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❆♣r✐❧✱ ✷✵✶✺

❆❜str❛❝t

❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♠♠✐tt❡❡ ✈♦t✐♥❣ s❡t✉♣ ✇✐t❤ t✇♦ r♦✉♥❞s ♦❢ ✈♦t✐♥❣ ✇❤❡r❡ ❝♦♠♠✐tt❡❡ ♠❡♠❜❡rs✱

✇❤♦ ♣♦ss❡ss ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞✱ ❤❛✈❡ t♦ ♠❛❦❡ ❛ ❜✐♥❛r② ❞❡❝✐s✐♦♥✳ ❲❡

✐♥✈❡st✐❣❛t❡ ✐♥❝❡♥t✐✈❡s ❢♦r tr✉t❤❢✉❧ r❡✈❡❧❛t✐♦♥ ♦❢ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ✜rst ✈♦t✐♥❣ ♣❡r✐♦❞✳ ❈♦✉❣❤❧❛♥

✭✷✵✵✵✮ s❤♦✇s t❤❛t ♠❡♠❜❡rs r❡✈❡❛❧ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ str❛✇ ♣♦❧❧ ♦♥❧② ✐❢ t❤❡✐r ♣r❡❢❡r❡♥❝❡s ❛r❡ ✐♥ ❢❛❝t

❤♦♠♦❣❡♥❡♦✉s✳ ❇② t❛❦✐♥❣ ❝♦sts ♦❢ t✐♠❡ ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t ❝♦♠♠✐tt❡❡s ❤❛✈❡ str✐❝t❧②

❤✐❣❤❡r ✐♥❝❡♥t✐✈❡s t♦ r❡✈❡❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐❢ ❛ ❞❡❝✐s✐♦♥ ❝❛♥ ❜❡ ♠❛❞❡ ❢♦r ❤✐❣❤ ❧❡✈❡❧s ♦❢ ❝♦♥s❡♥s✉s ✐♥ t❤❡

str❛✇ ♣♦❧❧ ❛❧r❡❛❞②✳ ■♥ s✉❝❤ s❝❡♥❛r✐♦s✱ ♠❡♠❜❡rs ♦❢ ❛❧❧ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ s♦♠❡ ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s ❛r❡

str✐❝t❧② ❜❡tt❡r ♦✛ ✇❤❡♥ t❤❡ r❡q✉✐r❡♠❡♥t ❢♦r ❡❛r❧② ❞❡❝✐s✐♦♥s ✐s ❝❤♦s❡♥ ❝❛r❡❢✉❧❧②✳

❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥✿ ❉✼✷✱ ❉✽✷✱ ❉✽✸

❑❡②✇♦r❞s✿ ❈♦♠♠✉♥✐❝❛t✐♦♥✱ ❈♦♠♠✐tt❡❡s✱ ❱♦t✐♥❣

∗❇♦♥♥ ●r❛❞✉❛t❡ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ❇♦♥♥✱ ❑❛✐s❡rstr❛ÿ❡ ✶✱ ✺✸✶✶✸ ❇♦♥♥✱

●❡r♠❛♥②✱ t✐♠❢r♦♠♠❡②❡r❅✉♥✐✲❜♦♥♥✳❞❡✳ ❚❤❡ ❛✉t❤♦r ✇✐❤❡s t♦ t❤❛♥❦ ▼❛r❦ ▲❡ ◗✉❡♠❡♥t✱ ❇❡♥❥❛♠✐♥ ❙❝❤✐❝❦♥❡r✱ ❉❡s③ö ❙③❛❧❛②

❛♥❞ ✇♦r❦s❤♦♣ ♣❛rt✐❝✐♣❛♥ts ■♥ ❇♦♥♥ ❢♦r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

■♥❢♦r♠❛t✐♦♥ ✐s ♣❛rt✐❝✉❧❛r❧② ✈❛❧✉❛❜❧❡ ✇❤❡♥ ✐♠♣♦rt❛♥t ❛♥❞ ❞✐✣❝✉❧t ❞❡❝✐s✐♦♥s ❛r❡ ♣❡♥❞✐♥❣✳ ■♥ ♠❛♥② s✐t✉✲

❛t✐♦♥s t❤♦s❡ ❞❡❝✐s✐♦♥s ❛r❡ ♥♦t ♠❛❞❡ ❜② ❛ s✐♥❣❧❡ ♣❡rs♦♥ ❜✉t r❛t❤❡r ✐♥ ❣r♦✉♣s✱ s♦ ❝❛❧❧❡❞ ❝♦♠♠✐tt❡❡s✱ ✐♥ ❛

✈♦t✐♥❣ ♣r♦❝❡❞✉r❡✳ ❯♥✐✈❡rs✐t② ❢❛❝✉❧t✐❡s t②♣✐❝❛❧❧② ❞❡❧❡❣❛t❡ t❤❡✐r ❞❡❝✐s✐♦♥ ♦♥ ❛♥ ❛♣♣❧✐❝❛♥t✬s ❡♠♣❧♦②♠❡♥t t♦

❛ ❝♦♠♠✐tt❡❡ ❛♥❞ ♠❛♥② ❝♦♠♣❛♥✐❡s✱ s✉❝❤ ❛s ●♦♦❣❧❡✱ ♣r♦❝❡❡❞ s✐♠✐❧❛r❧②✶✳ ■♥ ♣♦❧✐t✐❝s✱ ♣❛rt② ❢❛❝t✐♦♥s ❛♥❞

♣❛r❧✐❛♠❡♥ts ❢♦r♠ ❝♦♠♠✐tt❡❡s ❢♦r ✐♥✈❡st✐❣❛t✐♦♥s ♦r ✐♥ ♦r❞❡r t♦ ✇♦r❦ ♦✉t r❡❝♦♠♠❡♥❞❛t✐♦♥s✱ ❛♥❞ ✐♥ ❥✉r②

tr✐❛❧s ❛ ❝♦♠♠✐tt❡❡ ❝♦♠♣♦s❡❞ ♦❢ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ t❤❡ s♦❝✐❡t② ❤❛s t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ❛ ❞❡❢❡♥❞❛♥t ✐s ❣✉✐❧t②

♦r ✐♥♥♦❝❡♥t ♦❢ t❤❡ ❛❝❝✉s❡❞ ❝r✐♠❡✳ ■♥ ❛♥② ♦❢ t❤❡s❡ ❝❛s❡s✱ ❝♦♠♠✐tt❡❡ ♠❡♠❜❡rs ❤❛✈❡ ❛ ❞✐st✐♥❝t ❡✈❛❧✉❛t✐♦♥ ♦❢

t❤❡ s✉❜❥❡❝t ❢♦r ❞❡❜❛t❡✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝♦♠♠✐tt❡❡ ❤❛s ❛ r✐❝❤❡r ♣♦♦❧ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛t ✐ts ❞✐s♣♦s❛❧ t❤❛♥ ❛♥

✐♥❞✐✈✐❞✉❛❧ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❛♥❞ ❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧② ♠❛❦❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❞❡❝✐s✐♦♥s✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥✱ ❤♦✇✲

❡✈❡r✱ ✐s ❞✐s♣❡rs❡❞✳ ❆ ✇✐❞❡❧② ✉s❡❞ ❛♣♣r♦❛❝❤ ❢♦r ❝♦♦r❞✐♥❛t✐♦♥ ❛r❡ str❛✇ ♣♦❧❧s ❛s ♥♦♥✲❜✐♥❞✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥

❞❡✈✐❝❡s ❜❡❢♦r❡ t❤❡ ❞❡❝✐s✐✈❡ ✈♦t❡✷✳

❲❤❡♥ t❤❡ ❯♥✐t❡❞ ◆❛t✐♦♥s ❙❡❝✉r✐t② ❈♦✉♥❝✐❧ ❞✐s❝✉ss❡❞ t❤❡ ❝❛♥❞✐❞❛t❡s ❢♦r t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❙❡❝r❡t❛r②✲●❡♥❡r❛❧

♦❢ t❤❡ ❯♥✐t❡❞ ◆❛t✐♦♥s ✐♥ ✷✵✵✻✱ ✐t ❝♦♥❞✉❝t❡❞ ❛ s❡r✐❡s ♦❢ str❛✇ ♣♦❧❧s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠❡♠❜❡rs ♦♣✐♥✐♦♥s

♦♥ t❤❡ ❝❛♥❞✐❞❛t❡s✳ ❆❧t❤♦✉❣❤ ♥♦♥❡ ♦❢ t❤❡s❡ ✈♦t❡s ❤❛❞ ❞❡❝✐s✐♦♥❛❧ ♣♦✇❡r✱ ❛❧❧ ❝❛♥❞✐❞❛t❡s ✇✐t❤❞r❡✇ t❤❡✐r

