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VALID POST-SELECTION INFERENCE IN HIGH-DIMENSIONAL
APPROXIMATELY SPARSE QUANTILE REGRESSION MODELS

A. BELLONI, V. CHERNOZHUKOV, AND K. KATO

ABSTRACT. This work proposes new inference methods for the estimation of a regression coefficient
of interest in quantile regression models. We consider high-dimensional models where the number of
regressors potentially exceeds the sample size but a subset of them suffice to construct a reasonable
approximation of the unknown quantile regression function in the model. The proposed methods are
protected against moderate model selection mistakes, which are often inevitable in the approximately
sparse model considered here. The methods construct (implicitly or explicitly) an optimal instrument
as a residual from a density-weighted projection of the regressor of interest on other regressors. Under
regularity conditions, the proposed estimators of the quantile regression coefficient are asymptotically
root-n normal, with variance equal to the semi-parametric efficiency bound of the partially linear quan-
tile regression model. In addition, the performance of the technique is illustrated through Monte-carlo
experiments and an empirical example, dealing with risk factors in childhood malnutrition. The nu-
merical results confirm the theoretical findings that the proposed methods should outperform the naive
post-model selection methods in non-parametric settings. Moreover, the empirical results demonstrate

soundness of the proposed methods.

1. INTRODUCTION

Many applications of interest requires the measurement of the distributional impact of a policy (or
treatment) on the relevant outcome variable. Quantile treatment effects have emerged as an important
concepts for measuring such distributional impact (see, e.g., [22]). In this work we focus on the quantile

treatment effect ., of a policy/treatment d of an outcome of interest y in the partially linear model:
T — quantile(y | z,d) = da, + g-(2).

Here ., is the quantile treatment effect ([29, 22]), and g, is the confounding effects of the other covariates
or controls z. To approximate g, we rely on linear combinations of p-dimensional vector of technical
regressors, * = P(z), where we allow for the dimension p to be potentially bigger than the sample size
n to achieve an accurate approximation for ¢g,. This brings forth the need to perform model selection or

regularization.

We propose methods to construct estimates and confidence regions for the coefficient of interest a,,
based upon robust post-selection procedures. We establish the (uniform) validity of the proposed meth-
ods in a non-parametric setting. Model selection in those settings (generically) leads to a (moderate)

misspecification of the selected model and traditional arguments based on perfect model selection do not

Date: First version: May 2012, this version December 30, 2014.
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2 VALID POST-SELECTION INFERENCE IN HIGH-DIMENSIONAL QUANTILE REGRESSION MODELS

apply. Therefore the proposed methods are developed to be robust to (moderate) model selection mis-
takes. The proposed methods achieve the asymptotic semi-parametric efficiency bound for the partially
linear quantile regression model. To do so the conditional densities should be used as weights in the
second step of the method. Typically such density function is unknown and needs to be estimated which

leads to high dimensional model selection problems with estimated data. !

The proposed methods proceed in three steps. The first step aims to construct an estimate of the
control function g,. This can be achieved via ¢;-penalized quantile regression estimator [3, 19, 39] or
quantile regression post-selection based on ¢;-penalized quantile regression [3]. The second step attempts
to properly partial out the confounding factors z from the treatment. The heteroscedasticity in the model
requires us to consider a density-weighted equation, whose estimation is carried out by the heteroscedastic
post-Lasso [34, 2]. The third step combines the estimates above to construct an estimate of a., which is
robust to the non-regular estimation in the previous steps. The fact that the estimators in the first two
steps are non-regular is a generic feature of our problem. We propose to implement this last step via
instrumental quantile regression [15] or by a density-weighted quantile regression with all the variables
selected in the previous steps, with the latter step reminiscent of the “post-double selection” method
proposed in [6, 7]. Explicitly or implicitly the third step estimates c, by minimizing the Neyman-
type score statistic. We mostly focus on selection as a means of regularization, but certainly other
regularization (e.g. the use of ¢;-penalized fits per se) is possible, thought performs less well than the

methods we focus on.

Our paper contributes to the new literature on inference (as opposed to estimation) in the high-
dimensional sparse models. Several recent papers study the problem of constructing confidence regions
after model selection allowing p > n. In the case of linear mean regression, [6] proposed a double selection
inference in a parametric with homoscedastic Gaussian errors, [7] studies the double selection procedure
in a non-parametric setting with heteroscedastic errors, [40] and [36] proposed estimators based on ¢;-
penalized estimators based on “l-step” correction in parametric models. Going beyond mean models,
[36] also provides high level conditions for the one-step estimator applied to smooth generalized linear
problems, [8] analyzes confidence regions for a parametric homoscedastic LAD regression under primitive
conditions based on the instrumental LAD regression, and [10] provides two post-selection procedures
to build confidence regions for the logistic regression. None of the aforementioned papers deal with the

problem of the present paper.

Some of the papers above explicitly (or implicitly) aim to achieve an important uniformity guarantees
with respect to the (unknown) values of the parameters. These uniform properties translate into more
reliable finite sample performance of these inference procedures because they are robust with respect to
(unavoidable) model selection mistakes. There is now substantial theoretical and empirical evidence on
the potential poor finite sample performance of estimators that rely on perfect model selection to build
confidence regions when applied to models without separation from zero of the coefficients (i.e. small

coefficients). Most of the criticism of these procedures are consequence of negative results established

IWe also discuss alternative estimators that avoid the use of model selection procedures with estimated data. Those can

be valid under weaker conditions, but they are not semi-parametric efficient, except for some special (homoscedastic) cases.
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n [26], [28] and the references therein. This work contributes to this literature by proposing methods
that will deliver confidence regions that also have uniformity guarantees for (heteroscedastic) quantile
regression models allowing p > n. Although related in spirit with our previous work, [7, 8, 10], new
tools and major departures are required to accommodate the non-differentiability of the loss function,

heteroscedsaticity of the data, and the non-parametric setting.

Finally, in the process of establishing the main results we also contribute to the literature of high-
dimensional estimation. An intermediary step of the method required the estimation of a weighted least
squares version of Lasso in which weights are estimated. Finite sample bounds of Lasso for the prediction
rate are established to this new case. Finite sample bounds for the prediction norm on the estimation error
of £;-penalized quantile regression in nonparametric models extending results on [3, 19, 39]. We further
developed results on instrumental quantile regression problems in which we allow for the dimension to

increase and estimated instruments.

Notation. In what follows, we work with triangular array data {(w;,,i=1,..,n),n = 1,2,3,...}
d/ )/

is a vector with components defined below, and these vectors are in.i.d. — independent across i,

defined on probability space (Q2,S,Py), where P = P, can change with n. Each w;n = (¥; ., 2 .,
but not necessarily identically distributed. Thus, all parameters that characterize the distribution
of {w;n,i = 1,...,n} are implicitly indexed by P, and thus by n. We omit the dependence from
the notation in what follows for notational simplicity. We use array asymptotics to better capture
some finite-sample phenomena and to insure the robustness of conclusions with respect to perturba-
tions of the data-generating process P along various sequences. We use E,, to abbreviate the nota-
tion n' Y | and the following empirical process notation, E,[f] := E,[f(w;)] :== > f(w;)/n, and
Gu(f) == Y (f(wi) — E[f(wi)])/+/n. Since we want to deal with in.i.d. data, we also introduce the
average expectation operator: E[f] := EE,[f] = EE,[f(w;)] = Y_i—, E[f(wi)]/n. The ls-norm is denoted
by || - ||, and the lp-norm, || -||o, denotes the number of non-zero components of a vector. We use || - || o to
denote the maximal element of a vector. Given a vector § € R?, and a set of indices T C {1,...,p}, we
denote by ér € R? the vector in which ér; =9 if j € T, 07; =01if j ¢ T. We let 5(%) be a vector with
k non-zero components corresponding to k of the largest components of § in absolute value. We use the
notation (a); = max{a,0}, a Vb = max{a, b}, and a A b = min{a,b}. We also use the notation a < b to
denote a < ¢b for some constant ¢ > 0 that does not depend on n; and a Sp b to denote a = Op(b). For
an event E, we say that £ wp — 1 when E occurs with probability approaching one as n grows. Given
a p-vector b, we denote support(b) = {j € {1,...,p} : b; # 0}. We also use p,(t) = t(r — 1{t < 0}) and
or(t1,t2) = (1 — H{t1 < ta}).

2. SETTING AND METHODS

For a quantile index 7 € (0, 1), we consider the following partially linear conditional quantile model
Yi = diOéT + gT(Zi) +€, T— qua‘ntﬂe(ei | div ZL) = 07 i = 17 LD (21)

where y; is the outcome variable, d; is the policy/treatment variable, and confounding factors are rep-

resented by the variables z; which impacts the equation through an unknown function g,. The main
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parameter of interest is «.,, which is the quantile treatment effect, which describes the impact of the
treatment on the conditional quantiles. We assume that the disturbance term ¢; in (2.1) has a positive

and finite conditional density at 0,

fi = fe, (0| di, 2). (2.2)

We shall use a large number p of technical controls x; = P(z;) to achieve an accurate approximation

to the functions ¢, in (2.1) which take the form:
g‘r(zz) :xgﬂ'r—’—rg‘riv 1= 17"'377’, (23)
where r4,; denotes an approximation error.

In order to perform robust inference with respect to model selection mistakes, we also consider an

instrumental variable to; = to(d;, 2;) with the properties:

E[(1{yi < diar + g7(2i)} — T)eoi] =0, (2.4)
%E[(l{yi <dia+g-(2i)} — T)LOiHa:aT = E[fit0id;] # 0, (2.5)

and
%E[(l{yz < dia+ gr(2i) + '} — 7)eod] e = E[fitoizs] = 0. (2.6)

The relations (2.4)-(2.5) provide the estimating equation as well as the identification condition for «..
Relation (2.6) states that the estimating equation should be immune/insensitive to local perturbations
of the nuisance function g, in the directions spanned by x;. This orthogonality property is the critical
ingredient in guaranteeing robustness of procedures, proposed below, against the preliminary “crude”
estimation of the nuisance function g.. In particular, this ingredient delivers robustness to moderate

model selection mistakes that accrue when post-selection estimators of g, are used.

The (optimal) instrument satisfying (2.4) and (2.6) can be defined as the residual v; in the following

decomposition for the regressor of interest d; weighted by the conditional density function, namely
fld’L = fixQOOT -+ Vi, E[fl’l)ll’z] = 0, 1= ]., ceoe,n, (27)
and, thus, the (optimal) instrument is
toi = v; = fidi — fix}0or. (2.8)
We should point that we can construct other (non-optimal) instruments satisfying (2.4) by using different
weights f; instead of f; in the equation (2.7) and setting Zo; = ¥;(fi/f;) where @; is the new residual
corresponding to ﬁ It turns out that the choice ﬁ = f; minimizes the asymptotic variance of the
estimator of @ based upon the empirical analog of (2.4), among all the instruments satisfying (2.5) and

(2.6). We note that the problem of constructing optimal estimating equation (via optimal instruments)

is equivalent to constructing the optimal score for the parameter «..

We assume that 5, and 6y, are approximately sparse, namely it is possible to choose the parameters
B+ and 6, such that:

10-ll0 < s, [IB+llo < s, Blrj.i] < s/nand Elrg ;] < s/n (2.9)

011 gTi
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where ro,; = xi00, — 0, and ryr; = g(z;) — z;5-. The latter equation requires that it is possible to
choose the sparsity index s so that the mean squared approximation error is of no larger order than
the variance of the oracle estimator for estimating the coefficients in the approximation. (See [14] for a

detailed discussion of this notion of approximately sparsity.)

Comment 2.1 (Handling Approximately Sparse Models). In order to handle approximately sparse
models to represent g, in (2.3), we will assume that the approximation errors ry, are nearly orthogonal

with respect to fv, namely
E(fivirgr] = o(n™'/?). (2.10)

Condition (2.10) is automatically satisfied if the model is exactly sparse ry = 0 or if the orthogonality
condition in (2.7) can be strengthen to E[f;v; | z;] = 0. Both (more stringent) assumptions have been
used in the literature. However, (2.10) can be satisfied in many other cases by the orthogonality of v;
with respect to z; in (2.7) in high-dimensional settings. We defer to Section 5.3 for a detailed discussion
on how the high-dimensionality can yield (2.10) when g, belongs to a well behaved class of functions like
a Sobolev ball.

2.1. Known Conditional Density Function. In this subsection we consider the case of known condi-
tional density function f;. This case is of theoretical value since it allows to abstract away from estimating
the conditional density function f; and focus on the principal features of the problem. Moreover, under
homoscedasticity, when f; = f for all 4, the unknown constant f will cancel in the definition of the
estimators proposed below and the results are also of practical interest for that case. In what follows, we
use the normalization E, [a:fj} =1,5=1,...,p, to define the algorithms and collect the recommended
choice of tuning parameters in Remark 2.3 below. Recall that for a vector 8, 8(3%) will truncate to zero

all components of 8 except the 2s largest components in absolute value.

We will consider two procedures in detail. They are based on ¢;-penalized quantile regression and ;-
penalized weighted least squares. The first procedure (Algorithm 1) is based on the explicit construction

of the optimal instruments (2.8) and the use of instrumental quantile regression.

Algorithm 1 (Instrumental Quantile Regression based on Optimal Instrument)

(1) Run Post-¢1-quantile regression of y; on d; and x;; keep fitted value z/3;,,
(@, @) € argming, s En[p, (i — dia — 27 8)] + (A /n) 18111 + (Ar/n){En[dF]}1/?|
(&r, B-) € argming g E, [pr (y; — diov — 2} 5)] : support(8) C support(BT2s)).
(2) Run Post-Lasso of f;d; on f;x;; keep the residual v; := f;(d; — x;@),
0, € argming E,[f2(d; — 2/0)%] + (A/n)||T-6]1

~ ~

0, € argming E,[f?(d; — 250)?] : support(d) C support(6,).
(3) Run Instrumental Quantile Regression of y; — x;BT on d; using v; as the instrument for d;,

E.[(1{v: , 1B\ _ Y12
&, € arg min L,(«a), where L,(a) := {En[(Hy: < dio + x’éT} 7)oil}
oA En[(H{y: < diov+ 2}B-} — 7)%07]

, and set 3, = 57.

IN | IN
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Comment 2.2. In Algorithm 1 we can also work with the corresponding ¢;-penalized estimators in Steps
1 and 2 instead of the post-selection estimators, though we found that the latter work significantly better

in computational experiments. O

The second procedure (Algorithm 2) creates the optimal instruments implicitly by using a weighted

quantile regression based on double selection.

Algorithm 2 (Weighted Quantile Regression based on Double Selection)
(1) Run ¢;-quantile regression of y; on d; and x;,

(@r,Br) € argmin,s Bulpr (i — dicr — #48)] + (e /) 1811 + (re 1) {Bal2]} 0
(2) Run Lasso of f;d; on f;z;,
0, € argming E,[f2(d; — 20)%] + (A/n)||T,0]1
(3) Run quantile regression of f;y; on f;d; and {fiz;;,j € support(ggs)) U support(@‘;)},
(¢ir, Br) € argming g B, [fips (i — dioe — 2 3)] = support(8) C support(ggs)) U support(@),

and set L,(a) == {E,[({y; < dia + 2}5,} — 7))} /Bn[(1{yi < dia + 23, — 7)%0?], where

v; = fild; — xé@), and 57 is the post-Lasso estimator associated with é\T.

Comment 2.3 (Choice of Parameters). We normalize the regressors so that E,, [m?]] = 1 throughout the

paper. For v = 0.05/{n V plogn}, we set the penalty levels as
A= 1.1y/n207 1 —~), and A, :=L1y/nr(1—7)0 (1 —~). (2.11)

The penalty loading 'y = diag[ijj, j=1,...,p] is a diagonal matrix defined by the the following proce-

dure: (1) Compute the Post Lasso estimator 62 based on A and initial values ijj = m<axfi{En [z fEd2}Y2
(2) Compute the residuals v; = f;(d; — x@) and update

Urjj = \/Ealf?a};97], j=1,....p. (2.12)

In Algorithm 1 we have used the following parameter space for the computations:
A, ={aeR:|a—a,| <10{E,[d?]}"'/?/logn}. (2.13)

Typically s is unknown and to implement the algorithm we recommend setting the truncation param-

1/2 —3/2
eter to lolgon {logn + log(;/jn) "ma)lsi - foﬁovo") } . Note that if the sparsity s of 8, and 3, is below this
truncation parameter the estimation will adapt to this more favorable design. O

2.2. Unknown Conditional Density Function. The implementation of the algorithms in Section 2.1
requires the knowledge of the conditional density function f; which is typically unknown and needs to
be estimated (under heteroscedasticity). Following [22] and letting Q(- | d;,2;) denote the conditional
quantile function of the outcome, we shall use the observation that
1
fi=
aQ(T | di, ZZ)/aT
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to estimate f;. Letting Q(u | z;, d;) denote an estimate of the conditional u-quantile function Q(u | 2, d;),
based on {;-penalized quantile regression or the associated post-selection estimator, and h = h, — 0

denote a a bandwidth parameter, we let

~ 2h
i = = = 2.14
d QT+ h| 2i,d;) — Q(T — h | 2;,d;) (214

be an estimator of f;. If the conditional quantile function is three times continuously differentiable, this
estimator is based on the first order partial difference of the estimated conditional quantile function, and

so it has the bias of order h2.

It is also possible to use the following estimator:

-1
fi=h {i{@(T Fh|zid) — Q(r—h| 2, di)} — 1%{@(7 +2h | zi,di) — Q(T — 2h | zl-,di)}} , (2.15)

which has the bias of order h* under additional smoothness assumptions. We denote by I/ the finite set

of quantile indices used in the estimation of the conditional density.

Under mild regularity conditions the estimators (2.14) and (2.15) achieve

. Q(r +u | dir2i) — Q(r —u| di,zm) (2.16)

i~ fi=0(h
fimf ( e h
where k = 2 for (2.14) and k = 4 for (2.15).

Then Algorithms 1 and 2 are modified by replacing f; with ]?Z

Algorithm 1’ (Instrumental Quantile Regression with Optimal Instrument)
Run ¢;-penalized quantile regressions of y; on d; and z; to compute (&, B&QS)), ue{r}ull.

—~
—_
~—

Compute ﬁ and run Post-Lasso of ﬁ-di on ﬁxz to compute the residual v; := f:(dz - x;@)

—
[\)
~

3) Run Instrumental Quantile Regression of y; — x/ 57 on d; using v; as the instrument for d; to
1

compute ¢, and set 3, = BT.

Algorithm 2’ (Weighted Quantile Regression after Double Selection)
(1) Run ¢;-penalized quantile regressions of y; on d; and z; to compute (Q, 3525))7 u={r}UU.
(2) Compute ﬁ and run Lasso of ﬁ-di on ﬁxz to compute 0,.
(3) Run quantile regression of ﬁyl on ﬁdl and {ﬁ;xij,j € support(Bgs)) U support(@)} to compute
(a7, Br).

