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Individual and Time Effects in Nonlinear Panel Models with Large N, T™

Ivdn Fernéandez-Valt Martin Weidner?
April 1, 2015

Abstract

Fixed effects estimators of nonlinear panel data models can be severely biased because of the incidental
parameter problem. We develop analytical and jackknife bias corrections for nonlinear models with
both individual and time effects. Under asymptotic sequences where the time-dimension (T') grows
with the cross-sectional dimension (IV), the time effects introduce additional incidental parameter bias.
As the existing bias corrections apply to models with only individual effects, we derive the appropriate
corrections for the case when both effects are present. The basis for the corrections are general asymptotic
expansions of fixed effects estimators with incidental parameters in multiple dimensions. We apply the
expansions to conditional maximum likelihood estimators with concave objective functions in parameters
for panel models with additively separable individual and time effects. These estimators cover fixed
effects estimators of the most popular limited dependent variable models such as logit, probit, ordered
probit, Tobit and Poisson models. Our analysis therefore extends the use of large-T bias adjustments
to an important class of models.

We also analyze the properties of fixed effects estimators of functions of the data, parameters and
individual and time effects including average partial effects. Here, we uncover that the incidental pa-
rameter bias is asymptotically of second order, because the rate of the convergence of the fixed effects
estimators is slower for average partial effects than for model parameters. The bias corrections are still
effective to improve finite-sample properties.

Keywords: Panel data, nonlinear model, dynamic model, asymptotic bias correction, fixed effects, time effects.
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1 Introduction

Fixed effects estimators of nonlinear panel data models can be severely biased because of the incidental
parameter problem (Neyman and Scott (1948), Heckman (1981), Lancaster (2000), and Greene (2004)).
A recent literature, surveyed in Arellano and Hahn (2007) and including Phillips and Moon (1999), Hahn
and Kuersteiner (2002), Lancaster (2002), Woutersen (2002), Alvarez and Arellano (2003), Hahn and
Newey (2004), Carro (2007), Arellano and Bonhomme (2009), Fernandez-Val (2009), Hahn and Kuer-
steiner (2011), Fernandez-Val and Vella (2011), and Kato, Galvao and Montes-Rojas (2012), provides
a range of solutions, so-called large-T" bias corrections, to reduce the incidental parameter problem in
long panels. These papers derive the analytical expression of the bias (up to a certain order of the time
dimension T'), which can be employed to adjust the biased fixed effects estimators. While the existing
large-T methods cover a large class of models with individual effects, they do not apply to panel models
with individual and time effects. An exception is Woutersen (2002), which considers a special type of
grouped time effects whose number is fixed with 7. We instead consider an unrestricted set of 7' time
effects, one for each time period. Time effects are important for economic modeling because they allow
the researcher to control for aggregate common shocks and to parsimoniously introduce dependence
across individuals.

We develop analytical and jackknife bias corrections for nonlinear semiparametric models with both
individual and time effects. To justify the corrections, we rely on asymptotic sequences where T' grows
with the cross-sectional dimension N, as an approximation to the properties of the estimators in econo-
metric applications where T is moderately large relative to N. Examples include empirical applications
that use U.S. state or country level panel data, or pseudo panels of trade flows across countries where the
panel dimensions correspond to importer and exporter countries. Under these asymptotics, the inciden-
tal parameter problem becomes a finite-sample bias problem in the time dimension and the presence of
time effects introduces additional bias in the cross sectional dimension. As the existing bias corrections
apply to models with only individual effects, we derive the appropriate correction.

In addition to model parameters, we provide bias corrections for average partial effects, which are
often the ultimate quantities of interest in nonlinear models. These effects are functions of the data,
parameters and individual and time effects in nonlinear models. The asymptotic distribution of the
fixed effects estimators of these quantities depends on the sampling properties of the individual and
time effects, unlike for model parameters. We find that in general the incidental parameters problem
for average effects is of second order asymptotically, because the rate of convergence of the fixed effect
estimator is slower for these effects than for model parameters. To the best of our knowledge, this rate
result is new for fixed effects estimators of average partial effects in nonlinear panel models with individual
and time effects.! The bias corrections, while not necessary to center the asymptotic distribution, do
improve the finite-sample properties of the estimators specially in dynamic models.

The basis for the bias corrections are asymptotic expansions of fixed effects estimators with incidental

parameters in multiple dimensions. Bai (2009) and Moon and Weidner (2013a; 2013b) derive similar

!Galvao and Kato (2013) also found slow rates of convergence for fixed effects estimators in linear models with individual
effects under misspecification. Fernandez-Val and Lee (2013) pointed out this issue in nonlinear models with only individual

effects.



expansions for least squares estimators of linear models with interactive individual and time effects.
We consider non-linear models, which produce similar bias patterns, but require different methods to
derive the asymptotic expansions. We focus on conditional maximum likelihood estimators with concave
objective functions in all parameters and additively separable individual and time effects.? Concavity
greatly facilitates showing consistency in our setting where the dimension of the parameter space grows
with the sample size. The most popular limited dependent variable models, including logit, probit,
ordered probit, Tobit and Poisson models have concave log-likelihood functions (Olsen (1978), and
Pratt (1981)). By additively separable effects, we mean that the individual effect a; and the time effect
~; enter the likelihood for the observation (,t) as a; 4+ ;. This is the most common specification for the
individual and time effects in linear models and is a natural specification in the nonlinear models that
we consider. Our analysis therefore extends the use of large-T bias adjustments to an important class
of models.

Our corrections eliminate the leading term of the bias from the asymptotic expansions. Under
asymptotic sequences where N and 1" grow at the same rate, we find that this term has two components:
one of order O(T~1!) coming from the estimation of the individual effects; and one of order O(N~1)
coming from the estimation of the time effects. We consider analytical methods similar to Hahn and
Newey (2004) and Hahn and Kuersteiner (2011), and suitable modifications of the split panel jackknife
of Dhaene and Jochmans (2010).> However, the theory of the previous papers does not cover the
models that we consider, because, in addition to not allowing for time effects, they assume either
identical distribution or stationarity over time for the processes of the observed variables, conditional
on the unobserved effects. These assumptions are violated in our models due to the presence of the
time effects, so we need to adjust the asymptotic theory accordingly. The individual and time effects
introduce strong correlation in both dimensions of the panel. Conditional on the unobserved effects, we
impose cross-sectional independence and weak time-serial dependence, and we allow for heterogeneity
in both dimensions.

Simulation evidence indicates that our corrections improve the estimation and inference performance
of the fixed effects estimators of parameters and average effects. The analytical corrections dominate the
jackknife corrections in a probit model for sample sizes that are relevant for empirical practice. In the
online supplement Ferndndez-Val and Weidner (2015), we illustrate the corrections with an empirical
application on the relationship between competition and innovation using a panel of U.K. industries,
following Aghion, Bloom, Blundell, Griffith and Howitt (2005). We find that the inverted-U pattern
relationship found by Aghion et al is robust to relaxing the strict exogeneity assumption of competition
with respect to the innovation process and to the inclusion of innovation dynamics. We also uncover
substantial state dependence in the innovation process.

The large-T panel literature on models with individual and time effects is sparse. Regarding linear
regression models, there is a literature on interactive fixed effects that includes some of the papers
mentioned above (e.g. Pesaran (2006), Bai (2009), Moon and Weidner (2013a; 2013b)). Furthermore,

Hahn and Moon (2006) considered bias corrected fixed effects estimators in panel linear autoregressive

2Here conditional refers to the initial conditions, exogenous variables and unobserved effects. This meaning is different

from the estimators that condition on sufficient statistics for the unobserved effects such as the conditional logit estimator.
3 A similar split panel jackknife bias correction method was outlined in Hu (2002).



models with additive individual and time effects. Regarding non-linear models, there is independent and
contemporaneous work by Charbonneau (2012), which extended the conditional fixed effects estimators
to logit and Poisson models with exogenous regressors and additively separable individual and time
effects. She differences out the individual and time effects by conditioning on sufficient statistics. The
conditional approach completely eliminates the asymptotic bias coming from the estimation of the
incidental parameters, but it does not permit estimation of average partial effects and has not been
developed for models with predetermined regressors. We instead consider estimators of model parameters
and average partial effects in nonlinear models with predetermined regressors. The two approaches can
therefore be considered as complementary. Chernozhukov, Ferndndez-Val, Hahn and Newey (2013)
analyzed semiparametric multinomial choice panel models under asymptotic sequences where T is fixed.
They showed that the parameters and average partial effects are only partially identified in models with
discrete regressors, but the identification sets shrink very quickly to a point with 7. We consider general
semiparametric models with discrete and continuous covariates under large-T'.

The rest of the paper is organized as follows. Section 2 introduces the model and fixed effects
estimators. Section 3 describes the bias corrections to deal with the incidental parameters problem and
illustrates how the bias corrections work through an example. Section 4 provides the asymptotic theory.
Section 5 presents Monte Carlo results. The Appendix collects the proofs of the main results, and the
online supplement to the paper contains additional technical derivations, numerical examples, and an

empirical application (Ferndndez-Val and Weidner, 2015).

2 Model and Estimators

2.1 Model

The data consist of N x T observations {(Yi, X/;)' : 1 <i < N,1 <¢ < T}, for a scalar outcome variable
of interest Y;; and a vector of explanatory variables X;;. We assume that the outcome for individual ¢

at time ¢ is generated by the sequential process:
)/it ‘ Xfaa777ﬁ ~ fY( | Xitaaiaq/hﬁ)? (Z = 177N7t = 17"'7T)a

where X! = (X;1,...,Xu), a = (a1,...,an), v = (7,---,77), fy is a known probability function,
and [ is a finite dimensional parameter vector. The variables a; and 7, are unobserved individual
and time effects that in economic applications capture individual heterogeneity and aggregate shocks,
respectively. The model is semiparametric because we do not specify the distribution of these effects
nor their relationship with the explanatory variables. The conditional distribution fy represents the
parametric part of the model. The vector X;; contains predetermined variables with respect to Y;;. Note
that X;; can include lags of Y;; to accommodate dynamic models.

We consider two running examples throughout the analysis:

Example 1 (Binary response model). Let Y;; be a binary outcome and F be a cumulative distribution
function, e.g. the standard normal or logistic distribution. We can model the conditional distribution of

Yi: using the single-index specification

fY(y | Xit7ai7’yt7/8) = F(Xz/tﬁ + oy +’7t)y[1 - F(Xz/tﬂ_F 7] +’Yt)]17y7 Yy e {Oa 1}
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In a labor economics application, Y can be an indicator for female labor force participation and X can

include fertility indicators and other socio-economic characteristics.

Example 2 (Count response model). Let Y;; be a non-negative interger-valued outcome, and f(-;\)
be the probability mass function of a Poisson random wvariable with mean A > 0. We can model the

conditional distribution of Yy using the single index specification

fY(y | Xitaaia’ytyﬁ) = f(y7eXp[Xz/t/6 + (673 +’Yt])» Y c {07 172a }

In an industrial organization application, Y can be the number of patents that a firm produces and X

can include investment in RED and other firm characteristics.

For estimation, we adopt a fixed effects approach treating the realization of the unobserved in-
dividual and time effects as parameters to be estimated. We collect all these effects in the vector

/

énT = (1, aN, 71, - y7)’. The model parameter 8 usually includes regression coefficients of in-

terest, while the unobserved effects ¢y are treated as a nuisance parameter. The true values of the
parameters, denoted by 8° and ¢, = (a?,...,a%,7?, ...,7%)’, are the solution to the population condi-

tional maximum likelihood problem

Eg[LnT (B, dnT)],

max
(B,pn7)ERAIM At dim énT

Lyr(B,énT) = (NT) 28N "log fy (Yir | Xt iy, B) = b(onronr)?/2 3 (2.1)
it

for every N, T, where E4 denotes the expectation with respect to the distribution of the data conditional
on the unobserved effects and initial conditions including strictly exogenous variables, b > 0 is an
arbitrary constant, vy = (1%, —1%)’, and 15 and 17 denote vectors of ones with dimensions N and
T. Existence and uniqueness of the solution to the population problem will be guaranteed by our
assumptions in Section 4 below, including concavity of the objective function in all parameters. The
second term of Ly is a penalty that imposes a normalization needed to identify ¢y7 in models with
scalar individual and time effects that enter additively into the log-likelihood function as a; +7;.* In this
case, adding a constant to all «;, while subtracting it from all 7, does not change «; 4+ ;. To eliminate
this ambiguity, we normalize ¢% to satisfy v, 0%y = 0, ie. >, a = 3", 4. The penalty produces
a maximizer of £Lyr that is automatically normalized. We could equivalently impose viyronT = 0 as
a constraint, but for technical reasons we prefer to work with an unconstrained optimization problem.
There are other possible normalizations for ¢y such as a; = 0. The model parameter f is invariant
to the choice of normalization. Our choice is convenient for certain intermediate results that involve
the incidental parameter ¢y, its score vector and its Hessian matrix. The pre-factor (NT)~'/? in

Lnt(B,dnT) is just a rescaling.

4In Appendix B we derive asymptotic expansions that apply to more general models. In order to use these expansions
to obtain the asymptotic distribution of the panel fixed effects estimators, we need to derive the properties of the expected
Hessian of the incidental parameters, a matrix with increasing dimension, and to show the consistency of the estimator of
the incidental parameter vector. The additive specification «; + 7 is useful to characterize the Hessian and we impose strict

concavity of the objective function to show the consistency.



Other quantities of interest involve averages over the data and unobserved effects

8er = E[ANT(B%, 6% 7)), Ant (B, dnr) = (NT)™H > A(Xir, B, i, ), (2.2)

it
where [E denotes the expectation with respect to the joint distribution of the data and the unobserved
effects, provided that the expectation exists. 0%, is indexed by N and T because the marginal distri-
bution of {(X;s, i, ) 11 <i < N,1<¢<T} can be heterogeneous across i and/or ¢; see Section 4.2.
These averages include average partial effects (APEs), which are often the ultimate quantities of interest
in nonlinear models. The APEs are invariant to the choice of normalization for ¢y if o; and 7, enter

A(Xit, B, i, 7e) as a; + ¢ Some examples of partial effects that satisfy this condition are the following:

Example 1 (Binary response model). If X, the kth element of X, is binary, its partial effect on
the conditional probability of Yy is

A(Xit, By0i,v) = F(Be + Xiy _xB-r + i + 1) — F(X], _xBr + ai +71), (2.3)

where By, is the kth element of B, and Xyt _ and B include all elements of Xz and B except for the
kth element. If Xy 1 is continuous and F' is differentiable, the partial effect of X, on the conditional
probability of Yi; is

A(Xit, B, 01,) = BOF (X8 + s + 1), (2.4)

where OF is the derivative of F'.