❝❛♥❞✐❞❛❝② ❛❢t❡r✇❛r❞s ❡①❝❡♣t ❢♦r ❇❛♥ ❑✐✲♠♦♦♥ ✇❤♦ r❡❝❡✐✈❡❞ t❤❡ ♠♦st ✈♦t❡s ✐♥ ❡❛❝❤ str❛✇ ♣♦❧❧✸✳ ❚❤❡

❢❛♠♦✉s ♠♦✈✐❡ ✶✷ ❆♥❣r② ▼❡♥ ❢r♦♠ ✶✾✺✼ ❝♦✈❡rs t❤❡ ❞❡❧✐❜❡r❛t✐♦♥ ♣r♦❝❡ss ♦❢ ❛ ❥✉r②✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢

t❤❡✐r ❞❡❧✐❜❡r❛t✐♦♥✱ t❤❡ ❥✉r♦rs ❝♦♥❞✉❝t ❛ str❛✇ ♣♦❧❧ ✐♥ ♦r❞❡r t♦ ❝♦❧❧❡❝t t❤❡✐r ✐♥✐t✐❛❧ ❛tt✐t✉❞❡s t♦✇❛r❞s t❤❡

✉♥❞❡r❧②✐♥❣ ❝❛s❡ ❛♥❞ ✉s❡ t❤❡ r❡s✉❧t ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t ❢♦r t❤❡ s✉❜s❡q✉❡♥t ❞❡❜❛t❡✳

❚❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r ❝♦♥❞✉❝t✐♥❣ str❛✇ ♣♦❧❧s st❡♠s ❢r♦♠ t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t ✈♦t❡rs ❝❛♥ ❤❛r♠❧❡ss❧② r❡✈❡❛❧ t❤❡✐r

✐♥❢♦r♠❛t✐♦♥✱ ♥♦t ❜❡✐♥❣ ❛t r✐s❦ ♦❢ ✉♥✐♥t❡♥t✐♦♥❛❧❧② ❝❛✉s✐♥❣ ❛ ❞❡❝✐s✐♦♥ ❛❧r❡❛❞②✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❢r♦♠ ❛ s❡r✐❡s

♦❢ ❡①♣❡r✐♠❡♥ts ♦♥ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ ✐♥ ❣r♦✉♣s✱ ●♦❡r❡❡ ❛♥❞ ❨❛r✐✈ ✭✷✵✶✶✮ ❝♦♥❝❧✉❞❡ t❤❛t ♠❡♠❜❡rs str♦♥❣❧②

❛♣♣r❡❝✐❛t❡ ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❛❧❡❞ ❜② ♦t❤❡rs✳ ❆❧t❤♦✉❣❤ ♣❡r❢♦r♠❡❞ ❢r❡q✉❡♥t❧② ❛♥❞ ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s✱ t❤❡

❜❡♥❡✜t ♦❢ str❛✇ ♣♦❧❧s ✐s ❞✐s♣✉t❡❞✳ ❆❝❝♦r❞✐♥❣ t♦ ❘♦❜❡rt ■■■✳ ❡t ❛❧✳ ✭✷✵✵✵✱ ♣✳ ✹✶✺✮✹✱ ❝♦♥❞✉❝t✐♥❣ ✏❛♥ ✐♥❢♦r♠❛❧

str❛✇ ♣♦❧❧ t♦ ❵t❡st t❤❡ ✇❛t❡r✬ ✭✳✳✳✮ ♥❡✐t❤❡r ❛❞♦♣ts ♥♦r r❡❥❡❝ts ❛ ♠❡❛s✉r❡ ❛♥❞ ❤❡♥❝❡ ✐s ♠❡❛♥✐♥❣❧❡ss ❛♥❞

❞✐❧❛t♦r②✳✑

❈♦♥❞♦r❝❡t ✭✶✼✽✺✮ ✇❛s t❤❡ ✜rst t♦ ❢♦r♠❛❧❧② ❛r❣✉❡ ✐♥ ❤✐s ❏✉r② ❚❤❡♦r❡♠ t❤❛t ✈♦t✐♥❣ ❞❡❝✐s✐♦♥s ♠❛❞❡ ✐♥

❣r♦✉♣s ♦✉t♣❡r❢♦r♠ t❤♦s❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧s✳ ■♥ ❤✐s s❡t✉♣✱ ❛ ❥✉r② ✈♦t❡s ♦♥❝❡ ♦♥ ❛ ❜✐♥❛r② ❞❡❝✐s✐♦♥✱ ❡❛❝❤ ♦❢ t❤❡♠

❜❡✐♥❣ ♦❜❥❡❝t✐✈❡❧② ❜❡st ✐♥ ♦♥❡ ♦❢ t✇♦ ♣♦ss✐❜❧❡ st❛t❡s ♦❢ t❤❡ ✇♦r❧❞✱ ❛♥❞ t❤❡ ❛❧t❡r♥❛t✐✈❡ ✇✐t❤ ♠♦r❡ ✈♦t❡s ✐s

✶ ✏❆♥ ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♠✐tt❡❡ ♦❢ ●♦♦❣❧❡rs r❡✈✐❡✇ ❢❡❡❞❜❛❝❦ ❢r♦♠ ❛❧❧ ♦❢ t❤❡ ✐♥t❡r✈✐❡✇❡rs✳ ❚❤✐s ❝♦♠♠✐tt❡❡ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r

❡♥s✉r✐♥❣ ♦✉r ❤✐r✐♥❣ ♣r♦❝❡ss ✐s ❢❛✐r ❛♥❞ t❤❛t ✇❡✬r❡ ❤♦❧❞✐♥❣ tr✉❡ t♦ ♦✉r ❵❣♦♦❞ ❢♦r ●♦♦❣❧❡✬ st❛♥❞❛r❞s ❛s ✇❡ ❣r♦✇✳✑✱ ●♦♦❣❧❡✱

❍♦✇ ❲❡ ❍✐r❡✳
✷ ❊s♣❡❝✐❛❧❧② ✐♥ ❧❛r❣❡ ❝♦♠♠✐tt❡❡s str❛✇ ♣♦❧❧s ❛r❡ ❛ s✐♠♣❧❡ ❛♥❞ s✇✐❢t❧② ❝♦♥❞✉❝t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♦❧ ✇❤❡♥ ✈❡r❜❛❧ ❞❡❧✐❜✲

❡r❛t✐♦♥ ✐s t❡❞✐♦✉s ❛♥❞ ❝♦♥❢✉s✐♥❣✳ ▼♦r❡♦✈❡r✱ ❛♥ ❛♥♦♥②♠♦✉s ♣♦❧❧ ❝❛♥ ❝✐r❝✉♠✈❡♥t ♣r✐✈❛❝② ✐ss✉❡s ❛♥❞ st✐❧❧ ♣r♦✈✐❞❡ s♦♠❡

❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♠♦♥❣ ❝♦♠♠✐tt❡❡ ♠❡♠❜❡rs✳
✸ ▼♦r❡ ✐♠♣♦rt❛♥t❧②✱ ❇❛♥ ✇❛s t❤❡ ♦♥❧② ❝❛♥❞✐❞❛t❡ ✇❤♦ r❡❝❡✐✈❡❞ ✈♦t❡s ❢r♦♠ ❛❧❧ ♣❡r♠❛♥❡♥t ♠❡♠❜❡rs ♦❢ t❤❡ ❙❡❝✉r✐t② ❈♦✉♥❝✐❧

✇❤✐❝❤ ❤❛✈❡ ✈❡t♦ ♣♦✇❡r ✐♥ t❤❡ ❞❡❝✐s✐✈❡ ❡❧❡❝t✐♦♥ ♣r♦❝❡ss✳ ❇❛♥ t❤❡♥ ✇❛s ❡❧❡❝t❡❞ ❜② t❤❡ ❣❡♥❡r❛❧ ❆ss❡♠❜❧② ♦♥ ❖❝t♦❜❡r ✶✸✱

✷✵✵✻✳
✹ ❘♦❜❡rt✬s ❘✉❧❡s ♦❢ ❖r❞❡r ◆❡✇❧② ❘❡✈✐s❡❞ ✐s ✇✐❞❡❧② ✉s❡❞ ❛s ♣❛r❧✐❛♠❡♥t❛r② ❛✉t❤♦r✐t②✱ ❡✳❣✳✱ ❜② t❤❡ ❯❙ ❈♦♥❣r❡ss✱ ❛♥❞ ❣✉✐❞❡