Comment 2.4 (Implementation of the estimates ﬁ) There are several possible choices of tunning
parameters to construct the estimates ﬁ-, however, they need to be coordinated with the penalty level \.
Together with the recommendations made in Remark 2.3, we suggest to construct ]?1 as in (2.14) with
bandwidth i := min{n~/6 7(1 — 7)/2}. Remark 3.4 below discusses in more detail the requirements

associated with different choices for penalty level A and bandwidth h. ([l
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2.3. Overview of Main Results on Estimation and Inference. Under mild moment conditions and
approximately sparsity assumptions, we established that the estimator ¢, as defined in Algorithm 1’ or

Algorithm 2/, is root-n consistent and asymptotically normal,
o vn(a, —az) ~ N(0,1), (2.17)

where 02 = 7(1 — 7)E[v?]7! is the semi-parametric efficiency bound for the partially linear quantile
regression model. The convergence result holds under array asymptotics, permitting the data-generating
process P = P, to change with n, which implies that these convergence results hold uniformly over
substantive sets of data-generating processes. In particular, our approach and results do not require

separation of regression coefficients away from zero (the so-called “beta-min” conditions) for their validity.

As a consequence, the confidence region defined as
Ceni={a€R:|a—a,| <5, (1 —¢/2)/vn} (2.18)

has asymptotic coverage of 1 —¢ provided the estimate 52 is consistent for o2, namely 52 /02 = 14 o0p(1).
These confidence regions are asymptotically valid uniformly over a large class of data-generating processes
P,.

There are different possible choices of estimators for o,,:

Gy =T = TEL [0, 53, = 7(1 = IHEAF2(di, @) (dis 2] ) Hi

7

53 = Bl fidiTi] ?Eal(1{ys < dicir + 2(B,} — 7%,

3

(2.19)

where T = support(B\T) U support(é;) is the set of controls used in the double selection quantile re-
gression. Although all three estimates are consistent under similar regularities conditions, their finite
sample behaviour might differ. Based on the small-sample performance in computational experiments,

we recommend the use of g3, for the optimal IV estimator and &5, for the double selection estimator.

Additionally, the criterion function of the instrumental quantile regression is the Neyman-type score
statistic
_Enler (vi, 2B + dia)v] |
 Enl{er(vi, ¥iBr + dic)0i}?]

is asymptotically distributed as chi-squared with 1 degree of freedom, when evaluated at the true value

L,(a)

a = a., namely

nLy(ar) ~ x*(1). (2.20)
The convergence result also holds under array asymptotics, permitting the data-generating process P =
P, to change with n, which implies that these convergence results hold uniformly over substantive sets

of data-generating processes. In particular, this result does not rely on the so-called beta-min conditions

for its validity. This property allows the construction of another confidence region:
Ten = f{a €A, :nL,(a) < (1 —¢€) — quantile of x*(1)}, (2.21)

which has asymptotic coverage level of 1 — . These confidence regions too are asymptotically valid

uniformly over a large class P,, of data-generating processes P,,.
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3. MAIN RESULTS

In this section we provide sufficient conditions and formally state the main results of the paper.

3.1. Regularity Conditions. Here we provide regularity conditions that are sufficient for validity of
the main estimation and inference result. Throughout the paper, we let ¢, C, and g be absolute constants,

and let ¢, /00,0, \(0, and A,, \ 0 be sequences of absolute positive constants.
We assume that for each n the following condition holds on the data generating process P = P,,.

Condition AS (P). (i) Let (z;)_; denote a non-stochastic sequence and P denote a dictionary of
transformations of z;, which may depend on n but not on P. The p-dimensional vector x; = P(z;) of
covariates are normalized so that En[xfj] =1,5=1,...,p, and {(y;,d;) : i = 1,...,n} be indepen-
dent random wvectors that obey the model given by (2.1) and (2.7) (ii) Functions g, and m, admit an
approximately sparse form. Namely there exists s > 1 and B, and 6., which depend on n and P, such
that

mq(z) = 230 +roriy 0700 < s, {Ealri ]} < CVs/n, (3.22)
gr(2) = €iBr +rgriy NBrllo <, {Ealrg,]}? < CV/s/n. (3.23)

(iii) The conditional distribution function of €; is absolutely continuous with continuously differentiable
density fel( | dlvzz) such that 0 < i < fl < Sup, f€7',|d,;,z7;(6 ‘ dlazl> < f7 Sup, |f€/1|d“zl(6 ‘ dluzl)| < f/'
(iv) The following moment conditions apply: |E[fiv-7"gﬂ]| < 0,n Y2 E[d§] + Ev¥] < C, ¢ < E[v? |

zi) < Cas 1 <i<mn, Jnax {E[z},d7] + E[|z}v}[]} < C. (v) We have that K, = maxi<y ||2i]|oo.
<I<

Klogp < 6,n for some q > 4, and s satisfies (K252 4 s%) log®(p V n) < nd,,.

Condition AS(i) imposes the setting discussed in Section 2 in which the ¢; error term has zero 7-
conditional quantile. The approximate sparsity condition AS(ii) is the main assumption for establishing
the key inferential result. Condition AS(iii) is a standard assumption on the conditional density function
in the quantile regression literature see [22] and the instrumental quantile regression literature [15].
Condition AS(iv) imposes some moment conditions. Condition AS(v) imposes growth conditions on s, p,
K, and n.

The next condition concerns the behavior of the Gram matrix E,, [z;x}]. Whenever p > n, the empirical
Gram matrix E,[z;x}] does not have full rank and in principle is not well-behaved. However, we only
need good behavior of smaller submatrices. Define the minimal and maximal m-sparse eigenvalue of a
semi-definite matrix M as

DAY 60’ Mé
min 5 and Omax(m)[M] :=
1<[I8llo<m ||0]]2 Pmax () [M]

Gumin (M) [M] := (3.24)

max _—_
1<I5llo<m |82

To assume that ¢min(m)[M] > 0 requires that all m by m submatrices of M are positive definite. We

shall employ the following condition as a sufficient condition for our results.
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Condition SE (P). The mazimal and minimal £, s-sparse eigenvalues are bounded from below and

away from zero, namely with probability at least 1 — A,,, for Z; = [d;, x})
K/ g ¢mm(£n3)[En[=ﬁz£;]] < (bmax(gns)[En[i’zj;H < fi”a
where 0 < k' < K" < oo are absolute constants.

For notational convenience we write ¢uin(m) := @min (M) [Ey,[2:2;]] and dmax(m) := Pmax(m)[En [2:2]].
It is well-known that the first part of Condition SE is quite plausible for many designs of interest. For
instance, Theorem 3.2 in [32] (see also [41] and [1]) shows that Condition SE holds for i.i.d. zero-mean
sub-Gaussian regressors and s(logn)(logp)/n < §, — 0; while Theorem 1.8 [32] (see also Lemma 1
in [4]) shows that Condition SE holds for i.i.d. bounded zero-mean regressors with ||z;]|c < K, a.s.
K2s(log® n){log(p vV n)}/n < 6, — 0.

3.2. Main results for the case with known density. In this section we begin to state our theoretical
results for the case where density values f; are either known or constant and unknown. The case of
constant density f; = f arises under conditional homoscedasticity, and in this case any constant value
can be used as an “estimate”, since it cancels in the definition of the estimators in Algorithms 1 and 2.
Hence the results of this section are practically useful in homoscedastic cases; otherwise, they serve as
a theoretical preparation of the results for the next subsection, where the unknown densities f; will be

estimated.

We first show that the optimal IV estimator based on Algorithm 1 with parameters (2.11)-(2.13) is

root-n consistent and asymptotically normal.

Theorem 1 (Optimal IV estimator, conditional density f; is known). Let {P,} be a sequence of data-
generating processes. Assume conditions AS (P) and SE (P) hold for P = P,, for each n. Then, the
optimal IV estimator &, and the L, function based on Algorithm 1 with parameters (2.11)-(2.13) obeys
as n — 0o

o, n(d, —ay) =Un (1) +op(1) Uy(r) ~ N(0,1)

where 02 = 7(1 — 7)E[v?]~! and

B R o

Un(r) == - (1 — WU <7}
where Uy, ..., Uy are i.i.d. uniform (0,1) random variables, independently distributed of vy, ... ,v,. Fur-

thermore,
nLy(a;) = Ui(’]’) +op(1l) and Ui(T) s X2(1)~

Theorem 1 relies on post model selection estimators which in turn relies on achieving sparse estimates
37 and @. The sparsity of é\T is derived in Section A.2 under the recommended penalty choices. The
sparsity of BT is not guaranteed under the recommended choices of penalty level A\, which leads to sharp
rates. We ensure sparsity by truncating to zero the smallest components. Lemma 6 shows that such
operation does not impact the rates of convergence provided the largest 2s non-zero components are

preserved.
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We also establish a similar result for the double selection estimator based on Algorithm 2 with param-
eters (2.11)-(2.12).

Theorem 2 (Weighted double selection, known conditional density f;). Let {P,} be a sequence of data-
generating processes. Assume conditions AS(P) and SE(P) hold for P = P,, for each n. Then, the double
selection estimator ¢, and the L, function based on Algorithm 2 with parameters (2.11)-(2.12) obeys as
n — 0o

o, 'n(a, —ar) =U, (1) +op(1) and U,() ~ N(0,1)

where 02 = 7(1 — 7)E[vZ] ™! and

(1 — 7)E[p2}-1/2 &
U, (r) = 7 i}Eﬁ[l]} S (7 - Ui < T

where Uy, ..., Uy are i.i.d. uniform (0,1) random variables, independently distributed of vy, ... ,v,. Fur-

thermore,
nLy(ar) =U2(1) +op(1) and U2(7) ~ x*(1).

Importantly, the results in Theorems 1 and 2 allows for the data generating process to depend on the
sample size n and have no requirements on the separation from zero of the coefficients. In particular
these results allow for sequences of data generating processes for which perfect model selection is not
possible. In turn this translates into uniformity properties over a large class of data generating process.
Next we formalize these uniform properties. We let P, the collection of distributions P for the data
{(yi,di, z;)'}1_; such that Conditions AS(P) and SE(P) hold for the given n. This is the collection of all
approximately sparse models where the stated above sparsity conditions, moment conditions, and growth

conditions hold.

Corollary 1 (Uniform /n-Rate of Consistency and Uniform Normality). Let P, be the collection
of all distributions of {(yi,d;, z})'}1_y for which Conditions AS and SE are satisfied for the given n > 1.
Then either the optimal IV or the double selection estimator, ¢, are y/n-consistent and asymptotically
normal uniformly over P,, namely

lim sup sup |P(o, 'vn(d, —ar) <t) —P(N(0,1) < t)| = 0.

n=0 pep, teR

Corollary 2 (Uniform Validity of Confidence Regions). Let P,, be the collection of all distributions
of {(yi, d;, z1)'}1_, for which Conditions AS and SE are satisfied for the givenn > 1. Then the confidence
regions Ce n, and Z¢ , defined based on either the optimal IV estimator or by the double selection estimator
are asymptotically valid uniformly in n, that is
lim sup [P(a; €Cepn) —(1—-&)| =0 and lim sup |Pla, €Z¢p) — (1 - &) =0.
n—=o pep, N PeP,
The uniformity results for the approximately sparse and heteroscedastic case are new even under fixed

p asymptotics.

Comment 3.1. Both algorithms assume that the values of the conditional density function f;, i =

1,...,n, are known. In fact it suffices to know them up to a multiplicative constant, which allows to
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cover the homoscedastic case, where f; = 1,7 = 1,...,n. In heteroscedastic settings we shall need to

estimate f;, and we analyze this case in the next subsection. ([l

Comment 3.2 (Inference Based on the Pivotal Process U, (7)). In addition to the asymptotic normality,
Theorems 1 and 2 establish that the rescaled estimation error o, 11/n(é, — o, ) is approximately equal to
the process U, (7), which is pivotal conditional on vy, ..., v,. Such property is very useful since it is easy
to simulate U, () conditional on vy, ..., v,. Thus this representation provides us with another procedure

to construct confidence intervals that does not rely on asymptotic normality.

3.3. Main Results for the case of unknown density. Next we provide formal results to the case the
conditional probability density function is unknown. In this case it is necessary to estimate the weights
fi, and this estimation has a non-trivial impact on the analysis. Condition D summarizes sufficient

conditions to account for the impact of the density estimation.

Condition D. (i) For a bandwidth h, assume that g,(z;) = ;8. + rui where the approzima-
tion errors satisfy E[r2,] < 6,n"Y? and |ru| < 8,h for all i = 1,...,n, and the vector B, satisfies
|1Bullo < s, for w = 7,7 £ h,7 + 2h. (ii) Suppose ||Bu||0 < Cs and ||d;qy + x;Eu — Gui — diay|l2,n <
C'\/slog(p V n)/n with probability at least 1 — A,, for u= 1,7 +h,7+2h. (iii) K2s*log(pVn) < §,nh?,
hF/sTogp < 6, W1 /sTogp(v/nTogp/A) < 6., h? \/n(v/nlogp/A) < 6n, 52 logp < 8,nh?,s?log’ p <
§,hN2 Asy/logp < 6,n (iv) For sg, = s+ %‘A’;V”) + (#)2, we have 0 < K < Omin(bnser) <
Gmax(lnSor) < K" < 0o with probability 1 — A,,.

Comment 3.3. Condition D(i) imposes the approximately sparse assumption for the wu-conditional
quantile function for quantile indices w in a neighborhood of the quantile index 7. Condition D(ii)
is a high level condition on the estimates of 3, which are typically satisfied by ¢;-penalized quantile
regression estimators. As before sparsity can be achieved by truncating these vectors. Condition D(iii)
provide growth conditions relating s, p, n, h and A. Remark 3.4 below discusses specific choices of penalty

level A and of bandwidth h together with the implied conditions on the triple (s, p,n). |

Next we establish the main inferential results for the case with estimated conditional density weights.
We begin with the optimal IV estimator which is based on Algorithm 1’ with parameters A, as in (2.11),
T, asin (2.12) with f; replaced with ﬁ-, and A, as in (2.13). The choices of A and h satisfy Condition D.

Theorem 3 (Optimal IV estimator, estimated conditional density ﬁ) Let {P,} be a sequence of data-
generating processes. Assume conditions AS (P) and D (P) hold for P = P, for each n. Then, the
optimal IV estimator &, and the L, function based on Algorithm 3 with parameters (2.11)-(2.13) obeys

asn — 0o
o, n(d, —ay) =Uu (1) +op(1) and U,(T) ~ N(0,1)

where 02 = 7(1 — 7)E[v?] ™! and

n 7

(1 — 7)E[p2}-1/2 &
{ (1 i}zﬁ[z]} Z(T—l{Ung})Uz

U, (1) :=
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where Uy, ..., Uy are i.i.d. uniform (0,1) random variables, independently distributed of vy, ..., v,. Fur-
thermore,

nLy(a;) =U2(1) +op(1) and UZ(7) ~ x*(1).
The result continues to apply if o2 is replaced by any of the estimators in (2.19), namely Gy, /o, =
14 o0p(1) for k=1,2,3.

The following is a corresponding result for the double selection estimator based on Algorithm 2’ with
parameters A, as in (2.11), and T, as in (2.12) with f; replaced with fi. As before the choices of A and

h satisfy Condition D and are discussed in detail below.

Theorem 4 (Weighted double selection estimator, estimated conditional density f;). Let {P,} be a
sequence of data-generating processes. Assume conditions AS(P) and D(P) hold for P = P,, for each
n. Then, the double selection estimator &, and the L, function based on Algorithm 4 with parameters
(2.11)-(2.12) obeys as n — oo

o, Vn(a, —ay) =U, (1) +op(1) and U,(T) ~ N(0,1)
where 02 = 7(1 — 7)E[vZ] ™! and

{r(1 = DB}

U, (1) := z (r—H{U; <7}
where Uy, ..., U, are i.i.d. uniform (0,1) random variables, independently distributed of v1,...,v,. Fur-

thermore,

nLy(ar;) =U2(1) +op(1) and U2(7) ~ x*(1).
The result continues to apply if o2 is replaced by any of the estimators in (2.19), namely Gy, /oy =
1+o0p(1) for k=1,2,3.

Comment 3.4 (Choice of Bandwidth h and Penalty Level A in Step 2). The proofs of Theorems 3 and
4 provide a detailed analysis for generic choice of bandwidth & and the penalty level A in Step 2 under
Condition D. Here we discuss two particular choices: for v = 0.05/{n V plogn}

() A=h"'VRe~ (1 - ),
(i) A =1.1y/n2071(1 —~).
The choice (i) for A leads to the optimal prediction rate by adjusting to the slower rate of convergence of

fi, see (2.16). The choice (ii) for A corresponds to the (standard) choice of penalty level in the literature
for Lasso. For these choices Condition D(iii) simplifies to

8n, and K2s? log?(p V n) < 8,nh?,
8,, and s%log?p < 8,nht.

For example, using the choice of J/”; as in (2.15) so that k = 4, we have that the following choice growth
conditions suffice for the conditions above:

(i) K3s*log*(pVn) < d,nand h =n~1/0
(i) (slog(pVn)+ K3)s*log®(p Vv n) < 6,n, and h =n=1/8
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4. EMPIRICAL PERFORMANCE

We present monte-carlo experiments, followed by a data-analytic example.

4.1. Monte-Carlo Experiments. In this section we provide a simulation study to assess the finite
sample performance of the proposed estimators and confidence regions. We shall focus on examining the
inferential properties of the confidence regions based upon Algorithms 1’ and 2’, and contrast them with

the confidence intervals based on naive (standard) selection.

We considered the following regression model for 7 = 1/2:

y =do, +2'(cyr0) +6, e~ N(0,{2—p+ pd’}/2), (4.25)
d=x'(cquo) +0, ©~ N(0,1), (4.26)
where o, = 1/2, 0p; =1/4%,7=1,...,p, x = (1,2") consists of an intercept and covariates z ~ N (0, %),

and the errors € and ¢ are independent. In this case, the optimal instrument is v = ¢/ {\/m }.
The dimension p of the covariates z is 300, and the sample size n is 250. The regressors are correlated
with ;; = pl“=9l and p = 0.5. The coefficient ;1 € {0,1} which makes the conditional density function
of € homoscedastic if 1 = 0 and heteroscedastic if 4 = 1. The coefficients ¢, and ¢4 are used to control
the R? in the equations: y — da, = 2/(cyvo) + € and d = 2/(cqrp) + U ; we denote the values of R? in
each equation by Ri and R2. We consider values (Ri, R?%) in the set {0,.1,.2,...,.9} x {0,.1,.2,...,.9}.
Therefore we have 100 different designs and we perform 500 Monte-Carlo repetitions for each design. For

each repetition we draw new vectors x;’s and errors ¢;’s and v;’s.

The design above with g, (z) = 2’(¢y10) is an approximately sparse model; and the gradual decay of the
components of vg rules out typical “separation from zero” assumptions of the coefficients of “important”
covariates. Thus, we anticipate that inference procedures which rely on the model selection in the direct
equation (4.25) only will not perform well in our simulation study. We refer to such selection procedures
as the “naive” /single selection and the call the resulting inference procedures the post “naive” /single
selection inference. To be specific, in our simulation study, the “naive” selection procedure applies £1-
penalized T-quantile regression of y on d and z to select a subset of covariates that have predictive power
for y, and then runs 7—quantile regression of y on d and the selected covariates, omitting the covariates

that were not selected. This procedure is the standard procedure that is often employed in practice.

