extend the result to

ME()) by using
AN = oRF(N) (4.11)

for all (A, F) € £ and n € N, which in turn follows from ¢MZ(X\ 1 —a) < PR\ 1 - a).

Remark 4.6. Under a condition similar to Bugni et al. (2014, Assumption A.9), ¢PF()\) has asymptotic
power that is strictly higher than that of ¢2F () for certain local alternative hypotheses. The proof is similar
to that in Bugni et al. (2014, Theorem 6.2) and so we omitt it here. We do illustrate this in Example 4.1.

Remark 4.7. The test $2F()\) in (4.10) corresponds to one of the tests introduced by Bugni et al. (2014)
to test the correct specification of the model in (1.1). By (4.11), this test controls asymptotic size for the
null hypothesis in (1.2). However, ¢2%()\) presents two disadvantages relative to ¢M (). First, the power
results we present in the next section for ¢ %()\) do not necessarily hold for ¢2%(\). This is, 2 ()\) may
not have better power than the subsampling test proposed by Romano and Shaikh (2008). Second, ¢ME(\)

has strictly higher asymptotic power than ¢2%()\) in some cases - see Example 4.1 for an illustration.

We conclude this section with two aspects that go beyond Theorem 4.2. First, when the function
A(+) selects one of several elements of ©, and so dim(©) >> dim(A), the implementation of Test MR is
computationally attractive as it involves inverting a test over a smaller dimension. In those cases, Test
MR has power and computational advantages over Test BP. Second, Test BP requires fewer assumptions to
control asymptotic size relative to Test MR. It is fair to say then that Test BP is more “robust” than Test

MR, in the sense that if some of the Assumptions A.1-A.3 fail, Test BP may still control asymptotic size.

4.4 Power Advantage over Subsampling Tests

In this section we show that Test MR dominates subsampling based tests by exploiting its connection to

the second resampling approximation T.7'%()) in (4.6). To be specific, let éZ%()\, 1 — a) be the (conditional)
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1 — « quantile of TFE()\) and
oEEN) = 1{T,(\) > eF (N 1—a)} (4.12)

be the test associated with the Penalize Resampling approximation leading to Test MR. The test in (4.12)
is not part of the tests discussed in Bugni et al. (2014) but has recently been used for a different testing
problem in Gandhi et al. (2013). By construction, ¢¥E(\ 1 — a) < éPE()\, 1 — «), and thus

on' (V) = 0 (V) (4.13)

n

for all (A, F) € £ and n € N. We therefore follow a proof approach analogous to the one in the previous

section, first deriving results for ¢Z#()\), and then using (4.13) to extend those results to ¢M(N).

We start by describing subsampling based tests. Romano and Shaikh (2008, Section 3.4) propose to test
the hypothesis in (1.2) using T,,(A) in (4.1) with a subsampling critical value. Concretely, the test they
propose, which we denote by Test SS, is

RN = 1{T,(\) > & (N 1—a)} (4.14)
where é79(A, 1 — ) is the (conditional) 1 — o quantile of the distribution of T;7(X), which is identical
to T, (A) but computed using a random sample of size b, without replacement from {W;}?_ ;. We assume
the subsample size satisfies b, — oo and b,/n — 0. Romano and Shaikh (2008, Remark 3.11) note that
projection based tests may lead to conservative inference, and use this as a motivation for introducing Test
SS. However, neither they provide formal comparisons between their test and projection based tests nor

provide primitive conditions for their test to control asymptotic size, see Remark 4.3.

To compare Test MR and Test SS, we define a class of distributions in the alternative hypotheses that are
local to the null hypothesis. After noticing that the null hypothesis in (1.2) can be written as ©(Ag)NO(F) #
(), we do this by defining sequences of distributions F}, for which ©(\g)NO;(F,,) = 0 for all n € N, but where
O(\n) NO(F,) # 0 for a sequence {\,},>1 that approaches the value Ag in (1.2). These alternatives are
conceptually similar to those in Andrews and Soares (2010), but the proof of our result involves additional
challenges that are specific to the infimum present in the definition of our test statistic. The following

definition formalizes the class of local alternative distributions we consider.

Definition 4.4 (Local Alternatives). Let A\g € A be the value in (1.2). The sequence {F}, },,>1 is a sequence
of local alternatives if there is {\,, € A},>1 such that {(\,,F,) € Lo}n>1 and

(a) For alln € N, O7(F,) NO(X\g) = 0.
(b) du(©(An),0(Xo)) = O(n~1/2).

(¢) For any 6 € ©, G, (6) = O(1), where G (6) = 0D /(0) Ep[m(W, ))/00'.

Under the assumption that F,, is a local alternative (Assumption A.5), a restriction on k, and b,

(Assumption A.4), and smoothness conditions (Assumptions A.3 and A.6), we show the following result.

15



Theorem 4.3. Let Assumptions A.1-A.0 hold. Then,

liminf (Eg, [¢7 " (M)] = Er,[65°(Mo)]) > 0. (4.15)

n— 00 -

Remark 4.8. To show that the asymptotic power of Test MR weakly dominates that of Test SS, Theorem

4.3 relies on Assumption A.4, which requires

limsup £y, v/bp/n < 1. (4.16)

n—oo

For the problem of inference on the entire parameter 6, Andrews and Soares (2010) show the analogous result
that the asymptotic power of the GMS test weakly dominates that of subsampling tests, based on the stronger
condition that lim,, o0 £5,1/bn/n = 0. Given that Theorem 4.3 allows for lim sup,,_, . kn+/bn/n = K € (0, 1],
we view our result as relatively more robust to the choice of &, and b,.2 We notice that Theorem 4.3
is consistent with the possibility of a failure of (4.15) whenever Assumption A.4 is violated, i.e., when
limsup,, K”\/W > 1. Remark 4.13 provides a concrete example in which this possibility occurs. In
any case, for the recommended choice of k, = vInn in Andrews and Soares (2010, Page 131), a violation
of this assumption implies a b,, larger than O(n¢) for all ¢ € (0,1), which can result in Test SS having poor

finite sample power properties, as discussed in Andrews and Soares (2010, Page 137).

Remark 4.9. The inequality in (4.15) can be strict for certain sequences of local alternatives. Lemma C.10
proves this result under the conditions in Assumption A.7. Intuitively, we require a sequence of alternative
hypotheses in which one or more moment (in)equality is slack by magnitude that is o(b, 1 2) and larger than

O(knn~1?). We provide an illustration of Assumption A.7 in Example 4.2.

Remark 4.10. There are reasons to support Test MR over Test SS that go beyond asymptotic power. First,
we find in our simulations that Test SS is significantly more sensitive to the choice of b, than Test MR is
to the choice of k,. Second, in the context of inference on the entire parameter 8, subsampling tests have
been shown to have an error in rejection probability (ERP) of order O(b,/n + bﬁl/z) > O(n~1/3), while
GMS-type tests have an ERP of order O(n~'/2) (c.f. Bugni, 2014). We expect an analogous result to hold

for the problem of inference on A(), but a formal proof is well beyond the scope of this paper.

4.5 Understanding the Power Results

Theorems 4.2 and 4.3 follow by proving weak inequalities for ¢2%(\) and ¢Z'#()), and then using the weak
inequalities in (4.11) and (4.13) to extend the results to ¢ (). In this section we present two examples
that illustrate how each of these weak inequalities may become strict in some cases. Example 4.1 illustrates
a case where ¢M()\) has strictly better asymptotic power than both ¢2F()\) and ¢Z%()\). Example 4.2

illustrates a case where ¢pZ%()\) - and so ¢M*(\) - has strictly better asymptotic power than ¢5%(\).

Example 4.1. Let {W;}7, = {(W7 4, Wa,;, Ws,)}7; be an ii.d. sequence of random variables with dis-
tribution F,,, Vg, [W] =I5, Ep, [W1] = pikn/v/n, Ep,[Wa] = pekn/v/n, and Ep, [W5] = us/+/n for some
p1 > 1, o € (0,1), and uz € R. Consider the following model with © = [—1,1]3,

Ep, [mi(W;,0)] = Ep, [W1; —61] >0

2We would like to thank a referee for suggesting this generalization.
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EF [mg(Wi, 9)} EF,L [W27i — 92] Z 0 (417)

Egp, [m3(W;,0)] = Ep, [Ws,; — 03] =

n n )

We are interested in testing the hypotheses
HO 10 = (0,0,0) VS. H1 10 §£ (0,0,0) s

which implies that A(§) = 6, ©(\) = {(0,0,0)}, and ©7(\) = {(0,0,0)}.> Note that Hy is true if and only
if 3 = 0. The model in (4.17) is linear in 6 and so several expressions do not depend on 6. These include

n,j(0) = Gnj and vy, ;(0) = v}, ; for j =1,2,3, where v;; ;(0) is defined in (2.8). As in Section 3, we use the

n,j

MMM test statistic in (2.6) and the GMS function in (2.11). Below we also use Z = (Z1, Za2, Z3) ~ N(03, I3).

Simple algebra shows that the test statistic satisfies

L) =, inf Qu(6) = (V6 3Woi]® + [Vad, sWaa)” + (Vo sWas)® % (Zs + us)? .

Test MR. Consider the approximations leading to Test MR. The discard approximation takes the form

TPR(N) = [vf 1 + o1(k;, V6, 3 Wa )] ™ + [v5 0+ 2(ry Vg, sWa)]]” + (vh5)"

since ©7(\) = {(0,0,0)}. Using that z; > 1 and pg < 1 (which imply ¢; — oo and @y — 0), it follows that
{TPRO) WYL} 5 (2] + (Z5)° wpadl .
The penalize approximation takes the form
TPRO) = [0 + Vb, iWan) + (U5 5 + ki VA6, 3 Waa]” + (W5 + sy V76, S Waa)? |
since ©(A) = {(0,0,0)}. Simple algebra shows that
TP WY S 20+ ]2 + [ Ze 4+ ol + (25)° wpad.
Putting all these results together shows that
[TMRO) WY} S min{(Zy + ) + [Zs + pal” L1224 (Z5)° wpad |
O
The example provides important lessons about the relative power of all these tests. To see this, note that

P([Zy+ )’ + [Ze + ma]” < [2]7)
P([Zy + ) + [Zo + po)” > [Zo])

(Z1+/,L120)P(ZQ<O)>O,

>P
> P(Zy 4 < 0)P(Zy>0) >0, (4.18)

31In this example we use A(f) = 6 for simplicity, as it makes the infimum over Q, () trivial. We could generate the same
conclusions using a different function by adding some complexity to the structure of the example.
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which implies that whether TME(X) equals TPE(X) or TFE()) is random, conditionally on {W;}? ;. This
means that using Test MR is not equivalent to using either ¢p2E(\) in (4.10) or ¢FE(N) in (4.12).

Example 4.1 and (4.18) also show that the conditional distribution of TMf(\) is (asymptotically) strictly
first order stochastically dominated by the conditional distributions of TPE(X) or TFPE()). Since all these
tests reject for large values of T}, (), their relative asymptotic power depends on the limit of their respective
critical values. In the example above, we can numerically compute the 1 —« quantiles of the limit distributions
of TPE(X), TPE(N), and TME()) after fixing some values for y; and . Setting both of these parameters
close to 1 results in asymptotic 95% quantiles of TPE(X), TFPE(N), and TME(X) equal to 5.15, 4.18, and
4.04, respectively.

Remark 4.11. Example 4.1 illustrates that the two resampling approximations leading to Test MR do not
dominate each other in terms of asymptotic power. For example, if we consider the model in (4.17) with the

second inequality removed, it follows that
TPR(N) % (Z5)2 and  TPRO) S (Z) + m) + (Zs)* .

In this case ¢PF(\) has strictly better asymptotic power than ¢£'f()): taking 1 close to 1 gives asymptotic
95% quantiles of 2T (\) and ¢LF()\) equal to 3.84 and 4.00, respectively. On the other hand, if we consider
the model in (4.17) with the first inequality removed, it follows that

TPR(N) S [Zo)2 +(Z3)2  and  TFRO) S [Zy + o) + (Z5)% .

Since [Za + pa)? < [Zo]? (with strict inequality when Z, < 0), this case represents a situation where 2% ())
has strictly worse asymptotic power than ¢£f()\): taking us close to 1 results in asymptotic 95% quantiles
of P (N\) and ¢PF(N) equal to 5.13 and 4.00, respectively.

Example 4.2. Let {W;}7; = {(Wi,4, Wa,, W3,)}; be an i.i.d. sequence of random variables with distri-
bution F,, Vg, [W] = Is, Ep, [W1] = p1kn//n, Er, [Wa] = ua/+/n, and Er [Ws] = 0 for some p; > 0 and
w2 < 0. Consider the model in (4.17) with © = [~1,1]3 and the hypotheses

HO . )\(9) = (01,92) = (0,0) VS. H1 : )\(9) = (91,02) 75 (0,0) .