Example 2 (Count response model). If X;;: includes Z;; and some known transformation H(Z;) with

coefficients By, and B;, the partial effect of Ziy on the conditional expectation of Yi: is

A(Xit, By iy ve) = [Be + B;0H (Zir )| exp(X{, 8+ i + 7). (2.5)

2.2 Fixed effects estimators

We estimate the parameters by solving the sample analog of problem (2.1), i.e.

Lyt (B, dNT)- (2.6)

max
(ﬂ,¢NT)€IRAdim B+dim ¢ N

As in the population case, we shall impose conditions guaranteeing that the solutions to this maximiza-
tion problem exist and are unique with probability approaching one as N and T become large. For
computational purposes, we note that the solution to the program (2.6) for 8 is the same as the solution
to the program that imposes vir¢nT = 0 directly as a constraint in the optimization, and is invariant
to the normalization. In our numerical examples we impose either a; = 0 or ; = 0 directly by dropping
the first individual or time effect. This constrained program has good computational properties because
its objective function is concave and smooth in all the parameters. We have developed the commands
probitfe and logitfe for Stata to implement the methods of the paper for probit and logit models
(Cruz-Gonzélez et al., 2015).° When N and T are large, e.g., N > 2,000 and T' > 50, we recommend

SWe refer to this companion work for computational details.



the use of optimization routines that exploit the sparsity of the design matrix of the model to speed
up computation such as the package Speedglm in R (Enea, 2012). For a probit model with N = 2,000
and T = 52, Speedglm computes the fixed effects estimator in less than 2 minutes with a 2 x 2.66 GHz
6-Core Intel Xeon processor, more than 7.5 times faster than our Stata command probitfe and more
than 30 times faster than the R command glm.

To analyze the statistical properties of the estimator of S it is convenient to first concentrate out the

nuisance parameter ¢ . For given 3, we define the optimal qAﬁ ~T(B) as

$NT(5) = argmax Ln7(8, ¢nT) - (2.7)

pnTERIMENT

The fixed effects estimators of 8% and ¢, are

By = argmax ﬁNT(ﬁvQZNT(B))a dNT = énT(B)- (2.8)

BERIIm B

Estimators of APEs can be formed by plugging-in the estimators of the model parameters in the
sample version of (2.2), i.e.

onT = ANT(B, dnT). (2.9)

Again, SNT is invariant to the normalization chosen for ¢y if a; and v enter A(Xyy, B, i, Vi) as a; +;.

3 Incidental parameter problem and bias corrections

In this section we give a heuristic discussion of the main results, leaving the technical details to Section 4.
We illustrate the analysis with numerical calculations based on a variation of the classical Neyman and

Scott (1948) variance example.

3.1 Incidental parameter problem

Fixed effects estimators in nonlinear models suffer from the incidental parameter problem (Neyman and
Scott, 1948). The source of the problem is that the dimension of the nuisance parameter ¢y increases
with the sample size under asymptotic approximations where either N or T pass to infinity. To describe

the problem let

BNt = argmax K, [ENT(B,(ENT(ﬁ))} . (3.1)
BeRdim s

The fixed effects estimator is inconsistent under the traditional Neyman and Scott asymptotic sequences
where N — oo and T is fixed, i.e., plimy_,. Byr # B°. Similarly, the fixed effect estimator is in-
consistent under asymptotic sequences where T'— oo and N is fixed, i.e., plimy_, . Byr # B°. Note
that Byp = B° if $NT(5) is replaced by ¢n7(B8) = argmaxy,  cramenr Eg[LnT(B, dnT)]. Under
asymptotic approximations where either N or T are fixed, there is only a fixed number of observations
to estimate some of the components of ¢y, T for each individual effect or N for each time effect,
rendering the estimator o ~1(8) inconsistent for ¢n7(5). The nonlinearity of the model propagates the

inconsistency to the estimator of 3.

5 Additional comparisons of computational times are available from the authors upon request.



A key insight of the large-T panel data literature is that the incidental parameter problem becomes
an asymptotic bias problem under an asymptotic approximation where N — oo and T — oo (e.g.,
Arellano and Hahn, (2007)). For models with only individual effects, this literature derived the expansion
Byt = B°+B/T+op(T~') as N, T — oo, for some constant B. The fixed effects estimator is consistent
because plimy 7_, Byt = B°, but has bias in the asymptotic distribution if B/T is not negligible
relative to 1/ V/NT, the order of the standard deviation of the estimator. This asymptotic bias problem,
however, is easier to correct than the inconsistency problem that arises under the traditional Neyman and
Scott asymptotic approximation. We show that the same insight still applies to models with individual
and time effects, but with a different expansion for B,,. We characterize the expansion and develop

bias corrections.

3.2 Bias Expansions and Bias Corrections

Some expansions can be used to explain our corrections. For smooth likelihoods and under appropriate

regularity conditions, as N,T — oo,
Byr =B+ B /T + Do /N +op(T™ VN, (3.2)

for some Efo and Efo that we characterize in Theorem 4.1, where a Vb := max(a, b). Unlike in nonlinear
models without incidental parameters, the order of the bias is higher than the inverse of the sample size
(NT)~! due to the slow rate of convergence of g/b\NT. Note also that by the properties of the maximum

likelihood estimator

VNT(Bnr = Byr) = N(0,Vo0),

for some V ., that we also characterize in Theorem 4.1. Under asymptotic sequences where N/T — >

as N, T — oo, the fixed effects estimator is asymptotically biased because

VNT(Byr — 8°) = VNT(Bnt — Byg) + VNT(Bay /T + Dag /N + 0p(T v N™Y)
Sy N(B2, + 57 1D2 Vo). (3.3)

Relative to fixed effects estimators with only individual effects, the presence of time effects introduces
additional asymptotic bias through Efo. This asymptotic result predicts that the fixed effects estimator
can have significant bias relative to its dispersion. Moreover, confidence intervals constructed around
the fixed effects estimator can severely undercover the true value of the parameter even in large samples.
We show that these predictions provide a good approximations to the finite sample behavior of the fixed
effects estimator through analytical and simulation examples in Sections 3.3 and 5.

The analytical bias correction consists of removing estimates of the leading terms of the bias from
the fixed effect estimator of 59, Let EZ%T and f)gT be estimators of Ei and bfo as defined in (4.8).

The bias corrected estimator can be formed as
BfélT = ONT — B]BVT/T - DJBVT/N'
2 pp B° Dl o’
If N/T — k*, Byp —p B, and Dy —p D, then

VNT (B = 8°) =a N (0, Vo).



The analytical correction therefore centers the asymptotic distribution at the true value of the param-
eter, without increasing asymptotic variance. This asymptotic result predicts that in large samples the
corrected estimator has small bias relative to dispersion, the correction does not increase dispersion, and
the confidence intervals constructed around the corrected estimator have coverage probabilities close to
the nominal levels. We show that these predictions provide a good approximations to the behavior of
the corrections in Sections 3.3 and 5 even in small panels with N < 60 and T < 15.

We also consider a jackknife bias correction method that does not require explicit estimation of the
bias. This method is based on the split panel jackknife (SPJ) of Dhaene and Jochmans (2010) applied
to the time and cross-section dimension of the panel. Alternative jackknife corrections based on the
leave-one-observation-out panel jackknife (PJ) of Hahn and Newey (2004) and combinations of PJ and
SPJ are also possible. We do not consider corrections based on PJ because they are theoretically justified
by second-order expansions of 37 that are beyond the scope of this paper.

To describe our generalization of the SPJ, let E N,1/2 be the average of the 2 split jackknife estimators
that use all the individuals and leave out the first and second halves of the time periods of the panel,
and let BN/2,T be the average of the 2 split jackknife estimators that use all the time periods and
leave out half of the individuals of the panel.” In choosing the cross sectional division of the panel,
one might want to take into account individual clustering structures to preserve and account for cross
sectional dependencies. If there are no cross sectional dependencies, E /2,7 can be constructed as the
average of the estimators obtained from all possible partitions of N/2 individuals to avoid ambiguity

and arbitrariness in the choice of the division.® The bias corrected estimator is
B = 3BT — By — Bjar- (3.4)
To give some intuition about how the corrections works, note that
Btz — Bo = (Bnr — Bo) — (/gN,T/2 — Bnr) — (BN/ZT — Bnr),

where EN’T/Q —Bnr = Ei/T—I—OP(T_l VN~1) and 5N/2$T—B\NT = Efo/N—&—oP(T_l\/N_l). Relative to
B NT, B ~,7/2 has double the bias coming from the estimation of the individual effects because it is based
on subpanels with half of the time periods, and E ~/2,7 has double the bias coming from the estimation
of the time effects because it is based on subpanels with half of the individuals. The time series split

removes the bias term Efo and the cross sectional split removes the bias term ﬁi.

3.3 Illustrative Example

To illustrate how the bias corrections work in finite samples, we consider a simple model where the
solution to the population program (3.1) has closed form. This model corresponds to a variation of

the classical Neyman and Scott (1948) variance example that includes both individual and time effects,

"When T is odd we define EN,T/Q as the average of the 2 split jackknife estimators that use overlapping subpanels with

t <(T+1)/2 and t > (T +1)/2. We define Bx/s,r similarly when N is odd.
8There are P = (g) different cross sectional partitions with N/2 individuals. When N is large, we can approximate the

average over all possible partitions by the average over S < P randomly chosen partitions to speed up computation.



Yir | a,v, 8 ~ N(a; + v, ). Tt is well-know that in this case
-~ _ 5 S S N2
Bnr = (NT)™' > (Yu— Y =Y, +Y.)",
it
where V; = 7! > Yies Y, =N"1 > Yit, and Y. = (NT) ! > i+ Yit. Moreover, from the well-known
results on the degrees of freedom adjustment of the estimated variance we know that

(N—l)(T—l):ﬁo(l_l 1 1)7

Bt = EglBnr] = 8 NT

so that Efo = —f% and ﬁfo =309
To form the analytical bias correction we can set EJ%T = —ENT and ﬁﬁ,T = —ENT. This yields
Bar = Byr(1+1/T + 1/N) with

A ea o 11 1 1 1
Bnr =Ey[Bnr] =B (1_TQ_N2_NT+NT2+N2T .
This correction reduces the order of the bias from (T-'VN~!) to (T-2V N~2), and introduces additional

higher order terms. The analytical correction increases finite-sample variance because the factor (1 +

1/T +1/N) > 1. We compare the biases and standard deviations of the fixed effects estimator and the

corrected estimator in a numerical example below.

For the Jackknife correction, straightforward calculations give
=7 zJ v 3 3 0 1
Byt =Es[Bnr] = 3BNnr — B2 = Bnjpr =8 |1 - ~T )

The correction therefore reduces the order of the bias from (T~* Vv N~1) to (T'N)~1.10

Table 1 presents numerical results for the bias and standard deviations of the fixed effects and bias
corrected estimators in finite samples. We consider panels with N, T € {10,25,50}, and only report
the results for 7' < N since all the expressions are symmetric in N and 7. All the numbers in the
table are in percentage of the true parameter value, so we do not need to specify the value of 3°. We
find that the analytical and jackknife corrections offer substantial improvements over the fixed effects
estimator in terms of bias. The first and fourth row of the table show that the bias of the fixed effects
estimator is of the same order of magnitude as the standard deviation, where Vyr = Var[B\NT] =
2(N — 1)(T — 1)(B°)?/(NT)? under independence of Y;; over i and ¢ conditional on the unobserved
effects. The fifth row shows the increase in standard deviation due to analytical bias correction is small
compared to the bias reduction, where VQT = Var[4,] = (1+ 1/N 4+ 1/T)2V yo. The last row shows
that the jackknife yields less precise estimates than the analytical correction in small panels.

Table 2 illustrates the effect of the bias on the inference based on the asymptotic distribution. It
shows the coverage probabilities of 95% asymptotic confidence intervals for 3° constructed in the usual
way as

Clos(B) = B+ 1.96V? = B(1 +1.96,/2/(NT)),

90kui (2013) derives the bias of fixed effects estimators of autocovariances and autocorrelations in this model.
107y this example it is possible to develop higher-order jackknife corrections that completely eliminate the bias because we

know the entire expansion of 8 y,. For example, Ey [4B\NT — 2B’N7T/2 — QEN/Q’T +EN/27T/2] = 3°, where EN/gyT/g is the average
of the four split jackknife estimators that leave out half of the individuals and the first or the second halves of the time periods.

See Dhaene and Jochmans (2010) for a discussion on higher-order bias corrections of panel fixed effects estimators.
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Table 1: Biases and Standard Deviations for Y | «,v, 8 ~ N (a; + v, B)

N =10 N=25 N=50

T=10 T=10 T=25 T=10 T=25 T=50

Bap — 8%)/8°  -19  -14  -08 -12  -06  -.04
(Bar—B%/8° -03  -02 .00 -0l -0l .00
(Bur — B8°/8°  -01 00 .00 .00 .00 .00
VVnr/B° 13 08 .05 .06 .04 .03

Vg /B 14 09 .06 .06 .04 .03
V)5 17 10 .06 .07 .04 .03

Notes: Vg obtained by 50,000 simulations with 5% =1

where 8 = {By7, B, B} and Vnr = 28%/(NT) is an estimator of the asymptotic variance V. /(NT) =
2(8%)?%/(NT). To find the coverage probabilities, we use that NTBnr/B° ~ X?Nfl)(Tfl) and BX‘,T =
(1+1/N+1 /T)B\ ~7. These probabilities do not depend on the value of 3% because the limits of the
intervals are proportional to E . For the Jackknife we compute the probabilities numerically by simulation
with 8° = 1. As a benchmark of comparison, we also consider confidence intervals constructed from the
unbiased estimator Sy = NTBynr/[(N —1)(T —1)]. Here we find that the confidence intervals based on
the fixed effect estimator display severe undercoverage for all the sample sizes. The confidence intervals
based on the corrected estimators have high coverage probabilities, which approach the nominal level as
the sample size grows. Moreover, the bias corrected estimators produce confidence intervals with very

similar coverage probabilities to the ones from the unbiased estimator.

