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PROGRAM EVALUATION WITH HIGH-DIMENSIONAL DATA
A. BELLONI, V. CHERNOZHUKOV, I. FERNANDEZ-VAL, AND C. HANSEN

ABSTRACT. In this paper, we provide efficient estimators and honest confidence bands for a variety
of treatment effects including local average (LATE) and local quantile treatment effects (LQTE)
in data-rich environments. We can handle very many control variables, endogenous receipt of
treatment, heterogeneous treatment effects, and function-valued outcomes. Our framework covers
the special case of exogenous receipt of treatment, either conditional on controls or unconditionally
as in randomized control trials. In the latter case, our approach produces efficient estimators and
honest bands for (functional) average treatment effects (ATE) and quantile treatment effects (QTE).
To make informative inference possible, we assume that key reduced form predictive relationships
are approximately sparse. This assumption allows the use of regularization and selection methods to
estimate those relations, and we provide methods for post-regularization and post-selection inference
that are uniformly valid (honest) across a wide-range of models. We show that a key ingredient
enabling honest inference is the use of orthogonal or doubly robust moment conditions in estimating
certain reduced form functional parameters. We illustrate the use of the proposed methods with an
application to estimating the effect of 401(k) eligibility and participation on accumulated assets.
The results on program evaluation are obtained as a consequence of more general results on hon-
est inference in a general moment condition framework, where we work with possibly a continuum
of moments. We provide results on honest inference for (function-valued) parameters within this
general framework where modern machine learning methods are used to fit the nonparametric/high-
dimensional components of the model. These include a number of supporting new results that are
of major independent interest: namely, we (1) prove uniform validity of a multiplier bootstrap, (2)
offer a uniformly valid functional delta method, and (3) provide results for sparsity-based estimation

of regression functions for function-valued outcomes.

1. INTRODUCTION

The goal of many empirical analyses in economics is to understand the causal effect of a treatment
such as participation in a government program on economic outcomes. Such analyses are often
complicated by the fact that few economic treatments or government policies are randomly assigned.
The lack of true random assignment has led to the adoption of a variety of quasi-experimental
approaches to estimating treatment effects that are based on observational data. Such approaches
include instrumental variable (IV) methods in cases where treatment is not randomly assigned
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but there is some other external variable, such as eligibility for receipt of a government program or
service, that is either randomly assigned or the researcher is willing to take as exogenous conditional
on the right set of control variables (or simply controls). Another common approach is to assume
that the treatment variable itself may be taken as exogenous after conditioning on the right set
of controls which leads to regression or matching based methods, among others, for estimating

treatment effects[]

A practical problem empirical researchers face when trying to estimate treatment effects is de-
ciding what conditioning variables to include. When the treatment variable or instrument is not
randomly assigned, a researcher must choose what needs to be conditioned on to make the ar-
gument that the instrument or treatment is exogenous plausible. Typically, economic intuition
will suggest a set of variables that might be important to control for but will not identify exactly
which variables are important or the functional form with which variables should enter the model.
While less crucial to identifying treatment effects, the problem of selecting controls also arises in
situations where the key treatment or instrumental variables are randomly assigned. In these cases,
a researcher interested in obtaining precisely estimated policy effects will also typically consider
including additional controls to help absorb residual variation. As in the case where including
controls is motivated by a desire to make identification of the treatment effect more plausible, one
rarely knows exactly which variables will be most useful for accounting for residual variation. In
either case, the lack of clear guidance about what variables to use presents the problem of select-
ing controls from a potentially large set including raw variables available in the data as well as
interactions and other transformations of these variables.

In this paper, we consider estimation of the effect of an endogenous binary treatment, D, on an
outcome, Y, in the presence of a binary instrumental variable, Z, in settings with very many po-
tential controls, f(X). Allowing many potential controls expressly covers both the case where there
are simply many controls (where f(X) = X)) and the case where there are many technical controls
f(X) generated as transformations such as powers, b-splines, or interactions of raw controls,ﬂ X,
along with combinations of the two cases. The notation f(X) naturally accommodates these cases,
and we call f(X) the controls regardless of the case. We allow for fully heterogeneous treatment ef-
fects and thus focus on estimation of causal quantities that are appropriate in heterogeneous effects
settings such as the local average treatment effect (LATE) or the local quantile treatment effect
(LQTE). We focus our discussion on the endogenous case where identification is obtained through
the use of an instrumental variable, but all results carry through to the exogenous case where the
treatment is taken as exogenous unconditionally or after conditioning on sufficient controls by sim-
ply replacing the instrument with the treatment variable in the estimation and inference methods
and in the formal results. In the latter case LATE reduces to the average treatment effect (ATE)
and LQTE to the quantile treatment effect (QTE).

!There is a large literature about estimation of treatment effects. See, for example, the textbook treatments
in [Angrist and Pischke| (2008) or Wooldridge, (2010) and the references therein for discussion from an economic
perspective.

2See, e.g., Koenker| (1988), |[Newey| (1997)), [Wasserman| (2006]), |Chen| (2007, and |Tsybakov| (2009).
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The methodology for estimating treatment effects we consider allows for cases where the number
of potential controls, p := dim f(X), is much larger than the sample size, n. Of course, informative
inference about causal parameters cannot proceed allowing for p > n without further restrictions.
We impose sufficient structure through the assumption that reduced form relationships such as the
conditional expectations Ep[D|X], Ep[Z|X], and Ep[Y|X] are approximately sparse. Intuitively,
approximate sparsity imposes that these reduced form relationships can be represented up to a
small approximation error as a linear combination, possibly inside of a known link function such
as the logistic function, of a number s < n of the variables in f(X) whose identities are a priori
unknown to the researcher. This assumption allows us to use methods for estimating models in
high-dimensional sparse settings that are known to have good prediction properties to estimate
the fundamental reduced form relationships. We may then use these estimated reduced form
quantities as inputs to estimating the causal parameters of interest. Approaching the problem of
estimating treatment effects within this framework allows us to accommodate the realistic scenario
in which a researcher is unsure about exactly which confounding variables or transformations of

these confounds are important and so must search among a broad set of controls.

Valid inference following model selection is non-trivial. Direct application of usual inference
procedures following model selection does not provide valid inference about causal parameters
even in low-dimensional settings, such as when there is only a single control, unless one assumes
sufficient structure on the model that perfect model selection is possible. Such structure can be
restrictive and seems unlikely to be satisfied in many economic applications. For example, a typical
condition that allows perfect model selection is the “beta-min” condition, which requires that all
but a small number of coefficients are exactly zero and that the non-zero coefficients are all large
enough that they can be distinguished from zero with probability very near one in finite samples.
Such a condition rules out the possibility that there may be some variables which have moderate,
but non-zero, partial effects. Ignoring such variables may result in large omitted variables bias
that has a substantive impact on estimation and inference regarding individual model parameters;
see Leeb and Potscher (2008aj; 2008b); Potscher| (2009); and Belloni, Chernozhukov, and Hansen
(2013a; |20144).

The first main contribution of this paper is providing inferential procedures for key parameters
used in program evaluation that are theoretically valid within approximately sparse models allowing
for imperfect model selection. Our procedures build upon Belloni et al.| (2010) and [Belloni et al.
(2012), who were the first to demonstrate in a highly specialized context, that valid inference can
proceed following model selection allowing for model selection mistakes under two conditions. We
formulate and extend these two conditions to a rather general moment-condition framework (e.g.,
Hansen (1982) and Hansen and Singleton| (1982))) as follows. First, estimation should be based
upon “orthogonal” moment conditions that are first-order insensitive to changes in the values of
nuisance parameters that will be estimated using high-dimensional methods. Specifically, if the

target parameter value aq is identified via the moment condition

Epy(W, ag, ho) = 0, (1.1)
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where hg is a function-valued nuisance parameter estimated via a post-model-selection or regu-
larization method, one needs to use a moment function, v, such that the corresponding moment
condition is orthogonal with respect to perturbations of A around hy. More formally, the moment
condition should satisfy

OIEpY (W, ap, h)lp=h, = 0, (1.2)
where 0y, is a functional derivative operator with respect to h restricted to directions of possible
deviations of estimators of hg from hg. Second, one needs to ensure that the model selection
mistakes occurring in the estimation of nuisance parameters are uniformly “moderately” small
with respect to the underlying model. Specifically, we will require that the nuisance parameter hg
is estimated at the rate o(nfl/ 4), which ensures small bias, and that the estimator takes values
in a space whose entropy does not grow too fast, which ensures no overfitting. In this paper, we
establish that building estimators based upon moment conditions with the orthogonality condition
holding ensures that crude estimation of kg via post-selection or other regularization methods
has an asymptotically negligible effect on the estimation of ag in general frameworks. It then
follows that we can form a regular, root-n consistent estimator of ag, uniformly with respect to the

underlying model.

In the general endogenous treatment effects setting, we build the moment conditions satisfying
from the efficient influence functions for certain reduced form parameters, building upon Hahn
(1998). We illustrate how orthogonal moment conditions coupled with methods developed for fore-
casting in high-dimensional approximately sparse models can be used to estimate and obtain valid
inferential statements about a wide variety of structural/treatment effects. We formally demon-
strate the uniform validity of the resulting inference within a broad class of approximately sparse
models including models where perfect model selection is theoretically impossible. An important
feature of our main theoretical results is that they cover the use of variable selection for functional
response data using £1-penalized methods. Functional response data arises, for example, when one
is interested in the LQTE at not just a single quantile but over a range of quantile indices; this in
turn necessitates looking at the functional dependent variable u — 1(Y < u), where u denotes
various levels that Y can cross. Considering such functional response data allows us to provide a
unified inference procedure for interesting quantities such as the (local) distributional and quantile
effects of the treatment, including simpler important parameters such as LQTE at a given quantile
as a special case.

The second main contribution of this paper, which is not only used to establish the properties of
treatment effects estimators but is also of independent interest, is providing a general set of results
for uniformly valid estimation and inference methods in modern moment-condition problems in
econometrics allowing for both smooth and non-smooth moment functions. A key element to our
establishing uniform validity of post-regularization inference is again the use of orthogonal moment
conditions. In the general framework we consider, we may have a continuum of target parameters
identified via a continuum of moment conditions that involve a continuum of nuisance functions that
will be estimated via modern high-dimensional methods such as Lasso, Post-Lasso, or their variants.
These results contain the results on treatment effects relevant for program evaluation, particularly
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the results for distributional and quantile effects, as a leading special case. These results are also
immediately useful in other contexts such as nonseparable quantile models as in |(Chernozhukov and
Hansen (2005), Chernozhukov and Hansen| (2006), (Chesher| (2003)), and Imbens and Newey| (2009);
semiparametric and partially identified models as in [Escanciano and Zhu (2013); and many others.
In our results, we first establish a functional central limit theorem for the continuum of target
parameters and show that this functional central limit theorem holds uniformly in a wide range
of data-generating processes P with approximately sparse continua of nuisance functions. Second,
we establish a functional central limit theorem for the multiplier bootstrap that resamples the first
order approximations to the standardized estimators and demonstrate its uniform-in-P validity.
These uniformity results build upon and complement those given in Romano and Shaikh| (2012) for
the empirical bootstrap. Third, we establish a functional delta method for smooth functionals of
the continuum of target parameters and a functional delta method for the multiplier bootstrap of
these smooth functionals, both of which hold uniformly in P, using an appropriately strengthened
notion of Hadamard differentiability. All of these results are new and are of independent interest

outside of the treatment effects focus of this paper.

We illustrate the use of our methods by estimating the effect of 401(k) eligibility and 401 (k)
participation on measures of accumulated assets as in [Chernozhukov and Hansen (2004)EI Similar
to Chernozhukov and Hansen| (2004, we provide estimates of ATE and QTE of 401(k) eligibility and
of LATE and LQTE of 401(k) participation. We differ from this previous work by using the high-
dimensional methods developed in this paper to allow ourselves to consider a broader set of controls
than has previously been considered. We find that 401(k) participation has a moderate impact on
accumulated financial assets at low quantiles while appearing to have a much larger impact at
high quantiles. Interpreting the quantile index as “preference for savings” as in |Chernozhukov
and Hansen| (2004), this pattern suggests that 401(k) participation has little causal impact on the
accumulated financial assets of those with low desire to save but a much larger impact on those
with stronger preferences for saving. It is interesting that these results are similar to those in
Chernozhukov and Hansen| (2004) despite allowing for a much richer set of controls.

Links to the literature. The orthogonality condition embodied in has a long history in
statistics and econometrics. For example, this type of orthogonality was used by |[Neyman| (1979) in
low-dimensional settings to deal with crudely estimated parametric nuisance parameters. See also
Newey| (1990), |Andrews| (1994b), |[Newey| (1994), Robins and Rotnitzky| (1995), and Linton| (1996)
for the use of this condition in semi-parametric problems.

To the best of our knowledge, Belloni et al. (2010) and Belloni et al. (2012) were the first to
use the orthogonality to expressly address the question of the uniform post-selection inference
without imposing the “beta-min” conditions, either in high-dimensional settings with p > n or
in low-dimensional settings with p < n. They applied it to the specific problem of the linear
instrumental variables model with many instruments where the nuisance function hg is the optimal

3See also Poterba, Venti, and Wise (1994} 11995; [1996; 2001)), |Abadie| (2003)), Benjamin| (2003), and |Ogburn et al.
(2015) among others.
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instrument estimated by Lasso or Post-Lasso methods and «q is the coefficient of the endogenous

regressor. Belloni et al| (2013a) and Belloni et al. (2014al) also exploited this approach to develop

a double-selection method that yields valid post-selection inference on the parameters of the linear
part of a partially linear model and on average treatment effects when the treatment is binary and
exogenous conditional on controls in both the p > n and the p < n settingﬁ Subsequently,
(2013)) extended the results of Belloni et al.| (2013a) and Belloni et al.| (2014a)) to estimation of ATE

when the treatment is multivalued and exogenous conditional on controls using group penalization

for selection. Note that this previous work on treatment effects covers only the exogenous case
and does not allow for functional responses which are necessary, for example, for working with
distributional or quantile treatment effects.

Our work also contributes to the line of research on obtaining \/n-consistent and asymptotically
normal estimates for low-dimensional components within traditional semiparametric frameworks,
specifically in the important work by Bickel (1982), Robinson| (1988), Newey| (1990), van der Vaart|
(1991)), |/Andrews| (1994b), Newey| (1994)), |Ai and Chen| (2003], 2012), and (Chen et al.| (2003). The

major difference is that we allow for the possibility of using modern high-dimensional methods,

a.k.a. machine learning methods, for modeling and fitting the non-parametric (or high-dimensional)
components of the model. In contrast to the former literature, we expressly allow for data-driven
choice of the approximating model for the high-dimensional component, which addresses a crucial
problem that arises in empirical work. Moreover, recent methods based on ¢;-penalization, upon
which we focus in this paper, allow for much more flexible modeling of the non-parametric/high-
dimensional parts of the modelﬂ Our general theory in Section 5 also allows, in principle, for
a wide variety of traditional and machine learning methods, including those that do not rely on
approximate sparsity, as long as the methods have good approximation ability and their entropy
does not increase too rapidly with the sample size - i.e. they do not overfit.

The paper also generates a number of new results on sparse estimation with functional response
data. These results are of independent interest in themselves, and they build upon the work of

Belloni and Chernozhukov| (2011)) who provided rates of convergence for variable selection when one

is interested in estimating the quantile regression process with exogenous variables. More generally,
this theoretical work complements and extends the rapidly growing set of results for ¢1-penalized
estimation methods; see, for example, [Frank and Friedman| (1993); [Tibshirani (1996); Fan and Li|
(2001); [Zoul (2006)); (Candes and Tao| (2007); van de Geer| (2008); Huang et al.| (2008)); Bickel et al.|
(2009)); Meinshausen and Yu| (2009); Bach! (2010)); Huang et al.| (2010); Belloni and Chernozhukov|
(2011); Kato| (2011)); Belloni et al.| (2012); Belloni and Chernozhukov| (2013)); Belloni et al.| (2013b);
Belloni et al.| (2013c)); Caner and Zhang| (2014); and the references therein.

4Note that these results as well as results of this paper on the uniform post-selection inference in moment-condition
problems are new for either p < n or p > n settings. The results also apply to arbitrary model selection devices, such
as the Dantzig selector, Square-Root-Lasso, or Adaptive Lasso, that are able to select good sparse approximating

models, and “moderate” model selection errors are explicitly allowed in the paper.

5See, for instance, |Belloni et a1.| (]2012[) and |Belloni et a1.| (]2014b|) for a formalization of this claim in terms of

rearranged Sobolev spaces where it is shown that traditional methods can fail to be consistent while ¢;-penalized

methods remain consistent and have good rates of convergence.
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Plan of the Paper. Section [2] introduces the structural parameters for policy evaluation and
relates these parameters to reduced form functions. Section [3| describes a three step procedure to
estimate and make inference on the structural parameters and functionals of these parameters, and
Section 4] provides asymptotic theory. Section |p| generalizes the setting and results to moment-
condition problems with a continuum of structural parameters and a continuum of reduced form
functions. Section [6] derives general asymptotic theory for the Lasso and post-Lasso estimators for
functional response data used in the estimation of the reduced form functions. Section[7]presents the
empirical application. We provide notation, proofs of key results, and details about implementation
of the methods in the empirical example in Appendices [AHE] An on-line Supplementary Appendix
provides all remaining proofs, additional technical material, and results from a small Monte Carlo
simulation (Belloni et al., 2015]).

2. THE TREATMENT EFFECTS SETTING AND TARGET PARAMETERS

2.1. Observables and Reduced Form Parameters. The observed random variables consist of
((Yu)ueu, X, Z, D). The outcome variable of interest Y,, is indexed by u € U. We give examples of
the index u below. The variable D € D = {0,1} is a binary indicator of the receipt of a treatment
or participation in a program. It will typically be treated as endogenous; that is, we will typically
view the treatment as assigned non-randomly with respect to the outcome. The instrumental
variable Z € Z = {0, 1} is a binary indicator, such as an offer of participation, that is assumed to
be randomly assigned conditional on the observable covariates X with support X ﬁ For example,
we argue that 401(k) eligibility can be considered exogenous only after conditioning on income
and other individual characteristics in the empirical application. The notions of exogeneity and

endogeneity we employ are standard and thus omittedﬂ

The indexing of the outcome Y, by wu is useful to analyze functional data. For example, Y,
could represent an outcome falling short of a threshold, namely Y, = 1(Y < u), in the context of
distributional analysis; Y,, could be a height indexed by age w in growth charts analysis; or Y, could
be a health outcome indexed by a dosage u in dosage response studies. Our framework is tailored
for such functional response data. The special case with no index is included by simply considering
U to be a singleton set.

We make use of two key types of reduced form parameters for estimating the structural param-
eters of interest — (local) treatment effects and related quantities. These reduced form parameters
are defined as

av(z) :== Ep[gv (2, X)] and v :=Ep[V], (2.1)

60f course, by “randomly assigned” we mean independently of outcomes conditional on the covariates.
"For completeness, we provide a review of these conditions as well as restate standard conditions that are sufficient

for a causal interpretation of the target parameters in the Supplementary Appendix.
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where z = 0 or z = 1 are the fixed values of Z E| The function gy maps ZX, the support of the
vector (Z, X), to the real line R and is defined as

gv(z,2) = Ep[V|Z =2, X = z|. (2.2)

We use V' to denote a target variable whose identity may change depending on the context such as
V =14(D)Y, or V. =14(D) where 14(D) := 1(D = d) is the indicator function.

All the structural parameters we consider are smooth functionals of these reduced-form parame-
ters. In our approach to estimating treatment effects, we estimate the key reduced form parameter
ay(z) using modern methods to deal with high-dimensional data coupled with orthogonal esti-
mating equations. The orthogonality property allows us to deal with the “non-regular” nature of
penalized and post-selection estimators which do not admit linearizations except under very restric-
tive conditions. The use of regularization by model selection or penalization is in turn motivated

by the desire to accommodate high-dimensional data.

2.2. Target Structural Parameters — Local Treatment Effects. The reduced form parame-
ters defined in (2.1]) are key because the structural parameters of interest are functionals of these
elementary objects. The local average structural function (LASF) defined as

a1,(pyv, (1) — a1,(Dyy, (0)

Oy (d) =
v.(d) a1,(p)(1) = a1,p)(0)

, de{0,1} (2.3)

underlies the formation of many commonly used treatment effects. Under standard assumptions, the
LASF identifies average potential outcomes for the group of compliers, individuals whose treatment
status may be influenced by variation in the instrument, in the treated and non-treated states; see,
e.g. Abadie (2002; 2003)). The local average treatment effect (LATE) of Imbens and Angrist| (1994])
corresponds to the difference of the two values of the LASF:

Oy, (1) — 6y, (0). (2.4)

The term local designates that this parameter does not measure the effect on the entire population
but rather measures the effect on the subpopulation of compliers.

When there is no endogeneity, formally when D = Z, the LASF and LATE become the average
structural function (ASF) and average treatment effect (ATE) on the entire population. Thus, our
results cover this situation as a special case where the ASF and ATE simplify to

Oy, (2) = ay,(2), Oy, (1) =0y, (0) = ay, (1) — ay,(0). (2.5)

We also note that the impact of the instrument Z itself may be of interest since Z often encodes
an offer of participation in a program. In this case, the parameters of interest are again simply the

reduced form parameters
8The expectation that defines ay () is well-defined under the standard support condition 0 < Pp(Z =1 X) < 1

a.s. This condition is standard in treatment effects estimation; see, e.g., the supplementary appendix. We impose
this condition in Assumption
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Thus, the LASF and LATE are primary targets of interest in this paper, and the ASF and ATE

are subsumed as special cases.

2.2.1. Local Distribution and Quantile Treatment Effects. SettingY,, =Y in (2.3) and (2.4]) provides
the conventional LASF and LATE. An important generalization arises by letting Y, = 1(Y < u)
be the indicator of the outcome of interest falling below a threshold u € R. In this case, the family

of effects
(O, (1) = Oy, (0))uer, (2.6)

describe the local distribution treatment effects (LDTE). Similarly, we can look at the quantile
left-inverse transform of the curve u — 6y, (d),

0y (1,d) := inf{u € R: 0y, (d) > 7}, (2.7)
and examine the family of local quantile treatment effects (LQTE):

(63 (7,1) = 05 (7,0))7e(0,1)- (2.8)

The LQTE identify the differences of quantiles between the distribution of potential outcomes in

the treated and non-treated states for compliers.

2.3. Target Structural Parameters — Local Treatment Effects on the Treated. We may
also be interested in local treatment effects on the treated. The key object in defining these effects
is the local average structural function on the treated (LASF-T) which is defined by its two values:

- Y14(D)Yu — Q1,4(D)Y, (0)

Jy, (d
T14(D) — X14(D)(0)

, de{0,1}. (2.9)

The LASF-T identifies average potential outcomes for the group of treated compliers in the treated
and non-treated states under standard assumptions. The local average treatment effect on the
treated (LATE-T) introduced in Hong and Nekipelov| (2010) and Frolich and Melly| (2013) is the
difference of two values of the LASF-T:

Iy, (1) — Yy, (0). (2.10)

The LATE-T may be of interest because it measures the average treatment effect for treated com-
pliers, namely the subgroup of compliers that actually receive the treatment.
When the treatment is assigned randomly given controls so we can take D = Z, the LASF-T and

LATE-T become the average structural function on the treated (ASF-T) and average treatment
effect on the treated (ATE-T). In this special case, the ASF-T and ATE-T simplify to

- 0
vy, (1) = M) 9y (0) = Y1o(D)Ys — v, (0)

, Oy, (1) =y, (0); 2.11
71.(D) Yo(p) — 1 v (1) = 9%, (0) (211)

and we can use our results to provide estimation and inference methods for these quantities.



10

2.3.1. Local Distribution and Quantile Treatment Effects on the Treated. Local distribution treat-
ment effects on the treated (LDTE-T) and local quantile treatment effects on the treated (LQTE-T)
can also be defined. As in Section 2.2.1, we let Y,, = 1(Y < u) be the indicator of the outcome of
interest falling below a threshold u. The family of treatment effects

(v, (1) = Uy, (0))ucr (2.12)

then describes the LDTE-T. We can also use the quantile left-inverse transform of the curve u —
Yy, (d), namely 95 (7,d) := inf{u € R : ¥y, (d) > 7}, and define the LQTE-T:

(9y (1,1) =95 (7,0))re(0,1)- (2.13)

Under conditional exogeneity LQTE and LQTE-T reduce to the quantile treatment effects (QTE)
and quantile treatment effects on the treated (QTE-T) (Koenker} 2005, Chap. 2).

3. ESTIMATION OF REDUCED-FORM AND STRUCTURAL PARAMETERS IN A DATA-RICH
ENVIRONMENT

The key objects used to define the structural parameters in Section 2 are the expectations
ay(z) = Eplgyv (2, X)] and yv = Ep[V], (3.1)

where gy (z,X) = Ep[V|Z = 2z, X] and V denotes a variable whose identity will change with the
context. Specifically, we shall vary V over the set V,:

V€V, i= {Viy oy = {Yu, 10(D)Ya, 10(D), 11(D)Y,, 11(D)}. (3.2)

It is clear that gy (z, X) will play an important role in estimating ay (z). A related function that
will also play an important role in forming a robust estimation strategy is the propensity score
my : ZX — R defined by

mz(z,x) :=Pp[Z = 2| X = z]. (3.3)

We will denote other potential values for the functions gy and mz by the parameters g and m, re-
spectively. We can then estimate ay (z) by estimating gy and myz using high-dimensional modeling
and estimation methods[l

In the rest of this section, we describe the estimation of the reduced-form and structural param-
eters. The estimation method consists of 3 steps:

1) Estimate the predictive relationships myz and gy using high-dimensional nonparametric meth-
ods with model selection.

2) Estimate the reduced form parameters ay and -y using orthogonal estimating equations to
immunize the reduced form estimators to imperfect model selection in the first step.

3) Estimate the structural parameters and effects via the plug-in rule.

INote that there is an alternative approach based on decomposing gv as gv(z,z) = Z;:O ev(d, z,z)lp(d, z, )
where the regression functions ey and Ip map the support of (D, Z, X), DZX, to the real line and are defined by
ev(d,z,z) :=Ep[V|D=d,Z =2,X =z] and Ip(d, z,z) := Pp[D = d|Z = z, X = z]. We provide some discussion of

this approach in the supplementary appendix.
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3.1. First Step: Modeling and Estimating gy and mz. In this section, we discuss estimation
of the conditional expectation functions gy and myz. Since these functions are unknown and
potentially complicated, we use a generalized linear combination of a large number of control terms

F(X) = (£5(X)j=1, (3-4)

to approximate gy and my. Specifically, we use

gv(Z,:L’) = AV[f(Zﬂ .CC)/,Bv] + TV(ZPT)7 (35)
flz2) = (A= 2)f (), 2f()), Bv = (Bv(0),Bv(1)), (3.6)
mz(1,x) =: Ag[f(x) Bz] +rz(x), mz(0,2) =1— Az[f(z)'Bz] —rz(x). (3.7)

In these equations, 7y (z,x) and rz(z) are approximation errors, and the functions Ay (f(z,z) By

~— ~—

and Az (f(z)'Bz) are generalized linear approximations to the target functions gy (z,x) and mz (1, x
The functions Ay and Az are taken to be known link functions A. The most common exam-
ple is the linear link A(u) = w. When the response variable is binary, we may also use the
logistic link A(u) = Ag(u) = €*/(1 + e*) and its complement 1 — Ag(u) or the probit link
Au) = ®(u) = (2n)"1/2 [ e=*'/2dz and its complement 1 — ®(u). For clarity, we use links
from the finite set £ = {Id, ®,1 — &, Ag, 1 — Ag} where Id is the identity (linear) link.

As discussed in the Introduction, the dictionary of controls, denoted by f(X), can be “rich”
in the sense that its dimension p = p, may be large relative to the sample size. Specifically, our
results require only that logp = o(n'/?) along with other technical conditions. We also note that
the functions f forming the dictionary can depend on n, but we suppress this dependence.

Having very many controls f(X) creates a challenge for estimation and inference. A useful
condition that makes it possible to perform constructive estimation and inference in such cases is
termed approximate sparsity or simply sparsity. Sparsity imposes that there exist approximations
of the form given in - that require only a small number of non-zero coefficients to render
the approximation errors small relative to estimation error. More formally, sparsity relies on two
conditions. First, there must exist Sy and Sz such that, for all V € V:={V, : u € U},

1Bv o+ 118zllo < s, (3.8)

where ||z||p is the number of non-zero components of vector x and all other norms we use are
defined in Appendix A. That is, there are at most s = s, < n components of f(Z,X) and f(X)
with nonzero coefficient in the approximations to gy and myz. Second, the sparsity condition
requires that the size of the resulting approximation errors is small compared to the conjectured
size of the estimation error; namely, for all V € V,

{Ep[ri (2, X)}? + {EprZ (X} < V/s/n. (3.9)

Note that the size of the approximating model s = s, can grow with n just as in standard series

estimation, subject to the rate condition

s%log®(p vV n)log®n/n — 0.
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These conditions ensure that the functions gy and my are estimable at o(n~'/*) rate and are used
to derive asymptotic normality results for the structural and reduced-form parameter estimators.
They could be relaxed through the use of sample splitting methods as in Belloni et al.| (2012]).

The high-dimensional-sparse-model framework outlined above extends the standard framework
in the program evaluation literature which assumes both that the identities of the relevant controls
are known and that the number of such controls s is small relative to the sample sizem Instead,
we assume that there are many, p, potential controls of which at most s controls suffice to achieve
a desirable approximation to the unknown functions gy and myz; and we allow the identity and
number of these controls to be unknown. Relying on this assumed sparsity, we use selection methods
to choose approximately the right set of controls.

Current estimation methods that exploit approximate sparsity employ different types of regu-
larization aimed at producing estimators that theoretically perform well in high-dimensional set-
tings while remaining computationally tractable. Many widely used methods are based on f;-
penalization. The Lasso method is one such commonly used approach that adds a penalty for the
weighted sum of the absolute values of the model parameters to the usual objective function of an
M-estimator. A related approach is the Post-Lasso method which performs re-estimation of the
model after selection of variables by Lasso. These methods are discussed at length in recent papers
and review articles; see, for example, |Belloni et al.| (2013a).

In the following, we outline the general features of the Lasso and Post-Lasso methods focusing
on estimation of gyy. Given the data (}N/Z, Xi)?zl = (Vi, f(Z;, X;))}—, the Lasso estimator [y solves

. . - A~
Bvcarg min (E.[M(Y,X'B)]+ 2T ), (3.10)
BeRm(X) n
where U = diag(lAl, e ,lAdim( )?)) is a diagonal matrix of data-dependent penalty loadings, M (y,t) =

(y—1)?/2 in the case of linear regression, and M (y,t) = —{1(y = 1)log A(t)+1(y = 0) log(1—A(t))}
in the case of binary regression. The penalty level, A\, and loadings, lAj, ji=1, ...,dim(f( ), are
selected to guarantee good theoretical properties of the method. We provide further discussion
of these methods for estimation of a continuum of functions in Section [6] and we specify detailed
implementation algorithms used in the empirical example in AppendixE A key consideration in this
paper is that the penalty level needs to be set to account for the fact that we will be simultaneously
estimating potentially a continuum of Lasso regressions since our V varies over the list V,, with u

varying over the index set U.

The Post-Lasso method uses 3\/ solely as a model selection device. Specifically, it makes use of
the labels of the regressors with non-zero estimated coefficients, fv := supp(By). The Post-Lasso

estimator is then a solution to

By € arg min (En[M(f/,X’ﬁ)] B =0,j¢ fv). (3.11)
BeRdxm(X)

10For example, one would select a set of basis functions, {fi(X)}521, such as power series or splines and then use
only the first s < n terms in the basis under the assumption that s¢ /n — 0 for some number C' whose value depends

on the specific context in a standard nonparametric approach using series.
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A main contribution of this paper is establishing that the estimator gy (Z, X) = A(f(Z, X)'By) of
the regression function gy/(Z, X), where By = BV or By = BV, achieves the near oracle rate of con-
vergence \/W and maintains desirable theoretic properties while allowing for a continuum
of response variables.

Estimation of myz proceeds similarly. The Lasso estimator EZ and Post-Lasso estimator (y
are defined analogously to BV and By using the data (fﬁ;,)zi)?:l: (Z;, f(X;))"_,. The estimator
mz(1,X) = Az(f(X)'Bz) of mz(X), with Bz = By or By = B, also achieves the near oracle rate
of convergence \/(slogp)/n and has other good theoretic properties. The estimator of (0, X)

is then formed as 1 — mz(1, X).

3.2. Second Step: Robust Estimation of the Reduced-Form Parameters ay(z) and vy.
Estimation of the key quantities ay (z) will make heavy use of orthogonal moment functions as
defined in . These moment functions are closely tied to efficient influence functions, where effi-
ciency is in the sense of locally minimax semi-parametric efficiency. The use of these functions will
deliver robustness with respect to the non-regularity of the post-selection and penalized estimators
needed to manage high-dimensional data. The use of these functions also automatically delivers
semi-parametric efficiency for estimating and performing inference on the reduced-form parameters
and their smooth transformations — the structural parameters.

The efficient influence function and orthogonal moment function for ay (z), z € Z = {0,1}, are
given respectively by

¢\O/{,Z(W) = w%,z,gv,mz(m aV(Z)) and (312)

U g (W) = 1(Z = 2)(V — g(z, X))

(%) +9(z,X) — a. (3.13)

This efficient influence function was derived by |Hahn| (1998)); it has recently been used by (Cattaneo
(2010)) in the series context (with p < n) and Rothe and Firpo (2013) in the kernel context. The
efficient influence function and the moment function for ~y are trivially given by

(W) o= ¢y (W, v), and oy (W,y) ==V — 1. (3.14)

We then define estimators of the reduced-form parameters ay(z) and vy (z) as solutions a =
ay(z) and v = Ay to the equations

Enld . 5y m, (Wo )] = 0, Enfiby (W, )] = 0, (3.15)

where gy and my are constructed as in Section We apply this procedure to each variable name
V €V, and obtain the estimat01E|

b\u = ({aV(O)vaV(l)”/y\V})VEVH of py:= ({O‘V(O)7O‘V(1)’7V})V€vu' (316)

The estimator and the parameter are vectors in R% with dimension d, =3 x dimV,, = 15.

