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Supplementary Material for Post-Selection and Post-Regularization Inference in Linear Models with
Very Many Controls and Instruments

Valid Post-Selection and Post-Regularization
Inference: An Elementary, General Approach

VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, AND MARTIN SPINDLER

Abstract. Here we present an expository, general analysis of valid post-selection or post-regularization
inference about a low-dimensional target parameter, «, in the presence of a very high-dimensional nui-
sance parameter, 1, which is estimated using modern selection or regularization methods. Our analysis
relies on high-level, easy-to-interpret conditions that allow one to clearly see the structures needed for
achieving valid post-regularization inference. Simple, readily verifiable sufficient conditions are provided
for a class of affine-quadratic models. We rely on asymptotic statements which dramatically simplifies
theoretical statements and helps highlight the structure of the problem. We focus our discussion on
estimation and inference procedures based on using the empirical analog of theoretical equations

M(a,n) =0

which identify «. Within this structure, we show that setting up such equations in a manner such that
the orthogonality /immunization condition

anM(O‘» 77) =0

at the true parameter values is satisfied, coupled with plausible conditions on the smoothness of M and
the quality of the estimator 7}, guarantees that inference for the main parameter o based on testing
or point estimation methods discussed below will be regular despite selection or regularization biases
occurring in estimation of 7. In particular, the estimator of a will often be uniformly consistent at
the root-n rate and uniformly asymptotically normal even though estimators 7 will generally not be
asymptotically linear and regular. The uniformity holds over large classes of models that do not impose
highly implausible “beta-min” conditions. We also show that inference can be carried out by inverting
tests formed from Neyman’s C'(«) (orthogonal score) statistics. As an application and an illustration of
these ideas, we provide an analysis of post-selection inference in the linear models with many regressors
and many instruments. We conclude with a review of other developments in post-selection inference
and argue that many of the developments can be viewed as special cases of the general framework of
orthogonalized estimating equations.

Key words: Neyman, orthogonalization, C'(«) statistics, optimal instrument=optimal score=optimal
moment, post-selection and post-regularization inference, general framework
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2 VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, AND MARTIN SPINDLER

Notation. We use “wp — 1”7 to abbreviate the phrase “with probability that con-
verges to 1”7, and we use arrows —p, and ~»p, to denote convergence in probability and
in distribution under sequence of probability measures {P,,}. The symbol ~ means “dis-
tributed as”. The notation a < b means that a = O(b) and a Sp, b means a = Op,, (b).

The /5 and ¢; norms are denoted by || - || and || - ||1, respectively; and the £y-“norm”,
| - |lo, denotes the number of non-zero components of a vector. When applied to a
matrix, || - || denotes the operator norm. We use the notation a V b = max(a,b) and

a A'b = min(a,b). Here and below, E,[-] abbreviates the average n=! > | [-] over index
i. That is E,[f(w;)] denotes n= 2> | [f(w;)]. In what follows, we use the m-sparse
norm of a matrix @) defined as

1Qllsp(my = sup{|6'QBI/[[b]1% : [Ibllo < m, [|b]] # 0}.

We also consider the pointwise norm of a square matrix matrix ) at a point x # 0:
1Qllpw(z) = |2'Q|/]|z]|*.

For a differentiable map z +— f(z), mapping R? to R*, we use 9,/ f to abbreviate the
partial derivatives (0/0x") f, and we correspondingly use the expression 9, f(xg) to mean
Op () |g=z,, etc. We use 2’ to denote the transpose of a column vector z.

1. A TESTING AND ESTIMATION APPROACH TO VALID POST-SELECTION AND
POST-REGULARIZATION INFERENCE

1.1. The Setting. We assume that estimation is based on the first n elements (w; )},
of the stationary data-stream (w; )72, which lives on the probability space (2,4, Py,).
The data points w; , take values in a measurable space W for each ¢ and n. Here the
probability law, sometimes called the data-generating process, P,, can change with n.
We allow the law to change with n to claim robustness or uniform validity of results with
respect to perturbations of such laws. Thus the data, all parameters, estimators, and
other quantities are indexed by n, but we typically suppress this dependence to simplify
notation.

The target parameter value o = «q is assumed to solve the system of theoretical

equations:
M(a7 770) = 07

where M = (M;)¥_, is a measurable map from A x H to R¥ and A x H are some convex
subsets of R¢ x RP. Here the dimension d of the target parameter o € A and the
number of equations k are assumed to be fixed and the dimension p = p,, of the nuisance
parameter nn € H is very high, potentially much larger than n. To handle the high-
dimensional nuisance parameter 7, we employ structured assumptions and selection or
regularization methods appropriate for the structure to estimate 7.

Given an appropriate estimator 7, we can construct an estimator & as an approximate
solution to the estimating equation:

INI(é@, )| < inf [N (e, )| + o(n~'/?)



POST-SELECTION AND POST-REGULARIZATION INFERENCE 3

where M = (1\7[1){“:1 is the empirical analog of theoretical equations M, which is a mea-

surable map from W™ x A x H to R¥. We can also use M(«,7) to test hypotheses about
o and then invert the tests to construct confidence sets.

It is not required in the formulation above, but a typical case is when M and M are
formed as theoretical and empirical moment functions:

where ¢ = (wl)le is a measurable map from W x A x H to R*. Of course, there are
many problems that do not fall in the moment condition framework.

1.2. Valid Inference via Testing. A simple introduction to the inferential problem
is via the testing problem where we would like to test some hypothesis about the true
parameter value ag. By inverting the test, we create a confidence set for «g. The key
condition for the validity of this confidence region is adaptivity, which can be ensured
by using orthogonal estimating equations and using structured assumption on the high-
dimensional nuisance parameter.

The key condition enabling us to perform valid inference on «ag is the adaptivity
condition: R R
\/E(M(a()a f]) - M(Od[), 770)) —Pn 0. (1)
This condition states that using v/nM(ag, 7) is as as good as using \/nM(ag, 79), at least
to the first order. This condition may hold despite using estimators 7 that are not asymp-
totically linear and are non-regular. Verification of adaptivity may involve substantial
work as illustrated below. A key requirement which often arises is the orthogonality or
immunization condition:
8,7/1\/[(040,770) = 0. (2)
This condition states that the equations are locally insensitive to small perturbations of
the nuisance parameter around the true parameter values. In several important models,
this condition is equivalent to the double-robustness condition (Robins and Rotnitzky
(1995)). Additional assumptions regarding the quality of estimation of ngy are also needed
and are highlighted below.

The adaptivity condition immediately allows us to use the statistic y/nM(ag,7) to
perform inference. Indeed, suppose we have that

Q2 (ag)v/nM (g, 7)) ~p, N(0,1,) (3)

for some positive definite Q(a) = Var(y/nM(a,n0)). This condition can be verified using
central limit theorems for triangular arrays. Such theorems are available for both i.i.d.
as well as dependent and clustered data. Suppose further that there exists Q(oz) such
that
O2(00)27%(a0) =, Ia. (4)
It is then immediate that the following score statistic, evaluated at a = «g, is asymp-
totically normal,
S(a) = ©12(a) k(o ) ~p, N(0. 1), (5)
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and that the quadratic form of this score statistic is asymptotically y2-square with d
degrees of freedom:

Clao) = [|IS(a0)[|* ~p, x*(d). (6)

We refer to this statistic as a generalized C(«a)-statistic, since in likelihood settings
the construction above immediately reduces to the classical Neyman’s C(«)-statistic and
the generalized score S(ap) reduces to Neyman’s orthogonalized score; see, e.g. Ney-
man (1959) and [Neyman| (1979). We demonstrate these relationships below. Neyman
designed his statistic precisely to deal with inference on ag when estimation of the nui-
sance parameters 7 is crude, which, for example, arises in panel data and other problems
with incidental parameters. Here and elsewhere, we are advancing Neyman’s ideas to
modern (very) high-dimensional problems.

The following elementary result is an immediate consequence of the preceding discus-
sion.

Proposition 1 (Valid Inference After Selection or Regularizaton). Consider a sequence
{Pn} of sets of probability laws such that for each sequence {P,} € {P,} the adaptivity
condition and the normality conditions (@ and hold. Then CRi_q = {av € A :
C(a) < ¢(1 —a)}, where ¢(1 — a) is the 1 — a-quantile of a x?(d), is a uniformly valid
confidence interval for ag in the sense that

lim sup [P(ap € CRi_y) — (1 —a)| =0.

n—=o0pep,

We remark here that in order to make the uniformity claim interesting we should insist
that the sets of probability laws P, are non-decreasing in n, i.e. Pz C P, whenever
n <n.