Table 2: Coverage probabilities for Yy | o, 7, 8 ~ N (a; + v, B)

N =10 N=25 N=50

T=10 T=10 T=25 T=10 T=25 T=50
Clos(Bnr) .56 55 .65 44 63 .68
Clos(Bi;) .89 92 93 92 .94 94
Clos(BLp) .89 91 93 92 93 .94
Clos(Bnt) .91 93 94 93 94 94

Notes: Nominal coverage probability is .95. Cl g5 (E}{,T) obtained by

50,000 simulations with 8 = 1

11



4 Asymptotic Theory for Bias Corrections

In nonlinear panel data models the population problem (3.1) generally does not have closed form solution,
so we need to rely on asymptotic arguments to characterize the terms in the expansion of the bias (3.2)

and to justify the validity of the corrections.

4.1 Asymptotic distribution of model parameters

We consider panel models with scalar individual and time effects that enter the likelihood function
additively through 7m;; = a;+7;. In these models the dimension of the incidental parameters is dim ¢y =
N+T. The leading cases are single index models, where the dependence of the likelihood function on the
parameters is through an index X/, + «; + ;. These models cover the probit and Poisson specifications
of Examples 1 and 2. The additive structure only applies to the unobserved effects, so we can allow for
scale parameters to cover the Tobit and negative binomial models. We focus on these additive models for
computational tractability and because we can establish the consistency of the fixed effects estimators
under a concavity assumption in the log-likelihood function with respect to all the parameters.

The parametric part of our panel models takes the form

log fy (Yie | Xit, iy ve, B) =2 Lie(B, mit)- (4.1)

We denote the derivatives of the log-likelihood function ¢;; by 93¢ (8, ) := 0 (B, m) /0B, Oppli(B, ) :=
0%0:4(B,7)/(0BOB"), Oralis(B,7) := Uy (B,7) /079, ¢ = 1,2,3, etc. We drop the arguments 3 and 7
when the derivatives are evaluated at the true parameters 8° and 7% = o? + 4, e.g. Opalyy =
Oralit(B°,7Y,). We also drop the dependence on NT from all the sequences of functions and parameters,
e.g. we use L for Ly and ¢ for ¢nr.

We make the following assumptions:

Assumption 4.1 (Panel models). Let v > 0 and u > 4(8 + v)/v. Let ¢ > 0 and let B be a subset of
RY™B+L that contains an e-neighbourhood of (8°,7%,) for all i,t, N,T.**

i) Asymptotics: we consider limits of sequences where =K%, 0< Kk <00, as — 00.

(i) Asymptoti ider limits of seq here N/T 2.0 , as N, T

ii) Sampling: conditional on ¢, X1 <4< is independent across i and, for each i,

i) Sampli ditional YT, XF) : 1 < i < N} is independent i and hi
{(Yie, Xir) : 1 <t < T} is a-mizing with mizing coefficients satisfying sup; a;(m) = O(m™*") as
m — oo, where

a;(m) = sup sup |P(ANn B) — P(A)P(B)|,

t AcAj,BeB;,,,

and for Zy = (Yit, Xit), Al is the sigma field generated by (Zit, Zit—1,...), and Bi is the sigma
field generated by (Zi, Z; 141, . - .).

(iii) Model: for X! = {X;s:s=1,...,t}, we assume that for all i,t, N, T,

Yi | Xf,qﬁ,ﬁ ~ exp[li(B, ai 4 7¢)].

"For example, BY can be chosen to be the Cartesian product of the e-ball around 8° and the interval [Tmin, Tmax], With

Tmin < Tit — € and Tmax > Tt +¢€ for all 4,¢, N, T. We can have mpin = —00 and Tmax = 00, as long as this is compatible with
Assumption 4.1 (iv) and (v).

12



The realizations of the parameters and unobserved effects that generate the observed data are de-
noted by B° and ¢°.

(iv) Smoothness and moments: We assume that (B8, ) — £;e(8,7) is four times continuously differen-
tiable over BY a.s. The partial derivatives of £;(3, ) with respect to the elements of (B,7) up to
fourth order are bounded in absolute value uniformly over (3,7) € BY by a function M(Z;;) > 0

a.s., and max; ; Ey[M (Z;,)8%"] is a.s. uniformly bounded over N,T.

(v) Concavity: For all N,T, (8,¢) — L(B,¢) = (NT)_1/2{Zi’t&t(B,ai + ) — b(v'$)? )2} is strictly
concave over RUMBTNAT o s Furthermore, there exist constants bpmin and byax such that for all
(B,7) € B, 0 < bmin < —Eg [072054(B,7)] < bmax a.s. uniformly over i,t, N,T.

Remark 1 (Assumption 4.1). Assumption 4.1(i) defines the large-T asymptotic framework and is the
same as in Hahn and Kuersteiner (2011). The relative rate of N and T exactly balances the order of
the bias and variance producing a non-degenerate asymptotic distribution.

Assumption 4.1(it) does not impose identical distribution nor stationarity over the time series dimen-
sion, conditional on the unobserved effects, unlike most of the large-T panel literature, e.g., Hahn and
Newey (2004) and Hahn and Kuersteiner (2011). These assumptions are violated by the presence of the
time effects, because they are treated as parameters. The mizing condition is used to bound covariances
and moments in the application of laws of large numbers and central limit theorems — it could replaced
by other conditions that guarantee the applicability of these results.

Assumption 4.1(ii1) is the parametric part of the panel model. We rely on this assumption to guar-
antee that 0glyy and Orl; have martingale difference properties. Moreover, we use certain Bartlett
identities implied by this assumption to simplify some expressions, but those simplifications are not cru-
cial for our results. We provide expressions for the asymptotic bias and variance that do not apply these
simplifications in Remark 3 below.

Assumption 4.1(iv) imposes smoothness and moment conditions in the log-likelihood function and its
derivatives. These conditions guarantee that the higher-order stochastic expansions of the fized effect
estimator that we use to characterize the asymptotic bias are well-defined, and that the remainder terms
of these expansions are bounded.

The most commonly used nonlinear models in applied economics such as logit, probit, ordered probit,
Poisson, and Tobit models have smooth log-likelihoods functions that satisfy the concavity condition of
Assumption 4.1(v), provided that all the elements of X;: have cross sectional and time series variation.
Assumption 4.1(v) guarantees that B° and ¢° are the unique solution to the population problem (2.1),

that is all the parameters are point identified.

To describe the asymptotic distribution of the fixed effects estimator B , it is convenient to introduce
some additional notation. Let H be the (N +T) x (N +T) expected Hessian matrix of the log-likelihood

with respect to the nuisance parameters evaluated at the true parameters, i.e.

_ H, H, b
H =Ey[—0psr L] = 7,50‘0‘) 7(*a7) + v, 4.2
oot ( [H(cw)}/ H(W) VNT 2

where Hi,oy = diag(Y, Bg[=0x2lu))/VNT, Hipppy = BEg[~0n2l]/VNT, and H, =
diag(}_, E¢[—0r2€i])/vV NT. Furthermore, let g(ala), g(a17)7 ﬂ(;la), and g(iylﬂ{) denote the N x N,
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N xT, T x N and T x T blocks of the inverse H ' of H. We define the dim B-vector Z;; and the

operator Dgra as

N T
_ 1
Sit S T T = Z Z ( (aar)ij + H('yoc)t] + H(a'\/ )it + H v'\/)tr) E¢ (85ﬂ'€]7') ’
NT ==
Dgraliy := Ograliy — Onat1i 2y, (4.3)

with ¢ = 0,1,2. The k-th component of =;; corresponds to the population least squares projection
of Ey(0g,x¥it)/Ep(Or2€;t) on the space spanned by the incidental parameters under a metric given by
E¢(78ﬁ2£it), ie

= x " . o : Eg(0pinti ’
itk = g+ Vik (aj, ) = gifgtlﬁgh(—@w?&t) <IM — ik =Tt k> :
The operator Dgr« partials out individual and time effects in nonlinear models. It corresponds to
individual and time differencing when the model is linear. To see this, consider the normal linear
model Y, | X!, e,y ~ N(XL,B + i + 41, 1). Then, Zyp = TS0 Bg[Xar] + NP YN By [Xii] —
(NT)™! Zf\; ZtT:1 Eg[Xit], Dplic = —Xucit, Donlis = —Xit, and Dgralyy = 0, where g4 = Yy —
X8 —a; — vy and X;t = Xy — Zi is the individual and time demeaned explanatory variable.
Let E := plimy 7_,,. The following theorem establishes the asymptotic distribution of the fixed

effects estimator E .

Theorem 4.1 (Asymptotic distribution of 3) Suppose that Assumption 4.1 holds, that the following

limits exist

Bu=E|y i i £rBo (OrtuDintin) + 3 T E¢<Dﬂwzzit>]
L 23—1 Ey (Or2Lit)
D. =_-FE|= Z Zz 1 E¢ a gztDﬁwgzt + Dﬂ,ﬂ&ﬂ}
t 1 Zz 1 E¢>( r’é‘@t)

N T
_ — 1 -
We = —E NT E E Ey (9pplit — 8ﬂ2£it:it:;t)‘| )

=1 t=1

and that W, > 0. Then,

VNT (B~ 3°) —a W N(5Bo + k' Doc, W),

so that Bo, = W Buo, D = W Deo, and Voo = W in (3.2) and (3.3).

Remark 2 (Proof of Theorem 4.1). The complete proof of Theorem 4.1 is provided in the Appendiz.
Here we include some comments pointing out the differences with the analogous proof for models with

only individual effects, and describe the steps of the proof highlighting how the assumptions are used.

(i) The existing results for large N, T panels, which were developed for models with only individual
effects, cannot be sequentially applied to the two dimensions of the panel to derive the asymptotic

distribution of our estimators. These results usually start with a consistency proof that relies
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on partitioning the log-likelihood in the sum of individual log-likelihoods that depend on a fixed
number of parameters, the model parameter 5 and the corresponding individual effect o;. Then,
the mazimizers of the individual log-likelihood are shown to be consistent estimators of all the
parameters as T becomes large using standard arguments. In the presence of time effects there is
no partition of the data that is only affected by a fized number of parameters, and whose size grows

with the sample size. We thus require a new approach.

(ii) Step 1 (consistency of B) we derive an asymptotic approximation to the score of the profile log-
likelihood, 85£(ﬁ,$(ﬁ)), which is valid locally around B = °. We use this approzimation to
show that there is a solution to the first order condition (“)gﬁ(ﬁ,(?ﬁ(ﬁ)) = 0 that is close to (Y
asymptotically, and to characterize the asymptotic properties of this solution. Under Assumption
4.1(v), the solution to 0gL(B, gg(ﬂ)) = 0 uniquely determines the maximizer B, thus implying that
B is consistent. Note that the global concavity condition in Assumption 4.1(v) can be replaced by

another condition that allows one to show the consistency of 3
(iii) Step 2 (Stochastic expansions of 5L (/°, 5(50)) and QAS(BO)): A Taylor second order approximation
to 855(50,5(50)) around ¢° gives

dim ¢
DpL(B°,3(B")) ~ DL + Dpyr LIH(B®) — °1 + D Dpgrs, LID(B®) — ¢ )by (B°) — 651/2,  (4.4)

g=1

where aW%Z = E4[0p¢:¢,L]. Similarly, a Taylor second order approvimation to the first order
condition of ;5(50), 8¢£(60,$(60)) =0, around ¢° gives

dim ¢

WP~ ~H ST HH S+H Y Dpyro, LIS Sly/2 (45)
g=1
where H is the expected incidental parameter Hessian introduced in (4.2), H = —Opgpr L — H,

o6, L = Egl0spr6,L], and S is the score of the incidental parameters,

T
[ S et
1 N
|: vVNT Zi:l 87T£it:| t=1,..., T
We bound the terms and remainders of the expansions (4.4) and (4.5) using the properties of S and

ﬁfl, together with Assumption 4.1(iv).*> The components of S are of orders 1/v/N and 1/v/T

because they are sums over t and i of the mean-zero process Oply. For this conclusion it is crucial

S 1= 0,L(8°, ¢°) =

that each element of the incidental parameter vector affects a subset of observations (namely «;
affects all observations from individual i, and ¢ affects all observations from time period t) whose

size grows with the sample size. For models with only individual effects, the Hessian H is diagonal

2The expansions (4.4) and (4.5) can be derived in different ways. We obtain them through the Legendre-transformed
objective function £*(8, S) = max, [L(3, ¢) — ¢'S]. This function has the properties: £*(8, 0) = L(B,(8)), L*(3, S) =
L(B,6°) — ¢”S, and 9sL(83,¢°) = 93L* (B, S). The expansion of dzL(B,d(8)) = dsL*(B, 0) can therefore be obtained as a
Taylor stochastic expansion of dsL* (8, S) in (8, S) around (3°,S) and evaluated at (3,0). For details we refer to the proof

of Theorem B.1, which is contained in the online supplementary material.
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(iv)

and its inversion poses no difficulty. In our case H has strong diagonal elements of order 1 and
off-diagonal elements of order (NT)~Y/2. The off-diagonal elements reflect that the individual
and time effects are compounded in a non-trivial way. They are of smaller order than the strong
diagonal elements, but cannot simply be ignored in the inversion because the number of them is very
large and grows with the sample size. For example, the expected Hessian H* without penalty has
the same order of diagonal and off-diagonal elements as H, but is not invertible. Lemma D.1 in
the appendiz shows that H is invertible, and that ﬁﬂ has the same structure as H, namely strong
diagonal elements of order 1 and off-diagonal elements of order (NT)~*/2. We make use of the
additive separability of the individual and time effects of Assumption 4.1(iii) to prove Lemma D.1.