The model in (4.25) can be heteroscedastic, since when p # 0 the distribution of the error term might
depend on the main regressor of interest d. Under heteroscedasticity, our procedures require estimations
of the conditional probability density function f;, and we do so via (2.14). We perform estimation of
fi’s even in the homoscedastic case (u = 0), since we do not want rely on whether the assumption of
homoscedasticity is valid or not. In other words, we use Algorithms 1’ and 2’ in both heteroscedastic
and homoscedastic cases. We use 03, as the standard error for the optimal IV estimator, and s, as

the standard error for the post double selection estimator. As a benchmark we consider the standard
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post-model selection procedure based on #1-penalized quantile regression method (post single selection)

based upon equation (4.25) alone, as define in the previous paragraph.

In Figure 1 we report the results for the homoscedastic case (u = 0). In our study, we focus on the
quality of inferential procedures — namely on the rejection frequency of the confidence intervals with the
nominal coverage probability of 95%, and so the figure reports these frequencies. Ideally we should see the
rejection rate of 5%, the nominal level, regardless of what the underlying generating process P € P, is.
The is the so called uniformity property or honesty property of the confidence regions (see, e.g., Romano
and Wolf [31], Romano and Shaikh [30], and Leeb and Pétscher [27]). The top left plot of Figure 1
reports the empirical rejection probabilities for the naive post single selection procedure. These empirical
rejection probabilities deviate strongly away from the nominal level of 5%, demonstrating the striking
lack of robustness of this standard method. This is perhaps expected due to the Monte-Carlo design
having regression coefficients not well separated from zero (that is, “beta min” condition does not hold
here). In sharp contrast, we see from top right and bottom right and left plots of Figure 1, that both
of our proposed procedures perform substantially better, yielding empirical rejection probabilities close
to the desired nominal level of 5%. We also see from comparing the bottom left plot to other plots that
the confidence regions based on the post-double selection method somewhat outperform the optimal IV

estimator.

Figure 2 we report the results for the heteroscedastic case (1 = 1). The figure displays the (empirical)
rejection probability of the confidence intervals with nominal coverage of 95%. As before, ideally we
should see the empirical rejection probability of 5%. Again the top left figure reports the results for the
confidence intervals based on the naive post model selection estimator. Here too we see the striking lack
of robustness of this standard method; this occurs due to the direct equation (4.25) having coeflicients v
that are not well separated from zero. We see from top right and bottom right and left plots of Figure 1,
that both of our proposed procedures perform substantially better, however, the optimal IV procedure
does not do as well as in the homoscedastic case. We also see from comparing the bottom left plot to other
plots that the confidence regions based on the post-double selection method significantly outperform the

optimal IV estimator, yielding empirical rejection frequencies close to the nominal level of 5%.

Thus, based on these experiments, we recommend to use the post-double selection procedure over the

optimal IV procedure.

4.2. Inference on Risk Factors in Childhood Malnutrition. The purpose of this section is to
examine practical usefulness of the new methods and contrast them with the standard post-selection

inference (that assumes that selection had worked perfectly).

We will assess statistical significance of socio-economic and biological factors on children’s malnutrition,
providing a methodological follow up on the previous studies done by [17] and [21]. The measure of
malnutrition is represented by the child’s height, which will be our response variable y. The socio-
economic and biological factors will be our regressors x, which we shall describe in more detail below. We
shall estimate the conditional first decile function of the child’s height given the factors (that is, we set

7 =.1). We'd like to perform inference on the size of the impact of the various factors on the conditional
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Naive Post Selection (Cy.o5,,) rp(0.05) Optimal IV (Cp.05,,) rp(0.05)
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Double Selection (Cp.05,,) rp(0.05) Optimal IV (Zy.05,,) rp(0.05)

0.5 0.5

0.4 0.4

FIGURE 1. For the homoscedastic design (1 = 0), the figure displays the rejection probabilities of

the following confidence regions with nominal coverage of 95%: (a) the confidence region based upon
naive (single) selection procedure (top left panel), (b) the confidence region Co.05,» based the optimal
IV estimator based on (top right), (c¢) the confidence region, as defined in Algorithm 1/, Zy 5, based
on the optimal IV procedure (bottom right panel), as defined in Algorithm 1’, and (d) the confidence
region Co.05,n» based on the post double selection estimator (bottom left panel), as defined in Algorithm
1’. Each point in each of the plots corresponds to a different data-generating process indexed by pairs
of R? values (ng R124) varying over the set {0,.1,...,.9} x {0,.1,...,.9}. The results are based on 500
replications for each of the 100 combinations of R2’s in each equation. The ideal rejection probability

should be 5%, so ideally we should be seeing a flat surface with height 5%.

decile of the child’s height. The problem has material significance, so it is important to conduct statistical

inference for this problem responsibly.

The data comes originally from the Demographic and Health Surveys (DHS) conducted regularly in
more than 75 countries; we employ the same selected sample of 37,649 as in Koenker (2012). All children
in the sample are between the ages of 0 and 5. The response variable y is the child’s height in centimeters.
The regressors z include child’s age, breast feeding in months, mothers body-mass index (BMI), mother’s
age, mother’s education, father’s education, number of living children in the family, and a large number

of categorical variables, with each category coded as binary (zero or one): child’s gender (male or female),
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Naive Post Selection (Cy.o5,,) rp(0.05) Optimal IV (Cp.05,,) rp(0.05)

0 0 2 0 0
R? R? R? R?

Double Selection (Cp.05,,) rp(0.05) Optimal IV (Zy.05,,) rp(0.05)

FIGURE 2. For the heteroscedastic design (u = 1), the figure displays the rejection probabilities of

the following confidence regions with nominal coverage of 95%: (a) the confidence region based upon
naive (single) selection procedure (top left panel), (b) the confidence region Co.05,» based the optimal
IV estimator based on (top right), (c¢) the confidence region, as defined in Algorithm 1/, Zy 5, based
on the optimal IV procedure (bottom right panel), as defined in Algorithm 1’, and (d) the confidence
region Co.05,n» based on the post double selection estimator (bottom left panel), as defined in Algorithm
1’. Each point in each of the plots corresponds to a different data-generating process indexed by pairs
of R? values (ng R124) varying over the set {0,.1,...,.9} x {0,.1,...,.9}. The results are based on 500
replications for each of the 100 combinations of R2’s in each equation. The ideal rejection probability

should be 5%, so ideally we should be seeing a flat surface with height 5%.

twin status (single or twin), the birth order (first, second, third, fourth, or fifth), the mother’s employment
status (employed or unemployed), mother’s religion (Hindu, Muslim, Christian, Sikh, or other), mother’s
residence (urban or rural), family’s wealth (poorest, poorer, middle, richer, richest), electricity (yes or
no), radio (yes or no), television (yes or no), bicycle (yes or no), motorcycle (yes or no), and car (yes or

1no).

Although the number of covariates — 30 — is substantial, the sample size — 37,649— is much larger

than the number of covariates. Therefore, the dataset is very interesting from a methodological point of
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view, since it gives us an opportunity to compare various methods for performing inference to an “ideal”

benchmark:

(1) The “ideal” benchmark here is the standard inference based on the standard quantile regression
estimator without any model selection. Since the number of regressors p is much smaller than
the sample size n, this is a very good option. The latter was proven theoretically in [18] and in
[5] under the p — oo, p?/n — 0 regime. This is also the general option recommended by [22] and
[26] in the fixed p regime. Note that this “ideal” option does not apply in practice when p is

relatively large; however it certainly applies in the present example.

(2) The standard post-selection inference method is the existing benchmark. This method performs
standard inference on the post-model selection estimator, “assuming” that the model selection
had worked perfectly. While this approach has some justification, we expect it to perform poorly,
based on our computational results and from theoretical results of [26]. In particular, it would

be very interesting to see if it gives misleading results as compared to the “ideal” option.

(3) We propose two methods, one based on the instrumental regression estimator (Algorithm 1) and
another based on double selection (Algorithm 2). The proposed methods do not assume perfect
selection, but rather builds a protection against (moderate) model selection mistakes. From the

theory we would expect the method to give results similar to the “ideal” option in (1).

We now will compare our proposal to the “ideal” benchmark and to the standard post-selection method.
We report the empirical results in Table 4.2. The first column reports results for the option 1, reporting
the estimates and standard errors enclosed in brackets. The second column reports results for option 2,
specifically the point estimates resulting from the use of /;-penalized quantile regression and the post-
penalized quantile regression, reporting the standard errors as if there had been no model selection. The
third column and fourth column report the results for two versions — Algorithm 1 and Algorithm 2 — of
option 3. Each column reports point estimates, the standard errors, and the confidence region obtained
by inverting the robust L, -statistic. Note that the Algorithms 1 and 2 are applied sequentially to each of
the variables. Similarly, in order to provide estimates and confidence intervals for all variables using the
naive approach, if a covariate was not selected by the ¢;-penalized quantile regression, it was included in

the post-model selection quantile regression for that variable.

What we see is very interesting. First of all, let us compare “ideal” option (column 1) and the naive
post-selection (column 2). Lasso selection method removes 16 out of 30 variables, many of which are
highly significant, as judged by the “ideal” option. (To judge significance we use normal approximations
and critical value of 3, which allows us to maintain 5% significance level after testing up to 50 hypotheses).
In particular, we see that the following highly significant variables were dropped by Lasso: mother’s BMI,
mother’s age, twin status, birth orders one and two, and indicator of the other religion. The standard
post-model selection inference then makes the assumption that these are true zeros, which lead us to
misleading conclusions about these effects. The standard post-model selection inference then proceeds

to judge the significance of other variables, in some cases deviating sharply and significantly from the
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“ideal” benchmark. For example, there is a sharp disagreement on magnitudes of the impact of the birth
order variables and the wealth variables (for “richer” and “richest” categories). Overall, for the naive
post-selection, 8 out of 30 coefficients were more than 3 standard errors away from the coefficients of the

“ideal” option.

‘We now proceed to compare our proposed options to the “ideal” option. We see approximate agreement
in terms of magnitude, signs of coefficients, and in standard errors. In few instances, for example, for the
car ownership regressor, the disagreements in magnitude may appear large, but they become insignificant
once we account for the standard errors. In particular, the pointwise 95% confidence regions constructed
by inverting the L, statistics all contain the estimates from the “ideal” option. Moreover, there is
very little disagreement between Algorithms 1 (optimal IV) and Algorithm 2 (double selection). The
agreement here is good news from the point of view of our theory, since it confirms what we had expected
from our previous analysis. In particular, for the proposed methods, no coefficient estimate was more

than 1.5 standard errors away from the coefficient of the “ideal” option.

The main conclusion from our study is that the standard/naive post-selection inference can give mis-
leading results, confirming our expectations and confirming predictions of [26]. Moreover, the proposed
inference procedures are able to deliver inference of high quality, which is very much in agreement with
the “ideal” benchmark.

5. DiscussioN

5.1. Variants of the Proposed Algorithms. There are several different ways to implement the se-
quence of steps underlying the two procedures outlined in Algorithms 1 and 2. The estimation of the
control function g, can be done through other regularization methods like ¢;-penalized quantile regres-
sion instead of the post-£i-penalized quantile regression estimator. The estimation of the instrument
v in Step 2 can be carried out with Dantzig selector, square-root Lasso or the associated post-model
selection could be used instead of Lasso or Post-Lasso. The instrumental quantile regression can be
substituted by a 1-Step estimator from the ¢;-penalized quantile regression estimator @, of the form
Gr = Gr + (Ea[02)) " \Enlior (yi, Grds + 215,)70].

Other variants can be constructed by using another valid instrument. An instrument ¢; = ¢(d;, 2;)
is valid if it satisfies E[f;s; | z;] = 0 and E[fid;s;] # 0. For example, a valid choice of instrument is
ti = (d; — Eld; | z:])/ fi- Typically this choice of instruments does not lead to a semi-parametric efficient
estimator as the choices proposed in Algorithms 1 and 2 do. Nonetheless, the estimation of E[d; | z;] and

fi can be carried out separably which can lead to weaker regularity conditions.

5.2. Uniform Inference over 7 € 7 and Many Coefficients. In some applications the interest lies
on building confidence intervals for many coefficients simultaneously. Moreover, some applications would
also be interest on a range of quantile indices. The methods developed here can be extended to the case
deRE and T €T

K
7 — quantile(y | z,d) = Zdja‘rj + 9-(2)
j=1
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TABLE 1. Empirical Results

&) @) ©)
quantile £1-penalized Naive Optimal IV Double Selection
Variable regression | quantile regression  post selection A& Z0.05,n &
cage 0.6456 0.6360 0.6458 0.6458 [ 0.6400, 0.6514] 0.6449
(0.0030) (0.0027) (0.0025) (0.0032)
mbmi 0.0603 — 0.0663 0.0550 [ 0.0132, 0.0885] 0.0582
(0.0159) (0.0139) (0.0316) (0.0173)
breastfeeding 0.0691 0.0538 0.0689 0.0689 [ 0.0577, 0.0762] 0.0700
(0.0036) (0.0038) (0.0036) (0.0044)
mage 0.0684 — 0.0454 0.0705 [ 0.0416, 0.0947] 0.0685
(0.0090) (0.0147) (0.0109) (0.0126)
medu 0.1590 0.2036 0.1870 0.1594 [ 0.1246, 0.1870] 0.1566
(0.0136) (0.0145) (0.0153) (0.0154)
edupartner 0.0175 0.0147 0.0460 0.0388 [ 0.0053, 0.0641] 0.0348
(0.0125) (0.0148) (0.0143) (0.0143)
deadchildren -0.0680 — -0.2121 -0.0791 [ -0.3522, 0.0394] -0.1546
(0.1124) (0.0978) (0.0653) (0.1121)
csexfemale -1.4625 -1.0786 -1.5084 -1.5146 [-1.7166, -1.3322] -1.5299
(0.0948) (0.0897) (0.0923) (0.1019)
ctwintwin -1.7259 -1.8683 -1.8683 [ -3.3481, -0.4652] -1.9248
(0.3741) (0.2295) (0.1880) (0.7375)
cbirthorder2 -0.7256 — -0.2230 -0.7408 [ -1.0875, -0.3951] -0.6818
(0.1073) (0.0983) (0.1567) (0.1337)
cbirthorder3 -1.2367 — -0.5751 -1.0737 [ -1.4627, -0.7821] -1.1326
(0.1315) (0.1423) (0.1556) (0.1719)
cbirthorder4 -1.7455 -0.1892 -0.7910 -1.7219 [ -2.2968, -1.2723] -1.5819
(0.2244) (0.1938) (0.2796) (0.2193)
cbirthorder5b -2.4014 -0.8459 -1.1747 -2.3700 [ -3.2407, —1.9384] -2.3041
(0.1639) (0.1686) (0.2574) (0.2564)
munemployedemployed 0.0409 — 0.0077 0.0342 [ -0.2052, 0.2172] 0.0379
(0.1025) (0.1077) (0.1055) (0.1124)
mreligionhindu -0.4351 — -0.2423 -0.5129 [-0.9171, -0.1523] -0.5680
(0.2232) (0.1080) (0.2277) (0.1771)
mreligionmuslim -0.3736 — 0.0294 -0.6177 [-1.1523, -0.1457] -0.5119
(0.2417) (0.1438) (0.2629) (0.2176)
mreligionother -1.1448 — -0.6977 -1.2437 [ -2.1037, -0.4828] -1.1539
(0.3296) (0.3219) (0.3390) (0.3577)
mreligionsikh -0.5575 — 0.3692 -0.5437 [-1.5591, 0.4243] -0.3408
(0.2969) (0.1897) (0.3653) (0.3889)
mresidencerural 0.1545 — 0.1085 0.1519 [ -0.1295, 0.3875] 0.1678
(0.0994) (0.1363) (0.1313) (0.1311)
wealthpoorer 0.2732 -0.0183 -0.1946 0.1187 [ -0.1784, 0.5061] 0.2648
(0.1761) (0.1231) (0.1505) (0.1877)
wealthmiddle 0.8699 — 0.9197 0.9113 [ 0.4698, 1.3149] 0.9173
(0.1719) (0.2236) (0.1784) (0.2158)
wealthricher 1.3254 0.3252 0.5754 1.2751 [ 0.7515, 1.5963] 1.4040
(0.2244) (0.1408) (0.1964) (0.2505)
wealthrichest 2.0238 1.1167 1.2967 1.9149 [ 1.3086, 2.3893] 2.1133
(0.2596) (0.2263) (0.2427) (0.3318)
electricityyes 0.3866 0.3504 0.7555 0.4263 [ 0.1131, 0.7850] 0.4582
(0.1581) (0.1398) (0.1572) (0.1577)
radioyes -0.0385 — 0.1363 0.0599 [ -0.2100, 0.2682] 0.0640
(0.1218) (0.1214) (0.1294) (0.1207)
televisionyes -0.1633 0.0122 -0.0774 -0.1112 [ -0.3629, 0.0950] -0.0880
(0.1191) (0.1234) (0.0971) (0.1386)
refrigeratoryes 0.1544 0.0899 0.2451 0.1907 [ -0.1642, 0.5086] 0.2001
(0.1774) (0.2081) (0.1716) (0.1891)
bicycleyes 0.1438 — 0.1314 0.1791 [ -0.0036, 0.3506] 0.1438
(0.1048) (0.1016) (0.0853) (0.1121)
motorcycleyes 0.6104 0.4823 0.5883 0.5214 [ 0.2471, 0.8125] 0.5154
(0.1783) (0.1334) (0.1702) (0.1625)
caryes 0.2741 — 0.5805 0.5544 [ -0.0336, 1.0132] 0.5470
(0.2058) (0.2378) (0.2610) (0.2896)
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where 7 C (0,1) is a fixed compact set. Indeed, for each 7 € T and each k = 1,..., K, estimates can be
obtained by applying the methods to the model (2.1) as

T — quantile(y | z,d) = draqi + g-(2) where g¢.(2) := g-(2) + Zdjosz.
i#k
For each 7 € T, Step 1 and the conditional density function f;, i = 1,...,n, are the same for all
k=1,...,K. However, Steps 2 and 3 adapt to each quantile index and each coefficient of interest. The
uniform validity of ¢;-penalized methods for a continuum of problems (indexed by T in our case) has
been established for quantile regression in [3] and for least squares in [11]. These works established that
in a variety of settings we obtain the same rate of convergence as for a single index (provided T is a

compact set with a dimension that does not grow).

The results obtained here lead directly to marginal confidence intervals that are valid for all a.,g,
k=1,....,K, 7 € T, namely

lim sup supsup max [P(o, 1 v/n(Grk — ar) <) = P(N(0,1) <) =0
n—=o0 pep, teR reT k=1,.... K

where 02, = 7(1 — 7)E[v2,,]7 .