Proof. For any sequence of positive constants ¢, approaching 0, let P,, € P,, be any
sequence such that

|Pn(a0 € CRi_g) — (1 —a)| + €, > sup |P(ap € CR1_y) — (1 — a)|.
PeP,

By conditions and we have that
P, (ag € CRy_4) =P, (C(ag) < (1 —a)) = P(x*(d) < c(1 —a)) =1 —a,

which implies the conclusion from the preceding display. [ ]

1.3. Valid Inference via Adaptive Estimation. Suppose that M(ag,n9) = 0 holds
for ap € A. We consider an estimator & € A that is an approximate minimizer of the
map « — ||[M(a, 7)) in the sense that

IM(@, )| < inf IM (v, )| + o(n™"/2). (7)
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In order to analyze this estimator, we assume that the derivatives I'1 := 0 M(ag, 10)
and 0;yM(cr,m0) exist. We assume that ag is interior relative to the parameter space A;
namely, for some ¢,, — oo such that ¢,,/\/n — 0,

{aeRY: ||a—ag| < £,/v/n} C A. (8)

We also assume the following local-global identifiability condition holds: For some con-
stant ¢ > 0,

2[[M(a,mo)|| > IT1(a — )| Ac Vo € A,  mineig(I'|T'y) > c. (9)
Further, for Q = Var(y/nM(ag, 1)), we suppose that the central limit theorem,
Qil/QM(am 770) Py N(07 I)? (10)

and the stability condition,
ITAT ]+ (12l + 1271 S 1, (11)
hold.

Assume that for some sequence of positive numbers {r,} such that r, — 0 and
rant/2 — 0o, the following stochastic equicontinuity and continuity conditions hold:
HM(Q7 ﬁ) - M(CM, ﬁ)” + HM((X, 77) - M(av 770)H
acA T+ [IM(c, )| + [IM(cx, o)
M(e, 7)) — M(a,7) — M
la—aoll<rn 712 4+ [M(a, )| + [[M(ex, no) |

Suppose that uniformly for all & # ag such that || — ag|| < r, — 0, the following
conditions on the smoothness of M and the quality of the estimator 7 hold, as n — oc:

0, (12)

n

[M(ar,m0) — M(cxo, m0) — T1fer — gl — x| 1 — 0,
V| [M(a,n) — M(a,mo) — 5n'Mf@, no)[7 — nolll —p,, 0, (14)
{0y M(cr, mo) — O M(cxg, m0) it — mo] | ler — x| =1 —p, 0.

Finally, as before, we assume that the orthogonality condition
Oy M(ap,m0) =0 (15)
holds.

The above conditions extend the analysis of |Pakes and Pollard| (1989) and |Chen et al.
(2003), which in turn extended Huber’s (1964) classical results on Z-estimators. These
conditions allow for both smooth and non-smooth systems of estimating equations. The
identifiability condition imposed above is mild and holds for broad classes of identifiable
models. The equicontinuity and smoothness conditions imposed above require mild
smoothness on the function M as well as require that 7 is a good-quality estimator of
no- In particular, these conditions will often require that 7 converges to 79 at a faster
rate than n=Y4 as demonstrated, for example, in the next section. However, the rate
condition alone is not sufficient for adaptivity. We also need the orthogonality condition.
In addition, we need that 9 € H,, where H,, is a set whose complexity does not grow too
quickly with the sample size, to verify the stochastic equicontinuity condition; see, e.g.,
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Belloni, Chernozhukov, Fernandez-Val and Hansen| (2013) and Belloni, Chernozhukov
and Kato| (2013b). In the next section, we use sparsity of 7 to control this complexity.
Note that conditions — can be simplified by only leaving r, and n=/2 in the
denominator, though this simplification would then require imposing compactness on A
even in linear problems.

Proposition 2 (Valid Inference via Adaptive Estimation after Selection or Regulariza-
tion). Consider a sequence {P,} of sets of probability laws such that for each sequence

{P,} € {Pn} conditions (7)-(15]) hold. Then
Vi(é — ag) + [[104] 7' T v/nM(ao, 10) —p, O.

In addition, for any convex set R and
V, = Dy~ irior (rir) 1,
we have that

lim sup [P(V;Y2(a - ag) € R) — P(N(0,1) € R)| = 0.
n—oo PeP,
Moreover, Zﬁhe result continues to apply if V,, is replaced by a consistent estimator Vi,
such that Vi, — V,, —p, 0 under each sequence {P,}. Thus, CR}_, = [I'é & ¢(1 —
a/2)(I'Vy, 1 /n)Y/2] where c(1 — a/2) is the (1 — a/2)-quantile of a N'(0,1) is a uniformly
valid confidence set for l'ag:
lim sup [P(l'ap € CR}_,) — (1 —a)|=0.

n—oo PeP,,

Note that the above formulation implicitly accommodates weighting options. Suppose
M and MO are the original theoretical and empirical systems of equations, and let
'Y = 0aM°(ag,no) be the original Jacobian. We could consider k x k positive-definite
weight matrices A and A such that

1A%+ (A% S 1, A% = A% —p, 0. (16)

For example, we may wish to use the optimal weighting matrix A% = Var(\/ﬁMO(ao, 7))
which can be estimated by A2 obtained using a preliminary estimator &° resulting from
solving the problem with some non-optimal weighting matrix such as A = I. We can
then simply redefine the system of equations and the Jacobian according to

M(a,0) = AM°(a,0), M(a,0) = AM°(a,0), T =AILS. (17)

Proposition 3 (Adaptive Estimation via Weighted Equations). Consider a sequence
{P.} of sets of probability laws such that for each sequence {P,} € {P,} the conditions
of Proposition@ hold for the original pair of systems of equations (M?, 1\7[0) and that
holds. Then these conditions also hold for the new pair (M,M) mn , so that all the
conclusions of Proposition[9 apply to the resulting approzimate argmin estimator &. In
particular, if we use A% = Var(y/nM°(ag,n9)) and A2—A% —p 0, then the large sample
variance V, simplifies to
V, = (T)Ty)~ L.
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1.4. Inference via Adaptive “One-Step” Estimation. We next consider a “one-
step” estimator. To define the estimator, we start with an initial estimator & that
satisfies, for 7, = o(n=1/4),

Po(lla — agl| < 1) — 1. (18)

The one-step estimator & then solves a linearized version of :
G = a— [0~ TN, ) (19)
where fl is an estimator of I'y such that

P.(|0y =Ty < rp) — 1. (20)

Since the one-step estimator is considerably more crude than the argmin estimator, we
need to impose additional smoothness conditions. Specifically, we suppose that uniformly
for all o # g such that o — ag|| < r, — 0, the following strengthened conditions on
stochastic equicontinuity, smoothness of M and the quality of the estimator 7 hold, as
n — oo:

n'/2|M(a, ) — M(ev, ) — M(ao,m0)| —p,, 0,
[IM(cx, o) — M(ag, m0) — T1fer — ag]|l[Jec — o] 72 S 1,
V| M(a,n) — M(a,m0) — Oy M(a,m0) 1) — n0]l| —p,, O,
V{0 M(ev, m0) — 0y M(ao, 1m0) } 1 — molll =, 0.

(21)

Proposition 4 (Valid Inference via Adaptive One-Step Estimators). Consider a se-
quence {P,} of sets of probability laws such that for each sequence {P,} € {Py} the
conditions of Propositiﬁ as well as @, (@, and hold. Then the one-step

estimator & defined by is first order equivalent to the argmin estimator &:
\/ﬁ(d — 5[) —P, 0.

Consequently, all conclusions of Proposition[d apply to & in place of é.

The one-step estimator requires stronger regularity conditions than the argmin esti-
mator. Moreover, there is finite-sample evidence (e.g. Belloni, Chernozhukov and Wei
(2013))) that in practical problems the argmin estimator often works much better, since
the one-step estimator typically suffers from higher-order biases. This problem could
be alleviated somewhat by iterating on the one-step estimator, treating the previous
iteration as the “crude” start & for the next iteration.

2. ACHIEVING ADAPTIVITY IN AFFINE-QUADRATIC MODELS VIA APPROXIMATE
SPARSITY

Here we take orthogonality as given and explain how we can use approximate sparsity
to achieve the adaptivity property .
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2.1. The Affine-Quadratic Model. We analyze the case where M and M are affine
in a and affine-quadratic in n. Specifically, we suppose that for all «

M(a,n) = T1(n)a +Ta(n), M(a,n) =T1(n)a + Ta(n),

where 7 — [';(n7) and 7 — T;(n) are affine-quadratic in 7 for j = 1 and j = 2. That is,
we will have that all second-order derivatives of I'j(n) and I'j(n) for j = 1 and j = 2 are
constant over the convex parameter space H for 7.

This setting is both useful, including most widely used linear models as a special case,
and pedagogical, permitting simple illustration of the key issues that arise in treating
the general problem. The derivations given below easily generalize to more complicated
models, but we shall defer the details to the interested reader.

The estimator in this case is

& = arg min [N(a,)|| = =[C0(7) T2 ()] T2 ()T2(0), (22)
provided the inverse is well-defined. It follows that
V(@ = ag) = =[L1(0)T1 ()]~ 'T1(7) VM (o, 7). (23)

This estimator is adaptive if, for T'; := T'1(no),
\/E(OA[ —ap) + [Fllrl]flrlx/ﬁl\?[(ao,no) —p, 0,
which occurs under and if
Vn(M(ao, i) — M(ag, m0)) —p, 0, T1(7) —T1(m0) —p,, 0. (24)

Therefore, the problem of adaptivity of the estimator is directly connected to the problem
of adaptivity of testing hypotheses about «y.

Lemma 1 (Adaptive Testing and Estimation in Affine-Quadratic Models). Consider
a sequence {Pp} of sets of probability laws such that for each sequence {P,} € {P,}
condition , the asymptotic normality condition (@/, and the stability condition
hold. Then all the conditions of Propositions 1 and 2 hold. Moreover, the conclusions
of Propositions 1 and@ hold for the estimator & in (@

2.2. Adaptivity for Testing via Approximate Sparsity. Assuming the orthogo-
nality condition holds, we follow Belloni et al. (2012)) in using approximate sparsity
to achieve the adaptivity property for the testing problem in the affine-quadratic
models.