In this case ©(A) = {(0,0,03) : 03 € [—1,1]} and Hy is true if and only if us = 0. The model in (4.17) is
linear in ¢ and so several expressions do not depend on . These include 6, ;(0) = 6, ; and v}, ;(0) = v},

for j =1,2,3, where v} ,(0) is defined in (2.8). As in Section 3, we use the MMM test statistic in (2.6) and

n,J

the GMS function in (2.11). Below we also use Z = (Z1, Z2, Z3) ~ N (03, I3).

Simple algebra shows that the test statistic satisfies

. . A—171% 2 P 2 A1 /1T 2
T = Jaf, Qul®) = nf | [V W) + [V bWaa]” + (VA0 507 = 00)
S [(Z1)2 1y = 0} + [Zo + po]?

where we used ©(A) = {(0,0,6s) : 65 € [-1,1]}.

18



Penalize Resampling Test: This test uses the (conditional) (1 — a) quantile of

TPRO) = inf {[ons e VRG] [+ ViRe b W)+ (VRgrh(Was — 6))°}

0s3€[—1,1]

where we used O(A\) = {(0,0,03) : 5 € [—1,1]}. Simple arguments shows that

(TPREO) W} S (2 + ) + (2] wpadl.

Test SS: This test draws {W?}’", iid. with replacement from {W;}7, and computes vy (0) =
\/% Zf;l ﬁ;;_l/Q(G)m(Wi*, 0), where ﬁg(@) is as D,(#) but based on {W}'" . Letting

by,

Z *71/2 (W1*79) —EFn[m(Wzae)]} )

and noting that o5 (0) = vy , Politis et al. (Theorem 2.2.1, 1999) implies that {o7 [{W;}7,} A N(0,1) a.s

Test SS uses the conditional (1 — a) quantile of the following random variable

1500 = it {[Voaoy Wi 102 Veaoy S Wi o2+ (Vbaoy S (Wi = 02))°}

0s€[—1,1]

where we used ©(A) = {(0,0,05) : 3 € [—1,1]}. Simple arguments show that
{T75 (N HWiY i} it [Z1 + Kui)? + [Z2)% wpal,

where, for simplicity, we assume that x,+/b,/n — K. O

Remark 4.12. In Example 4.2, TPE()\) and Tb*i %(A) have the same asymptotic distribution, conditionally on
{W;}»_,, when py =0 or K = 1. However, if 41 > 0 and K < 1, it follows that TF%()) is (asymptotically)
strictly first order stochastically dominated by Tb‘is (M), conditionally on {W;}? ;. Specifically,

P ([Zz +,u2]2, > qi—a([Z1 + M1]2, + [22]3)) > P ([Zz + M2]2, > qi-al[Z1 + Klil]% + [ZQ]%)) )

where ¢1_,(X) denotes the 1 — « quantile of X. Thus, Test MR is strictly less conservative under Hy (i.e.

when ps = 0) and strictly more powerful under H; (i.e. when ps < 0).

Remark 4.13. Example 4.2 shows that Test SS could deliver higher power than ¢Z%(\) if uy > 0 and
K > 1, i.e., if Assumption A.4 is violated. However, for the recommended choice of x,, = vInn in Andrews
and Soares (2010, Page 131), a violation of this assumption can result in Test SS having poor finite sample

power properties, as already discussed in Remark 4.8.

5 Monte Carlo simulations

In this section we consider an entry game model similar to that in Canay (2010) with the addition of market-

type fixed effects. Consider a firm j € {1,2} deciding whether to enter (A, ,, = 1) a market i € {1,...,n} or
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not (A;,; = 0) based on its profit function

dx
T = <€j,i —0;A_ji+ ZBqXW) A4, =1},
q=0

where €;; is firm j’s’ benefit of entry in market ¢, A_;; is the decision of the rival firm, and X,
q € {0,...,dx}, are observed market type indicators with distribution P(X,; = 1) = p, (assumed to
be known for simplicity). We normalize (po, ) to (1,0) and let €;; ~ Uniform(0,1) conditional on all

market characteristics. We also assume that the parameter space for the vector § = (61,62, 51, ..., Bdx) is
0 = {0 € R*T2.(0;,05) € (0,1)? and B, € [0, min{6;,0-}] forall g€ {1,...,dx}} .

This space guarantees that there are three pure strategy Nash equilibria (NE), conditional on a given market
type. To be clear, the four possible outcomes in market g are: (i) A; = (A1, A2,) = (1,1) is the unique NE
ife;; > 0; — B, for all j; (ii) A; = (1,0); is the unique NE if e1; > 01 — 5, and e2; < 02 — f4; (iii) 4; = (0,1)
is the unique NE if €1; < 61 — 34 and €2; > 0 — B, and; (iv) there are multiple equilibria if €;; < 6; — 3,4
for all j as both 4; = (1,0) and A; = (0,1) are NE. Without further assumptions, this model implies

Erlmy (Wi, 0)] = Ep[A1iA2:X41/pg — (1 =01+ Bg)(1 = 02+ B,)] =0
Er[maq (Wi, 0)] = Ep[A1i(1 — A2,:)Xq1/pg — (02 — Bg)(1 — 01 + )] > 0 (5.1)
Ep[ms,q(W;,0)] = Ep[fs — Bg — A1,i(1 — A23)Xq1/pg) > 0,

where W; = (4, X;), Xi = (Xo4, ..., Xax,i), and ¢ € {0,...,dx}. This model delivers dx + 1 unconditional
moment equalities and 2(dx + 1) unconditional moment inequalities. The identified set for (61, 6s), which
are the parameters of interest, is a curve in R? and the shape of this curve depends on the values of the

nuisance parameters (81, .., Bdy)-

We generate data using dx = 3, (61,02, 51,052,03) = (0.3,0.5,0.05,0,0), and § = 0.6, where 0 is the
probability of selecting A; = (1,0) in the region of multiple equilibria. The identified set for each coordinate

of (913 92761aﬂ2763) is given by
61 € [0.230,0.360], 62 € [0.455,0.555], 81 € [0.0491,0.0505], and B = B3 =0 .

Having a five dimensional parameter 6 already presents challenges for projection based tests and represents a
case of empirical relevance, e.g., see Morales and Dickstein (2015) and Wollmann (2015). For example, a grid
with 100 points in the (0,1) interval for each element in 6 (imposing the restrictions in © for (51, 82, 33)),
involves 1025 million evaluations of test statistics and critical values. This is costly for doing Monte Carlo
simulations so we do not include Test BP in this exercise. However, in simulations not reported for the case

where dx = 0, Test BP is always dominated by Test MR in terms of size control and power.

We set n = 1,000 and o = 0.10, and simulate the data by taking independent draws of ¢ ; ; ~ Uniform(0, 1)

for j € {1,2} and computing the equilibrium according to the region in which ¢; = (e14,¢2,) falls. We
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Figure 1: Rejection probabilities under the null and alternative hypotheses when A(6) = 1. Tests considered are: Test MR1
(solid red line), Test MR2 (dotted orange line), Test SS1 (dashed blue line), and Test SS2 (dashed-dotted green line). Black
asterisks indicate values of 01 in the identified set at the nominal level. Left panel shows rejection rates to the left and right of
the identified set. Right panel zooms-in the power differences to the left. In all cases n = 1,000, @ = 0.10, and M C = 2,000.

consider subvector inference for this model, with
HO:)\(B):Olz)\O VS H1 I)\(G):el#Ao s

and perform MC = 2,000 Monte Carlo replications. We report results for Test MR1 (with x,, = vInn = 2.63
as recommended by Andrews and Soares (2010)), Test MR2 (with ,, = 0.8y/Inn = 2.10), Test SS1 (with
b, = n?/3 =100 as considered in Bugni, 2010, 2014), and Test SS2 (with b, = n/4 = 250 as considered in
Ciliberto and Tamer, 2010).4

Figure 1 shows the rejection probabilities under the null and alternative hypotheses for the first coordi-
nate, i.e., A(#) = 0. Since there are sharp differences in the behavior of the tests to the right and left of the
identified set (due to the asymmetric nature of the model), we comment on each direction separately. Let’s
first focus on values of 8; below the boundary point 0.23. The null rejection probabilities at this boundary
point are close to the nominal level of a = 0.10 for Test MR (regardless of the choice of k), but below
0.025 for Tests SS1 and SS2 (note that the simulation standard error with 2,000 replications is 0.007). In
addition, the power of Test MR in this direction is higher than that of Tests SS1 and SS2, with an average
difference of 0.27 and a maximum difference of 0.39 with respect to Test SS1 - which exhibits higher power
than Test SS2. The right panel illustrates the power differences more clearly. Now focus on values of 6,
above the boundary point 0.36. In this case all tests have null rejection probabilities below the nominal
level, with rejection probabilities equal to 0.013, 0.012, 0.009, and 0.006 for Tests MR1, MR2, SS1, and SS2,
respectively. When we look at power in this direction, Test SS2 delivers the highest power, with an average
difference of 0.05 and a maximum difference of 0.17 with respect to Test MR2. All in all, the results from

this simulation exercise illustrate that there are cases where Test SS may deliver higher power than Test MR

4The choice b, = n2/3 corresponds to the optimal rate for the subsample size to minimize ERP; see Bugni (2010, 2014).
The choice b, = n/4 is the subsample size rule used by Ciliberto and Tamer (2010).
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(possibly due to the sufficient conditions in Theorem 4.3 not holding). At the same time, the results also

suggest that the power gains delivered by Test MR, could be significantly higher.

6 Concluding remarks

In this paper, we introduce a test for the null hypothesis Hy : A(6) = A\, where A() is a known function, Ag
is a known constant, and € is a parameter that is partially identified by a moment (in)equality model. Our
test can be used to construct CS’s for A(6) by exploiting the well-known duality between tests and CS’s. The
leading application of our inference method is the construction of marginal CS’s for individual coordinates
of a parameter vector #, which is implemented by setting A(f) = 6, for s € {1,...,dy} and collecting all

values of A\g € A for which Hj is not rejected.

We show that our inference method controls asymptotic size uniformly over a large class of distributions of
the data. The current literature describes only two other procedures that deliver uniform size control for these
types of problems: projection-based and subsampling inference. Relative to projection-based procedure, our
method presents three advantages: (i) it weakly dominates in terms of finite sample power, (ii) it strictly
dominates in terms of asymptotic power, and (iii) it may be less computationally demanding. Relative
to a subsampling, our method presents two advantages: (i) it strictly dominates in terms of asymptotic
power under certain conditions, (ii) it appears to be less sensitive to the choice of its tuning parameter than

subsampling is to the choice of subsample size.

There are two interesting extensions of the test we propose that are worth mentioning. First, our
paper does not consider conditional moment restrictions, c.f. Andrews and Shi (2013), Chernozhukov et al.
(2013), Armstrong (2014), and Chetverikov (2013). Second, our asymptotic framework is one where the
limit distributions do not depend on tuning parameters used at the moment selection stage, as opposed to
Andrews and Barwick (2012) and Romano et al. (2014). These two extensions are well beyond the scope of

this paper and so we leave them for future research.
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Appendix A Notation

Throughout the Appendix we employ the following notation, not necessarily introduced in the text.

Po {FeP:0:(F)#0}

Yrp(0) Varp(m(W,0))
Dp(0) diag(Sp(6))
Qr(0)  S(/nErp [m(W.0)],Sr(0))
OFr(F) {0€0:Qr) <lnk,}
Tor(A) {(6,0) € ©\) x RF : £ = /D" () Ep[m(W;, )]}
55 20 {(0.0) € O(N) x RF : £ = /b, D2 (0) Ep[m(W, 0)]}
TP {(6,0) € ON) x RE - 0 = 1, /nD R *(0) Eplm (W3, 0)]}
TPR(N)  {(6,0) € OFfr(N) x R* : £ = k7 /nD 2 (0) Eplm (W, 0)]}
Up,; (6) n_l/QUF,j(H) Yo (mj(W;,0) — Eplm;(W;,0)]), ji=1,....k,
.03 Ep [ (20 ) (208 = 001

Table 1: Important Notation

For any v € N, 0,, is a column vector of zeros of size u, 1, is a column vector of ones of size u, and I, is the
u X u identity matrix. We use Ry = {z € R: 2 > 0}, Ry =R+ U{0}, Ry 0o =Ry U{+00}, Rpoo] = RU {400},
and Riio) = RU {£oo}. We equip R o) with the following metric d. For any z1,72 € Ri}., d(z1,22) =
(X (Gmra) — G(:cg,i))Q)l/?7 where G : Ritoo] — [0,1] is such that G(—o0) = 0, G(c0) = 1, and G(y) = ®(y) for
y € R, where ® is the standard normal CDF. Also, 1{-} denotes the indicator function.