❢♦r ♠❡❡t✐♥❣s ❛♥❞ ❛ss❡♠❜❧✐❡s✳

✷

https://www.google.com/about/careers/lifeatgoogle/hiringprocess/
https://www.google.com/about/careers/lifeatgoogle/hiringprocess/


✐♠♣❧❡♠❡♥t❡❞✳ ❏✉r② ♠❡♠❜❡rs ❝♦♥❞✐t✐♦♥ t❤❡✐r ✈♦t✐♥❣ ❞❡❝✐s✐♦♥ ♦♥❧② ♦♥ t❤❡✐r ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡

st❛t❡✱ ✇❤✐❝❤ ✐s ❝♦rr❡❝t ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❤✐❣❤❡r t❤❛♥ 0.5✳ ▼♦r❡♦✈❡r✱ t❤❡ ❥✉r② ♠❡♠❜❡rs✬ ♣r❡❢❡r❡♥❝❡s ❛r❡

❛❧✐❣♥❡❞✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ✇♦✉❧❞ ✉♥❞♦✉❜t❡❞❧② ♣r❡❢❡r t❤❡ s❛♠❡ ✭♦❜❥❡❝t✐✈❡❧② ❜❡st✮ ❞❡❝✐s✐♦♥ ✐❢ t❤❡ st❛t❡

♦❢ t❤❡ ✇♦r❧❞ ✇❛s ❝♦♠♠♦♥❧② ❦♥♦✇♥✱ ❡✳❣✳ t♦ ❝♦♥✈✐❝t ❛ ❣✉✐❧t② ❞❡❢❡♥❞❛♥t ❛♥❞ ❛❝q✉✐t t❤❡ ✐♥♥♦❝❡♥t✳ ❆s t❤❡

✈♦t❡ ❛❣❣r❡❣❛t❡s t❤❡ ✐♥❞✐✈✐❞✉❛❧s✬ ✐♥❢♦r♠❛t✐♦♥✱ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ ❞❡❝✐s✐♦♥ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❝♦rr❡❝t t❤❛♥

t❤❡ ♦♥❡ ❢r♦♠ ❛♥ ✐♠♣❡r❢❡❝t❧② ✐♥❢♦r♠❡❞ ✐♥❞✐✈✐❞✉❛❧✳✺✳ ❈♦♥❞♦r❝❡t ❛ss✉♠❡s t❤❛t ❛❣❡♥ts ♦♥❧② ❝♦♥s✐❞❡r t❤❡✐r

♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ✇❤❡♥ ✈♦t✐♥❣ ✐♥ ❛ ❣r♦✉♣ ❥✉st ❛s t❤❡② ✇♦✉❧❞ ✇❤❡♥ ❞❡❝✐❞✐♥❣ ❛❧❧ ❛❧♦♥❡✳ ■♥ str❛t❡❣✐❝ ❣❛♠❡s✱

❤♦✇❡✈❡r✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② s❛t✐s✜❡❞✳ ❆✉st❡♥✲❙♠✐t❤ ❛♥❞ ❇❛♥❦s ✭✶✾✾✻✮ ❛s ✇❡❧❧ ❛s ❋❡❞❞❡rs❡♥

❛♥❞ P❡s❡♥❞♦r❢❡r ✭✶✾✾✽✮ s❡t ✉♣ ❛ st❛♥❞❛r❞ ♠♦❞❡❧ ❢♦r♠❛❧❧② ❛♥❞ ❝♦♥s✐❞❡r ❛ ❤♦♠♦❣❡♥❡♦✉s ❝♦♠♠✐tt❡❡ ✇✐t❤

❝♦♠♠♦♥❧② ❦♥♦✇♥ ❛♥❞ ❛❧✐❣♥❡❞ ♣r❡❢❡r❡♥❝❡s✳ Pr❡❢❡r❡♥❝❡s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❧❡✈❡❧s ♦❢ r❡❛s♦♥❛❜❧❡ ❞♦✉❜t

✇❤✐❝❤ ❛r❡ ✐❞❡♥t✐❝❛❧ ❢♦r ❤♦♠♦❣❡♥❡♦✉s ❝♦♠♠✐tt❡❡ ♠❡♠❜❡rs✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛❣❡♥ts ✇♦✉❧❞ ✉♥❛♥✐♠♦✉s❧②

♣r❡❢❡r t❤❡ s❛♠❡ ❞❡❝✐s✐♦♥ ♥♦t ♦♥❧② ✐❢ t❤❡ st❛t❡ ✇❛s ❦♥♦✇♥ ❜✉t ❛❧s♦ ✐❢ t❤❡② ❢❛❝❡❞ t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥✳

❚❤❡② ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ✈♦t✐♥❣ ❜❡❤❛✈✐♦r ❛ss✉♠❡❞ ❜② ❈♦♥❞♦r❝❡t ❝♦♥st✐t✉t❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦♥❧② ✐❢ t❤❡

✈♦t✐♥❣ r✉❧❡ ✐s ❛❞❥✉st❡❞ t♦ t❤❡ ❛❣❡♥ts✬ ♣r❡❢❡r❡♥❝❡s ❛♣♣r♦♣r✐❛t❡❧②✳

❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮ ❝♦♥s✐❞❡rs ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✇✐t❤ ❝♦♠♠✐tt❡❡s ✇❤♦s❡ ♠❡♠❜❡rs ❛r❡ ❤❡t✲

❡r♦❣❡♥❡♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ❧❡✈❡❧s ♦❢ r❡❛s♦♥❛❜❧❡ ❞♦✉❜t✳ Pr❡❢❡r❡♥❝❡s ❛r❡ ❛❧✐❣♥❡❞ ❜✉t ❛❣❡♥ts ❛ss❡ss

t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐✛❡r❡♥t❧② ❛♥❞ ♠✐❣❤t ❞✐s❛❣r❡❡ ♦♥ t❤❡ ♣r❡❢❡rr❡❞ ❞❡❝✐s✐♦♥✳ ❍❡ st✉❞✐❡s t❤❡ r♦❧❡ ♦❢

❛ ♣r❡❧✐♠✐♥❛r② ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧ ❛♥❞ ❞❡♠♦♥str❛t❡s t❤❛t ✐♥❢♦r♠❛t✐♦♥ ✐s ❛❣❣r❡❣❛t❡❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠

♦♥❧② ✐❢ t❤❡ ❛❣❡♥ts✬ ♣r❡❢❡r❡♥❝❡s ❛r❡ ✐♥ ❢❛❝t ❤♦♠♦❣❡♥❡♦✉s✳ ■❢ ❛♥ ❛❣❡♥t ❝♦♥s✐❞❡rs r❡✈❡❛❧✐♥❣ ❤✐s ✐♥❢♦r♠❛t✐♦♥

✐♥ ❛ str❛✇ ♣♦❧❧✱ ❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❤❡ ❞✐s❝❧♦s❡s t✐♣s t❤❡ ❜❛❧❛♥❝❡ ✐♥ t❤❡

s✉❜s❡q✉❡♥t ❞❡❝✐s✐✈❡ ✈♦t❡✱ t❤❛t ✐s ✇❤❡♥ ❤✐s ✈♦t❡ ✐s ♣✐✈♦t❛❧✳ ■❢ t❤❡ ❝♦♠♠✐tt❡❡ ✐s ❤❡t❡r♦❣❡♥❡♦✉s ❛♥❞ ♦t❤❡r

❛❣❡♥ts ❞r❛✇ ♦♣♣♦s✐t❡ ❝♦♥❝❧✉s✐♦♥s ❢r♦♠ r❡✈❡❛❧❡❞ ✐♥❢♦r♠❛t✐♦♥✱ ❞✐s❝❧♦s✐♥❣ ✐♥❢♦r♠❛t✐♦♥ tr✉t❤❢✉❧❧② ❝❛♥ ❧❡❛❞ t♦

❛ ✉♥❢❛✈♦r❛❜❧❡ ✈♦t✐♥❣ ♦✉t❝♦♠❡ ❢♦r s♦♠❡ ❛❣❡♥ts✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡s❡ ❛❣❡♥ts ❝❛♥ ❜❡ ❜❡tt❡r ♦✛ ✇✐t❤ ♣r♦✈✐❞✐♥❣

♠✐s✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ str❛✇ ♣♦❧❧ ✐♥ ♦r❞❡r t♦ ♠❛♥✐♣✉❧❛t❡ t❤❡ ❞❡❝✐s✐✈❡ ✈♦t❡ ✐♥ t❤❡✐r ❢❛✈♦r✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮✬s ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♠✐tt❡❡ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤

❛❣❡♥ts ❛❞❞✐t✐♦♥❛❧❧② ❤❛✈❡ ♣r❡❢❡r❡♥❝❡s ♦✈❡r t❤❡ ❧❡♥❣t❤ ♦❢ ❞❡❧✐❜❡r❛t✐♦♥✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❝♦♠♠✐tt❡❡ ♠❡♠✲

❜❡rs ✐♥❝✉r ❝♦sts ♦❢ t✐♠❡ ❢r♦♠ ❡❛❝❤ r♦✉♥❞ ♦❢ ✈♦t✐♥❣ ❛♥❞✱ ❤❡♥❝❡✱ ♣r❡❢❡r t♦ ♠❛❦❡ ❞❡❝✐s✐♦♥s ❡❛r❧✐❡r✳ ❲❡ ❤❡r❡❜②

❛❝❝♦✉♥t ❢♦r t❤❡ ❞❡❢❡rr✐♥❣ ❢❡❛t✉r❡ ♦❢ str❛✇ ♣♦❧❧s ♣♦✐♥t❡❞ ♦✉t ❜② ❘♦❜❡rt ■■■✳ ❡t ❛❧✳ ✭✷✵✵✵✮✳ ❲❤❡♥ ❝♦♠♠✐tt❡❡

♠❡♠❜❡rs ❡♥❣❛❣❡ ✐♥ ❛ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧ t❤❡② ❛❧✇❛②s ✈♦t❡ t✇✐❝❡✳ ■❢ ❛❣❡♥ts ❤❛✈❡ t❤❡ ♦♣♣♦rt✉♥✐t②

t♦ ❝✐r❝✉♠✈❡♥t ❛ s❡❝♦♥❞ ♣♦❧❧ ✇❤❡♥❡✈❡r t❤❡r❡ ✐s ❜r♦❛❞ ❛❣r❡❡♠❡♥t ✐♥ t❤❡ ✜rst ✈♦t❡ ❛❧r❡❛❞②✱ ♥❡✇ str❛t❡❣✐❝

❡✛❡❝ts ❛r✐s❡✳ ❯♥❧✐❦❡ ✐♥ ❛ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧✱ ❛❣❡♥ts ❛r❡ t❤❡♥ ♥♦t ♦♥❧② ♣✐✈♦t❛❧ ✇❤❡♥ t❤❡✐r ❞✐s❝❧♦s❡❞

✐♥❢♦r♠❛t✐♦♥ t✐♣s t❤❡ ❜❛❧❛♥❝❡ ✐♥ t❤❡ s✉❜s❡q✉❡♥t ✈♦t❡ ❜✉t ❛❧s♦ ✇❤❡♥ t❤❡r❡ ✐s ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❝♦♥s❡♥s✉s ❢♦r

♦♥❡ ♦❢ t❤❡ t✇♦ ❛❧t❡r♥❛t✐✈❡s ✇✐t❤✐♥ t❤❡ ♦t❤❡r ❛❣❡♥ts✬ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ t❤❡s❡ ❝❛s❡s ❛♥ ❛❣❡♥t ❝❛♥ ♠❛①✐♠✐③❡

t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ♣r❡✈❡♥t ❛ r❡❞✉♥❞❛♥t s❡❝♦♥❞ ✈♦t❡ ❜② r❡✈❡❛❧✐♥❣ ❤✐s ✐♥❢♦r♠❛t✐♦♥ tr✉t❤❢✉❧❧②✳ ❆s ❛❣❡♥ts

❢♦r♠ ❜❡❧✐❡❢s ❛❜♦✉t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡❛❝❤ ♣✐✈♦t❛❧ ❝❛s❡ ❢r♦♠ t❤❡✐r ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✱ ❝♦♥s❡♥s✉s ❛♠♦♥❣

✺ ■♥ ❛❞❞✐t✐♦♥✱ ❜② ❛ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ❝♦rr❡❝t ❞❡❝✐s✐♦♥ ❛♣♣r♦❛❝❤❡s 1 ❛s t❤❡ ❥✉r② s✐③❡ ❣r♦✇s ❧❛r❣❡✳ ❙❡❡✱

❢♦r ❡①❛♠♣❧❡✱ P✐❦❡tt② ✭✶✾✾✾✮ ❢♦r ❛♥ ♦✈❡r✈✐❡✇ ♦♥ t❤❡ ❏✉r② ❚❤❡♦r❡♠✳ ❋♦r ❛ ❞✐s❝✉ss✐♦♥ ❛♥❞ ❡①t❡♥s✐♦♥s s❡❡ ▲❛❞❤❛ ✭✶✾✾✷✮✱

▼✐❧❧❡r ✭✶✾✽✻✮ ❛♥❞ ❨♦✉♥❣ ✭✶✾✽✽✮✳

✸



t❤❡ ♦t❤❡r ❛❣❡♥ts ❢♦r t❤❡ ❛❣❡♥t✬s ✐♥✐t✐❛❧❧② ♣r❡❢❡rr❡❞ ❞❡❝✐s✐♦♥ ✐s ♠♦r❡ ❧✐❦❡❧② t❤❛♥ ❢♦r t❤❡ ♦♣♣♦s✐t❡✳ ❍❡♥❝❡✱

❝♦♠♠✐tt❡❡ ♠❡♠❜❡rs ❤❛✈❡ ❜❡tt❡r ✐♥❝❡♥t✐✈❡s t♦ r❡✈❡❛❧ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ❝♦♠♣❛r❡❞ t♦ ❛ str❛✇ ♣♦❧❧ t❤❛t ❤❛s

♥♦ ❝♦♥s❡q✉❡♥❝❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡✈❡♥ ❝♦♠♠✐tt❡❡s t❤❛t ❛r❡ ✐♥ ❢❛❝t ❤❡t❡r♦❣❡♥❡♦✉s ❛r❡ ❛❜❧❡ t♦ ❛❣❣r❡❣❛t❡

✐♥❢♦r♠❛t✐♦♥ ♣❡r❢❡❝t❧② ✐❢ t❤❡ str❛✇ ♣♦❧❧ ✐s ♠♦❞✐✜❡❞ t♦ ✐♠♣❧❡♠❡♥t ❛ ❞❡❝✐s✐♦♥ ❢♦r ❤✐❣❤ ❧❡✈❡❧s ♦❢ ❝♦♥s❡♥s✉s

str❛✐❣❤t❛✇❛② ✇✐t❤♦✉t ❛ s❡❝♦♥❞ ✈♦t❡✳

■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♠✐tt❡❡✬s ✇❡❧❢❛r❡ ✉♥❞❡r ❜♦t❤ ❛ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧ ❛♥❞ ❛ ♣♦t❡♥t✐❛❧❧②

❝♦♥s❡q✉❡♥t✐❛❧ ✜rst ✈♦t❡✳ ❲❤❡♥ ✇❡ ❛❧❧♦✇ ❢♦r ❛ ❞❡❝✐s✐♦♥ ❛❧r❡❛❞② ✐♥ t❤❡ ✜rst ✈♦t❡✱ ✇❡ ❝❛♥ ❛❧✇❛②s ✐❞❡♥t✐❢②

❛ r❡q✉✐r❡♠❡♥t ♦♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ✈♦t❡ t❤❛t str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ✇❡❧❢❛r❡ ♦❢ ❡❛❝❤ ❥✉r♦r ♦❢ ❛♥②

❤♦♠♦❣❡♥❡♦✉s ❝♦♠♠✐tt❡❡✳ ■❢ t❤❡ r❡q✉✐r❡♠❡♥t ✐s str✐❝t ❡♥♦✉❣❤✱ t❤❡ ❥✉r② ✇✐❧❧ ♠❛❦❡ t❤❡ s❛♠❡ ❞❡❝✐s✐♦♥ ✐♥

❜♦t❤ s❡t✉♣s ❜✉t t❤❡ ❛❜✐❧✐t② t♦ s❛✈❡ ❝♦sts ❝❛✉s❡s ❛ str✐❝t ✇❡❧❢❛r❡ ✐♠♣r♦✈❡♠❡♥t✳ ◆❛t✉r❛❧❧②✱ t❤✐s ♣♦s✐t✐✈❡

✇❡❧❢❛r❡ ❡✛❡❝t ❢r♦♠ s❛✈✐♥❣ ❝♦sts ✐s ❛❧s♦ ♣r❡s❡♥t ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s✳ ❚❤❡ ♠❛❞❡ ❞❡❝✐s✐♦♥s✱ ❤♦✇❡✈❡r✱

❛r❡ ❛❧✇❛②s s✉❜♦♣t✐♠❛❧ ❢♦r s♦♠❡ ♠❡♠❜❡rs ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♠✐tt❡❡s✳ ❚❤✐s ♣r♦✈✐❞❡s ❛ ♥❡❣❛t✐✈❡ ✇❡❧❢❛r❡