We can expand each element Mj of M = (1\7[);?:1 as follows:

\/5(1\7[]-(040, M) — 1\A/[j(Oéo, no)) =T + 1oy + T35, (25)
where
Th,5 = v/ndyMg(co,m0) (1 — 10),
Ty,j = v/n(0y M (a0, 1m0) — IyMy (0, m0))' () — mo), (26)
T35 == /027" (i) = no)' Oy Oy M (cx0) (1) — 100).-
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The term 77 ; vanishes precisely because of orthogonality, i.e.
Tl,j =0.

However, terms 75 ; and 73 ; need not vanish. In order to show that they are asymptot-
ically negligible, we need to impose further structure on the problem.

Structure 1: Exact Sparsity. We first consider the case of using an exact sparsity
structure where ||nollo < s and s = s, > 1 can depend on n. We then use estimators 7
that exploit the sparsity structure.

Suppose that the following bounds hold with probability 1 — o(1) under P,:

llo S s, llmollo < s, (27)
11 = moll2 S v/ (s/n)log(pn), |11 —mollL S v/(s*/n)log(pn).

These conditions are typical performance bounds which hold for many sparsity-based
estimators such as Lasso, post-Lasso, and their extensions.

We suppose further that the moderate deviation bound

To,j = V(9 My(ao, m0) — My (a0, m0))lleo Sp,. V/1og(pn), (28)

holds and that the sparse norm of the second-derivative matrix is bounded:

T&j = Hanan’Mk(aO)Hsp(zns) Se, 1 (29)

where ¢, = logn.

Following Belloni et al.| (2012), we can verify condition using the moderate devi-
ation theory for self-normalized sums (e.g., |Jing et al.| (2003))), which allows us to avoid
making highly restrictive subgaussian or gaussian tail assumptions. Likewise, following
Belloni et al.| (2012), we can verify the second condition using laws of large numbers for
large matrices acting on sparse vectors (e.g., [Rudelson and Zhou| (2011)). Indeed, the
condition holds if

100y My (010) — OOy M () llsp(ens) =P 05 (1000 Mis(c0) lsp(ens) S 1-

The above analysis immediately implies the following elementary result.

Lemma 2 (Elementary Adaptivity for Testing via Sparsity). Let {P,} be a sequence
of probability laws. Assume (i) n+— M(ag,n) and n — M(ag,n) are affine-quadratic in
n, (ii) that the conditions on sparsity and the quality of estimation hold, and the
sparsity index obeys

s*log(pn)®/n — 0, (30)
(iti) that the moderate deviation bound (28) holds, and (iv) the sparse norm of the second

derivatives matriz is bounded as in (@) Then the adaptivity condition holds for the
sequence {Py}.
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We note that requires that the true value of the nuisance parameter is sufficiently
sparse, which we can relax in some special cases to the requirement slog(pn)¢/n — 0,
for some constant ¢, by using the sample-splitting techniques, see Belloni et al. (2012).
However, this requirement seems unavoidable in general.

Proof. We noted that 77 ; = 0 by orthogonality. Under 1) if s21log(pn)®/n — 0,
then 75 ; vanishes in probability, since by Holder’s inequality,

Ty ; < To il — molly Sp,, /5% log(pn)3/n —p, 0.

Also, if s?log(pn)?/n — 0, then T3 ; vanishes in probability, since by Holder’s inequality
and for sufficiently large n,

T35 < T35l = noll* Se,, V/nslog(pn)/n —p, 0.

The conclusion follows from . [ |

Structure 2. Approximate Sparsity. Following Belloni et al,| (2012), we next
consider an approximate sparsity structure. Approximate sparsity imposes that, given a
constant ¢ > 0, we can decompose 79 into a sparse component 7" and a small non-sparse
component n":

no = 1y’ + np, support(ng') N support (1) = 0, (31)
610 < 5, moll2 < e/s/n, nplli < c/s?/n.

This condition allows for much more realistic and richer models than can be accom-
modated under exact sparsity. For example, under approximate sparsity 79 need not
have any zero components at all. In Section 4, we provide an example where arises
from a more primitive condition that the absolute values {|no;|,j =1, ..., p}, sorted in a
decreasing order, decay at a polynomial speed with respect to j.

Suppose that we have an estimator 77 such with probability 1 — o(1) under P,, the
following bounds hold:

1llo < s, 19 = ng"ll2 < +/(s/n)log(pn), |7 —ng*lly S v/ (5%/n) log(pn). (32)

This condition is again a standard performance bound expected to hold for sparsity-
based estimators under approximate sparsity conditions; see Belloni et al.| (2012). Note
that by the approximate sparsity condition, we also have that, with probability 1 —o(1)
under P,

11 =moll2 S v/ (s/n)log(pn), (11 = nollL S /(s*/n) log(pn). (33)

Here we can employ the same moderate deviation and bounded sparse norm conditions
as in the previous subsection. In addition, we require the pointwise norm of the second-
derivatives matrix to be bounded. Specifically, for any deterministic vector a # 0, we
require

1000 Mi(0) lpw(a) P 1- (34)

This condition can be easily verified using ordinary laws of large numbers.
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Lemma 3 (Elementary Adaptivity for Testing via Approximate Sparsity). Let {P,} be
a sequence of probability laws. Assume (i) n — M(ao,n) and n — M(ag,n) are affine-
quadratic in n, (ii) that the conditions on approximate sparsity and the quality of
estimation (@ hold, and the sparsity index obeys

s2log(pn)3/n — 0,

(iii) that the moderate deviation bound holds, (iv) the sparse norm of the second
derivatives matrix is bounded as in , and (v) the pointwise norm of the second
derivative matrix is bounded as in . Then the adaptivity condition holds:

Vn(M(ag, ) — M(ag, o)) —p,, 0.

2.3. Adaptivity for Estimation via Approximate Sparsity. We work with the
approximate sparsity setup and the affine-quadratic model introduced in the previous
subsections.

In addition to the previous assumptions, we impose the following conditions on the
components 9yI'y ,,,; of 9,I'1, where m = 1,....k and [ = 1,...,d,. First, we need the
following deviation and boundedness condition: For each m and [,

105 1mt(10) — OpT 1t (10) loe SP 1, 10T 1ma(m0) oo S 1. (35)

Second, we require the sparse and pointwise norms of the following second-derivative
matrices be stochastically bounded: For each m and [,

Hanan’f‘l,mlnsp(éns) + ||8T]ar]’f1,ml||pw(a) SPn 1, (36)

where a # 0 is any deterministic vector. Both of these conditions are mild. They can be
verified using self-normalized moderate deviation theorems and by using laws of large
numbers for matrices as discussed in the previous subsection.

Lemma 4 (Elementary Adaptivity for Estimation via Approximate Sparsity). Consider
a sequence of {Pn} for which the conditions of the previous lemma hold. In addition
assume that the deviation bound holds and the sparse norm and pointwise norms of
the second derivatives matrices are stochastically bounded as in @ Then the adaptivity
condition holds for the testing and estimation problem in the affine-quadratic model.

3. ACHIEVING ORTHOGONALITY USING NEYMAN’S ORTHOGONALIZATION

Here we describe orthogonalization ideas that go back at least to Neyman| (1959)); see
also Neyman| (1979)). Neyman’s idea was to project the score that identifies the parame-
ter of interest on the ortho-complement of the tangent space for the nuisance parameter.
This projection underlies semi-parametric efficiency theory, which is concerned particu-
larly with the case where 7 is infinite-dimensional, cf. van der Vaart| (1998]). Here we
consider finite-dimensional 7 of high dimension; for discussion of infinite-dimensional 7 in
an approximately sparse setting, see |[Belloni, Chernozhukov, Fernandez-Val and Hansen
(2013)) and [Belloni, Chernozhukov and Kato| (20135).
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3.1. The Classical Likelihood Case. In likelihood settings, the construction of or-
thogonal equations was proposed by Neyman (1959) who used them in construction of
his celebrated C(«)-statistic. The C(«)-statistic, or the orthogonal score statistic, was
first explicitly used for testing (and also for setting up estimation) in high-dimensional
sparse models in Belloni, Chernozhukov and Kato| (2013b) and Belloni, Chernozhukov
and Kato (2013a), in the context of quantile regression, and Belloni, Chernozhukov and
Wei| (2013) in the context of the logistic regression and other generalized linear models.
More recent uses of C(«)-statistics (or close variants) include those in [Voorman et al.
(2014), Ning and Liul (2014)), and [Yang et al.| (2014) among others.

