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Abstract

This paper makes several contributions to the literature on the important yet difficult prob-
lem of estimating functions nonparametrically using instrumental variables. First, we derive the
minimax optimal sup-norm convergence rates for nonparametric instrumental variables (NPIV)
estimation of the structural function hg and its derivatives. Second, we show that a compu-
tationally simple sieve NPIV estimator can attain the optimal sup-norm rates for hy and its
derivatives when hg is approximated via a spline or wavelet sieve. Our optimal sup-norm rates
surprisingly coincide with the optimal L2-norm rates for severely ill-posed problems, and are
only up to a [log(n)]¢ (with e < 1/2) factor slower than the optimal L?-norm rates for mildly
ill-posed problems. Third, we introduce a novel data-driven procedure for choosing the sieve di-
mension optimally. Our data-driven procedure is sup-norm rate-adaptive: the resulting estimator
of hg and its derivatives converge at their optimal sup-norm rates even though the smoothness
of hy and the degree of ill-posedness of the NPIV model are unknown. Finally, we present two
non-trivial applications of the sup-norm rates to inference on nonlinear functionals of hg under
low-level conditions. The first is to derive the asymptotic normality of sieve t-statistics for exact
consumer surplus and deadweight loss functionals in nonparametric demand estimation when
prices, and possibly incomes, are endogenous. The second is to establish the validity of a sieve
score bootstrap for constructing asymptotically exact uniform confidence bands for collections
of nonlinear functionals of hg. Both applications provide new and useful tools for empirical
research on nonparametric models with endogeneity.

Keywords: 1ll-posed inverse problems; Series 2SLS; Optimal sup-norm convergence rates; Adap-
tive estimation; Random matrices; Bootstrap uniform confidence bands; Nonlinear welfare func-
tionals; Nonparametric demand analysis with endogeneity.
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1 Introduction

This paper investigates how well one may estimate an unknown structural function hg of endogenous
regressors in sup-norm loss, where hy is identified by a nonparametric instrumental variables (NPIV)
model: E[Y; — ho(X;)|W;] = 0, where X is a vector of endogenous regressors and Wj is a vector of
instrumental variables. We show that a computationally simple sieve NPIV estimator, which is also
called a sieve minimum distance or series 2SLS estimator (Newey and Powell, 2003; Ai and Chen,
2003; Blundell, Chen, and Kristensen, 2007), can attain the best possible sup-norm convergence
rates when spline or wavelet sieves are used to approximate the unknown hg. We introduce a novel
data-driven procedure to choose the key regularization parameter, namely the sieve dimension (for
approximating hg), of the sieve NPIV estimator. The procedure is shown to be sup-norm rate
adaptive to the unknown smoothness of hg and the unknown degree of ill-posedness of the NPIV
model. In fact, we show that the same data-driven choice of the sieve dimension simultaneously

leads to the optimal sup-norm rates for estimating hg and its derivatives.

Sup-norm (uniform) convergence rates for nonparametric estimators of hg and its derivatives provide
sharper measures on how well the unknown function hg and its derivatives could be estimated
given a sample of size n. Equally or perhaps more importantly, they are very useful to control
the nonlinearity bias when conducting inference on nonlinear functionals of hg, such as the exact
consumer surplus and deadweight loss welfare functionals in nonparametric demand estimation
(Hausman and Newey, 1995; Vanhems, 2010; Blundell, Horowitz, and Parey, 2012).

NPIV estimation has been the subject of much recent research, both because of its importance
to applied economics and its prominent role in the literature on ill-posed inverse problems with
unknown operators. In addition to the sieve NPIV estimator (Newey and Powell, 2003; Ai and
Chen, 2003; Blundell et al., 2007), other estimators have also been considered in the literature;
see Hall and Horowitz (2005); Carrasco, Florens, and Renault (2007); Darolles, Fan, Florens, and
Renault (2011); Horowitz (2011); Liao and Jiang (2011); Gagliardini and Scaillet (2012); Chen
and Pouzo (2012); Florens and Simoni (2012); Kato (2013) and references therein. To the best
of our knowledge, all the published works on convergence rates for various NPIV estimators have
only studied L?-norm (or closely related Hilbert-norm) convergence rates. In particular, Hall and
Horowitz (2005) are the first to establish the minimax lower bound in L2-norm loss for estimating hg
for mildly ill-posed NPIV models, and show that their estimators attain the lower bound. Chen and
Reiss (2011) derive the minimax lower bound in L?-norm loss for estimating hg for NPIV models
that could be mildly or severely ill-posed, and show that the sieve NPIV estimator achieves the
lower bound.! Recently, for Horowitz (2011)’s modified orthogonal series NPIV estimator, Horowitz
(2014) proposed a data-driven procedure for choosing the orthogonal series dimension that is near

L?*norm rate-adaptive in that his procedure attains the optimal L?-norm rate up to a [log(n)]'/2

1Subsequently, some other NPIV estimators have also been shown to attain the optimal L?-norm rates.



factor for both mildly or severely ill-posed models. As yet there are no published results on sup-
norm convergence rates for any NPIV estimator, nor are there results on what are the minimax
lower bounds in sup-norm loss for any class of NPIV models. Further, there is no prior work on any
data-driven procedure that is sup-norm rate adaptive to the unknown smoothness of the function

ho and the unknown degree of ill-posedness of the NPIV model.

In this paper we study the sup-norm convergence properties of the sieve NPIV estimator of the
unknown hg and its derivatives. We focus on this estimator because, in addition to its known L?*-
norm rate optimality for estimating hg, it has been used extensively in empirical work and can
be implemented as a simple two stage least squares (2SLS) estimator even when X; contains both
endogenous and exogenous regressors. We first establish a general upper bound on the sup-norm
convergence rate of any sieve NPIV estimator. When hg belongs to a Holder ball of functions with
smoothness p > 0, we obtain the sup-norm convergence rates of the spline and wavelet sieve NPIV
estimators for estimating hy and its derivatives jointly. We then derive the minimax lower bounds
in sup-norm loss for hg and its derivatives uniformly over a Holder ball of functions. The lower
bounds are shown to equal our sup-norm convergence rates for the spline and wavelet sieve NPIV
estimators of hg and its derivatives. Surprisingly, these optimal sup-norm convergence rates for
estimating hg and its derivatives coincide with the optimal L?-norm rates for severely ill-posed
problems, and are a factor of [log(n)]¢ (with 0 < € < p/(2p + 1)) slower than the optimal L?-norm
rates for mildly ill-posed problems.?

In practice, to attain the optimal sup-norm convergence rates of the sieve NPIV estimator one
must choose the sieve dimension to balance the sup-norm bias term and the sup-norm sampling
error term (loosely called the “standard deviation” term). The sup-norm bias term depends on the
smoothness of the unknown function hg and the sup-norm standard deviation term depends on the
degree of ill-posedness of the unknown NPIV operator. Therefore, it is important to have a method
for choosing the optimal sieve dimension without knowing these unknowns. We introduce a new
data-driven procedure for choosing the sieve dimension for approximating hg. We show that our
data-driven choice of sieve dimension is optimal in that the resulting sieve NPIV estimators of hg
and its derivatives attain their optimal sup-norm rates. Interestingly, our data-driven procedure
automatically leads to optimal L?-norm rate adaptivity for severely ill-posed models, and optimal
L2-norm rate adaptivity up to a factor of [log(n)]¢ (with 0 < € < p/(2p + 1)) for mildly ill-posed
models. Our data-driven procedure is different from the model selection procedure proposed by
Horowitz (2014) for his modified orthogonal series NPIV estimator, which might explain why our
procedure leads to a L?-norm rate that is faster than his procedure. A Monte Carlo study indicates

that our sup-norm rate-adaptive procedure performs well in finite samples.

We illustrate the usefulness of the sup-norm convergence rate results with two non-trivial applica-

2See Subsection 2.4 for the expression of € and the complementary results on L?-norm rate optimality of sieve
NPIV estimators for estimating the derivatives of ho.



tions, each of which makes new contribution to inference on nonlinear welfare functionals in NPIV
estimation. Inference on nonlinear functionals of hg in a NPIV model is very difficult because of
the combined effects of nonlinearity bias and slow rates of convergence of any NPIV estimators
in L? norms for 1 < ¢ < oco. In the first application, we extend the important work by Hausman
and Newey (1995) on nonparametric estimation of exact consumer surplus and deadweight loss
functionals to allow for prices, and possibly incomes, to be endogenous. Specifically, we use our
sup-norm convergence rates for estimating the demand function hg and its derivatives to linearize
plug-in estimators of exact consumer surplus and deadweight loss functionals. This linearization
immediately leads to asymptotic normality of sieve ¢ statistics for exact consumer surplus and dead-
weight loss using our pointwise limit theory in Appendix A.? Our second important application is
to sieve score bootstrap uniform confidence bands for collections of nonlinear functionals of hg; see

Appendix B for details.

The rest of the paper is organized as follows. Section 2 establishes the optimal rates of convergence
for estimating hg and its derivatives in a NPIV model. Section 3 introduces a data-driven sup-norm
rate-adaptive procedure for sieve NPIV estimators. Section 4 provides an application to inference
on exact consumer surplus and deadweight loss functionals in nonparametric demand estimation
with endogeneity. Appendices A and B present low-level conditions for pointwise and bootstrap
uniform limit theories for sieve t statistics of general nonlinear functionals of hg in a NPIV model
respectively. Appendix C contains background materials on B-spline and wavelet sieve spaces.
The online appendix contains technical lemmas, the proofs of all results in the main text, and

supplementary useful lemmas on random matrices.

Notation: Throughout we work on a complete probability space (2, F,P). A¢ denotes the comple-
ment of a measurable event A € F. We abbreviate “with probability approaching one” to “wpal”,
and say that a sequence of events {A,,} C F holds wpal if P(AS) = o(1). For a random variable
X we define the space L4(X) as the equivalence class of all measurable functions of X with finite
gth moment if 1 < ¢ < 0o; when ¢ = 0o with some abuse of notation we take L>°(X) to mean the
set of all bounded measurable f : X — R endowed with the sup norm || f||cc = sup, |f(x)|. We let
(-,-)x denote the inner product on L?(X). For matrix and vector norms, ||-||,« denotes the vector ¢4
norm when applied to vectors and the operator norm induced by the vector £¢ norm when applied

to matrices. If @ and b are scalars we let a V b := max{a, b} and a A b := min{a, b}.

3By exploiting the sup-norm rates and the close form expression of the sieve NPIV estimator, Appendix A de-
rives the pointwise asymptotic normality of sieve ¢ statistics of nonlinear functionals of NPIV under lower-level
conditions with faster growth of sieve dimension than those in Chen and Pouzo (2014) for functionals of general
semi/nonparametric conditional moment restrictions.



2 Optimal sup-norm convergence rates

This section consists of several subsections. Subsection 2.1 outlines the NPIV model and the esti-
mator. Subsections 2.2 and 2.3 first establish a general upper bound on the sup-norm convergence
rates for any sieve NPIV estimator and then the minimax lower bound in sup-norm loss, allowing
for both mildly and severely ill-posed problems. These results together lead to the optimal sup-norm
convergence rates for spline and wavelet sieve NPIV estimators for estimating hg and its deriva-
tives. Subsection 2.4 shows that the sieve NPIV estimator attains the optimal L?-norm convergence
rates for estimating hg and its derivatives under much weaker conditions. Finally Subsection 2.5

considers an extended NPIV model with endogenous and exogenous regressors.

2.1 The NPIV model, the estimator and the measure of ill-posedness

Throughout the paper the data {(Y;, X;, W;)}7, is assumed to be a random sample from the

nonparametric instrumental variables (NPIV) model

Yi = ho(Xi)+u

E[u1|WZ] 0, (1)

where Y; € R is a scalar response variable, X; € X C R? is a d-dimensional endogenous regressor,

and W; € W C R% is a d,, vector of (conditional) instrumental variables.

The sieve NPIV (or series 2SLS) estimator I of ho may be written in matrix form as
/l{(x) =¢7(2)'¢ with ¢=[VB(B'B)"B'VY| " VWB(B'B)"B'Y

where Y = (Y1,...,Y,) and

v (z) = (W (a),..., () v
bE (w) = (bg1(w), ..., brr(w)) B = (bE(W),....b5(W,))

(see (Blundell et al., 2007; Newey, 2013)).