11By default notation, (a;)jes returns a column vector produced by stacking components together in some con-

sistent order.
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In the next section, we formally establish a principal result which shows that

Vi(pu = pu) ~ N(0,Varp(¥f)), ¢f = ({¥V0, %01 Y9 Dvey,, uniformly in P € Py, (3.17)

where P, is a rich set of data generating processes P. The notation “Z, p ~» Zp uniformly in
P € P, is defined formally in Appendix @ and can be read as “Z,, p is approximately distributed
as Zp uniformly in P € P,.” This usage corresponds to the usual notion of asymptotic distribution
extended to handle uniformity in P. Here P, is a “rich” set of data generating processes P which

includes cases where perfect model selection is impossible theoretically.

We then stack all the reduced form estimators and parameters over u € U as

ﬁ: (ﬁu)ueu and p= (Pu)ueu,

giving rise to the empirical reduced-form process p and the reduced-form function-valued parameter
p. We establish that \/n(p — p) is asymptotically Gaussian: In £°°(Uf)%,

Vn(p—p) ~ Zp := (Gpy?)ycy, uniformly in P € P, (3.18)

where G p denotes the P-Brownian bridge (van der Vaart and Wellner, (1996, p. 81-82). This result
contains as a special case and again allows P,, to be a “rich” set of data generating processes
P that includes cases where perfect model selection is impossible theoretically. Importantly, this
result verifies that the functional central limit theorem applies to the reduced-form estimators in

the presence of possible model selection mistakes.

Since some of our objects of interest are complicated, inference can be facilitated by a multiplier
bootstrap method |Giné and Zinn| (1984). We define p* = (p};)ucu, a bootstrap draw of p, via

o =Dut+n 1D GUE(W). (3.19)
i=1
Here (&)}, are i.i.d. copies of £ which are independently distributed from the data (W;)?_; and
whose distribution P does not depend on P. We also impose that

E[g] =0, E[¢*) =1, Elexp(|¢])] < oo. (3.20)

Examples of £ include (a) £ = £ —1, where £ is a standard exponential random variable, (b) £ = N,
where A is a standard normal random variable, and (c) & = N7/v2 + (NF — 1)/2, where N and
N, are mutually independent standard normal random variablesH The choices of (a), (b), and (c)
correspond respectively to the Bayesian bootstrap (e.g., Hahn (1997)) and |(Chamberlain and Imbens
(2003)), the Gaussian multiplier method (e.g, Giné and Zinn| (1984) and jvan der Vaart and Wellner
(1996), Chap. 3.6)), and the wild bootstrap method Mammen (1993) ¢ in is an estimator
of the influence function v, defined via the plug-in rule:

U= Whveve, W) = {6805, m, (W.8v(0), 6815, m, (W, av(1).03(WAV)} - (3.21)

12%e do not consider the nonparametric bootstrap, which corresponds to using multinomial multipliers £, to

reduce the length of the paper; but we note that the conditions and analysis could be extended to cover this case.
13 The motivation for method (c) is that it is able to match 3 moments since E[¢?] = E[¢®] = 1. Methods (a) and

(b) do not satisfy this property since E[¢?] = 1 but E[¢%] # 1 for these approaches.
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Note that this bootstrap is computationally efficient since it does not involve recomputing the
influence functions 125 Each new draw of (&;); generates a new draw of p* holding the data
and the estimates of the influence functions fixed. This method simply amounts to resampling
the first-order approximations to the estimators. Here we build upon prior uses of this or similar
methods in low-dimensional settings such as Hansen| (1996)) and Kline and Santos| (2012).

We establish that the bootstrap law of \/n(p* — p) is uniformly asymptotically consistent: In the
metric space £ (U)%, conditionally on the data,

Vn(p* —p) ~p Zp, uniformly in P € Py,

where ~»p denotes weak convergence of the bootstrap law in probability, as defined in Appendix

Bl

3.3. Third Step: Robust Estimation of the Structural Parameters. All structural param-
eters we consider take the form of smooth transformations of the reduced-form parameters:

A = (Ay)qe0, where Ay := ¢(p)(q), ¢ € Q. (3.22)

The structural parameters may themselves carry an index ¢ € Q that can be different from w; for
example, the LQTE is indexed by a quantile index ¢ € (0,1). This formulation includes as special
cases all the structural functions of Section 2] We estimate these quantities by the plug-in rule.
We establish the asymptotic behavior of these estimators and the validity of the bootstrap as a
corollary from the results outlined in Section 3.2 and the functional delta method (extended to
handle uniformity in P).

For the application of the functional delta method, we require that the functional p — ¢(p)
be Hadamard differentiable uniformly in p € D,, where D, is a set that contains the true values
p = pp for all P € P,, tangentially to a subset that contains the realizations of Zp for all P € P,
with derivative map h —— ¢,(h) = (gzﬁ:)(h)(q))qegﬁ We define the estimators of the structural
parameters and their bootstrap versions via the plug-in rule as

Ri= Bygear Bgi= () (q), and A i= (R2)ea, ALi=6(7") (). (3.23)
We establish that these estimators are asymptotically Gaussian
V(A = A) ~ ¢,(Zp), uniformly in P € Py, (3.24)
and that the bootstrap consistently estimates their large sample distribution:
VI(A* = A) ~p ¢/,(Zp), uniformly in P € P,. (3.25)

These results can be used to construct simultaneous confidence bands and test functional hypotheses
on A using the methods described for example in |Chernozhukov and Fernandez-Val (2005) and
Chernozhukov et al.| (2013).

1 Chernozhukov and Hansen (2006)) and Hong and Scaillet| (2006]) proposed a related computationally efficient
bootstrap scheme that resamples the influence functions.
15\we give the definition of uniform Hadamard differentiability in Definition of Appendix



16
4. THEORY: ESTIMATION AND INFERENCE ON LOCAL TREATMENT EFFECTS FUNCTIONALS

Consider fixed sequences of numbers d, N\ 0, €, \, 0, A, 0, at a speed at most polynomial in
n (for example, 8, > 1/n¢ for some ¢ > 0), £, := logn, and positive constants ¢, C, and ¢’ < 1/2.
These sequences and constants will not vary with P. The probability P can vary in the set P,
of probability measures, termed “data-generating processes”, where P, is typically a set that is
weakly increasing in n, i.e. P, C Ppy1. Note that definitions of norms and other notation are
collected in Appendix A.

Assumption 4.1 (Basic Assumptions). (i) Consider a random element W with values in a mea-
sure space (W, Ayw) and law determined by a probability measure P € P,. The observed data
(Wui)ueu)i—y consist of n i.i.d. copies of a random element (Wy)ueu = (Yu)ueu, D, Z, X), where
U is a Polish space equipped with its Borel sigma-field and (Y,,D,Z,X) € R3*dx  Each W, is
generated via a measurable transform t(W,u) of W and u, namely the map t : W x U — R3Tdx
is measurable, and the map can possibly depend on P. Let

VY, = {Vuj}jEJ = {Ym 10(D)Ym 10(D)7 11(‘D)YU7 11(D)}7 V= (Vu)uel/l’

where J = {1,....,5}. (i) For P := U2, Ppn, the map u — Y, obeys the uniform continuity

n=ng

property:

limsup  sup ||Yy — Yallp2 =0, sup Epsup |V, [>T < oo,
N0 PEP dyy (u,)<e PeP  uel

where the second supremum in the first expression is taken over u,u € U, and U is a totally
bounded metric space equipped with a semi-metric dy. The uniform covering entropy of the set
Fp ={Y, :u €U}, viewed as a collection of maps (W, Ay) — R, obeys

Sup log N(e||FpllQz2, Fp, |l - [l.2) < Clog(e/e) VO
for all P € P, where Fp(W) = sup,gy |Yu|, with the supremum taken over all finitely discrete
probability measures Q on (W, Aw). (iit) For each P € P, the conditional probability of Z = 1
given X is bounded away from zero or one, namely ¢ < myz(1,X) <1—¢ P-a.s., the instrument

Z has a non-trivial impact on D, namely ¢ < |Pp[D =1|Z =1,X] —Pp[D = 1|Z =0, X]| P-a.s,
and the regression function gy is bounded, ||gy | po < 0o for all V € V.

Assumption is stated to deal with the measurability issues associated with functional response
data. This assumption also implies that the set of functions (¢4))yey, where

Pl = ({w\%a 1/"0},17 wé})ku,
is P-Donsker uniformly in P. That is, it implies

Znp ~ Zp in £2U)%, uniformly in P € P, (4.1)
Zn,P = (anz)ueu and Zp = (GP¢Z)u€Z/I7 (4'2)
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with Gp denoting the P-Brownian bridge (van der Vaart and Wellner, 1996, p. 81-82) and with
Zp having bounded, uniformly continuous paths uniformly in P € P:

sup Ep sup || Zp(u)]| < oo, limsup Ep sup || Zp(u) — Zp(a)] = 0. (4.3)
PeP  weld NOPEP dy(u,ii)<e

We work with the sequence of constants defined prior to Assumption

Assumption 4.2 (Approximate Sparsity). Under each P € P, and for each n > ng, uniformly
for all V€ V: (i) The approximations - hold with the link functions Ay and Az be-
longing to the set L, the sparsity condition ||Bv||o + ||5zllo < s holding, the approzimation errors
satisfying ||rv|
and the number of terms p in the vector f(X) obeying s>log®(p V n)log®n < 6,n. (ii) There are

p2 + lIrzllpe < Son Y% and lrv]Poo + 1Tzl Poe < €n, and the sparsity index s

estimators By and Bz such that, with probability no less than 1 — A, the estimation errors satisfy
1/(Z, XY By = Bv)llea2 + /(X)) (Bz = B2)lpn2 < dun™ %, KallBv = Byl + Kull Bz — Bz]1 <
€n; the estimators are sparse such that ||Bv|lo + ||Bzllo < Cs; and the empirical and popula-
tion norms induced by the Gram matriz formed by (f(X;))", are equivalent on sparse subsets,
Sup|iso<tns 1 F(X) 01, 2/ 1 f(X)'0llp2 — 1| < €. (iii) The following boundedness conditions hold:
£ ol oo < Ko and V]| oo < C.

Comment 4.1. Assumption imposes simple intermediate-level conditions which encode both
the approximate sparsity of the models as well as some reasonable behavior of the sparse estimators
of myz and gy . These conditions significantly extend and generalize the conditions employed in the
literature on adaptive estimation using series methods. The boundedness conditions are made to
simplify arguments, and they could be removed at the cost of more complicated proofs and more
stringent side conditions. Sufficient conditions for the equivalence between empirical and population
norms and primitive examples of functions admitting sparse approximations are given in [Belloni
et al. (2014a)). We provide primitive conditions for Lasso estimators to satisfy the bounds above
while addressing the problem of estimating continua of approximately sparse nuisance functions in
Section 6. We expect that other sparsity-based estimators, such as the Dantzig selector or adaptive
Lasso, could be used in the present context as well. [

Under the stated assumptions, the empirical reduced form process Z\n p = v/n(p— p) defined by
(3.16]) obeys the following relations. We recall definitions of convergence uniformly in P € P, in

Appendix [A]

Theorem 4.1 (Uniform Gaussianity of the Reduced-Form Parameter Process). Under

Assumptions and[{.3, the reduced-form empirical process admits a linearization; namely,

~

Znp = 0(p—p) = Znp+op(l) in U, uniformly in P € P,. (4.4)
The process /Z\n’p is asymptotically Gaussian, namely

Znp~ Zp in £2°U)%, uniformly in P € Py, (4.5)

where Zp is defined in and its paths obey the property .
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Another main result of this section shows that the bootstrap law of the process
~ R 1 < ~
wp = V(" —p) = 7 > &un(wy),
i=1

where szL is defined in 1D provides a valid approximation to the large sample law of /n(p — p).

Theorem 4.2 (Validity of Multiplier Bootstrap for Inference on Reduced-Form Pa-
rameters). Under Assumptions and the bootstrap law consistently approximates the large
sample law Zp of Z, p uniformly in P € Py, namely,

Z’;,P ~wp Zp i 22U, uniformly in P € P,. (4.6)

Next we consider inference on the structural functionals A defined in . We derive the large
sample distribution of the estimator A in , and show that the multiplier bootstrap law of A*
in provides a consistent approximation to that distribution. We rely on the functional delta
method in our derivations, which we modify to handle uniformity with respect to the underlying
dgp P. Our argument relies on the following assumption on the structural functionals.

Assumption 4.3 (Uniform Hadamard Differentiability of Structural Functionals). Suppose that
for each P € P, p=pp € D,, a compact metric space. Suppose o — ¢(p), a functional of interest
mapping Dy C D = (2 U)% to >°(Q), where D, C Dy, is Hadamard differentiable in o tangentially
to Dy = UCU)% uniformly in o € D,, with the linear derivative map qb’g : Do — D such that the
mapping (o, h) — ¢,(h) from D, x Do to £>°(Q) is continuous.

The definition of uniform Hadamard differentiability is given in Definition of Appendix
Assumption [£:3 holds for all examples of structural parameters listed in Section 2.

The following corollary gives the large sample law of \/ﬁ(ﬁ — A), the properly normalized
structural estimator. It also shows that the bootstrap law of \/ﬁ(g* — ﬁ), computed conditionally
on the data, approaches the large sample law \/ﬁ(ﬁ — A). It follows from the previous theorems
as well as from a more general result contained in Theorem

Corollary 4.1 (Limit Theory and Validity of Multiplier Bootstrap for Smooth Struc-
tural Functionals). Under Assumptions and

V(A = A) ~ Tp = Oop(Zp), in £(Q), uniformly in P € Py, (4.7)
where Tp is a zero mean tight Gaussian process, for each P € P. Moreover,

~

V(A = A) w5 Tp,  in £2(Q), uniformly in P € P. (4.8)

5. THEORY: A GENERAL PROBLEM OF INFERENCE ON FUNCTION-VALUED PARAMETERS WITH
NUISANCE FUNCTIONS ESTIMATED BY MACHINE LEARNING METHODS

In this section, we consider a general setting where possibly a continuum of target parameters
is of interest and we use modern machine learning methods, with Lasso-type or Post-Lasso-type
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methods being the chief example, to estimate a continuum of high-dimensional nuisance functions.
This setting covers a rich variety of modern moment-condition problems in econometrics including
the treatment effects problem. We establish a functional central limit theorem for the estimators
of the continuum of target parameters that holds uniformly in P € P, where P includes a wide
range of data-generating processes with well-approximable continuums of nuisance functions. We
also derive a functional central limit theorem for the multiplier bootstrap that resamples the first
order approximations to the standardized estimators of the continuum of target parameters and
establish its uniform validity. Moreover, we establish the uniform validity of the functional delta
method and the functional delta method for the multiplier bootstrap for smooth functionals of the

continuum of target parameters using an appropriate strengthening of Hadamard differentiability.

We are interested in function-valued target parameters indexed by u € U C R%. We denote the

true value of the target parameter by
00 = (0w)uecu, where 0, € ©,, C O C R% for each u € U.

We assume that for each u € U, the true value 6, is identified as the solution to the following
moment condition:

Ep[tu(Wa, Ou, hu(Zu))] = 0, (5.1)
where W,, is a random vector that takes values in a Borel set W, C R% and contains as a
subcomponent the vector Z, taking values in a Borel set Z,, the moment function

Yu t W X Oy x Ty — RY (0,0, 1) — Py (w,0,1) = (u;(w, 0,1))5 (5.2)
is a Borel measurable map, and the function
P Zu— R 2 hy(2) = (hum(2)%_, € Tu(2), (5.3)

is another Borel measurable map that denotes the possibly infinite-dimensional nuisance parameter.
The sets T, (%) are assumed to be convex for each u € U and z € Z,. Finite-dimensional nuisance
parameters that do not depend on Z,, are treated as part of h, as well.

We assume that the continuum of nuisance functions (hy)yuey is well-approximable and can be
well estimated by the modern generation of statistical and machine learning methods. In particular,
our regularity conditions allow for approximately sparse nuisance functions, which can be modeled
and estimated using modern regularization and post-selection methods such as Lasso and Post-
Lasso. We let /fzu = (/f;um)%zl denote the estimator of h,, which we assume obeys the conditions
in Assumption The estimator §u of 0, is constructed as any approximate ¢,-solution in 0, to
a sample analog of the moment condition , ie.,

B [t0u (W, Oy i (Z))] ] < eie%f 1B [t)(Wa, 0, hu(Z))]|| + €n, where €, = o(n~/?). (5.4)

Comment 5.1 (Handling Over-identified Cases). We do not analyze over-identified cases ex-
plicitly, but it is helpful to note that they can be handled within the current framework. Let
Yo (Wy, 0,h8(Z,)) be the original over-identifying moment function. Let A, denote the point-
wise optimal matrix of linear combinations of the moments, so that the final moment function

YW, 0,h(Z,)) = Ay (W, 0, hS(Z,,)) has the same dimension as 6,,. Here h,(Z,) = (vec(A,),
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h°',(Z,)); that is, we simply treat A, as part of the nuisance function h,, being estimated. We do
not analyze the preliminary estimation of A, in the present paper in order to maintain the focus
on exactly identified cases as in Section 4. Note that A, depends on Z, only trivially — it is a
constant function of Z,,. [

The key condition needed for regular estimation of 4, is an orthogonality or immunization con-

dition. The simplest to explain, yet strongest, form of this condition can be expressed as follows:

8tEP [wu(W’m 9’1“ t) |ZU]

=0, a.s. 5.5
t=hy(Za) ) A5 (5:5)

subject to additional technical conditions such as continuity and dominance stated be-
low, where we use the symbol 9, to abbreviate %. This condition holds in the previous setting of
inference on relevant treatment effects after interchanging the order of the derivative and expecta-
tion. The formulation here also covers certain non-smooth cases such as structural and instrumental

quantile regression problems.

In the formal development, we use a more general form of the orthogonality condition.

Definition 5.1 (Orthogonality for Moment Condition Models, General Form). For each
u € U, suppose that f hold. Consider H,, a set of measurable functions z — h(z) €
Tu(2) from Z, to R% such that |h(Z,) — hu(Zu)||p2 < oo for all h € H,. Suppose also that the
set T,(2) is a convex subset of R% for each z € Z,. We say that 1), obeys a general form of
orthogonality with respect to H, uniformly in u € U if the following conditions hold: For each

u € U, the derivative

t — OEp[thy (W, 0y, )| Zy] is continuous on t € Ty,(Z,) P-a.s.; (5.6)
1s dominated,
sup HE)tEp[wu(Wu,Gu,tﬂZu] < o0; (5.7)
t€Tu(Z0) Po
and obeys the orthogonality condition:
Ep [atEP [ (W, O B (Za)) | Za) (B(Z0) — hu(Zu))] =0 forallheH, (5.8)

The Supplementary Appendix provides a slightly more general definition. The orthogonality con-
dition (5.8) reduces to (5.5) when H, can span all measurable functions h : Z, — T,, such that
|h]| P2 < oo but is more general otherwise.

Comment 5.2 (Orthogonalization typically expands the number of nuisance parame-
ters). It is important to use a moment function v, that satisfies the orthogonality property given
in . Generally, if we have a moment function v, which identifies 6, but does not have this
property, we can construct a moment function ), that identifies 6, and has the required orthog-
onality property by projecting the original function z/;u onto the orthocomplement of the tangent
space for the original set of nuisance functions h{; see, for example, van der Vaart and Wellner
(1996), van der Vaart (1998, Chap. 25), Kosorok| (2008), Belloni et al.| (2013b)), and Belloni et al.

(2014al).
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Note that the projection typically depends on P, which gives rise to additional nuisance param-
eters h],, which are then incorporated together with the original nuisance parameters into the new
parameter h, = (hY,h"). Note that this is a feature of all of the examples we consider. For ex-
ample, the orthogonal moment functions in the exogenous case of the treatment effects framework
depend on both the regression function and the propensity score function. This point is clarified
further by considering the classical linear model as demonstrated in the next remark. ]

Comment 5.3 (A High-Dimensional Linear Regression Example). To illustrate the orthog-
onality condition, let us consider the linear model:

Y:D90+X/,30+6, EP[EX] =0, D:Xlﬂ'o—i-l/, EP[VX] =0, (59)

where D is the treatment and X are the controls of high dimension p > n. Call the first equation
the regression equation, and the second equation the propensity score equation. The orthogonal
moment condition that identifies the projection coefficient 8 is the Frisch-Waugh-Lovell partialling
out interpretation of 6y:
Ep(U — vby)v =0, (5.10)

where U is the population residual left after projecting out the controls X from the outcome, i.e.
Y = X'6g + U, EpUX = 0; and v is the population residual left after projecting out controls from
the treatment, as defined in the propensity score equation. The high-dimensional nuisance function
is h(Z) = (X'6, X'm), for Z = X, with true value denoted by ho(Z) = (X'dp, X'm)’. Now the
moment function

(W, 0,h) ={(Y — X'§) — (D - X'n)0}(D — X'r), (5.11)
has the required orthogonality property , since by the law of iterated expectations and some
simple algebra:

Ep [0 [wo(W, 60, ho(2))|Z] (h(Z) — ho(2))] (5.12)
— (Epl(D — X'm0) X'a], Ep[{(Y = X'0) +2(D — X'm0)f0} X'b] ) =0,

for a =6 — dp and b = m — my. In fact (W, 6y, ho) is the semi-parametrically efficient score for 6.
The resulting estimator of 8y is root-n consistent and asymptotically normal, uniformly within a
class of approximately sparse models as follows from the general results of this section, and is also
semi-parametrically efficient. See also Belloni et al.| (2014a) which deals with the partially linear
model in detail and thus covers this linear example as a special case.

Note that the orthogonal moment function contains two nuisance functions — the regression func-
tion and the propensity score — X’dg and X'my. We could also identify 6y through non-orthogonal

moment conditions, containing single nuisance functions:
EPHY—DQ()—X/,B()}D] =0 or Ep[{Y—D@o}(D—X,T(‘Q)] =0.

The first moment condition corresponds to the regression method, while the second to the so-called
covariate balancing method. Importantly, the use of these non-orthogonal moment conditions
generally does not produce an estimator for 6y that is y/n-consistent and asymptotically normal
uniformly in the class of approximately sparse models. This failure occurs because we are forced to
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use highly non-regular estimators to estimate the nuisance functions X’dy and X'my in the p > n
setting. In fact, this failure would also occur with a low number of controls, including having only
p = 1, whenever selection procedures that exclude irrelevant variables with very high probability
are used to estimate the regression parameter dg or the propensity score parameter mg. For more
discussion and documentation of this failure, see Leeb and P&tscher (2008a;2008b); [Potscher| (2009));
and Belloni, Chernozhukov, and Hansen (2013a; 2014a). By contrast, constructing orthogonal
moment conditions — involving the projection of both the outcome and the treatment onto the
controls and thereby combining the regression and covariate balancing methods — makes it possible
to achieve /n consistency and asymptotic normality uniformly within a class of approximately
sparse models. n

In what follows, we shall denote by 9, g, ¢, and C' some positive constants. For a positive integer
d, [d] denotes the set {1,...,d}. We shall impose the following regularity conditions.

Assumption 5.1 (Moment condition problem). Consider a random element W, taking values in
a measure space (W, Ayw), with law determined by a probability measure P € P,. The observed
data (Wyi)ueu)l—y consist of n i.i.d. copies of a random element (W, )ucy which is generated
as a suitably measurable transformation with respect to W and uw. Uniformly for all n > ng and
P € P, the following conditions hold: (i) The true parameter value 6,, obeys and is interior
relative to ©, C © C R% namely there is a ball of radius & centered at 0, contained in ©, for
all w € U, and © is compact. (ii) For v := (Vk)z":ldt = (0,t), each j € [dg] and v € U, the map
Oy X Tw(Zy) 2 v +— Ep[thyj(Wy,v)|Z,] is twice continuously differentiable a.s. with derivatives
obeying the integrability conditions specified in Assumption . (i1i) For all w € U, the moment
function ¥, obeys the orthogonality condition given in Definition 5.1 for the set H, = Hun Specified
in Assumption [5.3 (iv) The following identifiability condition holds: ||Ep[thy(Wy, 0, hu(Zy,))]| >
271(||Ju (0 — 0)|| A co) for all 0 € Oy, where the singular values of Jy := OgE[thy (Wi, O, hu(Z4))]
lie between ¢ and C for allu e U.

The conditions of Assumption[5.T]are mild and standard in moment condition problems. Assump-
tion (iv) encodes sufficient global and local identifiability to obtain a rate result. The suitably
measurable condition, defined in Appendix [A] is a mild condition satisfied in most practical cases.

Assumption 5.2 (Entropy and smoothness). The set (U,dy) is a semi-metric space such that
log N(e,U,dy) < Clog(e/e) V0. Let a € [1,2], and let oy and ag be some positive constants.
Uniformly for all n = ng and P € Py, the following conditions hold: (i) The set of functions
Fo = {touj Wy, 04, ho(Zy)) = j € [dg],u € U}, viewed as functions of W is suitably measurable; has
an envelope function Fo(W) = SUD;cia,] uett,pco., xTu(Zy) |Vuj(Wau, V)| that is measurable with respect
to W and obeys || Fo|lpq < C, where ¢ > 4 is a fized constant; and has a uniform covering entropy
obeying supg log N (€| Follg,2, Fo, || - [|@,2) < Clog(e/e) V0. (ii) For all j € [dg] and k,r € [dy + dy,
and Yy ; (W) = 1y (W, 0y, hu(Z4)),

(8) SUPuel,(1v,9)€ (O xTu(Zu))? Ep[(¢uj(Wa, v) = tuj(Wa, 9))? Zu)/|lv — 7|1
(b) $UPg,,(u,a)<5 BP[(Yug (W) — 5 (W))?] < CO%, - supgy,u,ay<s |Ju = Jall



23

(c) Ep SUPyelf €@y X Tu(Zu) 100, Ep [Yu;(Wa,v) | Zu]|? < C,
(d) SUPycld v cOu x Tu(Zu) |00, 0, Ep[thu; Wy, v)| Zu]| < C, P-a.s.

Assumption [5.2] imposes smoothness and integrability conditions on various quantities derived
from . It also imposes conditions on the complexity of the relevant function classes.

In what follows, let A, \, 0, §, \( 0, and 7, N\, 0 be sequences of constants approaching zero
from above at a speed at most polynomial in n (for example, §,, > 1/n¢ for some ¢ > 0).

Assumption 5.3 (Estimation of nuisance functions). The following conditions hold for eachn = ng
and all P € P,. The estimated functions ﬁu = (};um)%:l € Huyn with probability at least 1 — Ay,

where Hon is the set of measurable maps Z, > z — h = (hy)%_,(2) € Tu(z) such that
Hhm - huM| P2 < Tn, Tg\/ﬁ < Op,

and whose complexity does not grow too quickly in the sense that Fi = {1u;(Wy,0,h(Zy)) = j €

[do],u € U,0 € Oy, h € Hyn} is suitably measurable and its uniform covering entropy obeys

Sup log N(e[| Fillg.2; F1: [l - l@,2) < sn(log(an/e)) VO,

where F1 (W) is an envelope for Fi which is measurable with respect to W and satisfies F1(W) <
Fo(W) for Fy defined in Assumption[5.4 The complexity characteristics a, > max(n,e) and s, > 1

obey the growth conditions:

1 1 1
n~1/?2 ( snlog(an) +n~ Y 2s,nd log(an)) < 7 and 7’,?/2\/871 log(an) + spna ™ 2 log(ay)logn < oy,
where q and « are defined in Assumption [5.3,

Assumption imposes conditions on the estimation rate of the nuisance functions h,,, and on
the complexity of the functions sets that contain the estimators ?Lum This allows for a wide variety
of modern modeling assumptions and regularization methods for function fitting, both the tradi-
tional methods and the new statistical and machine learning methods. Within the approximately
sparse framework, the index s, corresponds to the maximum of the dimension of the approximat-
ing models and of the size of the selected models; and a,, = p V n. Under other frameworks, these
parameters could be different; yet if they are well-behaved, then our results still apply. Thus, these
results potentially cover other frameworks, where structured assumptions other than approximate
sparsity are used to make the estimation and modeling problem manageable. It is important to
point out that the class F; generally won’t be Donsker because its entropy is allowed to increase
with n. Allowing for non-Donsker classes is crucial for accommodating modern high-dimensional
estimation methods for the nuisance functions as we have seen in the previous section. This feature
makes the conditions imposed here very different from the conditions imposed in various classi-
cal references on dealing with nonparametrically estimated nuisance functions; see, for example,
van der Vaart and Wellner| (1996), van der Vaart| (1998]), [Kosorok (2008), and other references listed
in the introduction.

The following theorem is one of the main results of the paper:
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Theorem 5.1 (Uniform Functional Central Limit Theorem for a Continuum of Target
Parameters). Under Assumptions cmd for an estimator (0,,)uey that obeys equation

~

’ \/ﬁ(gu - 9u)u€U = (Gniu)ueu + OP(l) in goo(u)dg’ uniformly in P € Py, where "Lu(W) =
_J;1¢u(Wu7 O, hu(Zu)); and

(GCntbu)ueu ~ (Grdu)ucy in £°U)™, uniformly in P € Py,
where the paths of u — Gpiy, are a.s. uniformly continuous on (U, dy) and

sup Epsup [|Gpiby| < oo and lim sup Ep  sup ||Gpih, — Gpibg|| = 0.

PeP,  uweld =0 PeP,  dy(u,u)<6
Comment 5.4. It is important to mention here that this result on a continuum of parameters
solving a continuum of moment conditions is completely new. The prior approaches dealing with
continua of moment conditions with infinite-dimensional nuisance parameters, for example, the
ones given in |(Chernozhukov and Hansen (2006) and |Escanciano and Zhu| (2013)), impose Donsker
conditions on the class of functions, following Andrews (1994a)), that contain the values of the
estimators of these nuisance functions. This approach is precluded in our setting because the
resulting class of functions in our case has entropy that grows with the sample size and therefore
is not Donsker. Hence, we develop a new approach to establishing the results which exploits the
interplay between the rate of growth of entropy, the biases, and the size of the estimation error. In
addition, the new approach allows for obtaining results that are uniform in P. ]

We can estimate the law of Zp with the bootstrap law of

/\:L,P = \/’E(@t - é\u)uEZ/I = (\/15 Zz; Sz@Zu(Wl)> ) (5.13)

ueU

where (&), are i.i.d. multipliers as defined in equation 1) JU(WZ) is the estimated score
Ju(Wl) = —jilwu(Wm, é\u7Eu(Zui))a

and J,, is a suitable estimator of Ju The bootstrap law is computed by drawing (&;)?_; conditional
on the data.

The following theorem shows that the multiplier bootstrap provides a valid approximation to
the large sample law of /n(0, — 0)uecus-

Theorem 5.2 (Uniform Validity of Multiplier Bootstrap). Suppose Assumptions
and hold, the estimator (§u)u€u obeys equation , and that, for the constant o defined in
Assumption[5.9 and some positive constant ag, uniformly in P € P,, with probability 1 — o,

(u—s Jy) € T = {u—s Ty || Ju — Jall < Cllu—a||, || Ty — Jul| < 7272, for all (u, @) € U?}.

Then, Z\;P ~p Zp in 02U, uniformly in P € P,,.

16We do not discuss the estimation of J, since it is often a problem-specific matter. In Section 3, J,, was equal to

minus the identity matrix, so we did not need to estimate it.
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We next derive the large sample distribution and validity of the multiplier bootstrap for the
estimator A 1= ¢(6) := ¢((Au)uer) of the functional A := ¢(6°) = ¢((fy)ucrs) using the functional
delta method. The functional #° —— $(6°) is defined as a uniformly Hadamard differentiable
transform of #° = (0,)ucyy. The following result gives the large sample law of \/ﬁ(ﬁ — A), the
properly normalized estimator. It also shows that the bootstrap law of \/ﬁ(ﬁ* — 3), computed
conditionally on the data, is consistent for the large sample law of \/ﬁ(ﬁ —A). Here A* = ¢(§*) =
¢((§*)ueu) is the bootstrap version of A, and {/9\2 = 0, +n! > @@u(Wl) is the multiplier
bootstrap version of @\u defined via equation .

Theorem 5.3 (Uniform Limit Theory and Validity of Multiplier Bootstrap for Smooth
Functionals of 6). Suppose that for each P € P := Uy Pp, 0° = 093 is an element of a compact
set Dy. Suppose O — ¢(0), a functional of interest mapping Dy C D = £°(U)% to £°(Q), where
Dy C Dy, is Hadamard differentiable in 6 tangentially to Dy = UCU)% uniformly in 0 € Dy, with
the linear derivative map ¢ : Do — D such that the mapping (0, h) — ¢j(h) from Dy x Dy to
0°(Q) is continuous. Then,

V(A = A) ~ Tp = ¢’9?3 (Zp) in £°(Q), uniformly in P € Py, (5.14)

where Tp is a zero mean tight Gaussian process, for each P € P. Moreover,

~

VI(A* = A) ~p Tp  in £°(Q), uniformly in P € Py, (5.15)

To derive Theorem [5.3], we strengthen the usual notion of Hadamard differentiability to a uniform
notion introduced in Definition [B.Jl Theorems [B.3] and [B.4] show that this uniform Hadamard
differentiability is sufficient to guarantee the validity of the functional delta uniformly in P. These
new uniform functional delta method theorems may be of independent interest.

6. THEORY: LASSO AND P0OST-LASSO FOR FUNCTIONAL RESPONSE DATA

In this section, we provide results for Lasso and Post-Lasso estimators with function-valued
outcomes and linear or logistic links. As these results are of interest beyond the context of estimation
of nuisance functions for moment condition problems or treatment effects estimation, we present

this section in a way that leaves it autonomous with respect to the rest of the paper.