Suppose that the (possibly conditional, possibly quasi) log-likelihood function asso-
ciated to observation w; is £(w;, v, ), where o € A C R? is the target parameter and
B € B C RP is the nuisance parameter. Under regularity conditions, the true parameter
values (ag, 5p) obey

E[0.f(w;, a0, fo)] =0, E[0gl(w;, g, Bo)] = 0. (37)
Now consider the moment function
M(a,n) = E[Y(wi, ,n)], ¢ (wi, o) = al(wi, a, B) — pdgl(wi, o, f). (38)
Here the nuisance parameter is
n= (8" vec(n)) € BxDCRP, p=po+dxp,
where p is the orthogonalization parameter whose true value pg solves the equation:
Jap = 1dgs = 0 (Lew, po = JapJ5), (39)
where, for v := (¢/, 8) and o := (o, 5)):

L . 8a8a/E[€(wi, )] 8a8 /E[ﬁ(wi, )]
J = 00y Bllwi, 1) Jly=o - = (aﬁaafw(wi,:;)] aﬁaZ/Ewwi,z)])

. (Jaa Jaﬁ)
g Jdss )

Note that pg not only creates the necessary orthogonality but also creates

=70

e the optimal score (in statistical language)
e or, equivalently, the optimal instrument/moment (in econometric 1anguage)E|

for inference about «p.

Provided ug is well-defined, we have by that

M(O[o, 770) = 0.
Moreover, the function M has the desired orthogonality property:
Oy M(a0,m0) = [Jag = 0353 sElL(wi, o, fo)]| = 0. (40)

IThe connection between optimal instruments/moments and likelihood/score has been elucidated by
the fundamental work of |(Chamberlain| (1987)).



POST-SELECTION AND POST-REGULARIZATION INFERENCE 13

Note that the orthogonality property holds for Neyman’s construction even if the like-
lihood is misspecified. That is, {(w;,70) may be a quasi-likelihood, and the data need
not be i.i.d. and may, for example, exhibit complex dependence over 1.

An alternative way to define y arises by considering that, under correct specification
and sufficient regularity, the information matrix equality holds and yields

J = JO = E[ayﬁ(w“ '}’)876(11}1,7 ’7)/] |'Y:'YO

_ <E[3a£(wi,7)aa€(wi,7)'] EWJ(WWWM(WW)'])
E[0al(wi,7)0l(wi, V)] E[0pt(ws, v)0pl(wi, v)']

Jo - Jo
(% %),
aB BB

where p; = JgﬁJggl is the population projection coefficient of the score for the main
parameter d,¢(w;, 7o) on the score for the nuisance parameter dzf(w;,Yo):

Bal(wi,v0) = p1508L(wi Y0) + 0, Eledsl(wi, )] = 0. (41)
We can see this construction as the non-linear version of Frisch-Waugh’s “partialling out”
from the linear regression model. It is important to note that under misspecification the

information matrix equality generally does not hold, and this projection approach does
not provide valid orthogonalization.

)

Y="0

Lemma 5 (Neyman’s orthogonalization for (quasi-) likelihood scores). Suppose that for
each given v = (o, 8) € A x B, the derivative 04(w;,y) exists with probability one.
Suppose that condition holds for some (quasi-) true value (cg,Bo). Then, (i) if J
exists and is finite and Jgg is invertible, then the orthogonality condition @) holds;
(ii) if also Esup,cp [|0y0(wi,v)||* < oo, where N is an open set containing ~o, then
JY exists and is finite. If the information matriz equality holds, namely J = J°, then
the orthogonality condition (@) holds for the projection parameter pg in place of the
orthogonalization parameter pg.

Proof. The first claim follows from the computations above and definition of pg. The
second claim follows from the dominated convergence theorem and the computations
given above. |

With the formulations above Neyman’s C(«)-statistic takes the form
Cla) = [IS(@)[3, S(a) = Q7"*(a,4)vnM(a, 9),

where M(a, 1) = E,[¢)(wi,a,9)] as before, Q(a,n9) = Var(y/nM(a,mn)), and Q(a,7)
and 7 are suitable estimators based on sparsity or other structured assumptions. The
estimator is then

G = arg inf C(a) = arg inf [lvnM(a, )]

(provided that Q(«,#) is positive definite for each o € A). If the conditions of Section
1 hold, we have that

Cla) ~ x*(d), V, '2V/n(a - ag) ~ N(0,1), (42)
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where V,, = Fflﬁ(ao,no)Ffl and I'1 = Joo — ,uOJ(’lﬂ. Under correct specification and
i.i.d. sampling, the variance matrix V,, further reduces to the optimal variance
F;l = (Joaa — JaﬁJggj(;B)_l,

of the first d components of the maximum likelihood estimator in a Gaussian shift
experiment with observation Z ~ N(h, J; D). Likewise, the result also holds for
the one-step estimator ¢& of Section 1 in place of &, provided the conditions in Section 1
hold.

Provided that sparsity or its generalizations are plausible assumptions to make re-
garding 7, the formulations above naturally lend themselves to sparse estimation. For
example, Belloni, Chernozhukov and Weil (2013) used penalized and post-penalized max-
imum likelihood to estimate [y, and used the information matrix equality to estimate
the orthogonalization parameter p by using Lasso or Post-Lasso estimation of the pro-
jection equation . It is also possible to estimate pg directly by finding approximate
sparse solutions to the empirical analog of the system of equations J,g — pJgg = 0 us-
ing ¢1-penalized estimation, as, e.g., in van de Geer et al. (2014), or post-f;-penalized
estimation.

3.2. Achieving Orthogonality in GMM Problems. Here we consider vy = (o, o)
that solve the system of equations:

E[m(w;, ao, fo)] = 0,

where m : W x A x B+ R¥, A x B is a convex subset of R x RP°, and k > d + pg is
the number of moments. The orthogonal moment equation is

M(a, n) = B[y (wi, o, )], b(wi, a,n) = pm(w;, a, B). (43)

The nuisance parameter is

n= (8, vec(u)) € BxDCRP, p=py+dxpy,
where p is the orthogonalization parameter. The “true value” of p is

Ho = (Gof,' = G GG, Ga) Gy,
where, for v = (¢/, 8") and v = (), Bp)’,
Gy = 0y Em(w;, o, B)]|y= = [8a/E[m(wi,a,ﬁ)],aﬁzE[m(wi,a,ﬂ)]] ly=yo = [GQ,GB],
and

O, = Var(v/nE, [m(w;, ag, Bo)])-
As before, we can interpret pg as an operator creating orthogonality while building

e the optimal instrument/moment (in econometric language),
e or, equivalently, the optimal score function (in statistical language)ﬂ

2The connection between optimal instruments/moments and likelihood/score has been elucidated by
the fundamental work of |(Chamberlain| (1987)).



POST-SELECTION AND POST-REGULARIZATION INFERENCE 15

The resulting moment function has the required orthogonality property; namely, the first
derivative with respect to the nuisance parameter when evaluated at the true parameter
values is zero:

Oy M(a0,n)ly=no = [L0G g, E[m(w;, a, Bo)]] = 0. (44)

Estimation and inference on g can be based on the empirical analog of :

M(aa ﬁ) =E, [w(w% «, ﬁ)]?

where 7} is a post-selection or other regularized estimator of ng. Note that the previous
framework of (quasi)-likelihood is incorporated as a special case with

m(w;, a, B) = [0al(w;, @), Ogl(w;, B)'].

With the formulations above, Neyman’s C'(«)-statistic takes the form:
Cla) = [S(@)[3,  S(a) = Q1 (a,7)vaM(a, 1),
where M(av, i) = E,[¢(wi, a, )] as before, Q(a, o) = Var(y/nM(a, n9)), and Q(a, ) and
7 are suitable estimators based on structured assumptions. The estimator is then

G = arg inf C(a) = arg inf [[vnM(a,7)],

(provided that Q(,7) is positive definite for each o € A). If the high-level conditions
of Section 1 hold, we have that

C<a> Py Xz(d)v Vn_1/2\/ﬁ(é‘ - a) Py N(Ov I), (45)

where V,, = (I'})7'Q(ag,10)(T'1) ! coincides with the optimal variance for GMM; here
I'y = poG,. Likewise, the same result holds for the one-step estimator & of Section
1 in place of &, provided the conditions in Section 1 hold. In particular, variance V,, cor-
responds to the variance of the first d components of the maximum likelihood estimator
in the normal shift experiment with the observation Z ~ N'(h, (GLQ,'G,)™1).

The above is a generic outline of the properties that are expected for inference using
orthogonalized GMM equations under structured assumptions. The problem of infer-
ence in GMM under sparsity is a very delicate matter due to the complex form of
the orthogonalization parameters; one potential approach to the problem is outlined in
Chernozhukov et al.| (2014)).

4. ANALYSIS OF THE IV MODEL WITH VERY MANY CONTROL AND INSTRUMENTAL
VARIABLES

Note that in the following we write w L v to denote Cov(w,v) = 0.

Consider the linear instrumental variable model with response variable:

Y; = Olf)dz + .T;ﬁ(] + &4, E[él] =0, €L (Zi,ﬂji), (46)
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d
where y; is the response variable, d; = (dik)zzl is a p?-vector of endogenous variables,
such that

din =ziy01 + 20 +uit,  Elua] =0, wui L (2,2:),
: : : (47)
dipd = ‘7:;70174 + Zz{(sopd T+ Uipy, E[uipd] =0, Wipg 1 (Zia x’t)
Here z; = (xz‘j)?; is a p”-vector of exogenous control variables and z; = (z;)!2; is a
p?-vector of instrumental variables.

The parameter value ay is our target. We allow p* = pf > n and p® = p7 > n, but
we maintain that p? is fixed in our analysis. This model includes the many instruments
and small number of controls case considered by Belloni et al.| (2012) as a special case,
and the analysis readily accommodates the many controls and no instruments case — i.e.
the linear regression model — considered by [Belloni, Chernozhukov and Hansen| (2014)
and |Zhang and Zhang| (2014)). For the latter, we set p? = 0 and impose the additional
condition &; L d;.