The crucial regularization parameter to be chosen is the dimension .J of the sieve space used
to approximate the structural function hg. The smoothing parameter K is the dimension of the
instrument space, and is assumed to grow at the order of K = O(J). From the analogy with 2SLS,
it is clear that we need K > J.# When K = J, b¥ = ¢/ and d,, = d, the sieve 2SLS estimator

4Previous Monte Carlo evidences (Blundell et al., 2007; Chen and Pouzo, 2014) have demonstrated that sieve
NPIV estimators often perform better with K > J (the “over identified” case) than with K = J (the “just identified”
case), and that the regularization parameter J is important for finite sample performance while the parameter K is
not important as long as it is larger than J.



becomes Horowitz (2011)’s modified orthogonal series NPIV estimator.

The coefficient estimator ¢ is the 2SLS estimator of the parameter vector ¢y j € RY satisfying
Eb" (Wi)(Y; — 47 (Xi)'c0,0)] = 0.

Define
Gy = Gy = E/(Xi)v/(X;)]
Gy = Gyx = EPS(W)bEW;)]
S = S;xg = EPSWip!(Xy)].

We assume that S has full column rank J and that G ; and Gy k are positive definite for each J
and K, i.e., e = Anin(Gy,7) > 0 for each J and ey g = Amin(Gp,ix) > 0 for each K. Then ¢y y can

be expressed as
co.g =[Gy 1SS’ G L ES (Wy)Y] = [S7Gy L S) TS G L E S (W) ho (X))
We refer to ¢/ (-)/c s as the sieve 2SLS approximation to hg.

To introduce a measure of ill-posedness, let T : L?(X) — L?(W) denote the conditional expectation
operator given by
Th(w) = E[h(X;)|W; = w].

The operator T' is compact when X is endogenous under mild conditions on the conditional density
of X given W (see, e.g., Newey and Powell (2003); Blundell et al. (2007); Darolles et al. (2011);
Andrews (2011)). Let ¥ = clsp{tbj1,...,% s} C L*(X) and Bg = clsp{bk1,...,bxr} C L*(W)
denote the sieve spaces for the endogenous and instrumental variables, respectively.® Let W1 =
{h € Oy :||hl|r2(x) = 1}. The sieve L?* measure of ill-posedness is

1Al L2x) 1

T] = sup =z .
new im0 [ Thllp2owy  infrew,, ITR) L2ow)

Following Blundell et al. (2007), we call a NPIV model:
(i) mildly ill-posed if T; = O(J/?) for some ¢ > 0; and
(ii) severely ill-posed if T = O(exp(%Jg/d)) for some ¢ > 0.

5The exception is when the vector of regressors contains both endogenous and exogenous variables. See Section
2.5 for a discussion.



2.2 Upper bounds on sup-norm rates

To derive the sup-norm (uniform) convergence rate we split ”?L — hpl|so into so-called bias and

variance terms and derive sup-norm convergence rates for the two terms. Specifically, let
71(3:) =¢7/(2)'¢ with ¢=[V'B(B'B)"B'V|"V'B(B'B)"B'H,

where Hy = (ho(X1), ..., ho(Xyn)). We say that || — ho||es is the “bias” term and ||h — & is the

“standard deviation” (or sometimes loosely called “variance”) term. Both are random quantities.

We first introduce some basic conditions on the supports of the data, identification, true residuals

and the sieve spaces.

Assumption 1 (i) X; has compact rectangular support X C R? with nonempty interior and the
density of X; is uniformly bounded away from 0 and oo on X; (i) W; has compact rectangular
support W C R% and the density of W; is uniformly bounded away from 0 and oo on W; (iii)
T : L*(X) — L2(W) is injective; and (iv) hg € H C L=(X) and ¥; C Yy for J' > J with U;¥;
dense in (M, - [22(x))-

Assumption 2 (i) sup,ey E[u?|W; = w] < 7% < 0o; and (ii) E[|lu;|**%] < 0o for some § > 0.

We say that the sieve basis for W ; is Holder continuous if there exist finite constants w > 0,w’ > 0

such that HG;}J/Q{wJ(:ﬁ) — P (@) 2 < T2 — x’H‘;QI for all z, 2’ € X. Let

G = Gy =sup G0 (@)l G =G =sup |Gy b (w)
&y = Eg,g = sup [0 (@) |

for each J and K and define ¢ = (5 = (. V (y,s. Note that ¢y ; has some useful properties:
—-1/2

1Plloe < Cpallbll2cx) for all b € Wy, and VJ = (E[|G,, Pyl (XONIZDY2 < Cos < Eur/Ver

clearly (p  has similar properties.

Assumption 3 (i) the basis spanning W is Holder continuous; (i) 7;¢?/v/n = O(1); and (iii)

¢+9)/5, /(logn)/n = o(1).

Let Iy : L2(W) — Bk denote the L?(W) orthogonal projection onto By (the sieve instrumental

variables space).

Assumption 4 (i) SUPpew |(OT — T)h| 20wy = 0(7}1).

7



Assumption 1 is standard. Parts (i) and (ii) just place some mild regularity conditions on the
support of the data. Part (iii) is typically satisfied in models with endogeneity (e.g. Newey and
Powell (2003); Carrasco et al. (2007); Blundell et al. (2007); Andrews (2011)). The parameter
space H for hg in part (iv) is typically taken to be a Holder or Sobolev class. Assumption 2(i)(ii)
are also imposed for sup-norm convergence rates for series LS regression without endogeneity (e.g.,
Chen and Christensen (2014)). Assumption 3(i) is satisfied by most commonly used sieve bases.
Assumption 3(ii)(iii) restrict the maximum rate at which J can grow with the sample size. Upper
bounds for ¢y ;s and (j x are known for commonly used bases under standard regularity conditions.
For instance, under Assumption 1(i)(ii), ¢,k = O(VK) and (p,g = O(V/J) for (tensor-product)
polynomial spline, wavelet and cosine bases, and ¢, x = O(K) and ¢y, ; = O(J) for (tensor-product)
orthogonal polynomial bases (see, e.g., Huang (1998) and online Appendix C). Assumption 4(i) is
a very mild condition on the approximation properties of the basis used for the instrument space
and is similar to the first part of Assumption 5(iv) of Horowitz (2014). It is trivially satisfied with
|(HT —=T)h| 2wy = 0 for all h € ¥; when the basis functions for Bx and ¥ form either a Riesz

basis or eigenfunction basis for the conditional expectation operator.

2.2.1 Bound on sup-norm ‘“standard derivation”

Lemma 2.1 Let Assumptions 1(i)(iii), 2(i)(ii), 3(ii)(%ii), and 4(i) hold. Then:
(1) 7= Rllow = Op (7560, Togm) [ (ne,)).
(2) If Assumption 3(i) also holds, then: ||ﬁ — hjoe = O, (TJQ/,J (log n)/n) .

Recall that v/ J < Cp,7 < &p,u/v/€J- Result (2) of Lemma 2.1 provides a slightly tighter upper bound
on the variance term than Result (1) does, while Result (1) allows for slightly more general basis to

be used to approximate hg. For splines and wavelets, we show in Appendix C that & j//€; S Vi,
so Results (1) and (2) produce the same tight upper bound 774/ (Jlogn)/n on HE — h|so-

2.2.2 Bound on sup-norm ‘“bias”

Before we provide a bound on the sup-norm “bias” term ||k — ho|les, We introduce various non-
random projections of hg onto the sieve approximating space ¥, which imply different sieve ap-

proximation errors for hg that have close relations among themselves.

Let II; : LZ(X) — W denote the LQ(X) orthogonal projection onto ¥; and then Iljhy =
arg minpew, [[ho — h)[|L2(x)- Let Qsho = argminpew, [|[IIx T (ho — h)||L2(w) denote the sieve 2SLS
projection of hy onto ¥, which is Q ho = 7 (-)'co s. Let mshy = arg mingey, [|7(ho — h)llz2w)
denote the IV projection of hg onto W .



Assumption 4 (continued) (i) 75 X [|T'(ho — ILiho)| 2wy < const x ||ho — I yho||z2(x); and
(iii) |Qsho — Isholloe < O(1) X [[ho — ILyholloo-

Assumption 4(ii) is the usual L? “stability condition” imposed in the NPIV literature (see Assump-
tion 6 in Blundell et al. (2007) and Assumption 5.2(ii) in Chen and Pouzo (2012) and their sufficient
conditions). Assumption 4(iii) is a new L “stability condition” to control for the sup-norm bias.

Instead of Assumption 4(iii), we could impose the following Assumption 4(iii’).

Assumption 4 (iii’) (Cd,,JTJ) X H(HKT — T)(tho — WJhO)HLQ(W) < const X HQJh() — 7TJh0HL2(X).

Lemma 2.2 Let Assumptions 1(iii) and 4(ii) hold. Then:

(1) lho — mshollL2(x) < [[ho — LshollL2(x):

(2) If Assumption 4(i) also holds, then: ||Q ho — mrholl2(x) < o(1) X [[ho — mrhol22(x)-
(8) Further, if Assumption 4(iii’) and

”Hjho — 7TJh0HOO S const X Hho — HJh()HOO (2)

hold then Assumption 4 (iii) is satisfied.

In light of Lemma 2.2 results (1) and (2), both Assumption 4(iii’) and Condition (2) seem mild.
In fact, Condition (2) is trivially satisfied when the basis for ¥; is a Riesz basis because then
wyho = Ilsho (see section 6 in Chen and Pouzo (2014)). The online Appendix provides further
detail on the relations among Il ;hg, msho and Q sho.

Let ho s € ¥ solve infpew, ||ho — h|oo. Then:

[ho — TLrholl 0o

IN

\ho — ho,; + 1Ly (ho — ho.g)|l
(1+ ITylloc) x [l — ho,s

IN

‘ [e.e]

where ||II;]|s is the Lebesgue constant for the sieve ¥ ; (see Lebesgue’s lemma in DeVore and
Lorentz (1993), page 30). Recently it has been established that ||Il||c < 1 when ¥ is spanned
by a tensor product B-spline basis (Huang (2003)) or a tensor product CDV wavelet basis (Chen
and Christensen (2014)). See DeVore and Lorentz (1993) and Belloni, Chernozhukov, Chetverikov,
and Kato (2014) for examples of other bases with bounded Lebesgue constant or with Lebesgue

constant diverging slowly with the sieve dimension.

The next lemma provides a bound on the sup-norm “bias” term.

Lemma 2.3 Let Assumptions 1(iii), 3(it) and 4 hold. Then:
(1) [[h = Tsholloe < Op(1) X [lho = ILrho]lco-
(2) [[h = holleo < Op (1 + [[TLs]lo0) X [[ho = ho.s

‘oo-



2.2.3 Sup-norm convergence rates

Lemmas 2.1(1) and 2.3 immediately yield the following general sup-norm rate result.

Theorem 2.1 (1) Let Assumptions 1(i)(iii)(iv), 2(i)(ii), 3(ii)(iii), and 4 hold. Then:
1B = holloe = Op (1o = Thollos + 758,/ Tog n)/(nes) ) -

(2) Further, if the linear sieve ¥ satisfies |[;|lco S 1 and &y 5/ /€7 S VT, then

I = holloe = Op (110 = ho.slloe + 7v/(TTog n)/n) -

The following corollary provides concrete sup-norm convergence rates of h and its derivatives. To

introduce the result, let B% o denote the Hélder space of smoothness p > 0 and || - ||z, _ denote
its norm (see Triebel (2006)). Let Boo(p,L) = {h € B : ||h|lgr. . < L} denote a Holder
ball of smoothness p > 0 and radius L € (0,00). Let aq,...,aq be non-negative integers, let

la| = a1 + ...+ ag, and define

alelp

Oh(a) = g

h(z) .

Of course, if |a| = 0 then 9%h = h.5

Corollary 2.1 Let Assumptions 1(i)(ii)(iii) and 4 hold. Let hy € Bso(p, L), UV be spanned by a
B-spline basis of order v > p or a CDV wavelet basis of reqularity v > p, Bk be spanned by a

cosine, spline or wavelet basis.
(1) If Assumption 3(ii) holds, then

16°T — 8%ho|jse = O, (J—@—la\)/d) forall 0<la|<p.
(2) Further if Assumptions 2(i)(ii) and 3(iii) hold, then
10%h — 0%ho|0s = O, (Jf(pflab/d + 7y Jlel/d (Jlogn)/n) forall 0<|al<p.