6.1. The generic setting with function-valued outcomes. Consider a data generating process
with a functional response variable (Y,),ers and observable covariates X satisfying for each u € U,

EP[Yu ’ X] = A(f(X)Iau) + Tu(X)) (61)

where f : X — RP? is a set of p measurable transformations of the initial controls X, 6, is a p-
dimensional vector, r, is an approximation error, and A is a fixed known link function. The notation
in this section differs from the rest of the paper with Y, and X denoting a generic response and a
generic vector of covariates to facilitate the application of these results to other contexts. We only
consider the linear link function, A(t) = t, and the logistic link function, A(t) = exp(t)/{1+exp(t)},
in detail.
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Considering the logistic link is useful when the functional response is binary, though the linear
link can be used in that case as well under some conditions. For example, it is useful for estimating a
high-dimensional generalization of the distributional regression models considered in |Chernozhukov
et al| (2013) where the response variable is the continuum (Y, = 1(Y < u))yeys. Even though
we focus on these two cases we note that the principles discussed here apply to many other M-
estimators with convex (or approximately convex) criterion functions. In the remainder of the
section, we discuss and establish results for ¢i-penalized and post-model selection estimators of
(0u)ucy that hold uniformly over u € U.

Throughout the section, we assume that « € U C [0,1]% and that we have n i.i.d. observations
from dgps where (6.1)) holds, {(Yyi)ueu, Xi)}i,, available for estimating (0, )yey. For each u € U,

penalty level X, and diagonal matrix of penalty loadings \/I}u, we define the Lasso estimator as

~

. A=
0. € arg min B, [M (Y, f(X)'0)] + [ Vub]h (6.2)

where M (y,t) = $(y — A(t))? in the case of linear regression, and M (y,t) = —{1(y = 1)log A(t) +
1(y = 0)log(1 — A(t))} in the case of the logistic link function for binary response data. For each
u € U, the Post-Lasso estimator based on a set of covariates T, is then defined as

0, € arg min B, [M(Y,, F(X)0)] = supp(d) C T, (6.3)

where the set fu contains supp(au) and possibly additional variables deemed as important We
will set T, = supp(au) unless otherwise noted.

The chief departure between the analysis when U is a singleton and the functional response case
is that the penalty level needs to be set to control selection errors uniformly over u € U. To do so,
we will set X\ so that with high probability

A S csup H@;lﬂzn (09 M (Yo, F(X)'0,)] H : (6.4)

n ueU o0

where ¢ > 1 is a fixed constant. When U is a singleton the strategy above is similar to Bickel et al.
(2009), [Belloni and Chernozhukov| (2013)), and Belloni et al.| (2011), who use an analog of to
derive the properties of Lasso and Post-Lasso. When U is not a singleton, this strategy was first
employed in the context of ¢1-penalized quantile regression processes by |Belloni and Chernozhukov
(2011)).

To implement ((6.4)), we propose setting the penalty level as

A= ey/n® (1L —~/{2pn™}), (6.5)

17The total number of additional variables 3, should also obey the same growth conditions that s obeys. For
example, if the additional variables are chosen so that 5, < H§u||o the growth condition is satisfied with probability
going to one for the designs covered by Assumptions and See also Belloni et al.| (2014a) for a discussion on

choosing additional variables.
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where d,, is the dimension of U, 1 — v with v = o(1) is a confidence level associated with the
probability of event , and ¢ > 1 is a slack constant@ When implementing the estimators,
we set ¢ = 1.1. and v = .1/log(n), which is theoretically motivated and practically tested in
an extensive set of simulation experiments in Belloni et al. (2014a). In addition to the penalty
parameter A, we also need to construct a penalty loading matrix \Tfu = diag({/l;j, j=1,...,p}).
This loading matrix can be formed according to the following iterative algorithm.

Algorithm 6.1 (Estimation of Penalty Loadings). Choose v € [1/n,min{1/logn,pn®~1}] and
¢ > 1 to form X\ as defined in , and choose a constant K > 1 as an upper bound on the
number of iterations. (0) Set k = 0, and initialize lAuj,o for each j = 1,...,p. For the linear link
function, set lAuLo = {En[ff(X)(Yu — Yu)Q]}l/2 with Y, = E,[Y,]. For the logistic link function,
set lAuj,o = %{IE%[fJQ(X)]}1/2 (1) Compute the Lasso and Post-Lasso estimators, 6, and 6,, based
on By = diag({Tujj = 1, p}). (2) Set Tujass = (Bal200(Ya — AGF(X) B2 (3) 1f
k> K, stop; otherwise set k < k + 1 and go to step (1).

6.2. Properties of a Continuum of Lasso and Post-Lasso: Linear Link. We provide suf-
ficient conditions for establishing good performance of the estimators discussed above when the
linear link function is used. In the statement of the following assumption, 4, \, 0 and A, \, 0
are fixed sequences approaching zero from above at a speed at most polynomial in n (for example,

dp = 1/n° for some ¢ > 0), £, :=logn, and ¢, C, ', k" and v € (0, 1] are positive finite constants.

Assumption 6.1. Consider a random element W taking values in a measure space (W, Aw),
with law determined by a probability measure P € Py. The observed data ((Yui)ueu, Xi)l—, consist
of n i.i.d. copies of random element ((Yu)uecu,X), which is generated as a suitably measurable
transformation of W and u. The model holds with linear link t — A(t) =t for allu € U C
[0,1]%, where d, is fived and U is equipped with the semi-metric dy. Uniformly for all n > ng
and P € Py, the following conditions hold. (i) The model s approximately sparse with
sparsity index obeying supycy |0ullo < s and the growth restriction log(p V n) < 6,n'/3. (ii) The
set U has uniform covering entropy obeying log N(e,U,dy) < dylog(1l/e) V 0, and the collection
(Cu =Yu—Ep[Yy | X|,m0)ucu are suitably measurable transformations of W and w. (iii) Uniformly
over u € U, the moments of the model are boundedly heteroscedastic, namely ¢ < Ep[¢2 | X] < C
a.s., and max;<,Ep[|fj(X)C|> + |f;(X)Yul’] < C. () For a fized v > 0 and a sequence K,
the dictionary functions, approzimation errors, and empirical errors obey the following regularity
conditions: (a) ¢ < Ep[ij(X)] <C,j=1,...,p; maxjg, |fj(X)] < K, a.s.; K2slog(pV n) <
Snn.  (b) With probability 1 — A, sup,cy En[r2(X)] < Cslog(p V n)/n; sup,cy maxj<p |(E, —
Ep) 2V B — Bp) AKXV < 67 108Y2(p Y 1) 50Dy 'yt 10855 p B 5 (X)? (G —
Cw )12 < 8, and supg,, ()<t il Enlf (X)(Cu — Cu)llloo < 8un ™2, () With probability 1 — A,
the empirical minimum and mazximum sparse eigenvalues are bounded from zero and above, namely
K < infys),<sp, [1f(X) 0llp,,2 < supjs)<se, [1F(X)0p, 2 < K"

18When the set U is a singleton, one can use the penalty level in 1) with d, = 0. This choice corresponds to
that used in |Belloni et al.| (2014al).
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Assumption [6.1] is only a set of sufficient conditions. The finite sample results in the Supple-
mentary Appendix allow for more general conditions (for example, d,, can grow with the sample
size). We verify that the more technical conditions in Assumption [6.1|iv)(b) hold in a variety of
cases, see Lemma in Appendix [J]in the Supplementary Appendix. Under Assumption we
establish results on the performance of the estimators and for the linear link function
case that hold uniformly over ©u € U and P € P,.

Theorem 6.1 (Rates and Sparsity for Functional Responses under Linear Link). Under Assump-
tion[6.1] and setting the penalty and loadings as in Algorithm[6.1], for all n large enough, uniformly
for all P € P, with Pp probability 1—o(1), for some constant C, the Lasso estimator é\u s uniformly
sparse, Sup,cy ||§u\|0 < Cs, and the following performance bounds hold:

~ _ /slog(pVn ~ _ /s2log(pVn
up £ (XY B — 0,2 < Oy 2222 g sup (B, — 6,1 < Oy 082V,
ueld n ueld n

For all n large enough, uniformly for all P € P,, with Pp probability 1 — o(1), the Post-Lasso

estimator corresponding to 6, obeys

- _ ~ _ /5210 vn
sup | £(X) (B — 0.)||p, 2 < C Cand sup |G, — 0] < 0y S0PV,
ueU n ueU n

slog(p Vv n)

We note that the performance bounds are exactly of the type used in Assumption (see
also Assumption in the Supplementary Appendix). Indeed, under the condition s? log? (pV

n)log?n < 6,n, the rate of convergence established in Theorem yields /slog(pVn)/n <
o(n=1/4).

6.3. Properties of Lasso and Post-Lasso Estimators: Logistic Link. We provide sufficient
conditions to state results on the performance of the estimators discussed above for the logistic link
function. Consider the fixed sequences d,, \, 0 and A, ~\, 0 approaching zero from above at a speed
at most polynomial in n, ¢, := logn, and the positive finite constants ¢, C, x/, k", and ¢ < 1/2.

Assumption 6.2. Consider a random element W taking values in a measure space (W, Aw),
with law determined by a probability measure P € P,,. The observed data ((Yui)ueu,Xi)i—y con-
sist of n i.i.d. copies of random element ((Yy,)ucu, X ), which is generated as a suitably mea-
surable transformation of W and uw. The model holds with Y,; € {0,1} with the logistic
link t — A(t) = exp(t)/{1 + exp(t)} for each u € U C [0,1)%, where d, is fized and U is
equipped with the semi-metric dy. Uniformly for all n > ng and P € Py, the following conditions
hold. (i) The model is approzimately sparse with sparsity index obeying sup,cy ||Oullo < s
and the growth restriction log(p V n) < 6,n'/3. (ii) The set U has uniform covering entropy
obeying log N (e,U,dy) < dylog(1/e) vV 0, and the collection (¢, = Yy — Ep[Yy | X],70)ueu is
a suitably measurable transformation of W and w. (iii) Uniformly over w € U the moments
of the model satisfy max;<,Ep[|fj(X)]’] < C, and ¢ < EplY, | X] < 1 — ¢ as. (iv) For
a sequence K,, the dictionary functions, approximation errors, and empirical errors obey the
following boundedness and empirical regularity conditions: (a) sup,ey|ru(X)| < 6, a.s.; ¢ <
Ep[f3(X)] < C, j =1,...,p; maxjep |[[j(X)| < K, a.5.; and K}5° log?(p V n) < 6,n. (b) With
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probability 1 — Ay, sup,cy En[r2(X)] < Cslog(p V n)/n; sup,cy maxj<p, |(E, — Ep)[ff(X)Cg]] <
5TL; SUDy w/ el dyy (u,u’)<1/n Inangp{En [fJ (X)2(§U_CU’)2] }1/2 < 5TL7 and SUDy w/ el dyy (u,u’)<1/n ”En [f(X) (gu_
C)lloo < 8,n~ Y2, (¢) With probability 1—A,,, the empirical minimum and mazimum sparse eigen-
values are bounded from zero and above: & < inf5,<se, [1f(X)'6[lp,.2 < sup|sjo<se, [1F(X) 0, 2 <

K.

The following result characterizes the performance of the estimators ((6.2]) and ((6.3)) for the logistic

link function case under Assumption [6.2

Theorem 6.2 (Rates and Sparsity for Functional Response under Logistic Link). Under Assump-
tion[6.3 and setting the penalty and loadings as in Algorithm[6.1], for all n large enough, uniformly
for all P € P, with Pp probability 1 —o(1), the following performance bounds hold for some constant
C:

~ - ~ ~ [s?log(pVn
sup || f(X) (0, — 0.)|lp, 2 < C and sup ||0y — Ou|l1 < C %
uel n uelU n

slog(pV n)

and the estimator is uniformly sparse: sup,cy |\§u||0 < Cs. For all n large enough, uniformly for
all P € P, with Pp probability 1 — o(1), the Post-Lasso estimator corresponding to 0, obeys

slog(p Vv n) <@ s?log(p V n)
n

sup || F(X) (0u — 0u)|[p,2 < C , and  sup |0, — O] < O\ —=——
ueld ueld n

Comment 6.1. The performance bounds derived in Theorem [6.2]satisfy the conditions of Assump-
tion (see also Assumption in the Supplementary Material). Moreover, since in the logistic
case the link function is 1-Lipschitz and the approximation errors are assumed to be small, the
results above establish the same rates of convergence for estimators of the conditional probabilities;
for example,

slog(p Vv n)

sup [Ep[Yy | X] = A(f(X)0u) [, 2 < Cy/
ueU n

7. APPLICATION: THE EFFECT OF 401(K) PARTICIPATION ON ASSET HOLDINGS

As a practical illustration of the methods developed in this paper, we consider the estimation
of the effect of 401(k) eligibility and participation on accumulated assets as in |Abadie (2003 and
Chernozhukov and Hansen (2004). Our goal here is to illustrate the estimation results and inference
statements and to make the following points that underscore our theoretical findings: 1) In a low-
dimensional setting, where the number of controls is low and therefore there is no need for selection,
our robust post-selection inference methods perform well. That is, the results of our methods agree
with the results of standard methods that do not employ any selection. 2) In a high-dimensional
setting, where there are (moderately) many controls, our post-selection inference methods perform
well, producing well-behaved estimates and confidence intervals compared to the erratic estimates
and confidence intervals produced by standard methods that do not employ selection as a means
of regularization. 3) Finally, in a very high-dimensional setting, where the number of controls is
comparable to the sample size, the standard methods break down completely, while our methods
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still produce well-behaved estimates and confidence intervals. These findings are in line with our
theoretical results about uniform validity of our inference methods.

The key problem in determining the effect of participation in 401(k) plans on accumulated assets
is saver heterogeneity coupled with the fact that the decision to enroll in a 401(k) is non-random.
It is generally recognized that some people have a higher preference for saving than others. It
also seems likely that those individuals with high unobserved preference for saving would be most
likely to choose to participate in tax-advantaged retirement savings plans and would tend to have
otherwise high amounts of accumulated assets. The presence of unobserved savings preferences with
these properties then implies that conventional estimates that do not account for saver heterogeneity
and endogeneity of participation will be biased upward, tending to overstate the savings effects of
401(k) participation.

To overcome the endogeneity of 401(k) participation, |Abadie (2003) and |Chernozhukov and
Hansen (2004) adopt the strategy detailed in Poterba, Venti, and Wise (1994; 1995} 1996; 2001))
and Benjamin| (2003), who used data from the 1991 Survey of Income and Program Participation
and argue that eligibility for enrolling in a 401(k) plan in this data can be taken as exogenous after
conditioning on a few observables of which the most important for their argument is income. The
basic idea of their argument is that, at least around the time 401(k)’s initially became available,
people were unlikely to be basing their employment decisions on whether an employer offered a
401(k) but would instead focus on income. Thus, eligibility for a 401(k) could be taken as exoge-
nous conditional on income, and the causal effect of 401(k) eligibility could be directly estimated by
appropriate comparison across eligible and ineligible individualsF_gI Abadie| (2003)), |Chernozhukov
and Hansen| (2004), and Ogburn et al.| (2015) use this argument for the exogeneity of eligibility
conditional on controls to argue that 401(k) eligibility provides a valid instrument for 401(k) par-
ticipation and employ IV methods to estimate the effect of 401(k) participation on accumulated
assets.

As a complement to the work cited above, we estimate various treatment effects of 401(k) par-
ticipation on financial wealth using high-dimensional methods. A key component of the argument
underlying the exogeneity of 401(k) eligibility is that eligibility may only be taken as exogenous
after conditioning on income. Both Abadie| (2003 and |Chernozhukov and Hansen (2004)) adopt this
argument but control only for a small number of terms. One might wonder whether the small num-
ber of terms considered is sufficient to adequately control for income and other related confounds.
At the same time, the power to learn anything about the effect of 401(k) participation decreases as
one controls more flexibly for confounds. The methods developed in this paper offer one resolution
to this tension by allowing us to consider a very broad set of controls and functional forms under
the assumption that among the set of variables we consider there is a relatively low-dimensional set
that adequately captures the effect of confounds. This approach is more general than that pursued

pgterba, Venti, and Wise (19945 [1995; 11996; 2001) and [Benjamin| (2003)) all focus on estimating the effect of
401(k) eligibility, the intention to treat parameter. Also note that there are arguments that eligibility should not be

taken as exogenous given income; see, for example, Engen et al.|(1996) and Engen and Gale| (2000).



31

in previous research which implicitly assumes that confounding effects can adequately be controlled
for by a small number of variables chosen ez ante by the researcher.

We use the same data as |Chernozhukov and Hansen| (2004). The data consist of 9,915 observa-
tions at the household level drawn from the 1991 SIPP. We use net financial assets as the outcome
variable, Y, in our analysis. Our treatment variable, D, is an indicator for having positive 401 (k)
balances; and our instrument, Z, is an indicator for being eligible to enroll in a 401(k) plan. The
vector of raw covariates, X, consists of age, income, family size, years of education, a married
indicator, a two-earner status indicator, a defined benefit pension status indicator, an IRA partic-
ipation indicator, and a home ownership indicator. Further details can be found in |Chernozhukov
and Hansen| (2004).

We present detailed results for three different sets of controls f(X). The first specification uses
indicators of marital status, two-earner status, defined benefit pension status, IRA participation
status, and home ownership status, second order polynomials in family size and education, a third
order polynomial in age, and a quadratic spline in income with six break pointsF_UI (Quadratic
Spline specification). The second specification augments the Quadratic Spline specification by
interacting all the non-income variables with each term in the income spline (Quadratic Spline
Plus Interactions specification). The final specification forms a larger set of potential controls by
starting with all of the variables from the Quadratic Spline specification and forming all two-way
interactions between all of the non-income variables. The set of main effects and interactions of
all non-income variables is then fully interacted with all of the income terms (Quadratic Spline
Plus Many Interactions speciﬁcation)@ The dimensions of the set of controls are thus 35, 311,
and 1756 for the Quadratic Spline, Quadratic Spline Plus Interactions, and Quadratic Spline Plus
Many Interactions specification, respectively. For methods that do not use variable selection, we
use 32, 272, and 1526 variables resulting from removing terms that are perfectly collinear. We refer
to the specification without interactions as low-p, to the specification with only income interactions
as high-p, and to the specification with all two-way interactions further interacted with income as
very-high-p.

We report a variety of results for each specification. Under the maintained assumption that
401(k) eligibility may be taken as exogenous after controlling for the variables defined in the pre-
ceding paragraph, we can estimate intention to treat effects of 401(k) eligibility using the methods
of this paper using 401(k) eligibility as D = Z. We report the estimated average intention to treat
and average intention to treat on the treated as the ATE and ATE-T, and we report estimates of
quantile intention to treat and quantile intention to treat on the treated effects as QTE and QTE-T.

We also directly apply the results of this paper to estimate effects of 401(k) participation, reporting

2OSpeciﬁcaully7 we allow for income, income-squared, and then interact these two variables with seven dummies for
the categories formed by the cut points.

21The specifications are motivated by the original specification used in |[Abadie| (2003), |[Benjamin| (2003), and
Chernozhukov and Hansen| (2004) allowing for data-dependent accommodation of nonlinearity. We report results

based on the exact specification used in previous papers in the Supplementary Appendix.
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estimates of the LATE, LATE-T, LQTE, and LQTE-T for each speciﬁcationﬂ For comparison,
we also report estimates of the eligibility effect from the linear model without selection and with
selection using the approach of Belloni et al.| (2014a) and estimates of the participation effect from

linear instrumental variables estimation without selection and with selection as in |Chernozhukov
et al. (2015).

Estimation of all these treatment effects depends on first-stage estimates of reduced form func-
tions as detailed in Section[3l We estimate reduced form functions where the outcome is continuous
using ordinary least squares when no model selection is used or Post-Lasso when selection is used.
We estimate reduced form functions where the outcome is binary by logistic regression when no
model selection is used or Post-f1-penalized logistic regression when selection is used. We only
report selection-based estimates in the very-high-p Setting@ We refer to Appendix [F| for detailed
discussion of implementing our approach in this example.

Estimates of the ATE, ATE-T, LATE and LATE-T as well as the coefficient on 401(k) eligibility
from the linear model and coefficient on 401(k) participation in the linear IV model are given
in Table 1. In this table, we provide point estimates for each of the three sets of controls with
and without variable selection. We report conventional heteroscedasticity consistent standard error
estimates for the linear model and linear IV coefficient. For the ATE, ATE-T, LATE, and LATE-T,
we report both analytic and multiplier bootstrap standard errors. The bootstrap standard errors
are based on 500 bootstrap replications with [Mammen| (1993)) weights as multipliers.

Looking first at the two sets of standard error estimates for the average treatment effect estimates,
we see that the bootstrap and analytic standard are quite similar and that one would not draw
substantively different conclusions from using one versus the other. We also see that estimates of the
effect of 401(k) eligibility using the linear model and estimates of the effect of 401(k) participation
using the linear IV model are broadly consistent with each other across all specifications and
regardless of whether or not variable selection is done. We also have that the estimates of the
ATE, ATE-T, LATE, and LATE-T are very similar regardless of whether selection is used in the
low-p Quadratic Spline specification. The ATE and ATE-T both indicate a positive and significant
average effect of 401(k) eligibility; and the LATE and LATE-T suggest positive and significant
effects of 401(k) participation for compliers. The similarity in the low-p case is reassuring as it
illustrates that there is little impact of variable selection relative to simply including everything in
a low-dimensional setting[”]

22\e note that because of one-sided compliance the local effects for the treated actually coincide with population
effects for the treated; see [Frolich and Melly| (2013]).

23The estimated propensity score shows up in the denominator of the efficient moment conditions. As is conven-
tional, we use trimming to keep the denominator bounded away from zero with trimming set to 107'2. Trimming
occurs in the Quadratic Spline Plus Interactions (12 observations trimmed) and Quadratic Spline Plus Many In-
teractions specifications (9915 observations trimmed) when selection is not done. Trimming never occurs in the
selection-based estimates in this example. We choose not to report unregularized estimates in the very-high-p speci-

fication since all observations are trimmed and, in fact, have estimated propensity scores of either 0 or 1.
24In the low-dimensional setting, using all available controls is semi-parametrically efficient and allows uniformly

valid inference. Thus, the similarity between the results in this case is an important feature of our method which results
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We observe somewhat different results in the Quadratic Spline Plus Interactions specification. For
both the ATE and the LATE in the Quadratic Spline Plus Interactions case, we see a substantially
larger point estimate without selection than with selection, with the selection results being similar
to those obtained in the low-p case. Along with the larger point estimate, we also see that the
estimated standard errors in the no selection case for the ATE and LATE are roughly three times
larger than the standard errors in the selection case. For the ATE-T and LATE-T in the Quadratic
Spline Plus Interactions case, point estimates following selection are notably smaller than without
selection but estimated standard errors after selection are somewhat larger. We note that one might
suspect estimated standard errors for all of the estimators without selection to be substantially
downward biased in this case similar to estimated standard errors in the model with many controls
as demonstrated in|Cattaneo et al.|[(2010) though this issue has not been explored for the treatment
effects estimators we employ. Finally, we see a large difference in the Orthogonal Polynomials Plus
Many Interactions Specifications as estimates cannot even be computed reliably without selection
due to severe overfitting: The estimated propensity score is either 0 or 1 for every observation.

We provide estimates of the QTE and QTE-T in Figure 1 and estimates of the LQTE and
LQTE-T in Figure 2. The left column Figure 1 gives results for the QTE, and the right column
displays the results for the QTE-T. Similarly, the left and right columns of Figure 2 provide the
LQTE and LQTE-T respectively. We give the results for the Quadratic Spline, Quadratic Spline
Plus Interactions, and Quadratic Spline Plus Many Interactions specification in the top row, middle
row, and bottom row respectively. In each graphic, we use solid lines for point estimates and report
uniform 95% confidence intervals with dashed lines.

Looking across the figures, we see a similar pattern to that seen for the estimates of the average
effects in that the selection-based estimates are stable across all specifications and are very similar
to the estimates obtained without selection from the baseline low-p Quadratic Spline specification.
In the more flexible Quadratic Spline plus Interactions specification, the estimates that do not
make use of selection behave somewhat erratically. This erratic behavior is especially apparent in
the estimated LQTE of 401(k) participation where we observe that small changes in the quantile
index may result in large swings in the point estimate of the LQTE and estimated standard errors
are quite large. Again, this erratic behavior is likely due to overfitting due to the large set of
variables considered. As with the average effects, estimated quantile effects without selection in the
Quadratic Spline Plus Many Interactions specification are not reported as the estimated propensity
score is always 0 or 1.

If we focus on the LQTE and LQTE-T estimated from variable selection methods, we find that
401(k) participation has a small impact on accumulated net total financial assets at low quantiles
while appearing to have a larger impact at high quantiles. Looking at the uniform confidence
intervals, we can see that this pattern is statistically significant at the 5% level and that we would
reject the hypothesis that 401(k) participation has no effect and reject the hypothesis of a constant
treatment effect more generally.

from our reliance on low-bias moment functions and sensible variable selection devices to produce semi-parametrically

efficient estimators and uniformly valid inference statements following model selection.
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It is also worth discussing the results of the variable selection briefly as well. Due to the number of
models and variable selection steps taken, especially in computing quantile effects, it is not practical
to give a complete accounting of the selected variables here. Rather, we note that for the linear
model, linear IV, ATE, and LATE results, we select between two and 22 variables depending on
the specification of controls and left-hand-side variable. The median number of variables selected
for the QTE and LQTE results, where the median is taken across index values wu, across the
different specifications of controls and left-hand-side variables varies between one and 11. There
is considerable variability in the number of variables selected across u though, ranging from a
minimum of no variables selected to a maximum of 237 selected variables””] The selected variables
themselves mostly correspond to capturing the effect of income. For example, the union of the
variables selected in forming each of the reduced form quantities used for estimating the LATE
in the Quadratic Spline Plus Many Interactions specification consists of 36 variables, only four of
which do not include income ] This pattern of largely selecting terms that are direct income effects
or interactions of income with other variables holds up across the specifications considered.

It is interesting that our results are similar to those in |Chernozhukov and Hansen| (2004)) despite
allowing for a much richer set of controls. The fact that we allow for a rich set of controls but
produce similar results to those previously available lends further credibility to the claim that
previous work controlled adequately for the available observables/”| Finally, it is worth noting that
this similarity is not mechanical or otherwise built in to the procedure. For example, applications
in Belloni et al.| (2012)) and Belloni et al.| (2014a)) use high-dimensional variable selection methods
and produce sets of variables that differ substantially from intuitive baselines.

APPENDIX A. NOTATION

A.1. Overall Notation. We consider a random element W = Wp taking values in the measure
space (W, Ay), with probability law P € P. Note that it is most convenient to think about P
as a parameter in a parameter set P. We shall also work with a bootstrap multiplier variable
¢ taking values in (R, Agr) that is independent of Wp, having probability law P, which is fixed
throughout. We consider (W;)52, = (W; p)?2; and ()2, to be i.i.d. copies of W and &, which are

25Having more than 100 variables selected occurs in the very high dimensional setting when the outcome in the
penalized regression is 19(D)Y,, for the six lowest values of u among the subset of households eligible for 401(k)’s and

for the six highest values of u among the subset of households that are not eligible for 401(k)’s.

26Let 41 be the indicator for income in the first income category, and define i — i7 similarly. Let db be the defined
benefit dummy, ira be the IRA dummy, hown be the home ownership dummy, mar be the married dummy, te be
the two-earner household dummy, ed be years of schooling, and fsize be family size. The exact identities of the
variables selected for modeling any reduced form quantity used in estimating the LATE in the very-high-dimensional
case are iy, 42, i3, income * i3, income? % ig, db, ira * hown, age * ira, ed % ira, i1 * fsize, i1 * fsize® x db, iy * fsize,
io % fsize® xdb, iz xage>, iz fsize, isxmar, iz fsizexte, i3* fsizexmar, iq* fsize, i4xte, i4% fsizexte, i4*marxte,
ia xed * fsize, is x ed® x te, is5 * fsize x te, income * ira, income * hown, income * mar * hown, income * te x hown,
incomesx f sizexira, incomex f size? xira, incomexiy * f size, income®siraxhown, income*xed>xte, income? xiz* f size,
and income? * ig * hown.

2TOf course, the estimates are still not valid causal estimates if one does not believe that 401(k) eligibility can be

taken as exogenous after controlling for income and the other included variables.
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also independent of each other. The data will be defined as some measurable function of W; for
i =1,...,n, where n denotes the sample size.

We require the sequences (W;)7°, and ()32, to live on a probability space (2, Aq,Pp) for all
P € P; note that other variables arising in the proofs do not need to live on the same space. It is
important to keep track of the dependence on P in the analysis since we want the results to hold
uniformly in P in some set P,, which may be dependent on n. Typically, this set will increase with
n; ie. Pn C Ppy1.

Throughout the paper we signify the dependence on P by mostly using P as a subscript in Pp,
but in the proofs we sometimes use it as a subscript for variables as in Wp. The operator E denotes
a generic expectation operator with respect to a generic probability measure P, while Ep denotes
the expectation with respect to Pp. Note also that we use capital letters such as W to denote
random elements and use the corresponding lower case letters such as w to denote fixed values that
these random elements can take.

We denote by P, the (random) empirical probability measure that assigns probability n~! to
each W; € (W;)I;. E, denotes the expectation with respect to the empirical measure, and G, p
denotes the empirical process /n(E,, — P), i.e.

Cop(f) = G p (F(W —n‘”QZ{f W, Plf / f(w)dP(w

indexed by a measurable class of functions F : W —— R; see [van der Vaart and Wellner| (1996,
chap. 2.3). We shall often omit the index P from G,, p and simply write G,,. In what follows, we

use || - ||p4 to denote the LI(P) norm; for example, we use ||f(W)|r, = ([ |f(w)|9dP(w))*/? and
1FOV)lp,q = (™" 300y [F(W3)[9) /9. For a vector v = (vi,...,vp)" € RP, [[ull = [o1] + - + ||
denotes the ¢1-norm of v, ||v]| = Vv'v denotes the Euclidean norm of v, and ||v||o denotes the

Lo-“norm” of v which equals the number of non-zero components of v. For a positive integer k, [k]
denotes the set {1,...,k}. For z,,y, denoting sequences in R, the statement z,, < v, means that
< Ay, for some constant A that does not depend on n.

We say that a collection of random variables F = {f(W,t),t € T}, where f : W xT — R,
indexed by a set T and viewed as functions of W € W, is suitably measurable with respect to W if
it is image admissible Suslin class, as defined in Dudley| (1999, p 186). In particular, F is suitably
measurable if f: W x T — R is measurable and T is a Polish space equipped with its Borel sigma
algebra, see |[Dudley| (1999, p 186). This condition is a mild assumption satisfied in practical cases.

A.2. Notation for Stochastic Convergence Uniformly in P. All parameters, such as the law
of the data, are indexed by P. This dependency is sometimes kept implicit. We shall allow for the
possibility that the probability measure P = P, can depend on n. We shall conduct our stochastic
convergence analysis uniformly in P, where P can vary within some set P,, which itself may vary
with n.

The convergence analysis, namely the stochastic order relations and convergence in distribution,
uniformly in P € P, and the analysis under all sequences P, € P, are equivalent. Specifically,
consider a sequence of stochastic processes X, p and a random element Yp, taking values in the
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normed space D, defined on the probability space (2, Aq,Pp). Through most of the Appendix
D = ¢>°(U), the space of uniformly bounded functions mapping an arbitrary index set U to the real
line, or D = UC(U), the space of uniformly continuous functions mapping an arbitrary index set U
to the real line. Consider also a sequence of deterministic positive constants a,,. We shall say that

(i) Xn,p = Op(ay) uniformly in P € P,, if limg_o limy, o0 SUppep, Pp (| Xn,p| > Kay,) = 0,
(i) Xp,p = op(an) uniformly in P € Py, if sup o lim, oo suppep, P (| Xy p| > Kay,) =0,
(iii) Xy, p ~ Yp uniformly in P € Py, if suppep, suppepr, oy [Eph(Xn,p) — Eph(Yp)| — 0.

Here the symbol ~» denotes weak convergence, i.e. convergence in distribution or law, BL;(D)
denotes the space of functions mapping D to [0, 1] with Lipschitz norm at most 1, and the outer
probability and expectation, P} and E}, are invoked whenever (non)-measurability arises.

Lemma A.1. The above notions (i), (ii) and (iii) are equivalent to the following notions (a), (b),
and (c), each holding for every sequence P, € Py:

(a) Xn.p, = Op,(an), i-e. limpg o0 limy, 00 P (| Xn,p,| > Kapn) = 0;
(b) Xu,p, =op,(an), i-e. SUpg~olimy o0 Pp (| Xnp,| > Kan) = 0;

The claims follow straightforwardly from the definitions, so the proof is omitted. We shall use

this equivalence extensively in the proofs of the main results without explicit reference.

AprPENDIX B. KEY TooLs I: UNIFORM IN P DONSKER THEOREM, MULTIPLIER BOOTSTRAP,
AND FUNCTIONAL DELTA METHOD

B.1. Uniform in P Donsker Property. Let (W;)2, be a sequence of i.i.d. copies of the random
element W taking values in the measure space (W, Ayy) according to the probability law P on that
space. Let Fp = {f;p : t € T} be a set of suitably measurable functions w — f; p(w) mapping
W to R, equipped with a measurable envelope Fp : W —— R. The class is indexed by P € P
and t € T, where T is a fixed, totally bounded semi-metric space equipped with a semi-metric dp.
Let N(e, Fp,| - |lg,2) denote the e-covering number of the class of functions Fp with respect to the
L*(Q) seminorm || - [|g2 for Q a finitely-discrete measure on (W, Ayy). We shall use the following
result.