Let C(©2) denote the space of continuous functions that map ©2 to ¥, where ¥ is the space of k x k correlation
matrices, and S(© X ]Rf“ioo]) denote the space of compact subsets of the metric space (O X Rfioo],d). Let du
denote the Hausdorff metric associated with d. We use “3” to denote convergence in the Hausdorff metric, i.e.,
A, LI) B <= du(An,B) — 0. For non-stochastic functions of § € O, we use “«X” to denote uniform in 6
convergence, e.g., 0, — Q <= supg yco d(Qr, (0,0'),2(6,6")) — 0. Finally, we use ©(6) and (0, 6) equivalently.

We denote by [°°(0©) the set of all uniformly bounded functions that map © — R*, equipped with the supremum
norm. The sequence of distributions {F, € P},>1 determine a sequence of probability spaces {(W, A, Fy,)}n>1.
Stochastic processes are then random maps X : W — [°°(0). In this context, we use “i>”, “«B and “X37 to denote
weak convergence, convergence in probability, and convergence almost surely in the [°°(0) metric, respectively, in the
sense of van der Vaart and Wellner (1996). In addition, for every F' € P, we use M(F) = {D;I/Q(O)m(~, 0): W — R*}
and denote by pr the coordinate-wise version of the “intrinsic” variance semimetric, i.e.,

pr(0.6) = H{vp (073 (0)my (W.6) — o (0 ymy (W, 0]/} (A-1)

=1

Appendix B Assumptions

B.1 Assumptions for Asymptotic Size Control

Assumption A.1. Given the GMS function ¢(-), there is a function ¢* : Rfi
80*(5) = (¢I(€1)7 R @;(gp)7 Ok—P) and7 fOI’ all .] = 17 e 7p7

— Rﬁoo] that takes the form

oo
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(a) (&) = w;(&) for all & € Rijoo).
(b) ¢j(-) is continuous.

(c) ¥;(&) =0 for all § <0 and ¢j(c0) = co.

Remark B.1. Assumption A.1 is satisfied when ¢ is any of the the functions ™ — o™ described in Andrews and
Soares (2010) or Andrews and Barwick (2012). This follows from Bugni et al. (2014, Lemma D.8).

Assumption A.2. For any {(A\,F,) € Lotn>1, let (T, Q) be such that Qp, = Q and Ty r, (M) 5 T with
(T,9Q) € S(O x ]Rf“ioo]) x C(©?%) and I'n,F, (An) as in Table 1. Let c(1_q)(T',2) be the (1 — a)-quantile of

JO,Q) = inf S(va(0) +£,9(0)) (B-1)

Then,

(a) If ca—ay(T',2) > 0, the distribution of J(I', Q) is continuous at ¢;_q) (T, £2).
(b) If c(1—a)(I, Q) = 0, liminf,, o Pr, (Th(An) = 0) > 1 — «, where T, (\,) is as in (4.1).

Remark B.2. Without Assumption A.2 the asymptotic distribution of the test statistic could be discontinuous at
the probability limit of the critical value, resulting in asymptotic over-rejection under the null hypothesis. One could
add an infinitesimal constant to the critical value and avoid introducing such assumption, but this introduces an
additional tuning parameter that needs to be chosen by the researcher. Note that this assumption holds in Examples
4.1 and 4.2 where J(-) is continuous at € R. Also, notice that ¢(1_q)(I',2) = 0 implies P(J(T',2) =0) > 1 — a.
Thus, the requirement for c(;_q)(I', 2) = 0 is automatically satisfied whenever Pr, (Tn(An) = 0) = P(J(I',Q) = 0).

Assumption A.3. The following conditions hold.

(a) For all (A, F) € Lo and 0 € O(X), Qr(0) > cmin{d,infj.q ) |10 — 6]} for constants ¢, > 0 and for y as in
Assumption M.1.

(b) ©()\) is convex.

(¢) The function gr(0) = D;l/Q(Q)EF [m(W, 0)] is differentiable in 6 for any F' € Po, and the class of functions
{Gr(0) = 0gr(0)/00' : F € Py} is equicontinuous, i.e.,

lim sup IGr(0) —Gr(8)||=0.

0=0 FePo,(0,67):]|0—6"||<6

Remark B.3. Assumption A.3(a) states that Qr () can be bounded below in a neighborhood of the null identified
set ©;(F,\) and so it is analogous to the polynomial minorant condition in (Chernozhukov et al., 2007, Egs. (4.1)
and (4.5)). The convexity in Assumption A.3(b) follows from a convex parameter space © and a linear function
A(+) in the case of the null in (1.2). However, in one sided testing problems like those described in Remark 4.2, this
assumption holds for quasi-convex functions. Finally, A.3(c) is a smoothness condition that would be implied by the
class of functions {Gr(0) = Ogr(0)/00’ : F € Py} being Lipschitz. These three parts are a sufficient conditions for
our test to be asymptotically valid (see Lemmas C.7 and C.8).

24



B.2 Assumptions for Asymptotic Power

Assumption A.4. The sequences {kn}n>1 and {bn}n>1 in Assumption M.2 satisfy limsup,, , . Kny/bn/n < 1.

Remark B.4. Assumption A.4 is a weaker version of Andrews and Soares (2010, Assumption GMS5) and it holds

for all typical choices of k., and b,,. For example, it holds if we use the recommended choice of k,, = VInn in Andrews

and Soares (2010, Page 131) and b, = n° for any ¢ € (0,1). Note that the latter includes as a special case b, = n?/3,

which has been shown to be optimal according to the rate of convergence of the error in the coverage probability (see
Politis and Romano, 1994; Bugni, 2010, 2014).

Assumption A.5. For Ao € A, there is {\, € A},,>1 such that {(A,, Fy,) € Lo}n>1 satisfies

(a) Foralln € N, ©;(F,)NO(Xo) =0 (i.e. (N, Fn) & Lo),
(b) dr(©(An), (X)) = O(n~1?),
(c) For any 6 € ©, G, (0) = O(1).

Assumption A.6. For \o € A and {\, € A}, >1 as in Assumption A.5, let (T, TPR Q) € S(© XR&OO])S x C(62?)
be such that Qr, % Q, Tn.r, (Ao) 2> T, TR (Ag) 25 TPR TES 1 (Ao) B T8 for T, (Ao), TE5:, (Ao), and T52 12 (Ao)
as in Table 1. Then,

(a) The distribution of J(T',) is continuous at c1—q ("%, Q).

(b) The distributions of J(T',), J(I'*® Q), and J(I''®, Q) are strictly increasing at = > 0.

Assumption A.7. For Ao € A, there is {A\, € A}n>1 such that {(An, Fn) € Lo}n>1 satisfies

(a) The conditions in Assumption A.5.
(b) There is a (possibly random) sequence {f, € O(X\o)}n>1 s.t.
i. T(ho) — S(v/Tmn (0n), Sn(0n)) = 0p(1).
ii. \/ﬁD;:N(én)Epn [m(W,6,)] = A+ 0p(1), where \; € R for some j =1,..., k.
iii. 6, =0+ 0,(1) for some € O.
(¢) There are (possibly random) sequences {05° € O(Ao)}n>1 and {05° € ©1(F,)}n>1 s.t., conditionally on {W;}7;,
i T35 (No) = S(Voami, (077), %, (03%)) = 0p(1) ass.
i, /r(Dp?(055) Br, [m(W, 05%)) = D2 (05°) B, [m(W, 059)]) = 0p(1) as.

iii. \/an;i/Q(éSS)EFn [m(W, 055)] = (g, 0k—p)+0p(1) as. with g € RY, . and g; € (0,00) forsomej =1,...,p.

In addition, either k > p or k = p where g; =0 for some [ =1,...,p.
iv. 055 =0* 4 0,(1) a.s., for some 0* € O.

(d) Assumption A.4 holds with strict inequality, i.e., limsup,, _, ., fn/bn/n < 1.
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B.3 Maintained Assumptions

The literature routinely assumes that the function S(-) entering Q, () in (4.2) satisfies the following assumptions
(see, e.g., Andrews and Soares (2010), Andrews and Guggenberger (2009), and Bugni et al. (2012)). We therefore
treat the assumptions below as maintained. We note in particular that the constant x in Assumption M.1 equals 2

when the function S(-) is either the modified methods of moments in (2.6) or the quasi-likelihood ratio.

Assumption M.1. For some x > 0, S(am, Q) = a*S(m, Q) for all scalars a > 0, m € R¥, and Q € .

Assumption M.2. The sequence {kn}n>1 satisfies kK, — oo and kn/v/n — 0. The sequence {b,},>1 satisfies

by, — 00 and b, /n — 0.
Assumption M.3. For each A € A, ©()) is a nonempty and compact subset of R% (dy < 00).

Assumption M.4. Test BP is computed using the GMS approach in Andrews and Soares (2010). This is, ¢Z7(-)
in (4.9) is based on CSp(l — ) = {0 € © : Qn(0) < én(0,1 — a)} where é,(0,1 — o) is the GMS critical value
constructed using the GMS function ¢(-) and thresholding sequence {kn }n>1 satisfying Assumption M.2.

Assumption M.5. The function S(-) satisfies the following conditions.

(m1,m2),Y) is non-increasing in mq, for all (mi,mz) € Rf+oo

,¥) = S(Am, AXA) for all m € R*, & € R¥** and positive definite diagonal A € RF**,

] X R*~P and all variance matrices & € R**F,

)y>0forallm € R¥ and Q € ¥,

R)

) is continuous at all m € ]Rﬁ[oo] and Q € V.

Assumption M.6. For all h; € Rﬁoo] X R all Q € ¥, and Z ~ N (04,Q), the distribution function of
S(Z+ h1,Q) at x € R

a) is continuous for z > 0,

(
(b

is strictly increasing for > 0 unless p = k and hy = oo?,

(
(

(oW

)
)
c¢) is less than or equal to 1/2 at £ = 0 when k£ > p or when k = p and hy,; =0 for some j =1,...,p.
) is degenerate at © = 0 when p = k and h1 = ooP.

)

(e) satisfies P (S (Z + (m1,0,—p),Q) <z) < P(S(Z+ (m},06—p),) <z) for all x > 0 and all mi,mj € R?

[+o0]
with my; <mj; forallj=1,...,pand m1; < mj; for some j=1,...,p.
Assumption M.7. The function S(-) satisfies the following conditions.

(a) The distribution function of S(Z, ) is continuous at its (1 — a)-quantile, denoted c(1_q)(Q2), for all Q € ¥, where
Z ~ N (0x,9) and « € (0,0.5),

(b) c(1-a)(£2) is continuous in Q uniformly for Q € ¥.
Assumption M.8. S(m,Q) > 0 if and only if m; < 0 for some j = 1,...,p or mj # 0 for some j =p+1,...,k,
where m = (m1,...,mi)" and Q € ¥. Equivalently, S(m,) = 0 if and only if m; >0 forallj=1,...,pand m; =0

forall j =p+1,...,k, where m = (m1,...,my) and Q € V.

Assumption M.9. For all n > 1, S(y/nma,(6), £(0)) is a lower semi-continuous function of 6 € ©.
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Appendix C Auxiliary results

C.1 Auxiliary Theorems

Theorem C.1. Let T}, () be as in Table 1 and TiX *(\) be as in (4.6). Let {(An, Frn) € Lo}n>1 be a (sub)sequence
of parameters such that for some (IT,Q) € S(© x Rﬁ:w]) x C(©2): (i) QF, = Q and (i) TLE, (An) L PR Then,

there exists a further subsequence {un}n>1 of {n}n>1 such that, along {Fu, }n>1,

LI OIS} S IO Q) = it S(va(0) +£.20), as.

where vo : © — R¥ is a tight Gaussian process with covariance (correlation) kernel Q.

Theorem C.2. Let I')(X) and TR () be as in Table 1. Let TY(X) be as in (4.6) and define

TR = inf S (0) + ¢ (5 'VnDy 2 (0)mn (6)), 2 (6)) (C-1)
gee(N)NOF 1 (F)

where v (0) is as in (2.8), ¢*(-) as in Assumption A.1, and O (F) as in Table 1. Let {(An, Fn) € Lo}n>1
be a (sub)sequence of parameters such that for some (I'°®,TTR Q) € S(© x ]Rﬁmo])2 x C(©%): (i) Qp, = Q, (ii)
I (An) L PR and (iii) Th, (An) L TPR . Then, there exists a further subsequence {tun}n>1 of {n}n>1 such

that, along {Fu, }n>1,

{min{TPR(\,), TEE N WY} S J(ME Q) = S(va(0) +£,9(0)), as. |

inf
(6,6)eTMR
where v : © — R* is a tight Gaussian process with covariance (correlation) kernel €,
MR =1PRUrP® and PR ={(0,0) € © x ]Rﬁ:oo] 4 =" () for some (6,') € TPR} . (C-2)

Theorem C.3. Let ;5 ()\) be as in Table 1 and Ty (\) be the subsampling test statistic. Let {(An, Fn) € Lo}n>1
be a (sub)sequence of parameters such that for some (I’°°,Q) € S(© x ]Rf“ioo]) x C(©%): (i) Qp, = Q and (ii)

3% 5 (An) LTSS, Then, there exists a further subsequence {un}n>1 of {n}n>1 such that, along {Fu, }n>1,

(T35 )Wt} 5 J(0%5,Q) = inf__S(va(6) +£,9(6,0)), as.