We will have n i.7.d. draws of
w; = (yi,dj, x5, 20)', i=1,...n,

obeying this system of equations. We also assume that Var(w;) is finite throughout so
that the model is well defined.

We may have that z; and x; are correlated so that z; are valid instruments only after
controlling for z;; specifically, we let z; = Ilz; + (;, for Il a p? X p¥ matrix and ¢; a
pZ-vector of unobservables with z; L (;. Substituting this expression for z; as a function
of z; into gives a system for y; and d; that depends only on x;:

Yi = 33290 + P?a E[Pf] =0, P? L @i,
din = 55'21901 + P?p E[Pgl] =0, p;'il Loy, (48)
dipy = T00py + Plys Elofh, ] =0, pf, L ;.

Because the dimension p = p, of

Mo = (967( 6k776k>56k)£d:1)/

may be larger than n, informative estimation and inference about «g is impossible with-
out imposing restrictions on 7.

In order to state our assumptions, we fix a collection of positive constants (a, A, c, C),
where a > 1, and a sequence of constants §, \ 0 and ¢, /* co. These constants will not
vary with P, but rather we will work with collections of P defined by these constants.
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CoNDITION AS.1 We assume that ng is approzimately sparse, namely that the de-

creasing rearrangement (|7]0|§)§:1 of absolute values of coefficients (|7]0j|)1;:1 obeys

Inol; <A, a>1, j=1,..,p. (49)

Given this assumption and a constant ¢ > 0, we can decompose 7y into a sparse
component ng* and small non-sparse component 7;:

no = ng* + ng, support(ng*) N support(ng) = 0,
116 lo <5, lImpll2 < C\/S/lm ol < ¢y/s?/n, (50)

s =cnza,

where the constant ¢ depends only on (a, A).

CONDITION AS.2 We assume that
s%log(pn)?/n < o(1). (51)

We shall perform inference on g using the empirical analog of theoretical equations:
where 1) = (¢)¥2, is defined by

Pa
Uk (wi, a,m) =y — 20 = > (di — 2jdp)ag | (whon + 20k — 2}0).
k=1

We can verify that the following orthogonality condition holds:
an,M(ao,n)’ ~0. (53)
n=no
This means that missing the true value 79 by a small amount does not invalidate the
moment condition. Therefore, the moment condition will be relatively insensitive to
non-regular estimation of 7.

We denote the empirical analog of as

~

M(a’ 77) =0, M(av 77) =E, [¢i(av 77)] : (54)

Inference based on this condition can be shown to be immunized against small selection
mistakes by virtue of orthogonality.

The above formulation is a special case of the linear-affine model. Indeed, here we
have

M(a,n) = T1(n)a +Ta(n), M(a,n) =T1(n) +Ta(n),
T'1(n) = E[*(wi,n)], Ti(n) = En[v"(wi,n)),
Ta(n) = B[ (wi,n)], Ta(n) = En[v’(wi,n)],
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where
Pd

p
v (wim) = { (i = a0p) @ + 40— 2o |

k=1

W) = { (i = 40) @l + 240, — 200}

k=1

Consequently we can use the results of the previous section. In order to do so we need
to provide a suitable estimator for ny. Here we use the Lasso and Post-Lasso algorithms,
as defined in |Belloni et al.| (2012)), to deal with non-normal errors and heteroscedasticity.

Algorithm 1 (Estimation of 79). (1) For each k, do Lasso or Post-Lasso Regression of
d; on x;,z; to obtain A and 0. (2) Do Lasso or Post-Lasso Regresswn of y; on x; to
get 6. (8) Do Lasso or Post-Lasso Regresszon of dij, = e+ z’5k on x; to get U%. The

estimator of ny is given by i) = (¢, (19k,70k, Y )

We then use
Qa, 7)) = En[¢(wi, o, )Y (wi, 77)/]
to estimate the variance matrix Q(a,n9) = Ep [t (wi, o, mo)(ws, o, mp)’]. We formulate
the orthogonal score statistic and the C'(«)-statistic,

S(a) = QM (a, ) VidM(a,m),  Cla) = ||S(a)|l, (55)

as well as our estimator &:
& = arg min [|v/nM(a, 7).
acA

Note also that & = arg minge 4 C(«) under mild conditions, since we work with “exactly
identified” systems of equations. We also need to specify a variance estimator V,, for the
large sample variance V;, of &. We set V,, = (I'1(9)") ~*Q(&, 1) (T'1(5)).

To estimate the nuisance parameter we impose the following condition. Let f; :=
(fij)fle = (x}, 2})'; hi = ()}, == (yi, d}, d;)’ where d; = (di,)7%, and dy, := @jyor +
Aook; vi = (), = (0¥, pd, 0/) where o; = (ow)h:, and o = diy, — dig. Let
ill' = hl — E[hl]

ConDITION RF. (i) The eigenvalues ofE[fifl-’N] are bounded from above by C and from
below by c. For allj and 1, (ii) BRG] + B[ f5R3]] + 1/E[f5v3] < C and E[|fZv3]] <

~ i Ui
E[| fjh?l\] (iii) E[|f3 i v3[]%log®(pn) /n < 6n, and (iv) slog(pn)/n < d,. With probability
no less than 1 — §,, we have that (v) max;<p ; fij[ slog(pn)]/n < &, and max;; |(E,

E)[f5vill + [(En = B)[f5R3]| < 6n and (vi) [[Balfif!] = E[fiflsptns) < On-

The conditions are motivated by those given in Belloni et al| (2012). The current
conditions are made slightly stronger to account for the fact that we use zero covariance
conditions in formulating the moments. Some conditions could be easily relaxed at a
cost of more complicated exposition.
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To estimate the variance matrix and establish asymptotic normality, we also need the
following condition. Let q > 4 be a fixed constant.

CONDITION SM. For each | and k, (i) E[|hi|?] +E[|va|?] < C, (i) c < E[e? | zi, 2] <
Cc< E[gfk | 25, 2] < C a.s., (i11) sup,e |lafl2 < C.

Under the conditions set forth above, we have the following result on validity of post-
selection and post-regularization inference using C(«)-statistic and estimators derived
from it.

Proposition 5 (Valid Inference in Large Linear Models using C'(«)-statistics). Let Py,
be the collection of all P such that Conditions AS.1-2, SM, and RF hold for the given n.
Then uniformly in P € Py, S(ag) ~ N(0,1), and C(ag) ~ x*(d). As a consequence,
the confidence set CRi_, = {a € A: C(a) < ¢(1—a)}, where c(1—a) is the 1 —a-quantile
of a x?(d) is uniformly valid for oy, in the sense that

lim sup [P(ap € CRi_y) — (1 —a)| =0.

N0 pep,
Furthermore, for any convex set R and
Vi = (Fll)ilg(rl)ila
we have that

lim sup [P(V, '/2(& — ap) € R) — P(N(0,I) € R)| = 0.

n—oo PeP,

Moreover, the result continues to apply if Vi, is replaced by V. Thus, CRll_a =[l'atc(1—
a/2)(I'Vyl/n)Y/2], where ¢(1 — a/2) is the (1 — a/2)-quantile of a N'(0,1), is uniformly

valid confidence set for l'ayg:

lim sup [P(l'ap € CR}_,) — (1 —a)| =0.

n—=oopecp,

5. IMPLEMENTATION DETAILS FOR SIMULATION AND EMPIRICAL RESULTS

In this section, we provide details for the simulation and empirical results reported in
the main paper, Chernozhukov et al.| (2015)).

5.1. Simulation. For our simulation, we generate data as n iid draws from the model

yi = ad; +zif + € 3 16 16 8 8
di = xiy+ 20 + u i l~NoO0, | ’
=Tz + ¢ Gi 0 0 .25I,: O

1 (3 ) ; 0 0 0 Z

where ¥ is a pZ x p? matrix with Xj; = (0.5)/~* and I,: is a p}, x p;, identity matrix.
We set the number of potential controls variables (p}) to 200, the number of instruments
(p%) to 150, and the number of observations (n) to 200. For model coefficients, we set
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a =1, B =~ as p;—vectors with entries §; = v; = j%, 0 as a p—vector with entries

0; = j%, and

0= [z 5 Opx(pz—p)]-

We report results from four estimators. The results for our proposed procedure are
obtained following Algorithm 1 using Post-Lasso at every step. To obtain the Oracle
results, we run standard IV regression of y; on d; using the single instrument 2/ and the
single control z3. For the results based on stepwise regression, we follow Algorithm 1
from the main text but use stepwise regression with p-value for entry of .05 and p-value
for removal of .10 which corresponds to the default decision rule for stepwise regression
in many software packages. For the second naive alternative based on non-orthogonal
moment conditions, we first do Post-Lasso regression of d on x and z which provides
Post-Lasso fitted values for d, d. We then do Post-Lasso regression of y on x and take
the residuals as p¥. We also do Post-Lasso regression of d on z and take these residuals
as p%. The estimator of « is then obtained from the usual IV estimator of 5% on p? using
d as the instrument. All of the Post-Lasso estimates in the simulation are obtained using
the data-dependent penalty level from Belloni and Chernozhukov| (2013). This penalty
level depends on a standard deviation that is estimated adapting the iterative algorithm
described in [Belloni et al. (2012) Appendix A. For inference in all cases, we use standard
t-tests based on conventional homoscedastic IV standard errors obtained from the final
IV step performed in each strategy.