Step 3 (Stochastic expansion of B) substituting the expansions (4.4) and (4.5) in a first order
Taylor approximation to the first order condition of B, 85£(§, &F(E)) =0, around B° yields

0~ 05L(8°, 6(5°)) + D L(5°. $(B)(B ~ ) U + U W VNT(B - 5°),  (46)
where U is a variance term with U®) = 9gL + [0p4 L] ﬁ_lS —a N(0, W), UM is a bias term

with

U = (050 LIH 'S ~ (050 L)H HH 'S
1 dim ¢ ) 1 1
+ 5 Z (86¢/¢qz+ [8ﬁ¢/z] ﬁ_ [8¢¢/¢qz]> [ﬁ_ S]gﬁ_ S —p K Eoo + ,‘ﬁ:il 5007
g=1

s L = Ey[0pp L], and dpy L = sy L — Dpe L. We refer to the proof of Theorem 4.1 for
more details on the derivation and notation. Here we use Assumptions 4.1(iii) to characterize the

expressions of the limits Boo, Doo, and W

Remark 3 (Bias and Variance expressions for Conditional Moment Models). In the derivation of the

asymptotic distribution, we apply Bartlett identities implied by Assumption 4.1(iii) to simplify the ex-

pressions. The following expressions of the asymptotic bias and variance do not make use of these

identities and therefore remain valid in conditional moment models that do not specify the entire condi-

tional distribution of Yi;:

B E| Ly T (awmmeh)}
N&  ELiEe (Oela)
+ gl L i 3ot Eol(0nti)*) 320y B (D2 tir)
2 N 2 )
i=1 {23:1 Eq (&ﬂéit)}
D.o— 5|1 ~ S By [0xlit Drlin]
< fz N Ky (9,20
t=1 Zi:l ¢( w2 zt)
+ 1 Z Zz 1E¢[(a gzt) }Zl 1E¢(D57r2€2t)
2 2 )
t ! |:Z7, 1E¢( 7r2€zt)i|

N T
= —1—=] 1
Ve =W E{NZZ Dgeztpﬁen)]} WL
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For example, consider the least squares fized effects estimator in a linear model Yy = X[+ c; + v + €4t
with Eley | X!, ¢, 8] = 0. Applying the previous expressions of the bias to £;(8,7) = —(Yie — X/,8 —
— )2 yields

o= —F |57 200 Y B (Xirei)

and Do, = 0. The expression for Bs, corresponds to Nickell (1981) bias formula when X = Yii—1. If
Elew | X1, ¢,8] =0, i.e. Xy is strictly ezogenous with respect to e, then we get the well-known result

for linear models of no asymptotic bias, Bog = Doo =

It is instructive to evaluate the expressions of the bias in our running examples.

Example 1 (Binary response model). In this case
it (B, m) = Yiglog F(X},8 + m) + (1 — Yie) log[1 — F(Xj, 8 + )],

so that O-ly = Hy(Yy — Fi), 0sly = OnluXu, On2ly = —HyOF, + 0Hy(Yie — Fi), Opprla =
87r2€itXith{t7 (9577 it = 6ﬂ2fitXit, 67r3€,t = — lta F;; — 23H,t(9th =+ 0%H, Lt( it — Fit); and 857{2&,5 =
Orsliy X, where Hy = OFy/[Fit(1 — Fy)],and &Gy == 07G(Z )\sz&ﬁoﬂr?‘ for any function G and
7 =0,1,2. Substituting these values in the expressions of the bias of Theorem 4.1 yields

N oY {Eqs[ Hiy0?Fu Xy) + 223:&1 Eg [Hit(yit - Fit)wiTXiT} }

B, = -E Z - ,
2N Et:l Eg (wit)
D _ ZT: va 1 E¢> zt82thXit]‘|
oo - bl
2T t=1 Zl 1 Eo (wit)
1 LTI -
Woo = W Z Z E¢ [WitXith{t]] 5
i=1t=1

where w;; = HiOF,; and Xy is the residual of the population projection of X;; on the space spanned
by the incidental parameters under a metric weighted by Ey(wy). For the probit model where all the

components of X;; are strictly exogenous,

a5 Zt 1E¢ wltXZtX ] 0o 7
By =E [WZ B’ Do =E

t 1 E¢ (wit)

Z Zl 1 Ed) wltX'LtX ] ,60-
27 t=1 Zz 1 Eg (wit)

The asymptotic bias is therefore a positive definite matriz weighted average of the true parameter value

as in the case of the probit model with only individual effects (Ferndndez-Val, 2009).

Example 2 (Count response model). In this case

eit(ﬂaﬂ—) - ( ztﬂ +7T) it T exp( :tﬂ + ﬂ—) - logyvitlv

so that O 4; = — Wit, (95&,‘ = 0. l;1 Xit, Op2byy = Opsliyy = —wis, agglf,;t =0 2&lesz“ and 8ﬁﬂfit =

Opr2liy = a,rs&tXit, where w;; = exp(X},B° + 7%,). Substituting these values in the expressions of the
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bias of Theorem 4.1 yields

T T ot
—_ 11 N Zt:l Z’T:tJrl E¢ |:(Y;t - wit)wiTXiT:|

B -E NZ

T b
i=1 Zt:l Ey (wit)
1 N T
T _ il . % . ~/
We = E M;;E(b[wnX”Xit]] ,

and Do = 0, where X;; is the residual of the population projection of X;+ on the space spanned by the
incidental parameters under a metric weighted by Ey(w). If in addition all the components of X;; are

strictly exogenous, then we get the no asymptotic bias result Bo, = Doy = 0.

4.2 Asymptotic distribution of APEs

In nonlinear models we are often interested in APEs, in addition to model parameters. These effects are
averages of the data, parameters and unobserved effects; see expression (2.2). For the panel models of
Assumption 4.1 we specify the partial effects as A(X, 5, @i, ) = Ait(B, mi¢). The restriction that the

partial effects depend on «; and 7; through 7;; is natural in our panel models since

E[Yie | XY, a1, ye, ] = / yexpltua(8, mo))dy,

and the partial effects are usually defined as differences or derivatives of this conditional expectation
with respect to the components of X;;. For example, the partial effects for the probit and Poisson models
described in Section 2 satisfy this restriction.

The distribution of the unobserved individual and time effects is not ancillary for the APEs, unlike for
model parameters. We therefore need to make assumptions on this distribution to define and interpret
the APEs, and to derive the asymptotic distribution of their estimators. Here, there are several possi-
bilities depending on whether we define the APE conditional or unconditional on the unobserved effects.
For conditional APEs, we treat the unobserved effects as deterministic. In this case E[A;] = E4[Ay]
and 6%, = (NT)~! >itE¢[Ai] can change over T" and N in a deterministic fashion. For uncondi-
tional APEs, we control the heterogeneity of the partial effects assuming that the individual effects
and explanatory variables are identically distributed cross sectionally and/or stationary over time. If
(Xit, i, ) is identically distributed over i and can be heterogeneously distributed over ¢, E[A;;] = 67
and 6%, = T71 Zthl 89 changes only with 7. If (X, ;,7:) is stationary over ¢ and can be hetero-
geneously distributed over i, E[A;;] = 69 and 6%, = N1 vazl 89 changes only with N. Finally, if
(Xit, i, vt) is identically distributed over 7 and stationary over ¢, E[A;;] = 5?VT and 59VT = 6° does not
change with N and T.

We also impose smoothness and moment conditions on the function A that defines the partial effects.
We use these conditions to derive higher-order stochastic expansions for the fixed effect estimator of the
APEs and to bound the remainder terms in these expansions. Let {a;}n = {a; : 1 < i < N},
{v}r i ={n:1<t<T}, and {Xit, s, e} nr = {(Xit, i, 1) : 1 <i < N, 1 <t <T}.

Assumption 4.2 (Partial effects). Let v >0, € >0, and BY all be as in Assumption 4.1.
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(i) Sampling: for all N,T, (a) {c;}n and {y:}7 are deterministic; or (b) { X, i, v+ } N1 s identically

distributed across i and/or stationary across t.

(1) Model: for all i,t, N, T, the partial effects depend on «; and ~y; through o; + ;-

A(Xit, By iy ve) = Dig (B, o 4 7e).

The realizations of the partial effects are denoted by Ay := Nt (B°, 0 +~9).

(i4i) Smoothness and moments: The function (8, 7) — Ny (8, ) is four times continuously differentiable
over BY a.s. The partial derivatives of Ay (B, ) with respect to the elements of (B,7) up to fourth
order are bounded in absolute value uniformly over (B,m) € BY by a function M(Z;;) > 0 a.s., and
max; ¢ Ey[M(Z)3] is a.s. uniformly bounded over N, T.

(iv) Non-degeneracy and moments: 0 < min; [E(A%) — E(A;)?] < max;[E(A%) — E(A4)?] < oo,

uniformly over N, T.

Analogous to E;; in equation (4.3) we define

1

N T
i === 33" (Flawis + Hrs  Hiampin + Hir ) s, (4.7)

j=17=1

which is the population projection of 9 A /Eg[0x2¢;:] on the space spanned by the incidental parameters
under the metric given by Ey[—0,20;]. We use analogous notation to the previous section for the
derivatives with respect to 8 and higher order derivatives with respect to 7.

Let 6%, and 8 be the APE and its fixed effects estimator, defined as in equations (2.2) and (2.9)
with A(Xis, B, i, 7e) = Ait (B, s + ;). 12 The following theorem establishes the asymptotic distribution
of 3.

Theorem 4.2 (Asymptotic distribution of 3) Suppose that the assumptions of Theorem 4.1 and As-
sumption 4.2 hold, and that the following limits exist:

N T
—| 1
(Dsd),, =E N—ZZ 2058 — Eudrlir) |
7(;0 — M;W7 Z Zt 1 E(b (a K’Ltaﬂa’el‘l’\l]l’r)
i—1 Zt 1 Eg (Or2lit)
_ Z Zt 1 [E¢( 2Azt) (aﬂéit)Eqb(‘I’it)}
2N Zt 1E¢( 25#)
55 (DBA) W D +E Z Z,L 1]E¢ 8 Eztﬁ 26“5\1/“5)
t 1 Zz 1E¢( 7r2£it)

=1 ET: SN L [Eg(0n2 D) — Eg(0r5it)Eg (Vir)]
2T

SiL1 B (Onatar) ’
B N T N T \' N T
7B e (DA (T A sy |
i=1 t=1 i=1 t=1 i=1 t=1

13We keep the dependence of 6% on NT to distinguish 34 from 6° = limnx 17— 00 0%
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for some deterministic sequence rNT — oo such that rypy = O(WNT) and Vio > 0, where Ay =
Ait — E(Azt) and th = (D,@A) W D/@&t — E¢( it)&r&t. Then,

rnr(d — %y — T7VBY, — N7ID) —q N(0, V).

Remark 4 (Convergence rate, bias and variance). The rate of convergence rnt is determined by the in-
0 . . .
verse of the first term of V ., which corresponds to the asymptotic variance of § :== (NT)~* va:l Zthl Ay,
-1
2 /
"NT = N2T2 Z Z ”A
1,j=1t,s=1
Assumption 4.2(iv) and the condition rNT — 0o ensure that we can apply a central limit theorem to 6.
Under Assumption 4.2(i)(a), {Ait : 1 <i < N,1 <t < T} is independent across i and a-mizing across
t by Assumption 4.1(ii), so that rnt = vV NT and

9 N T T
75 — T ~ ~
V., =E {ZVJQV;:Q E E(AAL) + E ]E(Fitrgt)] } :
i=1 Lt,7=1 t=1

Bias and variance are of the same order asymptotically under the asymptotic sequences of Assump-
tion 4.1(i). Under Assumption 4.2(i)(b), the rate of convergence depends on the sampling properties of
the unobserved effects. For example, if {a;}n and {y:}r are independent sequences, and o; and 7y are
independent for all i,t, then rnr = \/NT/(N +T — 1),

N T

2
ViO:E ]([12\[%2 Z ztA/ +ZZE ztA Z (TaT5;) )
=1

i=1 |t,7=1 j#i t=1

—0
and the asymptotic bias is of order T~Y2 4+ N2 The bias and the last term of V o are asymptotically

negligible in this case under the asymptotic sequences of Assumption 4.1(i).

Remark 5 (Average effects from bias corrected estimators). The first term in the expressions of the
. =6 —35 _ .
biases B, and D, comes from the bias of the estimator of 5. It drops out when the APEs are constructed

from asymptotically unbiased or bias corrected estimators of the parameter 3, i.e.
= A(B, ¢(8)),

where B is such that VNT(B — %) —4 N(O,W;l). The asymptotic variance of & is the same as in
Theorem 4.2.

In the following examples we assume that the APEs are constructed from asymptotically unbiased

estimators of the model parameters.

Example 1 (Binary response model). Consider the partial effects defined in (2.3) and (2.4) with

Ait(B,m) = F(Br + Xiy Bt + ) — F(X}, _yB-r +m) and Ay (B, 7) = BroF (X8 + ).
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Using the notation previously introduced for this example, the components of the asymptotic bias of 5

are
N .
-6 -F i Z 23;1[2 Zz=t+1 E¢>(Hit(Yit—Fit)wi-r‘I’ir)—]E¢w(‘I’n)]E¢(Hit32Fm)+]E¢(3W2An)]
e 2N — i Ep(wie) ’
D -E| L ~ Sy [FEs (Vi) Eg(Hid? Fir) + By (0n2 Ast)]
oo T N I
2T t=1 21 Eg (wit)

where Wy is the residual of the population regression of —0r A /Eylwii] on the space spanned by the inci-
dental parameters under the metric given by Eylw;]. If all the components of X;; are strictly exogenous,

—5 .
the first term of B, is zero.