❡✛❡❝t ❢♦r t❤♦s❡ ❛❣❡♥ts✳ ❚❤❡ ♦✈❡r❛❧❧ ✇❡❧❢❛r❡ ❡✛❡❝t ✐s ♣♦s✐t✐✈❡ ❢♦r ❡✈❡r② ❛❣❡♥t ❛s ❧♦♥❣ ❛s ❤❡t❡r♦❣❡♥❡✐t② ✐s

♠❛♥❛❣❡❛❜❧❡✳ ❤❡♥❝❡✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛❧✇❛②s ❛ ❞❡❝✐s✐♦♥ t❤r❡s❤♦❧❞ ❢♦r t❤❡ ✜rst ✈♦t❡ ❢♦r ✇❤✐❝❤

❡✈❡r② ♠❡♠❜❡r ♦❢ ❝♦♠♠✐tt❡❡s ✇✐t❤ ❜♦✉♥❞❡❞ ❤❡t❡r♦❣❡♥❡✐t② ✐s str✐❝t❧② ❜❡tt❡r ♦✛ t❤❛♥ ✇✐t❤ ❛ str❛✇ ♣♦❧❧ ✐♥

t❤❡ ✜rst ♣❡r✐♦❞✳

❋✐♥❛❧❧②✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ ❞❡s✐❣♥❡r ✇❤♦ ✇❛♥ts t♦ ♦♣t✐♠❛❧❧② s❡t ❛ t❤r❡s❤♦❧❞ ❢♦r ❛❣r❡❡♠❡♥t ✐♥ t❤❡

✜rst ♣❡r✐♦❞✳ ❍❡r❡❜② ✇❡ ❞✐st✐♥❣✉✐s❤ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞❡s✐❣♥❡r ♦❜s❡r✈❡s t❤❡ ❝♦♠♠✐tt❡❡✬s ♣r❡❢❡r❡♥❝❡s t♦

t❤❛t ✇❤❡r❡ s❤❡ ♠✉st ❝♦♠♠✐t t♦ ❛ t❤r❡s❤♦❧❞ ❜❡❢♦r❡ ❣❡tt✐♥❣ t♦ ❦♥♦✇ t❤❡ ❛❣❡♥ts✳ ❋❛❝✐❧✐t❛t✐♥❣ ❡❛r❧② ❞❡❝✐s✐♦♥s

s❛✈❡s ❝♦sts ♦❢ t✐♠❡ ❜✉t ♣♦t❡♥t✐❛❧❧② ✐♠♣❛❝ts t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ❥✉r② ❞❡❝✐s✐♦♥✳ ❚❤❡ ❞❡s✐❣♥❡r ♠✉st s♦❧✈❡

t❤✐s tr❛❞❡✲♦✛ ✇✐t❤ ❤❡r ❝❤♦✐❝❡ ♦❢ t❤❡ ❞❡❝✐s✐♦♥ r✉❧❡✳ ❲❡ ♣r♦✈✐❞❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❤❡r ❝❤♦✐❝❡ t♦ ❜❡ ♦♣t✐♠❛❧

❢r♦♠ ❛❧❧ ❝❛♥❞✐❞❛t❡ ❞❡❝✐s✐♦♥ r✉❧❡s t❤❛t ♣❛r❡t♦✲❞♦♠✐♥❛t❡ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ♦❢ s❡t✉♣s ✇✐t❤ str❛✇ ♣♦❧❧s✳

❚❤✐s ♣❛♣❡r ❜❡❧♦♥❣s ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❝♦♠♠✐tt❡❡ ✈♦t✐♥❣ ✇✐t❤ ❝♦♠♠♦♥❧② ❦♥♦✇♥ ♣r❡❢❡r❡♥❝❡s✳ ❆s st❛♥❞❛r❞✱

✇❡ ✉s❡ t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ ❥✉r② tr✐❛❧s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❆ ❝♦♠♠✐tt❡❡ ✐s r❡❢❡rr❡❞ t♦ ❛s ❥✉r② ❛♥❞ ❛ ❝♦♠♠✐tt❡❡

♠❡♠❜❡rs ✐s ❝❛❧❧❡❞ ❛ ❥✉r♦r✳ ❚❤❡ ❥✉r② ❤❛s t♦ ❞❡❝✐❞❡ ❜❡t✇❡❡♥ ❝♦♥✈✐❝t✐♦♥ ♦r ❛❝q✉✐tt❛❧ ♦❢ ❛ ❞❡❢❡♥❞❛♥t ✇❤♦ ✐s

❡✐t❤❡r ❣✉✐❧t② ♦r ✐♥♥♦❝❡♥t✳

❉❡✐♠❡♥ ❡t ❛❧✳ ✭✷✵✶✸✮ s❤♦✇ t❤❛t ❈♦✉❣❤❧❛♥✬s ✐♠♣♦ss✐❜✐❧✐t② r❡s✉❧t ❝❛♥ ❜❡ ♠✐t✐❣❛t❡❞ ✇❤❡♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥

str✉❝t✉r❡ ✐s ❡♥❤❛♥❝❡❞ ❛♥❞ ❛❧❧♦✇s ❥✉r♦rs t♦ ❡①❛♠✐♥❡ ❝♦♥s✐st❡♥❝② ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ❍✉♠♠❡❧ ✭✷✵✶✷✮ ❛s ✇❡❧❧ ❛s

❚❤♦r❞❛❧✲▲❡ ◗✉❡♠❡♥t ❛♥❞ ❨♦❦❡❡s✇❛r❛♥ ✭✷✵✶✸✮ ❞❡♠♦♥str❛t❡ t❤❛t ✐♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞

✐❢ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♠♠✐tt❡❡s ❞❡❧✐❜❡r❛t❡ ✐♥ ❤♦♠♦❣❡♥❡♦✉s s✉❜❣r♦✉♣s ✜rst✳

❋♦r t❤❡ ❝❛s❡ ♦❢ ♣r✐✈❛t❡❧② ❦♥♦✇♥ ♣r❡❢❡r❡♥❝❡s✱ ✐♥❢♦r♠❛t✐♦♥ ✐s ❛❣❣r❡❣❛t❡❞ ✐♥ ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s ✉♥❞❡r ❝❡r✲

t❛✐♥ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✈♦t✐♥❣ r✉❧❡ ✭❆✉st❡♥✲❙♠✐t❤ ❛♥❞ ❋❡❞❞❡rs❡♥✱ ✷✵✵✻✮✱ t❤❡ ❥✉r♦rs✬ ♣r❡❢❡r❡♥❝❡s ❛♥❞ t❤❡

❥✉r② s✐③❡ ✭▼❡✐r♦✇✐t③✱ ✷✵✵✼❀ ❚❤♦r❞❛❧✲▲❡ ◗✉❡♠❡♥t✱ ✷✵✶✸✮✳

❖✉r ✇♦r❦ ✐s ❛❧s♦ r❡❧❛t❡❞ t♦ ✐♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥ ✐♥ ❡❧❡❝t✐♦♥s✳ ▼♦r❣❛♥ ❛♥❞ ❙t♦❝❦❡♥ ✭✷✵✵✽✮ st✉❞② t❤❡

✐♥❢♦r♠❛t✐✈❡ s✉❜st❛♥❝❡ ♦❢ str❛✇ ♣♦❧❧s t❤❛t ❛r❡ ❤❡❧❞ ♣r✐♦r t♦ ❡❧❡❝t✐♦♥s✳ ■♥ t❤❡✐r s❡t✉♣ t❤❡ r❡s✉❧t ♦❢ t❤❡ ♣♦❧❧

✐♥✢✉❡♥❝❡s t❤❡ s✉❜s❡q✉❡♥t ♣♦❧✐❝② ❝❤♦✐❝❡ ✇❤✐❝❤ ❝♦♥st✐t✉❡♥ts t❛❦❡ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ str❛t❡❣✐❝❛❧❧②✳ ❚❤❡② ✜♥❞

t❤❛t ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❛❣❣r❡❣❛t❡❞ ✐♥ s♠❛❧❧ ♣♦❧❧s ✐❢ t❤❡ ❡❧❡❝t♦r❛t❡ ✐s s✉✣❝✐❡♥t❧② ❤♦♠♦❣❡♥❡♦✉s✳ P✐❦❡tt②

✭✷✵✵✵✮ ✐♥✈❡st✐❣❛t❡s t❤❡ ❡✛❡❝t ♦♥ ✐♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥ ✐❢ ❥✉r♦rs ✉s❡ ❡❧❡❝t✐♦♥s t♦ ❝♦♠♠✉♥✐❝❛t❡ t❤❡✐r