5.2. Empirical Example. To obtain the results in the empirical example, we employ
the strategy outlined in Algorithm 1 in |Chernozhukov et al. (2015) using Post-Lasso at
every step. We employ the heteroscedasticity robust version of Post-Lasso of [Belloni
et al.| (2012)) following the implementation algorithm provided in Appendix A of Belloni
et al.| (2012). All standard errors reported in the empirical example are conventional
heteroscedasticity robust standard errors for IV estimators.

6. OVERVIEW OF RELATED LITERATURE

Inference following model selection or regularization more generally has been an active
area of research in econometrics and statistics for the last several years. In this section,
we provide a brief overview of this literature highlighting some key developments. This
review is necessarily selective due to the large number of papers available and the rapid
pace at which new papers are appearing. We choose to focus on papers that deal
specifically with high-dimensional nuisance parameter settings, and note that the ideas
in these papers apply in low dimensional settings as well.

Early work on inference in high-dimensional settings focused on inference based on
the so-called oracle property; see, e.g., |[Fan and Li (2001) for an early paper, Fan and
Lv| (2010)) for a more recent review, and Bithlmann and van de Geer (2011) for a text-
book treatment. A consequence of the oracle property is that model selection does not
impact the asymptotic distribution of the parameters estimated in the selected model.



POST-SELECTION AND POST-REGULARIZATION INFERENCE 21

This feature allows one to do inference using standard approximate distributions for the
parameters of the selected model ignoring that model selection was done. While conve-
nient and fruitful in many applications (e.g. signal processing), such results effectively
rely on strong conditions that imply that one will be able to perfectly select the correct
model. For example, such results in linear models require the so called “beta-min con-
dition” (Bithlmann and van de Geer| (2011)) that all but a small number of coefficients
are exactly zero and the remaining non-zero coefficients are bounded away from zero,
effectively ruling out variables that have small, non-zero coefficients. Such conditions
seem implausible in many applications, especially in econometrics, and relying on such
conditions produces asymptotic approximations that may provide very poor approxi-
mations to finite-sample distributions of estimators as they are not uniformly valid over
sequences of models that include even minor deviations from conditions implying perfect
model selection. The concern about the lack of uniform validity of inference based on
oracle properties was raised in a series of papers, including Leeb and Potscher| (2008 a)
and Leeb and Potscher| (20085) among many others, and the more recent work on post-
model-selection inference has been focused on offering procedures that provide uniformly
valid inference over interesting (large) classes of models that include cases where perfect
model selection will not be possible.

To our knowledge, the first work to formally and expressly address the problem of
obtaining uniformly valid inference following model selection is Belloni et al.| (ArXiv,
20108 which considered inference about parameters on a low-dimensional set of endoge-
nous variables following selection of instruments from among a high-dimensional set of
potential instruments in a homoscedastic, Gaussian instrumental variables (IV) model.
The approach does not rely on implausible conditions implying perfect model selection
but instead relies on the fact that the moment condition underlying IV estimation satis-
fies the orthogonality condition and the use of high-quality variable selection methods.
These ideas were further developed in the context of providing uniformly valid inference
about the parameters on endogenous variables in the IV context with many instruments
to allow non-Gaussian heteroscedastic disturbances in Belloni et al.| (2012)). These prin-
ciples have also been applied in Belloni et al.| (2010d)), which outlines approaches for re-
gression and IV models; Belloni, Chernozhukov and Hansen (2014) (ArXiv 2011), which
covers estimation of the parametric components of the partially linear model, estima-
tion of average treatment effects, and provides a formal statement of ; Farrell| (2013)
which covers average treatment effects with discrete, multi-valued treatments; [Kozbur
(2014) which covers additive nonparametric models; and Belloni, Chernozhukov, Hansen
and Kozbur (2014) which extends the IV and partially linear model results to allow for
fixed effects panel data and clustered dependence structures. The most recent, general
approach is provided in |Belloni, Chernozhukov, Fernandez-Val and Hansen| (2013) where
inference about parameters defined by a continuum of orthogonalized estimating equa-
tions with infinite-dimensional nusiance parameters is analyzed and positive results on
inference are developed. The framework in [Belloni, Chernozhukov, Fernandez-Val and
Hansen| (2013)) is general enough to cover the aforementioned papers and many other
parametric and semi-parametric models considered in economics.
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As noted above, providing uniformly valid inference following model selection is closely
related to use of Neyman’s C'(«)-statistic. Valid confidence regions can be obtained by
inverting tests based on these statistics, and minimizers of C(«)-statistics may be used
as point estimators. The use of C(«) statistics for testing and estimation in high-
dimensional approximately sparse models was first explored in the context of high-
dimensional quantile regression in Belloni, Chernozhukov and Kato| (20135) (Oberwol-
fach, 2012) and Belloni, Chernozhukov and Kato| (2013a) and in the context of high-
dimensional logistic regression and other high-dimensional generalized linear models by
Belloni, Chernozhukov and Wei (2013). More recent uses of C(«)-statistics (or close
variants, under different names) include those in [Voorman et al.| (2014)), Ning and Liu
(2014), and |Yang et al. (2014) among others.

There have also been parallel developments based upon ex-post “de-biasing” of esti-
mators. This approach is mathematically equivalent to doing classical “one-step” correc-
tions in the general framework of Section 1. Indeed, while at first glance this “de-biasing”
approach may appear distinct from that taken in the papers listed above in this section,
it is the same as approximately solving — by doing one Gauss-Newton step — orthogonal
estimating equations satisfying . The general results of Section 1 suggest that these
approaches — the exact solving and “one-step” solving — are generally first-order asymp-
totically equivalent, though higher-order differences may persist. To the best of our
knowledge, the “one-step” correction approach was first employed in high-dimensional
sparse models by |Zhang and Zhang| (2014) (ArXiv 2011) which covers the homoscedastic
linear model (as well as in several follow-up works by the authors). This approach has
been further used in jvan de Geer et al.| (2014) (ArXiv 2013) which covers homoscedastic
linear and some generalized linear models, and |Javanmard and Montanari (2014) (ArXiv
2013) which offers a related, though somewhat different approach. Note also that Bel-
loni, Chernozhukov and Kato| (20135) and Belloni, Chernozhukov and Wei (2013) also
offer results on “one-step” corrections as part of their analysis of estimation and infer-
ence based upon the orthogonal estimating equations. We would not expect that the
use of orthogonal estimating equations or the use of “one-step” corrections to dominate
each other in all cases, though computational evidence in Belloni, Chernozhukov and
Wei (2013]) suggests that the use of exact solutions to orthogonal estimating equations
may be preferable to approximate solutions obtained from “one-step” corrections in the
contexts considered in that paper.

There is also a complementary, but logically distinct, branch of the recent literature
that aims at doing valid inference for the parameters of a “pseudo-true” model that
results from the use of a model selection procedure. Specifically, this approach conditions
on a model selected by a data-dependent rule and then attempts to do valid inference —
conditional on the selection event — for the parameters of the selected model, which may
deviate from the “true” model that generated the data. See, for example, Berk et al.
(2013)), |G’Sell et al.| (2013), Lee and Taylor| (2014)), Lee et al.| (2013), Lockhart et al.
(2014)), [Loftus and Taylor| (2014]), [Taylor et al.| (2014)), and [Fithian et al.| (2014])) for some
recent examples. It seems intellectually very interesting to combine the developments of
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the present paper (and other preceding papers cited above) with developments in this
literature.

There have also been developments on building confidence intervals for high (as op-
posed to low) dimensional parameters. |(Chernozhukov| (2009) proposed inverting a Lasso
performance bound in order to construct a simultaneous, Scheffé-style confidence band
on all parameters. An interesting feature of this approach is that it uses weaker de-
sign conditions than many other approaches but requires the data analyst to supply
explicit bounds on restricted eigenvalues. |Gautier and Tsybakov| (2011) (ArXiv 2011)
and (Chernozhukov et al.| (2013)) employ similar ideas while also working with various
generalizations of restricted eigenvalues. van de Geer and Nickl| (2013)) construct confi-
dence ellipsoids for the entire parameter vector using sample splitting ideas. Somewhat
related to this literature are the results of Belloni, Chernozhukov and Kato (2013b) who
use the orthogonal estimating equations framework with infinite-dimensional nuisance
parameters and construct a simultaneous confidence rectangle for many target parame-
ters where the number of target parameters could be much larger than the sample size.
Further expanding the set of results for uniform high-dimensional joint inference over a
high-dimensional set of target parameters is an interesting topic for future work.

APPENDIX A. PROOFS

A.1. Proof of Proposition 1. This is given in the text. |

A.2. Proof of Proposition [2, Consider any sequence {P,} in {P,}.

