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Abstract

This paper derives the memory of the product series z;y;, where x; and y; are stationary long
memory time series of orders d, and d,, respectively. Special attention is paid to the case
of squared series and products of series driven by a common stochastic factor. It is found
that the memory of products of series with non-zero means is determined by the maximal

memory of the factor series, whereas the memory is reduced if the series are mean zero.
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1 Introduction

Products of time series occur frequently in non-linear models such as the bilinear model, ran-
dom coefficient models, or multiplicative noise models and they also play an important role as
interaction terms in time series regressions. Therefore, it is of interest how time series properties
such as long range dependence are translated from the factor series x; and w; to the product
series z; = x¢. In this paper, it is shown that the transmission of memory critically depends
on the means of the processes. While the memory of products is the maximum of the memory
orders of the factor series if the means are non-zero, the memory order in the product series will

be reduced for zero mean processes.

In a related literature Granger and Hallman (1991) and Corradi (1995) have studied the proper-

ties of non-linear transformations of integrated variables. For long memory time series Dittmann

*I would like to thank Philip Bertram, Robinson Kruse, Philipp Sibbertsen and Michael Will, for their com-
ments on earlier versions of this paper.



and Granger (2002) have derived the memory properties for transformations of zero mean time
series if the transformation can be expressed as a finite sum of Hermite polynomials. The memory

of products of long memory time series, however, has not been covered.!

The expectation of the product series z; = x4y, that we are interested in, is given by E[z] =
OOy Py + [zfly, Where i, and i, denote the means of x; and y;, respectively, o, and oy are the
standard deviations, and p,, denotes the correlation between the two series. For general random
variables x and y, with finite first and second moments, Goodman (1960) derived the variance
of xy. Later, Bohrnstedt and Goldberger (1969) derived the exact covariance of the products zy
and vw, where v and w form a second pair of random variables that fulfills the same moment
conditions as x and y. According to Bohrnstedt and Goldberger (1969), the variance of z; is

given by

02 = p2o? + 20? + Bl(w — )y — py)?)
+2u E[(z — pa)(y — My)Q]
+ 21y E[(2 — pa)*(y — piy)]

+ 2pa flyOrOyPay — Jiﬂzpiy-

The autocovariance function of the product of two weakly stationary time series z; and y; was

derived by Wecker (1978). If both series are Gaussian, it is given by

Yoy (T) =127y (T) + 1572 (7) + papiy[E(T) + £(—7)]

+ 72 (7)1 (7) + E(T)E(—7), (1)

where £(7) denotes the cross-covariance function at lag 7 defined as {(7) = E[(zt— o) (Ye—r — 1ty ]-

In the remainder of this paper, the memory properties of the product series z; will be derived
from the asymptotic behavior of (1), as 7 — oo. Definitions, assumptions and the main result
are given in Section 2. Sections 3 and 4 extend these results to squares of long memory series
and products of variables with common long range dependent factors. Conclusions are drawn in

Section 5.

'Note that the application of a log-transformation does not mitigate this issue. It merely converts the problem
into determining the memory of the sum of non-linearly transformed series, but the logarithm cannot be rep-
resented as required by Dittmann and Granger (2002). Therefore, the memory of the log-transformed series is
unknown - as is that of the product.



2 Persistence of Products of Long Memory Time Series

In the following, a time series x; is a long memory series with parameter d, if its spectral density

fz(X\) at frequency A obeys the power law

Fo ) ~ ga (M)A, (2)

as A — 04, or if its autocovariance function 7, (7) at lag 7 is

Y (T) ~ Go(M)T?= (3)

for 7 — oo. Here, g;(\) and G, () denote functions that are slowly varying at zero and infinitiy,
respectively. As Beran et al. (2013) show, these definitions are equivalent under fairly general
conditions. Hereafter, we write x; ~ LM (d) if z; fulfills at least one of (2) or (3). For simplicity,
we will treat g, and G, as constants. The properties of any x; that is LM(d,) depend on the
value of dy € (—1/2,1/2). For d, < 0, the process is antipersistent, and f(0) = 0. If dy = 0,
fz(0) = g, and the process has short memory. Finally, for d, > 0, x; is long range dependent.