(2.a) Mildly ill-posed case: with p > d/2 and 6 > d/(p + <), choosing J = (n/logn)¥w+)+d)
implies that Assumption 3(ii) (i) holds and

Haag _ 8ahOHoo _ Op((n/ log n)f(p7|a\)/(2(p+c)+d)) .

SIf |a| > 0 then we assume h and its derivatives can be continuously extended to an open set containing X so that
0%h(x) is well defined for all € X.
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(2.b) Severely ill-posed case: choosing J = (cologn)¥s with co € (0,1) implies that Assumption
3(ii)(i1i) holds and
|07 = *holloo = Op((log ) ~7~12D/%) .

Corollary 2.1 is very useful for linearizing plug-in estimators of nonlinear functionals of hg to
establish pointwise and uniform limit theory; see Appendices A and B. Corollary 2.1 is also useful
for estimating functions with certain shape properties. For instance, if hgy : [a,b] — R is strictly
monotone and /or strictly concave/convex then knowing that () and/or h”(z) converge uniformly
to h{(x) and/or h{j(z) implies that h will also be strictly monotone and/or strictly concave/convex

with probability approaching one.

2.3 Lower bounds on sup-norm rates

We now establish (minimax) optimality of the sup-norm rates obtained in Corollary 2.1. Previously,
Hall and Horowitz (2005) and Chen and Reiss (2011) derived optimal L? norm rates for estimating
ho. We complement their analysis by deriving optimal sup-norm rates for estimating hg and its

derivatives.

To establish a lower bound we require a link condition which measures how much the conditional
expectation operator T' smoothes out the structural function hg. Consider the ball Ha(p, L) :=
{h = Zj,G,k aj,k,Gszyk.,G tajka € R, Zijyk 2jpa?7k7G < L?} where {Ej,k,g is a tensor product CDV
wavelet basis for [0, 1] of regularity v > p > 0 (see Appendix C) and L € (0, 00). The ball Ha(p, L)
is equivalent to the Sobolev ball Ba(p, L) (see Section 2.4) since for any Ha(p, L) there exists
L', L" € (0,00) such that Ba(p, L") € Ha(p, L) C Ba(p,L"). Let v : Ry — Ry be decreasing.

Condition LB (i) Assumption 1(i)-(iii) holds; (ii) E[u?|W; = w] > a% > 0 uniformly for w € W;
and (ii1) | ThI 200, S 30 22 (e Tyl

Condition LB(i)—(ii) is standard (see Hall and Horowitz (2005) and Chen and Reiss (2011)). Condi-
tion LB(iii) is a so-called link condition (Chen and Reiss, 2011). In an earlier version of the paper we
derived a lower bound for hg in the mildly ill-posed case under the condition || Thl3, x) = Il By
for some ¢ > 0, which corresponds to choosing v(t) = t™° in the above condition. Here we also allow

for the severely ill-posed case, which corresponds to choosing v(t) = exp(—4t°).

Let P, denote the probability measure of the data when the structural function is h.

Theorem 2.2 Let Condition LB hold for the NPIV model with a random sample {(X;, Y, W)} ;.
Then for any 0 < |a| < p:

liminfinf sup Py (”% — 0%|0o > c(n/log n)f(p7|a‘)/(2(p+g)+d)) > >0
N0 Gn heBoo(p,L)
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in the mildly ill-posed case, and

liminfinf sup Py (Hﬁn — %00 > c(logn)*(p*|a‘)/<> > >0
N0 gn heBoo(p,L)

in the severely ill-posed case, where infg, denotes the infimum over all estimators of 9h based on

the sample of size n, and the finite positive constants c,c’ do not depend on n.

2.4 Optimal L?>-norm rates in derivative estimation

Here we show that the sieve NPIV estimator and its derivatives can attain the optimal L?-norm
convergence rates for estimating hg and its derivatives under much weaker conditions The optimal
L?-norm rates for sieve NPIV derivative estimation presented in this section are new, and should

be very useful for inference on some nonlinear functionals involving derivatives such as f(h) =

10 h]12a -

Theorem 2.3 Let Assumptions 1(iii) and 4(i)(ii) hold and let T;(+/(log J)/n = o(1). Then:
(1) |k = holl2(x) < Op(1) X |lho — WyhollL2(x)-
(2) Further, if Assumption 2(i) holds then

I~ hollzzgx) = Op (ko — bl zzx) + 757/ 7/m) -

The following corollary provides concrete L? norm convergence rates of h and its derivatives. To
introduce the result, let || || BL, denote the Sobolev norm of smoothness p (see Triebel (2006)), By ,
denote the Sobolev space of smoothness p > 0, and Ba(p, L) = {h € By, : Hh”Bg,z < L} denote a
Sobolev ball of smoothness p > 0 and radius 0 < L < oo.

Corollary 2.2 Let Assumptions 1(i)(ii)(iii) and 4(i)(ii) hold. Let hg € Ba(p,L), ¥  be spanned
by a cosine basis, B-spline basis of order v > p, or CDV wavelet basis of reqularity v > p, Bi be

spanned by a cosine, spline, or wavelet basts.

(1) If 751/ (Jlog J)/n = o(1) holds, then
|0%h — 0%hol|z2(x) = Op (J*(p*‘o‘l)/d) forall 0<|a|<p.
(2) Further if Assumption 2(i) holds, then

|0%h — 0%hollr2(x) = Op (J_(p_‘o‘wd + TJJIal/d\/J/TL) forall 0<|al<p.

12



(2.a) Mildly ill-posed case: choosing J =< n® C@+)+d) yields 75, /(Jlog J)/n = o(1) and
||8aﬁ _ aahOHLQ(X) — Op(n*(p*|a|)/(2(p+§)+d)).

(2.b) Severely ill-posed case: choosing J = (cologn)¥s for any co € (0,1) yields 75+/(Jlog J)/n =
o(1) and
1ok — 0%hollr2(xy = Op((log n)~(Plab/sy

The conclusions of Corollary 2.2 hold if an arbitrary basis is used for Bx under the condition
77¢/(log J)/n = o(1). Our next theorem shows that the rates obtained in Corollary 2.2 are in
fact optimal. It extends the earlier work by Chen and Reiss (2011) on the minimax lower bound
in L? loss for estimating hg to that for estimating the derivatives, allowing for both mildly and

severely ill-posed NPIV problems.

Theorem 2.4 Let Condition LB hold for the NPIV model with a random sample {(X;, Y, W)}, .
Then for any 0 < |a| < p:

liminfinf sup Py (Hﬁn — 0%l r2(x) = cn_(p_|°‘|)/(2(p+§)+d)) >cd >0
n—oo  gp hEBQ(p,L)

in the mildly ill-posed case, and

liminfinf sup Py (H/g\n — 0%h||r2(x) = c(logn)_(p_m')/c) >cd >0
N0 Ygn heBs(p,L)
in the severely ill-posed case, where infg, denotes the infimum over all estimators of 9%h based on

the sample of size n, and the finite positive constants c,c do not depend on n.

According to Theorems 2.2 and 2.4, the minimax lower bounds in sup-norm loss for estimating hg

and its derivatives coincide with those in L? loss for severely ill-posed NPIV problems, and are only

p—la|
2(p+s)+d

a factor of [log(n)]¢ (with € = < 2p1-2+ - < %) worse than those in L? loss for mildly ill-posed

problems.

2.5 Models with endogenous and exogenous regressors

We finish by discussing briefly models of the form
Yi = ho(X1i, Zi) + u; (3)

where Xy; is a vector of endogenous regressors and Z; is a vector of exogenous regressors. Let
X; = (X{;, Z})". Here the vector of instrumental variables W; is of the form W; = (W7,, Z!)" where

13



Wi, are instruments for Xi;. We refer to this as the “partially endogenous case”.

The sieve NPIV estimator is implemented in exactly the same way as the “fully endogenous” setting
in which X; consists only of endogenous variables, just as with 2SLS estimation with endogenous
and exogenous variables (Newey and Powell, 2003; Ai and Chen, 2003; Blundell et al., 2007). Other
NPIV estimators based on first estimating the conditional densities of the regressors variables
and instrumental variables must be implemented separately at each value of z in the partially
endogenous case (Hall and Horowitz, 2005; Horowitz, 2011; Gagliardini and Scaillet, 2012).

Our convergence rates presented in Sections 2.2 and 2.4 apply equally to the partially endogenous
model (3) under the stated regularity conditions: all that differs between the two cases is the

interpretation of the sieve measure of ill-posedness.

Consider first the fully endogenous case where T': L?(X) — L?(W) is compact. Then T admits
a singular value decomposition (SVD) {¢o;, ¢15, p;}52, where (T*T)1/2¢oj = Widoj, i > Hjt1
for each j and {¢g;}32; and {¢1;}32, are orthonormal bases for L?(X) and L?*(W), respectively.
Suppose that W ; spans ¢oj,...,¢os. Then the sieve measure of ill-posedness is 7; = u;l (see
Blundell et al. (2007)). Now consider the partially endogenous case. Similar to Horowitz (2011),
we suppose that for each value of z the conditional expectation operator T, : L?(X{|Z = z) —
L*(W1|Z = z) given by (T,h)(w1) = E[h(X1)|W1; = w1, Z; = 2] is compact. Then each T, admits
a SVD {¢jz, b1j,z: 1,2 1521 where Todojz = 12015,z (TT, ) 2052 = pj=bojz (T, T3) 2. =
Wi =P1j,z5 M,z > Jhj+1,2 for each j and z, and {¢0j,z}?i1 and {¢1j,z}§i1 are orthonormal bases for
L*(X1|Z = z) and L*(W1|Z = z), respectively, for each z. The following result adapts Lemma 1 of
Blundell et al. (2007) to the partially endogenous setting.

Lemma 2.4 Let T, be compact with SVD {¢o; ., ¢1j,za#j,z}§i1 for each z. Let ,ujz = E[,u?zz] and
®0j (-, 2) = ¢0j,2(-) for each z and j. Then: (1) 77 > ,u}l.
(2) If, in addition, ¢o1,...,¢0s € Yy, then: 75 < ,u;l.

The following stylized example illustrates the behavior in the partially endogenous case relative
to that in the fully endogenous case. Let Xi;, Wi; and Z; be scalar random variables and let
(Xh', Wlia Zl)/ be distributed as

X1 0 1 pxw pxz
Wy | ~N O 1| pxw 1  pwz
Zi 0 pxz pwz 1

and pxw, pxz, pwz are such that the covariance matrix is positive definite. Then
X1i—pxzz 0 1
/1—p2 _ PxwW|z
W1rpv)x§§z Zi=z NN(( 0 ) ) ( 1 )) (4)
[1—p2,, PxXWwW|z
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where
PXW — PXZPWZ

PXW|Z =
V=)= 0y)

is the partial correlation between X;; and Wy; given Z;.

For each j > 1 let H; denote the jth Hermite polynomial subject to the normalizations Hy(z) = 1
and [%_ Hj(z)Hy(x)d®(z) = §;), for 0 < j,k < oo where §j; denotes the Kronecker delta and ®
is the standard normal distribution. Since T} : L?(X1|Z = z) — L*(W1|Z = z) is compact for each
z, it follows from Mehler’s formula that each T}, has a SVD {¢o; ., ¢1;.2, Mj:Z}?il given by

T1 — PXZZ w1 — pwzZz .
Gojz(z1) = Hj1 (), $1j,2(w1) = Hj— <>, 1z = |lpxwizl -

\/1_P§(Z \/1_/)%4/2

Since pj, = |pXW|Z\J_1 for each z, we have uy; = \pXW|Z]J_1 = |pXW|Z|J. If Xy; and Wy, are
uncorrelated with Z; then py = [p|”~! where p = pxw.

Now compare the partially endogenous case just described with the following fully-endogenous

model in which X; and W; are bivariate with

X1i 0 1 0 p1 O
ol onllol o on
Wy, 0 pr 0 1 0
Wai 0 0 pp 0 1

where p; and pg are such that the covariance matrix is invertible. It is straightforward to verify

that T" has singular value decomposition with

boj(x) = Hj_1(x1)Hj—1(z2)  d1(w) = Hj—y(w1)Hj—o(ws), pj = |prpal’ .