(6,£)€rss

where vo : © — RF is a tight Gaussian process with covariance (correlation) kernel Q.

Theorem C.4. Let I'y 7(X) be as in Table 1 and T, (X\) be as in (4.1). Let {(An, Fn) € Lo}tn>1 be a (sub)sequence
of parameters such that for some (I',Q) € S(O© X Rfioo]) x C(©2): (i) Qr, = Q and (i) T, r, (An) LT, Then, there

exists a further subsequence {un}n>1 of {n}n>1 such that, along {Fu, }n>1,

T (Auy) 2 J(T,Q) = inf S(va(0) +£,2(9)), asn oo,
)e

where vo : © — R* is a tight Gaussian process with zero-mean and covariance (correlation) kernel Q.

C.2 Auxiliary Lemmas

Lemma C.1. Let {F,, € P}n>1 be a (sub)sequence of distributions s.t. Qr, — Q for some Q € C(6%). Then,

d ) . . . ) ) .
1. vn 5 vo in 1%°(0), where v : © — R¥ is a tight zero-mean Gaussian process with covariance (correlation)

kernel Q). In addition, va is a uniformly continuous function, a.s.
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Qn B Qin1°(0).

DpP(DYP () = I B Ore in 1(O).

DVPDH(C) = I B Ore in 1(O).

For any arbitrary sequence {an € Rit }n>1 s.t. an — 00, an ' vn = Oy in 1°°(0).

For any arbitrary sequence {an € Ryy}n>1 s.t. an — 00, a; on B 0 in 1*°(0).

{vi {W:i}iei} 2 vg in 1°(©) a.s., where vg is the tight Gaussian process described in part 1.

(o5 (Wit} 4 vg in 1*°(©) a.s., where

Sl S AR I

i (0) Z D 2(0)(m(WE5,8) — ma(9)) (C-3)

n

{WFYn | is a subsample of size b, from {W;}1—y, and va is the tight Gaussian process described in part 1.
9. For Q35(0) = D' *(0)S5%(0) D2 (0), {55 {WiYiei} B Q in 1°(©) a.s.

Lemma C.2. For any sequence {(An, Fn) € L}n>1 there exists a subsequence {un}n>1 of {n}n>1 s.t. Qr,, 50,
Lupry ) 5 T, TR 0 () 5 TPRand TRR 1 () 2 TPR, for some (I, TPR, TR, Q) € S(© x Rf,,))* x
C(0?), where T'n.p, (), TN (N), and T}.5. (\) are defined in Table 1.

Lemma C.3. Let {F, € P}n,>1 be an arbitrary (sub)sequence of distributions and let X, (0) : Q@ — [°°(©) be any
stochastic process such that X, 2 0 in 1°°(©). Then, there exists a subsequence {un}n>1 of {n}n>1 such that
X, 230 in 1°°(0).

Lemma C.4. Let the set A be defined as follows:

Az{xeRHm] ka_p:max{ max {[x]] },_max k{\xs\}}:l} : (C-4)

j=1 s=p+1,...,
Then, inf ;. oycaxw S(z, Q) > 0.

Lemma C.5. If S(z,Q) <1 then there exist a constant w > 0 such that x; > —w for all j < p and |z;| < w for all
Jj>p.

Lemma C.6. The function S satisfies the following properties: (i) x € (—0o,00]” x R¥ P implies supqey S(z,Q) <

00, (i) & & (—o0, oc]? x RFP implies infoew S(z, Q) = oo.

Lemma C.7. Let (I, T"%,Q) € S(© x Rf,))? x C(©?) be such that Qr,  Q, Tnp, (M) 5 T, and T2%, (A,) 5
PR for some {(An, Fn) € Lo}n>1. Then, Assumptions A.1 and A.3 imply that for all (0,£) € TPR there exists
0,0) € T with £; > 5 (45) for j < p and l; =10; =0 for j > p, where ¢*(-) is defined in Assumption A.1.

Lemma C.8. Let (I,T"%,Q) € S(OxR{,))* xC(O?) be such that U, =, T, (An) AT, andTER (A,) 2 PR,
for some {(An, Fn) € Lotn>1. Then, Assumption A.3 implies that for all (0,£) € TTR with £ € RP, o) X RF~P, there
exists (0,0) € T with 0; > £; for j < p and l; = £; for j > p.

Lemma C.9. Let Assumptions A.3- A 5 hold. For Ao € T' and {\n, € T'},>1 as in Assumption A.5, assume that
Qp, 5 Q, Thr, ()\0) A1, TER (M) B TPR TS 1 (Ao) B TS5, TER, (\,) B TR, and T55 1 (M) 5 TS for some
(0,155, 0P, 0%, TRR, Q) € 8(0 x Rfyo))® x C(6%). Then,

-y (T, Q) < caoay (%, 9) .
Lemma C.10. Let Assumptions A.3-A.7 hold. Then,

liminf (Er, (67" (%)) = Er, [62° (M)]) > 0.
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Appendix D Proofs

D.1 Proofs of the Main Theorems
Proof of Theorem 4.1. We divide the proof in six steps and show that for n > 0,

limsup sup Pr(Tn(A\) >én (M1 —a)+n) <a.
n—oo (A F)ELy

Steps 1-4 hold for n > 0, step 5 needs n > 0, and step 6 holds for = 0 under Assumption A.2.

Step 1. For any (), F) € Lo, let TPR(\) be as in (C-1) and &7(A,1 — ) be the conditional (1 — a)-quantile of
min{TPE(\), TFE(A)}. Consider the following derivation

Pe(Tu(\) > e P01 —a)4+n) < Pe(Tu(N) > e (M1 —a) +n) + Pr(en (N1 —a) < & (\1-a))
< Pr(Tu(d) > & (N 1= @)+ 1) + Pr(01()) £ ©6(\) N O " (F))

where the second inequality follows from the fact that Assumption A.1 and é¥F()\, 1 — a) < &F()\, 1 — a) imply

that ©7(\) € ©(\) N O™ (F). By this and Lemma D.13 in Bugni et al. (2014) (with a redefined parameter space
equal to ©(\)), it follows that

limsup sup Pr(To(A) > X (N1 —a)+n) <limsup sup Pr(Tn(A) >én (A1 —a)+n).

n—oo (A\,F)ELg n—oo (A,F)ELy
Step 2. By definition, there exists a subsequence {a, }n>1 of {n},>1 and a subsequence {(Aa,,, Fa, ) }n>1 s.t.

limsup sup Pp(Tn(\) > (N 1—a)+n) = lim Pr, (Ta,(Nan) > e (Nan, 1 —a) +1) . (D-1)
n—r o0

n—oo (X\,F)eLy

By Lemma C.2, there is a further sequence {un}n>1 of {an}n>1 s.t. Qr, > Q, Tu, r,, (Auy) A, I‘Eipun (Auy) A

I'°R and FES,F% (Aun) & TPR for some (D, TPR TPR Q) € S(O x Rﬁ[m]f x C(©%). Since Qp,, — Q and

Cup P, (Aun) & T, Theorem C.4 implies that T, (Au,,) 4 J(T,Q) = inf(g,per S(va(0)+£,(0)). Similarly, Theorem
C.2 implies that {min{TLF (A, ), TEF (A ) H{W:}im, 3 5 J(TMR Q) as.

Step 3. We show that J(I'™M®, Q) > J(I', Q). Suppose not, i.e., 3(4,£) € TPRUTTR s.t. S(va(8)+£,2(0)) < J(I', Q).
If (6,0) € I'PR then by definition 3(6,¢') € TPR s.t. ¢*(¢') = £ and S(va(f) + ¢*(¢),Q(0)) < J(I',Q). By Lemma
C.7,3(6,0) € T where £; > @i (t;) for j < p and Z; =0 for j > p. Thus

S(va(8) +£,9(0)) < S(va(8) +¢*(¢),Q0) < JT,Q) = (e%fa S(va(8) +£,9(0)) ,
which is a contradiction to (9,!7) e€T. If (8,£) € TTR, we first need to show that £ € Rﬁ_m] x RE¥~P. Suppose not, i.e.,
suppose that £; = —oo for some j < p or |¢;| = oo for some j > p. Since vo : © — R* is a tight Gaussian process,
it follows that vq ;(6) + ¢; = —oo for some j < p or |va,;(0) + £;| = oo for some j > p. By Lemma C.6, we have
S(va(0) + £,92(0)) = oo which contradicts S(va(0) +¢,92(0)) < J(T',Q). Since £ € R’["+O°] x RF~P, Lemma C.8 implies
that 3(0,¢) € I' where £; > ¢; for j < p and ¢; = ¢; for j > p. We conclude that

S(va(6) +£,2(0)) < S(va(6) +£,9(6) < J(I,Q) = inf S(wa(6) +£4,9(60))

which is a contradiction to (,¢) € T
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Step 4. We now show that for c1_q)(I', Q) being the (1 — «)-quantile of J(I', Q) and any € > 0,

lim Pr, (€0 Ayl =) <caw(,Q)—)=0.

n—oo

Let € > 0 be s.t. c(1—q)(I', ) — € is a continuity point of the CDF of J(T',2). Then,

lim Pr,, (min{T2" (), T8 )} < o (T,02) = e[ (Wi,

n—00

<

P (J(FMR, Q) < c_ay(T, Q) — s)

(D-2)

PJT,Q) <cu_ay,Q) —e)<l-a,

where the first equality holds because {min{T2% (A, ), TEE(N\u, ) {Wi}ir } 4 J(I'ME Q) a.s., the second weak
inequality is a consequence of J(I'MF Q) > J(T',Q), and the final strict inequality follows from c1-a)(I', Q) being

the (1 — a)-quantile of J(I', Q). Next, notice that

lim Pp, (min{iﬂR(Aun),TﬁF(AM)} < c(1—ay (T, Q) —e’ (Wi ;:1) <1- a}
n—oo

n—00

< {liminf{zl"(1 - ) > ¢ o) (0, Q) —£}} .

Since the RHS occurs a.s., the LHS must also occur a.s. Then, (D-2) is a consequence of this and Fatou’s Lemma.

Step 5. For nn > 0, we can define € > 0 in step 4 so that n —e > 0 and c(;_o)(I',2) + 1 — € is a continuity point

of the CDF of J(I', ). It then follows that

PFun (Tun ()\un) > 51])/{LR(>\un7 1- a) + ’q) S PFun (&KLR(AUVH 1- a) S 6(170‘) (F’ Q) - 5)

+1- PFun (Tun ()\un) S c(l—a)(ra Q) + n— E) .

Taking limit supremum on both sides, using steps 2 and 4, and that n —e > 0,

limsup Pr, (Tun ) > & B (N1 — @) + n) <1-P(JI,9Q) < cam Q) +n-c) <a.

n—00

This combined with steps 1 and 2 completes the proof under n > 0.

(D-3)

Step 6. For n = 0, there are two cases to consider. First, suppose c_q)(I',§2) = 0. Then, by Assumption A.2,

limsup P, (Tu, (M) > G (A, 1 = @) <limsup Pr,, (Tu, (Au,) #0) < a .

n— oo n— oo

The proof is completed by combining the previous equation with steps 1 and 2. Second, suppose c¢(1—q)(I',2) > 0.

Consider a sequence {em }m>1 s.t. €m L 0 and ¢q_q)(I',2) — &, is a continuity point of the CDF of J(I', Q) for all

m € N. For any m € N, it follows from (D-3) and steps 2 and 3 that

limsup Pr, (Tupun) > EnF(Auns1—a)) <1 = P(J(1,Q) < caoa)(T,Q) — em) -

n— oo

Taking &,,, | 0 and using continuity gives the RHS equal to a. This, with steps 1 and 2, completes the proof.

O

Proof of Theorem 4.2. This proof follows identical steps to those in the proof of Bugni et al. (2014, Theorem 6.1)

and is therefore omitted.