Theorem B.1 (Uniform in P Donsker Property). Work with the set-up above. Suppose that
forq>2

sup [ Fpllpq < C and lim sup sup ||fip — frpllp2 =0. (B.1)
Pep INO PEP dp(t,1)<s
Furthermore, suppose that
1
lim sup / sup \/log N(el|Fplgz2, Fp, | - llg.2)de = 0. (B.2)
NOperJo @

Let Gp denote the P-Brownian Bridge, and consider

Zn,p = (Zn,p(t)ter == (Gn(fr,p))ter, Zp = (Zp(t))ier := (Gp(ft.P))ter-



37
(a) Then, Zp p ~ Zp in £°(T') uniformly in P € P, namely

sup sup |[Eph(Z, p) — Eph(Zp)| — 0.
PEP he BLy (¢(T))

(b) The process Zy p is stochastically equicontinuous uniformly in P € P, i.e., for every e > 0,

lim limsup sup Pp [ sup |Z,p(t) — Z,p(t)| >c | =0.
N0 n—oo pPep dp (t,8)<68

(¢) The limit process Zp has the following continuity properties:

sup Epsup|Zp(t)| < oo, limsup Ep sup |Zp(t) — Zp(t)| =0.
PcP teT \O0 pep dp (t,5)<8

(d) The paths t — Zp(t) are a.s. uniformly continuous on (T, dr) under each P € P.

Comment B.1. [Important Feature of the Theorem] This is an extension of the uniform
Donsker theorem stated in Theorem 2.8.2 in van der Vaart and Wellner| (1996), which allows for
the function classes F to be dependent on P themselves. This generalization is crucial and is

required in all of our problems.

B.2. Uniform in P Validity of Multiplier Bootstrap. Consider the setting of the preceding
subsection. Let (§)7_; be ii.d multipliers whose distribution does not depend on P, such that
E¢ =0, B¢ =1, and E[¢]? < C for ¢ > 2. Consider the multiplier empirical process:

* * 1 -
. = (Zy p(t)ter = (Gn(§ fr,p))ter = (f Z&ft,P(Wi))
n -
i=1 teT
Here G,, is taken to be an extended empirical processes defined by the empirical measure that
assigns mass 1/n to each point (W;,§;) for ¢ = 1,...,n. Let Zp = (Zp(t))ter = (Gp(fi.p))ter as
defined in Theorem [B.1l

Theorem B.2 (Uniform in P Validity of Multiplier Bootstrap). Assume the conditions of
Theorem hold. Then (a) the following unconditional convergence takes place, Z;;P ~ Zpin
°(T) uniformly in P € P, namely

sup sup [Eph(Z, p) — Eph(Zp)| — 0,
PEP he BL1 (£>(T))

and (b) the following conditional convergence takes place, Zyp B Zp in °(T) uniformly in
P € P, namely uniformly in P € P

sup  |Ep,h(Z; p) — Eph(Zp)| = op(1),
heBLy (£2°(T))

where Ep, denotes the expectation over the multiplier weights (&)1, holding the data (W;)I'_, fized.
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B.3. Uniform in P Functional Delta Method and Bootstrap. We shall use the functional
delta method, as formulated in van der Vaart and Wellner| (1996, Chap. 3.9). Let Dy, D, and E be
normed spaces, with Dy C D. A map ¢ : Dy C D —— E is called Hadamard-differentiable at p € Dy
tangentially to Dy if there is a continuous linear map d)% : Dy — E such that
P(p + tnhn) — ¢(p)
tn
for all sequences t,, — 0 in R and h,, — h € Dg in D such that p + t,h, € Dy for every n.

— gi);(h), n — 0o,

We now define the following notion of the uniform Hadamard differentiability:

Definition B.1 (Uniform Hadamard Tangential Differentiability). Consider a map ¢ :
Dy — E, where the domain of the map Dy is a subset of a normed space D and the range is a
subset of the normed space E. Let Dy be a normed space, with Dy C D, and D, be a compact metric
space, a subset of Dy. The map ¢ : Dy — E is called Hadamard-differentiable uniformly in p € D,
tangentially to Dy with derivative map h — ¢,(h), if

d(pn + tnhn) — d(pn)

ln

for all convergent sequences p, — p in D,, t, — 0 in R, and h, — h € Dy in D such that

— ) (m)| = 0.

qu;,n(hn) — qﬁlp(h) —0, n— oo,

pn + tohy, € Dy for every m. As a part of the definition, we require that the derivative map
h— ¢(h) from Dy to E is linear for each p € D). ]

Comment B.2. Note that the definition requires that the derivative map (p, h) — ¢/,(h), map-
ping D, x Dy to E, is continuous at each (p, h) € D, x Dy. [

Comment B.3 (Important Details of the Definition). Definition is different from the
definition of uniform differentiability given invan der Vaart and Wellner| (1996} p. 379, eq. (3.9.12)),
since our definition allows D, to be much smaller than Dy and allows D, to be endowed with a
much stronger metric than the metric induced by the norm of D. These differences are essential for
infinite-dimensional applications. For example, the quantile/inverse map is uniformly Hadamard
differentiable in the sense of Definition [B.1]for a suitable choice of D,: Let T' = [e, 1—¢], D = £>°(T),
Dy= set of cadlag functions on T', Dy = UC(T), and D, be a compact subset of C'(T') such that
each p € D, obeys dp(t)/0t > ¢ > 0 on t € T, where ¢ is a positive constant. However, the
quantile/inverse map is not Hadamard differentiable uniformly on D, if we set D, = Dy and hence
is not uniformly differentiable in the sense of the definition given in [van der Vaart and Wellner
(1996) which requires D, = Dgy. It is important and practical to keep the distinction between D),
and Dy since the estimated values p may well be outside D, unless explicitly imposed in estimation
even though the population values of p are in D, by assumption. For example, the empirical cdf is
in Dy, but is outside D,. [

Theorem B.3 (Functional delta-method uniformly in P € P). Let ¢ : Dy C D +— E
be Hadamard-differentiable uniformly in p € D, C Dy tangentially to Dy with derivative map
qb;,. Let pn,p be a sequence of stochastic processes taking values in Dy, where each p, p is an

estimator of the parameter pp € D,. Suppose there exists a sequence of constants r, — oo such
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that Z,, p = rn(ﬁn,p — pp) ~ Zp in D uniformly in P € P,. The limit process Zp is separable
and takes its values in Dy for all P € P = UpznPn, where ng is fized. Moreover, the set of
stochastic processes {Zp : P € P} is relatively compact in the topology of weak convergence in
Dy, that s, every sequence in this set can be split into weakly convergent subsequences. Then,
o (¢(Pn,p) — ¢(pP)) ~ ¢,,(Zp) in B uniformly in P € Pn. If (p,h) — (blp(h) is defined and
continuous on the whole of D, x D, then the sequence ry (¢(pn,p) — d(pp)) — ¢y (Tn(Pn,p — pP))
converges to zero in outer probability uniformly in P € Py,. Moreover, the set of stochastic processes

{#,,(Zp) : P € P} is relatively compact in the topology of weak convergence in E.

The following result on the functional delta method applies to any bootstrap or other simulation
method obeying certain conditions. This includes the multiplier bootstrap as a special case. Let
D, p = (W; p)_, denote the data vector and B,, = ()", be a vector of random variables, used
to generate bootstrap or simulation draws (this may depend on the particular method). Consider
sequences of stochastic processes p,.p = pn,p(Dn.p) , where Z,, p = rp(pn,p — pp) ~> Zp in the
normed space D uniformly in P € P,. Also consider the bootstrap stochastic process Z; p =
Zpn,p(Dp,p, By) in D, where Z, p is a measurable function of B,, for each value of D,,. Suppose
that Z7 p converges conditionally given Dy, in distribution to Zp uniformly in P € Py, namely that

sup [Ep, [W(Z;,p)] ~ Eph(Zp)| = 0p(1)
heBL1 (D)
uniformly in P € P,, where Ep, denotes the expectation computed with respect to the law of B,
holding the data D, p fixed. This is denoted as “Z;';? p ~»p Zp uniformly in P € P,.” Finally, let
Pp.p = Pn,p + Z p/rn denote the bootstrap or simulation draw of p, p.

Theorem B.4 (Uniform in P functional delta-method for bootstrap and other simu-
lation methods). Assume the conditions of Theorem hold. Let ppp and p;, p be maps as
indicated previously taking values in Dy such that r,(pn.p — pp) ~ Zp and rn(ﬁ:L’P — DPn,P) B Zp
in D uniformly in P € P,. Then, X;;P = 'rn(¢(ﬁ;§,P) — ¢(pn,p)) ~B Xp = <;5;)P(Zp) uniformly in
P e P,.

B.4. Proof of Theorem [B.1} Part (a) and (b) are a direct consequence of Lemma In par-
ticular, Lemma (a) implies stochastic equicontinuity under arbitrary subsequences P, € P,
which implies part (b). Part (a) follows from Lemma (b) by splitting an arbitrary sequence
n € N into subsequences n € N along each of which the covariance function (¢,s) — cp, (t,s) :=
P, fs.p, ft,p, — Pufs p, Pnftp, converges uniformly and therefore also pointwise to a uniformly con-
tinuous function on (7, dr). This is possible because {(t,s) — cp(t,s) : P € P} is a relatively
compact set in £>°(T x T) in view of the Arzela-Ascoli Theorem, the assumptions in equation ,
and total boundedness of (T, dr). By Lemma|N.1|(b) pointwise convergence of the covariance func-
tion implies weak convergence to a tight Gaussian process which may depend on the identity N
of the subsequence. Since this argument applies to each such subsequence that split the overall
sequence, part (b) follows.

Part (c) is immediate from the imposed uniform covering entropy condition and Dudley’s metric
entropy inequality for expectations of suprema of Gaussian processes (Corollary 2.2.8 in van der
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Vaart and Wellner| (1996))). Claim (d) follows from claim (c) and a standard argument, based
on the application of the Borel-Cantelli lemma. Indeed, let m € N be a sequence and 9, :=
27" A sup {6 > 0:suppep Epsupy,.n<s |Zp(t) — Zp(t)| < 2*2’"} , then by the Markov inequality

Pp <SUPdT(t,£)<5m |Zp(t) — Zp(t)| > 2*’”) < 272m+m — 2=m This sums to a finite number over
m € N. Hence, by the Borel-Cantelli lemma, for almost all states w € Q, |Zp(t)(w) — Zp(t)(w)| <
27 for all dp(t,t) < 0, < 27™ and all m sufficiently large. Hence claim (d) follows. [

B.5. Proof of Theorem Claim (a) is verified by invoking Theorem [B.1, We begin by
showing that Z} = (Gp&fi,p)ier is equal in distribution to Zp = (Gpfi,p)ier, in particular, Z3
and Zp share identical mean and covariance function, and thus they share the continuity properties
established in Theorem This claim is immediate from the fact that multiplication by & of each
feFp=A{fip:teT} yields a set £Fp of measurable functions £f : (w, &) — £ f(w), mapping
W x R to R. Each such function has mean zero under P x P, i.e. [sf(w)dP(s)dP(w) =0, and
the covariance function (¢f,€f) — Pff — PfPf. Hence the Gaussian process (Gp(&f))ereers
shares the zero mean and the covariance function of (Gp(f))sers-

We are claiming that Z; p ~ Zp in £°°(T') uniformly in P € P, where Z} p := (Gn& ft,p)ier-
We note that the function class Fp and the corresponding envelope Fp satisfy the conditions of
Theorem [B.1] The same is also true for the function class {Fp defined by (w, £) — & fp(w), which
maps W X R to R and its envelope || Fp, since { is independent of W. Let @ now denote a finitely
discrete measure over W x R. By Lemma multiplication by £ does not change qualitatively the

uniform covering entropy bound:

log Sup N(ell[€lFPllQ2: §Fp: [l - lg.2) < 10gsgp N2 el Fplga Fp. | - lo2)-

Moreover, multiplication by £ does not affect the norms, |fp(W)|lpxp. 2 = ||fp(W)|p2, since §
is independent of W by construction and E¢? = 1. The claim then follows.

Claim (b). For each 6 > 0 and t € T, let m5(t) denote a closest element in a given, finite d-net
over T'. We begin by noting that

Ap = sup [Ep,h(Z,p) - Eph(Zp)
heBLy
< Ip+I1Ip+11Ip:= sup ‘Eph(ZpO’/T(;)—Eph(Zp)’
heBLy
+ sup |Ep,h(Z}, poms) —Eph(Zpoms)|+ sup |Ep,h(Z;, poms) —Ep,hM(Z, p)l,
heBL; heBL;

where here and below BL; abbreviates BL; (¢>°(T)).
First, we note that Ip < Ep (supdT(t@@ |Zp(t) — Zp(t)| A 2) =: pup(0) and lims\ g suppep pp () =

0. The first assertion follows from

Ip < sup Bplh(Z},poms) = h(Z3p)] < B (sup|Zp o mot) = Zp(0)] A 2) < up(d)
heBLq teT

and the second assertion holds by Theorem [B.1] (c).
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Second, EL11Ip < Ep (supdT(t@@ 1 Zn p(t) = Zy p(D)] A 2) =: pp(6) and limy, o0 SUppep |11p(6)—
pp(0)] = 0. The first assertion follows because E}IIIp is bounded by

Ep sup En,|W(Zip075) = h(Z3,p)] < BB, (50912200 75(0) = 25, p(0)] A2) < 10
heBL1 teT
The second assertion holds by part (a) of the present theorem.

Define €(6) := 0 V suppep pp(6). Then, by Markov’s inequality, followed by n — oo,

lim sup sup Pp (IIIP > \/6(5)) < lim sup SuPpep Hp(9) < suppep 1 (9) < Ve(0).
n—oo PeP n—oo 6(5) 6(5)

Finally, by Lemma for each € > 0, limsup,,_,., suppcp Pp (IIp > ¢) = 0.
We can now conclude. Note that €(d) N\, 0 if § N\, 0, which holds by the definition of €(d) and the
property suppep pp(0) N\ 0 if § \, 0 noted above. Hence for each ¢ > 0 and all 0 < § < . such

that 3y/€(6) < ¢,

lim sup sup Pp (Ap > ¢) < limsup sup Pp <Ip +I1Ip+11Ip > 3\/6(5)) < Ve(0).

n—oo PeP n—oo PeP

Sending § N\, 0 gives the result. ]

B.6. Auxiliary Result: Conditional Multiplier CLT in R¢ uniformly in P € P. We rely
on the following lemma, which is apparently new. (An analogous result can be derived for almost
sure convergence from well-known non-uniform multiplier central limit theorems, but this strategy
requires us to put all the variables indexed by P on the single underlying probability space, which

is much less convenient in applications.)

Lemma B.1 (Conditional Multiplier Central Limit Theorem in R? uniformly in P € P). Let
(Zi,p)2, be i.i.d. random vectors on Re, indexed by a parameter P € P. The parameter P
represents probability laws on R®. For each P € P, these vectors are assumed to be independent
of the i.i.d. sequence (&), with B¢y = 0 and EE = 1. There exist constants 2 < q < oo and
0 < M < oo, such that EpZ; p = 0 and (Ep||Z1,p||7)"/? < M uniformly for all P € P. Then, for
every € >0

. *
lim sup Pp sup
n—=0 pep heBL; (RY)

EBnh(n*/2 Zgizi,p) - Eph(N(o,Epzl,PZ{,P))‘ > 5) —0,
i=1
where Ep, denotes the expectation over (&)1, holding (Z; p)}—_, fized.

Proof of Lemma Let X and Y be random variables in R?, then define dpz(X,Y) :=
SUPpeBL, (re) [ER(X) — ER(Y)[. Tt suffices to show that for any sequence P, € P and N* ~
V2SN 6 Zp | (Zip)y, dpL (N*,N(O,Eanl,an{’ Pn)) — 0 in probability (under Pp,).

Following Bickel and Freedman| (1981)), we shall rely on the Mallow’s metric, written m,., which is
a metric on the space of distribution functions on R?. For our purposes it suffices to recall that given
a sequence of distribution functions { F} and a distribution function F', m,(Fj, F') — 0 if and only
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if [ gdFy — [ gdF for each continuous and bounded g : R — R, and [ ||z||"dFy(z) — [ ||2]|"dF(2).
See Bickel and Freedman (1981) for the definition of m,..

Under the assumptions of the lemma, we can split the sequence n € N into subsequences
n € N, along each of which the distribution function of Z; p, converges to some distribution
function F’ with respect to the Mallow’s metric m,., for some 2 < r < ¢. This also implies that
N(0,Ep, Z1,p,Z] p,) converges weakly to a normal limit N (0,Q’) with Q' = [ 22'dF’(2) such that
|Q'|| < M. Both @ and F’ can depend on the subsequence N'.

Let Fj be the empirical distribution function of a sequence (zi)le of constant vectors in R?,
where k € N. The law of Np = k—1/2 Zle &z is completely determined by F} and the law of &
(the latter is fixed, so it does not enter as the subscript in the definition of N, ). If m,(F, F') — 0
as k — oo, then dBL(NI’;k, N(0,Q")) — 0 by Lindeberg’s central limit theorem.

Let [, denote the empirical distribution function of (Z; p,);" ;. Note that N* = Ng ~
nV2N" &7 p, | (Zip,)P-,. By the law of large numbers for arrays, [ gdF, — [gdF’ and
[ Iz|"dFy(2) = [ ||z||"dF’(z) in probability along the subsequence n € N'. Hence m,(F,, F') — 0
in probability along the same subsequence. We can conclude that dpr,(Ng , N(0,Q")) — 0 in prob-
ability along the same subsequence by the extended continuous mapping theorem (van der Vaart
and Wellner, |1996, Theorem 1.11.1).

The argument applies to every subsequence N’ of the stated form. The claim in the first paragraph
of the proof thus follows. [

B.7. Donsker Theorems for Function Classes that depend on n. Let (W;)2, be a sequence
of i.i.d. copies of the random element W taking values in the measure space (W, Ayy), whose
law is determined by the probability measure P, and let w —— fy,(w) be measurable functions
fat : W — R indexed by n € N and a fixed, totally bounded semi-metric space (T, dr). Consider
the stochastic process

n
(Gnfnt)er == {n_1/2 > (far(Wi) = an,t)}
i=1 teT
This empirical process is indexed by a class of functions F,, = {fn+ : t € T'} with a measurable
envelope function Fj,. It is important to note here that the dependence on n allows us to have the
class itself be possibly dependent on the law P,.

Lemma B.2 (Donsker Theorem for Classes Changing with n). Work with the set-up above.
Suppose that for some fixed constant ¢ > 2 and every sequence 6, N\ 0:

on
[Enllpg =0Q),  sup |lfus = fuillp2 =0, / Sup \/10g N(el[EnllQa2, Fns Il - llQ2)de — 0.
0

dT(S,t)<5n

(a) Then the empirical process (G fni)ter is asymptotically tight in €°°(T) i.e. stochastically
equicontinuous. (b) For any subsequence such that the covariance function Py, fn s fnt—PnfnsPofnt
converges pointwise on T xT', (G, frt)ter converges in £>°(T') to a Gaussian process with covariance

function given by the limit of the covariance function along that subsequence.
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Proof. The use of Theorem 2.11.1 in van der Vaart and Wellner| (1996|), which does allow for
the probability space to depend on n, allows us to establish claim (a), by repeating the proof
(verbatim) of Theorem 2.11.22 in van der Vaart and Wellner| (1996 p. 220-221), except that the
probability law is allowed to depend on m. (For the sake of completeness, the Supplementary
Appendix, provides the complete proof). The proof of claim (b) follows by a standard argument
from the stochastic equicontinuity established in claim (a) and finite-dimensional convergence along
the indicated subsequences. [ ]

B.8. Proof of Theorems and The proof consists of two parts, each proving the corre-
sponding theorem.

Part 1. We can split N into subsequences {N'} along each of which Z, p, ~» Z' € Dy in D, pp, —
p'inD, (neN), where Z’' and p’ can possibly depend on N'. It suffices to verify that for each N':

n(@(Pn,p,) — ¢(pp,)) ~ ¢y (Z") (n €N') (B.3)
r0(0(Pn,p,) = ¢(pP.)) = &py, (1n(Pn,py = pP,)) ~ 0 (n €N, (B.4)
r0(0(Pn,p,) = ¢(pP,)) = &y (ru(Pup, — pP,)) ~ 0 (n €N'), (B.5)

where the last two claims hold provided that (p, h) — qﬁlp(h) is defined and continuous on the
whole of D, x . The claim is not needed in Part 1, but we need it for the Part 2.

The map gn(h) = r(¢(pp, + 1, th) — d(pp,)), from D, = {h € D : pp, + r;'h € Dy} to E,
satisfies gn(hn) — ¢/, (h) for every subsequence h, — h € Dy (with n € N'). Application of the
extended continuous mapping theorem (van der Vaart and Wellner, 1996, Theorem 1.11.1) yields
B3).

Similarly, the map my,(h) = r,(¢(pp, + 1, th) — ¢(pp,)) — pp, (h), from Dy, = {h € D : pp, +
r h € Dy} to E, satisfies my, (hy,) — ¢/, (h) — ¢/, (h) = 0 for every subsequence h, — h € Dy (with
n € N'). Application of the extended continuous mapping theorem (van der Vaart and Wellner,
1996, Theorem 1.11.1) yields . The proof of is completely analogous and is omitted.

To establish relative compactness, work with each N'. Then gb;)Pn(h) mapping Dy to E satis-
fies ¢, (hn) — ¢/, (h) for every subsequence h, — h € Do (with n € N’). Application of the
extended continuous mapping theorem (van der Vaart and Wellner, 1996, Theorem 1.11.1) yields
that &), (Zp) ~ &,(Z).

Part 2. We can split N into subsequences {N'} as above. Along each N/,

TPy p, — PP,) ~ Z" €Dy in D, r(pp,p, — pp,) ~ Z €DginD, pp, = p inD, (neN),

where Z" is a separable process in Dy (which is given by Z’ plus its independent copy Z’). Indeed,
note that rn(p“;n, . pp,) = Z;; p, + Zn.p,, and (Z;; P> Zn, p,) converge weakly unconditionally to
(Z',Z") by a standard argument.

Given each N’ the proof is similar to the proof of Theorem 3.9.15 of van der Vaart and Wellner
(1996)). We can assume without loss of generality that the derivative ¢;, : D — E is defined and
continuous on the whole of D. Otherwise, if gb;, is defined and continuous only on Dy, we can extend
it to D by a Hahn-Banach extension such that C' = ¢/, lp)»E = [|¢, [p—E < 00; see van der Vaart
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and Wellner| (1996, p. 380) for details. For each N', by claim 1| applied to p,,p, and to py, p

replacing p,.p, .

0 (@(pn,p,) — ¢(pP,))
ra(0(0r,p,) — 0(pP,))

)

& (ra(Bu, — pp,)) + 0, (1),
& (ra(Byp, — 1) + 0 (1):

Subtracting these equations conclude that for each € > 0

*

Epn1( IE>g) —0 (neN). (B.6)

(&P, p,) = #(Pn.P.)) — &y (rn Py, — Prpy))

For every h € BL1(E), the function hog/, is contained in BL¢(D). Moreover, 1y (p, p—pn,p) ~>5 Zp
in D uniformly in P € P,, implies r,,(p}, p — Pn,p) ~>B Z' along the subsequence n € N'. These two
facts imply that

sup B, b0 (ra(hp, — ur)) = Bh(6y(2))] = 0, (1) (neN).
heBL (E)

Next for each € > 0 and along n € N

00 [ (007 ,) = 95ur) = B, (6 (ra(Frp, = Pur))|

<a+2EBn1<

*

> 5) — op, (1),

rn(@(Pn,p,) — #(Pn.P.)) — &y (ra(P}y p, — Pr.p.))

where the op, (1) conclusion follows by the Markov inequality and by . Conclude that

sup (B, h(rn(@(B.p,) = 6(Bur,))) = BR(6(Z)| = 05, (1) (n € N).m
heBL4 (E)

APPENDIX C. KEY TooLs II: PROBABILISTIC INEQUALITIES

Let (W;)I"; be a sequence of i.i.d. copies of random element W taking values in the measure
space (W, Ayy) according to probability law P. Let F be a set of suitably measurable functions
f: W r— R, equipped with a measurable envelope F' : W —— R.

The following maximal inequality is due to Chernozhukov et al.| (2012).

Lemma C.1 (A Maximal Inequality). Work with the setup above. Suppose that F' > sup scr | f|
is a measurable envelope with ||F| p, < 0o for some q¢ > 2. Let M = max;<, F(W;) and 0 > 0 be
any positive constant such that sup e r HfH%D2 <o’ < HFH%;2 Suppose that there exist constants
a>e and v > 1 such that logsupg N (e||F|lg2, F, || - [lg.2) < v(loga +1log(1/e)), 0 < e < 1. Then

F M Ia
Ep[|Gnllr] < K (\/1202 log <CLH (7”P72> + v||M|lpp2 log <a|||

N am))’

where K is an absolute constant. Moreover, for every t > 1, with probability > 1 — t~/2,

1Gallr < (1t QBP(IGullF] + K(@)[(7 +n 2 Mllpp ) VE + 0”0 2| M|lp, 1], Ve > 0,
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where K(q) > 0 is a constant depending only on q. In particular, setting a > n and t = logn, with
probability > 1 — c(logn)~!,

allF| p2 v[[M|lpp 4 al|F||pa
< . ’ E— :
IGnllF < K(g;c) (0\/1) log < . ) T les : (C.1)

where | M||p, , < n'/9||F||p, and K(g,c) > 0 is a constant depending only on q and c.

APPENDIX D. PROOF FOR SECTION 4

These results follow from the application of results given in Section 5. The details are given in
the Supplementary Appendix.

APPENDIX E. PROOFS FOR SECTION 5

E.1. Proof of Theorem In the proof a < b means that a < Ab, where the constant A
depends on the constants in Assumptions but not on n once n > ng, and not on P € P,,.
Since the argument is asymptotic, we can assume that n > ng in what follows. In order to establish
the result uniformly in P € P,, it suffices to establish the result under the probability measure
induced by any sequence P = P,, € P,. In the proof we shall use P, suppressing the dependency
of P, on the sample size n. Also, let

B(W) = max su Oy, Ep|ty; Wy, v) | Z4]|, E.1
") je[do]fke[d9+dt]VG@uXTu(I)Zu),Ueu Ep [ )12 (E1)

Step 1. (A Preliminary Rate Result). In this step we claim that wp 1—o(1), sup,c;, |]§u—9uH < Ta.
By definition

IEntou (W, B, hu(Z0))| < it [Engpu(Wa, 0, hu(Z0))| + €n for each u € U,
€0y

which implies via triangle inequality that uniformly in v € U with probability 1 — o(1)
| Plen(Wes b (20| < €0 + 201 + 282 S 72 (E2)

for I} and Iy defined in Step 2 below. The < bound in (E.2) follows from Step 2 and from the
assumption €, = o(n~/?). Since by Assumption (iv)7 271(||Ju (8 —B4) || Aco) does not exceed the
left side of (E.2) and inf,ey mineig(J,,J,,) is bounded away from zero uniformly in n, we conclude
127, < 7.

~

that sup,cy ||6u — ful| < (inf,ey mineig(J!,J,))
Step 2. (Define and bound I; and I3) We claim that with probability 1 — o(1):

L= s Bty (W 6, hu(2) = Eatbu(Wa, 6, hu(Z0)|| € 7o,
0€0, ,ucld
L o= sup  [Ebu(Wa, 0, h(Z) = PYu(Wa, 0, hu(22) | S 7

0€O, ,ucld
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To establish this, we can bound I; < 211, + I1p and I» < I14, where with probability 1 — o(1),

L, = sup ’Enwu(wu79ah(zu)) P¢U(WU79 h H S T
0€0y ueld ,heHunU{hyu}
Iy = sup | Pea(W, 0,0(Z0)) = PouWes 0, hul(Z0)|| S 7o

€Oy, ucl ,h€HynU{hy}

These bounds in turn hold by the following arguments. In order to bound I, we employ Taylor’s
expansion and the triangle inequality. For h(Z,u, j,#) denoting a point on a line connecting vectors
h(Z,) and hy(Z,), and t,, denoting the mth element of the vector ¢,

dg dy
<SS s P[00 P [ (W 0,52, ,5.0)) 2] (han(Za) = hun(Z0))] |
121 me1 0€Ou el heHun
< dod|Blpe _ max = hunllre,
U, hEHun,mE[d¢]

where the last inequality holds by the definition of B(W) given earlier and Holder’s inequality. By

Assumption(ii)(c), |Bllp2 < C, and by Assumption SUPyett heHun,meldy] |1hm—Pum| P2 S Tn,
hence we conclude that Iy, < 7, since dy and d; are fixed.

In order to bound I, we employ the maximal inequality of Lemma to the class
Fi = {thyj(Wy, 0, h(Zy,)) : j € [dg],u €U, 0 € Oy, h € Hyp U{hu}},
defined in Assumption[5.3]and equipped with an envelope Fy < Fjp, to conclude that with probability
1 o(1),
L, < n_1/2< sp log(ay) + n_l/ann% log(an)) < Th.
Here we use that log supg N (|| Fil|@.2, F1, [|-lg,2) < snlog(an/€)VO0 by Assumption | Follpg < C

and supser, HfoDQ <o’ HFOH%2 for ¢ < 0 < C by Assumption (i); an, = n and s, > 1 by
Assumption 5.3

Step 3. (Linearization) By definition
V| Ethy (W, B, h(Z))]| < /B (W, 0, hu(Za))|| + enn/2.
Application of Taylor’s theorem give that for all u € U

+  Juvn(0y — 0,) + Duo(hy — hy) + 1L (U) + ITr(uw),

where the terms I1; and 11> are defined in Step 4. Then by the triangle inequality for all u € U
and Steps 4 and 5 we have

| VAE D6 (Wats O, ha(Z0)) + Jun/R(Bu = 0u) + Dol — )

<mﬁ+m<hﬁﬁmwwmﬁ%%MHMMWHwMHO—@U
ueld \ 9€6u

where the op(1) bound follows from Step 4, €,1/n = o(1) by assumption, and Step 5.
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Moreover, by the orthogonality condition:

dy dg
Dy (b = hu) = ( > VnP [c%mP[wuj(Wu, Ous hu(Z))| Za) (hon(Z) — hum(Zu))D = 0.

m=1
Conclude using Assumption [5.1|iv) that

< op(1) sup(mineg(./, J,) /) = op(1).
u€eU

T B thu (W 0, h(Za)) + V(B — 6,)

sup
ueU

Furthermore, the empirical process (—v/nEyJ; 190y, (Way, 00, hu(Z4)))uey is equivalent to an em-
pirical process G,, indexed by Fp := {@Z_JW 2 j € [dol,u €U }, where @Z_Juj is the j-th element of
—J Y9 (W, 0y, hy(Zy)) and we make explicit the dependence of Fp on P. Let M = { My, -
J,k € [dg],u € U}, where M, is the (j, k) element of the matrix J, !. M is a class of uniformly
Holder continuous functions on (U, dy) with a uniform covering entropy bounded by C'log(e/e) V0

and equipped with a constant envelope C, given the stated assumptions. This result follows from

the fact that by Assumption [5.2[(ii)(b)
max My — M| < [0 = Jg 'l = |19 (Ju = Ja) I |
Jvke[dd
< [ Ju = Jall sup 1751 < flw — a2, (E.3)

and the constant envelope follows by Assumption (iv). Since Fp is generated as a finite sum
of products of the elements of M and the class Fy defined in Assumption the properties of
M and the conditions on Fy in Assumption (ii) imply that Fp has a uniformly well-behaved
uniform covering entropy by Lemma namely

sup  log sup N(e[CFollQa, Fp: |l - llQ.2) < log(e/e) VO,

PG'P:Un>n0 Pn

where Fp = CFy is an envelope for Fp since sup ez, |f| S sup,ey |7 | suprer 1f| < CFy by
Assumption [5.2{i). The class Fp is therefore Donsker uniformly in P because suppep || Fp|lpq <
C'suppep || Fol p,q is bounded by Assumption (ii), and sup pep |[Yu — Yallp2 — 0 as dy(u,a) — 0
by Assumption b) and . Application of Theorem m gives the results of the theorem.
Step 4. (Define and Bound I1; and IT). Let ITy(u) := (IT1;(u))%, and IIy(u) = (I15;(u))%

ji= j:l 9
where

d

ITj(u) = ZU VP [0y, 00, Pthuj (W, Ui (Zus ) Zu]A0ur (Zu) = Vir (Z) HOuk (Zu) — vur(Zu)}] s
rk=1

I (1) = Gy (tu (W, Oy s (Z)) = iy (W, Oy e (Z))),

where vy(Zu) == (vur(Zo)izy = O ha(Za))s DulZa) = Oun(Zo)Zy = (O hu(Z0))s dy =
dg + dy, and v, (Z,, ) is a vector on the line connecting v, (Z,) and 7,(Z,,).
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First, by Assumptions (ii)(d) and the claim of Step 1, and the Holder inequality,

max sup |[1;(u)] < sup Z VNP [ClUu (Zy) — vur (Zu) 10wk (Zw) — vk (Z) ]
Jj€ldo] uet ueld |

< C’fd max sup ||Vur — l/uk”PQ <p \FT =o0(1).
keldv] ey

Second, we have that with probability 1 — o(1), mMaxe(q,) SUPyey |I1;(u)| < SUpfer, 1Grn(f)],
where, for ©,, :={0 € 0, : |0 —0,| < Cm,},
f? = {¢UJ(WUa 07 h(Zu)) - 7vbuj(‘/v1u 9’11,7 hu(Zu)) : j € [d9]7u € U, h € Hun7‘9 € eun}
Application of Lemma with an envelope Fy < Fy gives that with probability 1 — o(1)

sup [Gn ()] < 792\ /5 10g(an) + 1~ V25,07 log(ay), (EA4)
feFs

since supser, | f| < 2supsez |f| < 2Fp by Assumption H | Follpqy < C by Assumption ( )
logsupg N (el F2llg.2, F2, | - [lg2) S (snlogan + splog(an/€)) V 0 by Lemma [L.1] n 1| because Fy =
JF1 — Jo for the Fy and F; defined in Assumptions (1) and and o can be chosen so that
supser, | fllp2 <o < 72, Indeed,

sup || flp2 < sup P (P[(4uj(Way (Zu)) = $uj(Was vu(Zu)))?| Zu])
feFs Jj€[dgl,uEU W EOyun X Hun
< sup P (Clv(Zu) — vu(Zu)||?)
UEU,VEO yn X Hun
= sup Cllv =vullpa < sup Clv = vulpa S s
UEU,VEGun X Hun uEZx[,VG@un XHun

where the first inequality follows by the law of iterated expectations; the second inequality follows
by Assumption (ii)(a); and the last inequality follows from « € [1,2] by Assumption the
monotonicity of the norm || - |[po in a € [1, 00], and Assumption

Conclude using the growth conditions of Assumption that with probability 1 — o(1)

max sup | Tz, (u)| < 78/%1/s, log(an) + nil/ann% log(an) = o(1). (E.5)
J€ldo] uet

Step 5. In this step we show that sup,;, infoco, VA Entba (W, 0, hu(Z4))|| = op(1). We have
that with probability 1 — o(1)

ool VAlEntbu(Was 0, T (Zu) | < VAIEntou(Was Oy B (Z0))

where 0, = 0, — J; 'ty (Wa, 0, hu(Zy)), since 0, € O, for all u € U with probability 1 — o(1),
and, in fact, sup,cy |0 — 0ull = Op(1/4/n) by the last paragraph of Step 3.
Then, arguing similarly to Step 3 and 4, we can conclude that uniformly in u € U:

\/ﬁHEnwu(Wu; éuﬁu(Zu))H < \/ﬁ”Enwu(Wm Hw hU(Zu)) + JU(éu - eu) + Du,O(ﬁu - hU)H + OP(l)

where the first term on the right side is zero by definition of 6, and Du,o(ﬁu — hy) =0. ]
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E.2. Proof of Theorem STEP 0. In the proof a < b means that a < Ab, where the constant
A depends on the constants in Assumptions but not on n once n = ng, and not on P € P,.
In Step 1, we consider a sequence P, in P, but for simplicity, we write P = P, throughout the
proof, suppressing the index n. Since the argument is asymptotic, we can assume that n > ng in
what follows.