In particular, when p; = ps = p we have py = p2(/=1),

In both of the preceding examples, hg is a function of two random variables (X7, Z). The degree
of ill-posedness in the partially endogenous case is | p|*(‘] —1) where p is the correlation between the
endogenous regressor and its instrument. The degree of ill-posedness increases to (p2)_(J 1 in the

fully endogenous case when each endogenous regressor has correlation p with its instrument.

3 Adaptive estimation in sup-norm loss

We now propose a simple, data-driven method for choosing the sieve dimension, which is a novel

extension of the balancing principle of Lepskii (1990) to nonparametric models with endogeneity.

15



Our selection criterion is optimal in that the resulting sieve NPIV estimator of hg and its derivatives

attain the optimal sup-norm rates.

and Jyax be

increasing sequences of integers which index the sieve dimension ¥ ; where Jyin < Jax < yA—

To describe our data-driven method for choosing J, let Jyi, = |loglogn] and let J ..
Let N* denote the sequence of integers which index the dimension of the sieve spaces W; and let
I;={jeN: Jpin <j < Jpart and I = {j € N* : Jpin < j < Juax}- Finally, let Jpax be

a possibly random integer such that J < jmax < Jmax wpal (we introduce such a data-driven

max

choice below) and let fJ ={jeN": Jpn<j< jmax}.

The oracle and data-driven index sets are defined as

~

Fo = {j €Ly Ilho—Tholloe < CoVaup()}
J = {j €Iy hj = ulloo < V20 (Vaup(§) + Viup(l)) for all I € I with [ > j}

respectively, where Cy is a finite positive constant and

Vap(i) = 7j€y.5/ (logn)/(ne;)

<

sup(j) = ?j&lhj (logn)/(ngj)

where €; = )\min(éw,j) with @w,j = U'U/n, and 7; is an estimator of the degree of ill-posedness 7;:

- i i D(XG)?
Tj = sup =T 5
hew;:h0 \ o>y E[h(X5)|Wi

where
~ 1 &
E[h(X;)|W; = w] = b% (w)(B'B/n)~ ( ZbK(Wi)h(Xi)> :
n
i=1
is a series regression estimator of E[h(X;)|W; = w]. The variational characterization of singular

values gives an alternative, computationally simple expression for 7, namely:

1
Smin ((B'B/n)~1/2(B"Y /n) (V¥ /n)~1/2)

()

T =

~1/2 denotes the inverse of

where $pyin(A) denotes the smallest singular value of the matrix A and
the positive definite square root. We specify the smoothing parameter K as a known function of
the regularization parameter J according to a rule K : N — N for which j < K(j) < Ckj for all
j € N and for some 1 < Cx < 00, such as K(j) = j or K(j) = 2j. In what follows we let s denote

the sieve NPIV estimator with regularization parameter J and smoothing parameter K = K(J).

"This choice of Jmin ensures Jmin grows slower than the optimal choice of J in the mildly and severely ill-posed
cases. For NPIV models in which 75 grows faster than the severely ill-posed case, we can take Jumin to be an even
more slowly growing function of n than |loglogn]|.
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The set Jy is the unobservable oracle set: it depends on the unknown smoothness of hg and the

unknown degree of ill-posedness. We refer to

Jo = min j
0 J€To J
as the oracle choice of J as it balances the bias and variance terms asymptotically. As a consequence,

we will refer to /};JO as the oracle estimator.

The set J is straightforward to construct from the data as it depends entirely on observables and

@, about which the researcher may have a priori information.® Our data-driven choice of J is

J= min j
JjeTJ
and h 7 is our data-driven sieve NPIV estimator. Below we will establish an oracle inequality which

shows that, with high probability, the sup-norm loss of the data-driven estimator h 7 is bounded by

a multiple of the sup-norm loss of the oracle estimator h Jo-

Our adaptive procedure relies on balancing the bias and variance terms asymptotically, so we need
to bound the variance term up to known or estimable constants, which explains why we use the
variance bound in Lemma 2.1(1), i.e., Vaup(j) = 7;&p j1/(log n)/(ne;). This variance bound ensures
that H/}\Lj — %jHOO < V/26Viup(j) holds uniformly over a range of j wpal, and does not affect the

attainability of the optimal sup-norm rates using spline or wavelet bases for ¥ ; (see Corollary 2.1).

3.1 Sup-norm rate-adaptivity to the oracle

In this section we establish oracle properties of our data-driven estimator h 7

Let ry(K) denote the condition number of Gy ik and let xy(j) denote the condition number of
Gy,;. To simplify the notation in the following presentation, we assume for simplicity that ¢, x(;),
Cp.jr T e}l, kp(K (), ky(j) are all (weakly) increasing on I;. Our proofs and conditions can
easily be adapted to dispense with this assumption at the cost of more complicated notation. Let
Ronax = K (Jma) and € = C(max) = GV Gyt

Assumption 3 (continued) (iv) 77 (*/(logn)/n = o(1) and J2I5/n = O(1) for some € > 0;
(v) (P00, [(logn)/n = o(1); (vi) kp(K) = O(Gpxc) and ky(J) = O(Cy.)-

Assumption 3(iv)(v) are uniform (for j € I;) versions of Assumption 3(ii)(iii). The second part

of Assumption 3(iv) may be replaced be an “enough ill-posedness” condition requiring 7; to grow

80ur procedure remains valid whenever & in the definition of Jis replaced by a consistent estimator. Further, we
show in the Monte Carlo exercise below that the procedure is reasonably robust to choosing too small a value of &.
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faster than J* for some a > 0 (cf. Assumption 6(iii) of Horowitz (2014)). Assumption 3(vi) is a
further condition on Jyax which allows for consistent estimation of 7; and e; for all j € I;. We
show in Appendix C that xy(K) = O(1) and ky(J) = O(1) when Bg and W are spanned by

(tensor-product) spline or wavelet bases, in which case Assumption 3(vi) holds trivially.

~

Theorem 3.1 Let Assumptions 1, 2(i)(ii), 3(iv)(vi), and 4 hold and let J ., < Jmax < Jmax hold

=—max

wpal. Then:
Ih5 = holloe < Il = holloe + 30Vaup(Jo)

holds wpal, and so

17 = holloe = Op (llho = Waghollo + 710/ T0g ) [(nEs,) ) -

Corollary 3.1 Let the assumptions of Theorem 3.1 hold with hg € Boo(p, L) and let Wy be spanned
by a (tensor product) B-spline or CDV wavelet basis. Then:

Haaﬁj— 0%hollos = Op <J0_(p_|a|)/d + Tjojéal/d (Jo logn)/n) forall 0<|a| <p.
(1) Mildly ill-posed case: if p > d/2 and 6 > d/(p+ <) then for all 0 < |a| < p,
1095 — 8 holloe = Op((n/ log )~ laD/ s+
(2) Severely ill-posed case: for all 0 < |a| < p,

18R 5 — 0% hol|oe = Op((logn)~@=la/s)

Previously, Horowitz (2014) introduced a model selection procedure to choose J for his modified
orthogonal series NPIV estimator (i.e., a series 2SLS estimator with K (J) = .J, b¥ = 47 being
orthonormal basis in L?([0, 1])), and showed that his data-driven choice leads to near L?>-norm rate
adaptivity in that his estimator is a factor of v/log n slower than the optimal L? norm convergence
rate for estimating ho (see Theorem 3.2 of Horowitz (2014)).% Tt follows from Corollary 3.1 with
|a] = 0 that our data-driven estimator h 7 converges in sup norm (and therefore in L? norm) faster
than that of Horowitz (2014))’s in L? norm.

Recently, Breunig and Johannes (2013) also applied Lepski’s method to study near L?-norm adap-
tive estimation of linear functionals of NPIV models.! Gautier and LePennec (2011) proposed a

data-driven method for choosing the regularization parameter in a random coefficient binary choice

9See Loubes and Marteau (2012) and Johannes and Schwarz (2013) for near L?-norm rate adaptivity of estimators
similar to Horowitz (2014)’s when the eigenfunctions of the conditional expectation operator are known.

107epski methods have been used elsewhere in econometrics. See, e.g., Andrews and Sun (2004) for adaptive
estimation of the long memory parameter.
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model that is sup-norm rate adaptive for a mildly ill-posed deconvolution type problem. See Hoff-
mann and Reiss (2008) and references therein for other L2-norm rate-adaptive schemes for ill-posed
inverse problems in which the operator is known up to a random perturbation but is not estimated
from the data. In work that is concurrent with ours, Liu and Tao (2014) show that the model
selection approach of Li (1987) may be used to choose the sieve dimension to minimize empirical
MSE in NPIV models with known homoskedastic errors.'! Our procedure appears to be the first to
attain both sup-norm and L?-norm rate-adaptive estimation of hy and its derivatives for severely
ill-posed NPIV models, and sup-norm rate-adaptive and near L?-norm rate adaptive for mildly
ill-posed NPIV models.

3.2 A data-driven upper bound for the index set

Theorem 3.1 is valid for an arbitrary estimator jmax of the upper level of the index set J. We now

propose such an estimator and show that it verifies the conditions of Theorem 3.1.

We propose choosing the maximum jmax of j using the estimator

~

Tinax := min {J > Jnin : I C(NEVI) (logn)/n > 1} (6)

where L(J) = aloglogJ for some positive constant a and we take [((J)]? = J if B and ¥
are spanned by a spline, wavelet, or cosine basis, and [((J)]?> = J? if Bg and ¥, are spanned
by orthogonal polynomial basis. The following result shows that jmax defined in (6) satisfies the

conditions of Theorem 3.1.

Theorem 3.2 Let Assumptions 1(iii), 3(vi) and 4(i) hold. Then there exists deterministic se-

quences of integers J o, Jmax /00 such that 75 (*y/(logn)/n = o(1) and J .y < Timax < Jmax
holds wpal.

3.3 Monte Carlo

In this section we evaluate the performance of our adaptive procedure. We use the experimental

design of Newey and Powell (2003), in which IID draws are generated from

Ui 0 1 05 0
ve [ ~N||o],]0o5 1 0
W 0 0 0 1

'1See Centorrino (2014) and Sueishi (2012) for data-driven choice of regularization parameters based on minimizing
reduced-form empirical MSE. These papers do not study whether or not their procedures might lead to optimal or
near-optimal convergence rates for estimating ho.
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from which we then set X = W;*+V;*. To ensure compact support of the regressor and instrument,
we rescale X and W} by defining X; = ®(X;/v/2) and W; = ®(W;) where ® is the Gaussian cdf.
We use hg(z) = 4z —2 for our linear design and ho(z) = log(|62z —3|+1)sgn(z —3) for our nonlinear
design (our nonlinear hg is a re-scaled version of the hg used in Newey and Powell (2003)). Note

that the nonlinear hg belongs to a Holder ball of smoothness p with 1 < p < 2.

For both designs, we generate 1000 samples of length n = 1000 and n = 5000 and implement
our procedure using cubic and quartic B-spline bases with interior knots placed evenly. We use
0,1,3,7,15,... interior knots so that the sieve spaces Bx and ¥ ; are nested as K, J increase. We
then repeat the experiments using Legendre polynomial bases (orthonormalized with respect to the
L%(]0,1]) inner product). Note that the results using a Legendre polynomial basis for the space ¥ ;
are incompatible with our earlier theory on attainability of optimal sup-norm rates. We set ¢ = 1
in J for all simulation designs and then repeat the experiments with @ = 0.1 to investigate the
sensitivity of our estimator to the user-specified value @ (& = 1 is the correct conditional variance
of u). We choose Jmax as described in Section 3.2 with a = % (the results were insensitive to the
choice of a). For each sample we calculate the sup-norm and L2-norm loss of our estimator h 7 and

the sup-norm relative error ratio

hs—h 7
g = holle  ere g = argmingey [ — holla @)
HhJoo - hO”oo
and the L?-norm relative error ratio
||EA—h0”L2 X . 7
J (X) where Jp = argmlnjeIJHhJ - h0||L2(X) (8)

[hgy = hollz2(x)

where J., and Jo are the (infeasible) choices of J which minimize the sup and L2-norm errors of h;
in the sample. Finally, we take the average of each of ||/ﬁj — hol|oo, ||/f;f — hol|2(x), and equations
(7) and (8) across the 1000 samples.