Example 2 (Count response model). Consider the partial effect

Ait (Bv 7T) = Git (ﬁ) eXp(Xz{tﬁ + ﬂ-)a

where g;; does not depend on w. For example, git(B) = B + Bih(Zir) in (2.5). Using the notation
previously introduced for this example, the components of the asymptotic bias are

N T

g [ L §h i s Bo s
i=1 Z?:l Ed’ (wlt)

° N

and ﬁio = 0, where g;; is the residual of the population projection of g;z on the space spanned by
the incidental parameters under a metric weighted by Eylw;]. The asymptotic bias is zero if all the
components of X, are strictly exogenous or gi(B) is constant. The latter arises in the leading case of
the partial effect of the k-th component of X, since git(8) = Br. This no asymptotic bias result applies

to any type of regressor, strictly exogenous or predetermined.

4.3 Bias corrected estimators

The results of the previous sections show that the asymptotic distributions of the fixed effects estimators
of the model parameters and APEs can have biases of the same order as the variances under sequences
where T' grows at the same rate as N. This is the large-T" version of the incidental parameters problem
that invalidates any inference based on the fixed effect estimators even in large samples. In this section
we describe how to construct analytical and jackknife bias corrections for the fixed effect estimators and
give conditions for the asymptotic validity of these corrections.

The jackknife correction for the model parameter § in equation (3.4) is generic and applies to the

panel model. For the APEs, the jackknife correction is formed similarly as
SJ{IT = 3T — 5~N,T/2 - gN/2,Ta

where gN,T /2 is the average of the 2 split jackknife estimators of the APE that use all the individuals

and leave out the first and second halves of the time periods, and gN/QvT is the average of the 2 split

jackknife estimators of the APE that use all the time periods and leave out half of the individuals.
The analytical corrections are constructed using sample analogs of the expressions in Theorems 4.1

and 4.2, replacing the true values of 8 and ¢ by the fixed effects estimators. To describe these corrections,
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we introduce some additional notation. For any function of the data, unobserved effects and parameters
9itj (B0 + v, 04 + + - ;) with 0 < j < ¢, let gi; = gzt(ﬁ,aZ + ¢, @ + 7i—j) denote the fixed effects
estimator, e.g., Eq [aﬂz&t] denotes the ﬁxed effects estimator of Ey[02¢;]. Let 7—[ 1 JHZL L H

. (ay) "H(ya) and
H1 . denote the blocks of the matrix H~ , where

(w)

N H* H* b
fi—( Taea, e ) + ',
<[ (an) i VNT

7Y)

Hi oy = diag(— X, Egl0n2 L)) /VNT, H, 0y = ding(~ Y, Eglnalir])/VNT, and —Ey[0y20i)/VNT.

avy)it —

—

N T
it = T e Z Z (ﬁ(_ala)ij + 7:2(_'ylo<)tj + ﬁ(_a +H ’Y’Y)”) Es (Oprlsr)-

<
I

—
3
Il

—

o~

—_
—

—

The k-th component of =;; corresponds to a least squares regression of Ey (9, 0it)/Eg(Ox24;) on the

space spanned by the incidental parameters weighted by Eq (fa,r\zéit).

The analytical bias corrected estimator of 3° is
B4 =B = BRr/T = Dir/N, (48)
where EJ%T =W-'B, B%T =W-1D,
1S TT = DS 41 B (OnliniDprlie) + 3 X1y By(Dymatia)

N i=1 Zt 1E¢( ﬂzglt) ’
S, [Bo (0CiDpntis) + $Eo Dyt

N 1 L -
D:—TZ ,

B=-

t=1 Zz 1 IE¢7 ( Trzelt)
W= ~(NT) S5 By Ouortir) — Eg (9r2buZaa=)| (4.9)

s
Il
—
o~
Il

1

and L is a trimming parameter for estimation of spectral expectations such that L — oo and L/T — 0
(Hahn and Kuersteiner, 2011). We refer to Hahn and Kuersteiner (2007) for a theoretical discussion on
the choice of L and to the numerical examples in Section 5 for a sensitivity analysis to the choice of L
in small samples. The factor T/(T — j) is a degrees of freedom adjustment that rescales the time series
averages T~} Zf: i+ by the number of observations instead of by 7. Unlike for variance estimation, we
do not need to use a kernel function because the bias estimator does not need to be positive. Asymptotic

(1 — p)—confidence intervals for the components of 3° can be formed as
B+ 2 WL /(NT), k={1,..,dims°},

where z1_), is the (1 — p)—quantile of the standard normal distribution, and W,;,fl is the (k, k)-element
of the matrix W-1.
We have implemented the analytical correction at the level of the estimator. Alternatively, we can

implement the correction at the level of the first order conditions by solving
(NT)"Y205L(8, $(8)) = B/T + D/N, (4.10)
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for 3. The expansion (4.6) together with the consistency of B and D shows that the solution to these
adjusted first order conditions yields a bias corrected estimator that is asymptotically equivalent to
BA. Global concavity of the objective function guarantees that the solution to (4.10) is unique. Other
possible extensions such as corrections at the level of the objective function or iterative corrections are
left to future research.

The analytical bias corrected estimator of 6% is
64 =5 - BT — D°)N,
where 0 is the APE constructed from a bias corrected estimator of 8. Let

—

T
Z Z ( (aa)u + H('m)tj + 7-L(ow)w + H(’Y’Y)tT) OnBjr.
The fixed effects estimators of the components of the asymptotic bias are

1 izfzomw— N i1 Bs (O Cir 0Ly W)

i=1 S 1E¢( On2lit)

L [E¢<aﬂ2Ait>—E (Ot Eg (W)

TVZl ST By (Ot Orla) ’

P [E¢,(a 02 ligWig) — LBy (0r2Ait) + LBy (0t Eg (T )}

E'L 1E¢( Wzglt)

The estimator of the asymptotic variance depends on the assumptions about the distribution of the

unobserved effects and explanatory variables. Under Assumption 4.2(i)(a) we need to impose a homo-
geneity assumption on the distribution of the explanatory variables to estimate the first term of the
asymptotic variance. For example, if {X;; : 1 <i < N,1 <t < T} is identically distributed over i, we

can form

-~/

T T

56 7” = =2 —

Vi= NIQVQTQ Z AiTJFZEqs(FitF;t) ; (4.11)
tr=1 t=1

for Ay = ﬁit — N1 Zf\; ﬁit. Under Assumption 4.2(i)(b) and the independence assumption on the

unobserved effects of Remark 4,

2 N T . T L T
~ r ~ ~ ~ ~ o
V= e 2 | 2 Db+ 303 Audy 4 3BT (4.12)
=1 [t,7=1 t=1 j#i =1
where A; = Eit - N1 Zil ﬁit under identical distribution over 7, Ay = Alt _ 71 Zt L Ay under

stationarity over ¢, and Ay = git — & under both. Note that we do not need to 5pe01fy the convergence
rate r 1 to make inference because the standard errors \/ﬁ /Ty do not depend on ryp. Bias corrected
estimators and confidence intervals can be constructed in the same fashion as for the model parameter.

We use the following homogeneity assumption to show the validity of the jackknife corrections for the
model parameters and APEs. It implies that EN’T/Q—BNT = Efo/T—l—oP(T_l\/N_l) and EN/Z,T—BNT =
ﬁfo /N 4+ op(T~1 v N71), which are weaker but higher level sufficient conditions for the validity of the
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jackknife for the model parameter. For APEs, Assumption 4.3 also ensures that these effects do not

change with T" and N, i.e. 6%, = §°. The analytical corrections do not require this assumption.

Assumption 4.3 (Unconditional homogeneity). The sequence {(Yis, X, ;7)1 <i < N, 1 <t<T}

18 identically distributed across i and strictly stationary across t, for each N,T.

This assumption might seem restrictive for dynamic models where X;; includes lags of the dependent
variable because in this case it restricts the unconditional distribution of the initial conditions of Yj;.
Note, however, that Assumption 4.3 allows the initial conditions to depend on the unobserved effects. In
other words, it does not impose that the initial conditions are generated from the stationary distribution
of Y;; conditional on X;; and ¢. Assumption 4.3 rules out time trends and structural breaks in the

processes for the unobserved effects and observed variables.

Remark 6 (Test of homogeneity). Assumption 4.3 is a sufficient condition for the validity of the jack-
knife corrections. It has the testable implications that the probability limits of the fized effects estimator
are the same in all the partitions of the panel. For example, it implies that BJIV,T/2 = 5J2V,T/27 where ﬂJIV,T/2
and ,8]2V7T/2 are the probability limits of the fized effects estimators of 8 in the subpanels that include all
the individuals and the first and second halves of the time periods, respectively. These implications can
be tested using variations of the Chow-type test proposed in Dhaene and Jochmans (2010). We provide

an example of the application of these tests to our setting in Section S.1.1 of the supplemental material.

The following theorems are the main result of this section. They show that the analytical and jack-
knife bias corrections eliminate the bias from the asymptotic distribution of the fixed effects estimators of
the model parameters and APEs without increasing variance, and that the estimators of the asymptotic

variances are consistent.

-~

Theorem 4.3 (Bias corrections for 8). Under the conditions of Theorems 4.1,

o~

w —p Woo;

and, if L — oo and L/T — 0,
VNT (54 = 5%) =g N(0, ).

Under the conditions of Theorems 4.1 and Assumption 4.3,

VNT (B — %) = N(0,W ).

-~

Theorem 4.4 (Bias corrections for 0). Under the conditions of Theorems 4.1 and 4.2,

~ —_

Vo Sp VY,
and, if L — oo and L/T — 0,
~ —5
TNT(5A — 69VT) —d N(O, VOO).
Under the conditions of Theorems 4.1 and 4.2, and Assumption 4.3,

(87 — 8%) =g N(0,V2).

Remark 7 (Rate of convergence). The rate of convergence rnt depends on the properties of the sampling

process for the explanatory variables and unobserved effects (see remark 4).
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5 Monte Carlo Experiments

This section reports evidence on the finite sample behavior of fixed effects estimators of model parameters
and APEs in static models with strictly exogenous regressors and dynamic models with predetermined
regressors such as lags of the dependent variable. We analyze the performance of uncorrected and bias-
corrected fixed effects estimators in terms of bias and inference accuracy of their asymptotic distribution.
In particular we compute the biases, standard deviations, and root mean squared errors of the estimators,
the ratio of average standard errors to the simulation standard deviations (SE/SD); and the empirical
coverages of confidence intervals with 95% nominal value (p; .95).!* Overall, we find that the analytically
corrected estimators dominate the uncorrected and jackknife corrected estimators.'®> The jackknife
corrections are more sensitive than the analytical corrections to Assumption 4.3. All the results are
based on 500 replications. The designs correspond to static and dynamic probit models. We consider
panels with a cross sectional size of 52 individuals, motivated by applications to U.S. states. As in the
analytical example of Section 3.3, we find that our large T asymptotic approximations capture well the

behavior of the fixed effects estimator and the bias corrections in moderately long panels with T' = 14.

5.1 Static probit model

The data generating process is
}/it = 1{X7t6 =+ o +")/f > 6“}, (’L = 1, ,N, t= 17...7T),

where a; ~ N(0,1/16), v+ ~ N(0,1/16), ;4 ~ N(0,1), and 3 = 1. We consider two alternative designs
for X;;: autoregressive process and linear trend process both with individual and time effects. In the
first design, X;t = X;1-1/2 + o + Y + vit, vir ~ N(0,1/2), and X;o ~ N(0,1). In the second design,
Xit = 2t/T + a; + v + vig, v ~ N(0,3/4), which violates Assumption 4.3. In both designs X;; is
strictly exogenous with respect to €;; conditional on the individual and time effects. The variables «;,
V¢, €it, Uit, and X;o are independent and i.i.d. across individuals and time periods. We generate panel
data sets with N = 52 individuals and three different numbers of time periods T: 14, 26 and 52.

Table 3 reports the results for the probit coefficient 8, and the APE of X;;. We compute the APE
using (2.4). Throughout the table, MLE-FETE corresponds to the probit maximum likelihood estimator
with individual and time fixed effects, Analytical is the bias corrected estimator that uses the analytical
correction, and Jackknife is the bias corrected estimator that uses SPJ in both the individual and time
dimensions. The cross-sectional division in the jackknife follows the order of the observations. All the
results are reported in percentage of the true parameter value.

We find that the bias is of the same order of magnitude as the standard deviation for the uncorrected
estimator of the probit coefficient causing severe undercoverage of the confidence intervals. This result

holds for both designs and all the sample sizes considered. The bias corrections, specially Analytical,

14The standard errors are computed using the expressions (4.9), (4.11) and (4.12) evaluated at uncorrected estimates of the

parameters. We find little difference in performance of constructing standard errors based on corrected estimates.
5 Kristensen and Salanié (2013) also found that analytical corrections dominate jackknife corrections to reduce the bias of

approximate estimators.
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remove the bias without increasing dispersion, and produce substantial improvements in rmse and cov-
erage probabilities. For example, Analytical reduces rmse by more than 40% and increases coverage by
20% in the first design with 7" = 14. As in Hahn and Newey (2004) and Fernandez-Val (2009), we find
very little bias in the uncorrected estimates of the APE, despite the large bias in the probit coefficients.

Jackknife performs relatively worse in the second design that does not satisfy Assumption 4.3.

5.2 Dynamic probit model

The data generating process is

Yit
Yio

1 {}/’Ltflﬁy + ZitﬁZ + (673 +’7t > git}a (Z = 17 7N7 t= 1) "'7T)a
1{ZioBz + i + 0 > €io},

where «; ~ N(0,1/16), v ~ N(0,1/16), e ~ N(0,1), By = 0.5, and 8z = 1. We consider two
alternative designs for Z;;: autoregressive process and linear trend process both with individual and
time effects. In the first design, Zi; = Z;1—1/2 + o + Y + vit, vir ~ N(0,1/2), and Z;o ~ N(0,1). In
the second design, Z; = 1.5t/T + a; + v + vy, vir ~ N(0,3/4), which violates Assumption 4.3. The
variables «;, V¢, €it, Vi, and Z;g are independent and i.i.d. across individuals and time periods. We
generate panel data sets with N = 52 individuals and three different numbers of time periods T": 14, 26
and 52.