Let P, denote the measure that puts mass n~! at the points (&, W;) for i = 1,...,n. Let E,
denote the expectation with respect to this measure, so that E,f = n=1 > " | f(&, W;), and G,
denote the corresponding empirical process /n(E,, — P), i.e.

n

an = \/E(Enf - Pf) = n_1/2 Z (f(gza VVZ) - /f(s’w)dpf(s)dp(w)>'

i=1
Recall that we define the bootstrap draw as:

* L DN 1 O i _ i
np = V0 =) = (ﬁ;wum)) = (Gagdhu) -

ueU

where 9 (W) = =J; "Wu(Was Ous hu(Z)).

STEP 1.(Linearization) In this step we establish that

Gopi=Znp—Ghp=op(l) inD=(2U), (E.6)

where G, p := (Gné&¥u)ueu, and Pu(W) = I Pu (W, O, u(Zu)).-

With probability 1 — 6, fu € Hun, By € Oun = {0 € Oy : |0 — 0,]| < C7n}, and J, € Ty, so that
16 pllp < supser, |GnlSf]l, where

Fy = {0 Bus b ) = Yy 5 € (o], 0 €U, By € Ouns by € Hun, o € T},

where @Z;uj (O hsy Jy) s the j-th element of —J, Yy, (Wi, Oy, hy(Zy,)), and 10y, is the j-th element of
—J 90 (Wy, 04, ho(Zy)). By the arguments similar to those employed in the proof of the previous
theorem, under Assumption [5.3] and the additional conditions stated in the theorem, F3 obeys

log sgp N(el|Fsllg,2, F3: || - llg2) S (snloga, + splog(an/€)) VO,

for an envelope F3 < Fy. By Lemma multiplication of this class by & does not change the

~

entropy bound modulo an absolute constant, namely
g up Nl €15 g2, |- la2) 5 (s 0B an + 5, 1og(an /) V0.
Also Efexp([¢])] < oo implies (E[max;<y, |£]%])"/? < logn, so that, using independence of (&),
from (W;)"; and Assumption [5.2](i),
I max & Fo(W;)[pp 2 < || max &l of| max Fo(Wi)||pp 2 S n'/9logn.
i<n i<n i<n

Applying Lemma

spnt/1logn

sup |Gn(f)] = Op (Tﬁfﬂ Snlog(an)Jr\/ﬁlOg(an)) = op(1),

fe&Fs
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P2 Son S 'y / 2, where the details of calculations are similar to

~

for supjeer, Ifllp2 = supser, || f]
those in the proof of Theorem Indeed, with probability 1 — o(dy,),

sup [[flp2 S sup |l sup P (P(4uj(Wu, v(Z0)) = Yuj(Wa, vu(Z4)))?| Zu])
f€]:3 uel je[da],ueu,l/EQunXHun
+ sup [T = J sup P (Plthuj(Wa, v(Z4))?| Zu])
ueY JE[do]  ueU ,VEO yn X Hun
< sup v —wullpo+ 70 S sup v =vulpe + 77 S 70
UEU,VG("')un X Hun ' ueU,uE@un X Hun '

where the first inequality follows from the triangle inequality and the law of iterated expectations;
the second inequality follows by Assumption (ii)(a), Assumption (i), and sup,ey ||/ —
J71? £ 7 by the assumptions of the theorem and the continuous mapping theorem; the third
inequality follows from « € [1,2] by Assumption the monotonicity of the norm || - ||po in
a € [1,00], and Assumption and the last inequality follows from |v — v
definition of ©,, and H,,. The claim of Step 1 follows.

P2 S Tn by the

STEP 2. Here we are claiming that Z* , ~p Zp in D = £>°(U )% under any sequence P = P, €
Pp, were Zp = (Gpthy)uey- By the triangle inequality and Step 1,
swp_ |Ep,h(Z; p) ~ Eph(Zp)| < sup  [Ep,h(Gy,p) — Eph(Zp)| + Es, (|G pll A 2),
heBL1 (D) heBL1 (D)
where the first term is 0}(1), since G}, p ~p Zp by Theorem and the second term is op(1)
because || pllp = op(1) implies that Ep([|¢; pllp A 2) = EpEg, (|, pllp A 2) — 0, which in turn
implies that Ep, (|[¢;; pllp A 2) = op(1) by the Markov inequality. [

E.3. Proof of Theorem This is an immediate consequence of Theorems and
B.4 n

APPENDIX F. IMPLEMENTATION DETAILS

In this section, we provide details about how we implemented the methodology developed in
the main body of the paper in the empirical example. We first discuss estimation of local average
treatment effects (LATE) and then extend this discussion to estimation of local quantile treatment
effects (LQTE). Estimation of all other quantities proceeds in a similar fashion and so is not
discussed.

F.1. Local Average Treatment Effects. Recall that the LATE of treatment D on outcome Y
is defined as
Q 1) —« 0 Q 1) —«a 0
ALATE _ ey(l) _ ey(O) _ 11(D)Y( ) 11(D)Y( ) . lo(D)Y( ) 10(D)Y( )
ay,(py(1) — a1, (p)(0) 10y (1) = a1(p)(0)
for ary(2) and Oy (d) defined in equations (2.1) and (2.3) respectively. It then follows by plugging
in the definition of avy(2) that we can express the LATE as
Oéy(l) — Qy (0)

a11(D)(1) - ah(D)(O)

AraTE =
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To obtain an estimate of the LATE, we thus need estimates of ay(2) and aj,(p)(z). Using
the low-bias moment function given in equation , estimates of these key quantities can be
constructed from estimates of Ep[Y|Z =1, X], Ep[Y|Z =0, X], Ep[D|Z =1, X], Ep[D|Z =0, X],
and Ep[Z|X] where Z is the binary instrument (401(k) eligibility); D is the binary treatment (401(k)
participation); X is the set of raw covariates discussed in the empirical section; and Y is net financial
assets. In our application, we have Ep[D|Z = 0, X] = 0 since one cannot participate unless one is
eligible. We estimate the remainder of the functions using post-LASSO to estimate Ep[Y|Z = 1, X]
and Ep[Y|Z = 0,X] and post-¢1-penalized logistic regression to estimate Ep[D|Z = 1, X] and
Epl[Z|X].

To estimate Ep[Y|Z = 1, X], we postulate that Ep[Y|Z = 1, X] =~ f(X)' By (1), where f(X) is
one of the pre-specified sets of controls discussed in the empirical section with dimension p. Let
7, denote the indices of observations that have z; = 1. To estimate the coefficients fy (1), we
apply the formulation of the post-LASSO estimator given in Belloni et al. (2012]) with outcomes
{yi}iez, and covariates {f(z;)}iez,- We set X = 1.1y/n® 1 (1 — (1/log(n))/(2(2p))) where ®(-) is
the standard normal distribution function. We calculate penalty loadings according to Algorithm
A.1 of Belloni et al. (2012)) using post-LASSO coefficient estimates at each iteration and with
a the maximum number of iterations set to 15 Let By(l) denote the resulting post-LASSO
estimates of the coefficients using A given above and the final set of penalty loadings. We then
estimate Ep[Y|Z =1, X = z;] as f(xl)’gy(l) for each i = 1,...,n. We follow the same procedure
to obtain estimates of Ep[Y|Z = 0, X = z;] as f(xi)’gy(O) for each i =1, ...,n where By((]) are the
post-LASSO estimates using only the observations with z; = 0.

Estimation of Ep[D|Z = 1, X]| and Ep[Z|X] proceed similarly replacing post-LASSO estima-
tion with post-f1-penalized logistic regression. Specifically, we assume that Ep[D|Z = 1, X] =~
Ao(f(X)' Bp(1)) where Ag(-) is the logistic link function. We then obtain estimates of Sp(1) by
using the post-f1-penalized estimator defined in equations and based on the logistic
link function and with outcomes {d;};cz, and covariates {f(z;)}icz, for Z; defined as above. We set
A= 1.1y/n® 1 (1—(1/1og(n))/(2(2p))) where ®(-) is the standard normal distribution function. We
calculate penalty loadings using Algorithm [6.1] of the main text with a maximum of 15 iterations.
Let B p(1) denote the resulting post-¢1-penalized estimates of the coefficients using A given above
and the final set of penalty loadings. We estimate Ep[D|Z = 1, X = z,;] as Ao(f(2;)'Bp(1)) for
cach i = 1,...,n. We follow this procedure to obtain estimates of Ep[Z|X = ;] as Ag(f(x;)Bz) for
each i = 1,...,n where BZ are the post-¢i-penalized coefficient estimates obtained with {z;}!" ; as
the outcome and {f(x;)}?"; as covariates using A = 1.1,/n® (1 — (1/log(n))/(2p)).

28Here and in all following instances, we stop iterating before reaching the maximum number of iterations if the

£2-norm of the difference in penalty loadings calculated across consecutive iterations is less than 1075,
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Using these baseline quantities, we obtain estimates

Ji'z BY( )) +f(xz) ) — 21/111

)
b<
=

Il

Sie

Mz

551 BZ)

=1

o)
b<
S

Il

S~

Mﬁ

(1 — 2)(y; — fla) ﬁY( ) + f(l‘i)/BY(O)> = %Z%,i
i=1

(5
1< L= Ao(f(2:)Bz)
(3
(s

7

(d; —Ao f(x:)'Bp(1)))
xl) BZ)

(1-2z > 1

_'L z —— vas =0
g 0,2
nizl

1- 112 /BZ

We then plug these estimates in to obtain

2
S
=

I

S

M3

1

7

S|
IhgE

a1, (py(0) =
1

A

Aparp = ay(1) — av(0)
a1, (py(1) — @y, (py(0)

We report both analytic and bootstrap standard error estimates for the LATE. The analytic

standard errors are calculated as

1 Vi — Yoy ~ )2
= —— —Arare | /n.
n—1 ; (ah(D)(l) - O‘11(D)(O) /

We use wild bootstrap weights for obtaining the multiplier bootstrap estimates of the standard

errors with 500 bootstrap replications. Specifically, for each b = 1, ..., 500, we calculate a bootstrap
estimate of the LATE as
N LS (1 — v0,i) €
A
LATE =1 w it (V1 — v0,)&)

where ¢ = 1 + Tll),i/ﬁ + ((7‘%)2 —1)/2 is the bootstrap draw for multiplier weight for observa-

tion ¢ in bootstrap repetition b where 7“11’ ; and rg ;, are random numbers generated as iid draws

from two independent standard normal random variables. The bootstrap standard error estimate
is then the bootstrap interquartile range rescaled with the normal distribution: [qra7E(.75) —

qrare(.25)]/[gn(.75) — qn(0.25)], where grarr(p) is the pth quantile of {A b are Y and gn(p) is
the pth quantile of the N (0, 1).

F.2. Local Quantile Treatment Effects. Calculation and inference for LQTE is more cumber-
some than for the LATE. We begin by choosing the set over which we would like to look at the
LQTE. In our example, we chose to look at quantiles in the interval [0.1,0.9].

To calculate the LQTE, we first calculate the local average structural function for outcomes
Y, = 1(Y < w) for a set of u and then invert to obtain estimates of the LQTE. In our exam-
ple, we chose to look at u € [gy(.05),qy(.95)] where gy (.05) and ¢y (.95) are respectively the
sample 5" and 95" percentiles of the outcome of interest Y. Since looking at the continuum
of values in this interval is infeasible, we discretize the interval and look at Y, = 1(Y < w) for
u € {qv(.05),qy(.06),qy (.07),...,qv(.93), gy (.94),qv (.95)}. L.e. we set u equal to each percentile
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of Y between the 5" and 95" percentiles for a total of 91 different values of u to be considered.
For each value of u, we need an estimate of the local average structural function defined in ([2.3)
for d € {0,1}:
1 ,(D)1(Y<u)(1) = a1,(D)1(y<u) (0)
ald(D)(l) — Q14(D) (0)
As with the LATE, we need estimates of Ep[D|Z = 1, X] and Ep[Z]|X]. We estimate these
quantities as we did for the LATE but change the value of the penalty parameter used to reflect the

91(Y§u) (d> =

fact that we are now interested in a large set, in theory a continuum, of model selection problems.
Specifically, we assume that Ep[D|Z = 1, X]| =~ Ao(f(X)'Bp(1)) where Ag(-) is the logistic link
function and f(X) is one of the pre-specified sets of controls discussed in the empirical section with
dimension p. We then obtain estimates of Sp(1) by using the post-£;-penalized estimator defined

in equations (3.10) and (3.11) based on the logistic link function and with outcomes {d;}iez, and
covariates {f(x;)}iez, for 77 defined as above. We set A = 1.1,/n®~1(1 — (1/1og(n))/(2n(2p)))
where ®(-) is the standard normal distribution function. We calculate penalty loadings using
Algorithm with a maximum of 15 iterations. Let BD(l) denote the resulting post-¢1-penalized
estimates of the coefficients using A given above and the final set of penalty loadings. We estimate
EplD|Z =1,X = z;] as Ao(f(:ni)’ED(l)) for each i = 1,...,n. We follow this procedure to obtain
estimates of Ep[Z]|X] as Ao(f(xi)’gz) for each i = 1,...,n where B are the post-f;-penalized

coeflicient estimates obtained with {z;}!' ; as the outcome and {f(z;)}, as covariates and A =
1.1y/n® (1 — (1/1og(n))/(2np)). We also still have Ep[D|Z = 0, X] = 0 in our application since
one cannot participate in a 401(k) unless one is eligible. We then plug-in these estimates to obtain

1, (1) = z( oI POl o<f<xi>faD<1>>) =D
=1

~ 1 — 1—2z)d; 1 <

o= 2 (1—Ao (2:)B2) > HZ

Q1p)(1) = 1 —ay,(py(1), Q1,0 (0 a1, (p)(0).

We also need to obtain estimates of ay,(pyi(y<u)(2) for each value of u and for

(2,d) € {(0,0),(0,1),(1,0), (1, 1)}.

These estimates will depend on the propensity score, Ep[Z|X], estimated above and quantities of
the form Ep[1(D = d)1(Y < u)|Z = 2z, X]. We again approximate this function with Ep[1(D =
AUY < u)|Z = 2,X] = Ao(X'B1,pyv,(2)) and estimate the coefficients (q,p)y,(2) for each
combination of d and z and each u using the post-£1-penalized estimator defined in equations
and based on the logistic link function. We set A = 1.1/n®~(1—(1/log(n))/(2n(2p))) where
®(-) is the standard normal distribution function. We calculate penalty loadings using Algorithm
of the main text with a maximum of 15 iterations. We follow this procedure for each u with
{1(y; < u)1(d; = 1)}iez, as the outcome and covariates {f(x;)}iez,, with {1(y; < w)1(d; = 0)}iez,
as the outcome and covariates {f(z;)}icz,, and with {1(y; < uw)1(d; = 0)}iez, as the outcome
and covariates {f(x;)}iez, for Z; and Zy defined as above to obtain point estimates B\ll( Dy, (1),

BlO(D)Yu(l)a and BlO(D)Yu (0) respectively. We then estimate Ep[1(D = 1)1(Y <u)|Z =1,X = z;]
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as Ao(f(xi)’,fj\ll(D)yu(l)) for each ¢ = 1,...,n and obtain estimates of Ep[1(D = 0)1(Y < u)|Z =
1,X =z, and Ep[1(D = 0)1(Y < u)|Z = 0, X = z;] analogously. As before, we have Ep[1(D =
1Y <w)|Z =0, X] = 0 since one cannot participate unless one is eligible. We then plug-in these
estimates to obtain

d i A i '3 g PN n
B omivn(1 ( 1(yi <) (fzaiisg/%z))ﬁll(D>yu(l))) + Ao(f () ﬁh(myuu))) = %Z’Mlﬂ‘
1 =1
a1y <w) (0 % < e Z;X)O(d 1;;1 ;Zu ) Zmu 1,0 =0
i=1 z
~ 1 n i <) — A i 5 . (1 ~ 1

M:

_ 1
1)y < (0) = ~

( (1 — 2)((1 — di)L(y: < u) — Ao(f (1) Bry(pyv,, (0)))

1%y 1 n
B. A i 1 = - u i
1— Ao(f(z:)'Bz) + Mo (f(z:) B 0(D>yu(0))) n;“ o0,

1

k3

Estimates of the local average structural (distribution) functions are formed using the estimators

defined in the previous two paragraphs as

~

<u = — _
(Y <u) a1,(py(1) — a1,y (0)

To obtain LQTE estimates, we then need to invert these local average structural functions. Since

we only have the estimated distribution for each d evaluated on the finite grid of points u €
{gv(.05), gy (.06), gy (.07), ..., qv (.93), ¢y (.94), gv (.95)}, we do this inversion by linearly interpolat-
ing the value of the distribution function between these points to find the value of the outcome as-
sociated with each quantile in the set ¢ € [0.1,0.11,.0,12, ...,0.89,.0.9] which we denote as 5{7((], d).
The LQTE at point ¢ is then estimated as ﬁ(q) = gﬁ(q, 1) — 5?((], 0).

For the LQTE, we only report inference based on the multiplier bootstrap using 500 bootstrap
replications. For each b = 1, ..., 500, we generate bootstrap weights as ¥ = 1+7’(1),i/\@+((7"12)¢)2*1)/2
for observation 7 in bootstrap repetition b where rlii and r%i are random numbers generated as
iid draws from two independent standard normal random variables. We then use these weights to

form bootstrap estimates of the local average structural functions

6 _ Boprsn® ~ 8 mnren©)

1(Y<u (d) - =~ =
e a7,y (1) = &7, (0)

where

n N 1 n
ab ;1) =~ Zﬁfvl,l,u b (py(0) = - Zﬁf’vl,o,u

alfo(p)( )=1-aj, (1), al ) (0) =1- 0‘11(D)(0)7

&% oy v<w () = n ngﬁu,lvl,i’ &%, pyy<u(0) = n Zfzb'ml,o,i =0,
=1 =1
a! =13 druor & 0 =1 oo
Lo(D)1(Y<u)\ ) = R0, Lis Xo(D)1(y<w)\V) T i Fu,0,0,i-
=1
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From these bootstrap estimates of the average structural distribution functions, we obtain bootstrap
LQTE estimates as above through inversion by linearly interpolating the value of the distribution
function between the finite set of points at which we have estimated values to find the value of
the outcome associated with each quantile in the set ¢ € [0.1,0.11,.0,12,...,0.89,.0.9], denoted
(@\?(q,d))b. The bootstrap estimate of the LQTE for bootstrap replication b at point ¢ is then
Ab(q) = (5§(q, 1)) — (é\?(q, 0))?. We form bootstrap standard error estimates for the LQTE at
each quantile ¢ as

s(q) = lqrore(.75) — qLoTE(-25)]/[an(.75) — qn (.25)],

where qrore(p) is the pth quantile of {Ab(q) 290 and gn(p) is the pth quantile of the N(0,1).

We also use the bootstrap LQTE estimates to obtain the critical values we use when plotting
the uniform confidence bands in our example. We form bootstrap t-statistics for each quantile g as
t*(q) = (A®(q) — A(q))/s(q). We then take 2, = max,{|t’(¢)|} and use the 95" percentile of the

max
b .« as the critical value in constructing the confidence intervals for our

bootstrap distribution of ¢
figures following for example |Chernozhukov et al.| (2013]).
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Table 1: Estimates and standard errors of average effects

Specification Exogenous: 401(k) Eligibility Endogenous: 401(k) Participation
Series approximation Dimension Selection Linear Model ATE ATE-T Linear IV LATE LATE-T
Quadratic Spline 35(32) N 8997 8093 11250 12926 11579 15969
(1252) (1082) (1513) (1796) (1548) (2148)
{967} {1423} {1413} {2195}
Quadratic Spline 35(32) Y 8967 7614 10257 12890 10937 14560
(1270) (1224) (1776) (1821) (1758) (2520)
{1234} {1676} {1709} {2576}
Quadratic Spline Plus Interactions 311 (272) N 9019 11775 11740 12973 17529 16664
(1258) (4202) (1779) (1804) (6256) (2526)
{4202} {1757} {6249} {2558}
Quadratic Spline Plus Interactions 311 (272) Y 8307 7077 8830 11784 10168 12533
(1313) (1358) (2133) (1995) (1952) (3027)
{1237} {2105} {1963} {2818}
Quadratic Spline Plus Many Interactions 1756 (1526) N 8860 - - 12827 - N
(1358) - - (1960) - -
Quadratic Spline Plus Many Interactions 1756 (1526) Y 8536 7848 9602 10671 11267 13629
(1321) (1317) (2047) (2001) (1890) (2906)
{1334} {1894} {1835} {2862}

Notes: The sample is drawn from the 1991 SIPP and consists of 9,915 observations. All the specifications control for age, income, family size, education, marital status, two-earner
status, defined benefit pension status, IRA participation status, and home ownership status. Quadratic Spline uses indicators for marital status, two-earner status, defined benefit
pension status, IRA participation status, and home ownership status; a third order polynomial in age; second order polynomials in education and family size; and a piecewise
quadratic polynomial in income with six break points. The "Quadratic Spline Plus Interactions" specification include all first-order interactions between the income variables and the
remaining variables. The specification denoted "Quadratic Spline Plus Many Interactions" takes all first-order interactions between all non-income variables and then fully interacts
these interactions as well as the main effects with all income variables. Analytic standard errors are given in parentheses. Bootstrap standard errors based on 500 repetitions with
Mammen (1993) multipliers are given in braces.
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Supplement to “Program Evaluation with High-Dimensional Data”

A. Belloni, V. Chernozhukov, I. Fernandez-Val, and C. Hansen

ABSTRACT. The supplementary material contains 11 appendices with additional results and some omitted proofs.
Appendices [FHK] include additional results for Sections 2-7, respectively. Appendix [[] gathers auxiliary results on
algebra of covering entropies. Appendices [M] and [N] contain the proofs of Sections 4 and 5 omitted from the main
text. Appendix [O] contains the proofs of Sections 6 omitted from the main text, together with the proofs of the

additional results for Section 6 in Appendix [J} Appendix [P]reports the results of a simulation experiment.

APPENDIX F. ADDITIONAL RESULTS FOR SECTION 2

F.1. Causal Interpretations for Structural Parameters. The quantities discussed in Sections
and are well-defined and have causal interpretation under standard conditions. We briefly
recall these conditions, using the potential outcomes notation. Let Y;; and Y, denote the potential
outcomes under the treatment states 1 and 0. These outcomes are not observed jointly, and we
instead observe Y, = DYy1 + (1 — D)Y,0, where D € D = {0,1} is the random variable indicating
program participation or treatment state. Under exogeneity, D is assigned independently of the
potential outcomes conditional on covariates X, i.e. (Y,1,Yy) 1L D | X a.s., where 1l denotes
statistical independence.

Exogeneity fails when D depends on the potential outcomes. For example, people may drop out
of a program if they think the program will not benefit them. In this case, instrumental variables
are useful in creating quasi-experimental fluctuations in D that may identify useful effects. Let
Z be a binary instrument, such as an offer of participation, that generates potential participation
decisions D7 and Dy under the instrument states 1 and 0, respectively. As with the potential
outcomes, the potential participation decisions under both instrument states are not observed
jointly. The realized participation decision is then given by D = Z Dy + (1 — Z)Dy. We assume that
Z is assigned randomly with respect to potential outcomes and participation decisions conditional
on X, i.e., (Yyo,Yu1,D0,D1) L Z | X ass.

There are many causal quantities of interest for program evaluation. Chief among these are
various structural averages: d — Ep[Y,4], the causal ASF; d — Ep[Y,q | D = 1], the causal ASF-T;
d — Ep[Yuq | D1 > Dyl, the causal LASF; and d — Ep[Y,q | D1 > Dy, D = 1], the causal LASF-T;
as well as effects derived from them such as Ep[Y,; — Yy0l, the causal ATE; Ep[Yy1 — Yuo | D = 1],
the causal ATE-T; Ep[Yy1 —Yuo | D1 > Dy, the causal LATE; and Ep[Y,1 — Yo | D1 > Do, D = 1],
the causal LATE-T. These causal quantities are the same as the structural parameters defined in
Sections 2.2-2.3 under the following well-known sufficient condition.

Assumption F.1 (Assumptions for Causal/Structural Interpretability). The following conditions
hold P-almost surely: (Ezogeneity) ((Yui,Yuo)ueu, D1, Do) AL Z | X; (First Stage) Ep[D1 | X]| #
Ep[Dy | X]; (Non-Degeneracy) Pp(Z =1 | X) € (0,1); (Monotonicity) Pp(Dy > Dy | X) = 1.

This condition due to Imbens and Angrist| (1994) and |Abadie| (2003) is much-used in the program

evaluation literature. It has an equivalent formulation in terms of a simultaneous equation model
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with a binary endogenous variable; see [Vytlacil (2002) and [Heckman and Vytlacil (1999). For a
thorough discussion of this assumption, we refer to Imbens and Angrist| (1994)). Using this assump-
tion, we present an identification lemma which follows from results of |Abadie (2003) and |Hong and
Nekipelov| (2010) that both in turn build upon Imbens and Angrist| (1994). The lemma shows that
the parameters 6y, and vy, defined earlier have a causal interpretation under Assumption
Therefore, our referring to them as structural/causal is justified under this condition.

Lemma F.1 (Identification of Causal Effects ). Under Assumption for each d € D,
Ep[Yua | D1 > Do| = Oy, (d), Ep[Yua | D1 > Do, D = 1] = vy, (d).
Furthermore, if D is exogenous, namely D = Z a.s., then

Ep[Yud | Dy > Do] = EP[Yud]a Ep[Yud ’ D1 > Dy, D = 1] = EP[Yud ‘ D= 1]
APPENDIX G. ADDITIONAL RESULTS FOR SECTION [3]

Comment G.1 (Another strategy for estimating myz and gy). An alternative to the strategy for
modeling and estimating myz and gy is to treat myz as in the text via (3.7) while modeling gy

through its disaggregation
1

gv(z,x) = Z ev(d,z,z)lp(d, z,x), (G.1)
d=0
where the regression functions ey and {p map the support of (D, Z, X), DZX, to the real line and

are defined by
ev(d,z,z) :==Ep[V|D=d,Z =2,X = z] and (G.2)
Ip(d,z,x) =Pp[D=d|Z =2X =z (G.3)
We will denote other potential values for the functions ey and [p by the parameters e and [. In
this alternative approach, we can again use high-dimensional methods for modeling and estimating

ey and [p using the same approach as in the main paper, and we can then use the relation (G.1]
to estimate gvm Specifically, we model the conditional expectation of V given D, Z, and X by

ev(d, z,z) = Ty [f(d,z,2) 0] + ov(d, z,2), (G.4)
f(d7 va) = ((1 - d)f(z,x)’,df(z,:c)’)’, (G5)
Oy = (6v(0,0)", 0y (0, 1), 6y (1,0)", 0y (1,1)')". (G.6)

We model the conditional probability of D taking on 1 or 0, given Z and X by

Ip(1,z,2) = Tplf(2,2)'0p] + op(z, ), (G.7)
Ip(0,2,2) =1 —Tp|f(z,2)0p] — op (2, 2), (G.8)
flz,2) = (1= 2)f(2), zf(2)"), (G.9)
Op := (0p(0),0p(1)")". (G.10)

29Upon conditioning on D = d some parts become known; e.g., e1, oy (d,z,2) =0if d # d and e1,(py(d',z,2) =
lifd=d.
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Here gy (d,z,x) and op(z,x) are approximation errors, and the functions I'v(f(d, z,z)'0y) and
I'p(f(z,x)'0p) are generalized linear approximations to the target functions ey (d, z, ) and Ip(1, 2, ).
The functions I'y and I'p are taken again to be known link functions from the set £ = {Id, ®,1 —
®,Ag,1 — Ap} defined following equation .

As in the strategy in the main text, we maintain approximate sparsity. We assume that there
exist Bz, Oy and 0p such that, for all V €V,

16v [lo + |8l + [1Bzll0 < s- (G.11)

That is, there are at most s = s, < n components of 8y, 0p, and Bz with nonzero values in the
approximations to ey, [p and myz. The sparsity condition also requires the size of the approximation
errors to be small compared to the conjectured size of the estimation error: For all V' € V, we assume

{Eplo} (D, Z, X)I}'/? + {Ep[oh (Z, X))} + {EpIZ (X} S V/s/n. (G.12)

Note that the size of the approximating model s = s, can grow with n just as in standard series
estimation as long as s?log?(p V n)log?(n)/n — 0.

We proceed with the estimation of ey and [p analogously to the approach outlined in the main
text. The Lasso estimator 5‘/ and Post-Lasso estimator év are defined analogously to BV and
By using the data (Y;, X;)",= (Vi, f(D;, Zi, Xi)), and the link function A = T'y. The estimator
ev(D,Z,X)=Ty[f(D,Z,X)0y], with 0y = EV or By = Oy, has the near oracle rate of convergence
\/W and other desirable properties. The Lasso estimator fp and Post-Lasso estimators
0p are also defined analogously to B\V and By using the data (f/i,f(i)f:l: (Di, f(Zi, X3))i, and
the link function A = T'p. Again, the estimator Ip(Z, X) = T'plf(Z,X)8p] of Ip(Z, X), where
Op = §D orp = 9~D, has good theoretical properties including the near oracle rate of convergence,
\/W. The resulting estimator for gy is then

1

gv(z,2) =Y ev(d,z2)lp(d, 2, z). (G.13)
d=0

The remaining estimation steps are the same as with the strategy given in the main text.

ApPPENDIX H. ADDITIONAL RESULTS FOR SECTION [l

Assumption H.1 (Approximate Sparsity for the Strategy of Section . Under each P € Py,
and for each n > ng, uniformly for allV € V: (i) The approximations — and apply
with the link functions Ty, T'p and Az belonging to the set L, the sparsity condition ||0v||o+0p]lo+
18zllo < s holding, the approzimation errors satisfying ||lop|lp2 + |lov|pa + |rzllp2 < 6,n~'/* and
lonllp.eo + llov]
vector f(X) obeying s>log?(p V n)log?n < 6,n. (i) There are estimators Oy, Op, and By such
that, with probability no less than 1—A,,, the estimation errors satisfy || f(D, Z, X)' (8y —6v)|lp, 2+
1£(Z, X) (D = 0p)|[E,2 + 1 F(X) (Bz = B2) |pn2 < 8un™* and Ky |0y — Oy |1 + Knllfp — 0|11 +
Knl|Bz — Bz||l1 < €n; the estimators are sparse such that |0y |lo + |0pllo + ||Bzllo0 < Cs; and the

empirical and population norms induced by the Gram matriz formed by (f(X;))?, are equivalent

Poo + I7z]|Poo < €n, and the sparsity index s and the number of terms p in the
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on sparse subsets, sup|sj,<e,s |1.f(X) 0|, 2/11f(X)'0|lp2 — 1| < €. (iii) The following boundedness
conditions hold: ||| f(X)|lsol|Poo < Ky and ||V poo < C.

Under the stated assumptions, the empirical reduced form process Zn p = v/n(p— p) defined by
(3.16)), but constructed using the alternative strategy for estimating mz and gy of Comment
follows a functional central limit theorem and a functional central limit theorem for the multiplier

bootstrap. Theorem states these results. We omit the proof because it is analogous to the
proofs of Theorems

Theorem H.1. Under Assumption the results stated in Theorems [{.1{4.3 in the main text
apply to the alternative strategy for estimating my and gy of Comment [G.1].

APPENDIX I. ADDITIONAL RESULTS FOR SECTION

Comment 1.1 (An alternative formulation of the orthogonality condition). A slightly
more general, though less primitive definition of the orthogonality condition is as follows. For each
u € U, suppose that (5.1)- hold. Consider H,, a set of measurable functions z — h(z) € T, (z)
from Z, to R% such that ||h(Z,) — hu(Zy)||p2 < oo for all h € H,,, where the set Ty, () is a convex
subset of R% for each z € Z,. We say that 1, obeys a general form of orthogonality with respect
to H, uniformly in u € U, if the following conditions hold: The Gateaux derivative map

Dualh = ) = OFp (wu{wu, Ous hul(Zu) +t|R(Z0) = hu(Z0)| })

exists for all t € [0,1), h € H,, and u € U and vanishes at ¢ = 0 — namely,
Dyolh —hy] =0 forall h € H,. (I.1)

Definition 5.1 implies this definition by the mean-value expansion and the dominated convergence

theorem. -

APPENDIX J. ADDITIONAL RESULTS FOR SECTION [6 FINITE SAMPLE RESULTS OF A
CONTINUUM OF LASSO AND POST-LASSO ESTIMATORS FOR FUNCTIONAL
RESPONSES

J.1. Assumptions. We consider the following high level conditions which are implied by the prim-
itive Assumptions and For each n > 1, there is a sequence of independent random variables
(W), defined on the probability space (€2, Aq, Pp) such that model holds with & C [0, 1]%-.
Let dyy be a metric on U (and note that the results cover the case where d, is a function of n).
Throughout this section we assume that the variables (X;, (Yui, Cui := Yui — Ep[Yui | Xi])ueu) are
generated as suitably measurable transformations of W; and u € U. Furthermore, this section uses
the notation Ep[] = 1 3°" | Ep[], because we allow for independent non-identically distributed
(in.i.d.) data.
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Consider fixed sequences of positive numbers 6, ~\, 0, €, \, 0, and A, \, 0 at a speed at most
polynomial in n, £, =logn, and 1 < K,, < co; and positive constants ¢ and C' which will not vary
with P.