Furthermore, uniform confidence bands are possible by defining the critical value

reT k=1,.. K

(1 =¢) =inf {t:P ( sup U, (7, k)| < t] {di,zi}?_1> > 15},
where the random variable U, (7, k) is pivotal conditional on the data, namely
1-nEp2 Y

T ;(T — HU; < 7})vrks

where U; are 1.i.d. uniform (0, 1) random variables, independent of {d;, z; }}_;. Therefore ¢*(1—¢&) can be

U, (1, k) := {r(

estimated since estimates of v ; and 0,1, 7 € T and k = 1,..., K, are available. Uniform confidence

bands can be defined as

[d‘rk - Un'rkC*(l - 5)/\/53 GQrk + UnTkC*(l - 6)/\/5} for 7€ Ta k= 17 s ’K'

5.3. Handling Approximately Sparse Functions. As discussed in Remark 2.1, in order to handle
approximately sparse models to represent g, in (2.3) an approximately orthogonality condition is assumed,
namely

E[fvirgri) = o(n™'/?). (5.27)
In the literature such condition has been (implicitly) used before. For example, (5.27) holds if the
function g, is exactly sparse linear combination of the covariates so that all the approximation errors
rgri = 0,4 =1,...,n. An alternative assumption in the literature that implies (5.27) is to have E[f;d; |
zi) = fi{z}0r + rori}, where 6, is sparse and rg,; is suitably small, which implies orthogonality to all

functions of z; since we have E[f;v; | z;] = 0.

The high-dimensional setting make the condition (5.27) less restrictive as p grows. Our discussion is
based on the assumption that the function g, belongs to a well behaved class of functions. For example,

when ¢, belongs to a Sobolev space S(«, L) for some o > 1 and L > 0 with respect to the basis
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{z; = Pj(2),j > 1}. As in [35], a Sobolev space of functions consists of functions g(z) = Zjoil 0;P;(z)

whose Fourier coefficients 6 satisfy
0 e0(a,L)= {9 €A(N): Y2 10 < oo, N, 52002 < L2 }

More generally, we can consider functions in a p-Rearranged Sobolev space RS(«,p, L) which allow
permutations in the first p components as in [12]. Formally, the class of functions g(z) = Z;’il 0;P;(2)
such that

3 tation Y : {1,... —{1,...
GEGR(O[,p,L): 06@2 Z|0 ‘ < o0, permutation { , ’p} { , ’p}

202 202 2
:? 1) aeT(J +Z;ip+1] i< L

It follows that S(a, L) C RS(«, p, L) and p-Rearranged Sobolev space reduces substantially the depen-

dence on the ordering of the basis.

Under mild conditions, it was shown in [12] that for functions in RS(«, p, L) the rate-optimal choice

for the size of the support of the oracle model obeys s < n!/[ot1] Tt follows that
E[r ]1/2 [{Z]>s (Zi)}Q}l/Q < n—o/{1+2a}

which cannot guarantee converge to zero at a \/ﬁ—rate to potentially imply (5.27). However, the relation

(2.10) can exploit orthogonality with respect all p components of z;, namely

Elfsvrgrll = B0 058 (5) + i 6P (0]
= | s B3 Py ()]l € X o 105 {BLF202)ELP ()]} /2
< ABIf202) maxjspin BLPRGOIY 205, 5 05272 20 5y 72012 = O 112),

Therefore, condition (5.27) holds if n = o(p?*~1), in particular, for any a > 1, n = o(p) suffices.

5.4. Minimax Efficiency. In this section we make some connections to the (local) minimax efficiency
analysis from the semiparametric efficiency analysis. In this section for the sake of exposition we assume
that (y;,;,d;)}—; are i.i.d., sparse models, rg;; = r¢r; = 0, ¢ = 1,...,n, and the median case (1 = .5).

[25] derives an efficient score function for the partially linear median regression model:
Si = 2¢r (i, dicr + i Br) fildi — m7(2)],

where mZ(z;) is given by

e _ Elf}dilz]
me (@) = B

Using the assumption m?(z;) = z,0% , where ||0%||o < s < n is sparse, we have that

T
Si = Q@T(yia dia‘r + x;ﬁ‘f')vjv

where vf = f;d; — fimZ(z;) would correspond to v; in (2.7). It follows that the estimator based on the
instrument v} is actually efficient in the minimax sense (see Theorem 18.4 in [23]), and inference about
o, based on this estimator provides best minimax power against local alternatives (see Theorem 18.12
in [23]).

The claim above is formal as long as, given a law @Q,,, the least favorable submodels are permitted as

deviations that lie within the overall model. Specifically, given a law @,,, we shall need to allow for a
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certain neighborhood Q% of @,, such that Q,, € Q2 C Q,,, where the overall model Q,, is defined similarly
as before, except now permitting heteroscedasticity (or we can keep homoscedasticity f; = f. to maintain

formality). To allow for this we consider a collection of models indexed by a parameter ¢ = (¢1,2):

fid; = fﬂ:é@i + U;k, E[flvﬂxz] =0, (529)

where ||B8-]lo V [|0%]l0 < $/2 and conditions as in Section 2 hold. The case with ¢ = 0 generates the model
5

n’

Q,; by varying t within J-ball, we generate models Q°, containing the least favorable deviations. By
[25], the efficient score for the model given above is .S;, so we cannot have a better regular estimator than
the estimator whose influence function is J~1S;, where J = E[S?]. Since our model Q,, contains Q°,
all the formal conclusions about (local minimax) optimality of our estimators hold from theorems cited
above (using subsequence arguments to handle models changing with n). Our estimators are regular,
since under Q! with t = (O(1/4/n),0(1)), their first order asymptotics do not change, as a consequence

of Theorems in Section 2. (Though our theorems actually prove more than this.)
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APPENDIX A. ANALYSIS UNDER HIGH-LEVEL CONDITIONS

This section contains the main tools used in establishing the main inferential results. The high-
level conditions here are intended to be applicable in a variety of settings and they are implied by the
regularities conditions provided in the previous sections. The results provided here are of independent
interest (e.g. properties of Lasso under estimated weights). We establish the inferential results (2.17) and
(2.20) in Section A.3 under high level conditions. To verify these high-level conditions we need rates of
convergence for the estimated instruments v and the estimated confounding function g,(z) = 2’ B, which
are established in sections A.2 and A.1 respectively. The main design condition relies on the restricted
eigenvalue proposed in [13], namely for #; = [d;, z}]

Ke = inf (| Z0]|2.n/ [0z (A.30)

= in
197 ll1<e|ldr (1

where ¢ = (¢+1)/(c—1) for the slack constant ¢ > 1, see [13]. It is well known that Condition SE implies

that k¢ is bounded away from zero if ¢ is bounded, see [13].

A.1. /;-Penalized Quantile Regression. In this section for a quantile index u € (0,1), we consider
the equation

Ui = Tinu + Tui + €, u-quantile of (&; | Z;,74i) =0 (A.31)
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where we observe {(9;,Z;) : ¢ = 1,...,n}, which are independent across i. To estimate 7, we consider

the ¢1-penalized u-quantile regression estimate

~ . . A
M € argminEnlpu (g — Zim)] + Z=lInlh
and the associated post-model selection estimate

T € argmgn { Enlpu(9i — &in)] : n; =0 if 7,; =0}. (A.32)

As established in [3] for sparse models and in [19] for approximately sparse models, under the event

that

Ay _ -
o > c|En[(u — W{Zi < Zinu + Tui}) Tl oo (A.33)
the estimator above achieves good theoretical guarantees under mild design conditions. Although 7, is
unknown, we can set A, so that the event in (A.33) holds with high probability. In particular, the pivotal

rule proposed in [3] and generalized in [19] proposes to set A, := cnAy,(1 — v | Z) for ¢ > 1 where
Ay(1 =~ ] Z) =(1—7)— quantile of [|E,[(u— 1{U; < u})Zi]||oo (A.34)

where U; ~ U(0,1) are independent random variables conditional on Z;, ¢ = 1,...,n. This quantity can

be easily approximated via simulations. Below we summarize the high level conditions we require.

Condition PQR. Let T, = support(n,) and normalize En[ifj] =1,7 =1,...,p. Assume that
for some s > 1, |[nullo < 8, ||Tuill2,n < C+/s/n. Further, the conditional distribution function of
is absolutely continuous with continuously differentiable density fc(- | d;, 2;) such that 0 < f < f; <
SUP, feilds,2 (€ | diy 2;) < f, sup, ff/i‘di,zz(c | di, z;) < [’ for fixed constants f, f and f’.

Condition PQR is implied by Condition AS. The conditions on the approximation error and near
orthogonality conditions follows from choosing a model 7, that optimally balance the bias/variance
trade-off. The assumption on the conditional density is standard in the quantile regression literature

even with fixed p case developed in [22] or the case of p increasing slower than n studied in [5].

Next we present bounds on the prediction norm of the ¢;-penalized quantile regression estimator.

Lemma 1 (Estimation Error of ¢;-Penalized Quantile Regression). Under Condition PQR, setting A\, >
enly (1 — 7| &), we have with probability 1 — 4~ for n large enough

_ M+L slog(p/7)

T (1 — <N:
125 (D — 1) l2,n S e T -

provided that for Ay, := Doc U{v : ||Zjv]l2,n = N, ||v]|1 < 8Ccslog(p/v)/Au}, we have

En[lruil|#70%] En[|#70]°]
—————— 4+ Nsup ———=——~- — 0.

sea, EnllZ6]%] sea, Enl|T}02]3/2

Lemma 1 establishes the rate of convergence in the prediction norm for the ¢;-penalized quantile

regression estimator. Exact constants are derived in the proof. The extra growth condition required for
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identification is mild. For instance we typically have \,, ~ /log(n V p)/n and for many designs of interest
we have infsea, [|Z]6]]3,,,/En[|Z]6]%] bounded away from zero (see [3]). For more general designs we have
||5:;5||§,n . Hi;(gHQ,n Kac )‘uN

f T~ fl~7 clal — — /\ — .
seA, B, [|Z56)3) ~ seAd |0 max;<n || %l oo ~ Vs(14c) max;<n || Zille 8Ccslog(p/y) max;<n || %l oo

Lemma 2 (Estimation Error of Post-¢;-Penalized Quantile Regression). Assume Condition PQR holds,
and that the Post-{1-penalized quantile regression is based on an arbitrary vector 7,. Let 7, = ||7uill2,n,
Su > |support(7)| and Q = E[pu (i — )] — Enlpw(§; — Einw))] hold with probability 1 — ~. Then we
have for n large enough, with probability 1 — v — € — o(1)

pe N Suts)loglp/e) = 5

(T — ) ll2n SN = (S—AJr Fu + QY2
|| 1(77 " )”2’ ~ \/ ’n¢min(3u + S) f Q
provided that

E.[lruil|Z6?] <
sup 7"[““1'/'{12 I’ + N sup oy
I5l0<suts  Bnlli0[?] 15110 <Buts EnllZ

Lemma 2 provides the rate of convergence in the prediction norm for the post model selection estimator
despite of possible imperfect model selection. In the current nonparametric setting it is unlikely for the
coeflicients to exhibit a large separation from zero. The rates rely on the overall quality of the selected
model by ¢;1-penalized quantile regression and the overall number of components 5,,. Once again the extra

growth condition required for identification is mild. For more general designs we have

in Hiidng,n . ||‘%;5||2,n d)min(gu + 5)
1810<Futs En[[Z6]3] 7 l16llo<zuts [0l maxicn |Zilloo ~ V/5y + s max;cn |30

A.2. Lasso with Estimated Weights. In this section we consider the equation
fidi = fimr(2) + v = fixi0r + firori +vi, E[fiviz;] =0 (A.35)

where we observe {(d;, z;,x; = P(z;)) : i =1,...,n}, which are independent across i. We do not observe
{fi = f-(di,z)}_; directly, but we assume that estimates {ﬁ ?_, are available. Also, we have that
Ty, = support(d,) is unknown but a sparsity condition holds, namely |Ty.| < s. To estimate 6y, and v;,

we compute

0, € argm@inEn[f?(di —2/0)?] + %Hﬁeul and set ; = fi(d; — 2'0,), i=1,...,n, (A.36)

3

where A and fT are the associated penalty level and loadings specified below. The new difficulty is to
account for the impact of estimated weights ﬁ Although this impact on the estimation of €, is minor,

the estimated weights impact estimates of v; can be more substantial.

We will establish bounds on the penalty parameter A so that with high probability the following

regularization event occurs

A ~
~> 20T By [ fiwivi] || oo- (A.37)

As discussed in [13, 4, 9], the event above allows to exploit the restricted set condition ||§TTQCT||1 <
&||6,7,. — 0-|l1 for some & > 1. Thus rates of convergence for 8, and v; defined on (A.36) can be

established based on the restricted eigenvalue kg defined in (A.30) with z; = z;.
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However, the estimation error in the estimate ﬁ of f; could slow the rates of convergence. The following

are sufficient high-level conditions.

Condition WL. For the model (A.85), normalize En[xfj] =1,57=1,...,p, and suppose that:
(i) for s > 1 we have ||0;]lo < s, En[r3 ;] < Cs/n, (1 —~/2p) < 8,nt/6,
(ii) 0 < f < fi < f uniformly inn, and 0 < ¢ < E[v? | ;] <& < 00, a.s., rjng;(%—zgm < C,
(i11) with probability 1 — A,, we have max;<n [|;||cc < Ky,
max|(E, — B)[fadof]| < 0, max Bo[(F - fi)%0308) <0, EulfPrd] < B, [USf002] <)

(iv) EfTo < fT < ufTo, where fTojj ={E, [f?x?jvf]}l/z, 1 -6, <L < u<C with probability 1 — A,,.

Comment A.1l. Condition WL(i) is a standard condition on the approximation error that yields the
optimal bias variance trade-off (see [4]) and imposes a growth restriction on p relative to n, in particular
logp = o(n'/?). Condition WL(ii) imposes conditions on the conditional density function and mild
moment conditions which are standard in quantile regression models even with fixed dimensions, see [22].
Condition WL(iii) requires high-level rates of convergence for the estimate ﬁ Several primitive moment
conditions imply first requirement in Condition WL(iii). These conditions allow the use of self-normalized
moderate deviation theory to control heteroscedastic non-Gaussian errors similarly to [2] where there are
no estimated weights. Condition WL(iv) corresponds to the asymptotically valid penalty loading in [2]
which is satisfied by the proposed choice fT in (2.12). g

Next we present results on the performance of the estimators generated by Lasso with estimated

weights.

Lemma 3 (Rates of Convergence for Lasso). Under Condition WL and setting A > 2¢//n® (1 —~/2p)
for ¢ > ¢ > 1, we have for n large enough with probability 1 — v — o(1)

~ o~ AV/'s 1
I FaatBe = 0rYlem < 2ey +er + 2L (it 1)

nk\é
. Vs{er + e} As 1 1 2¢| P70 [loc m 2
0, —0.|; <2 — = I+ =) ——— v
| I Kog + Nkskos vt c U 2¢ le—1 )\{Cf +ork

where & = || T3 [loo | Trolloo (ue + 1) /(£e — 1)

Lemma 3 above establishes the rate of convergence for Lasso with estimated weights. This automati-

cally leads to bounds on the estimated instrument v; obtained with Lasso through the identity
. + vi |7 L w
v — v = (fi — fi)f_ + fiwi(0r — 07) + firor:. (A.38)

The Post-Lasso estimator applies the least squares estimator to the model selected by the Lasso estimator
(A.306),

0, € arggrel%gr% { E,[f2(d; — 2}0)?) : 6; =0, if 6,; =0 }, set ¥; = f;(d; — 26,).
It aims to remove the bias towards zero induced by the ¢;-penalty function which is used to select
components. Sparsity properties of the Lasso estimator @ under estimated weights follows similarly to

the standard Lasso analysis derived in [2]. By combining such sparsity properties and the rates in the



VALID POST-SELECTION INFERENCE IN HIGH-DIMENSIONAL QUANTILE REGRESSION MODELS 27

prediction norm we can establish rates for the post-model selection estimator under estimated weights.

The following result summarizes the properties of the Post-Lasso estimator.

Lemma 4 (Model Selection Properties of Lasso and Properties of Post-Lasso). Suppose that Condition
WL holds, and k' < ¢min({s + K—z{cfc +23}/6n) < Pmax({s + ;L—E{cfc +c2}}/8,) < K" for some positive
and bounded constants k', k”. Then the data-dependent model Ty, selected by the Lasso estimator with
A= 2¢\/n®71(1 —~v/2p) for ¢ > c > 1, satisfies with probability 1—vy—o0(1):

187010 = |Tor| S 5+ = {cf +c} (A.39)
Moreover, the corresponding Post-Lasso estimator obeys

Tor|log(pvn) M5

n NKe

||$;<§7— —07)

A.3. Instrumental Quantile Regression with Estimated Data. Next we turn to analyze the in-
strumental quantile regression discussed in Section 2. Condition IQR below suffices to make the impact
of the estimation of instruments negligible to the first order asymptotics of the estimator ¢&.,. Primitive

conditions that imply Condition IQR, are provided and discussed in the main text.

Let (d,z) € D x Z. In this section for h = (g, ), where § is a function of variable z, and the instrument
7 is a function that maps (d, x) — i(d, z) we write
Va i Yis diy z1) = Va5, (Yis diy 2i) = (7 — Wi < §(21) + dia})il(di, 2:) = (1 — Hys < g + dia})is
We assume that the estimated functions g and 7 satisfy the following condition.

Condition IQR. Let {(y;,d;, z;) : i =1,...,n} be independent observations satisfying (2.1). Suppose
that there are positive constants 0 < ¢ < C < oo such that:
() fyatdizs W [ diszi) < Jo )02, (| diy20) < 5 e < |E[fiditos]], and maxi< {E[g; ]} /2 V{E[]]}/? < C;
(

i) {a: |a—a,| <n"'2/5,} C A,, where A, is a (possibly random) compact interval;
(iii) For some sequences ¢, — 0 and A,, — 0 with probability at least 1 — A,, the estimated quantities
h = (3,7) satisfy

max{l + |toil + [t — il 2\l gri = Gillon < Gun= /4,

A P (A.40)
||Li - LOiH2,n < (;n’ Hg'rz - gi”?,n : HLz - LOi”Q,n < 5nn71/27
En[fitoi{Gi — gri}]| < 8on ™2, (A.41)
sup ‘(En -E) [waﬁ(yiadiazi) — Yoo (Yi> dis i) ” 8, n~1/? (A.42)
acA; ’
|a7' - a7'| <6, and ]En[wdﬂ_ E(yu d;, Zz)” <oy n/? (A43)
(iv) 1% = toill2,n < 0 and [[1{]e;] < |diar — G7) + gri = GilHl2in < 05

Lemma 5. Under Condition IQR (i,ii,4ii) we have
o, 'vn(d, —a;) =Uu (1) +op(1), U,(r)~ N(0,1)
where 62 = BE[f;d;to;) " E[T(1 — 7)i2,]E[fiditoi] ! and

Un(r) = {E2_. ho(yudiaZi)]}_1/2\/ﬁEn[wa,,ho(yiadiazi)]~
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Moreover, if additionally IQR (iv) holds we have

nLn(ar) = Un(T)2 +op(1), Un(T)z ~ X2(1)
and the variance estimator is consistent, namely

E, [ﬁdil\i]ilEn[(T - l{yz gz +d; 047—}) ] n [fzd ’fz] ! —p E[fidiLOi]ilE[T(l - T)Lgi}E[fidiLOi]71

APPENDIX B. RESULTS FOR SECTION 3

Proof of Theorem 1. We will verify Condition IQR and the result follows by Lemma 5 noting that 1{y; <
ard; + g-(z;)} = 1{U; < 7} for some uniform (0,1) random variable (independent of {d;,z;}) by the

definition of the conditional quantile function.