Table 4 reports the simulation results for the probit coefficient Sy and the APE of Y. We
compute the partial effect of Y; ;1 using the expression in equation (2.3) with X, = Y;,—1. This
effect is commonly reported as a measure of state dependence for dynamic binary processes. Table 5
reports the simulation results for the estimators of the probit coefficient 5z and the APE of Z;;. We
compute the partial effect using (2.4) with X, ,, = Z;;. Throughout the tables, we compare the same
estimators as for the static model. For the analytical correction we consider two versions, Analytical
(L=1) sets the trimming parameter to estimate spectral expectations L to one, whereas Analytical (L=2)
sets L to two.'® Again, all the results in the tables are reported in percentage of the true parameter
value.

The results in table 4 show important biases toward zero for both the probit coefficient and the
APE of Y; ;_; in the two designs. This bias can indeed be substantially larger than the corresponding
standard deviation for short panels yielding coverage probabilities below 70% for T' = 14. The analytical
corrections significantly reduce biases and rmse, bring coverage probabilities close to their nominal
level, and have little sensitivity to the trimming parameter L. The jackknife corrections reduce bias
but increase dispersion, producing less drastic improvements in rmse and coverage than the analytical
corrections. The results for the APE of Z;; in table 5 are similar to the static probit model. There
are significant bias and undercoverage of confidence intervals for the coefficient 8z, which are removed
by the corrections, whereas there are little bias and undercoverage in the APE. As in the static model,

Jackknife performs relatively worse in the second design.

16Tn results not reported for brevity, we find little difference in performance of increasing the trimming parameters to L = 3

and L = 4. These results are available from the authors upon request.
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6 Concluding remarks

In this paper we develop analytical and jackknife corrections for fixed effects estimators of model pa-
rameters and APEs in semiparametric nonlinear panel models with additive individual and time effects.
Our analysis applies to conditional maximum likelihood estimators with concave log-likelihood functions,
and therefore covers logit, probit, ordered probit, ordered logit, Poisson, negative binomial, and Tobit
estimators, which are the most popular nonlinear estimators in empirical economics.

We are currently developing similar corrections for nonlinear models with interactive individual and
time effects (Chen, Ferndndez-Val, and Weidner (2013)). Another interesting avenue of future research
is to derive higher-order expansions for fixed effects estimators with individual and time effects. These
expansions are needed to justify theoretically the validity of alternative corrections based on the leave-

one-observation-out panel jackknife method of Hahn and Newey (2004).
Appendix

A Notation and Choice of Norms

We write A’ for the transpose of a matrix or vector A. We use 1,, for the n x n identity matrix, and
1, for the column vector of length n whose entries are all unity. For square n x n matrices B, C, we
use B > C (or B > C) to indicate that B — C is positive (semi) definite. We write wpal for “with
probability approaching one” and wrt for “with respect to”. All the limits are taken as N, T — oo
jointly.

As in the main text, we usually suppress the dependence on NT of all the sequences of functions

and parameters to lighten the notation, e.g. we write £ for Ly and ¢ for ¢n7. Let

where 0, f denotes the partial derivative of f with respect to x, and additional subscripts denote higher-
order partial derivatives. We refer to the dim ¢-vector S(3, ¢) as the incidental parameter score, and to
the dim ¢ x dim ¢ matrix H(3, ¢) as the incidental parameter Hessian. We omit the arguments of the
functions when they are evaluated at the true parameter values (3°, ¢°), e.g. H = H(B°,¢"). We use
a bar to indicate expectations conditional on ¢, e.g. (%Z = E4[05L], and a tilde to denote variables in
deviations with respect to expectations, e.g. 852 = 0sL — OL.

We use the Euclidian norm ||.|| for vectors of dimension dim /3, and we use the norm induced by the
Euclidian norm for the corresponding matrices and tensors, which we also denote by ||.||. For matrices
of dimension dim 8 x dim 8 this induced norm is the spectral norm. The generalization of the spectral
norm to higher order tensors is straightforward, e.g. the induced norm of the dim 8 x dim 8 x dim 8

tensor of third partial derivatives of L(3, ¢) wrt 8 is given by

dim 8

> wk v s, L(5,9)]| -

k=1

10888L(5,0)|| =

_ max
{uveRI™E, luf|=1, [v]|=1}
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This choice of norm is immaterial for the asymptotic analysis because dim § is fixed with the sample
size.
In contrast, it is important what norms we choose for vectors of dimension dim ¢, and their corre-

sponding matrices and tensors, because dim ¢ is increasing with the sample size. For vectors of dimension

dim ¢ 1/a
Il = (Z |¢g|Q> :
g=1

where 2 < ¢ < 00.!7 The particular value ¢ = 8 will be chosen later.

dim ¢, we use the {,-norm

18 We use the norms that are

induced by the /,-norm for the corresponding matrices and tensors, e.g. the induced g-norm of the
dim ¢ x dim ¢ x dim ¢ tensor of third partial derivatives of L(3, ¢) wrt ¢ is

dim ¢

Y g 0n ooy, L(B )| - (A1)

g,h=1

10666 L(B, D), =

_ max
{u,veRIM ¢ |lu|lg=1, |lv]lq=1}
q

Note that in general the ordering of the indices of the tensor would matter in the definition of this norm,
with the first index having a special role. However, since partial derivatives like 0y, 4,4, £(3, ¢) are fully
symmetric in the indices g, h, [, the ordering is not important in their case.
For mixed partial derivatives of L(3, ¢) wrt 8 and ¢, we use the norm that is induced by the Euclidian
norm on dim S-vectors and the g-norm on dim ¢-indices, e.g.
1950000 £08: D)0 =, cmam Py ity nwemam e TTo _o. o)

dim 8 dim ¢

Do D unwwg e Oppips,en LB, 0)| (A.2)

k,l=1g,h=1
g q

where we continue to use the notation ||.||;, even though this is a mixed norm.
Note that for w,z € RE™? and ¢ > 2,

w'z| < Jwlgllzllg -1 < (dim @) =2/ lw]|l]l,.

Thus, whenever we bound a scalar product of vectors, matrices and tensors in terms of the above norms

we have to account for this additional factor (dim ¢)(4=2)/4. For example,

dim 8 dim ¢
Do D wenwsznys pisro,en £08,9)| < (dim @) 2wl o]l [[wlly 1z]lq 1y llq 105606L(B: D), -

k=1 f,g,h=1

For higher-order tensors, we use the notation 9y44L(3, ¢) inside the g-norm |.||, defined above, while
we rely on standard index and matrix notation for all other expressions involving those partial deriva-

tives, e.g. Opgrg,L(B3,¢) is a dim¢ x dim ¢ matrix for every g = 1,...,dim¢. Occasionally, e.g. in

17We use the letter ¢ instead of p to avoid confusion with the use of p for probability.

' The main reason not to choose ¢ = oo is the assumption ||H||; = op(1) below, which is used to guarantee that |[H |, is

of the same order as Hﬂ_lﬂq. If we assume |[H ™|y = Op(1) directly instead of ||ﬂ_1\|q = Op(1), then we can set ¢ = oco.
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Assumption B.1(vi) below, we use the Euclidian norm for dim ¢-vectors, and the spectral norm for
dim ¢ x dim ¢-matrices, denoted by ||.||, and defined as ||.||; with ¢ = 2. Moreover, we employ the
matrix infinity norm [|A4|| = max; ), [A;;], and the matrix maximum norm [|All,,,, = max;; Al
to characterize the properties of the inverse of the expected Hessian of the incidental parameters in
Section D.

For r > 0, we define the sets B(r, 3%) = {8 : |8 — B°|| < r}, and By(r,¢°) = {¢: ¢ — ¢°llg < r},

which are closed balls of radius 7 around the true parameter values 8° and ¢°, respectively.

B Asymptotic Expansions

In this section, we derive asymptotic expansions for the score of the profile objective function, £(3, a(ﬁ)),
and for the fixed effects estimators of the parameters and APEs, B and 5. We do not employ the panel
structure of the model, nor the particular form of the objective function given in Section 4. Instead, we
consider the estimation of an unspecified model based on a sample of size NT and a generic objective
function L£(5, ¢), which depends on the parameter of interest S and the incidental parameter ¢. The
estimators (E(B) and 3 are defined in (2.7) and (2.8). The proof of all the results in this Section are
given in the supplementary material.

We make the following high-level assumptions. These assumptions might appear somewhat abstract,

but will be justified by more primitive conditions in the context of panel models.

Assumption B.1 (Regularity conditions for asymptotic expansion of B\) Let ¢ > 4 and 0 < € <
1/8—1/(2q). Letrg =rgnr >0, 16 = ro N7 > 0, with rg = o [(NT)~"V2D=¢] and ry, = o[(NT)™€].
We assume that

(i) %%a,0<a<oo.
(ii) (B,9) — L(B, ¢) is four times continuously differentiable in B(rg, B°) x By(re, ¢°), wpal.
‘5(5) - ¢0Hq =op(ry)-

(i%i)  sup
BEB(rg,B°)

(iv) H >0, and Hﬂ_l

= 0p(1).

q
(v) For the g-norm defined in Appendiz A,

Slly = Op ((NT)~VH1/CD) - 9,L]| = Op(1), Hlq = op(1),
1050 £ll, = Op ((NT)H/ @), 1050 L]l = Op(VNT),  [8506L1l, = Op((NT)),
10599 LI, = Op (NT)),

29



and

swp S 19535£(8. )l = O (VNT),

BEB(rp,B°) p€B,(ry,d°

s sup [|9s0L(8, 9), = Op ((NT)V/ D),
BEB(rp,B°) 9By (r¢,4°)

sup  sup [9ppssl (B, 0)ll, = Op (NT)),
BEB(rs,8°) pEBy(r¢,¢°)

sup  sup [|9s00sL(B, O, = Op (NT)),
BEB(rp,B°) pEBG(1,¢°)

sup sup  [|0pppe L(B,P)||, = Op (NT)°).
BEB(rg,B°) pEB,(r¢,4°)

(vi) For the spectral norm ||.| = ||.|2,

17 = or (NT)%) ;|95 L|| = 0p(VNT), ||566L]| = or (W) 175,

dim ¢
~— 1 =1
> Ovs,on LIH Slg[H Sh

g,h=1

HawZH = 0p (1), = op ((NT)71/1).

Let 0gL(8, QAS(,B)) be the score of the profile objective function.!® The following theorem is the main
result of this appendix.

Theorem B.1 (Asymptotic expansions of (Z(ﬁ) and 03L(B, a(ﬁ))) Let Assumption B.1 hold. Then

dim ¢
O(B) = ° = H 'S+ H M 0pp L1(B — B°) + SH' D [0p0rs, LIH'S[H TS|, + R?(B),
g=1

and
03L(B,6(8)) = U — W VNT(8 — 8°) + R(B),
where U = U 4+ UM | and
W= (90 + s T 00p L))
\/W BB B¢ B )
v = 85[3 + [BM/Z] ﬁils,
dim ¢

U0 =0 LS = 03 DR AR S+ 3 (00, L+ Do D Do, T) ST,
g=1
The remainder terms of the expansions satisfy
(NT)'/2=1/(29) || R?(3)
up IO, _,, LCTR

sup =
BeB(rs,8°) 1+ VNT|B— B0 BeB(rs,50) L+ VNTI| B — B

Remark 8. The result for QAS(@’) — ¢ does not rely on Assumption B.1(vi). Without this assumption we

can also show that
8ﬂ£(ﬂ, gg(ﬂ)) = 855 + [85[3/£ + (3ﬁ¢/£)%71(8¢/ﬁ£)] (ﬂ — 50) + (6,3¢/£)'H718
1
+ 5 0 (@06, £+ 050 L1 H 05000, £1) [HT'SIyHT'S + Ru(B),
g

9Note that %E(ﬂ, ;5(,3)) = 93L(B, g/z;(ﬂ)) by the envelope theorem.
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with R1(B) satisfying the same bound as R(B). Thus, the spectral norm bounds in Assumption B.1(vi)
for dim ¢-vectors, matrices and tensors are only used after separating expectations from deviations of
expectations for certain partial derivatives. Otherwise, the derivation of the bounds is purely based on

the g-norm for dim ¢-vectors, matrices and tensors.

The proofs are given in Section S.3 of the supplementary material. Theorem B.1 characterizes
asymptotic expansions for the incidental parameter estimator and the score of the profile objective
function in the incidental parameter score S up to quadratic order. The theorem provides bounds on
the the remainder terms R?(3) and R(f), which make the expansions applicable to estimators of 3 that
take values within a shrinking rg-neighborhood of 3° wpal. Given such an rg-consistent estimator B
that solves the first order condition dsL(0, 8(5)) = 0, we can use the expansion of the profile objective
score to obtain an asymptotic expansion for 3 . This gives rise to the following corollary of Theorem B.1
. Let Wy := limpy 77— 00 w.

-~

Corollary B.2 (Asymptotic expansion of ). Let Assumption B.1 be satisfied. In addition, let U =
Op(1), let W, ezist with W, > 0, and let ||B\, B = op(rg). Then

~ ——1
VNT(B - B =W_ U+ op(1).
The following theorem states that for strictly concave objective functions no separate consistency
proof is required for &(6) and for E

Theorem B.3 (Consistency under Concavity). Let Assumption B.1(i), (ii), (iv), (v) and (vi) hold,
and let (B,0) — L(B,¢) be strictly concave over (B, ¢) € RIMB+Ime a1, Assume furthermore that
(NT)= V44129 = op(ry) and (NT)Y/CDrg = op(ry). Then,

=op(ry),
q

sup
BeB(rgs,B°)

6(8) - ¢°

i.e. Assumption B.1(iii) is satisfied. If, in addition, W exists with Woo > 0, then ||B — B°| =
Op ((NT)~1/4).

In the application of Theorem B.1 to panel models, we focus on estimators with strictly concave
objective functions. By Theorem B.3, we only need to check Assumption B.1(¢), (i), (iv), (v) and (vi),
as well as U = Op(1) and W, > 0, when we apply Corollary B.2 to derive the limiting distribution of
3. We give the proofs of Corollary B.2 and Theorem B.3 in Section S.3.

Expansion for Average Effects

We invoke the following high-level assumption, which is verified under more primitive conditions for

panel data models in the next section.

