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1 Households’ problem

The problem can be simplified as

L = EOZBt{lnCt +¢In(1 — N,)
t=0

—/\t[C't + Kt+1 — (1 — (5)Kt + bOSf(l — Nt) — (]_ — TZ)Tth — (]_ — Tl)tht — Ht — Gir]

+ (1 = )N+ peSe(1 — Ny) — Nt+ﬂ}, (1.1)

where )\, u; are the Lagrangean multiplier in front of the households’ budget constraint and

the law of motion for employment.
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FOCs:

1
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Substitute out the Lagrangean multiplier attached to the budget constraint, as well as the

probability of a match
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Rearrange terms
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2 Firm’s problem

The problem of the firm is also one of constrained optimization nature:

{Kt’{r/:%\;t{}oo Zﬁt{AthaNtl_a — tht — Tth — (I‘/t — Vt[(]_ - Q/J)Nt + qt‘/t - Nt.l,-l]}, (21)

t=0 =0
where
C
Br = BE1 <C’ti1) (2.2)
is the stochastic discount factor.
FOCs:
Y,
Kt Oé?tt =Ty (2 3)
Viivg = —a (2.4)
Y,
Nt Bt |i<1 — Oé) ]\;—1—1 — Wiy1 — Vt+1<1 — w):| = —14 (2 5)
t+1
From the optimality condition for vacancies, express v; = —a/q; and plug it into the FOC

for employment to obtain

_ Yin _ a —1/1)] _ a
. [(1 )Nt+1 e qt+1 4t (2:6)
or
Ci Yin al—¢)| _a
PEi (Ct—l) {(1 a a) N W qt+1 } N qt (2.7>

In the literature, this is also referred to as the job creation condition (JCC). In other words,

this equation characterizes the firm’s labor demand.



3 Steady-State

o™

ky Y
1:ﬁ[(1_T)&E+1_5]

a m
(1 —E

- =ul =)
bons" 1 (1 —n) m
= KUY

c s

m =Yn

u=1-n

m = v [su]?
c+ 0k +bys"(1—n)+av=y

y = Akanl—a
B

(1= 7)1 =)+ bos"] + 77 = ull = B(1 = & = 77—

1—n




4 Log-linearization

4.1 Capital accumulation equation

ki1 =14+ (1 —0)k
Take natural logarithms from both sides to obtain
Inkypq = Infig + (1 — 0)ky
Totally differentiate with respect to time to obtain

dln kt+1 o dln[lt + (]. — 5)kt]

dt dt

dli,+(1— k] 1
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Using that in steady state k =i+ (1 — d)k, or i = ok
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4.2 Employment dynamics equation

Ngy1 = (1 — Q/J)Tlt + my
Take natural logarithms from both sides to obtain
Inng = In[(1 —¥)n, + my)

Totally differentiate w.r.t. time to obtain

dln M1 . dln[(l — w)nt -+ mt]
a dt

dTLH_l l . d[(]. - ¢)nt + mt] 1
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(4.1)
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Using that in steady state n = (1 — ¢)n + m,

dngsq 1 dng 1 dmy 1
P Ul el e
or
dngq 1 dn, 1 dm,1m
i n YT nt wam

Pass to log-deviations to obtain

nﬁt+1 = (]_ — 1/J)nﬁt + mmt

4.3 Matching function

my = vy si(1 =)

Take natural logarithms from both sides to obtain

Inm; = (1 —~)Inv, +vyIns; +vIn(l — ny)

Totally differentiate w.r.t. time to obtain

dInm,

dIn v, dln s; dIn(1l —ny)

dt == a a7

Pass to log-deviations
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4.4 Log-linearizing transition probability from unemployment to

employment

Alternatively

or

Pe=(1—7)0 — (1 -5
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4.5 Log-linearizing market tightness

M,
- 422
=2 (1.2
0, = 1, + 12 Ay (4.23)

4.6 Log-linearizing transition probability from an unfilled vacancy

to a filled one

= — 4.24
qi v, ( )
Gr =My — (4.25)
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4.7 Production function
ye = Akfng = (4.28)

Take natural logarithms from both sides to obtain
Iny, =InA;+alnk,+ (1 —a)lnn, (4.29)

Totally differentiate w.r.t. time to obtain

dlny, dln A, dln k; dlnn
= 1— 4.
dt a g Ty (4:30)
Pass to log-deviations to obtain
g = A+ aky + (1 — a)iy (4.31)



4.8 FEuler equation

1 1
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Take natural logarithms from both sides to obtain

1 1
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Totally differentiate w.r.t. time and simplify to obtain
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dt dt dt
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Noting that in equilibrium § = (1 — 7%)a? + (1 — 0)
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4.9 FOC vacancy rate

my
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Take natural logarithms from both sides to obtain
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Ct V¢
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(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)



Totally differentiate w.r.t. time to obtain
dlna  dlne,  dlnyy dln(l—~) dlnm; dlnwy,

= — 4.43
@ @ T @ @ ar (443)
Simplify to obtain
dlne;  dlnp,  dlnmg  dlnw

— = — 4.44
ar @ @ ar (444)

Pass to log-deviations
—ét - /.ALt + T?Lt - 'lA)t (445)

4.10 FOC search effort

bons” Y1 —n m
st A1) _ (4.46)

Cy St

Take natural logarithms from both sides to obtain

bons) (1 —ny)
Cy

In =In ugyﬁ (4.47)
St
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Totally differentiate w.r.t time and simplify to obtain
dlns; dln(l—n;) dlne  dlnpy  dlnm,  dlns,

—1 — = — 4.49
==+ & at @ ar dt (4.49)
~ no o N A A
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4.11 Dynamic FOC employment
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Take natural logarithms from both sides and totally differentiate w.r.t time to obtain
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4.12 Market clearing

Y = C + k’t+1 — (1 — 5)]{575 + gt + bQS?(l — nt) + QU (455)

Take natural logarithms from both sides and totally differentiate w.r.t to time to obtain
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4.13 Nash bargaining rule

wy = 7((1 o)t % ) +(1 —7)(— Lo s — nt)> (4.58)

ng 1-— g ¢Ct

Take natural logarithms from both sides and totally differentiate w.r.t to time to obtain
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