✹



♣r❡❢❡r❡♥❝❡ ✐♥ ♦r❞❡r t♦ ✐♥✢✉❡♥❝❡ ❢✉t✉r❡ ❞❡❝✐s✐♦♥s✳

❋✉rt❤❡r♠♦r❡✱ ♦✉r ✇♦r❦ ✐s ♣❛rt❧② r❡❧❛t❡❞ t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❞❡❜❛t❡s✳ ❆✉st❡♥✲❙♠✐t❤ ✭✶✾✾✵✮ ❛♥❛❧②③❡s ✐❢ ❞❡✲

❜❛t❡ ❝❛♥ ✐♥✢✉❡♥❝❡ ❛ ❧❛t❡r ❞❡❝✐s✐♦♥ ❛s ✇❡❧❧ ❛s ✐ts ✐♥❢♦r♠❛t✐♦♥❛❧ r♦❧❡✳ ❇♦❣♥❛r ❡t ❛❧✳ ✭✷✵✶✸✮ st✉❞② ✐♥❢♦r♠❛t✐♦♥

❛❣❣r❡❣❛t✐♦♥ ♦✈❡r t❤❡ ❝♦✉rs❡ ♦❢ r❡♣❡❛t❡❞ ❛♥❞ ❝♦st❧② ♥❡❣♦t✐❛t✐♦♥s ✇❤❡r❡❛s ❉❛♠✐❛♥♦ ❡t ❛❧✳ ✭✷✵✶✵✱ ✷✵✶✷❜✮

✐♥✈❡st✐❣❛t❡ t❤❡ r♦❧❡ ♦❢ ❝♦st❧② ❞❡❧❛② ✐♥ r❡♣❡❛t❡❞ ♥❡❣♦t✐❛t✐♦♥s ✇✐t❤ ❛s②♠♠❡tr✐❝ ✐♥❢♦r♠❛t✐♦♥✳ ❉❛♠✐❛♥♦ ❡t ❛❧✳

✭✷✵✶✷❛✮ ❞❡r✐✈❡ ❛♥ ♦♣t✐♠❛❧ ❞❡❛❞❧✐♥❡ ♦♥ r❡♣❡❛t❡❞ ♥❡❣♦t✐❛t✐♦♥s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✐♥tr♦❞✉❝❡s t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ❝♦♠♠✐tt❡❡ ✈♦t✐♥❣ ❡①t❡♥❞❡❞ ✇✐t❤ ❝♦sts ♦❢ t✐♠❡

❢r♦♠ t❤❡ ✈♦t✐♥❣ ♣r♦❝❡ss✳ ■♥ ❈❤❛♣t❡r ✸ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ♦❢ ❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮ ♦♥ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇

♣♦❧❧s ❢♦❧❧♦✇❡❞ ❜② ❛ ❞❡❝✐s✐✈❡ ✈♦t❡ t♦ ❛ t✇♦✲♣❡r✐♦❞ s❡t✉♣ ✇✐t❤ t❤❡ ♦♣♣♦rt✉♥✐t② ❢♦r ❛❣r❡❡♠❡♥t ✐♥ t❤❡ ✜rst

✈♦t❡ ❢♦r ❜r♦❛❞ ❛❣r❡❡♠❡♥t ❛❧r❡❛❞②✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❥✉r✐❡s ❤❡t❡r♦❣❡♥❡✐t② ❢♦r ❡q✉✐❧✐❜r✐❛

✇✐t❤ ✐♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ❛r❡ ✇❡❛❦❡r ❢♦r t❤❡ ❧❛tt❡r s❡t✉♣✳ ■♥ ❈❤❛♣t❡r ✹ ✇❡ ❛r❣✉❡

t❤❛t ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s ❝❛♥ ❜❡ str✐❝t❧② ❜❡tt❡r ♦✛ ✇✐t❤ t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r ❡❛r❧② ❛❣r❡❡♠❡♥t ❝♦♠♣❛r❡❞ t♦

❛ ♣✉r❡ str❛✇ ♣♦❧❧ ❛♥❞ ✇❡ ♣r♦✈✐❞❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ❞❡s✐❣♥❡r t♦ s❡t t❤❡ ❞❡❝✐s✐♦♥ r✉❧❡ ❢♦r t❤❡ ✜rst ♣❡r✐♦❞

♦♣t✐♠❛❧❧②✳ ❋✐♥❛❧❧②✱ ❈❤❛♣t❡r ✺ ❝♦♥❝❧✉❞❡s✳ ❆❧❧ ♣r♦♦❢s ❛r❡ r❡❧❡❣❛t❡❞ t♦ t❤❡ ❆♣♣❡♥❞✐①✳

✷ ❚❤❡ ❚✇♦✲♣❡r✐♦❞ ❈♦♠♠✐tt❡❡ ❱♦t✐♥❣ ▼♦❞❡❧

✷✳✶ ❆❣❡♥ts✴❏✉r♦rs

N ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ❛♥❞✱ ✇✐t❤ s❧✐❣❤t ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ t❤❡ s❡t ♦❢ ❛❣❡♥ts ✇❤♦ ♠❛❦❡ ❛ ❜✐♥❛r② ❞❡❝✐s✐♦♥✳

❲❡ ✇✐❧❧ ✐♥t❡r♣r❡t t❤❡ ♣r♦❜❧❡♠ ❛s t❤❡ ❝♦♥✈✐❝t✐♦♥ ✭C✮ ♦r ❛❝q✉✐tt❛❧ ✭A✮ ♦❢ ❛ ❞❡❢❡♥❞❛♥t ✐♥ ❛ ❥✉r② tr✐❛❧✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛❧❧ ❛♥ ❛❣❡♥t ❢r♦♠ ♥♦✇ ♦♥ ❛ ❥✉r♦r ❛♥❞ t❤❡ s❡t N ✐s ❛ ❥✉r② ❝♦♥s✐st✐♥❣ ♦❢ N ❥✉r♦rs✳ ❏✉r♦rs

♠❛①✐♠✐③❡ t❤❡✐r ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❛♥❞ ✇❡ ❛ss✉♠❡ ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ ♦❢ r❛t✐♦♥❛❧✐t②✳

✷✳✷ ❙t❛t❡s ❛♥❞ Pr❡❢❡r❡♥❝❡s

❚❤❡r❡ ❛r❡ t✇♦ st❛t❡s ♦❢ t❤❡ ✇♦r❧❞✱ ω ∈ {G, I}✳ ❚❤❡ ❞❡❢❡♥❞❛♥t ✐s ❡✐t❤❡r ❣✉✐❧t② ✭ω = G✮ ♦r ✐♥♥♦❝❡♥t ✭ω = I✮✳

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❜♦t❤ st❛t❡ ❛r❡ ❡q✉❛❧❧② ❧✐❦❡❧②✱ t❤❛t ✐s Pr [ω = G] = Pr [ω = I] = 1/2✳ ❏✉r♦r

j✬s ♣r❡❢❡r❡♥❝❡s ❛r❡ st❛t❡ ❞❡♣❡♥❞❡♥t ❛♥❞ ♥♦r♠❛❧✐③❡❞ t♦

Uj (C | ω = G) = Uj (A | ω = I) = 0,

Uj (C | ω = I) = −qj ,

Uj (A | ω = G) = −(1− qj),

✇❤❡r❡ qj ∈ (0, 1)✳ ❚❤✐s ♥♦r♠❛❧✐③❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ✐♥t❡r♣r❡t qj ❛s ❛ t❤r❡s❤♦❧❞ ♣r♦❜❛❜✐❧✐t② ♦❢ ❣✉✐❧t ♦❢ ❥✉r♦r

j✱ ✇❤♦ ♣r❡❢❡rs ❞❡❝✐s✐♦♥ C ♦✈❡r A ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❤✐s ♣❡r❝❡✐✈❡❞ ♣r♦❜❛❜✐❧✐t② ♦❢ st❛t❡ G ✐s ❧❛r❣❡r ♦r ❡q✉❛❧ t♦

qj ✳ ❏✉r♦rs ✇✐t❤ ❧♦✇❡r t❤r❡s❤♦❧❞s qj ❛r❡ ❝♦♠♣❛r❛t✐✈❡❧② ♠♦r❡ ❜✐❛s❡❞ t♦✇❛r❞s C ✇❤❡r❡❛s ❥✉r♦rs ✇✐t❤ ❤✐❣❤❡r

t❤r❡s❤♦❧❞s qj ❛r❡ ♠♦r❡ ❜✐❛s❡❞ t♦✇❛r❞s A✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ ❥✉r② tr✐❛❧ ♦♥❡ ❝❛♥ ❛❧s♦ t❤✐♥❦ ♦❢ qj ❛s j✬s