~

Assumption B.2 (Regularity conditions for asymptotic expansion of §). Let q, €, rg and 14 be defined

as in Assumption B.1. We assume that

(i) (B,¢) — A(B, ¢) is three times continuously differentiable in B(rg, 8°) x By(re, ¢°), wpal.
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(i) [19A] = Op(1), 1054l = Op (NT)CD=12) |04 All, = Op(NT)1/?), and

sip sup[[955A(8, 9)|| = Op (1),
BEB(r5,8°) $€B,(14,4°)
st sup [0 A(B, @)l = Op ((NT)V/E01/2),
BEB(rp,B°) $€By(ry,4°)
s sup (04628, 0), = Op (NT)/2).

,368(7“3,,80) ¢qu(T¢7¢O)
(i) Haﬁ&H = op(1), H@AH = Op ((NT)~V/2), and H%EH = op ((NT)~3/%).
The following result gives the asymptotic expansion for the estimator, 5 = A(ﬂ,g/b\(ﬂ)), wrt 6 =
A(B°,¢°).
Theorem B.4 (Asymptotic expansion of 3) Let Assumptions B.1 and B.2 hold and let HB— B =
Op ((NT)~Y2) = op (r5). Then
b-6= [855 + (0 DYH (09 D)| (B 8°) + UL + UL + op (1/ v NT) :

where

1

UY = (9, DVH S,
UV = (0, AVH 'S — (04 8H "HH 'S
dim ¢
J— 771 J—
8¢¢/A—|— Z [6¢¢/¢gﬂ |:H (8¢A)]

g=1

+lsw! HS.

g

Remark 9. The expansion of the profile score 65k£([3,$([3)) in Theorem B.1 is a special case of the
expansion in Theorem B.4, for A(B,¢) = ﬁ@gkﬁ(ﬁ, @). Assumptions B.2 also exactly match with the

corresponding subset of Assumption B.1.

C Proofs of Section 4

C.1 Application of General Expansion to Panel Estimators

We now apply the general expansion of appendix B to the panel fixed effects estimators considered in
the main text. For the objective function specified in (2.1) and (4.1), the incidental parameter score

evaluated at the true parameter value is

{\/;TT Zf:l &r&-tl:
{\/%Zil 8774”} t=1,...,T

geoey

S:

The penalty term in the objective function does not contribute to S, because at the true parameter
value v'¢? = 0. The corresponding expected incidental parameter Hessian  is given in (4.2). Section D

discusses the structure of H and ﬂ_l in more detail. Define

—1

N T
1 — 1 1 1 _
v ;:1: ;:1: (Fawris + Fivarss + Hianyir + Hiyir ) Ol (C.1)
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and the operator DgA;; := dgAy; — 0Ny =y, which are similar to =;;, and Dgl;; in equation (4.3).
The following theorem shows that Assumption 4.1 and Assumption 4.2 for the panel model are
sufficient for Assumption B.1 and Assumption B.2 for the general expansion, and particularizes the

terms of the expansion to the panel estimators. The proof is given in the supplementary material.

Theorem C.1. Consider an estimator with objective function given by (2.1) and (4.1). Let Assump-
tion 4.1 be satisfied and suppose that the limit W o, defined in Theorem 4.1 exists and is positive definite.
Let q=8, e =1/(16 + 2v), rg N7 = log(NT)(NT)~"Y/® and ry yv = (NT)~Y/16. Then,

(i) Assumption B.1 holds and ||B— B0 = Op((NT)~1/4).

(i) The approximate Hessian and the terms of the score defined in Theorem B.1 can be written as

N T
_ 1 = =
W = _W 12: ZE¢. (aggffit — 8ﬂ2€it:’it:it) )

=1 t=1
U — L XN:XT:DM“’
\/ﬁ i=1 t=1
N T
um — \/% Z Z {—Ait [Dprlis — Ey(Dprlis)] + %A?t 1E¢(D5,r2£it)} :

(iii) In addition, let Assumption 4.2 hold. Then, Assumption B.2 is satisfied for the partial effects
defined in (2.2). By Theorem B.4,

VNT (5-8) = V" + V" + op(1),

where

r 97

(0) - 1 ) 1 (0 1 . .
VA" = |7 ;Eqb(DﬁAzt) W U — INT ;EM‘I’ZO&T@“»

- a7

1 1 ——1 1
VA( ) — ﬁ ;E¢(D5Azt) Woo U(l) + ﬁ ;Azt [\I/ita.,rzfit — E¢(\I/Zt)E¢(3,T2€”)]
L ) J
+—— ) AL [Eg(0r20i) —Ey(0rslis)Eg(Vy1)] .
QW;: + [Eg( t) = B (Oralit)Eg (Vit)]

C.2 Proofs of Theorems 4.1 and 4.2

Proof of Theorem 4.1. # First, we want to show that U©) — N(0, Wo). In our likelihood setting,

Ey,03L = 0, EgS = 0, and, by the Bartlett identities, Ey(93Lds L) = —ﬁaﬁgf, Ey(0LS") =
fﬁﬁw/z and E4(SS') = \/% (ﬁf \/%vv'). Furthermore, S'v = 0 and gy Lv = 0. Then, by
" — = = -1 = -1
definition of W = — L (939 L+ (035 L) H " [0 L)) and U = 5L + 035 LI H 'S,
E, (U@) —0, Var (U<0>) —W,
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which implies that limy 7, Var (U(O)) = limy 700 W = Wa. Moreover, part (ii) of Theorem C.1
yields

7 — Liip /-
\/ﬁ BLit,

i=1 t=1
where Dglyy = 0gliy — 0x4;1Z;; is a martingale difference sequence for each ¢ and independent across i,

conditional on ¢. Thus, by Lemma S.3 and the Cramer-Wold device we conclude that
U® Sy N {0, lim Var (U(O))] ~ N0, Wa).
N, T—o0

# Next, we show that UY) —p kB +k ' Do. Part (1) of Theorem C.1 gives U = yte) 4 y(d),
with

N T
1
U = ———=3"3" Ayt [Dpnlic — Eg(Dprliv)]
NT =1 t=1
N T
gan — 1 Z ZAft Eg(Dgrzlit).
2 v NT =1 t=1

Plugging-in the definition of A, we decompose U(1®) = y(te.t) . y(iea.2) 4 y(1ed) 4 7(ted) where

la,l a2y
ytel) = TZH(MM< Ol

> " [Dpnlis — Eg(Dgxlir)]

——1

la,2) __
gt = — H(’va)tj

Dﬂﬂ’ it E(b(DBﬂgzt)] B

Oxl; ) [Dgrlit — Eg(Dgrlit)]
gﬁ)

[r(tad) _ L H

NT 2 Z Onliz | 3 [Dpnliv — By (Dprliv)] .

7

2
- S (Za

By the Cauchy-Schwarz inequality applied to the sum over ¢ in U(1%2)
2

2
2 1 __
(U(1a72)> < (NT)2 Et ]ET H(’yloz)tjaﬂ‘ng E ( E I:DBﬂ"‘eit - E¢(Dﬁ7r€zt)]>

t i

By Lemma D.1, 'H va)ta = Op(1/V'NT), uniformly over t,j. Using that both \/NTﬂ(_,YL)tj&rij and
Dprlyy—Ey(Dprlis) are mean zero, independence across ¢ and Lemma S.2 in the supplementary material

across t, we obtain
2

2
1 —1 1
Eg | —— NTH 0.4 | =0p(1), Ey | —= Dgrlis — Ey(Dpnli = Op(1),
o | VT LY NT Hoanildrts r(1) ¢< 7 2 [Dortie ~Eo(Ds tﬂ) P(1)

. — 1 2
uniformly over ¢. Thus, >, (Zj; 'H(,m)tjaﬂﬁﬁ) = Op(T) and >, (>, [Daxlit — E¢(D5W€it)])2 =
Op(NT). We conclude that

ve) Z Lo (1Op(NT) = Op(1/N) = op(1
( ) ~ (NT)2 p(T)Op(NT) = Op(1/N) = op(1),
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and therefore that U(1%2) = op(1). Analogously one can show that U(1%3) = 0p(1).
I . -1
By Lemma D.1, H,,) = —diag [(\/]{TT Zthl E¢(87r2€it> ] + Op(1/VNT). Analogously to the

proof of U1%2) = op(1), one can show that the Op(1/v/NT) part of ﬁ(ala) has an asymptotically
negligible contribution to U1, Thus,

5 (22, Onlir) 324 [Dpnlit — E¢(Dgrlit)]
VNT 4 >t Ep(Or2lir)

::Ui(la,,l)

U(la’l) —_ +OP(1)

2
Our assumptions guarantee that E, [(U (1a, D) ] = Op(1), uniformly over i. Note that both the de-

nominator and the numerator of Ui(la’l) are of order T'. For the denominator this is obvious because of
the sum over 7. For the numerator there are two sums over 7', but both 0,¢;- and Dgr¥;s —Ey(Dgrlit)
are mean zero weakly correlated processes, so that their sums are of order /7. By the WLLN over i
(remember that we have cross-sectional independence, conditional on ¢, and we assume finite moments),
Nt Ul = NS R, UMY 4 op(1), and therefore

N T T
N1 Ey (0:4i:Dgrlir
plal) — 7N22t:1 ZTT:t ¢ (Orlis Dgrls )—|—0p(1).
i=1 Zt=1 E¢ (aﬂeit)
VTR

Here, we use that Ey (0:¢;:Dgrlir) = 0 for t > 7. Analogously,
tad) _ _ /T 1 Z Y Eg (9xlis Dprlis) top(1).
t:l Zz 1E¢( 7F2Zit)
=1

We conclude that U@ = kB + x~1 DY 4 op(1).
Next, we analyze U(?). We decompose A;; = A( )4 A(2) + A(‘S) + Agt), where

ﬁ(va)m Z Ol

%H
Mz

N T
1 -1 2)
A(j):77§7{ 5> 0nl; A® =
7 (aar)ij )T it
VvVNT = =

J

1 « 1
Agf):_ﬁz ow)”zagﬁ’ AE?):_WZ ’YVtTZaéjT

This decomposition of A;; induces the following decomposition of U (1)

4
b) _ Z U(lb,p,q)’ ybpa) — 5 ZZA(ZD A(q E, Dﬁﬂ-2€zt)

p,q=1 i=1 t=1

Due to the symmetry U029 = 7(1%:¢:7) this decomposition has 10 distinct terms. Start with U(1%1:2)

noting that

ib1,2) _ (1b 1,2)

VN zz:l
e _ N ZE Da sl R - -
i ~or o( B2 z‘5)‘]\]2 Z [NTH aa)UlH(VQ)Uz} \/’Z i fz bjar | -
t=1 =1 =1

J1,52=1
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By Ey(0r4i) = 0, E¢(0xli10x¢;7) = O for (i,t) # (4, 7), and the properties of the inverse expected Hessian
2

from Lemma D.1, E, [Ui(lb’l’m} = Op(1/N), uniformly over i, Eg {(Ui(lb’l’z)) } = Op(1), uniformly

over i, and Eg4 [Ui(lb’l’Q)U(lb’l’Q)} = Op(1/N), uniformly over ¢ # j. This implies that Eg Ub1.2) —

Op(1/N) and E, [(U(1b>1’2) —E, U1:1,2)) ] Op(1/V/N), and therefore U(1*1:2) = op(1). By similar

arguments one obtains U (1620 = op(1) for all combinations of p,q = 1,2, 3,4, except for p=¢ =1 and

p=q=4.
Forp=q=1,
s Z (1b11)
v =1
1y 1 1 & 1 ! 1 o 1 &
et :—ZEqb(DB 2lit) vz D [NT@’ e ] (Za l )(Za l )
i ™ 2 (aa)ij (aar)ij TEIT Tt)2T
2T t=1 N jl,j2:1 ' ’ \/T T=1 \/T T=1

Analogous to the result for U(10:1:2) E 4 {(U(lb’l’l) —Eq U(lb’l’l))z} = Op(1/V/N), and therefore U1V =
E, UL 4 6(1). Furthermore,

N S E(Dgralit) STy B [ (0ntic)’]

E¢> U(lb,l,l) _ Z +0(1)
TS 7B, <aﬂzeit>f
Zt 1E¢ Dﬂﬂ2€1t>
\/7 Z S By (9n2lit) oll)-
—/TB®?

Analogously,

{7(1b,4,4) :E¢U(1b D 4 op (1) / ZE 1 E¢(Dgr2liy) +o(1).
Zz 1]E¢( 7726“)

—/FD®

(2 1

We have thus shown that UMY = kB~ + k1D +op(1). Since By = limy r00[B~ + F(Q)] and
Do = limN7T_,OO[ﬁ(1) + 5(2)] we thus conclude UM = kB 4+ k' Dy + 0p(1).
# We have shown U©) —; N(0, W), and UV —p kB +r ' Dy. Then, part (i) of Theorem C.1

yields VNT(B — 8°) —q W N(kBoo + £ Do, Weo). [
Proof of Theorem 4.2. We consider the case of scalar A;; to simplify the notation. Decompose

=~ =0 —$ r ~ —4 =3
rnr (8 — 6%y — Bo /T — Do JN) = (6 — 6% ) + \/%\/NT(é —§—B.,/)T—D./N).

# Part (1): Limit of v/ NT(gf 0 — Eio/T - 5(;/]\7). An argument analogous to to the proof of
Theorem 4.1 using Theorem C.1(#4) yields

VNT(3 - 8) —a N (KB + & 1D, v‘"”)
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where Viil) =E {(NT)_1 it Eg [Fft]} , for the expressions of Eio, 5(;, and I';; given in the statement

of the theorem. Then, by Mann-Wald theorem
VNT(@ -6 -B' /T~ D’ N) =g N (o v‘“”)

# Part (2): Limit of ryr(6 — 6%4). Here we show that ryr(6 — 6%p) —a N(O,Vif)) for the rates
of convergence ryp given in Remark 4, and characterize the asymptotic variance Vif). We determine
rnt through E[(§ — 6%7)?] = O(ry%) and ryz = O(E[(§ — 6%4)?]), where

2

E[(5 — 0%)2] = E NITZQK% N2 ;Y E[RuA] (C.2)

1,7,t,s

for Ayy = Ay — E(Ay). Then, we characterize Vif) as Vii ) = = E{r%;E[(§ — 6%7)?]}, because E[§ —

8%7] = 0. The order of E[(6 — 6%1)?] is equal to the number of terms of the sums in equation (C.2) that
are non zero, which it is determined by the sample properties of {(X;s, i, 1) : 1 <i < N, 1<t <T)}.