O

Proof of Theorem 4.3. Suppose not, i.e., suppose that liminf(Eg, [¢5F(\o)] — Er, [¢5°(M0)]) = —8 < 0. Consider a

subsequence {kn}n>1 of {n},>1 such that,

Pr,,, (Ti, (Ao) > ¢, (Mo, 1 = @) = B, [61," (M)l < En,, [67, (M)l = 6/2 = Pry, (Tk, (Mo) > €7 (Mo, 1 —a)) = /2,
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or, equivalently,
Pry, (Tr, (M) < ¢k (Mo, 1 = @) +6/2 < Pry, (Tr, (M) < ¢k, (ho, 1 — ) . (D-4)

Lemma C.2 implies that for some (I', PR, TS5 TER 1755 Q) ¢ S(@X]Rﬁ[m])5 xC(©?), Qr,, 20, Fff’pkn (Mo) KN TR,

05 p (o) DTS TR L (A,) B TER and I8 o (Ak,) 2 TS, Then, Theorems C.1, C.3, and C.4 imply that

Tr, (Mo) % J(T,Q), {TER o) {Wi}en } 5 J(TPR, Q) as., and {TES(Ao)[{Wi}en,} % J(I55,Q) aus.

n

a.s

We next show that ¢, (Ao, 1—a) “3 c1-o (IR, Q). Let & > 0 be arbitrary and pick & € (0,¢) s.t. c1—q)(T7F, Q)+
£ and c(1_q) ("™, Q) — £ are both a continuity points of the CDF of J(I'"®, Q). Then,

lim Pr, (T3, (M) < ca—ay(T7, Q) + E{Witis)) = P, Q) < caoa)T™, Q) +8) >1—a as., (D-5)

n— oo

where the first equality holds because of {73 (\o)|[{W:}5»} 4 J(I'FR Q) a.s., and the strict inequality is due to

€ >0 and c(l_a)(PPR, Q) + ¢ being a continuity point of the CDF of J(I''®, Q). Similarly,

lim Pr, (T3, (M) < ca—ay(T7, Q) — E{Witis)) = P(J(IT,Q) < cioa) (T, Q) —8) <1-a. (D-6)

n—o0

Next, notice that,

{lim Pp, (TEF (o) < caoay (@7 Q) + E{Wity) > 1 —a} C {liminf{ci.* (Mo, 1 — @) < ca_ay (TR, Q) +E}}
n—oo " n—ro0
(D-7)
with the same result holding with —& replacing €. From (D-5), (D-6), (D-7), we conclude that

Ppy, (lim inf{|ckpf()\0, 1—a)— C(l,a)(FPR, Q)<eh) =1,
n—oo

which is equivalent to cf, F (Ao, 1 — @) “3 c(1_a) (IR, Q). By similar arguments, c;” (Ao, 1 — @) “3 c(1_q)(T°%, Q).
Let £ > 0 be s.t. c(l_a)(lﬂss7 Q) — € is a continuity point of the CDF of J(I',2) and note that

Pr,., (Te, (M) < &2 (Mo, 1 = @) > P, ({Te,, (M) < ca-ay (T°%,9) — e} N{ek) (Mo, 1 = @) > ey (T,Q) — €})
+ Pry, ({Tk, (M) < €7 (Mo, 1= a)} N {eil; (Mo, 1= @) < cama) (I, 9) —¢}) .

Taking lim inf and using that Tk, (Ao) 2 J(T,Q) and g% (Mo, 1 — @) “3 c(1-4)(T'%,9Q), we deduce that

lim inf P, (Tk, (M) < cis (Mo, 1 — @) > P(J(T, Q) < ca_a)(T*°,Q) —¢) . (D-8)

n—o00

Fix e > 0 arbitrarily and pick & € (0,¢) s.t. ¢(1—a)(I'"®, Q) + & is a continuity point of the CDF of J(T', ). Then,

Pr,., (Tk, (M) < ¢k, (Mo, 1= @) < Py, (Tho, (Vo) < ca-a) (L7, Q) +8) + Py, (e (Mo, 1= @) > ca-a) (T, 92) +2) .

a.s.

Taking lim sup on both sides, and using that T}, (Ao) 4 J(T,Q), LB (Mo, 1 —a) “3 ca_a)(TTF,Q), and € € (0,¢),

limsup Pr,, (Tk, (o) < cir (Ao, 1 — a)) < P(J(T,Q) < caa) (T, Q) +6) . (D-9)
n— o0

Next consider the following derivation

P(J(1,Q) < ca-a)(T™,Q) —¢) +6/2

IN

liminf P, (Tk, (M) < it (Mo, 1 — ) +6/2

N

limsup Pr,, (Tk, (M) < chif(Xo, 1 — )
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IN

P(J(1,9Q) < ca_a(T7F,Q) +¢)
< P(‘](F7 Q) < C(l—ﬂ)(rss7 Q)+ 5) >

where the first inequality follows from (D-8), the second inequality follows from (D-4), the third inequality follows
from (D-9), and the fourth inequality follows from c(;_a)(I'7%, Q) < c(1_q)(I'®%, Q) by Lemma C.9. We conclude that

P(J(T,9Q) < c1-a)(T%,Q) + ) = P(J(T,Q) < c1_a)(T%°,Q) —) > §/2 > 0.

Taking ¢ | 0 and using Assumption A.6, the LHS converges to zero, which is a contradiction. O

D.2 Proofs of Theorems in Appendix C

Proof of Theorem C.1. Step 1. To simplify expressions, let TE® = Fgf}n (An). Consider the following derivation,

T Ow) =, inf 8 (00) + pina(0) + pin 2(6)' 5 VD7 (0) B, [m(W,0)], 0 (6))

= it S (020) + n (6) + pn.2(60)£,20(6))

(6,6)eIPR

where fin(0) = (un1(0), jn2(0), fna(0) = sa'on(®), pn2(®) = {6350)0m @)}, and 5.(0)
VDY (0) (1 (0) — Er[m(W,0)]). Note that 15;1/2(0) and D}:{f (0) are both diagonal matrices.

Step 2. We now show that there is a subsequence {an}n>1 of {n}n>1 st.  {(vi, pan, Qan ) {Wilen,} 4

(va, (0%, 1;),Q) in [°°(0) a.s. By part 8 in Lemma C.1, {v;|{W;}i=,} 2 g in [°°(0). Then the result would
follow from finding a subsequence {an}n>1 of {n}n>1 st {(tan, Q) {Wili} = ((0k,1%),Q) in [°(0) a.s.

Since (pn,$n) is conditionally non-random, this is equivalent to finding a subsequence {an}n>1 of {n}p>1 s.t.

(,uan,Qan) % ((0g,1%), Q) in 1°°(#). In turn, this follows from step 1, part 5 of Lemma C.1, and Lemma C.3.
Step 3. Since O (Fy,, An) # 0, there is a sequence {0, € O(Ap)}n>1s.t. for by, ; = m;l\/ﬁagi’j (0n)EF, [m;(W,0,)],

limsup4,,; =£; >0, forj<p, and lim |, ;| =¢; =0, forj>p. (D-10)

n—o0 n—o0
B}/ fompactness of (© x Rfioop d), there is a subsequence {kn }n>1 of {an}n>1 f,t. d((@kn,fkn;), (0,£)) — 0 for some
(0,0) € © x R X Og—p. By step 2, lim(v, Ok, ), ik, Ok, ); ke, (Ok,,)) = (v2(0), (Ok, 11), 2(H)), and so

T (M) < Sk, (Ok,) + tky 1 Ok) + ik 2(Ok,) Cr, Qe (Ok,.)) = S(va(0) + £,(0)) (D-11)

where the convergence occurs because by the continuity of S(-) and the convergence of its argument. Since (vo(0) +
£,Q(0)) € ]Rﬁoo] x RF™P x W, we conclude that S(va(0) + £,Q(0)) is bounded.

Step 4. Let D denote the space of functions that map © onto R* x ¥ and let Dy be the space of uniformly

continuous functions that map © onto R* x W. Let the sequence of functionals {g, }n>1 with g, : D — R given by

gn(W(), u(), () = inf  S(v(0) + p1(9) + p2(0)"0, 2(0)) - (D-12)

(6,£)eTER

Let the functional g : Do — R be defined by

g(),p(),Q0) = inf _ S(0(0) + p1(0) + p2(0)"¢, (0)) -

(6,0)eTPR
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We now show that if the sequence of (deterministic) functions {(vn(-), n(-), @n(-)) € D}n>1 satisfies

lim_sup|(v(6). 2 (6), 20 (6)) = (v(0), (0 1), 2(8))| = 0. (D-13)

n—o0 ge

for some (v(-),2(:)) € Do, then lim, o0 gn(vVn(+), tn(-), 2n(-)) = g(v(-), (Ok, 1x),2(:)). To prove this we show that
liminfn oo gn(Vn(+), n(+), 2 (+)) > g(v(-), (Ok, 1x),Q2(:)). Showing the reverse inequality for the limsup is similar
and therefore omitted. Suppose not, i.e., suppose that 36 > 0 and a subsequence {an}n>1 of {n}p>1 s.t. VR €N,

Gan (Vay (), pan (1), Qa, (4)) < g(v(-), (O, 1x), () =6 (D-14)

By definition, 3 {(fa,,,%a, )}n>1 that approximates the infimum in (D-12), i.e., ¥n € N, (a,,, %4, ) € T2 and

|90, (Vay (), Han (), Qay (-) = S(Vay, (Ba) + p01.(8a,) + 2(0a,) lar, Qay (8a,))] < 6/2 . (D-15)

Since TH¥ C © x Rﬁ:w] and (© x ]Rﬁ:oo], d) is a compact metric space, there exists a subsequence {u, }n>1 of {an}n>1
and (0%,£*) € © x Rﬁoo] st. d((Oun,bu,), (07,€7)) — 0. We first show that (6*,¢*) € I'"®. Suppose not, i.e.
0*,0*) ¢ I'™®, and consider the following argument
( g arg

(O ), (07 0)) + dr (T T > d(Ous ), (07, €) +  0f - d((6,0), (Ou, )
: (6,£)erPR
> inf _d((6,¢),(67,¢7)) >0,

T (6,£)eTPR

where the first inequality follows from the definition of Hausdorff distance and the fact that (0u,,fu,) € THY |
and the second inequality follows by the triangular inequality. The final strict inequality follows from the fact that
'R e S(O x Rﬁm]), i.e., it is a compact subset of (© x Rfioo],d), d((0,£),(0%,£)) is a continuous real-valued
function, and Royden (1988, Theorem 7.18). Taking limits as n — oo and using that d((0u,,, fu, ), (6%,£")) — 0 and

H .
Fff = I'PR| we reach a contradiction.

We now show that £* € ]R’[:_OO] x RF=P_ Suppose not, i.e., suppose that 35 =1,...,k s.t. I} = —ooor 3j > ps.t.
07 = oco. Let J denote the set of indices j = 1,...,k s.t. this occurs. For any ¢ € Rﬁ:w] define Z(¢) = max;eg [|¢;]]-
By definition of FSS,FW’ L., € R* and thus, Z(£,, ) < co. By the case under consideration, lim Z(£,,,) = Z(£*) = co.

Since (0, || - ||) is a compact metric space, d((0u,, , lu, ), (68", €")) — 0 implies that 6,, — 6*. Then,

(W (Ouur ) s, (Buur )y Qi (B )) = (v(07), (O, 1), 2(67))|
S N Wan (), b (Ou ), Qi (Ou)) = (0O ), (Oks 1), Q6w )+ [[(0(Bu), (O )) — (0(67), 2(67))|
< sup 1 (Varn (0); s (6), Qur, (0)) = (0(6), Ok, 1), QO] + [[(v (6w ), (0w ) — (0(67), 2(67))]] = 0,

where the last convergence holds by (D-13), 8,,, — 6%, and (v(-),Q(-)) € Do.

Since (v(+), Q2(+)) € Do, the compactness of © implies that (v(0*),Q(0") is bounded. Since limZ(4,,, ) = E(£*) = o
and lim vy, (0, ) = v(0*) € R¥, it then follows that lim Z(£y,,) ™ *||vu,, (0x,.)|| = 0. By construction, {Z(£y,.) ™ fu, tn>1
is s.t. NmZ(Ly, )" [lu, ;] = 1 for some j < p or im Z(£y,,) " |lu,, ;| = 1 for some j > p. By this, it follows that
{E(u,) ™ (Wa (Ou) + Luy, )y Qs (i, ) Fnz1 with im Qu,,, (B, ) = Q(0%) € ¥ and lim Z(Lu,,) ™" [Vu,, 5 (Ou, ) + lu, 5] - =1
for some j < p or lim E(hy, ) ™" |Vu, . (Ou,, ) + Lu,, ;| = 1 for some j > p. This implies that,

S(Vuy (Bu) + by, Quy (Bu)) = Bl ) S(E ()™ (Vury (Buy) + ), Qi (Gu)) — 00
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Since {(0u,,,u, ) }n>1 is a subsequence of {(8a,,,%a,, ) }n>1 that approximately achieves the infimum in (D-12),

gn(0n () (), X () = 00 . (D-16)

However, (D-16) violates step 3 and is therefore a contradiction.