The results of the MC exercise with n = 1000 are presented in Tables 1 and 2 and may be
summarized as follows:
(1) When implemented with a B-spline basis for ¥ ;, the sup-norm loss of our data-driven estimator

o~

h is at most 11% larger than that of the infeasible estimator which minimizes the sup-norm loss
in each sample. Further, the L?-norm loss of }\Lj is at most 6% larger than that of the infeasible
estimator which minimizes the L?-norm loss in each sample.

(2) Reducing @ from 1 (correct) to 0.1 (incorrect) has little, if any, effect on the performance of h 7
when a B-spline basis is used for ¥ .

(3) The data-driven estimator h 7 again performs well with Legendre polynomial bases and 7 = 1,
with sup-norm loss at most 1% larger than that of the infeasible choice of J for the linear design,

and at most 15% larger than that of the infeasible choice in the nonlinear design. Similar results
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K(J)=J K(J)=2J
og=1 o=0.1 oc=1 og=0.1
ry  TK sup L? ‘ sup L? sup L? ‘ sup L?
Design 1: Linear hg
4 4 1 1.0287 1.0003 | 1.0326 1.0030 | 1.0874 1.0383 | 1.0994 1.0530
4 5 | 1.0696 1.0293 | 1.0835 1.0447 | 1.0579 1.0196 | 1.0879 1.0456
) 5 | 1.0712 1.0198 | 1.0712 1.0198 | 1.1092 1.0560 | 1.1092 1.0560
4  Leg | 1.0332 1.0005 | 1.0385 1.0067 | 1.0469 1.0106 | 1.1004 1.0569
5 Leg | 1.0745 1.0208 | 1.0745 1.0208 | 1.0558 1.0278 | 1.0558 1.0278
Leg Leg | 1.0150 1.0000 | 4.6014 3.1509 | 1.0175 1.0031 | 6.2664 4.1851
Design 2: Nonlinear hg
4 4 11.0235 1.0006 | 1.0278 1.0032 | 1.0782 1.0325 | 1.0885 1.0479
4 5 | 1.0623 1.0266 | 1.0691 1.0346 | 1.0486 1.0167 | 1.0804 1.0401
5 5 | 1.0740 1.0216 | 1.0740 1.0216 | 1.1138 1.0605 | 1.1138 1.0605
4 Leg | 1.0280 1.0016 | 1.0336 1.0078 | 1.0406 1.0104 | 1.0914 1.0520
5 Leg | 1.0785 1.0231 | 1.0785 1.0231 | 1.0613 1.0355 | 1.0613 1.0355
Leg Leg | 1.1185 1.1516 | 1.8019 1.4263 | 1.1418 1.1883 | 1.7814 1.4307

Table 1: Average sup-norm and L?-norm relative error ratios (see equations (7)
and (8)) across MC simulations with n = 1000. Results are presented for B-spline
and Legendre polynomial bases with two different rules for K (J). Results for r; = 4
(ry =5) use a cubic (quartic) B-spline basis for ¥z, r; = Leg use a Legendre poly-
nomial basis for ¥ ;. The 7, column specifies the basis for By similarly. Columns
headed @ = 1 and & = 0.1 correspond to implementing h; with the correct and
incorrect value of &, respectively.

K(J)=J K(J)=2J
og=1 o=0.1 g=1 o=0.1
ry TK sup L? ‘ sup L? ‘ sup L? ‘ sup L?
Design 1: Linear hg
4 4 104262 0.1547 | 0.4298 0.1556 | 0.4188 0.1526 | 0.4233 0.1548
4 5 | 04179 0.1524 | 0.4226 0.1545 | 0.3918 0.1439 | 0.4038 0.1483
5 5 | 0.6633 0.2355 | 0.6633 0.2355 | 0.6366 0.2277 | 0.6366 0.2277
4 Leg | 0.4262 0.1547 | 0.4312 0.1566 | 0.3778 0.1388 | 0.3962 0.1452
5 Leg | 0.6633 0.2355 | 0.6633 0.2355 | 0.5977 0.2155 | 0.5977 0.2155
Design 2: Nonlinear hg
4 4 |0.4343 0.1621 | 0.4380 0.1631 | 0.4271 0.1601 | 0.4324 0.1628
4 5 | 0.4262 0.1600 | 0.4290 0.1613 | 0.4002 0.1518 | 0.4123 0.1560
5 5 | 0.6726 0.2407 | 0.6726 0.2407 | 0.6471 0.2330 | 0.6471 0.2330
4 Leg | 04343 0.1621 | 0.4394 0.1640 | 0.3854 0.1475 | 0.4030 0.1534
5 Leg | 0.6726 0.2407 | 0.6726 0.2407 | 0.6068 0.2215 | 0.6068 0.2215

Table 2: Average sup-norm error and L2-norm error of h 7 across MC simulations
with n = 1000. Columns and row headings are as described in Table 1.
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K(J)=J K(J)=2J
g=1 g=0.1 g=1 g=0.1
ry  TK sup L? ‘ sup L? sup L? ‘ sup L?
Design 1: Linear hg
4 4 ] 1.0239 1.0004 | 1.0239 1.0004 | 1.0638 1.0345 | 1.0653 1.0358
4 5 | 1.0533 1.0274 | 1.0533 1.0274 | 1.0415 1.0091 | 1.0444 1.0120
5 5 | 1.0616 1.0048 | 1.0616 1.0048 | 1.0987 1.0418 | 1.0987 1.0418
4  Leg | 1.0244 1.0004 | 1.0244 1.0004 | 1.0339 1.0094 | 1.0339 1.0094
5 Leg | 1.0635 1.0043 | 1.0635 1.0043 | 1.0467 1.0143 | 1.0467 1.0143
Leg Leg | 1.0136 1.0000 | 4.3937 3.0114 | 1.0135 1.0010 | 3.9764 2.7687
Design 2: Nonlinear hg
4 4 ] 1.0168 1.0027 | 1.0168 1.0027 | 1.0435 1.0231 | 1.0448 1.0244
4 5 | 1.0377 1.0200 | 1.0377 1.0200 | 1.0233 1.0092 | 1.0258 1.0123
5 5 | 1.0715 1.0175 | 1.0715 1.0175 | 1.0967 1.0508 | 1.0967 1.0508
4 Leg | 1.0181 1.0028 | 1.0181 1.0028 | 1.0192 1.0091 | 1.0192 1.0091
5 Leg | 1.0743 1.0176 | 1.0743 1.0176 | 1.0588 1.0386 | 1.0588 1.0386
Leg Leg | 1.3855 1.6588 | 1.5866 1.4010 | 1.4246 1.7316 | 1.4740 1.3321

Table 3: Average sup-norm and L2-norm relative error ratios (see equations (7)
and (8)) across MC simulations with n = 5000. Columns and row headings are as
described in Table 1.

K(J)=J K(J)=2J
og=1 g=0.1 og=1 o=0.1
ry TK sup L? ‘ sup L? sup L? ‘ sup L?
Design 1: Linear hg
4 4 10.1854 0.0669 | 0.1854 0.0669 | 0.1851 0.0668 | 0.1857 0.0669
4 5 | 0.1851 0.0667 | 0.1851 0.0667 | 0.1735 0.0626 | 0.1742 0.0628
5 5 | 0.3012 0.1051 | 0.3012 0.1051 | 0.2893 0.1018 | 0.2893 0.1018
4 Leg | 0.1854 0.0669 | 0.1854 0.0669 | 0.1703 0.0616 | 0.1703 0.0616
5 Leg | 0.3012 0.1051 | 0.3012 0.1051 | 0.2684 0.0965 | 0.2684 0.0965
Design 2: Nonlinear hq
4 4 1 0.2037 0.0822 | 0.2037 0.0822 | 0.2031 0.0820 | 0.2037 0.0822
4 5 | 0.2031 0.0820 | 0.2031 0.0820 | 0.1921 0.0786 | 0.1928 0.0789
) 5 | 0.3150 0.1157 | 0.3150 0.1157 | 0.3044 0.1128 | 0.3044 0.1128
4  Leg | 0.2037 0.0822 | 0.2037 0.0822 | 0.1889 0.0779 | 0.1889 0.0779
5 Leg | 0.3150 0.1157 | 0.3150 0.1157 | 0.2844 0.1082 | 0.2844 0.1082

Table 4: Average sup-norm error and L2-norm error of h 7 across MC simulations
with n = 5000. Columns and row headings are as described in Table 1.
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are obtained for L? loss.

(4) With a Legendre basis, the estimator appears to perform considerably worse with the (incorrect)
o = 0.1, especially in the linear design. This merits an explanation. In the linear case, the true
model is obtained with J = 2. As such, the L? and sup-norm error of the infeasible estimators are
very small. When @ = 0.1 the Lepski procedure is less conservative and the data-driven estimator
h 7 is slightly more noisy. This noise is amplified in the relative error ratios because the loss for the
infeasible estimators in this design is very small.

(5) The relative error of the estimators with K > J is similar to than that obtained with K = J.
The absolute error (see Table 2) of the estimators with K > J was slightly better than that
with K = J. This emphasizes that the critical smoothing parameter is J; the choice of K is of

higher-order importance.

Tables 3 and 4 display the results for the MC simulations repeated with n = 5000. Similar conclu-

sions are obtained, except the absolute errors are smaller with this larger sample size.

4 Application: inference in nonparametric demand estimation with

endogeneity

We now turn to inference on policy-relevant welfare functionals in nonparametric demand estima-
tion. Following a large literature on nonparametric demand estimation (see, e.g., Hausman and
Newey (1995); Vanhems (2010); Blundell et al. (2012); Blundell, Horowitz, and Parey (2013) and

references therein), we assume that the demand of consumer ¢ for some good is given by:
Qi = ho(Pi,Y:) +u; (9)

where Q; is the quantity of some good demanded, P; is the price paid, and Y; is the income of
consumer 4, and u; is an error term.'? Hausman and Newey (1995) provided limit theory for con-
sumer surplus and deadweight loss functionals of the nonparametric demand function hg assuming
prices and incomes are exogenous. In certain settings it is reasonable to allow prices, and possibly
incomes, to be endogenous. One example is estimation the of gasoline demand from household-level
data (Schmalensee and Stoker, 1999; Yatchew and No, 2001; Blundell et al., 2012, 2013). Even with
household-level data there is evidence of endogeneity in prices (Yatchew and No, 2001; Blundell
et al., 2013). Gasoline prices in a small local area and distance to the Gulf Coast have been sug-
gested as instruments for gasoline price (see Yatchew and No (2001) and Blundell et al. (2013),
respectively). In this case, model (9) falls into the class of models discussed in Section 2.5. Another
example is the estimation of static models of labor supply, in which Q; represents hours worked, P;

is the wage, and Y; is other income. In this setting it is reasonable to allow for endogeneity of both

12We have followed Blundell et al. (2012) in modeling Q as the dependent variable, but the following analysis can
easily be extended to take some transformation of Q as the dependent variable, as in Hausman and Newey (1995).
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P; and Y; (see Blundell, Duncan, and Meghir (1998), Blundell, MaCurdy, and Meghir (2007), and
references therein). Therefore, we extend the analysis of Hausman and Newey (1995) to allow for

potential endogeneity in prices and incomes.

Previously, Vanhems (2010) established convergence rates for plug-in estimators of consumer surplus
allowing for endogeneity of prices. More recently, Blundell et al. (2012) nonparametrically estimated
exact deadweight loss from a first-stage kernel-based estimate of the demand function hg (subject
to the Slutsky inequality restriction) allowing for endogeneity of prices. Neither of these papers

established asymptotic distribution of their estimators.

The first functional of interest is exact consumer surplus (CS), namely the equivalent variation
of a price change from p° to p! at income level y (fixed over the price change), which we denote
by Sy(pY). Let p : [0,1] — R denote a twice continuously differentiable path with p(0) = p® and
p(1) = p'. Hausman (1981) shows that S,(p°) is the solution to

PP g (p(1)y — 5y pt11) L o)
S,(p(1)) = 0.

The second functional of interest is the deadweight loss (DWL) of the price change from p° to p!

at income level y:
Dy(p”) = Sy(p") = (p' = P*)ho(p",y) - (11)

In what follows we use the notation

fes(h) = solution to (10) with A in place of hg
fowe(h) = fes(h) = (p' = p")h(p’,y).