Condition IQR(i) is assumed. Condition SE implies that k. is bounded away from zero for n sufficiently
large. Step 1 relies on Post-f1-qr. By the truncation we have 8, = ||3,]jo < Cs for any C' > 2. Thus, by
Condition SE, for large enough n we have that ¢uin (5 + s) is bounded away from zero with probability
1— A, since s; + s < £,s. Moreover, Condition PQR is implied by Condition AS. Lemma 6 ensures
that B = B[l < 208, = Bl and [|#(B = B)llzm < 1125(Br = Br)ll2in + \/umax(9)/511Br = B s
since ¢max(k)/k is decreasing in k. Therefore, by Lemma 2 we have ||z}(8; — 8;)|l2,n Sp /slog(n V p)/n
provided the side conditions required in Lemmas 1 and 2. To verify those side conditions for Lemma 2
let Z; = (di, ;) and § = (64,9)". By Condition SE and E,[|d;|*] <p E[|d;|?] < C, we have
139113, , inf {min (s+Cs)}*/2(|5])*

EallZ30P] 7 5] 0<s+Cs Bnll@i8: PT+418aPEnldi 7]

inf (Smin(s+C5)}3/2 15
15102, o, T T P mas (OS5, TP+ BTPEA T

{Pmin(s+Cs)}>/2 >
AR /5t Cohmax (5+Cs)TAE, [|d; 7] ~F &, f

in
16]lo<s+C's

WV

WV

The relation above and the conditions K2s?log?(p V n) < 6,n and A, < /nlog(p V n) yields

| =~/ 3
Pmin(s+C's) in sz‘iUQZ >P Vn — 00.
Arv/5+4/snlog(pvn) H(Sl\gés—&-CSE"Hxié‘ I~ Kgslog(pvn)
Moreover, noting that ||0;| V [da] < ||6]], we have

En(lrgril 2|5c;5|2]
=
1Z5013,

Enllrgral |28 2]+ En(Iryrild?53)
<2 su n g i g i7d
™ lslogores P (s Col”

<

92 lrgrill2, ny\/ Dmax (8+Cs)[[04 || Kz ||0a 1 + |rgrill2, n”d2H2 n

sup
[[6]lo<s+C's

< sup
= min Cs)[[6x]]? min C
16l <s+Cs Gmin(s+Cs)[[0z ]| Pmin(s+C's)
Kiev/s+Cs
<<?V/’¢mm@+05 — 0.

The verification of the side condition for Lemma 1 follows similarly.

Step 2 relies on Post-Lasso. Condition WL(i) and (ii) are implied by Conditions AS. Indeed, the
moment conditions in AS imply the first part, the second part ®~(1 — v/2p) < 6,n/3 is implied by
log(1/7) < log(p vV n) and log® p < 6,n. Next we establish Condition WL(iii) under known conditional
density. The first condition is implied by Lemma 8 under the moment conditions and the growth condition
K*logp < d,n and f; < f. Since ﬁ = f; the other requirements in WL(iii) follows.
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Next we establish Condition WL(iv). Note that

max;<p |En [z} (fidi)’] — E[z U(fz d;)?]| < max;<p |(En — E)[23;(fidi)*]| < and
max;<p ‘E [f mzy z} [fQ‘rzg z]| <ma‘XJ<P|(]E _E)[f2 2] 1” <P 6”

by Lemma 8 because E[f2z?

from zero and from above with probability 1 — o(1). Next note that

x7;v7] is bounded away from zero and from above. Thus FTO] ;j is bounded away

(maxz<nf )E[z ?J(fi i)?] <74 max; <p E[z Z]sz] C, and
(max;<n f ) & 22J (fid 1)2] = (max;<, fg) [z ? (U + 2moi(2i) fivi + f2 Tz(zl))]
- (ma‘X’i<n ) [ 3 1] (maxign fzz) [ 1]f12 Tz(zl)] [f2 7,] z]

Therefore, the initial penalty loadings {(max;<, f?)E, [xgj(fidi)2]}j:17___7p satisfy Condition WL(iv) with
¢ — 1and u < C. By Lemma 4 and the growth conditions we have that the penalty loadings I';; using v;
also satisfy fTOjj -0, < ijj < ufTojj. Thus, by Lemma 4 we have Hx;(@ —0:)|l2,n Sp y/slog(nVp)/n
and ||0-]lo <p s.

Step 3 relies on instrumental quantile regression. Condition IQR(iii) relation (A.40) follows by the
rates for 3, and 6, and the growth condition K2s%log?(p V n) < 6,n. To show the other relations in

Condition IQR(iii) we will consider the class of functions

F={Hyi <@if +dia} — Hy; <@if- + dia} : [|Blo < Cs, [|B— f-ll < C/slog(p v n)/n},

and G = {6 : ||z;0]l2,n < Cv/slog(pVn)/n,|d]o < Cs}.
Since F and G are the union of (£) VC classes of dimension Cs, it satisfies log N (¢||F|l2p,, F,Pn) <
Cslog(pV n)+ Cslog(1/e).
To estabilsh relation (A.41), note that by gr, = =3, and E[fiv;z;] = 0, we have

E[fivi{ng g‘m}” E[fzvzg‘m] = E[fiUiTg‘ri] = O(6nn_1/2)

gri=gri

where the last relation follows from Condition AS(iv). Therefore, since ET — B- € G with probability

1 —o(1), using triangle inequality and Lemma 9 together with the entropy bounds for G we have

slog(p VvV n) \/s log(p vV n)
n n

|En [fivi{gri—g }]| < O(5nﬂ_1/2)+§ulg> (En—E)[fivi{wid+rgri}]l <p 5nn_1/2+\/
S

which yields (A.41) under s2log®(p V n) < §,n.

To show Condition IQR(iii) relation (A.42) note that

sup ‘(En —E) [sof(yi, 2By + di)0; — o (yi, gri + dia)vi]
aEA,

< sup ‘(En _E) {%(yi, 2By + dia) {T; — vi}} ‘ n (B.44)

+ sup |, —B) [{r (218, + dia) = or (s 2y + die)u] | + (B.45)

acA,

+ SUE | E, — E) [{SOT(ZJ@, Z; BT +d; Oé) @T(yiagri + dia)}viH . (B46)
ac
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To bound (B.44), we write v; — v; = f;

x;{@ —0:} + firori- Substitute the equation above into (B.44).

Again using triangle inequality and Lemma 9 together with the entropy bounds for F and G we have

(B.44).(i) = aseuf

(B.44).(ii) = sup
acAr

| — B) [ior (s, 243 + di) firoms]

(En — E) [or (u3, 238: + dic) fial {0, - 0:}] | <r \/Cslog(an)\/slog(an)

n

/C’slog pVn) \/7

To bound (B.45), by Lemma 10, [|2/{8; — B+ Hlam <p /slog(p V n)/n, B[(1{y; < a}—1{y; < b})*v2] <
E[fv?[a—bl], and [[v}[|2.,n Sp {E[v]]}"/?, we have

sup
acA,

~

< \/C’s log(p V n)logn

n

|(B — B) [{0r (91 2157 + dic) = o7 (i, 5 + dict) Yo

n

1/2

provided that s%log®(p V n)log?n < §,n. Similarly, to bound (B.46), by Lemma 10 and ||7gri|j2.n Sp

\/s/n, we have

sup | E _E) [{@T(ylaszT +d Cl{)

acA

consider that

Letting @; ()

[En[@:()vi]]

where the bias term |E[$;(a)v;]

.

©r (Ui, gri + dic) vy |

1/2
o <{E[ 2 gl + (L WW) Sorl

Next we verify the second part of Condition IQR(iii) relation (A.43). To show

|]En[807-(y1, xig‘r + dzd'r)i)\Z” SP 571 n71/2

_ {En[pr(yi, JC;ET + did‘r)ﬁi]}Q

(B [or (yi, By + di) 5]}

= min

1

<
= (1= 7)2En[07]

= 0 (yi, T3 + di), i()
< |(E, — E)[@i(a); —

Eo[02(yi, B + dicin )02 €A~ B [02(yi, 2B, + dia)0?]

mln {IE [or (yi, 2B + di)Ti] }

acA

= ¢, (Yi,gri + d;) we have

@i(@)vi]| + [E[@i()v;] — Elpi(@)vi]| + [En[ei(a)vi]]

Sp on 072+ bula — ar| + |En[pi(a)ui]]

— E[pi()v]| <p 60 Y2 4 6,]a — a;| follows from relations (H.74),

(H.75), and (H.77) in the Supplementary Appendix. Therefore,

{En 071} 12
< E 4 (%

72(1 — 7)2 0{161%1{ [Pi()ai] }

{Ea 071} L

<L, 2 Dtedd /2 _ E . ) 2
~P (1= 1)% actaraarien 125, }{ On 077 A Onfa — ar | + [Enfpi(e)uil] }
< M S n Y2 45,0 — E, 10 12
< 5 { 0n n™ 7+ bnla” = ar[ + [En[pi(a®)vi]| }

72(1 —

7)



VALID POST-SELECTION INFERENCE IN HIGH-DIMENSIONAL QUANTILE REGRESSION MODELS 31

where o € argmin,e (o0, [<n-1/2/5,) [Bnl@i(@)vi]|. It follows that [0 —a.| Sp n='/2 and |En[p;(a)v]| Sp

n~ ! max;<, |v;]. Therefore, since max;<, [v;| <p n'/* by E[v}] < C, we have
§nn71/2

[En[@i(ar)o]| Sp P

O

Proof of Theorem 2. The analysis of Step 1 and 2 are identical to the corresponding analysis in the proof
of Theorem 1. Define (;;%;) = (fiys; fidi, fixi), since fi = f(di,z;) and 0 < f < fi < f, by Lemma 2
we have |28, — grillam Sp /slog(p Vn)/n and |G, — a,| < §,. (Note that the verification of the side

conditions follows as the verification for Step 1 since 0 < f < f; < f.)

Next we construct instruments from the first order conditions of Step 3. Let fT* denote the variables
selected in Steps 1 and 2: fT* = support(ggs)) U support(@). By the first order conditions of the the
weighted quantile regression optimization problem, (d., BT) are such that there are s; € 9p,(y; — d;d; —
xi3;),i=1,...,n, such that

En[sifi(di,2)7.)'] = 0.
Trivially E,[s; fi(d;, a:; T )](1, —é\;)’ = 0 since it is a linear combination of the equations above. Therefore,
defining v; = fi(d; — x;f*@), we have E, [s;0;] = 0. Moreover, since s; = ¢ (y;,d;dr + 33237) if y; #
didr + x;BT,
< [Enfsi0]] + En[1{y: = dictr + 8- }0;]]
< ]En[l{yl = didr + ‘/E;BT}HJ\Z - 'UiH + En[l{yz = didr + x;,/BT}|UZI]
<A ATz /8 = villan + maxicn [vi] (1 + [ T2]) /7.

When the right side is op(n~'/2), the double selection estimator ¢, approximately minimizes

Tola) = |Enlor (v, i + 24 3- )] |2
! E.[{or(vi, dia + 25,) }207])

Since |T*| <p s, V/s|0i — Villa.n = op(1), 8* < 6,n, and max;<,, |[v;| <p n'/% by E[vf] < C we have
(L+ [T /5 = villon + max ;| (1 + T 1)/ Sp s/l = villz +n'/Cs/n = o(n~/?).

The result follows by Lemma 5. O
B.1. Proof of Theorems for Unknown Density.
Proof of Theorem 8. The proof can be found in the Supplementary Material. O

Proof of Theorem 4. The proof can be found in the Supplementary Material. |
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APPENDIX C. AUXILIARY INEQUALITIES

Lemma 6. Consider B and By where ||Bollo < s, and denote B\(m) as the vector B truncated to have only

its m = s largest components. We have that

R 1B — Bollx <2H§: Bollx ~
[125(B%™ = Bo)lla.n < |25(B = Bo)ll2,n + v/Pmax(m)/m||B — Boll1-

Lemma 7 (Maximal inequality via symmetrization). Let Z1,...,Z, be arbitrary independent stochastic
processes and F a finite set of measurable functions. For any T € (0,1/2), and 6 € (0,1) we have that
with probability at least 1 — 41 — 49

6./ (20)] < {av/2T0a@IF1/8) @ (s VBT 1 - 7) | v 2 (164200 5)-

fer

Lemma 8. Fiz arbitrary vectors x1,...,z, € RP with max;<, ||Tillcc < Kz Let (1 = 1,...,n) be
independent random variables such that E[|(;|7] < oo for some q¢ > 4. Then we have with probability
1-287

- log(2p/7) ;2 =
_ 2 121 < o\l 1) g2 |q 4/q
1I£jaé(p ‘(E" E)[mljcl ]| ~ 4 n Ka:(EHC1| ]/T)

Let us call a threshold function = : R"” — R k-sub-exchangeable if, for any v,w € R™ and any vectors
v,w created by the pairwise exchange of the components in v with components in w, we have that
2(0) V z(w) = [z(v) V z(w)]/k. Several functions satisfy this property, in particular z(v) = ||v|| with
k=2, 2(v) = ||v]|oo with k = 1, and constant functions with k = 1.

Lemma 9 (Exponential inequality for separable empirical process). Consider a separable empirical pro-
cess G, (f) =n~Y2 "0 {f(Z:) —E[f(Z:)]} and the empirical measure Py, for Zy,..., Zn, an underlying
independent data sequence. Let K > 1 and 7 € (0,1) be constants, and e,(F,P,) = e (F, Z1,...,Zy,) be

a k-sub-exchangeable random variable, such that

supser || fll2,p, /4
/ V0og N (e, F,P,)de < en(F,P,) and sup varpf <
0

fer

(4kcKe, (F,P,))?

NN

for some universal constant ¢ > 1, then

P {sup G ()] > dkeKen(F, ]P’n)} < 2B, <
feF T

supser || fll2,p, /2
/ e IN(e, F, Pn){KQI}de] A 1> + 7.
0

Proof. See [3], Lemma 18 and note that the proof does not use that Z;’s are i.i.d., only independent
which was the requirement of Lemma 17 of [3]. The statement then follows by a change of variables of
e=€|F|2p,. |

Lemma 10. Suppose that for all 0 < € < gg
N(e, F,P,) < (w/e)™ and N(e, F%,P,) < (w/e)™, (CA47)

for some w which can grow with n. Then, as n grows we have

12\ 1/2
sup |G (f)| Sp v/mlog(@ v 1) (SupE[f2]+ w(wpmﬁvﬁ[ﬁ) ) .
feF feF n feF
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Proof. The result is derived in [5]. O
Lemma 11. Let X;,1 =1,...,n, be independent random vectors in RP be such that \/E[maxlgign | X:]1%] <
K. Let

Op =2 (C’K\/Elog(l + k)y/log(p V n)+/log n) /V/n,

where C is the universal constant. Then,

E sup ’]En [(O/Xi)Q — E[(O/Xi)Qm < 63 + 0, sup E[(a/X;)?].
ledlo<k, llarll=1 lello<k, llall=1
Proof. It follows from Theorem 3.6 of [33], see [7] for details. O
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SUPPLEMENTARY APPENDIX FOR
“VALID POST-SELECTION INFERENCE IN HIGH-DIMENSIONAL
APPROXIMATELY SPARSE QUANTILE REGRESSION MODELS”

C.1. Proof of Theorems for Unknown Density.

Proof of Theorem 8. The proof is similar to the proof of Theorem 1 as we will also verify Condition IQR
and the result follows by Lemma 5. The requirement on the conditional density function in IQR(i) is
assumed in Condition AS. By setting 1o; = v; the other moment conditions in IQR(i) are assumed in
Condition AS. The analysis of a,, a., B\T and ET in Step 1 is the same as in Theorem 1. Therefore A,
satisfies the requirement in IQR(ii). Moreover, |&, — a | <p v/slog(n V p)/n satisfies the first part of
(A.43), and ||x;§T - V/slog(n V p)/n. The second condition in IQR(iv) also follows since

11{les] < Idi(or — &) + gri — GilHEn < En[l{leil < |di(ar — ar)| + [24(B- — B-)] + [7gril}]
< Eu[1{]ei| < 3|di(ar — r)}] + Enl[1{|ei] < 3J2(Br — B:)1}]
+E,[1{|e:] < 3|rgril}] Sp fK.+\/s2log(nV p)/n.

Next we establish rates for ﬁ Under Condition D we have

slog(n Vp) i

k <
”fz fz||2nNP A n +h" and r&a;qu fz‘NP on (C'48)

where &k depends on the estimator. Let I/ denote the set of quantile indices used in the calculation of ﬁ

Step 2 relies on Post-Lasso with estimated weights. Condition WL(i) and (ii) are implied by Conditions
AS. Indeed, the moment conditions in AS imply the first part, and ®~(1 —~/2p) < 6,n'/3 is implied by
log(1/7) < log(pVn) and log® p < §,n. The first part of Condition WL(iii) is 1mphed by Lemma 8 under
the moment conditions and the growth condition K2logp < d,n. Condition WL(iv) follows similarly as

in the proof of Theorem 1 using the uniform consistency in (C.48).