Under Assumption 4.2(i)(a),

1 <« B
E[(6 — %)% = o 2B [Budi| =0 (V7).
2,t,8

because {Klt :1<i< N;1<t<T} is independent across ¢ and a-mixing across t.

Under Assumption 4.2(i)(b), if {a;}n and {y:}r are independent sequences, and «; and 7; are
independent for all 4,¢, then E[ﬁitﬁjs} = E[ﬁn]E[ﬁjs] =01if ¢ # j and ¢ # s, so that

E[(6 — 6%1)2] = ﬁ ZE |:£n£w:| + ZE |:£it£jt:| - ZE {5224 =0 <N—~_]\ZTT_1> ;
it,s irjot bt

because E[A;A;,] < E[EM&%)]1/2E[E¢(£§s)]1/2 < C by the Cauchy-Schwarz inequality and Assump-
tion 4.2(ii). We conclude that ry7 = /NT/(N +T — 1) and

AR B Y DILIEHARS SN

i,t,s i£j,t

Note that in both cases ry7 — oo and ryr = O(\/ﬁ)

# Part (3): limit of ryr(8 — 6%, — T*IEiO — Nflﬁio). The conclusion of the Theorem follows
because (6 — §%4) and (5— J— T_lgio - N_lﬁio) are asymptotically independent and V V6(2)
VD iy oo (ryr /VNT)2. n

D Properties of the Inverse Expected Incidental Parameter

Hessian

The expected incidental parameter Hessian evaluated at the true parameter values is

_ H, H b
H=Fy[-0p L] = _ (o ) | 4 ',
o0t ( [H(av)]/ H(W VNT
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—k

where v = vy = (v, =15)', Hnay = diag( iz 3 Eol=0r2 i), Hianyit = TagBol—0Or2lur], and
Hiyy) = diag( Az 3, B[~ 0r2Lus]).

In panel models with only individual effects, it is straightforward to determine the order of magnitude
of ﬁA in Assumption B.1(iv), because H contains only the diagonal matrix ﬁ?aa). In our case, H is
no longer diagonal, but it has a special structure. The diagonal terms are of order 1, whereas the
-1/ H- diag(ﬁzw),ﬁ;‘w)um = Op((NT)~1/?).

off-diagonal terms are of order (NT') . Moreover,

These observations, however, are not sufficient to establish the order of ﬁfl because the number of
non-zero off-diagonal terms is of much larger order than the number of diagonal terms; compare O(NT)
to O(N +T). Note also that the expected Hessian without penalty term 7 has the same structure as 7
itself, but is not even invertible, i.e. the observation on the relative size of diagonal vs. off-diagonal terms
is certainly not sufficient to make statements about the structure of H ', The result of the following
lemma is therefore not obvious. It shows that the diagonal terms of A also dominate in determining the
order of H .

Lemma D.1. Under Assumptions 4.1,

70— diog (R Hiy)

= Op ((NT)-1/2) .

max

The proof of Lemma D.1 is provided in the supplementary material. The lemma result establishes
that ﬂA can be uniformly approximated by a diagonal matrix, which is given by the inverse of the
diagonal terms of H without the penalty. The diagonal elements of diag(gaa),g?w))*l are of order 1,
i.e. the order of the difference established by the lemma is relatively small.

Note that the choice of penalty in the objective function is important to obtain Lemma D.1. Different
penalties, corresponding to other normalizations (e.g. a penalty proportional to a?, corresponding to
the normalization «; = 0), would fail to deliver Lemma D.1. However, these alternative choices do
not affect the estimators B and g, i.e. which normalization is used to compute B and & in practice is

irrelevant (up to numerical precision errors).
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Table 3: Finite-sample properties in static probit model (N = 52)

Coefficient APE

Bias Std. Dev. RMSE SE/SD p; .95 Bias Std. Dev. RMSE SE/SD p; .95

Design 1: autoregressive with individual and time effects

T=14
MLE-FETE 13 12 17 0.88 0.76 1 8 8 0.93 0.93
Analytical 0 10 10 1.05 0.96 -1 8 8 0.95 0.95
Jackknife -7 11 13 0.89 0.85 0 9 9 0.80 0.88
T=26
MLE-FETE 8 8 11 0.93 0.81 0 6 6 0.94 0.95
Analytical 0 7 7 1.03 0.95 0 6 6 0.95 0.95
Jackknife -3 7 8 0.97 0.91 0 6 6 0.89 0.92
T =52
MLE-FETE 5 5 7 0.98 0.83 0 4 4 0.99 0.94
Analytical 0 5 5 1.05 0.96 0 4 4 0.99 0.94
Jackknife -1 5 5 0.99 0.95 0 4 4 0.94 0.93
Design 2: linear trend with individual and time effects
T=14
MLE-FETE 19 13 23 0.86 0.61 -2 10 10 0.78 0.87
Analytical 1 10 10 1.12 0.98 -3 10 10 0.80 0.87
Jackknife -13 18 22 0.65 0.73 -3 11 11 0.72 0.83
T=26
MLE-FETE 9 8 12 0.94 0.76 2 8 8 0.82 0.87
Analytical 0 7 7 1.07 0.96 1 8 8 0.82 0.88
Jackknife -5 8 10 0.90 0.88 1 8 8 0.79 0.86
T =52
MLE-FETE 6 5 8 0.97 0.78 0 5 5 0.90 0.92
Analytical 0 5 5 1.06 0.97 0 5 5 0.90 0.92
Jackknife -2 5 6 0.96 0.94 0 5 5 0.89 0.92

Notes: All the entries are in percentage of the true parameter value. 500 repetitions. Data generated
from the probit model: Y; = 1(BXi + a; + v; > &), with & ~ i.i.d. N(0,1), a; ~ i.i.d. N(0,1/16), y; ~
i.i.d. N(0, 1/16) and B = 1. In design 1, Xy = Xjt.1 / 2 + Q; + V¢ + Vi, Ve ~ i.i.d. N(O, 1/2), and Xj ~
N(0,1). In design 2, X;; = 2t/T + q; + y; + vi, and v ~ i.i.d. N(O, 3/4), independent of q; y y; . Average
effect is B E[@(BXi + a; + v:)], where ¢() is the PDF of the standard normal distribution. MLE-FETE is

the probit maximum likelihood estimator with individual and time fixed effects; Analytical is the bias
corrected estimator that uses an analytical correction; and Jackknife is the bias corrected estimator
that uses split panel jackknife in both the individual and time dimension.
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Table 4: Finite-sample properties in dynamic probit model: lagged dependent variable (N = 52)

Coefficient of Y, APE of Yy

Bias Std. Dev. RMSE SE/SD p,; .95 Bias Std. Dev. RMSE SE/SD p; .95

Design 1: autoregressive with individual and time effects

T=14
MLE-FETE -44 30 53 0.96 0.67 -52 26 58 0.96 0.43
Analytical (L=1) -5 26 26 1.10 0.96 -6 27 28 0.90 0.91
Analytical (L=2) -4 28 28 1.03 0.95 -4 29 30 0.85 0.90
Jackknife 12 33 35 0.88 0.89 -4 33 33 0.76 0.85
T=26
MLE-FETE -23 21 30 0.98 0.79 -29 19 35 0.98 0.65
Analytical (L=1) -4 19 19 1.05 0.96 -3 20 20 0.96 0.94
Analytical (L=2) -1 20 20 1.02 0.96 -1 21 21 0.92 0.93
Jackknife 2 22 22 0.93 0.94 -1 23 23 0.85 0.91
T=52
MLE-FETE -9 14 17 0.99 0.90 -14 14 20 0.98 0.82
Analytical (L=1) -1 13 13 1.04 0.95 -1 14 14 0.97 0.94
Analytical (L=2) O 14 14 1.02 0.95 1 15 15 0.96 0.94
Jackknife 1 14 14 0.98 0.94 0 15 15 0.91 0.92
Design 2: linear trend with individual and time effects
T=14
MLE-FETE -48 39 62 0.89 0.69 -59 31 66 0.90 0.45
Analytical (L=1) -6 33 34 1.05 0.97 -11 33 35 0.84 0.86
Analytical (L=2) -6 35 36 0.99 0.95 -10 35 37 0.79 0.85
Jackknife 16 55 57 0.64 0.84 -17 38 42 0.73 0.80
T=26
MLE-FETE -24 25 35 0.96 0.82 -31 23 39 0.96 0.71
Analytical (L=1) -3 23 23 1.05 0.96 -2 24 24 0.92 0.92
Analytical (L=2) -2 23 23 1.02 0.95 0 25 25 0.89 0.92
Jackknife 2 28 28 0.86 0.91 -3 28 28 0.81 0.89
T=52
MLE-FETE -10 17 19 1.00 0.92 -17 17 24 0.97 0.82
Analytical (L=1) -1 16 16 1.06 0.95 -2 17 17 0.95 0.93
Analytical (L=2) O 16 16 1.04 0.95 -1 17 17 0.93 0.93
Jackknife 0 17 17 0.96 0.93 -2 18 18 0.89 0.91

Notes: All the entries are in percentage of the true parameter value. 500 repetitions. Data generated from the probit
model: Y = 1(ByYie1 + BzZi + Qi + Y > &), With Yig = 1(BzZio + a; + Yo > &), & ~ i.i.d. N(0,1), a; ~ i.i.d. N(0,1/16),
Yt ~ i.i.d. N(O, 1/16), By = 0.5, and Bz = 1. Indesign 1, Zy = Z;r.; / 2 + a; + Yt + Vi, Vie ~ i.i.d. N(O, 1/2), and Zjp ~
N(0,1). In design 2, Zy = 1.5t/ T + vy, and vy ~ i.i.d. N(O, 3/4), independent of q; y vy, Average effect is E[®(By +
BzZir + a; + yp) - ©(BZir + a; + yv)], where ®() is the CDF of the standard normal distribution. MLE-FETE is the probit

maximum likelihood estimator with individual and time fixed effects; Analytical (L = |) is the bias corrected estimator
that uses an analytical correction with | lags to estimate the spectral expectations; and Jackknife is the bias corrected
estimator that uses split panel jackknife in both the individual and time dimension.
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Table 5: Finite-sample properties in dynamic probit model: exogenous regressor (N = 52)

Coefficient of Z; APE of Z;;

Bias Std. Dev. RMSE SE/SD p; .95 Bias Std. Dev. RMSE SE/SD p; .95
Design 1: autoregressive with individual and time effects
T=14
MLE-FETE 20 13 23 0.86 0.59 4 10 10 0.86 0.90
Analytical (L=1) 2 11 11 1.06 0.97 1 9 9 0.88 0.93
Analytical (L=2) 2 11 11 1.05 0.97 1 10 10 0.87 0.93
Jackknife -9 14 16 0.81 0.81 3 11 12 0.74 0.86
T=26
MLE-FETE 10 8 13 0.94 0.74 2 7 7 0.92 0.92
Analytical (L=1) 0 7 7 1.06 0.96 1 7 7 0.93 0.94
Analytical (L=2) 0 7 7 1.06  0.96 1 7 7 0.93  0.94
Jackknife -3 8 8 0.97 0.91 1 7 7 0.86 0.91
T =252
MLE-FETE 6 5 8 0.94 0.75 1 5 5 0.94 0.92
Analytical (L=1) 0 5 5 1.01 0.96 0 5 5 0.94 0.92
Analytical (L=2) 0 5 5 1.01 0.96 0 5 5 0.94 0.92
Jackknife -1 5 5 0.99 0.94 0 5 5 0.94 0.93
Design 2: linear trend with individual and time effects
T=14
MLE-FETE 19 14 23 0.87 0.66 -3 11 12 0.75 0.84
Analytical (L=1) 1 10 10 1.15 0.98 -3 11 11 0.77 0.85
Analytical (L=2) 1 10 10 1.14 0.98 -3 11 11 0.77 0.86
Jackknife -16 20 26 0.60 0.69 -2 12 12 0.69 0.81
T=26
MLE-FETE 11 8 13 0.93 0.73 2 8 9 0.83 0.88
Analytical (L=1) 0 7 7 1.07 0.96 2 8 9 0.83 0.89
Analytical (L=2) 0 7 7 1.07 0.96 2 8 9 0.84 0.89
Jackknife -5 8 10 0.93 0.89 2 9 9 0.80 0.87
T =252
MLE-FETE 6 6 9 0.90 0.76 -1 6 7 0.83 0.89
Analytical (L=1) 0 5 5 0.99 0.95 -1 6 7 0.83 0.88
Analytical (L=2) 0 5 5 0.98 0.94 -1 6 7 0.83 0.88
Jackknife -2 6 6 0.93 0.89 -1 7 7 0.82 0.88

Notes: All the entries are in percentage of the true parameter value. 500 repetitions. Data generated from the probit
model: Y = 1(ByYit1 + BzZie + Qi + V¢ > &), With Yg = 1(BzZjo + Qi + Yo > €p), & ~ i.i.d. N(0,1), q; ~ i.i.d.
N(0,1/16), y, ~ i.i.d. N(0, 1/16), By = 0.5, and Bz = 1. Indesign 1, Zy = Zi«1 / 2 + a; + V¢ + Vi, Vie ~ i.i.d. N(O, 1/2),
and Zjy ~ N(0,1). Indesign 2, Z; = 1.5t/ T + v, and v ~ i.i.d. N(O, 3/4), independent of g; y y;. Average effect is B,
E[@(BvYit1 + BzZi + a; + Yi)], where @() is the PDF of the standard normal distribution. MLE-FETE is the probit

maximum likelihood estimator with individual and time fixed effects; Analytical (L = |) is the bias corrected estimator
that uses an analytical correction with | lags to estimate the spectral expectations; and Jackknife is the bias corrected
estimator that uses split panel jackknife in both the individual and time dimension.
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