We then know that d((0a,,,%a, ), (6%,€%)) — 0 with £* € RI["+OO]
conclude that lim(vy, (Bu,,), tun B )y Quy, (Bu,,)) = (0(67%), (0k, 1), Q(8*)) € R¥ x . This implies that lim(vs, (fu,, )+

P 1 (O )+ Hruy 20 ) Cus s Qi () = (0(07) +€7,Q(07)) € (Roe) X V), ie., IN €N st ¥n > N,

x RF—P, By repeating previous arguments, we

1S (Vu (Oun) + p 1 () + oy 2 () Cusy s Qs (B, ) = S(u(07) + 07, Q(07))|| < 6/2 . (D-17)
By combining (D-15), (D-17), and the fact that (6*,£*) € I'*® it follows that 3N € N s.t. ¥n > N,
Gun (Vun (), B (1), Qi (1)) = S (00 (07) + £7,Q(07%)) — 6 = g(v(-), (0k, 1x), () — 6,

which is a contradiction to (D-14).

Step 5. The proof is completed by combining the representation in step 1, the convergence result in step 2, the
continuity result in step 4, and the extended continuous mapping theorem (see, e.g., van der Vaart and Wellner,
1996, Theorem 1.11.1). In order to apply this result, it is important to notice that parts 1 and 5 in Lemma C.1 and
standard convergence results imply that (v(-),Q(-)) € Do a.s. O

Proof of Theorem C.2. Step 1. To simplify expressions let I'ER = Fgf};n (\n), TER = PE%H (An), and consider the

following derivation,

min{T" ¥ (A\n), TE " (An)}

infoco(nnotn < () SR (0) + ©* (kDR 2 (0)mn (0)), Q0 (6)),
infoco(n,) SWE(0) + knty/nDy ' (0)ma(8), 2 (0))

iy o en () SWRO) + 9 (101 (0) + pin 2(0) 5 D2 (O)/(Ep, m(W, 0))), 0 0)),
infocon, SWHO) + in,1(6) + jin 2 (0) 5 DY (0) Vil Er, m(W, 0)), 0 (0))

= min

= min

_ . . * * / A . * ’ A
—min{ it SOAO) + 97 (i 0) + 1 a0) 0. 90), | Inl SOH0) + 1 (6) + 1n2(6) 6. 2.0)) |
where 11,(8) = (1n,1(8), 1,2(0)), 101 (0) = rn D2 (0)y/n(mn(0) — Ep,m(W,0)) = k' 8a(6), and pn2(0) =
{0, (0)or,.;(0)}_,. Note that we used that D;UQ(O) and D;'/? (0) are both diagonal matrices.

n,j n
Step 2. There is a subsequence {an }n>1 of {n}ns1 st. {(0, ; ttan, Qan ) {Wi e } =9 (va, (0k, 1x), Q) in 1°°(O)
a.s. This step is identical to Step 2 in the proof of Theorem C.1.
Step 3. Let D denote the space of bounded functions that map © onto R?* x ¥ and let Dy be the space of bounded

uniformly continuous functions that map © onto R?* x W. Let the sequence of functionals {gn }n>1, {gn }n>1, {92 }n>1
with g, : D = R, gt : D = R, and g2 : D — R be defined by

gn(v(')au(')79(')) = min {g;(v()vﬂ()vg())vgfz(v()7“()79())}

gn(0(),u(-),92()) = 0. o S (0) + " (n1(0) + pn.2(0)'0), (0))
gn(0(), (), Q) = 0o S (0) + n,1(0) + pin,2(6)€,2(0)) -
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Let the functional g : Dy — R, ¢' : Do — R, and ¢? : Do — R be defined by:

©
=~
S
~
-
=
N
-
2
A
-
=
I

min {g" (v(-), u(-), 2()), ¢ (v(-), u(), ()}
g (w(),u(-),Q0) = inf  Sva(8)+¢" (u1(6) + u2(6)'6), 2(6))

(6,6)eTDPR
PO = it S(a(0) + m(0) + (06, 00))

If the sequence of deterministic functions {(vn(+), tn (), 2n(*)) }n>1 with (vn(-), un(-), 2 (-)) € D for all n € N satisfies

lim sup [|(vn(6), pn (), 2 (0)) — (va(6), (0k, 1), 2(6))[| =0 ,

n—o0 0cO
for some (v(-), (Ok, 1%),Q(-)) € Do then limp_oo ||gn (Vn (), n(-), 2 (-)) — g° (v(-), (Ok, 1%), 2(:))|| = 0 for s = 1,2,
respectively. This follows from similar steps to those in the proof of Theorem C.1, step 4. By continuity of the

minimum function,
Hm ||gn (vn (), n(-), 2n () = g(v(-), (0k, 11), ()| =0 .

n—o0o

Step 4. By combining the representation of min{T;”®(\,), T."#(\,)} in step 1, the convergence results in steps 2
and 3, Theorem C.1, and the extended continuous mapping theorem (see, e.g., Theorem 1.11.1 of van der Vaart and

Wellner (1996)) we conclude that
{(min{T2F (), TE RN HIW: 11} S min {J(FER, Q), J(CPR, Q)} a.s.,

where

JIOPR Q)= inf  Swa(0) +£,Q0)) = inf  Swad) + ¢ (¢),Q0)) . (D-18)

(6,6)€TDR (0,¢/)erPR

The result then follows by noticing that,

min{J(rPR,m,J(rPR,Q)} min{ inf  S(va(0) +£,9Q(0)), inf S(m(e)+z,9(9))}

(6,0)eTDR (6,6)€TPR

S(va () 4+ £,9(0)) = J(IMF, Q) .

inf
(0,6)eTDRUrPR

This completes the proof. O

Proof of Theorem C.3. This proof is similar to that of Theorem C.1. For the sake of brevity, we only provide a sketch

that focuses on the main differences. From the definition of Tb‘i %(An), we can consider the following derivation,

SS _ . SS _ . _SS NS S
Tpo (Mn) = 9631({ ’)an ) = eeérgn)S(vbnmbn (0),%5,.(9))
= inf __ S(Th. (0) + pn(0) + 6,957 (0))
(9,z)er52

where 1, (0) = Vb Dp.'/*(0) (11 (0) — Er, [m(W,0)]), 555 (0) is as in (C-3), and Q5%(0) = D' /*(0)S55(0) Dy /% (6).
From here, we can repeat the arguments used in the proof of Theorem C.1. The main difference in the argument is

that the reference to parts 2 and 7 in Lemma C.1 need to be replaced by parts 9 and 8, respectively. O

Proof of Theorem C.4. The proof of this theorem follows by combining arguments from the proof of Theorem C.1
with those from Bugni et al. (2014, Theorem 3.1). It is therefore omitted. O
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D.3 Proofs of Lemmas in Appendix C

We note that Lemmas C.2-C.5 correspond to Lemmas D3-D7 in Bugni et al. (2014) and so we do not include the

proofs of those lemmas in this paper.

Proof of Lemma C.1. The proof of parts 1-7 follow from similar arguments to those used in the proof of Bugni et al.
(2014, Theorem D.2). Therefore, we now focus on the proof of parts 8-9.

Part 9. By the argument used to prove Bugni et al. (2014, Theorem D.2 (part 1)), M(F) = {D;1/2(9)m(~,9) :
w — ]Rk} is Donsker and pre-Gaussian, both uniformly in F € P. Thus, we can extend the arguments in the
proof of van der Vaart and Wellner (1996, Theorem 3.6.13 and Example 3.6.14) to hold under a drifting sequence of
distributions {F}, }»>1 along the lines of van der Vaart and Wellner (1996, Section 2.8.3). From this, it follows that:

{1 / ﬁ@fns(a)‘ {Wz}?:l} i) ’UQ(@) in loo(@) a.s. (D—lg)
To conclude the proof, note that,
g0~ 552 0) | = s 1O s
(n—"bn) ™" " oco " (1 —bn/n)

In order to complete the proof, it suffices to show that the RHS of the previous equation is 0p(1) a.s. In turn, this
follows from b, /n = o(1) and (D-19) as they imply that {supyee |75 ()|[|[{Wiltiei} = Op(1) ass.

sup
)

Part 10. This result follows from considering the subsampling analogue of the arguments used to prove Bugni
et al. (2014, Theorem D.2 (part 2)). O

Proof of Lemma C.6. Part 1. Suppose not, that is, suppose that supgcgy S(x,2) = oo for € (—o0,00]” x RE-P,
By definition, there exists a sequence {Q, € U},>1 s.t. S(z,Q,) — co. By the compactness of ¥, there exists a
subsequence {k; }n>1 of {n}n>1 s.t. Qx, — Q* € U. By continuity of S on (—o0, 00]? x R¥ 7P x ¥ it then follows that
lim S(z, Qx, ) = S(z, Q") = oo for (z, Q") € (—o0, 00]? x R¥~P x W, which is a contradiction to S : (—oo, co]? x RF7P —

R,.

Part 2. Suppose not, that is, suppose that supgcy S(z, 2) = B < oo for z ¢ (—o0, oo]? xRF~P. By definition, there
exists a sequence {Q,, € U},>1 s.t. S(z,Q,) — co. By the compactness of ¥, there exists a subsequence {ky}n>1 of
{n}n>1 s.t. Q, — QF € U. By continuity of S on Rﬁ:w] X ¥ it then follows that lim S(z, Qy, ) = S(z, Q") = B < c©
for (z,Q") € Rﬁm] xW. Let J € {1,...k} be set of coordinates s.t. z; = —oo for j < por |z;| = oo for j > p . By the
case under consideration, there is at least one such coordinate. Define M = max{max;g¢J j<p[z;]—, max;gy j>p |z;]} <
oo. For any C' > M, let '(C) be defined as follows. For j ¢ J, set «;(C) = x; and for j € J, set 2}(C) as follows

“(C) = —C for j < p and |2}(C)| = C for j > p . By definition, limc_o #'(C) = x and by continuity properties
J

Zj

of the function S, limc— e S(z'(C), Q") = S(x,Q*) = B < co. By homogeneity properties of the function S and by
Lemma C.4, we have that
S(z'(C), Q") = CxXS(C 1 (C), Q") > X inf  S(z,Q) >0,

- (z,Q)eEAX ¥

where A is the set in Lemma C.4. Taking C' — oo the RHS diverges to infinity, producing a contradiction. O

Proof of Lemma C.7. The result follows from similar steps to those in Bugni et al. (2014, Lemma D.10) and is
therefore omitted. O
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Proof of Lemma C.8. Let (0,¢) € TT® with £ € Rﬁoo

and a sequence {(6n,¥ln)}n>1 such that 6, € O(A,), £, = H;l\/ﬁD;i/2(9n)EFn [m(W,0,)], limy— o0 £a,, = £, and

R R*~P, Then, there is a subsequence {an}n>1 of {n}n>1

limn 00 0a,, = 0. Also, by Qr, = Q we get Qr, (6n) — 2(6). By continuity of S(-) at (¢,Q(6)) with £ € R, | xRF~P,
KaXan?Qr,, (0a,) = S (Fan Vanor, ;(0a,)Er,, [m;j(W,04,)],Qr,, (0a,)) = S(£,Q(0)) < oo . (D-20)

Hence Qr,, (0a,) = O(K%, an"X/?). By this and Assumption A.3(a), it follows that

O(,il)lcnan_X/Q) = C_IQFan (oan) 2 min{67 ~ lnf ||9an - é”}x = ||0an - éan H S O(K:an/\/ a") ) (D_Zl)
g )

691( anNan

for some sequence {0, € O1(Fa,,Aa,)}n>1. By Assumptions A.3(b)-(c), the intermediate value theorem implies
that there is a sequence {6, € O(An)}n>1 with ) in the line between 6,, and 6,, such that

K VIDg 2 (00) Er, [m(W, 00)] = Gr, (07) 50 V(0 — 0n) + 7 /0D (00) Ep, [m(W, 0,)] -
Define 0,, = 1- n;l)én + Kk, 10, or, equivalently, On — 00 = H,‘Ll(Gn — én) We can write the above equation as
G, (07)Vn(0n — 0n) = 1, VD *(0) B, [m(W, 60)] — k5, VrD 2 (60) Er, [m(W, 6,)] - (D-22)

By convexity of ©(A,) and k5! — 0, {0, € O(An)}n>1 and by (D-21), \/an||0a, — 0a, || = O(1). By the intermediate

value theorem again, there is a sequence {6* € O(An)}n>1 with 6 in the line between 6,, and 6,, such that

VDR 2 (0,) Er, [m(W, 0,)] = Gr, (03710 — 8.) + VD' /* (0,)Ep, [m(W, 8,)]
= G, (0;)V(0n — 0n) + V0D (00) Er, [m(W, 00)] + €1, (D-23)

where the second equality holds by 1., = (Gr, (05°) — G, (05))v/n(0r — 0,). Combining (D-22) with (D-23) we get
VD g (0n) B, [m(W, 00)] = 62" VD, (0n) B, [m(W, )] + €10 + €2 (D-24)

where €, = (1 — n;l)\/ﬁD;j/Q(én)EFn [m(W,8,)]. From {fa, € ©1(Fa,,Aan)}n>1 and k;' — 0, it follows that
€2,a,,5 > 0 for j <pand ezq,,; =0 for j > p. Moreover, Assumption A.3(c) implies that ||Gr, (05)—GF,, (63,)| =

o(1) for any sequence {Fy,, € Po},>1 whenever ||0 — 03 || = o(1). Using \/an||0a, — ba, || = O(1), we have

levan |l < 1Gra, (627) = Gra,, (02,)|1an]10a,, —ba, || = o(1) . (D-25)

Finally, since (Rfcioo],d) is compact, there is a further subsequence {un}n>1 of {an}n>1 s.t.
w/unD;j/z(éun)Epun [m(W, ,,)] and n;ﬁ,/unD;i/Q(é’un)EFun [m(W, 0., )] converge. Then, from (D-24), (D-25),

and the properties of €24, we conclude that

lim L, ;= lm Vinop, 5 Ou) By, (W, 00,)] 2 lim sy, vinog, (0u,)Er,, [mi(W,0u,)],  forj <p,

n—r oo
hm Zun’j = hm Vv u’”U;i j(éun)EFu [mJ(VI/? éun)] = hm K;i \/’ITnO'El j(aun)EFu [m](m 0un)]7 fOI‘ ] > p 9
n—o0o n—oo "’ n n—oo Up, > n

which completes the proof, as {(éun , fun) € T, F., (Au,)}n>1 and éun — 0. O

Proof of Lemma C.9. We divide the proof into four steps.