In this notation we have Sy (p") = feos(ho) and Dy(p®) = fpwr(ho). We estimate CS and DWL
using the plug-in estimators fcs(iAL) and fDWL(E).13

As is evident from Hausman and Newey (1995), sup-norm convergence rates of h and its derivatives
are required to control the nonlinearity bias when estimating CS and DWL using the plug-in
estimators fcs(/f;) and fDWL(E).14

Both CS and DWL will typically be irregular (i.e. slower than \/n-estimable) functionals of hg when

prices and incomes are allowed to be endogenous. Inference on C'S and DW L may be performed

13Modulo other considerations, the functional form of our DWL estimator is different from that used recently by
Blundell et al. (2012), namely &(p*) — &(p°) — (p* — p°)h(p*, &(p')) where &(p) is an estimated expenditure function
which is obtained as the solution to a differential equation which, up to a change of sign, is the same as (10).

'4The exception is when demand is independent of income, i.e. ho(p,y) = ho(p), in which case S,(p®) and D, (p°)
are linear functionals of hg.
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using studentized sieve t-statistics. To estimate the sieve variance of fcg(ﬁ) and fpwr (/l\z), define

a /}; 1 -~ _rta.z _< oo’ (v) dw
sty = [ (0 ple).y =, ) 2RO )y
0
Ofpwr(h dfcs(h
é)h()wJ] = C%()WJ] + (' = )¢’ (p'y)
where p’(t) = dz(tt) and Osh denotes the partial derivative of h with respect to its second argument

and §y(t) denotes the solution to (10) with 1 in place of hg. The sieve variances of fog and fowr,

are
N dfcs(h A1 S A1 A A arar At a1 0fcs(h
VCS,n fcaib( )[¢J]/[S/Gb1 ] 1S/Gb19Gb15[S/Gbl ] 1 fcail( )[w]]
Towen = P00 0y196,1890,106,819G, 81 o)

where § = B'U/n, Gy = B'B/n, and Q = n=2 .7 G265 (W,;)bX (W;)’ with G; = (Q; — 2(X;)) and
X; = (P;,Y;)". We take W; to be a 2 x 1 vector of instruments when P; and Y; are endogenous, and

we take W; = (W14, Y;)" when Y; is exogenous where Wy; an instrument for P;.

We now present regularity conditions under which sieve t-statistics for fcs(ﬁ) and fDWL(B) are
asymptotically N(0,1). In the case in which both P; and Y; are endogenous, let T : L2(X) — L?(W)

be compact with singular value decomposition {¢o;, ¢15, 1t }?L where

Tooj = pidrj, (T*T)Y2po; = widej, (TT*)Y2¢1; = pjdn;

and {¢o;}32; and {¢g;}32; are orthonormal bases for L?(X) and L?(W), respectively. In the case in
which P; is endogenous but Y; is exogenous, we let T, : L(P[Y =y) — L*(W;]Y = y) be compact

with singular value decomposition {¢o;, P15y, Mj,y}f.oﬂ for each y where

Tydojy = tiyP1iys  (TyT,) 2 bojy = piyboiy. (L, T5) 2615y = tiybriy

and {¢ojy}52; and {¢o;y}72, are orthonormal bases for L*(P|Y =vy) and L?(W1]Y =y), respec-

tively. In this case, we define ¢o;(p,y) = ¢0jy(P), ¢1;(Wi,y) = ¢1jy(wi), and u? = E[,uszl] (see
Section 2.5 for further details). In both cases, for fixed p°, p',y we define

1 . ,
5 = s 0%0'y) = [ (0uy(ple)y = Sy HEMOWTSOR O @) g (12)

for each j > 1. We also follow Chen and Pouzo (2014) and assume that ¥ ; and B are Riesz bases
in that they span ¢g1,...,¢os and ¢11,..., P15, respectively.
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Assumption CS (i) X; and W; both have compact rectangular support and densities bounded
away from 0 and oo; (ii) hg € Beo(p, L) withp > 2 and 0 < L < oo; (iii) E[u?|W; = w] is uniformly
bounded away from 0 and oo, E[|u;|**%] is finite, and sup,, E[u?{|u;| > £(n)}|W; = w] = o(1) for
any positive sequence with £(n) / oo; (iv) Wy is spanned by a (tensor-product) B-spline basis of
order v > p or continuously differentiable wavelet basis of regularity v > p and By is spanned by a

(tensor-product) B-spline, wavelet or cosine basis; and (v)

(= /7 nE (77724 (577024 3 T Togm ) (14 1) ) = o).
j=1\aj/ Hj

(TN P2 PG (] ag/my)?) ) Togm) = o(1).

Assumption CS(i)—(iv) is very similar to Assumptions 1, 2, 7, and 8 in Hausman and Newey (1995)
with the exception that Hausman and Newey (1995) use a power series basis and work with log

prices, log incomes, and log demand.

Our first result is asymptotic normality of sieve t-statistics for CS functionals.

Theorem 4.1 Let Assumption CS hold. Then:

\/ﬁfCS(h)g/;fCS(hO) = N(0,1).
CS,n

We now present a corresponding result for DWL functionals. To introduce the result, define a; =
aj + (p" —p°)do; (p', y)-

Theorem 4.2 Let Assumption CS hold with a; in place of a;. Then:

~

x/ﬁfDWL(}i)JfDWL(hO) = N(0,1).
DW L.n

Hausman and Newey (1995) suggest that a; = o(a;) as j — oo because a; is a smooth integral
functional whereas a; depends on the functions evaluated at a particular point. Therefore we should
expect that the convergence rate of fpw L(ﬁ) to be slower than that of fcs(iAL). For this reason we
do not derive the joint asymptotic distribution of fcg(ﬁ) and fpwr (ﬁ)

We now provide more concrete conditions under which the sieve t-statistics for exact consumer
surplus are asymptotically normal, allowing for endogeneity. Analogous results hold for deadweight

loss if we replace a; by a; in what follows.
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Corollary 4.1 Let Assumption CS(i)(iv) hold and let aj < j*/*. Then:

(1) Mildly ill-posed case: let pj < j=/* with a +¢ > =1 and § > 2/(2+ ¢ — (a A 0)) and let
nJ—Pratstl) — (1) and J3+<— (@D (logn)/n = o(1). Then: the population counterpart Vesn of
‘705,” behaves like

Vosin = S)-1(a5/)? = -y joH = JroH,

Assumption CS(v) holds, and the sieve t-statistic for fos(ho) is asymptotically N(0,1).

(2) Severely ill-posed case: let j; < exp(—%jgﬂ) and a > 0 and take J = (log(n/(logn)?))*s where
0 > 0 is chosen such that o5 > (64¢)V (8 —2a+¢)V (6425 —2a). Then: the population counterpart
Vesn of 1705,” behaves like

x (log(n/(logn)#))**/<,

Vesn 2

n
(logn)e

Assumption CS(v) holds, and the sieve t-statistic for fcs(ho) is asymptotically N(0,1).

Note that we may choose J satisfying the stated conditions for the mildly ill-posed case provided
p>2—a— (aA0), which is trivially true if p > 2 whenever a > 0. We may also choose such a p
for the severely ill-posed case whenever 4p > [(6 +¢) V (8 —2a +¢) V (6 4+ 2¢ — 2a)] — 2a + 2.

We finish this section by stating conditions for asymptotic normality of fcg (ﬁ) in the exogenous
case in which 75 = 1 and the sieve NPIV estimator reduces to the usual series LS estimator. Let
the basis functions span an orthonormal basis ¢1,...,¢; for each J and let a; be as defined in
(12) with ¢; in place of ¢g;. Assumption CS(v) then applies with p; = 1 for each j. The following
result describes the regularity conditions for asymptotic normality of fog (ﬁ) Analogous results for

fDWL(E) hold if we replace a; by a; = a; + (p! — p%)¢;(p',y) in what follows.

Corollary 4.2 Let Assumption CS(i)-(iv) hold, let aj < j¥/2 with a > —1, and let nJ~P+a+l) =
o(1) and J3~(@"(logn)/n = o(1) and § > 2/(2— (a A0)). Then: the population counterpart Vog p
of 1705,” behaves like Vog, < JOT1, Assumption CS(v) holds, and the sieve t-statistic for fos(ho)
is asymptotically N(0,1).

Hausman and Newey (1995) establish asymptotic normality of t-statistics for exact CS and DWL
plug-in estimators based on a kernel estimator of demand. They also establish asymptotic normality
of t-statistics for averaged exact CS and DWL plug-in estimators (i.e. exact CS/DWL averaged over
a range of incomes) based on a series LS estimator of demand with power series basis, assuming
ho to be infinitely times differentiable and J?2/n = o(1). Newey (1997) establishes asymptotic
normality of t-statistics for approximate CS functionals based on series LS estimators of demand

under weaker conditions (i.e. nJ P = o(1) and either J®/n = o(1) for power series or J*/n = o(1)
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for splines), but also without endogeneity.!> Corollary 4.2 complements their analysis by providing
conditions for asymptotic normality of exact CS and DWL functionals based on series LS estimators

of demand.

Appendix A Pointwise asymptotic normality of sieve t-statistics

In this section we establish asymptotic normality of sieve t-statistics for f(hg) where f : L%°(X) — R
is any nonlinear functional of NPIV. Under some high-level conditions, Chen and Pouzo (2014)
established the pointwise asymptotic normality of the sieve ¢ statistics for (possibly) nonlinear
functionals of hg satisfying general semi/nonparametric conditional moment restrictions including
NPIV and nonparametric quantile IV as special cases. As the sieve NPIV estimator 1 has a closed-
form expression (unlike, say, nonparametric quantile IV) we derive the limit theory directly rather
than appealing to the general theory in Chen and Pouzo (2014). Our regularity conditions are

tailored to the case in which f(hg) is irregular (i.e. slower than root-n estimable).
Denote the derivative of f at hg in the direction v € V := (L?(X) — {ho}) b

df(ho). y .. f(ho+dg)
i = g L

If £ is a linear functional then %2 8(20) [9] = f(g). The sieve 2SLS Riesz representer of 9/{ho) 8(ZO) is

vn (@) = v (2)[9'G ]

where %[w‘] ] denotes the vector formed by applying of ( 0) [] to each element of 1. Define the

weak norm || - | on W as ||h]| = [[HgTh|| z2(w). Then

df(ho)
oh

WJJ]/[S,G;IS]_l af(h()) [wJ] )

*12
o ” = u

We say that the functional f is an irregular (i.e. slower than y/n-estimable) functional of hg if

|lvE]l oo and a regular (i.e. \/n-estimable) functional of hg if |[v}|| 7 [[v*] < oc.

The sieve 2SLS variance ||v}]|2, is defined as

n”gd — 6f8(2‘0) [dj‘]]l[Sngls]—lsnglgGl:ls[SnglS]—l 8'];(:0) ['ij]

'5Using the results in Chen and Christensen (2014), one can show that sieve t-statistics for approzimate CS
based on spline or wavelet LS estimates of log demand without endogeneity are asymptotically normal under
assumptions comparable to Assumption CS(i)-(iii) provided nJ~ T = o(1), J1=("O(logn)?/n = o(1), and
JE/3(logn) /n = o(1).

[
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where Q = Qg = E[uZbX (W;)bX (W;)’]. Our estimator of ||v}||?, is

—2  9f(h PN o~ Of(h
ol = 22 118 2L

where Q = n~! S WK (WH)bE (W;) with a; = (V; — }\L(XZ)), which is analogous to the usual

linear 2SLS variance estimator. The scaled sieve Riesz representer

Uy = vp/llvn s

has the property that ||u|| =< 1 irrespective of whether f(hg) is regular or irregular. Finally, denote

101 ()

Tae) = (@) [5'Gy 81 L )

where clearly v} = v whenever f(-) is linear.

Assumption 2 (continued) (iii) E[u?|W; = w] > o? > 0 uniformly for w € W; and (iv)
sup,, E[uz{|u;| > £(n)}|W; = w] = o(1) for any positive sequence with £(n) / co.