Here, we follow Dittmann and Granger (2002) and distinguish between fractional integration
and long memory. The reason is, that we derive the memory of z; = x;y: based on the behavior
of vy (7) for large 7 that is of the form specified in (3), so that its spectral density is of the
form given in (2). A fractionally integrated process Z;, on the other hand, has spectral density
fz(A) = |1 — 7282 gz (\), so that fz(\) ~ gz|A| 729, as A — 04, since |1 — ™| — X, as A — 0.
While fractional integration is therefore a special case of long memory, the results given here

only allow to draw conclusions about the memory properties of the product series.

For the main result we require the following assumptions.

Assumption 1. z; ~ LM(d,) and y; ~ LM(d,) are weakly stationary and causal Gaussian

processes, with 0 < d,d, < 0.5 and finite second order moments.

Assumption 2. If z;,y; ~ LM(d), then x; — 1o — Y1y, ~ LM (d) for all 1,11 € R.

Assumption 1 is a simple regularity condition, whereas Assumption 2 precludes the presence of
fractional cointegration. This will be relaxed in Section 4, where the case of a common long

memory factor driving z; and y; is considered.

Given these assumptions, the memory of the product series x;y; is characterized by the following



proposition.

Proposition 1. Under Assumptions 1 and 2 the product series zy = xyyy is LM (d.), with

max(drmdy)v fO’I" ,Uoca,uy 7& 0
dz, for MIZO,uy#O
d, = dy, Jor py =0,z # 0

max {d; +dy, —1/2,0}, for py = pip =0 and Syy # 0

dy +dy — 1/2, for py = py =0 and Sgy =0,

o

where Sz, = Z Va (7)1 (7)-

T=—00

Proof. The autocovariance function of any xyy: satisfying Assumption 1 is given by (1). This is
a linear combination of the autocovariance functions v, (7), v,(7), the cross-covariance function
&(7) and interaction terms between them. Since long memory is defined in (3) by the shape of the
autocovariance function for T — 0o, we can determine the memory of xyy by finding the limit
of Yay(T). For 7 — o0, we can substitute (1) and v, (7) with G,7?%~1 and G,7*%~1 from
(8). The asymptotic properties of the cross-covariance function (7)) can be derived from results
of Phillips and Kim (2007). In Theorem 1, they show that the autocovariance matriz I'x x (7) of

a q-dimensional multivariate fractionally integrated process Xy is

2fuaub (O)F(l — da — db) Sin(ﬂdb) 1
[FXX (T)]ab = Tl_da_db + @) m )

where Agp denotes the element in the ath row and bth column of the matrix A. The asymptotic

expansion of the Fourier integral used to derive this result is not specific to fractionally integrated

processes, but holds for long memory processes in general. It therefore follows, that &(7) =

Gmdeﬁdb*l + o(rdat =1 " Furthermore, since by Assumption 1 both x; and y; are causal,

&(—7) =0, so that the last term in (1) drops out.

Therefore, as T — 0o, we have

Vay (T) :,uiGyTMy_l + ,utiTz‘iz_l + ,ux,unyde”Ldy_l + GxGyT2(d1+dy_1) + 0(7’d1+dy_1).



Now, considering the exponents and setting d, +dy, —1 = 2d3 — 1 and 2(dy +dy—1) = 2ds — 1
gives d3 = (dy + dy)/2 and dy = (dy + dy — 1/2), so that

Yay(T) :NgchyTQdyil + N;GIT%A + MmﬂyG:cyTdeil + GwaTZdzﬁl + O(sz+dy71)- (4)

Since O(1P) +O(19) = O(r™2x(P9)) | the autocovariance function vz, () is dominated by the term
with the largest memory parameter, as T — oo. The approzimation error o(t%+%=1) yanishes,

because d,dy < 1/2. Depending on the values of j, and i, different cases can be distinguished.

10 If py = py = 0, (4) is reduced to vy (T) =~ GxGyTQJ4_1. Therefore, the memory of xy,
would be given by dy = (dy + dy — 1/2), which can be negative so that the decay rate of the
autocovariance function is that of an antipersistent LM process. However, in this case the
long memory definition is only fulfilled if the spectral density is zero at the origin, which is

equivalent to Sy, = 0. Otherwise the process is LM (0).

2. If py = 0 % py, (4) becomes vy(T) = ,uszTM’“_l + G;cGyTQCLl_1 and the dominating term

is the mazimum of dy and dy = (dy + dy — 1/2). This is d, because dy < 1/2.
3. If py = 0 # g, by the same arguments, the memory is d,,.