Condition WL. Suppose that for some € > 0 there is a N,, such that: (i) we havelog N(e,U, dy) <

Ny; (i) uniformly over uw € U, we have that ng{%gﬂlggigzlzﬁig d~1(1 — 1/{2pN,;n}) < 6,n'/6

and 0 < ¢ < Ep[|lfi(X)Gl?) < C, j = 1,...,p; and (iii) with probability 1 — A,, we have

that sup max\( — Ep)[f;(X)2¢3)| < 0p, log(pV Ny V) sup maxE,[f;(X)2(Cu — Cu)?] < 6n,
uel J dy(u,u')<e ISP

sup Bl f(X)(Gu = Cur)]lloo < 8an™2.

duy (uau/)<5

The following technical lemma justifies the choice of penalty level \. It is based on self-normalized

moderate deviation theory. In what follows, for u € U we let (I}uO denote a diagonal p X p matrix
of “ideal loadings” with diagonal elements given by ‘f’quj ={E,] ij(X Y2 for j=1,...,p

Lemma J.1 (Choice of \). Suppose Condition WL holds, let ¢ > ¢ > 1 be constants, v €
[1/n,1/logn], and X = /\/n® (1 —v/{2pN,}). Then for n > ng large enough depending only on
Condition WL,

, (A/n > csup H\Tf;&En[f<X><uJ||oo) > 1—y—o(1).

We note that Condition WL(iii) contains high level conditions on the process (Yy, (y)ueys- The
following lemma provides easy to verify sufficient conditions that imply Condition WL(iii).

Lemma J.2. Suppose the i.i.d. sequence ((Yui,Cui)ueus Xi),? = 1,...,n, satisfies the following
conditions: (i) ¢ < max;j<p Ep[f;(X)?] < C, maxj<, | fj(X)| < Kn, SUp,eyy MaXi<n |Yuil < Bn, and
c < sup,ey Ep[C2 | X] < C, P-a.s.; (ii) for some random variable Y we have Y, = G(Y,u) where
{G(-,u) : u e U} is a VC-class of functions with VC-index equal to C'd,, (iii) For some fized v > 0,
we have Ep[|Y, — Yy|? | X] < Ly|u — o/|” for any u,v' € U, P-a.s. For A := pnK,Bun"/L,, we
have with probability 1 — A,

u n 1O, /'T w nbn lo Z
b B 0(G ~ Gl S i { /L) (G B |

dy(u,u’)<1/n "

sup  max B, [£;(X)*(Cu — Cur)’] SLnn-V{lﬂ/“"g(””mH nlog(zonKQ)}

dy (u,u)<1/n ISP

sup max (8, — Bp) [[F(X)G)| 5 yf (Frteltotonttall 4 (LG8 log(npB, K,)
ue <

where Ay, is a fized sequence going to zero.

Lemma, allows for several different cases including cases where Y,, is generated by a non-
smooth transformation of a random variable Y. For example, if YV, = 1{Y < u} where Y
has bounded conditional probability density function, we have d, = 1, B, = 1, v = 1, L, =
sup,, fy|x(y | ¥). A similar result holds for independent non-identically distributed data.

In what follows for a vector § € RP, and a set of indices T' C {1,...,p}, we denote by dp € RP
the vector such that (07); = 6; if j € T and (d7); = 0if j ¢ T. For a set T, |T| denotes the
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cardinality of T'. Moreover, let

Acy :={0 € R : ||67¢]l1 < |07, |1}

J.2. Finite Sample Results: Linear Case. For the model described in with A(¢) =t and
M(y,t) = 3(y—t)? we will study the finite sample properties of the associated Lasso and Post-Lasso
estimators of (6,,)yeys defined in relations and (6.3)).

The analysis relies on T, = supp(6y,), sy := ||0ullo < s = 1, and on the restricted eigenvalues

XV
Ke = inf min M

) J.1
UEU 6€Ac,u 07, || (J.1)

and maximum and minimum sparse eigenvalues

i WS e WXV
1<]ldflosm  ||6]|? e 1<lisllosm |62

¢min (m) =

Next we present technical results on the performance of the estimators generated by Lasso that
are used in the proof of Theorem

Lemma J.3 (Rates of Convergence for Lasso). The events ¢, > sup,ey [|7ul|p,.2, Wy <V, <
LU, u €U, and \/n > CSUD,ey H\T/;(}En[f(X)CU}HOO, for ¢ > 1/, imply that uniformly in u € U

~ 25 (L+ 1)~
Hf(X)/(eu - 9u)||IP’n,2 < 2¢ + n(/{~)||\11u0|oo

C
~ As(L+ 1) . 1 o1
\eu—au\1<2(1+2é){‘fc7" + al C)\\Ifuolloo}Jr <1+) Mﬁ(ﬁ
e

& NKgKog 2¢ be—1 X7
where & = supyeq, [ oo [Fuo loo(Le + 1)/ (e — 1)
The following lemma summarizes sparsity properties of (§u)u€u.

Lemma J.4 (Sparsity bound for Lasso). Consider the Lasso estimator @“ its support T, =
supp(6y), and let 5, = ||0yl|o. Assume that ¢, > supyey |7ullp, 2, /1 = esupyey 1PoaEnlf (X)Cu]llco
and LV ,0 < W, < LYy for allu €U, with L > 1> € > 1/c. Then, for co = (Lc+1)/(fc — 1) and
€ = 0 SUP,cy ||\ffu0||oo\|‘f’;01”oo we have uniformly over u € U

2
—~ 2 . nc \/g = 31112
5u < 1663 i () ) [ 257 + Ll 15212

~ 2 <
where M = {m € N :m > 3263 Gmax (M) SUp,y [ng + guqfuonoo} ||\1fu01||go} .

Lemma J.5 (Rate of Convergence of Post-Lasso). Under Conditions WL, let 8, be the Post-Lasso
estimator based on the support T,,. Then, with probability 1 — o(1), uniformly over u € U, we have
for 5, = |1,

Sy log(p V ndutl) - -
C\/ g(p )H‘IIUOHOO + min HEP[Yu | X] - f(X)IGHPnyQ

IEp[Yy | X] = F(X) Bullp, 2 < =
N Gmin(5y) supp(0)CTy,
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Moreover, if supp(é\u) C T, for every u € U, the following events ¢, > suPyey 1TullPn,2; Wy <
U, < LUy, u €U, and \/n > CSUpP,cy H\T/;(}En[f(X)Cu]Hoo, for ¢ > 1/¢, imply that

sup min[Bp{Y, | X] = FX) bz, <36+ (L4 1) 2L sup B
u€U supp(0)CTy c NKke weu

J.3. Finite Sample Results: Logistic Case. For the model described in with A(t) =
exp(t)/{1 + exp(t)} and M(y,t) = —{1{y = 1}log(A(t)) + 1{y = 0} log(1 — A(¢))} we will study
finite the sample properties of the associated Lasso and Post-Lasso estimators of (6,)yeys defined
in relations and . In what follows we use the notation

In the finite sample analysis we will consider not only the design matrix E,[f(X)f(X)’] but also
a weighted counterpart E, [w, f(X)f(X)'] where wy; = Ep[Yu; | Xi](1 —Ep[Yu | Xi]), i =1,...,n,
u € U, is the conditional variance of the outcome variable Y,;.

For T,, = supp(by), sy = [|0ullo < s, with s > 1, the (logistic) restricted eigenvalue is defined as

XV6
Fo = inf min VP (X)0llns
u€U 6€Ac,u H(STU H

(J.2)

For a subset A, C RP, u € U, let the non-linear impact coefficient Belloni and Chernozhukov
(2011)); Belloni et al. (2013c) be defined as

B [walf(X)02]
UAu = 84, T E,, [wa f(X)6]]

(1.3)

Note that g4, can be bounded as

3/2 1/2

Ja, = inf En [wu’f(X),(SP] in E, [wu’f(X),(SP]
v seAs By [wol f(X)0P] 7 sedn maxicn || () [ool6]]1

which can lead to interesting bounds provided A, is appropriate (like the restrictive set Ay,
in the definition of restricted eigenvalues). In Lemma we have A, = Ag, U{d € RP :

31
GCH‘I/uo lloo n

16l < —7% XHfq%uH]P’MQH\/wuf(X)/(SH]pmg}, for u € U. For this choice of sets, and provided
that with probability 1 — o(1) we have lec > ¢ > 1, sup,cy l|ru//Wullp,2 S v/slog(p Vn)/n,
SUp,, ey ||\/1};01Hoo <1 and /nlog(pVn) < A, we have that uniformly over u € U, with probability
1—o0(1)

qa, =

! e (\n)te—1) N Fioe o,
maxc][f(X) oo \ VEull +28) " 6el|Wigllooiru/vwulle,2 ) ~ Vemaxlf(Xille™ ™

The definitions above differ from their counterpart in the analysis of ¢;-penalized least squares
estimators by the weighting 0 < wy; < 1. Thus it is relevant to understand their relations through
the quantities

Vw f(X)'6
wu(A) = min H Uf(/ ) Hlpn72'
oed  [|f(X)0]p, .2
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Many primitive conditions on the data generating process will imply 1, (A) to be bounded away
from zero for the relevant choices of A. We refer to Belloni et al. (2013c|) for bounds on . For
notational convenience we will also work with a rescaling of the approximation errors 7, (X ) defined

as

Fui = Fu(Xi) = A CA(F(X0)0u) + rui ) — £(X3) O, (J.5)
which is the unique solution to A(f(X;)' 0, + 7u(X;)) = A(f(X;)0y) + mu(X;). Tt follows that
il < |7uil and thatf] [Fuil < |ruil/ infoceer, A (F(X[0u) + 1) < rul/{wai — 2fruil}+-

Next we derive finite sample bounds provided some crucial events occur.

Lemma J.6 (Rates of Convergence for ¢;-Logistic Estimator). Assume that

An > csug ||\/1};01En[f(X)Cu]”oo
ue

for ¢ > 1. Further, let E(I\'uo < (I\’u < L(I\luo for L > 1 > ¢ > 1/c¢, uniformly over u € U,
= (Le+1)/(be = 1) supyey [ Wuolloo ¥ oo and

60||\I/ ||oon

Au = Aoeu U{3: (101 < — 2= T lIru/Viulle, 2

Vwuf(X)'d]le, 2}

w
nko u

Provided that the nonlinear impact coefficient qa, > 3 {(L+ )||\Ifu0\|oo

for every u € U, we have uniformly over u € U

IV f (X) (B — 6,7, 2 < 3 {( ol V

Wey

} and

1., ~ /S -
}{(Lwnmm N }
P,,2 ¢ Nkae P,.,2

The following result provides bounds on the number of non-zero coefficients in the ¢1-penalized

Ty

NTH

~ 1+ 2¢ Vot ]loo
|9u9u||1<3{( T2)ys | e 0 los

Ko2g be—1 )\

u

estimator é\u, uniformly over u € U.

Lemma J.7 (Sparsity of ¢;-Logistic Estimator). Assume /\/n > cSUpyey H‘/I\/;(}En[f(X)Cu]HOO
for ¢ > 1. Further, let E\Tluo < \f/ < L\/I\luo for L > 1 > £ > 1/¢, uniformly over u €
U, co = (Lc+1)/(lc — 1), ¢ = COSUPuguH‘I’uOHooH‘I’ Hloo and Ay = Aoggp U{0 - 101 <

6c||¥ wn
Sl 81 /oo, ol (X) B, 2}, and ga, > 3 {(L + DlFuolloo 2 + 987/ Vullp, 2}
for every u € U. Then for s, = Hl9u||0, uniformly over u € U,

. : co = Vs _nlFu/y/Wallp, 2]
Sy < <WI1%1/I\14 ¢max(m)> |:T,Z)(Au) {3||\I’u0||ool_€26 + 28¢ \ }:|

where M = {m eN:m>2 [w( 5 SUPyey {SH\IIU(]HOO VAR 28~M}] }

30The last relation follows from noting that for the logistic function we have infocicr,, A'(f(X[0.) + t)
min{A’(f(X{0u) + 7ui), A’ (f(X{0.))} since A’ is unimodal. Moreover, A'(f(X;0.) + 7ui) = wu; and A'(f(X{0.)) =
A(f(X70u)[1 = A(f(X70u))] = [A(f(X70u)) + rui — ruil[1 = A(f(Xi0u)) — Tui + Tui] = wui — 2[rus| since |ry;| < 1.
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Moreover, if sup, ey maxi<y |f(XZ)’(t/9\u —0y) — Tuil <1 we have

~ 2
R B B e
meM Y

Kog
~ . 2
where M = {m € N:m > 8csup,cy [SH\IIuOHOO%i + 286%} } .
Next we turn to finite sample bounds for the logistic regression estimator where the support

was selected based on /1-penalized logistic regression. The results will hold uniformly over v € U
provided the side conditions also hold uniformly over .

Lemma J.8 (Rate of Convergence for Post-¢1-Logistic Estimator). Consider gu defined as the post

model selection logistic regression with the support Tu and let 5, := |fu| Uniformly over u € U we
have
”kuf(X) (O _HU)HPn,z < \/g OV{MU(GU) _Muwu)}"_?’{ = +3

\/ ¢u(Au) (ybmin(su + su) vV Wy P, ,2

provided that, for every uw € U and Ay = {0 € RP : ||0]lo < Su + Su},

_ V8u + sullEn[f (X)Cullloo ‘ Ty
q"‘“>6{ bulA)y e+ 5) |

Comment J.1. Since for a sparse vector § such that [|0]lg = k we have |61 < VE[|d]| <
VE||f(X)'8||p, 2/+/bmin(k), the results above can directly establish bounds on the rate of con-

vergence in the £1-norm.

} and qa, > 6\/0 V { My (6,) — My(6,)}.
Ppn,2

ApPENDIX K. ADDITIONAL RESULTS FOR SECTION [7]

In this section, we report additional results to supplement those provided in the main text.
Specifically, we provide results with both total wealth and net total financial assets as the outcome
variable. We present detailed results for four different sets of controls f(X). The first set uses the
indicators of marital status, two-earner status, defined benefit pension status, IRA participation
status, and home ownership status, a linear term for family size, five categories for age, four
categories for education, and seven categories for income (Indicator specification). We use the
same definitions of categories as in |(Chernozhukov and Hansen (2004)) and note that this is identical
to the specification in |Chernozhukov and Hansen| (2004)) and Benjamin/ (2003)). The second through
fourth specifications correspond to the Quadratic Spline specification, the Quadratic Spline Plus
Interactions specification, and the Quadratic Spline Plus Many Interactions specification described
in the main text.

Results for intention to treat effects based on using 401(k) eligibility as the treatment variable
are given in Appendix Table 1. In Appendix Table 2, we report results using 401 (k) participation as
the treatment variable instrumenting with 401(k) eligibility. We plot the QTE and QTE-T, based
on using 401(k) eligibility as the treatment variable, in Appendix Figures 1-4. Finally, the LQTE
and LQTE-T, based on using 401(k) participation as the treatment variability and instrumenting
with eligibility, are plotted in Appendix Figures 5-8. The results are broadly consistent with the
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discussion provided in the main text with the selection and no selection results being similar in
the low-dimensional cases and the selection results being substantially more regular in the high-
dimensional cases. We also see that the patterns of point estimates for total wealth and net total
financial assets are similar, though the total wealth estimates have substantially larger estimated
standard errors, especially for high quantiles.

APPENDIX L. AUXILIARY RESULTS: ALGEBRA OF COVERING ENTROPIES

Lemma L.1 (Algebra for Covering Entropies). Work with the setup described in Appendiz
C of the main text.

(1) Let F be a VC subgraph class with a finite VC index k or any other class whose entropy is
bounded above by that of such a VC subgraph class, then the covering entropy of F obeys:

SgplogN(ﬁllFllQ,%f, I llQ2) S 1+ klog(1/€) v O

(2) For any measurable classes of functions F and F' mapping W to R
log N(e|| F + F'llg2. F + F', || - llg2) <log N (5 Fllgz2. F. I lgz2) +1og N (51 F g2 F, Il - llg2)

log N(el| F - F'llg2, F - F', || - lo2) <log N (51 Fllg.e, F.ll - lg.2) +1og N (511F g2 F |- la.2)
N(el|[FV FllQe, FUF, || - ll@2) < N (ellFllge, F, [ - lo2) + N (el Fllg2, F's I - llg.2) -

(3) Given a measurable class F mapping VW to R and a random variable & taking values in R,

log Sup N(el[[E]FllQ2: €F, I - lQ2) < log SgPN (€/2[FllQz: F: - lg.2)

(4) Given measurable classes F; and envelopes Fj, j = 1,...,k, mapping W to R, a function
¢ R = R such that for fj,9; € Fj, |0(f1,---, fi) = d(gr, -, 90| < Xy Ly(@)|fi(2) — g5(2)],
Lj(x) >0, and fized functions f; € Fj, the class of functions L = {¢(f1,..., fx) — ¢(f1,. ., fr) :
fj€ Fj,g=1,...,k} satisfies

k
logsup N(el| > LiFjllo2: £, - llo2) < Y logsup N (£ Fjllz2: Fis | - la2) -
Q j=1 j=1 Q
Proof. For the proof (1)-(2) see, e.g., Andrews| (1994a) and (3) follows from (2). To show (4)
let f=(f1,...,fx) and g = (91,...,9x) where f;,g9; € Fj, j =1,...,k. Then, by the condition on

¢, we have

lo(f) — (@2 <l Xklf:l Ljl f5 = il llgz2 (L1)
< D=1 1L51f5 = g5l N2

Let /\A/'] be a (E/k)—ilet for _]-'j with t/}\le measure @j, where d@j(:v) = LJQ-(:U)dQ(:c). Then the set
{o(fi,-- o fx) — o(f1,.. ., fr) : fj € Nj} is an e-net for £ with respect to the measure @ by 1’
Thus, for any € > 0 we have that

k

log N(e. .|| lg2) < 3 log N(e/k. Ty | - [15,.)
j=1
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Therefore,

k k € k
log N(ell 35— LiFjlloa: £ 11 - lo2) < 5oy log N(§ 11 32521 LiFjll.: Fii Il - llg, »)
k €
> j=1 g N( I LiFjllg.2 Fj I - g, »)
k €
= Z?fl log N(3[1Fjllg, 20 Fio |l - llg, o)
< 2jo1logsupg N(£1Fjllg.2: i Il - 11g,2)

and the result follows since the right hand side no longer depends on Q. ]

<
<

Lemma L.2 (Covering Entropy for Classes obtained as Conditional Expectations). Let
F denote a class of measurable functions f : W x Y +— R with a measurable envelope F. For
a given f € F, let f: W — R be the function f(w) := [ f(w,y)dpw(y) where wy, is a regular
conditional probability distribution over y € Y conditional on w € W. Set F = {f : f € F} and let
F(w) := [ F(w,y)dus(y) be an envelope for F. Then, forr,s > 1,

or ol lor) < logsup N(e/4) 1Fllg . 71l - lig,o)-

log sup N (¢|| F|
@ Q

where Q belongs to the set of finitely-discrete probability measures over W such that 0 < ||F||g, <
00, and @ belongs to the set of finitely-discrete probability measures over W x Y such that 0 <
HFH@ s < 00. In particular, for every e >0 and any k > 1
logsgpN(e,f, I lg.k) <logsup N(e/2, F, | - 5 )-
Q

Proof. The proof generalizes the proof of Lemma A.2 in |Ghosal et al. (2000). For f,g € F and
the corresponding f,g € F, and any probability measure Q on W, by Jensen’s inequality, for any
k>1,

EQllf — al*] = B[l (f = 9)dnw(y)[*] < EQlSf1f — g/*dpw(y)] = Eglf — gI"]
where dQ(w,y) = dQ(w)d,(y). Therefore, for any e > 0
supN(e,]:", H ’ ”Q,k) < Sl}pN(é,J—", H ) HQ,k) < sup N(6/27]:7 H ’ Héik)?
Q Q Q

where we use Problems 2.5.1-2 of van der Vaart and Wellner| (1996) to replace the supremum over

@ with the supremum over finitely-discrete probability measures Q.
Moreover, [|Fllg1 = Eq[F(w)] = Eq[[ F(w,y)duw(y)] = EglF(w,y)] = ||Flg,. Therefore
taking k =1,
supo N(el Fllo.1, .1l - o) < supg N(ellFllg.1 F [ - llg)
<supg N((€/2)[|Fllg 1, Fo - llg,1) < supg N((e/2)[[1Fllg  Fs Il - llg 5)
where we use Problems 2.5.1-2 of van der Vaart and Wellner| (1996)) to replace the supremum over

@ with the supremum over finitely-discrete probability measures @, and then Problem 2.10.4 of
van der Vaart and Wellner| (1996) to argue that the last bound in weakly increasing in s > 1.

Also, by the second part of the proof of Theorem 2.6.7 of van der Vaart and Wellner| (1996])

Sup N(el[Fllgr F: [l - llor) < Sup N((e/2)"[[Fllg1: F: - lQ.n)-



70
]

Comment L.1. Lemma extends the result in Lemma A.2 in |Ghosal et al.| (2000) and Lemma
5 in Sherman| (1994)) which considered integral classes with respect to a fixed measure p on ). In
our applications we need to allow the integration measure to vary with w, namely we allow for pi,
to be a conditional distribution. [ ]

APPENDIX M. PROOFS FOR SECTION 4

M.1. Proof of Theorem STEP 0. (Preparation). In the proof a < b means that a < Ab,
where the constant A depends on the constants in Assumptions and only, but not on n
once n > ng = min{j : §; < 1/2}, and not on P € P,. We consider a sequence P, in P, but for
simplicity, we write P = P,, throughout the proof, suppressing the index n. Since the argument is
asymptotic, we can assume that n > ng in what follows.

To proceed with the presentation of the proofs, it might be convenient for the reader to have the
notation collected in one place. The influence function and low-bias moment functions for ay (z)
for z € Z ={0,1} are given respectively by
1(Z =2)(V —g(z, X))

m(z, X)
The influence function and the moment function for vy are ¢, (W) = (W, yv) and ¢, (W, ~) =

qzb%,z(W) = qzb%,z,gv,mz (W7 Oév(z)), ¢%’,z,g,m(w a) = + g(z’ X) - Q.

V — ~. Recall that the estimator of the reduced-form parameters ay(z) and 7y are solutions
a = ay(z) and v = Jy to the equations
En[w&z,'g\v,ﬁmz(m a)] =0, En[i/)&(l/v, ’7)] =0,
where gy (z,7) = Ay (f(z,2)'Bv), mz(1,2) = Az(f(x)'Bz), mz(0,2) =1 —mz(1,z), and By and
Bz are estimators as in Assumption For each variable V € V),
Vu = (vuj)?zl = (Yu7 10(D)YU7 IO(D)7 11(D)Yw 11(D))7

we obtain the estimator p, = ({av(o),av(l)ﬁv})v% of py = ({aV(O),aV(l),WV})Vevu. The
estimator and the estimand are vectors in R% with a fixed finite dimension. We stack these vectors

into the processes p = (pu)ucu and p = (pu)ucu-

STEP 1.(Linearization) In this step we establish the first claim, namely that
VAP = p) = Zup+op(l) inD= U, (M.1)

where Z, p = (Gnti)ueu and ¥ = ({¢%, ¥¥1, ¥y Hvey,. The components (vr(Jv,; — W.,;))ueu
of /n(p — p) trivially have the linear representation (with no error) for each j € J. We only need
to establish the claim for the empirical process (v/n(av,,(2) —av,;(2)))ueu for z € {0,1} and each
j € J, which we do in the steps below.

(a) We make some preliminary observations. For ¢ = (t1,t,t3,t4) € R? x (0,1)?, v € R, and
(2,2) € {0,1}2, we define the function (v, z, 2, t) — (v, 2, Z,t) via:
1(z = 1t)4(v —t2) o, (0, 2,0,8) = 1(z = Ot)s(v —t1)

o(v,z,1,t) = + t1.
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The derivatives of this function with respect to t obey for all k = (k ');;1 eN*:0< |k <3,
|OFp(v, 2,2, 1) < L, Y(v,%,2,t): |v| <C,|t1],|ta] < C,¢'/2 < |tsl, |ta] <1—-¢/2, (M.2)
where L depends only on ¢ and C, |k| = Ejzl k;, and OF := 6511 6522828&4.
(b) Let
B (X) = (30, X),3v (1, X), 1
B (X) = (g0 (0, X), gy (1, X), 1
Fav v W) = 0(V, Z, 2, by (X)),
th,V,z(W) = QO(V7 Z7 Z, hV(X)>
We observe that with probability no less than 1 — A,
gv(0,-) € Gv(0), gv(1,-) € Gv(1), mz(1,-) € M(1), mz(0,-) € M(0) =1—-M(1),
where

x = Av(f(z,2)B) : [|Bllo < sC
Gy (z) == AV (f(2, X)'B) — gv(z, X)|pa S dan™ 4 5,
[Av(f(2, X)B) — gv(z, X)| P S €n

= Az (f(z)'B) : [|Bllo < sC
M(1) = [Az(f(X)B) —mz(1,X)|p2 S 5nn_1/4
[Az(f(X)'B) —mz(1, X)[lpoo S

To see this, note that under Assumption [£.2)for all n > min{j : §; < 1/2},

IAz(f(X)'B)—mz(1,X)|lp2 < |Az(f(X)B)—Az(f(X)'Bz) (X) P2
S 0AZ sl F(X) (B = Bz2)llp2 + I72(X)ll 2
SN0zl F(X) (B = B2)zn2 + r2(X) | p2 < Gan~ Y/
IAZ(F(X)B) = mz(1, X)peo < IAZ(F(X)'B) — Az(£(X) Bz) (X)
< |10AZlloo | F(X)' (B — B2) (X)) Po
< KllB = Bzl + en < 26n,

for B = Bz, with evaluation after computing the norms, and for ||OA| s denoting sup;cp |OA(1)]
here and below. Similarly, under Assumption

1AV (£(Z,X)B) = gv(Z, X) |2 S 0AV]Isoll £(Z, X) (B = Bv)en2 + Irv(Z, X)| 2 S Sun
IAV(f(Z,X)B) = gv(Z, X)llpoc S KnllB—Brll + €n < 26n,
for 8 = By, with evaluation after computing the norms, and noting that for any S
AV (£(0,X)'8) — gv (0, X)[lp2 V [Av (f(1, X)'B) — gv (L, X)|lp2 S [[Av(f(Z, X)'B) — gv(Z, X)) P2
under condition (iii) of Assumption and

1AV (£(0.X)'B) = gv (0, X) | poo V [Av (£(1,X)'B) = gv (L, X[l Poc < [Av(£(Z, X)'B) = gv(Z, X))l P
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under condition (iii) of Assumption
Hence with probability at least 1 — A,,,

ﬁv € Hyn := {h = (3(0,-),3(1,-),mz(0,-),mz(1,-)) € Gv(0) x Gy (1) x M(0) x M(1)}.
(c) We have that
ay(z) = Ep[fn, v.] and a(z) = E"[fﬁv,v,z]’
so that
Vn(@v(z) — av(2)) = Gulfry vzl + Gulfave — fryviel V0 Plfave — frpvial,

I\:(rz) 11y (2) 111y (2)

with h evaluated at h = ﬁv.
(d) Note that for

Avi = (Arvi, Dovi, Agvi, Aavi) = h(Xi) — hy(X3), Al = Al AR Al Al

Hly(z) = vn Z 6f<p (Vi, Ziy 2, hy (X ))Al‘c/l]
|k|=1
+ Vn Y 27 POFe(Vi, Zis 2, hy (X0)) AV
|k|=2
+ \F Z 6~ / 8530(‘/1721;2 hV(XZ) + )\AV;L)A@’Z]d)\,
|k|=3 0

= TII%(2) + 1T (2) 4 ITT5(2),

with h evaluated at h = h after computing the expectations under P.
By the law of iterated expectations and the orthogonality property of the moment condition for

ay,
Ep[oFo(Vi, Zs, 2z, hy (X)) Xs] =0 Ve e N*: |k| =1, = III&(z) =0.

Moreover, uniformly for any h € Hy,,, in view of properties noted in Steps (a) and (b),
[ITT(2)] S Vallh = hylba S Va(8an™ ) < 67,
[I1I5(2)] < < Vn(0,n~ )26, < 62e,.
Since ﬁv EHyp forall VeV={V,:ueld,je j} with probability 1 — A,,, for n > ny,

Pp(uuv(z)y <62.vz € {0,1},VV € v) >1- A,

~ “n’
(e) Furthermore, with probability 1 — A,,

sup max |[Iy(z)| < sup |Gn[fh,V,z] _Gn[th,VJ”'
vey z€{0,1} heMy n,2€{0,1},VEV

The classes of functions,

Vi={Vy:uel,jeJ} and V' :={gy,,(Z,X):uel,je T}, (M.3)
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viewed as maps from the sample space W to the real line, are bounded by a constant enve-
lope and obey logsupg N (e, V, || - [lg,2) < log(e/e) V 0, which holds by Assumption (ii), and
logsupg N (€, V*, || - |lg,2) < log(e/e) vV 0 which holds by Assumption ii) and Lemma The
uniform covering entropy of the function sets

B={1(Z==%):2€{0,1}} and M* = {mz(z,X) : 2 € {0,1}}

are trivially bounded by log(e/e€) Vv 0.

The class of functions
G:={Gv(z): VeV ze{0,1}}

has a constant envelope and is a subset of
{(J}, Z) = A(f(za 1‘)/5) : ||ﬁ||0 < SCaA €eL= {Id7 (I)7 1- (I)aA07 1- AO}}7
which is a union of 5 sets of the form

{(z,2) = A(f(z,2)'B) - |Bllo < sC}

with A € £ a fixed monotone function for each of the 5 sets; each of these sets are the unions
of at most (é’; ) VC-subgraph classes of functions with VC indices bounded by C’s. Note that a
fixed monotone transformations A preserves the VC-subgraph property (van der Vaart and Wellner,
1996|, Lemma 2.6.18). Therefore

logsup N (e, G, - [lg2) S (slogp + slog(e/e)) v 0.
Q

Similarly, the class of functions M = (M(1)U(1—M(1))) has a constant envelope, is a union of at
most 5 sets, which are themselves the unions of at most (é’s) VC-subgraph classes of functions with
VC indices bounded by C’s since a fixed monotone transformations A preserves the VC-subgraph
property. Therefore, logsupg N(e, M, || - [|g2) < (slogp + slog(e/e)) V 0.

Finally, the set of functions

TIn = {fh,V,z — th,V,z 1z € {0, 1},V eV, he /Hv,n},

is a Lipschitz transform of function sets V, V*, B, M*, G, and M, with bounded Lipschitz coeffi-
cients and with a constant envelope. Therefore,

logsup N (€, Tn, || - [[,2) < (slogp + slog(e/e)) V0.
Q
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Applying Lemma with o, = C"6,n~ Y4 and the envelope J, = C’, with probability 1 — A,
for some constant K > e

sup max |[[Iy(2)| < sup |G, (f)]
vey 26{0’1} fedn

< <\/SU%10g(pVKVUn1) + jﬁlog(p\/K\/agl)>

< (\/35%71‘1/2 log(p VvV n) + \/SQn_l log?(p Vv n))

S (0n0y/* + 832) S 812

Here we have used some simple calculations, exploiting the boundedness condition in Assumptions

and [4:2 to deduce that

sup [[flpe S sup b —hvlp2 <6V S o < nllpes
fE€ETn heHy »,VEV

by definition of the set Hy,,, so that we can use Lemma [C.1] We also note that log(1/d,) < log(n)
by the assumption on ¢, and that s?log?(p V n)log?(n)/n < 6, by Assumption (1)

(f) The claim of Step 1 follows by collecting Steps (a)-(e).

STEP 2 (Uniform Donskerness). Here we claim that Assumption implies that the set of

vectors of functions (¢f))yey is P-Donsker uniformly in P, namely that

Zpp~Zp inD= EOO(L[)dP, uniformly in P € P,

where Z,, p = (G % )uer and Zp = (G pil)yey. Moreover, Zp has bounded, uniformly continuous
paths uniformly in P € P:

sup Epsup || Zp(u)|| < oo, limsup Ep sup ||[Zp(u)— Zp(a)|| =0.
PeP  weld ENOPEP  dyy(u,it)<e
To verify these claims we shall invoke Theorem [B.1]

To demonstrate the claim, it will suffice to consider the set of R-valued functions ¥ = (¢ : u €
U,k € [d,]). Further, we notice that Gnyy, = Gnf, for f € F,

_JYZ =2}V —gv(z,X))
Fe = { mz(z, X)

and that Gp,¢, = Gy f, for f =V € V. Hence Gy, (¢ur) = Gu(f) for f € Fp=FoUFL UV. We
thus need to check that the conditions of Theorem apply to Fp uniformly in P € P.