The second part of Condition WL(iii) follows from (C.48) and Condition WL(iv) since

maE, (s~ £Pco?) < mox |, — A {max(®, ~ B)loho?] + maElado?]} < b

J<p
The third part of Condition WL(iii) follows from (C.48) and Condition WL(i,ii) since
¢ = Balfrir) < max{|fi = fil + | fi}Enlriy] Sp s/n.
To show the fourth part of Condition WL(iii) we note that max;<y, J/‘?(fiJrChE)Q <p Cand1/min;g, f? <
C. Letting ¢, = 5u — By and Y, = a,, — «y, for u € U, we have

C?v —Ew[(ﬁ fz)Z 2/f2]
<p h?FE, [v?] + h~ QZE 2 1 2d202 4+ v2r2 )] (C.49)

K3 K3 u 7wt
ueU
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Conditional on {z;,i =1,...,n}, note the following relations for u € Y

Enfofri]  SpE[fry] = Enlr}E[v} | 2] < En[r},] maxic, E[v] | 1] S s/n

i ut

E,[vid;0%] = En[ 13105 < AEL[UH|EL[df]}/205 Sposlog(p v n)/n

E,[0f(2764)%] = En[(2}6.)°E[0] | 2i]] + (En — E)[v] (2]64)°] )
En[(270u)?] max;cn B[v? | 2i] + 1641 SUD |50 <160 10,161 =1 | (Bn — E)[{viz}d}2]]

To bound the last term we have [|z}d,[3,, Sp slog(nVp)/n and [|6, o < 2Cs with probability 1 —A,, by

Condition D. Then we apply Lemma 11 with X; = v;z,;. Thus, we can take K = {E[max;<, ||Xi||go}}1/2 <
K {E[max;c, v?]}'/? < n'/8K, (since Ef] < C), and E[(6'X;)?] < E,[(2}6)?| max;<, E[v? | z] <
C¢max(]|6]|0)]|6]|%. Therefore,
_ 2,1/
sup (B~ B) [(vsafo)?)| p { Kb | [ letaleid L (205) |
l6llo<2Cs,||6]|=1

K, log® n K,slog(pvn) K, log®n Kgslog(pVn)
5 { nl/4 ni/2 + ni/4 - ni/2 ¢max(2cs)

under the conditions K* < 6,n%9, ¢ > 4, and K2s?log?(p V n) < 6,1, and ¢max(s/d,) being bounded
from above with probability 1 — A,, by Condition SE. Therefore,

slog(n V p)

h2k,
h2n +

2
5 Sp

Under Condition WL, by Lemma 4 we have

~ 712{024-03} - nslog(n Vv nh* ’
AN AR L A A

slog(nVp) | i, A5

~ 1
/' 97’ - 07’ n <, —
i@ = 0l Sp 1\ s ;

where we used that ¢uax(Se-/6,) < C, and that A > /n® (1 — v/2p) ~ \/nlog(p/v) so that

897' Ing < SIng +h7€
V V n

For convenience we write &; = (d;, z})" and we will consider the following classes of functions

K ={if: 1Bllo < Cs, I8 = B-] < C\/slog(an)/n}

Fo={r—Hy <zif+dia}: [|Bllo < Cs, 8= B-| < Cy/slog(pVn)/n, |a—ar| < bn}
G ={z}6: Hx'i5||27ngC{%\/slogp/n—Fhk M/EY |\5||O or (C.50)

7 :{~, lullo < Cs, 177 — Qu | di, )20 < C+/5Tog(p V) /n }

T 37 — Q| ds 28)llo < Suhsu € U

We have that K and F are the union of (C”S) VC classes of dimension C's and G is the union of (gff)
VC classes of dimension Csp,. Thus, we have that log N(g||F||2,p,, F,Pn) S Cslogp + Cslog(1l/e) and
log N(¢||Gll2,p,,, G, Pn) S Csprlogp + Csprlog(1/e) where |Fllop, < 1 and G(y,d,z) = maxseg |29
Under the choice of bandwidth h in Condition D, we have C'K, .\/m < dph, and the functions
in J are uniformly bounded above and below. Moreover, J is the union of ( ) VC classes of dimension
C’s so that log N(e[|J||2,p,,, T, Pn) < Cslogp + Cslog(1/e) where J(y,d,z) = supf. ; |f(y,d, 2)|.
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Next we provide bounds required by IQR(iii). We have

1

{E,[(0: —v:)?]}/? < {En[{(ﬁ': Fdi — 40,)}2)} 5 + {En[{fizi (07 — 5r)~}2]}§ +{En[{ firo-i}?]} 2
SeAE[{(fi = Fvil £33 % + {Enl{(Fi — fi)ai(0- — 0,)}%]}=
HEL[{(fi — fi)TerAi}Q]}% +maxicn fi{[27(0r = 07)ll2.n + [rorill2n}
Spocp +maxign | fi — fil [|27(0; — 67)

+%\/@+h’9+ avVs.

Therefore, since max; <y, [0; — v;| Sp 0p and max;<, |v;| Sp n'/6 since E[v¢] < C, we have

2,n

~ 5 1/
~ - i 1+4|v; i Vi
maxign {1+ [vi] + [0 = vil}/2llgri — @iBrlla  Sp o1/t { Rl nl) slogtpum |

{Eal(@ — )2} Sp (1/h){slog(p v n)/n}!/2 + BF + 24/5 < 6,

(B[ — )21 2||gri — xéB'T”Zn <p {i /M + hk} \/@

S {0 fiTogp v

The last condition in (A.40) follows from Lemma 7 and the entropy bounds on K

a Xicn Vi+E[v2]}s1
|En[fivi{aiBr — gri}| <P suPwex [Enlfitoi{ws — gri}ll Sp \/slog;n\/p) \/{ma <o Rl s
<p n,1/2 { max; <, v +E[?] % log?(nVp) }1/2

nl/3 n2/3

Next we verify (A.42). Let @;(a) = ¢ (v, x;BT +d;a), vi(a) = o (yi, ;07 + d;ia). To show Condition
IQR(ii) note that
sup [(En — E) [Bi(a)Bi — @7 (yi, gri + dic)ui]|

aEA,
S sup [(E., — E) [@i(e) (0 — vi)]| + (C.51)
+ sup [(En — E) [{i(@) — pi(@)}vi] | + (C.52)
+ sup (B, — E) [{wi(@) = r (43, gri + di) }ui]] - (C.53)

To bound (C.51), we write ; —v; = 0; — £0; + L£0; —v; = Bi(fi — [/ fi + fi2{0r — 0.} + firori.

Substitute the equation above into (C.51) and 1using tile triangle inequality we have
(C51) < supaen, |(En = B) [Gil@)(di = 210)(Fi = £2)] |+ suPaca, |(Bn — B) [Bila) fial {0 — 0.}] |
+5uPyea, |(En — E) [§i(a) firori|

Recall that fq.(0 | d,z) = f(d,z) and 79, = re-(d,2) = m(z) — 2'0.. We consider the following
combinations of F, G and J:

H' = {(y.d,2) = wi(y,d, 2){d — "0 —wa(y,d, 2) {ws(y, d,x) — f(d,2)} : w1 € F,wz € G, w3 € T}

Hz = {(ya da Z) — wl(ya da Z)f(da Z)w2(ya d’ Z) Twy € -F, wa € g}

HY = {(ya da Z) — wl(yv da Z)f(da Z)TQT(dv Z) Twy € ‘F}

Consider the event Q :={ ﬁ ceJ, x;@ eg, r—Hy < dja+ m;ET} € F for all « € A, }. Under Q we
have

(C.51) < sup |(Bn — E) [w(yi, di, 2:)]| + sup |(En — E) [w(yi, di, 2))]| + sup [(En — E) [w(yi, di, z1)]|
weH?! wEH2 wEHS
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By Lemma 9 together with entropy bounds based on the entropy bounds for F, G, and J, we have

suPyept |(En — E) [wlys, di, )] Sp /=20 sup,,cq {(En V E)[w ]}1/2
Sy l°g“’v"> sup 31 {(Bn V B){v? + 13, + (240)°}(fi — £2)°]}72
< po1/2 {% se,slog(nvza) 4 hF\fFar Tog(n vV p) + 2 \/m}
sup ez |(En — E) [w(yi, di, 2)]|  Sp %Mfsupgeg{&[(wééf]}m
< n~1/2 {%@ + h’;\/ggT log(n V p) + %\/ggfslog(n \/p)}

Jn

_ _ 1/2
SuP ey |Bn = B) [y di,20))|  Sp /LB F{E, [, 1)1/ § /2 { S boslom |

where we used that |wq| < 1 for wy € F, f; and f; are uniformly bounded and (C.49). Plugging in the

definition of sy, we require the following conditions to hold:

hF\/slog(n V p) < —1y/slog(nV p) ¥Y—5—-= nlog(an) Ons hQE\/ﬁi”nloi(an) < Oy

1 !
slog?(nvp) 5, W < b, 25,/log(n V p) < 6.

The bounds of (C.52) and (C.53) follows as in the proof of Theorem 1 (since these are not impacted
by the estimation of density function). The verification of Condition IQR(iii),

[Enlior (yis 287 + dictr)Bi]| < 8 n71/2,
also follows as in the proof of Theorem 1.

The consistency of 71, follows from ||0; — v;||2,n, —p 0 and the moment conditions. The consistency of
3.n follow from Lemma 5. Next we show the consistency of 53, = {E,[f?(d;, zp) (di xﬂ,)]}ll1 Because
Ji = [, sparse eigenvalues of size {,,s are bounded away from zero and from above with probability 1—A,,,

and max;<n, |fi — fi| = op(1) by Condition D, we have

(a7 (diy i) (dis i)}t = {Bnlf7(dis 2) (dsy 2l )] + 0p (1)

So that Gg,, — G2, —p 0 for

Gon = {Ealf2(di, 2j7) (di w30t = {Balf2d7] = EnlfPdiaip {Enl R 2700} T Balffaipdi]}

Next define 6, [T] = {E,[f?z i) 2]} Bl fa,5di] which is the least squares estimator of regressing fid;
on f;x,7. Let 0 denote the associated p-dimensional vector. By definition f;x.0, = f;d; — firer — vi, so
that
o = Enlfd]] — B [f} di}f]
= E[f2d?] — En[fidi fiw}07] — En[fids fixi(0- — 0,)]
= En[fidivi] — Enlfidi firori] — En[fzdz]czf;(é'r —0;)]
= E,[v] + En[vi fimr (2:)] — En[fidi firori] — Enlfidi fiz(0 — 60)]

We have that |E,[f;vizi0,]] = op(d,) since E[(v fsz(zl))z] Efv 2f2d2] FHERHE[E]}? < ©
and E[fv;210,] = 0. Moreover, E,[f;d;firor:] < f? (6n), [En[fidi f;25(0 — 0,)]] <
250, — 0.)||la.n = 0p(dy,) since |T| Sp 5 + 5 and support(@ ycT.

O
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Proof of Theorem 4. The analysis of Step 1 and 2 are identical to the corresponding analysis for Algorithm
1’. Let fT* denote the variables selected in Step 1 and 2: ﬁf = support(Bgs)) U support(@). Using the

same arguments as in the proof of Theorem 3, we have

- 2
~ nslo nhk
T Sp 8t =s+ gp+<)

h2\2 A

Next we establish preliminary rates for 3, and &,. Note that since ﬁ is a positive function of (d;, z;),
all the results in Section A.1 apply for (g;,Z;) = (ﬁyz, ﬁ(dl,x;)') since these results are conditional on
(di,2}). For ;= (ar, BLY, Ty = (@r, B2 ') and 4, = (cir, 3.)" be the solution of

777' € arg mgnEn [ﬁpr(yi - (dul“;ﬁ*)??)]
where f; = ﬁ(di, x;) =2 0. By definition support(@-) C JA“T* so that
En(filpr (v — (dis 2})71r) = pr(yi = (di a)ne) ) < Bnl fid pr(vi — (diy 2))007) = pr(yi = (diy })m0))]

Therefore we have

Elfifor (ys = (dis 2)ibe) = pr (g = (dis i)Y < (B = B)Jipr (v = (dis})itr) = pr(yi = (div 2} )ne) |

FE, [filpr (yi — (diy2})iir) — pr(ys — (diy 2)me)}]
(C.54)

To bound the first term in (C.54) consider the class of functions

H = {p:(yi = (dizi)n) — pr(ys — (dirx))ns) < [Inllo < C'8%, [[(di, 27) (0 = 1) 2,0 < C/ 85 logp/n}

Note that ﬁ is constructed based on the class of functions J defined in (C.50) which is the union of (C{’S)Q

uniformly bounded VC classes of dimension C’s. Therefore,

s log( n\/p A*lop
sup (B — )L (or s — (s ) = pr(ys = () w e \/ g
n

<p

To bound the last term in (C.54) let § = 7, —n,, and note that, conditional on (d;, x}), since ||(d;, z})'d

Vslog(pVn)/n, [|rgrille,n Sp v/$/n and max; <, Fi A f[l <p 1, by Lemma 15 we have

Enlfilpr(yi = (diy @) = pr (i — (dixi)n:)}] Sp w

Similarly, Lemma 13 with (g;; Z;) := (ﬁyi; fids, ﬁxl), implies that for § = 7, — n;,

E(f; i) 15 n
< BT Ao (s — (doy 2)in) — po (s — (i )n)} [ I(d il ||2

I(ds, 23)8113,0 A {Gall(ds, 27)d

Combining these relations with 1/¢min(5%) <p 1 by Condition D, we have
H(d“.’tﬂ 5||2n/\{qA||( z

I
\/ H dwxz Oll2,n + 5 logp
which leads to ||(di, 2})(7r — nr)|l2.n Sp o/ ?ﬁ%.

Next we construct instruments from the first order conditions of Step 3. By the first order conditions

iy

for (évr,3;) in the weighted quantile regression we have for s; € dp,(y; — dicir — x;BT) that

Enls: fi(d;, f;f:)/] =0.
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Since s; = o, (yi, dicder + x;BT) if y; # d;c, + x;BT, by taking linear combination of the equation above
(1,—6,) and defining v; = ﬁ(dl — x;fﬁr) we have

< |En[s:0]| + En[H{y: = dicer + l’;BrH@H
< ]En[l{yl = didr + JTQB-,—H@ - 'UiH =+ En[l{yz = didr + x;BT}h)ZI]
<A@+ Tz /nl5i = villan + maxicy 03] (1 + [T]) /n.

|En[or (i, dicer + I’;BT)%\l”

When the right side is op(n~/2), the double selection estimator ¢, approximately minimizes

T _ |En[¢T(y17dza+$;B7—)§]\Z]|2

Ln(Oé) - 3 ~917
En[{@r (yh dia + x;ﬁr)}zv?]
and we have Ly,(d,) = op(n=1/2) since |T7| <p $*, provided that \/3%||[5; — Vill2.n = op(1), and

max; <, [v;| Sp n'/4 by Ej}] < C.

The remaining growth conditions required to apply Lemma 5 follow from the same requirements used
in the proof of Theorem 3

WESTog(nV D) < b, W /STog(n v p) VIR 5 V)
Sl < o log (nve) O, 25\/log(nV p) < 6,

nh2 N Yno h4)\2
(Note that the additional condition required by the analysis

/N

st log(n V p) < 8 log(n V p) 48 log®?(n V p) \/nlog(n V p) N hﬂc\/ﬁn log(n V p)

NN h2\ A A2

is implied by the previous requirements.)

< on

The consistent estimation of o, follows as in the proof of Theorem 3. ]

APPENDIX D. AUXILIARY INEQUALITIES
Proof of Lemma 6. The first inequality follows from the triangle inequality

18 = Bolly < 118 =Bl + 118 = Bollx
and the observation that ||§— E(W)Hl = ming|,<m ||B— Bl < ||/§— Boll1 since m > s = || Bollo-
By the triangle inequality we have
5 (BE™ = Bo)ll2.n < 25(B°™ = B)ll2an + 125(B = Bo)ll2.n-

Note that for integer k > 2, ||[B*™) — Bkm=m)||o < m and B — ™ = Zk>3{§<km> — Blem=—m)y
Moreover, given the monotonicity of the components, ||3km+m) — Bkm)|| < ||gtkm) — glkm=m)|, /. /m.
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Then, we have
58 = BO™)ll2m - = |} Spsg {8 = BEm =Y o
Yz leH{BE™ = BEm =Y,
VPmax (M) Y55 Hﬁf’”? —(ﬁ<km)‘m) [
2(km) _ 3(km—m
V/ @max(m) Z;kz(QMMTHI
=, /¢max(m)w

\/muﬁ—\%lh_

NN N

N

where the last inequality follows from the arguments used to show the first result. |

Lemma 12 (Moderate Deviation Inequality for Maximum of a Vector). Suppose that
_ 2 Ui

V2 U

where U;; are independent variables across i with mean zero. We have that

Ny

A
p (maX |Sjl > @7 (1 —7/21?)) <7 (1+ 3> ;
<p 3

1<y

where A is an absolute constant, provided that for £, >0

/2
LA (X, PU3)!
min M[U;] -1, MI[U;]:= J 73

0<® (1 —~/(2p) < ]
bn 1SUsp (2>, ElUg)

APPENDIX E. RESULTS FOR SECTION A.1l

Proof of Lemma 1. Let § =17, — 1, and define

E(U) = En[pu(?jz - 5?277)] - En[pu(?jz - f%ﬁu - Tui)] - En[(u - l{gi < j;’r]u =+ Tui})(i';n - j;nu - Tuz)]

By Lemma 14, R(n) > 0, B[R(n,)] < f||rm||§n/2 and with probability at least 1 — v, R(n,) < R, =
dmax{ fllruill3 s ruill2ny/10g(8/7)/n} < 4Cslog(p/v)/n. By definition of 7, we have

~ ~

R(ﬁU) - R(nu) + En[(u - 1{@1‘ < j;nu + Tui})i’;](S = En[pu(gz - j;ﬁU)] -E, [pu(gi - j:nu)]
w A

% (E.55)
< 2 nulle = 22117l

nkac Vnkae Au{slog(p/v)/n}1/?

upper bound in the rate of convergence. Note that N > {slog(p/v)/n}/?. Suppose that the result is

Let N = /8CRv/i+ 179 {f||7“ui||2,n 4+ 3eduvs 8(1+2c)4/slog(16p/7) + SC\/ER.M/IOg(IGp/'y)} denote the
violated, so that ||#}d]|2,, > N. Then by convexity of the objective function in (A.32), there is also a
vector & such that [|#6]/2.,, = N, and

Enlpu(§i = (6 + 0))] = Enlpu (i — #ma)] < 32 lnalle = 3208 + - (E.56)

Next we will show that with high probability such § cannot exist implying that |Zd]]2,n < N.
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By the choice of A, = ¢Ay(1 —~ | Z) the event Qq := {>‘7;" > c||En[(v — W < Tnu + 74 })%i]lloo}
occurs with probability at least 1 — . The event Qg := {§1(77u) < R, } also holds with probability at
least 1 — . Under ©; N {2, and since ﬁ(n) > 0, we have

—mm—%mM

(1 +77) — R(nu) + Enl(u — 1{Gi < &nu + ru )70
[pu(yz - I (5 +1u)] = Enlpu(Fi — i) (E.57)
ullt = 2216 + 11

so that for c = (c¢+1)/(c—1)

167¢ 11 < ellor, |l + R(n,).

Au(e=1)

To establish that & € A, := Ase U{v : |#v]l2.n = N, |v]li < 2enR,/\,} we consider two cases. If

HST5||1 > 2c¢||d7, ||1 we have
1, -~ ne ~
Ll < — " R,
Jldrcl < s Rl

and consequentially

18111 < {1+ 1/(2¢)} |7

1< TE(%)

Otherwise ||5T5 |1 < 2¢|\6r, |1, and we have

1811 < (1+2¢)dz, [l < (1 + 2¢)V5l|Zi8] 12,0/ Kzc.

Thus with probability 1 — 27, 6 € A,,.

Therefore, under Q1 N Qy, from (E.56), applying Lemma 16 (part (1) and (3) to cover § € A,), for
|Z50]|2,n, = N with probability at least 1 — 4 we have

Blpu(§i = # (65 + 1)) = Blpu (s = #ima)] - < (18] + 25 {80208 4 2o L flog (16p/7)
2CR + ||.’L’ 5H2 " |:3CA o + {8(1+20)\f + SCnR,Y} vV 108(1617/7 :|

nK2c K2e

where we used the bound for ||8]|; < (1 + 2¢)v/5]|#0|2.n/Kae + Q%CR,Y.