4. Finally, if pg,py # 0, the memory order is the mazimum of dy, dy, (dy + dy)/2 and
dy+dy—1/2. Furthermore, since dy,dy < 1/2, max {d,,d,} will always be at least as large

as the other two terms.

If pzy = 0, we have Gy = 0, so that the third term in (4) is zero. However, this does not affect the
memory properties of the product series compared to the case when pyy # 0, because the memory of
the third term is always dominated by that of the first two terms since max {dy, dy} > (dz+dy)/2.

0

It can immediately be seen from Proposition 1, that the means of z; and y; play a crucial role.
If both means are non-zero, the asymptotic autocovariance function is dominated by the input
series with the larger memory parameter. If both means are zero, the first three terms in (4)
drop out, and the memory in z is dq = (d, +d, —1/2). If one of the processes is mean zero, the

memory is equal to that of this process, because d,, d, > dy.

Intuitively, if one thinks of long range dependence in terms of the persistence of deviations from

the mean, it is obvious that this persistence vanishes if the series is multiplied with a zero mean



1id-series. On the other hand, if the series is multiplied by a series with a non-zero mean,
consecutive observations of the product series are likely to be located at the same side of the

mean, so that the persistence remains intact.

Since the decay of the autocovariances of antipersistent LM -processes is initially very fast, the
condition Sy, = 0 is basically a condition on the first autocovariances ., (7). As can be seen
from (1), this is equal to the product vy (7) = v2(7)yy(7), if gz = py = 0. The process can
therefore only be LM with negative d, if v, (7) and v, (7) have different signs and the sum of their
product over the first leads and lags is close to the process variance. If 4., (7) is negative but
Szy # 0, the process has antipersistent short memory. Finally, if v,,(7) is positive, the process

is simply LM (0) if d + d, — 1/2 is negative.?

3 Memory of Squared Series

An important special case of Proposition 1 arises if x; = 1, so that the product becomes the

square of one series. This gives the following corollary.

Corollary 1. For x; satisfying Assumption 1, the square z; = x7 is LM (d,) with

dl” if,U/:c 7&0

max {2d, — 1/2,0}, if py = 0.

Proof. Wecker (1978) shows that for x? equation (1) simplifies to

Yoz (T) = 4/%20%? (7) + 2%% (7).

For 7 — oo, this gives

Vo (T) = 4,uiGa;7'2dl‘71 + 2G,722da—1) (5)

Again, from equating 2(2d, — 1) = 2dgg — 1 we have dgg = 2d; — 1/2 so that vy.(7) =
4M§Gm72dﬂ°*1 +2G, 7291 Since d, < 1/2, by Assumption 1, dgg < dy so that the first term in

(5) always dominates the second if py # 0. For p, = 0, the memory is determined by the second

2A similar issue arises in Dittmann and Granger (2002). However, they consider pure fractionally integrated
processes and do not allow for short run dynamics. In this case all autocovariances are positive and the lower
bound for the memory of the transformed series is zero.



term. This is max {ds, 0}, for the reasons discussed in the proof of Proposition 1, above. Since
Y2(T)? > 0, the process cannot become antipersistent and the lower bound for the memory order

of the square is always zero. [

Corollary 1 shows, that the memory of a squared series will be reduced if the series is mean zero,
whereas the memory is unaffected by this non-linear transformation if it has a non-zero mean.

In case of a reduction, the memory will be zero, for d, < 0.25.

The memory of the squared zero mean series is also a special case of the results in Dittmann and
Granger (2002). As discussed above, they derive the properties of non-linear transformations of
fractionally integrated time series with zero mean and unit variance under the restriction that the
non-linear transformation can be expressed as a finite sum of Hermite polynomials. Corollary
1 shows that the mean zero assumption is critical, since squaring the series does not cause a
reduction in memory if it is not fulfilled.

Note that it is not possible to apply Proposition 1 together with Corollary 1 to determine the
memory of higher order power transformations such as 3, because the Gaussianity requirement

in Assumption 1 is no longer satisfied by the squared series z7.