❧❡✈❡❧ ♦❢ r❡❛s♦♥❛❜❧❡ ❞♦✉❜t✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛❧❧ ♣r❡❢❡r❡♥❝❡s qj ❛r❡ ❝♦♠♠♦♥❧② ❦♥♦✇♥✳

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ s♦rt ❥✉r♦rs ❜② t❤❡✐r ♣r❡❢❡r❡♥❝❡s q1 ≤ . . . ≤ qN ✳ ❊① ❛♥t❡ ❥✉r♦rs ❛r❡ s♦❧❡❧②

✺



❞✐st✐♥❣✉✐s❤❡❞ ❜② t❤❡✐r ♣r❡❢❡r❡♥❝❡s ❛♥❞ ✇❡ ✇✐❧❧ s❛② ❥✉r♦r ❥ ❢♦r ❛ ❥✉r♦r ✇✐t❤ ♣r❡❢❡r❡♥❝❡s qj ∈ [qj−1, qj+1]✳

❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ✐♠♣♦s❡ t❤❛t ❥✉r♦rs ✐♥❝✉r ❛❞❞✐t✐✈❡ ❝♦sts ♦❢ c ≥ 0 ♦♥ t❤❡✐r ✉t✐❧✐t② ❢r♦♠ ❡❛❝❤ r♦✉♥❞ ♦❢

✈♦t✐♥❣✱ ✇❤✐❝❤ r❡♣r❡s❡♥t ❝♦sts ♦❢ t✐♠❡ ♦r ♦♣♣♦rt✉♥✐t② ❝♦sts✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝♦✉❧❞ t❤✐♥❦ ♦❢ ✐♠♣❛t✐❡♥t

❥✉r♦rs ✇❤♦ ♣r❡❢❡r ❡❛r❧✐❡r ❞❡❝✐s✐♦♥s t♦ ❧❛t❡r ♦♥❡s✳

✷✳✸ ■♥❢♦r♠❛t✐♦♥

Pr✐♦r t♦ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ ♣r♦❝❡ss ❡❛❝❤ ❥✉r♦r j ∈ N r❡❝❡✐✈❡s ❛♥ ✐♥❢♦r♠❛t✐✈❡ s✐❣♥❛❧ sj ∈ {i, g} ❛❜♦✉t

t❤❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞✱ ✇❤❡r❡

Pr [sj = i|ω = I] = Pr [sj = i|ω = G] = p ∈

(
1

2
, 1

)

❲❡ r❡❢❡r t♦ p ❛s t❤❡ s✐❣♥❛❧✬s ♣r❡❝✐s✐♦♥✳ ❙✐❣♥❛❧s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❞r❛✇♥✱ ♣r✐✈❛t❡❧② ♦❜s❡r✈❡❞ ❛♥❞ ♥♦t

✈❡r✐✜❛❜❧❡✳ ❚❤❡ s✐❣♥❛❧✬s ♣r❡❝✐s✐♦♥ ✐s ✐❞❡♥t✐❝❛❧ ❛♥❞ ❦♥♦✇♥ t♦ ❡✈❡r② ❥✉r♦r✳

✷✳✹ ❱♦t✐♥❣

❲❡ ❝♦♥s✐❞❡r ❛ t✇♦✲♣❡r✐♦❞ ✈♦t✐♥❣ ❣❛♠❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✳ ■♥ ❜♦t❤ ♣❡r✐♦❞s ❥✉r♦rs ✈♦t❡ ❢♦r ❡✐t❤❡r A ♦r

C✳ ❉❡♥♦t✐♥❣ ❜② xt t❤❡ ♥✉♠❜❡r ♦❢ C✲✈♦t❡s ✐♥ ♣❡r✐♦❞ t✱ t❤❡ ❞❡❝✐s✐♦♥ ✐♥ ♣❡r✐♦❞ t ∈ {1, 2}✱ dt✱ ✐s ❞❡t❡r♠✐♥❡❞

❜② ❛ ❞❡❝✐s✐♦♥ r✉❧❡ r❡♣r❡s❡♥t❡❞ ❜② t❤r❡s❤♦❧❞ kt✳ ■♥ t = 1✱ t❤❡ ❞❡❢❡♥❞❛♥t ❝❛♥ ❜❡ ❝♦♥✈✐❝t❡❞ ♦r ❛❝q✉✐tt❡❞ ♦♥❧②

✐❢ ♠♦r❡ t❤❛♥ ♦r ❡q✉❛❧ t♦ N − k1 ❥✉r♦rs ✈♦t❡ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❧t❡r♥❛t✐✈❡✻✳ ■❢ s✉❝❤ ❛ ♠❛❥♦r✐t② t✉r♥s

♦✉t✱ t❤❡ ❣❛♠❡ ❡♥❞s ❛♥❞ t❤❡ ❥✉r②✬s r❡s♣❡❝t✐✈❡ ❞❡❝✐s✐♦♥ ✐s ✐♠♣❧❡♠❡♥t❡❞✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❞❡❝✐s✐♦♥ ✐s ❞❡❧❛②❡❞

✭d1 = D✮✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✈♦t❡s ❢♦r ❜♦t❤ ❛❧t❡r♥❛t✐✈❡s ✐s r❡✈❡❛❧❡❞ ❛♥❞ t❤❡ ❥✉r② ✈♦t❡s ❛❣❛✐♥ ✐♥ ♣❡r✐♦❞ 2✳

❋♦r♠❛❧❧② t❤❡ ❞❡❝✐s✐♦♥ r✉❧❡ ✐♥ ♣❡r✐♦❞ 1 ✐s ❣✐✈❡♥ ❜②✱

d1 =





A ✐❢ x1 < k1

C ✐❢ N − k1 < x1

D ❡❧s❡✳

✭✶✮

❙❡❡ ❋✐❣✉r❡ ✶ ❢♦r ❛ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ C✲✈♦t❡s ✐♥ t = 1 ♦♥ t❤❡ ❛①✐s✳ ■❢ t❤❡ ❣❛♠❡

❝♦♥t✐♥✉❡s ✐♥ s❡❝♦♥❞ ♣❡r✐♦❞ ❛❢t❡r d1 = D✱ x1 ✐s ❞✐s❝❧♦s❡❞ t❤❡ ❥✉r② ✈♦t❡s ❛❣❛✐♥✳ ❚❤❡ ❞❡❢❡♥❞❛♥t ✐s ❝♦♥✈✐❝t❡❞

✐❢ ❛t ❧❡❛st k2 ❥✉r♦rs ✈♦t❡ ❢♦r C ❛♥❞ ❛❝q✉✐tt❡❞ ♦t❤❡r✇✐s❡✳ ❋♦r♠❛❧❧② t❤❡ ❞❡❝✐s✐♦♥ r✉❧❡ ✐♥ t = 2 ✐s ❣✐✈❡♥ ❜②✱

d2 =





A ✐❢ x2 < k2

C ✐❢ k2 ≤ x2.

✭✷✮

❋✐❣✉r❡ ✷ s❤♦✇s ❛ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ r❡❢❡r t♦ ❛ ❞❡❝✐s✐♦♥ r✉❧❡ ✐♥ ♣❡r✐♦❞ t ❜② t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ t❤r❡s❤♦❧❞ kt✱ ✇❤✐❝❤ ❛r❡ ❡①♦❣❡♥♦✉s❧② ❣✐✈❡♥ t♦ t❤❡ ❥✉r♦rs✳

■❢ k1 ✐s s♠❛❧❧✱ ❛ ❞❡❝✐s✐♦♥ ❝❛♥ ♦♥❧② ❜❡ ♠❛❞❡ ✐❢ t❤❡r❡ ✐s ❜r♦❛❞ ❛❣r❡❡♠❡♥t ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ✇❤❡r❡❛s ❛

❞❡❝✐s✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ♠❛❞❡ ❜② ❛ s♠❛❧❧❡r ♠❛❥♦r✐t② ✐❢ k1 ✐s ❤✐❣❤❡r✳ ❚❤❡ ❝❛s❡ ♦❢ k1 = 0 r❡♣r❡s❡♥ts ❛ ♥♦♥✲

❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣r❡❧✐♠✐♥❛r② r♦✉♥❞ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥

✻ ❲❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ s②♠♠❡tr② ✐♥ t❤❡ ✈♦t✐♥❣ r✉❧❡ ❢♦r ♣❡r✐♦❞ 1✳ ❚❤✐s s✐♠♣❧✐✜❡s t❤❡ ❛♥❛❧②s✐s ❜✉t ❞♦❡s ♥♦t ✐♠♣❛❝t t❤❡

q✉❛❧✐t❛t✐✈❡ r❡s✉❧ts✳ ❋♦r t❤❡ ✐♠♣❛❝t ✇❤✐❝❤ ❝♦sts ♦❢ t✐♠❡ ❤❛s ♦♥ ✐♥❝❡♥t✐✈❡s ❢♦r ✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ✐t ✇✐❧❧