Assumption 5 Fither (a) or (b) of the following hold:

(a) f is a linear functional and ||v¥||"2(f(h) — f(ho)) = op(n™12); or

(b) (i) g — 8f ho) lg] is a linear functional; (1)

JrU B = (o) fafa(ZO) [h — 7]

+op(1);
[l (] P

and (i) Hv‘v H“H = 0p(1).

Assumption 2(iv) is a mild condition which is trivially satisfied if E[|u;|>T¢|W; = w] is uniformly
bounded for some € > 0. Assumption 5(a) and (b)(i)(ii) is similar to Assumption 3.5 of Chen and
Pouzo (2014). Assumption 5(b)(iii) controls any additional error arising in the estimation of m sd
due to nonlinearity of f(-) and is not required when f(-) is a linear functional. Previously, Chen and
Pouzo (2014) verified their Assumption 3.5 using a plug-in sieve minimum distance estimator of
a weighted quadratic functional example. However, without a sup-norm convergence rate, it could
be difficult to verify the high-level conditions for nonlinear functionals that are more complicated

than a quadratic functional of NPIV.

Remark A.1 Let H,, C H be a neighborhood of hy such that 71,% € H,, wpal. Sufficient conditions
for Assumptions 5(a) and (b)(1)(ii) are:
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(a’) (i) f is a linear functional and there exists o with |o| > 0 s.t. |f(h — ho)| S [|0%h — 0%ho|oo
Jor all h € Hy; and (ii) |[vr ]| H|0%h — 0%holso = 0p(n~1/2); or

(b’) (i) g — %[Q] is a linear functional and there exists a with |a| > 0 s.t. \%[h — ho]| S
|0%h — 0%ho||oo for all h € Hy; (i) there exists o, an with |aq], |az| > 0 s.t.

_ 9f(ho)

on [h = hol| S 110°h = 0% holloo 9% = 9o o

F(R) — f(ho)

and (i) ||o3]| L (197 — 9% o o192 — 0% holloo + 9% — 0 holac) = 0p(n~1/2).

Condition (a’)(i) is trivially satisfied for any evaluation functional of the form f(h) = 0%h(z) for
fixed z € X with H,, = H. Condition (b’)(i)(ii) are satisfied by typical nonlinear welfare functionals
such as exact consumer surplus and deadweight loss functionals (see Hausman and Newey (1995)).

Conditions (a’)(i) and (b’)(iii) can be verified given the sup-norm rate results in Section 2.

Theorem A.1 (1) Let Assumptions 1(iii), 2(i)(iii)(iv), 4(i), and either 5(a) or 5(b)(i)(ii) hold,

and let T;¢\/(Jlogn)/n = o(1). Then:

B = F00) gy,

107 ]]sa

(2) If ||/ﬁ — holleo = 0p(1) and Assumptions 2(ii) and 3(iii) hold (and 5(b)(iii) also holds if f is

nonlinear), then:

|@|sd _ o
ol ' o)
AU = Fh) oy
03]l q ’

Chen and Pouzo (2014) establish asymptotic normality of plug-in estimators of possibly nonlinear
functionals in general semi/nonparametric conditional moment restriction models with endogeneity.
By exploiting the close form expression of the sieve NPIV estimator and by applying exponential
inequalities for random matrices, Theorem A.l derives the limit theory allowing for faster growth
rate of J than Remark 6.1 in Chen and Pouzo (2014).

Appendix B Bootstrap uniform limit theory for sieve t-statistics

We now show how our sup-norm rate results and tight bounds on random matrices can be used to

derive bootstrap uniform confidence bands for a class of general nonlinear functionals {f;(-) : t € T}
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of hy in a NPIV model where 7 is a (possibly infinite dimensional) index set. In particular, we
establish validity of a sieve score bootstrap for estimating the distribution of supremum of the sieve
t-statistic process (i.e. the process formed by calculating the sieve t-statistic for each f;(ho)), which

leads to asymptotically exact uniform confidence bands for {fi(ho) : t € T}.

Let T be a closed subset of a separable metric space and let f; : L°(X) — R for each ¢t € T. For
each t € T we define

Ofi(ho) . ; fi(ho + dg)

on 9= i T

vhale) = v (@) [9'G; ) LR

o) = o ) 19657 20
Ofi(h oot 1 en—1Oft(h

o> = 2200y gy 20

||fUn7t|| _ afta(:()) [wJ]l[Sle—IS]—1S/Gb—IQGb—IS[S/Gb—IS]—1afg(:()) [wJ]
B U 1A

s, - L0y oy3a,51 56,06, 556,15 LMy

Un (%) = 034 (2) /|| ¢l sa
with || - ||, €2, and Q as defined in Appendix A.

To construct uniform confidence bands for {f;(ho) : t € T} we propose the following sieve score
bootstrap procedure. Let w1, ..., w, be a bootstrap sample of IID random variables drawn inde-
pendently of the data, with E[w;|Z"] = 0, E[w?|Z"] = 1, E[|w;|*T¢|Z"] < oo for some € > 1.
Common examples of distributions for w; include N (0, 1), recentered exponential, Rademacher, or
the two-point distribution of Mammen (1993).'6 The sieve score bootstrap process {Z(t) :€ T} is
given by

e Ul S

Zy (t) =

(ygrmee)

[0l o

for each ¢t € T, where u; = Y; — E(XZ)
Assumption 2 (iv’) sup,, E[|u;|?|W; = w] < cc.

Assumption 5’ Letn, andn], be sequences of positive constants such that n, = o(1) andn], = o(1).
FEither (a) or (b) of the following holds:

16To generate recentered exponential weights let e; be a draw from the exponential distribution with mean 1 and
let w; = e; — 1. The Rademacher weights put probability 0.5 on both 1 and —1. Mammen’s two-point distribution

puts probability ‘[}1 177\/5 and probability 1 — VB4L o V5EL

on 25 V2
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(a) fi is a linear functional for each t € T and sup,ct \/ﬁHU;nH_llft(ﬁ) — fi(ho)| = Op(nn); or

(b) (i) g —~ afé(:o) l9] is a linear functional with |[v}, || # O for each t € T; (ii)

wup | ) = f(ho) e~ B

= Op(1n) ;
teT vy ¢l vy ¢l PR

197, ¢ =7 .l
and (iii) supyer 10 = 0, ().

HvZ,tII

Let d,, denote the intrinsic semi-metric on 7T given by d,(t1,t2)? = E[(u} ;. (X;) — u’ .. (X;))?] and

n,t1 n,to

let N(T,dy,¢€) denote the e-entropy of 7 with respect to d,,. Let 5, be a sequence of positive

constants such that 0y, ,, = o(1) and define dy,, = ( IE?I}M)/&\/(Iog K)/n)%/ (%9 4 7;¢,/(log J)/n).

Assumption 6 (i) (7,dy) is separable for each n;

(ii) there exists a sequence of finite positive constants ¢, such that

1+/ V0og N(T,dyn, €)de = O(cy) ;
0

and (iii) there exists a sequence of positive constants ry, with r, = o(1) such that

Co i I _
r3v/n

o(1)

and
Mn + 777'1\/3 + 70+ (Ovn + Opm + 1) X € = O(C;I)

where |[h — hol|so = Op(0n,n) = 0p(1) and n}, = 0 if the f; are linear.

Assumptions 2(iv’) is a mild condition used to derive the uniform limit theory. Assumption 5’ is a
uniform (in ¢) version of Assumption 5. Assumption 5°(iii) is only required for consistent variance
estimation. Assumption 6 is a mild regularity condition requiring the class {u; : ¢t € T} not be too
complex. This condition is used to place tight bounds on the supremum of the bootstrap t-statistic

processes.

Remark B.1 Let H, C H be a neighborhood of hg such that EJL € H, wpal and let v, be such
that infier ||v), tllsa = v, > 0 for each n. Sufficient conditions for Assumptions 5°(a) and (b)(i)(ii)

are:

(a’) (i) ft is a linear functional for eacht € T and there exists o with || > 0 s.t. supy | fr(h—ho)| <
10%h — 8%holso for all b € Hy; and (i) vy ' [|0%h — 0%hg||se = 0p(n~Y2); or
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(v’) (i) g — %[g] is a linear functional for each t € T and there exists a with |a] > 0 s.t.
supy, |W[h—ho]] S [0%*h—0%ho)| 0o for all h € Hy,; (1) there exists aq, aa with |aq|, |az] > 0

s.t.
dfi(ho)

ol = hol| < (107 h = 8% hol|so |07 — 072ho | :

sup Fi(R) = fi(ho) —

and (iii) vy (|07 — 81 ho||so [ 0°2h — 02 hollse + [|0%h — 8%hol|se) = 0p(n~1/2).

Condition (a’)(i) is satisfied for any evaluation functional of the form f;(h) = 9“h(t) with T C X
and H, = H.

Remark B.2 Let T C R be compact and let there exist sequence of positive constants Ty, vn
such that

sup [fer (h) = fe(h)| < Tnllts — ta 2
he‘I}J:||h”L2(x):1

if the f; are linear functionals, or

sup

heW s:|[hl| 2 x)=1 oh oh

<aft1(ho) iy — Oeaho) W)’ < Tollts — a5

if the fi are nonlinear, and let Assumption 1(iii) and 4(i) hold. Then: Assumption 6(i)(ii) holds
with ¢y =1+ [ \/dr{log(TyTne= " /v,,) V 0} de.

Let P* denote the probability measure of the bootstrap innovations wn, ..., w, conditional on the
data Z" := {(Xl,Yl, Wl), ey (Xn, Yn, Wn)}

Theorem B.1 Let Assumptions 1(iii), 2(i)—-(iii)(iv’), 3(iii), 4(i), 5°, and 6 hold and 7;(+/(J logn)/n =
o(1). Then:

h) — fi(h
sup |P | sup \/ﬁ(ft(/.)\ fulho)) <s|-—-P* <Sup 1Zy,(t)] < S) =o0p(1).
seR teT vl teT

Theorem B.1 establishes consistency of our sieve score bootstrap procedure for estimating the

critical values of the uniform sieve t-statistic process for a NPIV model.

Remark B.3 Theorem B.1 applies to uniform confidence bands for 0%hg as a special case in
which fi(h) = h(t) and T C X provided Assumptions 1, 2(i)-(iii)(iv’), 3(iit), and 4 hold, U
is formed from a B-spline basis of regularity v > (pV 2 + |a|), Bk is spanned by a B-spline,
wavelet, or cosine basis, ||v}; 4||sa < 77J¢ for some a > 0 uniformly int, and 77J+/(logn)/n = o(1),
J7P/d = o(1;\/(J221ogn)/n), J°(log J)®/n = o(1), and J?+%) (log J)(1+20) = o(nf).
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Theorem B.1 contributes to the recent literature on inference for irregular (possibly) nonlinear func-
tionals of nonparametric ill-posed inverse problems. For (pointwise) inference on irregular (possibly)
nonlinear functionals of general semi/nonparametric conditional moment restrictions with endo-
geneity, Chen and Pouzo (2014) establish the validity of generalized residual bootstrap sieve t and
sieve QLR statistics, and also present a sieve score bootstrap in their supplemental Appendix D.
Horowitz and Lee (2012) were the first to derive uniform confidence bands for hy in a NPIV model
based on the modified orthogonal series NPIV estimator of Horowitz (2011).17 Our Theorem B.1
and Remark B.3 include uniform confidence bands for hy as a special case in which fi;(h) = h(t)
and 7 C X.!8 In an important paper on series least squares (LS) regression without endogeneity,
Belloni et al. (2014) extend the Gaussian simulation (conditional Monte Carlo) of Chernozhukov,
Lee, and Rosen (2013) to construct uniform confidence bands for sieve t-statistics for linear func-
tionals (see their Theorem 5.6).!9 In work that is concurrent with ours, Tao (2014) (Theorem 3.5)
extends Belloni et al. (2014)’s results to uniform confidence bands for possibly nonlinear functionals
of semi/nonparametric conditional moment restrictions under high-level conditions that are slightly
stronger but are similar to those in Chen and Pouzo (2014). Our Theorem B.1 appears to be the
first in the literature which establishes consistency of a sieve score bootstrap for uniform inference

on general nonlinear functionals of NPIV under low-level conditions.