—i—gv(z,X),VeV}, z=0,1,

Observe that F, is formed as a uniform Lipschitz transform of the function sets B, V, V* and M*
defined in Step 1(e), where the validity of the Lipschitz property relies on Assumption (iii) (to
keep the denominator away from zero) and on the boundedness conditions in Assumption [4.1(iii)
and Assumption (iii). The function sets B, V, V* and M™* are uniformly bounded classes that
have uniform covering entropy bounded by log(e/e) V 0 up to a multiplicative constant, and so
F>, which is uniformly bounded under Assumption the uniform covering entropy bounded by
log(e/e) vV 0 up to a multiplicative constant (e.g. van der Vaart and Wellner| (1996))). Since Fp is
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uniformly bounded and is a finite union of function sets with the uniform entropies obeying the
said properties, it also follows that Fp has this property; namely,

sup sup log N (e, Fp, || - |g,2) < log(e/€) V0.
PeP Q

Since [7° \/log(e/€) V 0de = ey/m/2 < 0o and Fp is uniformly bounded, the first condition in 1'
and the entropy condition (B.2)) in Theorem hold.

We demonstrate the second condition in (B.1). Consider a sequence of positive constants e
approaching zero, and note that

sup  max |[Yur — Yarllpe S sup || fu — fallp2
dy (u,i)<e <dp dy (u,@)<e

where f, and f; must be of the form:

HZ = 2}(Uu — gu, (2, X)) HZ = 2}(Ua — gu, (2, X))
myz(z, X) myz(z, X)

with (U, Uyg) equal to either (Y, Ys) or (14(D)Yy, 14(D)Y3), for d =0 or 1, and 2 = 0 or 1. Then

sup || fu — fallp2 S sup [|[Yu — Yallp2 — O,
PeP PeP

as dy(u, ) — 0 by Assumption (ii). Indeed, suppep || fu — fal
from a sequence of inequalities holding uniformly in P € P: (1)

P2 Ssuppep || Yo — Yall p2 follows

Hfu - fﬁ|

P2 S U = Uallp2 + llgv. (2, X) = gu (2, X))

P2,

which we deduce using the triangle inequality and the fact that myz(z, X) is bounded away from
zero, (2) ||Uy, — Ug|

p2 < ||Yy — Y| p2, which we deduced using the Holder inequality, and (3)
lgvr. (2, X) = gu (2, X)llp2 < |Un — Uallp2,

which we deduce by the definition of gy, (2, X) = Ep[U,|X, Z = z] and the contraction property of
the conditional expectation. ]

M.2. Proof of Theorem The proof will be similar to the proof of Theorem

STEP 0. (Preparation). In the proof a < b means that a < Ab, where the constant A depends on
the constants in Assumptions and only, but not on n once n > ng = min{j : §; < 1/2}, and
not on P € P,,. We consider a sequence P, in P,, but for simplicity, we write P = P, throughout
the proof, suppressing the index n. Since the argument is asymptotic, we can assume that n > ng
! on points (&, W;) for i =1, ..., n.
Let E,, denote the expectation with respect to this measure, so that E, f =n=t 3", f(&, W;), and
Gy, denote the corresponding empirical process v/n(E, — P), i.e.

in what follows. Let P,, denote the measure that puts mass n~

an = \/ﬁaEnf - Pf) = n_1/2 Z <f(§z= Wz) - /f(s7w)dpf(3)dp(w)> .
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Recall that we define the bootstrap draw as:

. SV I w— ~ ~
np=Vn(p*—p) = (\/ﬁ ;&%(‘%)) = (Gn§¢5> :

uelU
uel

since P[¢1f] = 0 because ¢ is independent of W and has zero mean. Here ¢ = (12"})‘/@;“, where

FOW) = {0800,y (W@ (), 03, 5 o (W@ (1)), 9% (W, A1)}, is a plug-in estimator of the
influence function v7,.

STEP 1.(Linearization) In this step we establish that
Cop=Znp—Grp=op(l), forGyp:=(Guif)uey, nD=U), (M.4)
where (¢ p = (u,p(Dn,Byp) is a linearization error, arising completely due to estimation of the

influence function; if the influence function were known, this term would be zero.

For the components (v/n(7; —v))vey of /n(p* — p) the linearization follows by the represen-
tation,

V(v = Av) = Gnéiby, — (v — 1 )Gné,
————

Iy

for all V' € V, and noting that supy ¢y |Ii| = supyep |(Av — 1)||Gné| = Op(n=1/2), for V defined
in (M.3) by Theorem [4.1] and by |G,&| = Op(1).

It remains to establish the claim for the empirical process (\/ﬁ(&*vuj (2) — av,; (2)))ueu for z €
{0,1} and j € J. As in the proof of Theorem 4.1, we have that with probability at least 1 — A,,,

EV € %V,n = {h = (gV(Ov ')agV(la ')7mZ(O’ ')7mZ(17 )) € gV(O) X gv(l) X M(O) X M(l)}
We have the representation:
Vi@ (2) — @v(2)) = Cutfts + Cul€fy . — Efnvial = @ (2) — av(2))Gu,
I (2)

where supycy .co13(@v(2) —av(z)) = Op(n=2) by Theorem
Hence to establish supy¢y, [I1{,(2)| = op(1), it remains to show that with probability 1 — A,

sup ’Gn[éfﬁv Ve ffhv,V,z” < sup |Gu(f)] = op(1),
2€{0,1},Vey Y fEETn

where
TIn = {fh,V,z — fhv,V,z 1z e {0, 1}, Ve V,h (S ,va}.

By the calculations in Step 1(e) of the proof of Theorem H, Jn obeys logsupg N (e, Tn, || [|@2) S
(slogp+slog(e/e)) V0. By Lemmal|L.1] multiplication of this class by £ does not change the entropy
bound modulo an absolute constant, namely

log Sgp N(ellJullQ2, ETn: |l - ll@,2) S (slogp 4 slog(e/e)) VO,
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where the envelope J, for {7, is |£| times a constant. Also, Elexp(|{|)] < oo implies that
(E[maxic, |&]%])"/? < logn. Thus, applying Lemma with 0 = ¢, = C'6,n""/* and the en-
velope J,, = C'|¢], for some constant K > e

slogn

vn
< <\/35%n_1/2 log(pVn)+ \/szn_l logQ(p vV n) logQ(n)>

S (3031 +012) S (01/%) = op(1),

swp [Ga(f)] S <\/saglog(pv1<v(f;1)+

log(pVv KV an1)>
SV

for supsee s, 1fllp2 = supses, |fllp2 S on; Where the details of calculations are the same as in
Step 1(e) of the proof of Theorem

Finally, we conclude that

16a,pllp S sup [Iy |+ sup |1l | = op(1).
Vey Vev,ze{0,1}

STEP 2. Here we are claiming that Z} p ~~p Zp in D, under any sequence P = P, € Py, where
Zp = (Gph)yecy- We have that

sup_|Ep,h(Z; p) ~ Eph(Zp)| < sup  [Ep,h(Gyp) — Eph(Zp)| + Es, (|G pll A 2),
heBL1 (D) heBL1 (D)

where the first term is op(1), since Gy, p ~»p Zp by Theorem and the second term is op(1)
because [|(; pllp = op(1) implies that Ep(||(; pllp A 2) = EpEg, (¢, pllp A 2) — 0, which in turn
implies that Ep, (||¢} pllp A 2) = op(1) by the Markov inequality. [

M.3. Proof of Corollary This is an immediate consequence of Theorems [£.1] [£:2] [B-3] and
B.4 "

APPENDIX N. OMITED PROOFS FOR SECTION 5

Lemma N.1 (Donsker Theorem for Classes Changing with n). Work with the set-up de-
scribed in Appendix B of the main text. Suppose that for some fixed constant ¢ > 2 and every
sequence 6, N\ 0:

on
[Enllpng = OM), sup |l fus = fullp2 =0, / Sup \/10g N(el[FallQ.2: Fns | - l@,2)de = 0.
0

dT (Syt)gén

(a) Then the empirical process (Gy, fnt)ter is asymptotically tight in ¢>°(T'). (b) For any subse-
quence such that the covariance function Py, fn sfnit — Pnfn,sPnfnt converges pointwise on T x T,
(G fut)ter converges in £°(T') to a Gaussian process with covariance function given by the limit
of the covariance function along that subsequence.

Proof. The proof follows is similar to the proof of Theorem 2.11.22 in [van der Vaart and Wellner
(1996, p. 220-221), except that the probability law is allowed to depend on n. Indeed, the use of
Theorem 2.11.1 in [van der Vaart and Wellner| (1996), which does allow for the probability space to
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depend on n, allows us to establish claim (a), whereas the proof of claim (b) follows by a standard

argument.

The random distance given in Theorem 2.11.1 in van der Vaart and Wellner| (1996) (Lemma
below) reduces to d2(s,t) = 237 (fas — far)?(Wi) = Pu(fas — fae)?. It follows that
N(e,T,d,) = N(e,Fp, La(Py)), for every € > 0. If F,, is replaced by F,, V 1, then the condi-
tions of the lemma still hold. Hence, assume without loss of generality than F,, > 1. Insert the
bound on the covering numbers and next make a change of variables to bound the entropy inte-
gral foa" V9og N (e, Fp,dy)de in Lemmaby foan Vg N (|| Eyllp, 2, Fn, L2(Pr))de|| Fy ||p,, 2. This
converges to zero in probability for every 4, | 0 by the conditions of the lemma. Apply Lemma
to obtain the result. n

Lemma N.2 (van der Vaart and Wellner (1996, Th. 2.11.1)). For each n, let Zy1, ..., Zym, be
independent stochastic processes, defined on the product probability space [, (Whi, Ani, Pri), with
each Zn; = Zpi(f,w) depending on the ith coordinate of w = (wi,...,wn, ), and indexed by a
totally bounded semimetric space (T, p). Assume that the sums Y "% €;Zy; are measurable in the
sense that every one of the maps

Mn Mn
w o s S (Zulf) = Zuile))], wr— swp | e (Zuilf) - Zuil9)].
p(f,9)<6 |54 p(f.9)<d |34
is measurable, for every d > 0, every vector (e1,...,em,) € {—1,0,1}" and every natural number
n. Also, for every n > 0 and every d, | 0:
mMn Mn
* 2 2
S ENZuil F AN Znill 7> 0y + sup D E(Zui(f) = Zuilg)® = 0,
i=1 p(s:6)<én 3

and f06" \/log N(e, Fn,dy)de P 0, where d,, is the random semimetric

d72’b(f7 g) = Z (Zm(f) - Zm'(g))2 .
Then the sequence > ;" (Zni — EZy;) is asymptotically p-equicontinuous.

APPENDIX O. PROOFS FOR SECTION 6 AND APPENDIX [Jl

Proof of Theorem [6.1. In order to establish the result uniformly in P € P,, it suffices to establish
the result under the probability measure induced by any sequence P = P, € P,. In the proof
we shall use P, suppressing the dependency of P, on the sample size n. To prove this result we
invoke Lemmas in Appendix |J| These lemmas rely on specific events (described below) and
Condition WL which is also stated in Appendix [J] We will show that Assumption [6.1] implies that
the required events occur with probability 1 — o(1) and also implies Condition WL.

Let \Tluojjj = {E,[|f;(X)C¢u|?]}"/? denote the ideal penalty loadings. The three events required to

occur with probability 1 — o(1) are the following: Ey := {¢, = sup,cy ||7ul|p, 2}, and where ¢, :=
slog(p Vn)/n; By == {\/n > Vesupuey [V EnlCuf (X]llo}, Bz = {{¥u < Wy < LV},
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for some 1/\/c < 1/¢/¢ < ¢ and L uniformly bounded for the penalty loading ¥, in all iterations
k < K for n sufficiently large.

By Assumption iv)(b) Fj holds with probability 1 — o(1).

Next we verify that Condition WL holds. Condition WL(i) is implied by the approximate sparsity
condition in Assumption [6.1|i) and the covering condition in Assumption [6.1f(ii). By Assumption
We have that d,, is fixed and the Algorithm sets v € [1/n, min{log ™! n, pn=~1}] so that v = o(1)
and ®~1(1 — y/{2pn}) < C'log'?(np) < C4,n'/% by Assumption (1) Since it is assumed that
Ep[|£;(X)Cul?] = ¢ and Ep[|f;(X)¢u/?] < C uniformly in j < p and u € U, Condition WL(ii) holds.
Condition WL(iii) follows from Assumption [6.1iv).

Since Condition WL holds, by Lemma the event E» occurs with probability 1 — o(1).

Next we proceed to verify occurrence of E3. In the first iteration, the penalty loadings are defined
as Wy = {Eu[|lfi(X)Yu2]}/2 for j = 1,...,p, u € U. By Assumption ¢ < Ep[|fj(X)¢ul?] <
Ep[|f;(X)Y,|?] < C uniformly over u € U and j = 1,...,p. Moreover, Assumption (iv)(b) yields

sup max |(E, — Ep)[|f;(X)Y,|*]| <6, and supmax|(E, — Ep)|[|f;(X)¢ul?]] < 6n
ueld ISP uel ISP

with probability 1 — A,,. In turn this shows that for n large so that d,, < ¢/4 we havﬂ

(1 =200 /Q)En | f5(X)Cul?) < En[l f5(X)Yul?] < ({C + 6} /{c — 6n DER[f5(X)Cul?]

with probability 1 — A,, so that Z\Tlug < \/I\/u < L\f/uo for some uniformly bounded L and ¢ > 1//c.
Moreover, ¢ = {(L/c+ 1)/(y/cl — 1)} sup,cy H\T/;(}HOOH\T'WHOO is uniformly bounded for n large
enough which implies that koz as defined in in Appendix is bounded away from zero with
probability 1 — A,, by the condition on sparse eigenvalues of order s/, (see Bickel et al. (2009))
Lemma 4.1(ii)).

By Lemma since \ € [en!/? logl/Q(p\/ n),Cn'/? logl/Q(p\/n)] by the choice of v and d,, fixed,
cr < Cy/slog(pV n)/n, sup,ey ||\/l\lu0\|OO < C, we have

~ 1 \Y; ~ 2] vV
sup || £(X) (B — 0) |z, 2 < C'y ) =S 21 o8PV n) 4 sup |0, — 0u|ly < Oy 8L og(pVn)
= n = n

In the application of Lemma by Assumption (iv)(c), we have that min,,caf Gmax(m) is
uniformly bounded for n large enough with probability 1 — o(1). Thus, with probability 1 — o(1),
by Lemma [J.4] we have

—~ ney 2 /
supsugC[ —i-\/g} < C's.

ueU A
Therefore by Lemma the Post-Lasso estimators (gu)ueb{ satisfy with probability 1 — o(1)

1 ~ [
slog(p v n) and sup |6, — 0.1 < C s*log(pvn)
n ueU n

sup Hf(X)I(gu - eu)HlP’n,Q < C
ueU
* Slndeed, using that ¢ < Bellf;(X)G.F < Epllfi(X)Yal?) < C, we have (1 — 28, /0)Ba[lf;(X)Cul?) <
(1 = 262/) {0 + Ep[l (X))} < Epllf5(X)Gl?] = 8 < Bp[f;(X)Yul?] = 60 < En[If5(X)Ya[?]. Similarly,
En[|£5(X)Yal?] < 60 + Ep(|£5(X)Yul] < 60 +C < ({60 + CH/{c — 3 DERllf5(X)Cul).
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for some C independent of n, since uniformly in u € U we have a sparsity bound ||(8, —6y,)|lo < C”s
and that ensures that a bound on the prediction rate yields a bound on the ¢;-norm rate through

the relations [|vlly < v/[lvllollv]l < V/llvllollf(X)vlle,.2/ v/ Smin(llv]lo)-

In the kth iteration, the penalty loadings are constructed based on (gq(f))ueu, defined as @ujj =
{En[f;(X){Y, — f(X }\ W2 for j =1,...,p, u € U. We assume (Hq(f))ueu satisfy the rates
above uniformly in u € Z/l. Then with probability 1 — o(1) we have uniformly in v € U and
J=1..p

{Enll 5O (X) (0w = 0u)}PIF2 + (Bl f5(X )]}

£ @ = Bl + Knllralle, 2 < CRipy/2202)

Ky,
65/ g quj 20(5,% Q/Q)

[Wujj — Vuojil <
<
<

where we used that max;<, j<p|f;(Xi)| < K, as., and K2slog(p V n) < §,n by Assumption
6.1(iv)(a), and that infueu,j<p \fluojj > ¢/2 with probability 1 — o(1) for n large so that 6, < ¢/2.
Further, for n large so that (26_'(5711/ 2 /c) < 1—1//c, this establishes that the event of the penalty
loadings for the (k + 1)th iteration also satisfy K‘i/l_bol < \T/; g L\T/;()l for a uniformly bounded L
and some ¢ > 1/{/c with probability 1 — o(1) uniformly in u € Y.

This leads to the stated rates of convergence and sparsity bound. [ ]

Proof of Theorem [6.2. In order to establish the result uniformly in P € P,, it suffices to establish
the result under the probability measure induced by any sequence P = P,, € P,. In the proof we
shall use P, suppressing the dependency of P, on the sample size n. The proof is similar to the
proof of Theorem We invoke Lemmas [7.7 and [J-§ which require Condition WL and some
events to occur. We show that Assumption implies Condition WL and that the required events
occur with probability at least 1 — o(1).

Let \Tlu07jj = {E,[|£;(X)C¢ul?]}'/? denote the ideal penalty loadings, wy, = Ep[Yui | Xi](1 —
Ep[Yui | Xi]) the conditional variance of Y,,; given X; and 7; = 7,,(X;) the rescaled approximation
error as defined in . The three events required to occur with probability 1 — o(1) are as
follows: E := {¢; = sup,ey |Fu//Wullp, 2} for ¢, := C'\/slog(p V n)/n where C’ is large enough;
Ey = {\n > vVesupuey [V BalCuf (X)][|oo}s and By := {00, < W, < LWy}, for £ > 1//¢ and
L uniformly bounded, for the penalty loading \Tlu in all iterations k < K for n sufficiently large.

Regarding E1, by Assumption [6.2](iii), we have ¢(1 — ¢) < wy; < 1/4. Since |ry(X;)| < 6, a.s.
uniformly on uw € U for ¢ = 1,...,n, we have that the rescaled approximation error defined in
satisfies |7, (X;)| < |ru(X )|/{c(1 —¢) — 20, }+ < C|ry(X;)] for n large enough so that 8, < ¢(1 —
¢)/4. Thus |7/ /Wy llp, 2 < Cllru//Wdllp, 2- Assumptlon(iv)(b) yields sup, ey ||7u//Wallp, 2 <
C'/slog(p V n)/n with probability 1 — o(1), so F3 occurs with probability 1 — o(1).

To apply Lemmato show that E occurs with probability 1—o(1) we need to verify Condition
WL. Condition WL(i) is implied by the sparsity in Assumption [6.2fi) and the covering condition
in Assumption (ii). By Assumption we have that d, is fixed and the Algorithm sets v €
[1/n, min{log ™' n, pn®~1}] so that v = o(1) and ®~1(1 —~/{2pn®}) < Clog'/?(np) < C8,n/® by
Assumption (1) Since it is assumed that Ep[|f;(X)¢u|?] = ¢ and Ep[|f;(X)¢u]?] < C uniformly
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in j < p and u € U, Condition WL(ii) holds. Condition WL(iii) follows from Assumption [6.1iv).
Then, by Lemma the event Es occurs with probability 1 — o(1).

Next we verify the occurrence of F3. In the initial iteration, the penalty loadings are defined as
(I\lujj = HE,[|f;(X)|?]}/2 for j =1,...,p, u € U. Assumption (iv)(c) for the sparse eigenvalues
implies that for n large enough, ¢ < E,[|f;(X)|*] < C’ for all j = 1,...,p, with probability 1—o(1).

Moreover, Assumption iv)(b) yields

sup max |(E, — Ep)[|f;(X)Cul’]| < n (0.1)
ueld ISP
with probability 1 — A,, so that (I\’quj is bounded away from zero and from above uniformly
over j = 1,...,p, u € U, with the same probability because Ep[|f;(X)(,|?] is bounded away
from zero and above. By (O.1)) and Ep[|f;(X)¢u|?] < 3Ep[|f;(X)|?], for n large enough, we have
00,0 < U, < LV, for some uniformly bounded L and ¢ > 1//c with probability 1 — A,,.

Thus, ¢ = {(Ly/c+1)/({y/c — 1)} sup,ey ||\I/ Yoo l|¥uolloe is uniformly bounded. In turn, since
inf, s ming<,, wy; > ¢(1 — ¢) is bounded away from zero, we have koe > \/ﬂlﬁlgc by their
definitions in and . It follows that Koz is bounded away from zero by the condition on
sty sparse eigenvalues stated in Assumption [6.2](iv)(c), see Bickel et al] (2009) Lemma 4.1(11).

By the choice of y and dy, fixed, A € [en/21og'/?(pVvn), Cn'/?log!/?(pVvn)]. By relation (J.4) and
Assumption (i )(a), infuey Ga, = Foe/{v/sKyn}. Under the condition K?2s?log?(p V n) < Opn,
the side condition in Lemma |].6) n 6| holds with probability 1 — o(1), and the lemma yields

slog(pV n) s?log(p VvV n)

sup || f(X)' (é\u —0u)|lp, 2 < C’ and sug H@ — O <C
uel ue

In turn, under Assumption (iv)(c) and K2s%log?(pVn) < 8,n, with probability 1 —o(1) Lemma
[J.7] implies

sup 3, < C" [ncr I \[} <"

uel

since Miny,e Amf Pmax(m) is uniformly bounded. The rate of convergence for gu is given by Lemma
namely with probability 1 — o(1)

— [slog(pV n)

sup || £ (X)' (0u — 0u)[p,2 < C and sup |0y — 0ull1 <
ueU n weld n

s2log(p VvV n)

for some C' independent of n, since by (0.16)) we have uniformly in v € U

~

M, (QU) - Mu( ) %H‘I’UQUHI - %H\I’uauul < %H\I'u(euTu - 9u)||1

<
< C'slog(p VvV n)/n,

sup,ey |1En[f(X)Cullloo < Cy/log(pV n)/n by Lemma Gmin(Su + Su) is bounded away from
zero (by Assumption [6.2fiv)(c) and 5, < C"'s), infucy u ({6 € RP : ||6]lo < Sy + su}) is bounded
away from zero (because inf, ey min;<, wy; > ¢(1 — ¢)), and sup,cy [ Woolleo < C with probability
1—o(1).
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In the kth iteration, the penalty loadings are constructed based on (5§k))ueu, defined as \/I\'ujj =
En[|fj(X){Yu — A(f(X)’gka))}|2]}1/2 forj=1,...,p, u € U. We assume (gq(f))ueu satisfy the rates
above uniformly in v € . Then

Pujs = Tunigl < ABA[FXOIAS(X)GL) = A0 + (Bl (X2} 1/2
(Eallf; (X)L (X) (0 — 0,)}2IHY2 4 (B[] f(X )]}/
Kol f(X) (0 = 02)Ip, 2 + Kullrullp, 2 Sp Kny/ 22082

<
<
< .
< Oy < (208,/¢)Vyoj

and therefore, provided that (206, /c) < 1 — 1//c, uniformly in u € U, (Vo < ¥, < LUyq for
¢ > 1/+/c and L uniformly bounded with probability 1 — o(1). Then the same proof for the initial
penalty loading choice applies to the iterate (k + 1). [

0O.1. Proofs for Lasso with Functional Response: Penalty Level.

Proof of Lemmal[J.1 By the triangle inequality

SUPyeyy "@;&En[f(X)Cu]||w < MaXyeye ||(1};01En[f(X)EU] oo N
+ Supueué,u’eu,du (u,u’)<e H \IIJ(JlEn [f(X)Qu] - \IJ;’%)]EN [f(X)Cu’] HOO

where U¢ is a minimal e-net of . We will set € = 1/n so that [U¢| < n%.

The proofs in this section rely on the following result due to \Jing et al.| (2003]).
Lemma O.1 (Moderate deviations for self-normalized sums). Let Z1,. .., Z, be independent,
zero-mean random variables and p € (0,1). Let Spp = Y01 Zs, V2, =0 Z2,

1/{2+41}

Mn—{iZE[Zﬂ} /{iZEuzwﬂ} >0

J2a
and 0 < £, < n2C@+W) M,. Then for some absolute constant A,

A o
-1 <€27+u’ 0 <z < n2C@w
n

M,

- 1.
ln

'P(|Sn,n/vn,n| > )
2(1 = @(x))

For each j = 1,...,p, and each v € U, we will apply Lemma with Z; = f;(X;)Cui, and
i = 1. Then, by Lemma the union bound, and |[U/¢| < N, we have

En[f5(X)2¢

Pp | sup max
uelfe ISP

o1 (1 - N)) < 2pNa(v/20Na) {1 + o(1)}

< {1 +o(1)}

(0.2)

provided that max, ; {Ep[|f;(X)Cu>]3/Ep[| £;(X)Cul?]/?}@1 (1 —7/2pN,) < 6,n"/°, which holds
by Condition WL since v > 1/n (under this condition there is ¢,, — 0o obeying conditions of Lemma

0.1)
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Moreover, by triangle inequality we have

sup 10 Enlf (X)Gu] = CbEalf (0)Gullloo
weU u' €U, dyy (u,u’)<e N N . N
S s T B e[ P Bl ©:3)
uel e u' el dy (u,u’)<e N
+ sup B[ (X) (Gu = Cur)lloo 1 W g oo

u,u’ €U, dy (u,u’)<e

To control the first term in 1' we note that by Condition WL, (I\’quj is bounded away from
zero with probability 1 — o(1) uniformly over u € U and j = 1,...,p. Thus we have uniformly over
uelUand j=1,...,p

~ ~ - ~ ~ ~ ~ ~
[(Wa0s5 = Vo) Yuoii| = [Wuojj — Yawosil/Puoj; < ClWuojj — Yurojsl (0.4)
with the same probability. Moreover, we have

sup  maxjep [{Eaf(X)2CNY2 — (B[ f;(X)2C )12
w,u! €U dy (u,u!)<e (0.5)

< sup maxjcp{En[fj(X)(Cu — Cu) I}
w,u’ €U, dy (u,u’)<e

Thus, relations ((0O.4)) and (0O.5)) imply that with probability 1 — o(1)

sup [(Wog — b) Puollo S sup  max{E,[f;(X)?(Cu — Cuw)?]}2.

w,u’ €U, dy (u,u’)<e w,u’ €U, dy (u,u’)<e J<p

By (0.2)

sup ([0 Enlf (X)Cul oo < C'V/log(p V Ny V)
uele

with probability 1 — o(1), so that with the same probability

sup (T — ) Waollool g Eal ()Gl
u€eUe ' €U, dy (u,u')<e
< swp maxe{Ealfi(X)2(Gu — Gu) Y20 st o)

w,u’ €U, dy (u,u’)<e
where the last inequality follows by Condition WL(iii).
The last term in (0.3) is of the order o(n~1/2) with probability 1 — o(1) since by Condition WL,
sup IEn[f(X)(Cu — Cu)llloe < Sm /2
u,u! €U, dy (u,u’)<e
with probability 1 — A,,, and noting that by Condition WL sup,,¢;, H(I\/;()l ||loo is uniformly bounded
with probability at least 1 — o(1) — A,,.
The results above imply that (0O.3) is bounded by o(1)/y/n with probability 1 — o(1). Since
2/1og(2pN,,/7) < @71(1 — v/{2pN,.}) for n large enough (since v/{2pN,,} — 0 and standard tail
bounds), we have that with probability 1 — o(1)

ueUe u' €U, dy (u,u’)<e

and the result follows. [
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Proof of Lemmal[J.9 We start with the last statement of the lemma since it is more difficult (others
will use similar calculations). Consider the class of functions F = {Y, : u € U}, F' = {Ep[Ys, | X]:
u €U}, and G = {¢? = (Y, — Ep[Yy | X])?: u € U}. Let F be a measurable envelope for F which
satisfies F' < B,,.

Because F is a VC-class of functions with VC index C’d,,, by Lemma 1) we have
log N(e||Fllga2, F: |l - l[Q.2) S 1+ [dulog(e/e) v 0]. (0.6)
To bound the covering number for 7' we apply Lemma and since E[F' | X] < F, we have

Fl -

log sup N (e
Q

Q2) < 10gSgPN(§||F||Q,2,f7 I lQ.2)- (0.7)
Since G C (F — F')?, G = 4F? is an envelope for G and the covering number for G satisfies

(4)
log N (e[l 4F?]|.2, G, || - [10.2) < 2log N(5[2F(lQ2, F — FLll - llgz2)

(,Ll) € € !
< 2log N(§[Fllgz2 F, Il - lo2) + 2log N(£l| Flig.2 F', I - lo.2)
(idd)
< Alogsupg N (5[ FllQa2, F Il - llg.2),
(0.8)
where (i) and (ii) follow by Lemma [L.1[2), and (iii) follows from (O.7).
Hence, the entropy bound for the class M = UjcM;, where M; = {f7(X)G}, j € [p] and
envelope M = 4K2F? satisfies

(a)
M, |- llg2) < logp+max;ep, log N(e|4K2F?(|g2, M, || - [|@.2)

b)

< logp +1log N(e[|4F?(| g2, G, || - lg.2)

(©)

< logp + 4logsupg N(g[|Fllg.2, F, [ - [lg.2)

(d)
< logp +[(1 4 du) log(e/e€) v 0],

log N (e

where (a) follows by Lemma|L.1|(2) for union of classes, (b) holds by Lemma[L.1(2) when one class
has only a single function, (c) by and (d) follows from and € < 1. Therefore, since
SUP,cyy MaxXj<p Ep| ij(X )¢?] is bounded away from zero and from above, by Lemma we have
with probability 1 — O(1/logn) that

dul 721 721 dU ’EL 721
SUPy gy Maxj<p [(En — Ep)[fF(X)G] < \/(1+ Vog(npKBa)  A4du)KnBu 160 (npB2K2).

using the envelope M = 4K2B2 v = (', a = pn and a constant o.
Consider the first term. By Lemma we have with probability 1 — O(1/logn) that

wp B~ Gllle = swp —max[Ga(f(X) (G — )

dy(uu)<1/n (u,u)<1/n \/ﬁ jsp

(14+du)Ln log anan 22 (14dy)KnBr log(pnK, Bn i)
v + —

2/\



85

using the envelope F' = 2K,,B,,, v = C', a = pn, the entropy bound in Lemma and 02
L,n" < F? for all n sufficiently large, because L,n~" \, 0 and

sup  maxBplfi(X2(G— )] < sup  maxEp[f;(X)* (Y, — Yy)?

dyg (u,u)<1/n ISP dyg (u,u)<1/n ISP
< sup  Lpju—u/|"maxEp[f;(X)*] < CL,n".
dy (u,u)<1/n J<p

To bound the second term in the statement of the lemma, it follows that

sup max E, [f;(X) ((u—gu,)z] = sup max E,[f;(X ) (EplY, — Yy ]X])Z]
dy(u!)<1/n ISP dy(uu')<1/n ISP

su max E,, Ep[lY, — Y/ 2 | X
e e f5(X) "B F1X0 (09)

< max B, [f;(X )2] sup Ly|u — u/’U
J<p dyg(u,u')<1/n

N

where the first inequality holds by Jensen’s inequality, and the second inequality holds by assump-

tion. Since ¢ < max;<,{Ep[f;j(X)?}'/? < O, the result follows by Lemma which yields with
probability 1 — O(1/logn)

nK?2 2
maxje | (Bn ~ BP0 S 4R 4 B og(pni), (0.10)

where we used the choice C <o =C'< F = K2, v=0C, a=pn. |
0.2. Proofs for Lasso with Functional Response: Linear Case.

Proof of Lemma[J.3 Let Su = §u — 0,. Throughout the proof we assume that the events ¢ >
supy,ey Enlr2], A\/n > csup,ey ||\I';(}En[§uf(X)]||oo and U, < ¥, < LY, occur.
By definition of §u,

~

. 2\~
0 € axg pin Bl (Y — £(X)07] + — [.6]1,

~

and fcl\fuo <Y, < L\/I\luo, we have

nl(F(X)'5, )]—QE (Yo — f(X)'0u) f(X)] 0u

(Yo — f(X ) ) ] = En[(Yy - f(X)'6.)7

Oullr — ||‘1’uA9uﬂ1 (0.11)
H‘I’u uTAqu - %H\I’u&ngU\l

1Wu00ur, |1 — 2200V uodurel|1-

NN NN
:\Sz\ﬁsﬁ =
>E>

3

no
=
™~

Therefore, by ¢ > sup, ¢y En[r2] and A\/n > csup,ey H@;&En [Cuf (X)]]|oos we have

E.[(f(X)3,)?] R o
< 2Bn[ruf (X))8u + 209 0 BnlGuf (X)) (Vu0du) + 2 LIV uodur, Il — 20 Tugdure |1
2er {Enl(f <X)’6u>2]}1/2+2!\@;&En[cuf<X>]||oo||@u03u||1+%Lll‘lfuo<5un||1— 201G 8
26 {Enl(£(X)8u 1172 + 2 Wuodull + 2L uodur, 1 — 2P uodurs 1
2 Bal(F (X822 + 2 (L4 1) [Fuobure 1 — 2 (¢ = 1) [Fuoburg .

//\ //\ N

(0.12)
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Let
5 7cL+1

Gi=—— supH\IluoHoo”‘I’ ) loo-

Therefore if 6, ¢ Agy = {6 € RP ¢ ||0r¢|li < €||6r,[l1}, we have that (L +2) W u0bur, |1 <
(¢ = 1) [ Wuodurg ||y so that

{Enw(X)'E >21}1/2 < 2.
Otherwise assume 0, € Ag - In this case , the definition of kg, and H(SuTu I < Vs ||(5uTu I,

we have

~

En[(f(X)04)"] < 26 ABa[(£(X)3u)11/2 4+ 2 (L + 1) [1Wuolloo VS{ER[(F(X)6u)?] 12 /e

which implies

~ 2M\/s 1\ =
(B X322 < 20, + 20 (L " ) 1Pu0 - (0.13)
nke c
To establish the ¢1-bound, first assume that 5A € Aoz . In that case

< (14 28)10ur, 1 < (14 28)/5{Eal(F(X)'0.,) 12 /o

10ulls <
<(1+28) {28 4 2 (L4 1) ||Byolloo |

Nkekae

where we used that ||E5\uTuH1 < \/§||guTu||, the definition of the restricted eigenvalue, and the pre-

diction rate derived in (O.13)).
Otherwise note that o, ¢ Az, implies that (L + 1) W u00ur, |l < s(e-1 H‘T/uoguTng so that

(0-12) yields

32 (0 1) WBburglh < (Rl (20— (Bl OOVB)2) < &

where we used that max; t(2c, —t) < 2. Therefore

- 1 o~ CH\I} Hoon 2
1) < (14 =) [|[durcllt € (1 \I/ T 5 c 14+ — ) —%¥—
|| u”l ( + 2C> || uTqu < + > H ||oo|| u0OuTe ”1 < + 2C> le—1 )\CT

Proof of LemmalJ{ Step 1. Let L, = 4co||‘11 oo {nCT + \f||\11u0||oo] By Step 2 below and the
definition of L, we have

/S\u < Qbmax(/s\u)Li (014)
Consider any M € M = {m € N:m > 2¢max(m) sup,ey, L2}, and suppose 5, > M.