4 Products of Fractionally Cointegrated Time Series

Another interesting special case is the product of series with a common factor, such as fractionally

cointegrated series. Consider the following model

Ty = By + Opur + ¢ (6)

Y = By + Oyus + €, (7)

where u; is LM (dy,), e ~ LM (d,) and &, ~ LM (d.) fulfill the conditions imposed in Assumption
1, and 3, and B, are finite real constants. Furthermore, let 7; and &; be mean zero, with
dy=d,—b>0and d. =d, —b—e>0, for some constants b,e > 0. Clearly, both y; and z; are
driven by the common long range dependent factor u; and they are both LM (d,). We therefore
refer to them as series with common long memory. As before 0 < d,, < 0.5 and of course d,,

dy # 0. We then obtain the following result.

Proposition 2. Let y; and x; have common long memory of order d,, so that they can be

represented as in equations (6) and (7). Then the product x,y; is LM (d,) if either (8.0, + Bydys)



or [y, is unequal zero and it is LM (max {2d, — 1/2,0}) if py = pty = pu = 0.

Proof. By substituting the relationships in (6) and (7) and rearranging the terms, the product

Ty 18 given by

TtYt = /8$/8y + (Bxdy + By(sx)ut + 5x6yu§ + (ﬁa} + 6zut)5t + (ﬁy + 5yut)77t + Meer (8)
—_—— ————— —— ~—~
I II 117 v 1% VI

Proposition 3 in Chambers (1998) states that a linear combination of fractionally integrated
processes is itself fractionally integrated, with an order of integration equal to the mazimum of
those in the linear combination. Chamber’s arqguments extend readily to long memory processes
in general because they only make use of the long memory properties. More specifically, let
fx(\) be the spectral density matriz of the multivariate long memory process Xy that fulfills
[Re(fx(M)]yp ~ gab|A|"% =%, as X — 0. Than the linear combination Sy = w'X; has spectral

density

q
FsN) =W fx(Nw ~ Y wiGaal A ™% +> " wawyGp |7, (9)
a=1 a#b

as X — 0. Since O(|A|724) + O(|\|72%) = O(|\|72max(dad)) g5 X — 0, and 2max(d,, dy) >
dg +dy, the spectral density is proportionate to the largest term in the first sum on the right hand
side of (9).
The memory order of xyy; s therefore the mazimum of the memory orders in terms I to VI in
(8) and the memory of these individual terms can be determined from the results in Proposition

1 and Corollary 1.

In Proposition 2, two cases are distinguished. In the first one, either p, or 3.0, + By0, are

unequal zero. In the second, iz = py = pu, = 0. These cases are considered separately.

1. Whenever p, # 0, II11 is LM(d,), by Corollary 1. Since we know from Proposition 1
that none of the other terms can have stronger memory than the original series, it follows
directly from the result of Chambers (1998) that xy; will be LM (dy,). The same holds true
if Brly + Byde # 0, since uy is LM (dy).

2. If po = py = p = 0, By and By in II are zero from (6) and (7) and term III is
LM (max {2d,, — 1/2,0}), by Corollary 1. From Proposition 3 in Chambers (1998) the lower

bound for the memory of the linear combination in (8) is therefore zero. By Proposition



1, the reduced memory of the terms IV, V and VI is d, + d. —1/2, dy, + dy, — 1/2 and
dy + de — 1/2, respectively. Since d.,d, < dy, by definition, all of these terms are smaller

than 2d, — 1/2. The memory of xy; is therefore determined by that of term I11. O

When comparing Propositions 1 and 2, one can see that the memory in the product series is less
fugacious if the factor series have common long memory. As before, the nature of the transmission
depends on the means of the series. However, since the square in term I11 determines the memory
of x4y, in equation (8), it is now the mean of the common factor that is crucial. Therefore, 2

can be d,, even if p, = p, = 0.

5 Conclusion

This paper derives the memory of products of long memory time series. It is found that the
nature of the transmission critically hinges on the means of the factor series. While the memory
in the product series will be reduced if the means are zero, the memory of the more persistent
factor series will be directly propagated if the factor series have non-zero means. These findings
show that the property of long range dependence is less fugacious than it might seem from
previous results on non-linear transformations of long memory series obtained by Dittmann and

Granger (2002) that rely on a mean zero assumption.
One may conjecture that the transmission of long memory to other non-linear transformations

may similarly depend on the means. Further research on the memory properties of a broader

class of non-linear transformations would therefore be of great interest.
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