UL |i/6| ]

Using Lemma 13, since by assumption supzc 4, W — 0, we have

o - o . e T 2
Elpu(9: — fﬂﬁ(ﬂu +98)) = pul(Pi — fﬂﬁﬂu)} = _f||7’m||2n||x;5”2n + T A QAui“$/i§||2,n

Note that N < 4G4, for n sufficiently large by the assumed side condition, so that the minimum on

the right hand side is achieved for the quadratic part. Therefore we have

i”sz 5 3cAy f 8(1 + 2c)+/slog(16p/7) SCfR \/W}
4 nK

2c \/EHQC )\ N

< 2R+ #0]2n {f||7"ui||2,n

which implies that

(85 < \/@+ ; {fllrm-||2,n L Bedn/s L 8L+ 2¢) /s log(16p/7) . SCﬁRW«/IogﬂGp/y)}

NKoe VNkae AN

which violates the assumed condition that |||z, = N since N > {slog(p/)/n}"/?. O
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Proof of Lemma 2. Let 50 = Tu — Mu- By optimality of 77, in (A.32) we have with probability 1 —

]En[Pu@i - f;ﬁu)] - En[ﬂu(?jz - 552771)] < En[ﬂu@z - j;ﬁu)] - En[pu(ﬂz - j;nu)] < Q\ (E«58)

Let N = 2fF, + Acn+ 2@1/2 denote the upper bound in the rate of convergence where A, ,, is defined
2, > N. Then by convexity of the

below. Suppose that the result is violated, so that [|Z(7, — 7u)]

objective function in (A.32), there is also a vector 8, such that Hi;guﬂgn =N, |6ullo = 1w —"ullo < Su+s
and
Enlpu(i = & (mu + 0u))] = Enlpu(fs — #m.)] < Q. (E.59)

Next we will show that with high probability such &, cannot exist implying that 12 (T — nu)ll2n < N
with high probability.

By Lemma 16, with probability at least 1 — &, we have

[(En — E)[pu(5i — 562(771:+ 0u)) = pul@i — Tinu)]| <38 (Su + 5) loAg(16p/<€) . (E.60)
177 0ull2,n NPmin (Su + )
Thus combining relations (E.58) and (E.60), we have
Elpu (i = # (1 + 6.))] = Elpu(@i — #n)] < |1#0ull2,0Acn + Q

with probability at least 1 — . Invoking the sparse identifiability relation of Lemma 13, with the same

- . En[|7ws| |Z56)? .
probability, since sup|s|,<s,+s W — 0 by assumption,

(1783019 A (T L158ul2n) < 18l {Flruillz + Acn} + @

here 7 i L i o EOI5,
whnere qs, ‘= 27 ML) 5)|0<5u+s B, [[Z0P]

Under the assumed growth condition, we have N < 4¢z, for n sufficiently large and the minimum is

achieved in the quadratic part. Therefore, for n sufficiently large, we have

”i[gu' 2n S -}FHT"i”?m + As,n + 2@1/2 <N

Thus with probability at least 1 —e — v —0o(1) we have ||§c;gu\|2n < N which contradicts its definition.
Therefore, || Z;(7, — Mu)ll2.n < N with probability at least 1 — v — & — o(1). O

E.1. Technical Lemmas for High-Dimensional Quantile Regression.
Lemma 13. For a subset A C RP let
aa = (1/2)- (F*7/F) - it E, [I&02]* /B, [|61]
and assume that for all § € A
E [|ruil - |70]] < (f/[4fDE[ 0[],

Then, we have

E[pu(gl - 'i;(nu + 6))] - E[pu(gz - 53;%)] P

L1913,
4

A {QAi||53;6 2,n} - f||Tui||2,n||3~3;5||27n'
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Proof of Lemma 13. Let T = support(n,), Qu(n) := Elpu(9; — Zin)], Ju = (1/2)E, [f:2:%}] and define
16]l. = ||J1/2(5||. The proof proceeds in steps.

Step 1. (Minoration). Define the maximal radius over which the criterion function can be minorated

by a quadratic function

- s 1
= sup {1 5 Quln +6) = Quln) + Flrulan 5812 > . for atl o € 4, 3l < .
Step 2 below shows that r4 > ga. By construction of r4 and the convexity of Q,(:) and || - ||,

Qu(nu + 6) Qu(nu) + f”ruz
o p {88 inf ey 155, Qu 1 +8) = Quim) + Fllruillo 12320 }
IS Hu A4 18l TA} > H‘;”u A{@alld]le} -

ra

~/6||2 n /

WV

WV

Step 2. (ra > qa) Let Fj; denote the conditional distribution of § given &. From [20], for any two

scalars w and v we have that
pu(w —v) — py(w) = —v(u— {w < 0}) + /0 (H{w < 2z} — {w < 0})dz. (E.61)

We will use (E.61) with w = g; — &1, and v = #,d. Using the law of iterated expectations and mean

value expansion, we obtain for #z, ; € [0, 1]

(nu+6) Qu(nu)+f||ruz||2 n||~/5||2n =

( i ) Qu(nu) + E [(u - 1{3/1 T nu})i‘.;(ﬂ =
D f(;’“’i‘sFylm( (i + 1) = Fy s, (8 dt]
E

2 - E.62
= fo‘ffy7|r7(wnu)+tff’-(f’nqutf:t)dt} .
> 012 = S FEIZ07) — B [f5™ g, Fim) = fyujz (9u)]t]
> 116112 + L£BI61%) — LFEIF) - (F/2E [|3m, — guil - 55017]

where the first inequality follows noting that Fy, 5, (Zin, +7wi) = w and |Fy, 5, (Ti00 +7ui) — Fy, 2, (Zi04)] <
f‘ruz|

Moreover, by assumption we have

B (15 _ 148512 —F =512
E [|33z77u guz| |$z§| ] E [|Tu2| |£Cz(5‘ ]/ , (E63)
< (f/8)(2/ FE[#;07]
Note that for any & such that |||, < ga we have [|3]|, < ga < (1/2)-(f¥/2/F)-E [|#012]*? /E [|#,6]],
it follows that (1/6) f'E[|#6]*] < (1/8)f H §%). Combmlng this with (E.63) we have
| . 1. -
TLEIF0P] = S PRI = (F/2)E [[#m, — guil - [23]%] > 0. (E.64)
Combining (E.62) and (E.64) we have r4 > da. O

Lemma 14. Under Condition PQR we have E[R(n,)] < fllruill3 /2, R(n) >0 and

P(R(n.) = dmax{ f[ruill3 s [ruill2.nv/108(8/7)/n}) <
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Proof of Lemma 14. We have that R(n,) > 0 by convexity of p,. Let €y = §; — iy — rui- By Knight'’s

o~

identity, R(n,) = —Ep[ru fol Hewi < —tryi} — Hew; <0} dt >0.

_ o~ 1 ~ vt
E[R(nu)] = En[ru fo Fyilii (fﬂéﬂu + (1= t)ry) — Fyilii (x;nu +7rus) dt]
. _
< En[rui fo ftruidt} < f”rqu%,n/Q

Therefore P(E(nu) < ZermH%)n) > 1/2 by Markov’s inequality.

Define z,; == — fol {ewi < —tryi}—1{ew; < 0} dt, so that ]:?(nu) = E,[ruizui]. We have P(Ep[ryizui] <
2f|Iruill3,,) = 1/2 so that for t > 4ermH§n we have by Lemma 2.3.7 in [38]

1
§P(|En[rmzm]| >t) < 2P(|E, [ryizuici]| > t/4)

Since the r,;zy;€; is a symmetric random variable and |z,;| < 1, by Theorem 2.15 in [16] we have
P(V/n|By [ruizui€i]] > f\/ En[riz]) < P(Vn|Ep[ruizui€i]] > t_\/ E, [7“12”2’12”]) < 2eXP(_t—2/2) <v/8
for £ > \/21og(8/7). Setting t = 4max{f||rull3,,, [|7uill2,n v/10g(8/7) /n} we have

O

Lemma 15. Under Condition PQR, for ||Nullo < k, N < ||Z(Ny — 1u)
L—=n

lo.n < N, we have with probability

(k + 5) log(16p{1 + 3/ log(X)}/7)
¢min(k + 5)

L
Enlpuis— 20)]~ Ealp G- 3] < L0 el J g

AT = 1) 130 + Fllraillzn 1250 — 1) l2,n-

Proof of Lemma 15. Tt follows from
E, [pu (Ui _i’;ﬁu) — pu(¥i — i‘;nu)] < |(En _E)[pu(gz _*%;ﬁu)pu(?jz —fﬁéfiu)] ‘ +E[pu (9 — i‘;ﬁU) —Pu (gz - j;nu)]

where the first term is bounded by Lemma 16 and the second term is bounded by (E.62) noting that

T;0 B igé _
En / Fyz,(mu + 1) = Fy e, (Tina)dt | < fE, l/ tdt] < fIE6]3,.-
0 0
O
Lemma 16. Conditional on {Z1,...,%T,} we have with probability 1 — -y, for vectors in the restricted set
G ol — 4(L+ ¢)y/slog(16p{1 + 3y/nlog(§)}/7)
sup ‘Gn (pu(yz i (N ”+~ '65)|)\ pu(Fi xmu))‘ <4t \/ N
Z,01(|2,n Ke

§ € Ac,
N < |#8llan < N
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Similarly, for sparse vectors

pu(Gi — T (M + 8)) — pul@i — Timu) klog(16p{1 + 3\/nlog(N/N)}/7)
‘G" ( [ ) ’ sAF 4\/ Grmin (8)

Similarly, for £1-bounded vectors

-1 —

sup ‘Gn (”“( GabAUH HZ‘?ﬁ pu (5 “"“7"))‘ <4+ 452 og(16p(1 + v/ log(N/N)} /)
I8]l1 < Ri, ol -

N < |#dllon < N

Proof of Lemma 16. Let w;(b) = pu(§;i — Ziny +b) — pu(9; — iny) < |b]. Note that w;(b) —w;(a) < [b—al.

For any é € RP, since p,, is 1-Lipschitz, we have

wi(#5) En[{wi(#8)}%) _ Eall#0]’]
Var(Gn<\|£;6\|2,n)> S TEe, S Tw603,

N

1.

Then, by Lemma 2.3.7 in [37] (Symmetrization for Probabilities) we have for any M > 1
Gy >M) < —P| sup |G}, > M/4
(Tt o (R |5 Tt )| 2 2

where G? is the symmetrized process.
Consider F; = {§ € Ac : ||#:5]|2.n = t}. We will consider the families of F; for t € [N, N]. For any

P (sup
dEAC

§ € Fp, t <t we have

N

_ 1;GO (wz(:c 5)—wz( 161 /1) )l+|G° (wz( 8(E/t) )I |%—%
< Vg, (5) 15 t'+ﬂE (128 £ | -

= 2y, (52) || <2y |

Let T be a e-net {N =: t1,ta,...,tx := N} of [N, N] such that [ty — tr41|/tk < 1/[24/n]. Note that we
can achieve that with |7 < 3v/nlog(N/N).

Therefore we have

(!
Gy, (WN < 14 sup sup

1Z;6]|2,n ET €A |E,812,n=t

sup
dEA:

o (250 <1

P(A° > K) miny >0 exp(—9 K)Elexp(y.A°)]

2
p| T | miny >0 exp(—¢K) exp (81/1278(12'3") )

<

<
2

< 8p|T] exp(—K?/[16=452-])

8
8
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where we set ¢ = K/[16S(1’€#)2] and bounded

Efexp ($A°%)] <q)2|T|supE |exp (1/1 sup Ge (W))]
teT

SEAC,|IZ]8]l2,n=t

o (%0
<(2) 2|T|supE |exp <21p sup Gn ( n ))]
teT | SEAC, [|Z]8l2,n=t

<) 2[T|supE |exp | 2¢ sup 2 ¢ }maXIGZ(i‘u)I)]
teT SEAG, T, 812, n=t

< 2|TIE {exp (wM max |Gy, (Z4)|
Ke Jsp
MG%@U)

C

<o T o (1
J<p

s(1+¢)?
<(6) 8p|T | exp <8¢2 (T))

C

where (1) follows by exp(max;er |2;|) < 2|I| max;e; exp(z;), (2) by contraction principle (Theorem 4.12
[24)), (3) IG(259)] < [16]1111G5(Fi)lloer (4) V/5(1 + €)1 Z0ll2.n/lI0]l1 > Fe, (6) Enla;] = 1 and exp(z) +
exp(—z) < 2exp(22/2).

The second result follows similarly by noting that

l16]]1 VENZS]l2m  VE
sup — < S = .
L<Sllo <k 18l m=t  t  1<8lo<h 762 m=t 1/ Pmin(K)  \/Pmin(k)

The third result follows similarly by noting that for ant t € [N, N]
19 B

sup <
I8l <Ru,|#8l2n=t T N

APPENDIX F. RESULTS FOR SECTION A.2

Lemma 17 (Choice of \). Suppose Condition WL holds, let ¢ > ¢ > 1, v = 1/(nV p), and A =
2¢'\/n®~1(1 — ~/2p). Then for n > ng(8,,c,c) large enough

P(A/n > 2¢| T Enlfizivillloo) > 1—¥{1 + 0(1)} +4A,,.

Proof of Lemma 17. Since T'roj; = 1/En, [ffxfjvf] and Troj5 = /B, [f727;07], with probability at least

1 — A,, we have

max Ty;5 — T'roj;| < max \/En[(fi = fi)2aud] < 6
Jsp J<p

by Condition WL(iii). Further, Condition WL implies that I';¢;; is bounded away from zero and from
above uniformly in j = 1,...,p and n. Thus we have ||lq;01FT0HOO —p 1, so that ||f;01FTOHOO < W/d /e
with probability 1 — A,, for n > ng(d,,c’,¢,T'p). By the triangle inequality

IT 0 Enlfizivillloo < 079 Trolloo T 70 En [fizivi] llso (F.65)



14 VALID POST-SELECTION INFERENCE IN HIGH-DIMENSIONAL QUANTILE REGRESSION MODELS

Using Lemma 12, based on self-normalized moderate deviation theory, we have

P \/ﬁE [fil‘ijvi] S

max
ISP [f2 1] 1]

by Condition WL. O

"1 —v/2p) | <2p@(@'(1—7/2p))(1 4 o(1)) < ¥{1+0(1)}

-~ ~

Proof of Lemma 8. Let 6 = 6, — 0. By definition of 57 we have

B, [f2(210)?] — 2B, [f2(d; — i0-)2:]'8 = En[f2(d: — 210-)] — Bu[f3(di — 2/6,)?]
< %”I‘:‘g‘rﬂ\l - %Hr‘reful \A%”F‘réTef”l - %”F‘réTg,”l
< qulllr007,, [l = 3T w007, |11

(F.66)
Therefore, using that 7 = En[(f — )02/ f?] and ¢ = n[f\Qrg”.L we have

En[f2(210)?] < 2En[(F2 — f2)vizi/ fi]'S + 2Bn[fEroriz:]'d + 2(Ty 'En[ fivizi]) (T-00) + 2u||Trodr,. |1 — quTOSTL 1
< 2{cr + e HER[F2(270)2]}/? + 2|15 "B [f2 (di — 50+ )2:]l|oo | T-0d]11 + 2ul|Trodm,, [l — 24T rodrg |11
< 2{cy + e HER[F2(250)2}/2 + 2 [Tr0dlls + 2ullTrodr,, [l — 2| Tr0drs 11
< 2{es + e HER[F2(250)2112 + 2 (u+ 1) [Trodry, |l — 2 (€= L) [Trodre [ln
(F.67)
Let € = “HL|T g [loo D70 loc- If 6 & Ag we have (u+ L) [Tr007,, [l < (¢ — 1) [Trod7; |1 so that

{En[f2(x}0)2}? < 2{cs + ¢ ).

Otherwise assume & € Ag. In this case (F.67) yields

En[f2(218)2) < 2{cs + co HEA[f2 (€10)21}/% + 2 (w+ L) [Trodry, s — 2 (€= 1) [Trodrg |In
A

<2{
< 2{cr + e MER[FR(@0)2]} /2 + 2 (u+ 1) V/E{Ea 2 (270)*]} /% /Re

which implies

EFD 2 < 2fes + e} + 2L ( * i)

C

To establish the £1-bound, first assume that 5 € Ase. In that case

181 < (1 +26) B I < VA{EAlP BN Rpe < 2SI Ly 28 (u+1>

Kog Tmé Rag

Otherwise note that 6 ¢ Ay implies that (u+1) ||frongT <3 (0-1) ”fTOgTsi Iy so that (F.67)

gives

32 (0= 1) WErabi < B F2DPY2 (262 + 0 — (BRGNP < (o + 01

Therefore

-~ 1 ~ QCHF ”oon 2
Ol <1+ =) |I6re |1 < (1 | FT(S e |1 < ) -
1811 < (1 5 ) e < (15 52 ) 1E e oo I < (14 5 ) 292y = ey +2)
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Proof of Lemma 4. Note that || f]|2, and IT;Y|oo are uniformly bounded with probability going to one.
Under the assumption on the design, for M defined in Lemma 21 we have that min,,e s dmax(m A n) is

uniformly bounded. Thus by Lemma 21

~ ~ 2
- nycr +c
Sm Sp %wé

The bound then follows from Lemma 18. O

F.1. Technical Results for Post-Lasso with Estimated Weights.

Lemma 18 (Performance of the Post-Lasso). Under Conditions WL, let ng denote the support selected
by 57, and 61 be the Post-Lasso estimator based on ng. Then we have for Sg; = \f97|

¢max (:9\97') Cf V :9\97' V logp . N ’
==t ————=+  min__[[fi(mr; —2i0)[l2n
(rbmin(se‘r) min; <y, f1 n ¢min(897) min; <y fl support(8)CTy,

Moreover, if in addition \ satisfies (A.37), and EfTO < fT < ufTo withuw > 12 € > 1/c in the first stage
for Lasso, then we have with high probability

||J/c;<m7'i - m;§‘r>||2,n Se

N 1 A _
min || fi(mr; — 250)||2,0 < 3{er+ e} + (u + ) 7\/§A +3fC/s/n.

support(0)CTy- €/ nkg minign f’L

Proof of Lemma 18. Let F' = diag(f), F = diag(f), X = [z1;...;2,] and for a set of indices S C
{1,...,p} we define Ps = FX[S|(FX[S]'FX[S])"'FX|[S) and Ps = FX[S|(X[S]'F'FX|S))"*FX[S)
denote the projection matrix on the columns associated with the indices in S. Since f;d; = fim.; + v;
we have that ﬁdi = fimn' + vzﬁ/fz and we have
Fm; — FX0, = (I — Py, )Fm; — PfeTFF’lv

where I is the identity operator. Therefore

|Fm, — FXO0.|| < ||(I - Pﬁ,T)FmTH + ||P@TFF_1U||. (F.68)
Since ||FX[Tp,]/va(X [To.) F'FX[Ty.]/n) | < [|IFloo/1/bmin(S6,), the last term in (F.68) satisfies

1Pz, FF7'l < F oo/ T/ Gumin(Bor) | X [Tor) F2F~ 0/ \/n]

< NE " Mloo v/ 1/ bmin (So7) { 1 X [Tor ) {F? = F2}F~ o /v/n + IIX[TeT]’Fv/\/ﬁH}
<N oo /T brminGor) {IX [Tor) {F2 = F2}F 0/ /il + Vaor | X' Fo/ /il §
Condition WL(iii) implies that

IX[To ) {F? = F*}F~Yo/vnl < sup o/ X[Ty,)'{F? — F2}F " v/v/n| < v/ Gmax(S6-)C5-

llello<Bors llell <1

Under Condition WL(iv), by Lemma 12 we have

IX"Fo/villo Sp /logp max y/[En[f7a7).