B.1 Monte Carlo

We now evaluate the performance of our limit theory for uniform confidence bands for hg. Using
the MC design described in Section 3.3, we generate 1000 samples of length 1000 and implement
our procedure using B-spline and Legendre polynomial bases as described in Section 3.3. We use a
data-driven approach to choose the sieve dimension, taking jmax as described in Section 3.2. For
each simulation, we calculate the 90%, 95%, and 99% uniform confidence bands for hgy over the full
support [0.05,0.95] with 1000 bootstrap replications for each simulation. We draw the innovations
for the sieve score bootstrap from the two-point distribution of Mammen (1993). We then calculate

the MC coverage probabilities of our uniform confidence bands.

Figure 1 displays the estimate h, the structural function hg, and 90%, 95% and 99% uniform
confidence bands for hg for a representative sample. Figure 2 displays the estimated structural

function and confidence bands together with a scatterplot of the sample (X;,Y;) data.

The results of this MC experiment are presented in Table 5. Comparing the MC coverage probabili-

ties with their nominal values, it is clear that the uniform confidence bands for the linear design are

'"Horowitz and Lee (2012) interpolate ho at finitely many grid points with grid size going to zero slowly and prove
bootstrap consistency in the case in which the number of interpolation points is finite and fixed.

18The assumptions on the moments of u; and growth conditions on J in Remark B.3 are very similar to those in
Horowitz and Lee (2012).

9Belloni et al. (2014) also derive a weighted bootstrap uniform Gaussian approximation for linear functionals of
series LS when the variance is known (see their Theorem 4.5).
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slightly too conservative. However, the uniform confidence bands for the nonlinear design have MC
and nominal converge probabilities much closer, with the exception of the quartic B-spline basis.
Coverage probabilities of the bands formed using Legendre polynomial bases are particularly good

in the nonlinear case.

K(J)=J K(J)=2J
ry  rx | 90% CI  95% CI  99% CI ‘ 90% CI  95% CI  99% CI
Design 1: Linear hg
4 4 0.933 0.966 0.996 0.944 0.971 0.994
4 ) 0.937 0.975 0.995 0.937 0.963 0.994
) ) 0.961 0.983 0.997 0.959 0.985 0.997
Leg Leg | 0.937 0.964 0.997 0.928 0.959 0.989
Design 2: Nonlinear hg
4 4 0.884 0.945 0.987 0.912 0.956 0.989
4 ) 0.894 0.946 0.987 0.906 0.951 0.987
) ) 0.956 0.978 0.995 0.951 0.979 0.996
Leg Leg | 0.901 0.952 0.988 0.906 0.948 0.989
Table 5: MC coverage probabilities of uniform confidence bands for hy. Results

are presented for B-spline bases for ¥ ; and Bk of orders r; and rx and Legendre
polynomial bases, with two different rules for K(J).

Appendix C Spline and wavelet bases

In this section we bound the terms &y 7, €7 = Amin(Gy,7) and ky(J) for B-spline and CDV wavelet
bases. Although we state the results for the space ¥ ;, they may equally be applied to Bx when

By is constructed using B-spline or CDV wavelet bases.

C.1 Spline bases

We construct a univariate B-spline basis of order » > 1 (or degree » — 1 > 0) with m > 0 interior
knots and support [0, 1] in the following way. Let 0 =t_(,_1y = ... =to <t1 < ... <ty <tpy1 =
.. = tm+4r = 1 denote the extended knot sequence and let Iy = [to,t1),. .., L = [tm, tm+1]- A basis

of order 1 is constructed by setting

1 ifxel;
N;i(x) = /
1) { 0 otherwise

for j =0,...m. Bases of order r > 1 are generated recursively according to

x—1t; tio, —
L Njro1(z) + — " Njp1 1 (2)

Njr(x) = ———
= tisr — L
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I I I I I I I I I ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1: 90%, 95% and 99% uniform confidence bands for hg (dashed lines;

innermost are 90%, outermost are 99%), estimate h (solid line), and true structural
function hg (dot-dashed line) for the nonlinear design.

-5 1 1 1 1 1 1 1 1 1 |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: 90%, 95% and 99% uniform confidence bands for hy (dashed lines), esti-

mate h (solid line), and true structural function hq (dot-dashed line), with (X;,Y;)
data (circles) for the nonlinear design.
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for j = —(r—1),...,m where we adopt the convention § := 0 (see Section 5 of DeVore and Lorentz
(1993)). This results in a total of m + r splines of order r, namely N_(,_y) ., ..., Npm,. Each spline
is a polynomial of degree r — 1 on each interior interval I3, ..., I, and is (r — 2)-times continuously

differentiable on [0, 1] whenever r > 2. The mesh ratio is defined as

maxo<j<m(tj+1 — t;)

h(m) = :
mesh(m) ming<;j<m (1 —t;)

i

m+1
m > 1) and we say that the mesh ratio is uniformly bounded if mesh(m) < 1 as m — oo. Each

Clearly mesh(m) = 1 whenever the knots are placed evenly (i.e. t; = fori=1,...,m and
of has continuous derivatives of orders < r —2 on (0,1). We let the space BSpl(r,m, [0,1]) be the

closed linear span of the m + r splines N_¢,_1) ..., Ny

We construct B-spline bases for [0, 1]¢ by taking tensor products of univariate bases. First generate
d univariate bases N_r—1)ris- s Nmyri for each of the d components x; of x as described above.
Then form the vector of basis functions 17 by taking the tensor product of the vectors of univariate

basis functions, namely:

d N—(r—l),ni(xi)
W () = @ ‘
A Nm,r,i(mi)

The resulting vector 7 has dimension J = (r + m)%. Let 1, ..., ;7 denote its J elements.

Stability properties: The following two Lemmas bound £, ;, and the minimum eigenvalue and
condition number of Gy = Gy = E[7(X;)/(X;)'] when t1,...,¢ ;s is constructed using

univariate and tensor-products of B-spline bases with uniformly bounded mesh ratio.

Lemma C.1 Let X have support [0,1] and let Yj1 = N_(;_1)y;---,%s5 = Npr be a univariate
B-spline basis of order r > 1 with m = J —r > 0 interior knots and uniformly bounded mesh ratio.
Then: (a) &g =1 for all J > r; (b) If the density of X is uniformly bounded away from 0 and
oo on [0,1], then there exists finite positive constants ¢y and Cy such that cyJ < )\maX(Gd,)*l <
Amin(Gy) ™! < Cyd for all J > 7; (¢) Amax(Gy)/Amin(Gy) < Cy /ey for all J > r.

Lemma C.2 Let X have support [0,1]% and let 1,...,1077 be a B-spline basis formed as the
tensor product of d univariate bases of order r > 1 with m = JY4 —r > 0 interior knots and
uniformly bounded mesh ratio. Then: (a) &y g =1 for all J > re; (b) If the density of X is uniformly
bounded away from 0 and oo on [0,1]%, then there ewists finite positive constants ¢y and Cy such
that cyd < Amax(Gy) ™t < Amin(Gy) L < Cyd for all J > 19} (¢) Amax(Gy)/Amin(Gy) < Cy /ey for
all J > r<.
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C.2 Wavelet bases

We construct a univariate wavelet basis with support [0, 1] following Cohen, Daubechies, and Vial
(1993) (CDV hereafter). Let (¢,1) be a Daubechies pair such that ¢ has support [-N + 1, N].
Given j such that 2/ —2N > 0, the orthonormal (with respect to the L2(]0,1]) inner product) basis
for the space V; includes 2/ —2N interior scaling functions of the form ¢ x(z) = 27/2p(2/z—k), each
of which has support [27 (=N +1+k),277(N +k)] for k = N,...,2/ — N — 1. These are augmented
with N left scaling functions of the form gpgk(:v) = 2112l (27z) for k = 0,...,N — 1 (where
@by 905\/—1 are fixed independent of j), each of which has support [0,277(N + k)], and N right
scaling functions of the form ¢, o; () = 21207 (29(x—1)) for k=1,...,N (where ¢" 1,...,¢"
are fixed independent of j), each of which has support [1 —277(1 — N — k), 1]. The resulting 2
functions @970, cees @?,Nfl, OjNs -5 Pj2i—N—15 @}72j_N, ey Lp}’y_l form an orthonormal basis (with

respect to the L%([0,1]) inner product) for their closed linear span V;.

An orthonormal wavelet basis for the space W;, defined as the orthogonal complement of V; in
Vi1, is similarly constructed form the mother wavelet. This results in an orthonormal basis of 27
functions ’l/JRO, e ,11)?7]\,_1, ViNy - Y05 N1 1,[)}72]-7]\,, . ,wjl.gjil (we use this conventional nota-
tion without confusion with the v ;; basis functions spanning V) where the “interior” wavelets
YiN, -0 n_1 are of the form ;1 (z) = 21/24p(29x — k). To simplify notation we ignore the 0
and 1 superscripts on the left and right wavelets and scaling functions henceforth. Let Ly and L be
integers such that 2N < 20 < 2L, A wavelet space at resolution level L is the 2*!-dimensional

set of functions given by

2Lo—1 L 27-1
Wav(L, [0,1]) = ¢ Y argirok + >, D bikthik : Lok bik €R
k=0 j=Lo k=0

We say that Wav(L, [0,1]) has regularity ~ if ¢ € C7 (which can be achieved by choosing N
sufficiently large) and write Wav(L, [0,1],~) for a wavelet space of regularity v with continuously

differentiable basis functions.

We construct wavelet bases for [0, 1]d by taking tensor products of univariate bases. We again take L
and L to be integers such that 2N < 20 < 2L Let ijg(x) denote an orthonormal tensor-product
wavelet for L2(]0,1]%) at resolution level j where k = (ki,...,kq) € {0,...,27 — 1} and where
G e Gy CH{w,, ww}d denotes which elements of the tensor product are v x, (indices corresponding
to wy) and which are ;. (indices corresponding to w,,). For example, Jj,k,wi = Hle Wk, (24)-
Note that each G € G 1, with j > L has an element that is w,, (see Triebel (2006) for details). We
have #(Gry.1,) = 2%, #(Gjr,) = 2¢ — 1 for j > Lg. Let Wav(L,[0,1]%,v) denote the space

L
Wav(L, [0,1]%,~) = Z Z Z a;k,aVikG : ajra €R (13)

Jj=Lo GEGj L, ke{0,...,29 —1}d
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where each univariate basis has regularity . This definition clearly reduces to the above definition

for Wav(L, [0, 1],~) in the univariate case.

Stability properties: The following two Lemmas bound &y, 7, as well as the minimum eigenvalue
and condition number of Gy = Gy ;7 = E[7 (X;)17 (X;)'] when 1, ...,y is constructed using

univariate and tensor-products of CDV wavelet bases.

Lemma C.3 Let X have support [0, 1] and let be a univariate CDV wavelet basis of resolution level
L =logy(J)—1. Then: (a) &5 = O(V'J) for each sieve dimension J = 2L+1; (b) If the density of X
is uniformly bounded away from 0 and oo on [0, 1], then there exists finite positive constants c,, and
Cy such that ¢y, < )\maX(Gw)_l < )\min(Gw)_l < Cy for each J; (¢) Amax(Gy)/Amin(Gy) < Cy/cy
for each J.

Lemma C.4 Let X have support [0,1]% and let vs1,...,1% 57 be a wavelet basis formed as the
tensor product of d univariate bases of resolution level L. Then: (a) &y = O(VJ) each J; (b)
If the density of X is uniformly bounded away from 0 and oo on [0,1]%, then there exists finite
positive constants ¢y, and Cy such that ¢y < AmaX(G¢)_1 < )\min(Gw)_l < Cy for each J; (c)
Amax(Gy)/Amin(Gy) < Cy /ey for each J.

Wavelet characterization of Besov norms: When the wavelet basis just described is of reg-
ularity v > 0, the norms || - |[gz. _ for p < v can be restated in terms of the wavelet coefficients.
We briefly explain the multivariate case as it nests the univariate case. Any f € L2([0,1]%) may be

represented as

f=> a0 (F)Ujna

j7G’7k:

with the sum is understood to be taken over the same indices as in display (13). If f € Bk ([0, 1]9)
then

j d
1 g e = 1l = S0 21D g, a(f)]
j7 b

and if f € By ,([0,1]) then

HszBg2 = Hing’Q = Z 2Pa; . (f)?

7k,G

Ssee Johnstone (2013) and Triebel (2006) for a more thorough discussion.
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