Next recall the sublinearity of the maximum sparse eigenvalue (for a proof see Lemma 3 in
Belloni and Chernozhukov| (2013)), namely, for any integer & > 0 and constant ¢ > 1 we have
Gmax(Ck) < []Ppmax(k), where [£] denotes the ceiling of ¢. Therefore

R N s,
Su < (bmax(Msu/M)Lz < ’V]\Z—‘ (ﬁmax(M)Lz

Thus, since [k] < 2k for any k > 1 we have M < 2¢max(M)L? which violates the condition that
M € M. Therefore, we have 5, < M.
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In turn, applying (O.14) once more with 5, < M we obtain 5, < @max(M)L2. The result follows
by minimizing the bound over M € M.

Step 2. In this step we establish that uniformly over v € U

nc
\/ S 4\/ ¢max Su H\II HOOCO )\T \[H\I/uOHOO .

Let Ru = (Tula s aTun)/a Yu = (Yula s 7Yun),a C_u = (<u17 cee Cun)/a and F' = [f(Xl)a cees f(Xn)],
We have from the optimality conditions that the Lasso estimator 6, satisfies

En[U, ) f;(X) (Y — f(X)0,)] = sign(f,;)A/n for each j € T,.

Therefore, noting that H\Tl;l\fluoﬂoo < 1/4, we have

VEA = (B F (Yo — FOL))z |

<UL F'C) 7+ (U5 F' R 7 ||+ (U F'F (0, — 8.))7 |
<V 195 W0l [P0 F'Cullos + 1/ Gmax (5u) [ 05 | oo +
/G (50) |V Hloo | F (O — 0) B, 2,

< o (1) 821 + /B By L ”°°{ @ — 0)]lp, 2},

where we used that ||v|| < ||v]|)""||v]|e and

I(F'F(0u — 0u)7, |

< sup |FFF@,-0,) < sup  |J0F|[F(8. — 6.)]
16]l0<5u,||6]|<1 [181l0<5u,||8]I<1

< sup  ATFFSHPF Oy — 0.l < nv/Smax (Gu) | F(X) (Ou = )|, 2-

18llo<5u,lI5]I<1

Since A\/c = sup,ey ||\I’ YF'Cullos, and by Lemma we have that the estimate 6, satisfies
1£(X) (B — 0u) |22 < 260 + 2 (L + 1) 22T 0|0 50 that

nkg

/P ) Ll Tamee 3 (1 4 1) 5o
(1-2%)

E ; VoGl o [ %2 + L2 Bl

The result follows by noting that (L + [1/¢])/(1 — 1/[lc]) = cof by definition of cp.

V Sy <

Proof of Lemma[J].5. Define m, = (E[Yu1 | X1],-.,E[Yun | Xn]), Cu := (Cuts - - -, Cun)’, and the
n x p matrix F := [f(X1);...; f(Xn)]. For a set of indices § C {1,...,p} we define Py =
F[S](F[S)F[S])"'F[S) denote the projection matrix on the columns associated with the indices

in S where we interpret ]35 as a null operator if S is empty.
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Since Yy; = my; + Cui we have

where [ is the identity operator. Therefore

Hmu_FguH <N = Py )mull + 1Pz, Cull- (0.15)

Since || F[T,]//n(F[T,)'F )7 < /1/émin(54), the last term in l) satisfies

HPTuCUH V 1/¢m1n gu)HF Cu/f”
V 1/¢mm gu)\/gHF,Cu/\/»Hoo

By Lemma with v = 1/n, we have that with probability 1 — o(1), uniformly in u € U

|F'Gu/Villoo < C\flog(p v net1) max /B[ f;(X)2CE] = Cflog(p V ne 1) [ Wy

The result follows.

NN

The last statement follows from noting that the mean square approximation error provides an
upper bound to the best mean square approximation error based on the model T}, provided that
the model include the Lasso’s mode, i.e. T, C T,,. Indeed, we have

sup  min _ [[Ep[Yy | X] = f(X)'O|lp,2 <sup min _ [Ep[Y, | X] — f(X)'Op, 2
u€U supp(0)CT, w€eU supp(0)CT,

< sup IEp[Ye | X]— F(X)0ullp, 2
Uue

<o+ sup (XY 00 — F(X) Oullp, 2
ue

2X\/s ~
<3e+ (L + V5 [Pl
nke weld

where we invoked Lemma [J.3|to bound Hf(X)’(é\u —0.)|Ip, 2- [
0.3. Proofs for Lasso with Functional Response: Logistic Case.

Proof of Lemmal[J.6. Let 6, = 0, — 6, and S, = —E,[f(X)(]. By definition of 0, we have
My (0,) + 2 Wubullt < My(6) + 2(| V4001 Thus,

Mu(0) = Mu(00) < 31ubully = 21190001

_ (0.16)
< AWubur i — 2 %uburellt < 2L(uobum, |t — 24 Wuodure 1.

Moreover, by convexity of M, (-) and Holder’s inequality we have

My (0u) = Mu(0) > 06Mu(0u) > =21 u00ulls = [Iru/ 0ullp, 2l 0uf (X)Oullp, 2 (0-17)
because
|06 Mo (60) 0u] = [Sy0u + {06 Mu(0u) — Su} dul < |S,0ul + {09 Mu(0u) — Su} dul
< H‘I’ 1 SulloolWuoSullt + 7/ vavulle, 2]l vV f(X) Sulle, 2
< EEH‘I’uOfSqu + Iru/Vwulle, 2llvVwe f(X) dulle, 2, (0.18)
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where we used that A\/n > csup,cy ||\IJ 1 Sulloo and that 9 My (60,) = Ep[{Cu + 74} f(X)] so that
{00 Mo (0u) — Su} bu| = |En[ruf(X) 0u]] < [Iru/vwulle, 2llvVwuf (X) dulle, 2. (0.19)
Combining (0.16]) and (0.17) we have

)\CE )\Lc+ 1
H‘I’uo%Tle 100007, 11 + 17/ Va2 2]V F(X) Ol 2 (0.20)

and for ¢ = ];75"“11 SUPy,cyy ||\Ilu0||oo||\11 Hlee > 1 we have

ncl|¥,o oo
w0l o

Suppose 6, & Agg .y, namely |0y 7ell1 = 2€||0y,1, ||1. Thus,

< (14 {28} H)6urelh
= 1—1yn Yo lleo
< (14 {28} D& 6wl + (1 + {28312 ”gcol” 17/ v/alBn 2 v/ f (X) Sl 2
~y n cl¥0 lloo
< (14 {28} ) durel + (1 + {28} )2 Wl s il ST f (X bullp, 2

The relation above implies that if §, € Aoz,

n <Y, lleo
16l < 5255 1(1+{2} hn ”écol“ 7w/ wullp, 2llv/wuf (X) Sulle, 2 (0.21)
6c|| W o n .
< A= 8 s/ Tl 2l T XY Bl 2 = T

where we used that 525 (1 + {2¢} 1) < 6 since & > 1. Combining the bound with the bound

10u,7g [ < €[duz 1 +

H5u||1

S .
\\6U,Turl<ﬁ{ IVl (X)6ullpn 2 = Tas if 6 € Aot
C

we have that §, satisfies
[0u,7, 11 < Ly + I L. (0.22)

. v 0o .
For every u € U, since Ay = Mgz U {0 ¢ [|0]]1 < 6’3”écu01” 1/ Sl lBn 2|/ f (X) 6], 2}, it
follows that ¢, € A,, and we have

SIS (X) 613, A { B VB f (X) bl 2

<) Mu(Bu) — Mu(84) — B Mu(04) 60 + 2|70/ /0u |, 2| /0 f(X) 8|, 2
<@ (L+ D2 Tudur, 11 + 317/ Vwulle, 2llv/waf (X) dule, 2

<@ (L c>||\1fuo\|oo2 {Tu + IT} + 3|70/ /e, 2ll v/ f (X) Sullp,, 2
<w {<L+ 1 Puoloc2E + 98I/ VTl 2 | I v/af (XY Sule, 2

nKag

where (1) follows by Lemma with Au, (2) follows from and |ryi| < |Fuil, (3) follows by
||(I\Iu05u,Tqu < H‘/I\fu()HooH&u 7,|l1 and , (4) follows from simplifications and |ry;| < |7yui|. Since
the inequality (22 A ax) < bx holdmg for > 0 and b < a < 0 implies x < b, the above system of
the inequalities, provided that for every u € U

1.~ A
in. > 3{ (L4 DlTuollc 22 + 980 VTl |
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implies that

Wy

Il (XY bulne < 3 {( ) g 2

The second result follows from the definition of Rog, (0.21)) and the bound on ||\/wy f(X) due, 2
just derived, namely for every u € U we have

10ully < 1{0u € Asgutl[dullt + 1{0u & Aoz utldullr
<(1+28)1, + 1, < {““CV 4 SllFugllo n |

} =: 111, forevery uwel.

Ty

Ve

le—1 by

} III,
Py,,2

Proof of Lemmal[J.7]. The proof of both bounds are similar to the proof of sparsity for the linear
case (Lemma differing only on the definition of L, which are a consequence of pre-sparsity
bounds established in Step 2 and Step 3.

Step 1. To establish the first bound by Step 2 below, triangle inequality and the definition of
P(A,) we have

N c(n/)\)\/muf 9 = 0u) — 1ullp, 2
c(n Wu Gu—eu
< d/igm{ﬂ B ¢ e

uniformly in u € Y. By Lemma [J.6, ¢)(A,) < 1 and ||ry[lp, 2 < [|Fu//wallp, 2 we have

Su < Vomax G oty {3+ DlITuolloo 2% + 2887/l 2}
g ¢max(5u)m {3"\1]110”00,—%; + 286%}

Let Ly = 5 {3”@“0”007@ + zséw} . Thus we have

Su < Pmax(5u) Lo (0.23)

which has the same structure as (0.14)) in the Step 1 of the proof of Lemma

Consider any M € M = {m € N : m > 2¢max(m)sup,, L2}, and suppose 3, > M. By the
sublinearity of the maximum sparse eigenvalue (Lemma 3 in Belloni and Chernozhukov| (2013))),
for any integer £ > 0 and constant £ > 1 we have ¢max(fk) < [{]Pmax(k), where [¢] denotes the
ceiling of ¢. Therefore

R N s,
Su < Qbmax(MSu/M)Lqi < ’7]\2—‘ QbmaX(M)Lg.

Thus, since [k] < 2k for any k > 1 we have M < 2¢max(M)L2 which violates the condition that
M € M. Therefore, we have 5, < M. In turn, applying (0.23)) once more with 5, < M we obtain
Su < Gmax(M)L2. The result follows by minimizing the bound over M € M.

Next we establish the second bound. By Step 3 below we have

Vo < oGV (X B = 82) = o2
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By Lemma |J.6{ and that ||\/w,7y||p, 2

=

Su

< Hru/\/UTuH]Pn 9 we have
A) (A
Pmax (5. 2&”/1) { 1) Qoo Rl —|—28c||ru/\/@TuHPmQ}

V/ Pmax (5u)2c0 {SH\IJU(JHOO \f + QS~M}

Let L, = 2¢ {3||\/I\lu0\|oo£ + 286%}. Thus again we obtained the relation (O.14
and the proof follows similarly to the Step 1 in the proof of Lemma [J.4]

<
<

Step 2. In this step we show that uniformly over v € U,
— c(n/X)
Vo < N oG XY B 0) = il (0.24)

Let Ay i= Ep[Yyi | Xi] and S, = —En[f(X)¢u] = —En[(Yy — Au) f(X)]. Let T, = supp(6a),
8u = 10ullo; 6 = Ou — Ouy and Aui = exp(f(X,)'0u) /{1 + exp(f(X:)0u)}. For any j € T, we have
En (Yo — Au) f5(X)]] = \I’u”/\/n.

Since (W, < W, implies | ¥, 1 W, 0]lco < 1/4, the first relation follows from
(B B[V~ ROz o i
Vo W00 | W og Bal(Y — Au) f, (X )]||+||‘I’ "W loo [ Wag lloo [En [(Au = Au) £, (X)]]
VE(L/OIT g EnlGuf (X Moo + (1/O1% 25 lloe 5uPjj, <z, 1oy=1 En [Au = Aul 1F(X)6]
%\/g'i_ V ¢max Su (1/£ ||\I] ”OOHf( )6 _TUHPn,Q
uniformly in u € U, where we used that A is 1-Lipschitz. This relation implies (0O.24]).

Step 3. In this step we show that if max;cy, | f(X;) (6u — 04) — 7ui] < 1 we have

V5 < N oG (X B = 82) = o2 (0.25)

Note that uniformly in v € U, Lemma establishes that ]Km — Ayl < wyi2| f(X) 04 — Tuil
since max;<p, | f(X;)' 6y — Tui| < 1 is assumed. Thus, combining this bound with the calculations

)\su

NN N

performed in Step 2 we obtain

7)\1 ecn\/%"‘ (2/€) ||\Ij HOO\/ Gmax(5u H\/wu{f 5 _fu}HPn,Q
which implies (O.25]). [

Proof of Lemmal[J.8 Let o, = 0, — 0, and t, = ||\/waf(X) dullp, 2 and S, = —E,[f(X)Cu)-
By Lemma [0.2] with A, = {6 € R? : ||§]|o < 54 + sy}, we have

2[R} < Mu(0) — Ma(0) — BoMu00)' 8 + 270/ T,
Ma(Ba) = Ma(00) + 1Sulloclulls + 317/ v/l 2o

). VEuT5ulSulloo
Mu 9u - Mu 9u tu | 3 ’ -
(0 (Ou) {%(Au)\/¢min(su+su) + 3l /\/“T”IP’nz}

where the second inequality holds by calculations as in (0.18)) and Holder’s inequality, and the last

inequality follows from

. _ . NEETS e Vit su  IIV0uf (X)Sulle, 2
dull1 < V Su + Sy dull1 < X) oy 2 S =
|| Hl H Hl ¢min(§u + Su) Hf( ) HP 2 ¢min(§u + Su) "/}u(Au)

N

N
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by the definition ,,(A) := minse 4 %.

Recall the assumed conditions ga,/6 > {%(A‘ f;&% + 3||7’u/\/wu|hpn72} and ga,/6 >

My (0,) — My(6y,). If 122 > S Buf L then
v i > {0

qA, 7 GA. ~ qA, ;

so that £, < \/ 0V {M,(0,) — M,(0,)} which implies the result. Otherwise, we have
V84 + 8ul|Sullco
wu (Au) ¢min(§u + Su)

since for positive numbers a, b, ¢, inequality a® < b+ ac implies a < Vb + ¢, we have

V Sy + SuHSu”oo
wu(Au) ¢min(§u + Su)

512; < {Mu(éu) - Mu(eu)} + Eu { + 3||7:u/\/w7u||1[”n,2} 5

Wl

Fu < V3OV (M (0,) — M (0,)} + s{ +3||m/\/mpn,2}.

0.4. Technical Lemmas: Logistic Case. The proof of the following lower bound builds upon
ideas developed in Belloni and Chernozhukov| (2011) for high-dimensional quantile regressions.

Lemma 0.2 (Minoration Lemma). For any v € U and § € A, C RP, we have

Mu(lgu + 5) - Mu(eu) - aaMu(eu)lé + Q_HFU‘/\/u)iuH]Pm2 \/“Tuf(X)/(SHanQ
> L3IV (B2, 2 p A { 5 VTt (X) e, o

where

o B el (09
A = 84, T Ey [wal F(X)8)7]

Proof. Step 1. (Minoration). Consider the following non-negative convex function

Fu(0) = Mu(Ou + 0) = My () — 9pMu(64)'0 + 27/ Vwullp, 2l vVw0uf (X) '], 2.
Note that if g4, = 0 the statement is trivial since Fy,(d) > 0. Thus we can assume G4, > 0.
Step 2 below shows that for any § = 5 € R” where t € Rand § € A, such that ||\/wy, f(X)'8||p, 2 <
da, we have
Fu(®) 2 SIVanf (X513, 2 (0.26)
Thus covers the case that § € A, and ||\/w,f(X)'d|p, 2 < qa,-

In the case that § € A, and ||\/w,f(X)d|p,2 > da,, by convexityﬁ of F,, and F,(0) = 0 we
have

lv/@af (X)'6]e,.,2 (
u 5 = 0 “ 5
B = P e (X o,

321f ¢ is a convex function with ¢(0) = 0, for o € (0,1) we have ¢(t) > ¢(at)/a. Indeed, by convexity, ¢(at + (1 —
a)0) < (1 = )$(0) + ad(t) = ag(t).

_ - X /
A, ) > QAuH\/qu;( )5\\1}%,2’ (0.27)
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where the last step follows by (0.26)) since

HM}”(X)’SHMQ = qa, for 6 =

Combining (0.26]) and ( we have
/ 2 un /
F,(6) > {3||rwuf<x> 6||pn,2} B Iaf (XY olle, 2 -

Step 2. (Proof of (0.26)) Let #,; be such that A(f(X;) 0u + Fui) = A(f(Xi)'0u) + rui = Ep[Yai |
Xi]. Defining gui(t) = log{1 + exp(f(Xi)'u + Fui + tf(X:)'0)}, Gui(t) = log{1 + exp(f(X;)'0 +
tf(X:)'0)}, Aui = Ep[Yui | X, Aui = exp(f(X;)"0u) /{1 + exp(f(X:)'0u)}, we have

Mo (8 + 8) — Myy(0) — 0pM,.(6,)'5 =
= E, [log{1 + exp(f(X)'{0u + 0})} — Yuf(X)'(0u + 0)]
—y [log{1 +exp(£(X)0u)} = Yuf (X)0u] By [(R — V) F(X)'6]
= Ep [log {1+ exp(£(X) {0 + 6})} — log{1 + exp(F(X)'0.)} — Auf (X)'0]
= En[§u(1) = gu(0) — 3,(0)]

= En[gu(1) = 9u(0) = 9,(0)] + En[{gu(1) = gu(1)} — {3u(0) — 9u(0)} — {5:,(0) — g.,(0)}]
(0.28)

II\/tTuf( )/6”1[%

Note that the function g,; is three times differentiable and satisfies,
9.i(t) = (f(X )'5)/\ i), gui(t) = (F(Xi)'0)* Aui(t)[1 — Awi(t)], and
where Ay;(t) := exp(f(X;) 0u + Tui + £ (X;)'0) /{1 + exp(f(X;) Ou + Tui + tf(X)'5)}. Thus we have

|9 ()] < | f(X)'6]gls;(t). Therefore, by Lemmas [0.3 and [0.4] given following the conclusion of this
proof, we have

gui(1) = Gui(0) — g (0) > LDt o | F(X,)'8]) + | F(Xe)] — 1} 0o
> g { LEE _ L) (0.29)

Moreover, letting Yu;(t) = Gui(t) — gui(t) we have
T (0] = [(F(X:)' ) {Aui () — Aui()}] < |F(X0)'0] |Fuil
where Ay;(t) := exp(f(Xi)'0u + t£(X;)'8)/{1 + exp(f(X;) 0y + tf(X;)'8)}. Thus

(X
En[{9u(1) = gu(D)} = {9u(0) — 9u(0)} = {5,(0) — 9, (0)}]| =
= [En[Tu(1) = Tu(0) = {Au — Au}f(X)4]] (0.30)
< 2En[|7ul [f(X)'6]].
Therefore, combining with the bounds (0.29) and (0.30)) we have
My (8 + 6) — My(0) — OpMy(0u)'5 > 3By [wul F(X)'8]?] — 3By [wl £(X)'5[]
2|7/ Vwullp, 2l vwuf (X) 0B,

which holds for any § € RP.
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Take any § = td, t € R\ {0}, 0 € A, such that ||\/w,f(X)'d|p, 2 < Ga,. (Note that the case of
d =0 is trivial.) We have

Bl F X012 = B f (XSl 2 < Ga, < B [l VO] JB [l Y5
= By [wal /(X)612]*"* /En [wal £(X)'5],

since the scalar ¢ cancels out. Thus, E,[w,|f(X) ]3] < E,|w.|f(X)'§]?]. Therefore we have

$En [wul £(X)6°] = 3En [wal f(X)6°] = ZEn [wal f(X)'6°] and

1
3

Mu(eu + 5) - Mu(eu) - aGMu(eu),(S Z %]En [wu|f(X)/6|2] - 2” \/7?;7||Pn,2H kuf(X)/(sHPn,Z,

which establishes that Fy,(§) := My, (0, + ) — My (0,) — g My (0,)'5 + 2|| j%u\|ﬂpm2||1/wuf(X)’(SHPH,Q
is larger than 1E, [wy|f(X)'6]?] for any 6 =15, t € R, 6 € A, and ||\/wuf(X)'0|lp, 2 < Ga,. ™

Lemma 0.3 (Lemma 1 from Bach| (2010)). Let g : R — R be a three times differentiable convex
function such that for allt € R, |¢"(t)| < M¢"(t) for some M > 0. Then, for allt > 0 we have

9"(0) 9"(0)
M? M?

{exp(—=Mt) + Mt — 1} < g(t) — g(0) — ¢'(0)t < {exp(Mt) + Mt —1}.

Lemma O.4. For t > 0 we have exp(—t) +t —1 > 3t* — 113,

Proof of Lemma[0.4. For t > 0, consider the function f(t) = exp(—t) + t3/6 — t2/2 + ¢ — 1.
The statement is equivalent to f(¢t) > 0 for ¢ > 0. It follows that f(0) = 0, f/(0) = 0, and
f"(t) = exp(—t) +t — 1 > 0 so that f is convex. Therefore f(t) > f(0) +tf'(0) = 0. [

Lemma O.5. The logistic link function satisfies |[A(t+to) — A(to)| < A'(to){exp(|t|]) —1}. If|t] < 1
we have exp(|t]) — 1 < 2|t].

Proof. Note that [A”(s)] < A/(s) for all s € R. So that —1 < % log(A'(s)) = /X,/((j)) < 1. Suppose
s > 0. Therefore

—s <log(N(s+1tg)) —log(N (tg)) < s.

In turn this implies A’(t) exp(—s) < A'(s + tg) < A'(tp) exp(s). For ¢t > 0, integrating one more
time from O to t,

N (to){1 — exp(—t)} < A(t+ o) — A(ty) < A'(to){exp(t) — 1}
Similarly, for ¢t < 0, integrating from ¢ to 0, we have
N (t0){1 —exp(t)} < A(t+ to) — A(to) < A'(to){exp(—t) — 1}.

The first result follows by noting that 1 — exp(—|t|) < exp(|t|) — 1. The second follows by

verification. [
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APPENDIX P. SIMULATION EXPERIMENT

In this section, we present results from a brief simulation experiment. The results illustrate the
performance of our proposed treatment effect estimator that makes use of estimating equations
satisfying the key orthogonality condition given in equation (2) in the main text and variable
selection relative to an estimator that uses variable selection but is based on a “naive” estimating
equation that does not satisfy the orthogonality condition. We find that inference based on the naive
estimator can suffer from substantial size distortions and that the performance of this estimator is
strongly dependent on features of the data generating process (DGP). We also find that tests based
on the estimator constructed using our procedure have size close to the nominal level uniformly
across all DGPs we consider consistent with the theory developed in the paper.

For simplicity, we consider the case where the treatment, d;, is exogenous conditional on control
variables x;. In this case, we can apply the results of the paper substituting d; for z; in each instance
where instruments z; are used since d; is conditionally exogenous and thus a valid instrument for
itself. All of the simulation results are based on data generated as

d—1 { exp{z}(cqabo)} - 'Uz'}
1+ exp{a (cafo)
yi = di[7}(cyb0)] + Gi
where v; ~ U(0,1), ¢; ~ N(0,1), v; and (; are independent, p = dim(z;) = 250, the covariates
z; ~ N(0,%) with Sy; = (0.5)/7* and the sample size n = 200. 6y is a p x 1 vector with
elements set as 6y j = (1/4)? for j = 1,...,p. cq and ¢, are scalars that control the strength of the

relationship between the controls, the outcome, and the treatment variable. We use several different
(n2/3)R3 R
(1-R2%)6/, %60 (1—R2)6) %60

of R} € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} and R? € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}.

We report results for two different inference procedures in Figure 11. The right panel of the

combinations of ¢4 and ¢y, setting ¢q = and ¢, = for all combinations

figure shows size of 5% level t-tests for the average treatment effect where the point estimate is
formed using our proposed estimator based on model selection and orthogonal estimating equations
and the standard error is estimated using a plug-in estimator of the asymptotic variance. The left
panel shows size of 5% level t-tests for the average treatment effect estimated as

~ 1 e R
Qnai’ue = 5 Z(gy(lv ZE'@) - gy(O» I’Z))

i=1
where g,(d, z;) is a post-model-selection estimator of E[Y|D = d, X = ;] and the standard error
is estimated using a plug-in estimator of the asymptotic variance of é\mwe.

Both procedures rely on post-model-selection estimates of the conditional expectations E[Y|D =
d, X = z;], and we use exactly the same estimator of this quantity in both cases. Specifically,
we apply the Square-Root LASSO of Belloni et al.| (2011) with outcome Y and covariates (D, D x
Xi,....DxX,,(1-D),(1-D)*Xq,...,(1—D)*X,) to select variables. We set the penalty level in
the Square-Root LASSO using the “exact” option of Belloni et al. (2011) under the assumption of
homoscedastic, Gaussian errors (; with the tuning confidence level required in Belloni et al.| (2011)
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set equal to 95%. After running the square-root-LASSO, we then estimate regression coefficients
by regressing Y onto only those variables that were estimated to have non-zero coefficients by the
square-root LASSO. We then form estimates of E[Y|D = 1, X = z;] by plugging in (1, z})’ into the
estimated model for ¢ = 1,...,n and form estimates of E[Y'|D = 0, X = z;] by plugging in (0, z})’
into the estimated model for ¢ =1, ..., n.

For our proposed method, we also need an estimate of the propensity score. We obtain our esti-
mates of the propensity score by using /1 —penalized logistic regression with D as the outcome and
X as the covariates with penalty level set equal to .5,/n® (1 —1/2p)/n where ®(-) is the standard
normal distribution function using the MATLAB function “glmlasso”m We standardize the vari-
ables in X and set penalty loadings equal to 1. After running the ¢; —penalized logistic regression,
we estimate the propensity score by taking fitted values from the conventional logistic regression
of D onto only those variables that had non-zero estimated coefficients in the ¢; —penalized logistic

regression.

Looking at the results, we see the behavior of the naive testing procedure depends heavily on
the underlying coefficient sequence used to generate the data. There are substantial size distortions
for many of the coefficient designs considered with good performance, size close to the nominal
level, only occurring in a handful of cases. It is worth noting that in practice one does not know
the underlying DGP and even estimation of the quantities necessary to know where one is in the
figure may be infeasible even in this simple scenario. Our proposed procedure does a much better
job at delivering accurate inference, producing tests with size close to the nominal level across all
designs considered. That is, the simulation illustrates the uniformity derived in the theoretical
development of our estimator illustrating that its performance is relatively good uniformly across
a variety of coefficient sequences. While simply illustrative, these simulation results reinforce the
theoretical development of the main paper which prove that our proposed estimation and inference
procedures have good properties uniformly across a variety of DGPs where approximate sparsity
holds.
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Ficure 1. QTE and QTE-T estimates of the effect of 401(k) eligibility on net
financial assets.
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FIGURE 2. LQTE and LQTE-T estimates of the effect of 401(k) participation on
net financial assets.
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Appendix Table 1: Estimates and standard errors of average 401(k) eligibility effects

Specification Net Total Financial Assets Total Wealth

Series approximation Dimension Selection Linear Model ATE ATE-T Linear Model ATE ATE-T
Indicator 20 N 9122 8266 11357 6454 6268 8807
(1343) (1144) (1567) (2117) (1881) (2517)
{1163} {1635} {1929} {2403}
Indicator 20 Y 9191 9634 11701 6562 8453 9672
(1348) (1180) (1644) (2121) (1903) (2587)
{1113} {1579} {1887} {2604}
Quadratic Spline 35(32) N 8997 8093 11250 6194 5943 8710
(1252) (1082) (1513) (2020) (1800) (2428)
{967} {1423} {1823} {2467}
Quadratic Spline 35(32) Y 8967 7614 10257 6293 6733 7179
(1270) (1224) (1776) (2047) (1945) (2725)
{1234} {1676} {2002} {2817}
Quadratic Spline Plus Interactions 311(272) N 9019 11775 11740 5988 73109 6240
(1258) (4202) (1779) (2033) (36787) (2577)
{4202} {1757} {36697} {2650}
Quadratic Spline Plus Interactions 311(272) Y 8307 7077 8830 4775 6177 7130
(1313) (1358) (2133) (2005) (1894) (2651)
{1237} {2105} {1908} {2700}

Quadratic Spline Plus Many Interactions 1756 (1526) N 8860 - - 5933 - -

(1358) - - (2097) - -
Quadratic Spline Plus Many Interactions 1756 (1526) Y 8536 7848 9602 5084 5881 7142
(1321) (1317) (2047) (1998) (1912) (2876)
{1334} {1894} {1852} {2809}

Notes: The sample is drawn from the 1991 SIPP and consists of 9,915 observations. All the specifications control for age, income, family size, education, marital status, two-earner
status, defined benefit pension status, IRA participation status, and home ownership status. Indicators specification uses a linear term for family size, 5 categories for age, 4
categories for education, and 7 categories for income. Quadratic Spline uses indicators for marital status, two-earner status, defined benefit pension status, IRA participation status,
and home ownership status; a third order polynomial in age; second order polynomials in education and family size; and a piecewise quadratic polynomial in income with six break
points. The "Quadratic Spline Plus Interactions" specification include all first-order interactions between the income variables and the remaining variables. The specification denoted
"Quadratic Spline Plus Many Interactions" takes all first-order interactions between all non-income variables and then fully interacts these interactions as well as the main effects
with all income variables. Analytic standard errors are given in parentheses. Bootstrap standard errors based on 500 repetitions with Mammen (1993) multipliers are given in
braces.
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Appendix Table 2: Estimates and standard errors of average 401(k) participation effects

Specification Net Total Financial Assets Total Wealth
Series approximation Dimension Selection Linear Model LATE LATE-T Linear Model LATE LATE-T
Indicator 20 N 13102 11833 16120 9307 8972 12500
(1922) (1638) (2224) (3038) (2692) (3572)
{1448} {2201} {2572} {3248}
Indicator 20 Y 13150 13915 16608 9323 12210 13729
(1929) (1704) (2333) (3042) (2749) (3672)
{1684} {2417} {2835} {3616}
Quaderatic Spline 35(32) N 12926 11579 15969 8910 8503 12363
(1796) (1548) (2148) (2901) (2575) (3446)
{1413} {2195} {2837} {3611}
Quadratic Spline 35(32) Y 12890 10937 14560 9079 9672 10189
(1821) (1758) (2520) (2941) (2794) (3869)
{1709} {2576} {2880} {3657}
Quadratic Spline Plus Interactions 311(272) N 12973 17529 16664 8599 109160 8857
(1804) (6256) (2526) (2923) (54927) (3658)
{6249} {2558} {56974} {3784}
Quadratic Spline Plus Interactions 311(272) Y 11784 10168 12533 6964 8874 10120
(1995) (1952) (3027) (2935) (2721) (3763)
{1963} {2818} {2733} {3636}
Quadratic Spline Plus Many Interactions 1756 (1526) N 12827 - - 8601 - -
(1960) - - (3031) - -
Quadratic Spline Plus Many Interactions 1756 (1526) Y 10671 11267 13629 4620 8443 10137
(2001) (1890) (2906) (2928) (2744) (4083)
{1835} {2862} {2719} {4022}

Notes: The sample is drawn from the 1991 SIPP and consists of 9,915 observations. All the specifications control for age, income, family size, education, marital status, two-earner
status, defined benefit pension status, IRA participation status, and home ownership status. Indicators specification uses a linear term for family size, 5 categories for age, 4
categories for education, and 7 categories for income. Quadratic Spline uses indicators for marital status, two-earner status, defined benefit pension status, IRA participation status,
and home ownership status; a third order polynomial in age; second order polynomials in education and family size; and a piecewise quadratic polynomial in income with six break
points. The "Quadratic Spline Plus Interactions" specification include all first-order interactions between the income variables and the remaining variables. The specification denoted
"Quadratic Spline Plus Many Interactions" takes all first-order interactions between all non-income variables and then fully interacts these interactions as well as the main effects
with all income variables. Analytic standard errors are given in parentheses. Bootstrap standard errors based on 500 repetitions with Mammen (1993) multipliers are given in
braces.
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FiGure 3. QTE and QTE-T estimates based on the Indicators specification.
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FiGure 5. QTE and QTE-T estimates based on the Quadratic Spline Plus Inter-
action specification.
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Ficure 7. LQTE and LQTE-T estimates based on the Indicators specification.
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Ficure 8. LQTE and LQTE-T estimates based on the Quadratic Spline specification.
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Ficure 9. LQTE and LQTE-T estimates based on the Quadratic Spline Plus In-
teraction specification.
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Ficure 10. LQTE and LQTE-T estimates based on the Quadratic Spline Plus

Many Interaction specification.
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Naive rp(0.05) Proposed rp(0.05)

FIGURE 11. Rejection frequencies of 5% level tests for average treatment effect

estimators following model selection. The left panel shows size of a test based on a
“naive” estimator (Naive rp(0.05)), and the right panel shows size of a test based
on our proposed procedure (Proposed rp(0.05)).
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