Moreover, Condition WL(iv) also implies maxi ¢ j<p /En[f22307] Sp 1since maxi<jcp [(Bn—E)[f727;07]] <

8, with probability 1 — A,,, and max; <j<, E[f227,0]] < f2?E[z7,] S 1.

17 71
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The last statement follows from noting that the Lasso solution provides an upper bound to the ap-

proximation of the best model based on qu, and the application of Lemma 3. ([l

Lemma 19 (Empirical pre-sparsity for Lasso). Let ng denote the support selected by the Lasso estimator,
Sor |T97| assume A\/n = c||E, [T ;Olfixivi]ﬂoo, and EfTo < fT < ufTO withu > 1> £ > 1/c. Then, for
co = (uc+1)/(be — 1) and & = (uc+1)/(lc — 1)||Trolloc 1T oo we have

— — ~ A n{cr + ¢ 51T 0l 0o
Vor <2V s o) (14 3 Fl)IFg e | ML) Vo0l

KeMin;<y fi

Proof of Lemma 19. Let F= diag(f), Ror = (Tor1s---570rn)’, and X = [z1;...;2,). We have from the

optimality conditions that the Lasso estimator §T satisfies

2E,, [lq]_lffxl(dZ — 20,)] = sign(6,;)\/n_for each j € Ty,.

Therefore, noting that ||f*1f0||oo < 1/4, we have
VEerd =2| (T X' F*(D - X0,))z, |
AT XFV)z, ||+ 20T X' (F? = FHF Vg, [ +2)(T X' F?Ror)z, || +2(T X' F2X (0, - 6,))7, |
< V%or [IT Tolloo IT70 X' F'V]|oo + zmﬁqsmax so)|IT M loo{cs + [ Flloocr} +
2007/ G (50 ) | Fl|oo [T oo | it (B = 02)12,n,

< Vo (10 WX PVl + 20 GG L= e Bl + [ Bl | it B — 0.) ),
where we used that
(X" F?(0; — 0:))g, | ~ ~
SUD| 510 <50, 15]1<1 |0 X F2X (0, — 60,)] < SUD| 5] <8131 < 1 o' X F'||||FX(9 -0, )||
Sup|\6\|0<39,. 15110’ X’ F2X8Y2||FX (0, - 6.)|| < n\/(bmax Sor )| fill o | fih (6 — 67)
(X (F2 ) 1V)T9 | < SUP\|5\|0<QQT,||5|\<1 6" X" (F2 - ) 1V|
< SUP| 51 <5ors o<1 X0l [(F2 = F2)F~'V|| < ny/Gmax(36r)Cr

Since /¢ > |T7} X'FV||o, and by Lemma 3, || fiz}(0: — 0:)||2.n < 2{C5 + &} + (u+ 1) AVEITrolloe e

NKe MING L n fi

<
<

have

-~ f_l oo nc. o ne, o n f‘r' oo
Do) Lo [ 22 (14 2] ) + 223 Pl + | Flloo (u + 1) 2LEm0ls |
1

(1-2)

The result follows by noting that (u 4+ [1/¢])/(1 — 1/[€c]) = cof by definition of c¢g. O

2
V§6T <

Lemma 20 (Sub-linearity of maximal sparse eigenvalues). Let M be a semi-definite positive matriz. For
any integer k > 0 and constant £ > 1 we have dmax([Ck])(M) < [€]dmax(k)(M).

Lemma 21 (Sparsity bound for Estimated Lasso under data-driven penalty). Consider the Lasso esti-

mator gT, let 59, = |f97|, and assume that \/n > c||En[f;01fixivi]||oo. Consider the set

|2 o | nier JFCT} V5[ Tro0ll oo

€0 . N
A Hé min;<n fz

M=_LmeN:m > 8max(m) (1 +3||flls)IT5
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Then,

~ 2

R . ~ ~_ n{cr + ¢, ST 70l oo

5o 4 (i Omas(00) ) (14 3 P F [ | ML EE) 4 Vool |
M A Kemin;<p fi

me

Proof of Lemma 21. Let Ly, = 2(1+3|f]lso)|IT *[lsoco ["{Cf;”} + ‘/EHFTOH“L] . Rewriting the conclusion

Ke MIN;<n Ji

in Lemma 19 we have
/5\97' < quax(/S\O‘r)L?L- (F69)
Consider any M € M, and suppose Sg, > M. Therefore by the sublinearity of the maximum sparse

eigenvalue (see Lemma 20)

~

N Sor
Sor < ’V]\Z-‘ ¢max(M)Lq2~L~
Thus, since [k] < 2k for any k > 1 we have
M < 2¢max(M)L,
which violates the condition that M € M. Therefore, we have 5y, < M.

In turn, applying (F.69) once more with Sy, < M we obtain

o7 < bmax(M)L2.

The result follows by minimizing the bound over M € M. O

APPENDIX G. RELEVANT APPROXIMATIONS RATES FOR f

Let @(u | ) = @', for u = 7—h, 7+ h. Using a Taylor expansion for the conditional quantile function

Q(- | ¥), assuming that supjz_, <, |Q"(7 | )| < C we have

Q5 - Q5] < LTHD =T QT =2 = Fhenl | e

In turn, to estimate f;, the conditional density at Q(r | ), we set f; = 1/Q’(r | #;) which leads to

QO - QEIEN ¢ oy e 0 e -
R = e ey = () Q|8 = | &) (G.70)

Lemma 22 (Bound Rates for Density Estimator). Let @ = (d,z), suppose that ¢ < f; < C, sup f] ;. (€|

Z;) < f'<C,i=1,...,n, uniformly in n. Assume further that with probability 1 — A,, we have for
u=71—h,7+ h that

N C [slog(pVn - C [s?2log(pVn . C [slog(pVn
Hx;(nuinu)jbr“i”z" < — ( )7 Hnu*Uqu < 2 ( ) and |77u1777u1| < — 7( )
Re n K¢ n Ke n

Then if sup |Q" (7] 2)| < C, n1<ax||mi||ocy/s2 log(p V n) + max;<, |d;|v/slog(p V n) < d,hx2v/n and

|[F—7|<h
i <
wotax _ llrulloo < hén we have
1 /slog(nVp)
h‘%c n

||fi_.]/c;||2,n Sp +h%, and



18 VALID POST-SELECTION INFERENCE IN HIGH-DIMENSIONAL QUANTILE REGRESSION MODELS

-~ ; ; ; 21 Y i<n |di 1 \
max|fi — il <p max [[7uill o 4 aXign [#illoo [ s*log(n V p) n maxi<n |dilo [5log(n V p)

2
+ h°.
i<n ~ u=r+hr—h h hk?2 n hike n

Proof. Letting (04;04) = nu — Nu and Z; = (d;, z})" we have that

(2

o~ ~

|fi — fil |fifi + Ch?
W (fif )05 ™" + diST 4 rgryng — 246" — didL " — rgrni}| + OB
S A fi) {Ballmrsnlls + Kallne—nlln + [di] - 165"+ 1di| - |63 + |rgrsnyi — Tgr—n,il } + Ch%.

(Nt —Nr4n)Frgrni =T (Mr—h—Tr—h)—Tgr—hi
2h

N

The result follows because for sequences d,, — 0,¢,, — 0 we have \ﬁ — fil |ﬁ filen + dy, implies that
ﬁ-(l — ficn) < fi + d,. Since f; is bounded, f;c, — 0 which implies that ﬁ is bounded. Therefore,
\fi — fil < cn +dy. We take d,, = Ch? — 0 and

Cn = h_l {Kan'rJthl + Kr”n'rthl + |d2| . |§;+h| + |d2| : |§;_h| + |T9T+h,i —Tgr—h,i } —p0
by the growth condition.
Moreover, we have
Fi (P, — £ ) (P . — £ ,
I(Fi = £/ Fillzm < Hfzxz(nTJrh Nr+h) + fzrgﬂ'Jrh,l“?m + ”fzxz(n‘rfh Nr—n) + fzrg‘rth,l”?,n + Ch.

h

By the previous result ﬁ is uniformly bounded from above with high probability. Thus, the result follows
by the assumed prediction norm rate ||Z5(My — M) + Tuill2,n Sp (1/ke)/slog(p V n)/n.

APPENDIX H. RESULTS FOR SECTION A.3

Let (d, z) € D x Z. In this section for h = (g, ), where § is a function of variable z, and the instrument

7 is a function on (d, z) — I(d, z) we write
Vo Wisdiy zi) = Va,5,:(Yis iy z0) = (1 — Hyi < §(2) + dia})i(di, z:) = (1 — Wy < §i + dia}) i
Forafixeda@aeR, §g: Z —>R,and i: D x Z — R we define

(&, h) = Eftha,n(yi, di, 2)] R

where the expectation is taken with respect to {y;,i = 1,...,n} conditionally on {d;, z;,i =1,...,n} is
fixed. We use the following notation. Let 7; = i(d;, ) and § = §(), ho = (¢r,20) and h = (g, %). The
partial derivative of T’ with respect to a at (&, k) is denoted by Ty (@, h) and the directional derivative

with respect to [h — ho| at (&, h) is denote as

T (@, W) — ho] = lim (@R = hol) = T(@ h).
t—0 t

Proof of Lemma 5. Steps 1-4 we use IQR(i-iii). In Steps 5 and 6 we will also use IQR(iv).
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Step 1. (Normality result) We have
(0)
En W’dﬁﬁ (y’Lv di7 ZZ)] = E’n [¢a.,-,h0 (ym di7 Zz)] + En W’dﬁﬁ (y’tv di7 Z’L) - wa.,-,hg (y’u di7 22)]
= En [waT,ho (yu di7 Zz)] + F(d-,—, h) + n_l/an(wdT ' ’(/)&T,ho) + n_l/QGn (wézT,ho - wamho)
—— >

(1 (I1) (ITI) (v)

Condition IQR(iii), relation (A.43), yields that with probability at least 1 — A,, we have |(0)] < §,,n~ /2.
Step 2 below establishes that |(IT) + E[fid;toi](Gr — ar)| Sp 6un™ Y2 + 0, |dr — ayl.
Condition IQR(iii), relation (A.42), shows that with probability at least 1—A,, we have |(ITI)| < §,n~ /2.

We now proceed to bound term (IV'). By Condition IQR(iii) we have with probability at least 1 — A,
that |&; — a;| < &,. Observe that
(Yaho = Vo o) Wi diy 2i) = (Hyi < gri + dicr } — Hyi < g7, + dia})roi
= (H{e& <0} — e < di(a — ar) }eois

so that |(Ya,ne — Yay he) Wi, dis zi)| < 1{|e;] < 6n|ds|}eoi| whenever |o — ar| < 6,. Since the class of
functions {(y,d, z) — (Ya,he — Yar o) (¥, d,2) : |a —ar| < §,} is a VC subgraph class with VC index

bounded by some constant independent of n, using (a version of) Theorem 2.14.1 in [37], we have

sup |G (Yo — Yar o)l S (BlHJei] < baldil}igi))? Sp 6,/%.

la—ar|<on
This implies that [IV| <p 58/ =12,
Combining the bounds for (0), (II)-(IV) above we have
E[fiditoi)(Gr — ar) = En[Ya. o (Wi, di, z1)] + Op (65207 Y2) 4 Op(5,)|cr — azl. (H.71)

Note that Un(7) = {E[wiﬂho(yhdi’Zi)}}il/Q\/ﬁEnwjanho(yivdivzi)] and E[ iﬂho(ymdmzi)] = 7(1 -
7)E[:3;] so that the first representation result follows from (H.71). Since E[ta, n,(¥i,di, )] = 0 and
E[2,] < C, by the Lyapunov CLT we have

V() = VnEn[$a, h (is dis z:)] ~ N(0,E[r(1 = 7)i5;])
and U, (1) ~ N(0,1) follows by noting that |E[fid;t0:]| = ¢ > 0.
Step 2. (Bounding I'(a,h) for | — ar| < 6, which covers (I7)) We have

(a,ho) + T(ar, h) — T(a, ho)

I(a,h) =T(a,
(, ho) + {D (e, h) = T(at, ho) — T (cv, ho)[h — hol} + T (cv, ho)[h — ho).

? (H.72)

Because I'(a, hg) = 0, by Taylor expansion there is some & € [, @] such that
D(a, ho) = T'(ar, ho) + Lol ho)(a — ar) = {Lalar, ho) +mn} (@ — ay)

where |n,| < 6,E,[|d?t0i|] Sp 6,C by relation (H.79) in Step 4 and moment conditions in IQR(i).
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Combining the argument above with relations (H.74), (H.75) and (H.77) in Step 3 below we have

o~ ~

D(a, ) = Tn(crs ho)h — ho] + T(ar, ho) + {Ta(ctrs ho) + Op(GnEl[d2i0s])) }a — ar) + Op(8,m~1/2)
=Tolar, ho)(a — ar) + Op(dp|a — ar |E[|d?uoi|] + 8,n~1/2)
(H.73)

Step 3. (Relations for T'y) The directional derivative T'j, with respect the direction h— ho at a point
h = (g, %) is given by

~ o~

Lp(e, h)[h — ho]l = —Enfejds, = (di(a — az) + G — g-)i0i{Gi — 97i}] + E[(7 — Hy; < §i + dia}) {6 — 10i}]
Note that when Ty, is evaluated at (., hg) we have with probability 1 — A,
[TCh(r, ho)[h = hol| = | = Enlfitoi{i — gri})| < 8un™"/2 (H.74)

by Condition IQR(iii) (A.41) and by P(y; < gri + dia, | di, z;) = 7. The expression for I'j, also leads to
the following bound

~ ~

Fh(oz7 ho)[h — ho] — ].—‘h(CkT7 h())[h — ho] =

= B[t (0) — Fea (i — o)) oG — 9713] + Bal{E0) — Fildior — )17 — 16:)]
< Enlla = azr| f'lditoil 19i — grill + Enlf|(a — az)ds] [t — oi]

<o —arl 19 = grillaan{ FEalGid7]} 2 + fla — ar| - {En[(G — 100)* ]}/ {Ea[d?]} /2
Spla—arld,

(H.75)

The second directional derivative I'y;, at h = (g, ) with respect to the direction h— ho can be bounded
by

Cunas ) = o, o= hol| - = |=Ealfl g, -, (di(0 = ac) + G = g-i)a @i — 90:)?]
+2En[fe7:\di,z7; (di(a - O‘T) + 39 — g‘ri){/g\i - g‘ri}{?i - LOi}” (H~76)

< f'max|i||9i — grill3. + 215 — grill2n s — toill2,n-
i<n ’

In turn, since ?l S [ho,/ﬁ], |L~(dz, 21)‘ < ‘Lo(di, 21)‘ + |/L\(di, Zz) — Lo(di, Zi)|, we have that

o~

F(a7 h) - F(a7 hO) - Fh(aa hO) |:/}\L - h0:| ’ < SUP;Le[hO,g] ‘th(a7 INFL) |:E - hOaﬁ - h0i| ‘

< 7' (maxlloo] + 10— o)) 13 - il -
+2119: — grillz,nlle — toill2n

,SP 5nn—1/2

where the last relation is assumed in Condition IQR(iii).

Step 4. (Relations for T',) By definition of T', its derivative with respect to a at («, h) is
To(a,h) = —En[fejds, (dila — o) + i — gri)didi).
Therefore, when the function above is evaluated at o = a; and h = hg, since for Jeildi = (0) = fi we have

Fa (047—, ho) = —En [fzdzLOz] = _E[fzdzLOz} — (En — E)[fzdzLOz} = —E[fldlbol] + Op(n_1/2). (H78)
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Moreover, I',, also satisfies

ITala,ho) = Talar, ho)| = |Enlfejar,z: (di(a — ar))eoids] — B [fe;|ds,2 (0)eoids] | (HL79)
<o — ar | By [|dFeoi]] = [ — ar | O ({E[d}]} /2 {E[,]}1/?)

since max;<, E[d}] V E[d}] < C by IQR(i).
Step 5. (Estimation of Variance) First note that

[, [fiditi] - E[flvdibm]\

= |Enlfiditi] — En[fiditos]| + [En[fiditos] — E[fiditoi|

E,, [( = f)diti]| + [Enlfidi(@ = w0i)][ + [Enlfidito] — E[fidivoi]]

En[(fi — £:)di (@ — 100)]] + [Enl(fi — fi)ditos]] (11.80)
Hlfidillznllti = will2.n + | En[fiditos] = E[fid;toi]

Se ll(fi — fi)d: 7 — willzn + fi = fi
| fidill2,nll7 = toill2n + [Enlfiditoi] = Elfiditoil]
<SP On

NI\

X

because f;, fi < C, E[d}] < C, E[t3;] < C by Condition IQR(ii) and Conditions IQR(iii) and (iv).

Next we proceed to control the other term of the variance. We have

<y, 7 diy i) = Yoy no (Yis dis 2i)

| s, 7 di zi) ll2n — [Yar b (Y3, di, 2i)

< derﬁ(yiadivzi) — (1= Yy < dicr + Gi}eoillzn + (7 — Wy < dider + i })oi — Yar ho (Yis dis 2i) |l2,n
<[5 — LOiHQ n 1 (Hy: < diar + 974} — Hyi < dicer + Gi})eoill2,n
1/2 . 1/2
<% = toilln + B 12211 ei] < Idilar — ér) + gri — Gl 15/
Sp o

(H.81)
by IQR(ii) and IQR(iv). Also, |E,[¢2 . (yi,di, 2)] — E[y? o ho Wis diy zi)]| Sp 6n by independence and

bounded moment conditions in Condition IQR(ii).

Step 6. (Main Step for x?) Note that the denominator of L, () was analyzed in relation (H.81) of
Step 5. Next consider the numerator of L, (). Since I'(ar, ho) = E[Ya, hy (Yi, di, 2:)] = 0 we have

En [Tﬁaﬂﬁ(ym di7 Zz)] = (En - E)[waﬂﬁ(yh dia Zl) - wa.r,ho (ylv di7 Zz)] + F(Ot.,-,/f\L) + ]En['(/)a.mho (yia dia Zz)]
By Condition IQR(iii) and (H.73) with o = a.r, it follows that
|(Eﬂ - E)Wm E(ylv d;, Zl) - wamho (yi’ d;, ZZ)H < 6nn_1/2 and |F(a7'7/};)| SP 6nn_1/2'

The identity nA2 = nB2 + n(A, — B,)? + Zan(An - By) for A, = Eu[¢, 7(vi,di,z;)] and B, =
En [V, ho (Uir dis w:)] Sp{(1 = T)E[g;]}/*n =1/ yields

’I’L|E ['(/Ja (yzadzazl)]l
R N1 SN %)
Bl o (s i 2017 + Op(5a) _ 1B [tiae g (s i 20

Elr(1-7)d]+0p(6,) E[T( ey tortn
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since 7(1—7)E[12;] is bounded away from zero because C < |E[fid;t0i]| = |E[vitoi]| < {E[vZ]E[2;]}'/? and
E[v?] is bounded above uniformly. The result then follows since /nE,[Va. ho(Yis di, 2i)] ~ N(0,7(1 —
7)E[E])-