Step 1. We show that inf g ¢ycrss S(va(f) +¢,Q(0)) < co a.s. By Assumption A.5, there exists a sequence {6, €
O1(Fn, A\)}n>1, where du(©(Mn),©(\o)) = O(n~'/?). Then, there exists another sequence {6, € ©(Xo)}n>1 s.t.
\/ﬁHﬂn—énH = O(1) for all n € N. Since © is compact, there is a subsequence {an }n>1 s.t. \/an(ba,, —éan) — X e R,
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and 0,, — 0" and 0,, — 6* for some §* € ©. For any n € N, let £y, ; = ba"UFa ;(0a,)EF,,, [m;(W,0a,)] for
j=1,...,k, and note that

lans = Vo070 Ere, [my(W,00,)] + A, (D-26)

by the intermediate value theorem, where 6,,, lies between 0, and ,, for all n € N, and

V ban A * ! V ban *
Aan,j = (GF J (ean) - GFanvj (0 ))\/a(ean - ean) + \/a GFan 2 (0 )\/a(gan - ean) .

Letting Aq, = {Aa,,;}i—1, it follows that

\/ban A * V lln
1A, [l < TLT”GF“" (0a,) =Gy, O)1X11Van (B, =61+~ =2 G,y (691X v/an (B, —ba,)|| = o(1) , (D-27)

N

where b, /n = 0, \/@n(0a, = 0a,) = A, v/banGra, (07)/v/an = 0(1), ba, — 0%, and ||Gr,, (0a,) — Gr,, (07)]] = o(1)
for any sequence {F,, € 770}”21 by Assumption A.3(c). Thus, for all j < k,

lim Lo, 5= im /b, 05) 5 0a)Er,, (15 (W,00,)] = € = im \/ba,or (0a,)Er,, lms(W,6a,)]

n— n—>00 n—r00

Since {6, € O1(Fpn, A\n)}n>1, ¢; >0 for j <pand ¢ =0 for j >p. Let £* = {¢;}}_,. By definition, {(0a,,,%a,) €
FES,I,F% (Xo)Yn>1 and d((0a,,,%a,), (8%, £%)) — 0, which implies that (6*,£*) € I'SS. From here, we conclude that
Lt S(ua(6) + £,9(0) < S(oal8") + £,0(6%) < S(0a(8"),20"))
£)€

where the first inequality follows from (6*,¢%) € 'S5, the second inequality follows from the fact that £; >0for j <p
and ¢; = 0 for j > p and the properties of S(-). Finally, the RHS is bounded as vq(#*) is bounded a.s.

Step 2. We show that if (8,£) € T'>® with £ € RY, o) % RF™7 | 3(0,¢) € T™F where £ > ¢; for j < p and £} = ¢,
for j > p. As an intermediate step, we use the limit sets under the sequence {(An, Fy)}n>1, denoted by 'S and IHR

in the statement of the lemma.

We first show that (6, £) € T'5°. Since an r, (Ao) X pss , there exist a subsequence { (0., ,a,,) € Pban’pan (M) }n>1,

00, — 0, and Lo, = \/ba, D'/*(0a,)Er,, [m(W,0a,)] — L. To show that (6,£) € I'S?, we now find a subse-
quence {(6 an,e;n) Ty p (A n)}nzl, 0., — 0, and €, = \/ba, Dy/?(0L,) B, [m(W,0,,)] — €. Notice that

{(0an,La,) € Fban’Fan (o) }n>1 implies that {64, € ©(Ao)}n>1. This and di (O(\n), ©(Xo)) = O(n~'/?) implies that
there is {0, € O(Xa,)}tn>1 8. /@n||0h, — 0a,|| = O(1) which implies that 6, — 0. By the intermediate value

theorem there exists a sequence {6}, € ©},>1 with 6}, in the line between 6,, and 6;, such that

low = Vbau Dyl 2(00,) Er, (W, 04,)] = V/ban Dy /> (0a,) Ery, [(W, 0a,)] + Vban G, (02,) (0, — 0a,)
= Ea«n + Aan — Z7

where we have defined Aq,, = \/ba,,GF,, (05,)(0s, — 0a,) and Aa, = o(1) holds by similar arguments to those in
(D-27). This proves (6, £) € I'S8.

We now show that 3(0,£*) € T'y® where ¢; > ¢; for j < p and £ = £; for j > p. Using similar arguments to those
in (D-20) and (D-21) in the proof of Lemma C.8, we have that Qr, (0s,) = O(b;f‘/Q) and that there is a sequence
{0 € ©1(Fn, An)}uz1 580 /b, 164, — a, || = O(L).

Following similar steps to those leading to (D-22) in the proof of Lemma C.8, it follows that

K VNG, (07)(0n — 00) = Vb Dyl (0,) B, [m(W, 0,)] = VB Dy * (00) B, [m(W, 62)] (D-28)
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where {0 € ©(An)}n>1 lies in the line between 6/, and 6,,, and 6,, = (1— #n\/bn /1)0n + Kn+/bn /10, By Assumption
A4, B, is a convex combination of 6, and 6/, for n sufficiently large. Note also that \/Tn||0an —0a,|| = o(1). By
doing yet another intermediate value theorem expansion, there is a sequence {0;" € ©(A\,)}n>1 with 6" in the line
between én and én such that

K VD)2 (02) B, [m(W, 6,)] = 7' VnGr, (077)(0n — 02) + £ V0D (00) B, [m(W, 6,)] - (D-29)

Since +/ba, 102, — O, || = O(1) and \/ba,, [|0a, — 027 || = o(1), it follows that /ba,, ||0, — 62| = O(1). Next,

K VD2 (00) Br, [m(W, 00)] = ki VG, (07) (0n — 0n) + 57 VaD R (00) B, [m(W, 0,)] + A
= Vbu D2 (0,) Er, [m(W,00)] + Dt + Az (D-30)

where the first equality follows from (D-29) and A, 1 = ki, '/n(Gr, (05°) — Gr, (05)) (0, — 6,,) , and the second holds
by (D-28) and A, 2 = x;,'v/n(l — kn \/W)D;jm (0,)Er, [m(W,0,)]. By similar arguments to those in the proof
of Lemma C.8, ||Aq4, 1]| = o(1). In addition, Assumption A.4 and {6, € ©1(F,, A\s)}n>1 imply that A, 2, > 0 for
j < p and n sufficiently large, and that A, 2 ; =0 for j > p and all n > 1.

Now define ¢, = n;nl\/anD;;m(éan)Epn [m(W,0,,)] so that by compactness of ( (o), d) there is a further
subsequence {un}n>1 of {an}tn>1 s.t. £, = li;i\/unD;i/Q(Qun)Epu”[ (W,0.,)] and A, 1 converges. We define
0" =limp—oo £y, . By (D-30) and properties of A, 1 and A, 2, we conclude that

lim 0, ;= 1w imor) @) Bry, mi(W,00,)] > T \/bu,ozl (6, Er,, ms(W,6.,)] =, for j <p,

n—oo n— oo

lim € ;= lim ki, Vunop, (0u,)Er,, [m;(W,0.,)] = i b, 05, 500,)Er,, [mi(W,0,,)] =, for j >p,

n—oo n—oo

Thus, {(fu,,,) € Tor gy (An)tnz1, Ou, — 0, and £ — £* where £; > ; for j < p and £ = {; for j > p, and
(0,¢*) e THR.

We conclude the step by showing that (6,¢*) € T"®.  To this end, find a subsequence {(8} ¢l ) €
T0R b Qo)best, 05, — 0, and £, = k! Dyt/?(01, ) Er,, [m(W,0},)] — €. Notice that {(0u,.l,) €
FE,{{Fu (An)}n>1 implies that {0, € ©(Au,)}n>1. This and dug(O(A\,), (X)) = O(n~/?) implies that there is
{05, € ©(X\o)}nz1 sit. \/uTLHéUH — 0% || = O(1) which implies that 6] — 6. By the intermediate value theorem

there exists a sequence {0,,"" € ©},>1 with 6" in the line between 0, and 0 such that

G, = DR 208, Ery, m(W,08,)] = ki in D208, Br,, [m(W,00,)] + 522 VG, (027)(05, — 0u,)
= Zun + A, =

where we have define Ay, = k,!\unGr,, (057°)(0), — 0.,) and A,, = o(1) holds by similar arguments to those
used before. By definition, this proves that (0, ¢*) € TR,

Step 3. We show that inf 4 sycrss S(va(0)+£, Q(0)) > inf g o erpr S(va(0)+£,Q2(0)) as. Since vq is a tight stochas-
tic process, there is a subset of the sample space W, denoted A1, s.t. P(A1) =1and Vw € Ay, supycg ||[va(w,8)|| < co.
By step 1, there is a subset of W, denoted As, s.t. P(A2) =1 and Yw € A,

inf  S(va(w,0) +£,02(0)) < oo .
(6,0)eTsSs

Define A = A; N Az and note that P(A) = 1. In order to complete the proof, it then suffices to show that Vw € A,

inf  S(va(w,0) +£,Q0) > inf  Sva(w,b)+£,9(6)) . (D-31)
(0,£)erss (0,6)eTPR
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Fix w € A arbitrarily and suppose that (D-31) does not occur, i.e.,

A= inf  Sa(w,0)+£,Q20))— inf S(va(w,0)+£,2(0)) >0. (D-32)
(0,)eIrPR (0,£)€rss

By definition of infimum, 3(6,¢) € T°° s.t. inf g pyerss S(va(w, ) +£,Q(0)) + A/2 > S(va(w,0) + £,9Q(0)), and so,
from this and (D-32) it follows that

S(va(w,0) +£,9(0)) < inf  S(va(w,0)+£,Q6)) —A/2. (D-33)
(0,£)erPR
We now show that ¢ € Rﬁroo] xR*~P, Suppose not, i.e., suppose that £; = —oo for some j < p and |{;| = oo for some

j > p. Since w € A C Ay, ||va(w,0)|| < co. By part 2 of Lemma C.6 it then follows that S(ve(w,0) + £, Q(0)) = cc.
By (D-33), inf (g gyerss S(va(w,8) + £,Q(0)) = oo, which is a contradiction to w € As.

Since 7 € ]R[eroo] x R*™P step 2 implies that 3(9,£*) € I'"F where £; > ¢; for j < p and £ = {; for j > p. By
properties of S(-),
S(va(w,0) +£7,9(0)) < S(va(w,0) +£,9(0)) - (D-34)

Combining (D-32), (D-33), (D-34), and (8, £*) € ", we reach the following contradiction,

0<A/2<  inf  S(va(w,d) + £,Q(0) — S(va(w,d) + £, Q(8))
(6,£)eTPR

< inf  S(va(w,0) +£,9(0)) — S(va(w,d) +£5,Q(0)) <0 .
(6,)eTPR

Step 4. Suppose the conclusion of the lemma is not true. This is, suppose that c(l,a)(FPR, Q) > c(l,oo(l"ss, Q).

Consider the following derivation

a < P(J(TTR,Q) > c_a)(T%°,Q))
< P(J(T,Q) > ca_a)(T%,Q) + P(J(IT, Q) > J(I%°,Q)) =1 - P(J(I®,Q) < c1_a)(T™°,Q)) < a,

where the first strict inequality holds by definition of quantile and c(l_a)(FPR, Q) > c(l_a)(FSS, Q), the last equality

holds by step 3, and all other relationships are elementary. Since the result is contradictory, the proof is complete. [

Proof of Lemma C.10. By Theorem 4.3, liminf(Er, [0 % (Xo)] — Er, [¢5°(Xo)]) > 0. Suppose that the desired result

is not true. Then, there is a further subsequence {un}n>1 of {n},>1 s.t.
lim Br,, [67%(M)] = lim B, [655 (\o)] . (D-35)

This sequence {un }n>1 will be referenced from here on. We divide the remainder of the proof into steps.