Step 1 (rp-rate). Here we show that ||& — ap|| < 7, wp — 1. We have by the
identifiability condition, in particular the assumption mineig(I"jT'1) > ¢, that

Pp([la = aoll > 74) < Pa([IM(@n0)l| = ¢(rn)),  e(ra) == 27 ({V/ern} Ac).
Hence it suffices to show that wp — 1
M, 10) || < ¢(7n).-
By the triangle inequality, |M(&,no)|| < I1 + Iz + I3, where
Iy = |[M(&,m0) = M(&, D), o = [M(&,9) — M(&, D), I3 = [|M(d,9)]-
By assumption , wp — 1
I+ I < o(1){rn + I3+ ||M(d, no) | }-

Hence,
IM(6,n0)[|(1 = o(1)) < o(1)(rn + I3) + I3.

By construction of the estimator,

Iy < o(n™"?) + inf [M(a,9)| Sp, n~ /2,
acA
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which follows because
inf [Ni(a, )| < [¥1(@, )] Sp, 02, (56)

where & is the one-step estimator defined in Step 3, as shown in . Hence wp — 1
IM(&,mo)| < o(rn) < t(rn),

where to obtain the last inequality we have used the assumption mineig(I'jT'1) > c.
Step 2 (n~'/?-rate). Here we show that ||& — ag|| <p, n~'/2. By condition and
the triangle inequality, wp — 1
IM(&, 1)l = [IT1(é = ao) || = o(1) & = aoll = (Ve = o(1))][(& — ao)l| = Ve/2]|(& — ao)].
Therefore, it suffices to show that | M(d, no)| <p, n~ /2. We have that
IM(é, mo) || < T1y + 115 + I,
where 1Ty = [|M(&,m0) — M(&, )|, Iy = [M(&,9) — M(&,7) — M(ag, o), Iz =
IM(&,9)|| + |[IM(co,n0)||- Then, by the orthogonality d,yM(ag,70) = 0 and condition
14, wp — 1,
I < |[M(&,9) = M(&,m0) — 9y M(&, m0)[71 — mol|| 4 |0 M(&, 10) [ — mo] |
< o2+ o(1)]|6 — oo
< o()n~ 1%+ o(1)(2/Ve) IM(d, mo) -
Then, by condition ,
II; < o(1){n™ "2 +||M(& )| + |M(A,n0)|}
Se. o(D){n 12+ 72 M(@, o) |}
Since IT3 <p, n~'/2 by (56), it follows that wp — 1, (1 — o(1))||M(a, n0)|| p, n~ /2.

Step 3 (Linearization). Define the linearization map o — L(a) by
L(a) := M(ao,70) + 1 (e — ).
Then
IM(&,7) = L(&)|| < ITI 4 I115 + 1113,

where 111, = [M(é, 7) =M (&, mo)||, TITy = ||[M(d,n9)—T1(d—ap)|, IIT3 = ||M(a,7)—
M(&,7) — M(ag,70)||- Then, using the assumptions (14) and , conclude

I < [[M(&, ) — M(&,m0) — 9y M(é&, m0) [ — nol || + [|0 M(&, mo) [ — nol
< o()n 2 4+ o(1)]|6 — aoll,

111, < o(l)||&— apll,

I < o(1)(n™"2 4 |M(a, 2)|| + [[M(&, no)|)
< o(W)(n VPP 4 I + Ty (6 — Oéo)H)

Conclude that wp — 1, since ||[T}T1|| < 1 by assumption (TI),
INK(G, 7) — T(@)]| Spo o) (™2 + & — ag])) = o(n~172).
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Also consider the minimizer of the map a — ||L(c)]|, namely,
a = ag — (T1T1) "' T M(ag, o)

which obeys ||v/n(& — ag)|| <p, n~'/? under the conditions of the proposition. We can
repeat the argument above to conclude that wp — 1

IN(@, 7) = L(@)|| Sp, o(n~'/?).
This implies, since ||L(a)|| <p, n~'/2,
IM(a, )| Sp, 02 (57)
This also implies that
(&) = [L(@)] + op, (n~?),
since [|L(a)|| < |[L(a)|| and
L) = op, (n~1/2) < [M(a, 9)|| < [M(@, D)l + o(n~/?) = [L(@)]| + op, (n~/?).
The former assertion implies that |L(&)||? = ||L(a)||? + op, (n1), so that
IL@* — IL@)* = [T1(a - @) = op, (n7"),
from which we can conclude that \/n||& — @|| —p, O.
Step 4. (Conclusion). Given the conclusion of the previous step, the remaining claims

are standard and follow from the Continuous Mapping Theorem and the Portmanteau
Theorem. |

A.3. Proof of Proposition [3] Wg have wp — 1 that, for some constants 0 < u <[ < 0,
ezl < [Az| < ullz| and If|jz]| < [|Az]] < ullz]]. Hence

IAMC (e, ) — AM® (v, ) || + [|AM (e, ) — AM® (e, 70) |

sup

"k o+ AN (a )] + [AM(a, )]
< aup 1@ ) = M@ )l + (0 ) = M7
ey (rafD) + [N, )]
A — AllIMO(a, 7 ;
poup IR ANAQD <, 5oy 44— /i, 0

acA Ty 4 1|Me(a, )|

The proof that the rest of the conditions hold is analogous and is therefore omitted. m

A.4. Proof of Proposition 4. Step 1. We define the feasible and infeasible “one-steps”
& =a—FM(a,q), F=() Ty,
a=ag— FM(ag,m0), F = (0)T1)7'Ty.
We deduce by and that
IF| Sp, 1, (1ETy = 1| S, s 1= Fl Spy, e
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Step 2. By Step 1 and by condition , we have that
D = [|[FM(a, %) — FM(ag, m0) — FT1(6 — o) |
< || F||IM(@, 7) — M(ao, m0) — T1(@ — ao)|
<e, [IM(&,9) — M(&, %) — M(ag, o) || + Ds
<p, o(n~'/?) + Dy,
where Dy := |[M(a,7) — I'1(& — ap)]].

Moreover, D; < IV + IV, + IV3, where wp — 1 by condition and r2 = o(n~1/?)

IV = [M(&,m0) = T1(@ — ao)|| S [|& — aol* S iy = o(n™"/?),
IV, = [M(@, ) — M(&, o) — 3y M(@,m0) [ — mo] | S o(n™/?)
V3 = |9y M (&, m0) [ — o || S o(n™"7?).

Conclude that n'/?D —p, 0.

)

Step 3. We have by the triangle inequality and Steps 1 and 2 that

vala—al < Val(I = FT)(@ = ao)|l + Vall(F = F)M(ao, no)|| + v/nD
< Vall(I = FT1)||a — aoll + || = F||[[VaM(ag, 7o) || + v/nD
<p, Vg, +o(1) = o1).

Thus,\/n||/@ — &|| —p, 0, and \/n||@ — &|| —p, 0 follows from the triangle inequality and
the fact that /n||a — a|| —p,, 0. ]

A.5. Proof of Lemma [1 We have that, for I'; = I'; (7)),
V(@ —ag) = ~FVM(ag,q),  F = ([4T) Ty,

vin(a — ag) == —Fv/nM(ap, 10),  F = (I1T1)"'T1.
We deduce by and that | F|| <p, 1 and || — F|| —p, 0. Hence we have by
triangle and Holder inequalities and condition that

Valla —a| < ||F|va|M(ao, 1) — M(ag, no)) || + | E = Fllv/7n|[M(ag, m0)|| —p,, 0.

The conclusions regarding the uniform validity of inference using &, of the form stated
in conclusions of Proposition 1 and 2, follow from the conclusions regarding the uniform
validity of inference using &, which follow from the Continuous Mapping Theorem, the
Portmanteau Theorem, and the assumed stability conditions . This establishes the
second claim of the Lemma.

Regarding the first claim, verification of the conditions of Propositions 1 and 2 is left

for the interested reader. Having proven the first claim, we could have derived the second
claim as a corollary of Propositions 1 and 2, but instead we proved it above directly. m

A.6. Proof of Lemma [2| This is given in the main text. n
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A.7. Proof of Lemma [3} As in the proof of Lemma 2] we can expand:
V(M (ao, 1) = Mj(ao, m0)) = Trj + Toj + T j, (58)

where the terms (7} ;)7_, are as defined in the main text. We can further bound T ; as

follows:
T5; <155 + Ty, )
T3 »= v/nl (1 — ng")' On Oy M (c0) (7 — 15°), (59)
Ty = v/n|ng OnOn M (co)mg |-
Then T7; = 0 by orthogonality, T5; —p, 0 as in the proof of Lemma Q Since
s?log(pn)?/n — 0, T 5 vanishes in probability because, by Hélder’s inequality and for
sufficiently large n,

T3 < Ta 4l — 5" |1* Se,, v/nslog(pn)/n =, 0.
Also, if s?log(pn)?/n — 0, Ty ; vanishes in probability because, by Holder’s inequality
and ,
Tis < V0000 ¥14(00) ooy 151 S, Vs 108(pm) />, 0.
The conclusion follows from . [ |

é.& Proof of Ler{lma 4. Form =1,..,kand [ =1,...,d, we can bound each element
I'y mi(n) of matrix I'y () as follows:

00t (1) = Dt (10)] < Tt + ot + T3.mis

where
Ty = On T 1 (10)" () = 10) ],
Ty = (OnL'1,m0(n0) = OpT'1 i (10))" (1 = m0)
T3.m1 = |(1 — U[r)n)janan’rl,ml(ﬁ =)l

T4,ml = |776,877877’Fl,ml776|‘
Under conditions and we have that wp — 1

T1 it < 110nT 1, mi(10) ool = m0ll1 Sp,, /8% log(pn)/n — 0,

Tomi < 05T 1,m1(10) = OyT1,m1 (10) sl = mollt Sp,, /52 log(pn)/n — 0,
T3 < )| Op Oy Tt lsp(ens) 17 = 161> S, s1og(pn) /n — 0,

Tamt < 1000 Tt millow(p) 176 1> e,y s10g(pn) /n — 0.

The claim follows from the assumed growth conditions, since d and k are bounded. m

A.9. Proof of Propositions We present the proofs for the case of p; = 1; the
general case follows similarly.

We proceed to verify the assumptions of Lemma [3] and [4, from which the desired
result follows from Propositions 1 and 2] and Lemmal [} In what follows, we consider an
arbitrary sequence {P,} in {P,}.
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Step 1. (Performance bounds for 7). We noted that Condition AS.1 implies the
decomposition . A straightforward modification of the proofs of Belloni et al.| (2012)
yields the following performance bounds for estimator 7 of ng: wp — 1,

1llo < s, 19 = ng*ll2 < +/(s/n)log(pn), |7 = ng*lly S +/(s%/n)log(pn). (60)

Note that modification concerns the use of the assumption that errors are not corre-
lated with predictive regressors instead of mean independence. Also the third step of the
algorithm requires regressing an estimated response variable on the predictive regressors;
the estimation error in the response variable can be treated as approximation errors in
Belloni et al.| (2012))’s proofs; we omit the details for brevity.

Step 2. (Preparation). It will also be convenient to lift the nuisance parameter 7 into
a higher dimension and redefine the signs of its components as follows:

1= (0,19, 05,14, m5) = [0, =0, 8, =0T
With this re-definition, we have
(wi, ) = {(yi + 2im) + (di + zimz)a}{zins + zina + zins}.
Note also that

~

M(a,n) = T1(n)a +Ta(n), M(a,n) =T1(n) +Ta(n),

L1(n) = E@at(wi,am)),  T1(n) = En[0at(w;, a, ).

We compute the following partial derivatives:
Op(wi) == Opab(wi, avg,m0) = [w50i, 006, Tipy , i}, wipl ],
Ot (wi, ;) = {di + xima H{xins + zina + xins},
Batp(w;) == Db (ws, a0, m0) = pios,
an’aa¢(wi) = an’aa¢(wi7 Qo, 7]0) = [07 m'ILQU fU;P?, Z;pga m;pg]/v

0 0 rr,  wizl ol
0 0 ax;rh  oxzl ozl
3n3n/¢(wi,a,n): SUz:U; amiwg 0 0 0 ,
zixh oz, 0 0 0
zrir, axx, 0 0 0
0 O 0 0 0
0 0 @z, xiz] xal
OOy datp(wiya,m) = | 0 xa; 0 0 0
0 zaz, 0 0 0
0 zz, 0 0 0

Step 3. (Verification of Conditions of Lemma (3)).
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Application of Lemmal6] condition ||ag|| < C holding by Condition SM, and Condition
RF, yields that wp — 1,

Vil M (@o,10) = BN (0,0 oo = V(B = Byt (w3) oo S
< max \/[Ea[(9;(wi))3]Iogon) S, Vioaom).

Application of the triangle inequality, of condition ||y || < C, and Condition RF yields:

18,05 M(0, 70)llsp(e,s) < CllOnIyEnlfifilllspens) Spa 1,
where C depends on C.

Moreover, application of the triangle inequality and the Markov inequality yields, for
any deterministic a # 0,
100 O M0, 10) | pw(a) < Cl1OnOn B [fi filllpw(a)

where C' depends on C.

L

NPn

We have by Condition SM and the law of iterated expectations:
Q = E[y*(wi, a0,m0)] = E[¢} 0}] € E[¢]] - [c, C] € [c*, C?],
B[y (ws, a0, m0)] < Elle;0i|?] < VE[e:l]VE[eil9] < C.
Application of Lyapunov’s Central Limit Theorem yields,
Q~Y2M(ag, o) ~ N(0,1).

Next, Q(ag) = E,[¢?(wi, ag,7)] is consistent for Q. The proof of this result follows
similarly to the (slightly more difficult) proof of consistency of Q = E, [¢)?(w;, &, 7)] for
), which is given below.

All conditions of Lemma [3] are now verified.
Step 4. (Verification of Conditions of Lemma (4]).

Application of Lemma |§| and Conditions RF yields that with probability 1 — o(1),
V| 9,T1 (a0, m0) = 83T 1 (a0, 70) oo = [[V(En — E)Dydath(wi)|oo S

< max | /[En (90 (wi) 3]\ Tog(pn) <p, /Iog(pn).
J

Application of the triangle inequalities and Condition RF yields:
1090 L1 (0, 10) lsp(ens) S NOnO Enlfifillspens) Spo 1.

Moreover, application of the triangle inequalities and the Markov inequality yields,
for any deterministic a # 0,

10,0 T'1 (@0, 10) lpw(a) S 1090 Enlfifillpwa) Spo 1-
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Next, by Condition SM we have
Iy = E[pfe;] = E[¢}] € [c, C].
By Conditon SM we have
871 (00, o) loe = B[Oy Bt wn)llle < max (Eflfyzeil] v B figof1])
< max (y/[E e v Bl o0t < VE

This, as well as previous steps verify conditions of the Lemma [4] which are sufficient to
establish that |& — ag| <p, n~'/2, which is needed in the last step below.

Next, we show consistency Vn — V, —p, 0. Given the stability conditions estab-
lished above, this follows from I'i(77) — I't —p, 0, which follows from Lemma {4 and

from the consistency: Q — Q —p_ 0. Recall that Q = E,[1)?(w;, &, 7)] and let Qp =
E,[¢?(w;, ag,m0)]. Since Qo — Q —p, 0 by Markov inequality, it suffices to show that

Q— Q¢ —p, 0. Since O —Qy = (\/6 — Qo)(\/ﬁ + v/ o), it suffices to show that
(\/5 - QO) —p,, 0. By the triangle inequality and some simple calculations, we have

\\/6 — \/Qol <SD:=1Dhily En[gﬂ + Iodoo I 19T Ioo + T151 1 En[eﬂ,
where the terms are defined below. Let
éi = ﬁij - pAzde € = pZzJ - P?aa
0; = x;’y + 223 — :U;ﬁ, 0 = x;’yo + 2250 — m;ﬁo.
Then
& — €| < |2}(00 — 0)] + |p (a0 — &)| + [} (D — Yo)ao| + [a}(I — Do) (& — ),
0i — 0i] < 12{(6 = 00)| + |25(F — 70)| + |2}(0 — Yo).

Then the terms Io, I, I15, 1, are defined and bounded, using elementary inequalities
and Condition RF, as follows:

I := VEu[(é — ei)?] Sp, V/slog(pn)/n + /Enlpf?)|é — ao|
++/slog(pn)/n|& — ag| —p, 0,

Io 1= max |¢; — & < max |f;;]/s? log(pn) /n + max | pf||& — agl
i<n i i<n
+max | fijl\/ 82 log(pn) /n|é& — agl —p, O,

Iy := \/E,[(0; — 0i)?] <p, /slog(pn)/n — 0,
oo = max |9; — oi| S max|fij|v/s*log(pn)/n —p, 0,
i<n i
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where we have used the relations, |&—ag| <p, n~/2, and B, [|p¢?] <p,, 1, max;<, pf <p,
n'/9, for q > 4, holding by Condition SM, and we have used the fact that

E. (0 — 001)? + (@0 — v0})? + (@5 — 20})? + (15 — du})?) S, 2282

n
The latter follows from the following argument, for example, wp — 1,

En[(2}{0 — 00})?] < 2B, [(2i{0 — 05'3)?] + 2B, [(65)°]

S NELfiflllsp(ens) 10 = 65 1° + I Enlfi f]]lowiog) 16611

<p, slog(pn)/n,
since wp — 1 (|6 — 620 < Lns, 0 — 0117 < slog(pn)/n, ||65]> < s/n, by Step 1

and Condition AS.1 (see decomposition ), and ||E,[fifilllsp(e,s) SPn 1 holding by
Condition RF and [|En[fi f{]llpwez) Sp. 1 holding by Markov inequality and Condition
RF.

Since E,[0}] + En[e}] <p, 1 by Condition SM, we conclude that D —p, 0. [

APPENDIX B. SOME ToOLS

Let @ and ®~! denote the distribution and quantile function of A/(0,1). Note that in
particular @~ 1(1 — a) < y/2log(1/a) for all a € (0,1).
Lemma 6 (Moderate Deviation Inequality for Maximum of a Vector). Suppose that

S — Z?:l Uij

g ’
\ i U
where U;; are independent variables across i with mean zero. We have that
A
P I > 1 —~/2p) ) <~y (14
<gg§§<p!3ﬂ > ¢ (1-7/ p)> —’y( +€%>’
where A is an absolute constant, provided for £, > 0

1/2
0 (2w Em2))

0< @7 (1—7/(2p) < —— min MP—1, M;:=— /3"
n 15<p (7 2t E[lUP))

This result is essentially due to |Jing et al. (2003). The proof of this result, given
in Belloni et al.| (2012), follows from a simple combination of union bounds with their
result.
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