Step 1. We first show that there is a subsequence {an }n>1 of {tn}n>1 s.t.
(T Qo) {Wi}izi} 5 S(wa(87) + (9, 06—p), AE7)), as. (D-36)
Conditionally on {W;}i“,, Assumption A.7(c) implies that
T7% (M) = S(Vbu Dy, (0:)mi (027,457 (0:7)) + 0p(1), aus. (D-37)
By continuity of the function S, (D-36) follows from (D-37) if we find a subsequence {an }n>1 of {un}n>1 s.t.

{Qa7 O Wiz} B Q(0), as. (D-38)
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{Vban D2 (020)RI O3 Wbz } = va(07) + (9, 06p), as. (D-39)
To show (D-38), note that

119227 (62%) — (67| < sup 192:7(8,6) — (6, 0)|] + 12(6:%) — (67| -

the first term on the RHS is conditionally o,(1) a.s. by Lemma C.1 (part 5) and the second term is conditionally
0p(1) a.s. by Q € C(0?) and {035{W;i}i_1} & 0" a.s. Then, (D-38) holds for the original sequence {n},>1.

To show (D-39), note that
v b”D;i/Q(éSS)mis(éss) = ,1775;5(9*) + (97 Ok:fp) + Mn,1 + Mn,2 ,

where

5 (0,7°)y/bn /1
(B3 (05°) = 552 (07)) + Vou (D (07°) Er, [m(W, 05°)] — D2 (05°) Ep, [m(W, 0,7)])
+(Vbu D2 (07°) Er, [m(W,07°)] = (9, 01—5)) -

Mn,1

Hn,2

Lemma C.1 (part 9) implies that {@;°(6%)[{Wi}i= } 4 vg (67) a.s. and so, (D-39) follows from

{a, 1 {Witizy
{ka, 2{Witiz,

([
) )
< <

—~ o~
— =
— —
& 1
0 n
—~ o~
v Y
NN
- (=)
NN

By Lemma C.1 (part 7), SUPeee [|Tn(0)]|\/brn/n = 0p(1), and by taking a further subsequence {an }n>1 of {n},>1,
SUPyco |[Tan (0)|[/bay /an = 0a.s.(1). Since ¥, (-) is conditionally non-stochastic, this result implies (D-41).

By Assumption A.7(c), (D-41) follows from showing that {#5°%(6*) — 05 (05°)|{Wi}?1} = 0p(1) a.s., which we

now show. Fix p > 0 arbitrarily, it suffices to show that
limsup Pr, (|5, (6%) — 8" (0,°)]] > el{Wi}i1) < p as. (D-42)
Fix & > 0 arbitrarily. As a preliminary step, we first show that
lim Pr, (pr, (60%,05°) > 6|{Wi}l~1) =0 as. , (D-43)
where pr, is the intrinsic variance semimetric in (A-1). Then, for any j =1,...,k,
Vi (07,5055 my (W,05%) — o5 (67 )m; (W, 67)) = 2(1 — Q5 (07, 655) 1) -
y (A-1), this implies that
Pru(pra(0°,07°) 2 SHWHL) €30 Pr(1= (07,0755 2 %27 K HWiHL) . (D-44)
For any 7 =1,...,k, note that

Pr, (1= Qp, (07,057 5.5 > %27 kT {WiYLy)

IA

Pr, (1= Q07,0557 > 6°27 2k {Wi}isy) + o(1)
Pr, (110" = 6;°]] > {Wi}i=1) + o(1) = 0a.s.(1)

IA

where we have used that Qr, — Q and so supg gce |[Q(0,0")5 — Qr, (6,60");.5]] < 62272k~ for all sufficiently
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large n, that Q € C(©?%) and so 3§ > 0 s.t. ||0* — 65| < & implies that 1 — Q(@*,éfs)u,ﬂ < §%272k7', and that
{055 {W;}7_1} B 6% a.s. Combining this with (D-44), (D-43) follows.

Lemma C.1 (part 1) implies that {#5°(-)|{W;}i=,} is asymptotically pr-equicontinuous uniformly in F € P (a.s.)
in the sense of van der Vaart and Wellner (1996, page 169). Then, 36 > 0 s.t.

limsup Py, ( sup  ||55°(0) — #,°(0)]] > el{Wi}iey) < p as. (D-45)

n— 00 Pr, (0,07)<8

Based on this choice, consider the following argument:

Pr, ([[555(0%) = 57°(0;°)]] > e {Witisy) < P, ( (S;lg)dl\ﬁfs(@ ) = 0 (Bn)]| > e{Wilisy)
prp (6,

+ Pr, (pr, (07,0,) = S{Wi}isy)
From this, (D-43), and (D-45), (D-42) follows.
Step 2. For arbitrary € > 0 and for the subsequence {an }n>1 of {ttn}n>1 in step 1 we want show that

lim Pr,, (|cgs (Mo, 1 — ) = c(1-ay (9, 2(07))| <) =1, (D-46)

where c(1_q)(g, 2(6")) denotes the (1 — a)-quantile of S(va(8*) + (g,0x—p),2(0)). By our maintained assumptions
and Assumption A.7(b.iii), it follows that ¢(1_q)(g,(87)) >0

Fix £ € (0, min{e, ¢(1-a)(g, 2(67))}). By our maintained assumptions, c(1_q)(g, 2(0%)) —& and c(1_o)(g, Q(07)) +£
are continuity points of the CDF of S(va(0*) + (g, 0k—p), 2(0)). Then,

lim P, (T5? (A0) < ¢(1-a)(9, 207)) +E{Wi}{2) = P(S(v(67)+ (9, 0k—p), 2(67)) < c(1-a) (9, A8")) +&) > 1—a, (D-47)
where the equality holds a.s. by step 1, and the strict inequality holds by & > 0. By a similar argument,

lim Pr, (T3 (M) < c(1-a)(9: 20%)) —el{Wi}ioy) = P(S(va(0%) +(9,05—), 207)) < c1-a)(9,2(07)) —&) < 1—ar, (D-48)
where, as before, the equality holds a.s. by step 1. Next, notice that

{lim Pr, , (T237 (M) < c1-a) (9, 207)) + E{Wi}z)) > 1 - a} C {liminf{c; (Ao, 1 — ) < c1-a)(9, 207)) +€}}
with the same result holding with —¢& replacing +&. By combining this result with (D-47) and (D-48), we get

{liminf{|c;% (Ao, 1 — @) — Cl1—a)(9,Q(07))] < E}} aus.

From this result, £ < €, and Fatou’s Lemma, (D-46) follows.

Step 3. For an arbitrary € > 0 and for a subsequence {wy, }n>1 of {an}n>1 in step 2 we want to show that
lim Pr,, (c(1—a)(m, Q(0%)) +€ > X, l—a)) =1, (D-49)

where ¢(1_q)(m,Q(0")) denotes the (1 — a)-quantile of S(va(0*) + (m,0k—p), 2(0*)) and 7 € RY
to be determined that satisfies 7 > g and 7; > ¢; for some j =1,...,p.

[+ ,4-00] is a parameter

The arguments required to show this are similar to those used in steps 1-2. For any 6 € ©(\o), define TfR(ﬂ) =
S(vn(0) + mnlfD_lp( 0)1n(0),0,(0)). We first show that there is a subsequence {wy }n>1 of {an}n>1 s.t.

{TEF O WY 5 S(a(f7) + (7, 00-,),2(87)) aus. (D-50)
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Consider the following derivation:

TPRO3%) = S(i(05°) + ry VD V2055 )ma (05°), 0. (657))
S(DR 205D (05705 (05°) + ki VD2 (02°)mn (05°), 0 (05°)) .

By continuity of the function S, (D-49) would follow from if we find a subsequence {wn }n>1 of {an}n>1 s.t.

{0, (B2 {WYY B Q07), as.
(D 2025 DY (05 )03, (055) + oo /W D2 (025 v, (O )W} 5 w0 (07) + (7, 08), a5,

The first statement is shown as in (D-38) in step 1. To show the second statement, note that

Dt 2(055) DY 203705, (035) + Koo om Dyt (035 Y11, (037) = 03, (07) + (7, 0k ) + a3 + .t

where
funs = Dp/?(055)DY2(055) 05, (055) — vl (07) + kgl T, (055)
Ve V(D2 (055) B, Im(W,05°)] — D 2(057) Er,, [m(W, 055))),
Hwy, 4 = (K'LT);I;, V w”/bwn) b’wn D;‘i/g (éf}i)EFwn [m(W7 éf}i)} - (ﬂ-’ Ok*P)‘

By Lemma C.1 (part 9), we have {vy, (0")[{Wi}i=i} 2 vo(0*) a.s. By the same arguments as in step 1, we
have that {ftw, 3[{Wi}} = op(1), a.s. By possibly considering a subsequence, iy \/wn/bw, — K~ € (1,00] by
Assumption A.7(d) and {\/ED;:M{Q (éif)EFwn [m(W, 055 [{W:}m } = (g, Ok—p)+o0p(1) a.s. by Assumption A.7(c,iii),
with g € Rf b 400] by step 1. By combining these two and by possibly considering a further subsequence, we conclude
that {(ky! M)\/EDEJQQ(GEE)EFW” [m(W, 055 [{Wi} } = (7, 0—p) + 0p(1) a.s. where 7 € RY, 4oop- Since
K™''>1,m >¢g; >0forall j =1,...,p. By Assumption A.7(c,iii), there is j = 1,...,p, s.t. g; € (0,00) and so

Wn,

n; = K~ 'g; > g;. From this, we have that {fe,, 4| {W:}*"} = 0,(1), a.s.

Let ¢57(6,1 — a) denote the conditional (1 — a)-quantile of 7.7 %(#). On the one hand, (D-50) and the arguments
in step 2 imply that limPpw"(\Eiff(éf,i,l —a) — c(1—a)(m,Q2(0%))] < e) =1 for any € > 0. On the other hand,
TR (o) = infecomng) TL 7 (0) and {655 € ©(Xo)}n>1 imply that eER(05%,1 — a) > ¢(Xo,1 — a). By combining
these, (D-49) follows.

We conclude by noticing that by c(1_q)(g,2(07)) > 0 (by step 2) and m© > g with 7; > g; for some j = 1,...,p,
our maintained assumptions imply that ¢ —q) (g, 2(0")) > c(1—a)(m, Q(67)).

Step 4. We now conclude the proof. By Assumption A.7(a) and arguments similar to step 1 we deduce that

T, (X0) 5 S0 (07) + (A, 0k_,), Q2(60%)) . (D-51)

Fix e € (0, min{c1—a)(g, 2(07)), (c(1—a)(g, 2(0)) — ca—ay (7, 2(07)))/2} (possible by steps 2-3), and note that
Pr,, (Tuw, (M) < ¢ (Mo, 1= @) < Pr,, (T, (o) < c1-a)(9: 207)) + ) + Pr,,, ([ (Mo, 1 = ) = c1-a)(9, 207))| > &)
By (D-46), (D-51), and our maintained assumptions, it follows that

(o) <35 (Mo, 1 —a)) <

liminf Pr, (Tw, (M) < chs (Ao, 1 — ) >

(S(wa(67) + (A, 0k—p), 2(07)) < c1-a)(9,207)) +¢) , (D-52)
(S(va(07) + (A, 0k—p), Q207)) < c1-a)(9, 207)) — &) . (D-53)

limsup Pr,, (Tw

n
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Since (D-52), (D-53), c(1—a)(g,2(6")) > 0, and our maintained assumptions,
lim B, [655 (o)) = P(S(00(0") + (\ 0k—), 2(0%)) > 1) (9, 2(0°))) - (D-54)

We can repeat the same arguments to deduce an analogous result for the Penalize Resampling Test. The main
difference is that for Test PR we do not have a characterization of the minimizer, which is not problematic as we can

simply bound the asymptotic rejection rate using the results from step 3. This is,
lim B, [657(0)] = P(S@a(0%) + (A 0_p), R07)) > 1 (7, 2(6°))) - (D-55)
By our maintained assumptions, ¢(1—qa)(g, Q2(07)) > ca—a)(m, Q(6%)), (D-54), and (D-55), we conclude that

lim Er,, [phr ()] = P(Swa(0%) + (A, 06—p), 2(07)) > ca_a)(m, Q07)))
> P(S(va(07) + (A 0k—p),20%)) > ca—ay(g, A0"))) = lim Er,, [¢u) (Xo)] -

Since {wy }n>1 is a subsequence of {un }n>1, this is a contradiction to (D-35) and concludes the proof. O
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