♦♥❧② ❜❡ ♥❡❝❡ss❛r② t❤❛t ❛ s✉♣❡r ♠❛❥♦r✐t② ✐s ♥❡❡❞❡❞ ❢♦r ❝♦♥✈✐❝t✐♦♥ ♦r ❛❝q✉✐tt❛❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ❜✉t ✐t ❞♦❡s ♥♦t ♥❡❡❞ t♦

❜❡ t❤❡ s❛♠❡✳

✻



❋✐❣✉r❡ ✶✿ ❉❡❝✐s✐♦♥ r✉❧❡ ✐♥ t = 1✳

❋✐❣✉r❡ ✷✿ ❉❡❝✐s✐♦♥ r✉❧❡ ✐♥ t = 2✳

✐♥ ✇❤✐❝❤ ♥♦ ❞❡❝✐s✐♦♥ ❝❛♥ ❜❡ ♠❛❞❡ ②❡t✳ ■♥ t❤✐s ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❤♦✇❡✈❡r✱ ❥✉r♦rs ❝❛♥♥♦t r❡♠❡♠❜❡r ❛♥②

✐♥❢♦r♠❛t✐♦♥ r❡✈❡❛❧❡❞ ❜✉t t❤❡ ♥✉♠❜❡r ♦❢ ❥✉r♦rs ✇❤♦ ♣r❡❢❡r ❡❛❝❤ ❛❧t❡r♥❛t✐✈❡✼✳ ❙tr❛✇ ♣♦❧❧s ❛r❡ ✐♥✈❡st✐❣❛t❡❞

✐♥ ❞❡t❛✐❧ ✐♥ ❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮✳ ❍✐s s❡t✉♣ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ♦✉rs ✇✐t❤ k1 = 0 ❛♥❞ c = 0✳ ❲❡ ✇✐❧❧ ✉s❡ ❤✐s

✜♥❞✐♥❣s✱ ✇❤✐❝❤ ✇❡ s✉♠♠❛r✐③❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r✱ ❛s ❛ ❜❡♥❝❤♠❛r❦✳

✷✳✺ ◆♦t❛t✐♦♥

❚❤❡ ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ st❛t❡ ✐s G ✐❢ x ♦❢ N s✐❣♥❛❧s ✐♥❞✐❝❛t❡ g ✐s ❞❡♥♦t❡❞ ❜② β(x,N) ❛♥❞ ✐s

❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❇❛②❡s✬ ❘✉❧❡✳ ❚❤❛t ✐s✱

β(x,N) =
(1− p)N−xpx

(1− p)N−xpx + (1− p)xpN−x
.

❲❤❡♥ ❥✉r♦r j ❡♥t❡rs ♣❡r✐♦❞ 1 ♦r 2 ❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② I1
j = (sj)✱ ❛♥❞ I2

j = (sj , x1)✱ r❡s♣❡❝t✐✈❡❧②✳

❲❡ ❞❡♥♦t❡ ❥✉r♦r j✬s str❛t❡❣② ❜② σj =
(
σ1
j , σ

2
j

)
✱ ✇❤❡r❡ σt

j ❞❡♥♦t❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t j ✈♦t❡s C ✐♥ ♣❡r✐♦❞

t ❣✐✈❡♥ ❤✐s ✐♥❢♦r♠❛t✐♦♥ It
j ✳ ■❢ j ✈♦t❡s ❛❝❝♦r❞✐♥❣ t♦ ❤✐s s✐❣♥❛❧✱ t❤❛t ✐s ✈♦t✐♥❣ ❢♦r ❝♦♥✈✐❝t✐♦♥ ❛❢t❡r r❡❝❡✐✈✐♥❣ ❛

g✲s✐❣♥❛❧ ❛♥❞ ❢♦r ❛❝q✉✐tt❛❧ ♦t❤❡r✇✐s❡✱ ✇❡ s❛② t❤❛t j ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧②✳ ❋♦r♠❛❧❧②✱ j✬s str❛t❡❣② ♣r❡s❝r✐❜❡s

✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ✐♥ ♣❡r✐♦❞ t ✐❢

σt
j

(
It
j

)
=





1 ✐❢ sj = g,

0 ✐❢ sj = i.

❲❤❡♥ ❥✉r♦r j ✈♦t❡s ❢♦r C ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❤✐s ♣❡r❝❡✐✈❡❞ ♣r♦❜❛❜✐❧✐t② ♦❢ ❣✉✐❧t ✐♥ ♣❡r✐♦❞ t✱ ❣✐✈❡♥ ❤✐s ✐♥❢♦r♠❛t✐♦♥✱

❡①❝❡❡❞s ❤✐s ❧❡✈❡❧ ♦❢ r❡❛s♦♥❛❜❧❡ ❞♦✉❜t qj ✱ ✇❡ s❛② t❤❛t j ✈♦t❡s s✐♥❝❡r❡❧② ✐♥ ♣❡r✐♦❞ t✳ ❋♦r♠❛❧❧②✱ j✬s str❛t❡❣②

♣r❡s❝r✐❜❡s s✐♥❝❡r❡ ✈♦t✐♥❣ ✐♥ ♣❡r✐♦❞ t ✐❢

σt
j

(
It
j

)
=





1 ✐❢ Prj
[
G|It

j

]
≥ qj ,

0 ✐❢ Prj
[
G|It

j

]
< qj .

❇❡s✐❞❡s t❤❡✐r ♦✇♥ s✐❣♥❛❧s✱ ❥✉r♦rs ❛❝❝❡ss ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ✐♥❢❡rr✐♥❣ t❤❡ ♦t❤❡r ❥✉r♦rs✬ s✐❣♥❛❧s ❢r♦♠ t❤❡✐r

str❛t❡❣✐❝ ❜❡❤❛✈✐♦r ❛♥❞ ♦❜s❡r✈❡❞ ❛❣❣r❡❣❛t❡❞ ✈♦t✐♥❣ ♦✉t❝♦♠❡s✳ ❆s ❛❧❧ ❥✉r♦rs r❡❝❡✐✈❡ s✐❣♥❛❧s ♦❢ t❤❡ s❛♠❡

✼ ❊✈❡♥ ✐❢ t❤❡r❡ ✐s ♥♦ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst st❛❣❡ ❜✉t ♥♦ ❞❡❝✐s✐♦♥ ✇❛s ♠❛❞❡✱ ❥✉r♦rs ❝❛♥ ♦♥❧② ♦❜s❡r✈❡ ❤♦✇

♠❛♥② ❥✉r♦rs ✈♦t❡❞ ❢♦r ❡❛❝❤ ❛❧t❡r♥❛t✐✈❡ ❜✉t ♥♦t ❡❛❝❤ ❥✉r♦rs ✈♦t❡ ✐♥❞✐✈✐❞✉❛❧❧②✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❞♦❡s ♥♦t ✐♠♣❛❝t ♦✉r

r❡s✉❧ts✱ ❜❡❝❛✉s❡ ❡❛❝❤ ❥✉r♦rs s✐❣♥❛❧ ❤❛s t❤❡ s❛♠❡ ♣r❡❝✐s✐♦♥✳ ■❢ t❤✐s ✇❛s ♥♦t t❤❡ ❝❛s❡✱ ❥✉r♦rs ❝♦✉❧❞ ❧❡❛r♥ ❛❜♦✉t ♦t❤❡r s✐❣♥❛❧✬s

♣r❡❝✐s✐♦♥✱ s✉❝❤ ❛s ✐♥ ❇♦❣♥❛r ❡t ❛❧✳ ✭✷✵✶✸✮✳

✼



♣r❡❝✐s✐♦♥✱ ✐♥❢❡rr✐♥❣ ♠♦r❡ g✲s✐❣♥❛❧s ❧❡❛❞s t♦ ❤✐❣❤❡r ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② ♦❢ ❣✉✐❧t✳ ❆♥❛❧♦❣♦✉s❧② t♦ ❡✈❡r②

❥✉r♦r✬s ♣r♦❜❛❜✐❧✐t② t❤r❡s❤♦❧❞ qj ✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤r❡s❤♦❧❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ g✲s✐❣♥❛❧s t❤❛t ❛ ❥✉r♦r

♥❡❡❞s t♦ ♦❜s❡r✈❡ ✐♥ ♦r❞❡r t♦ ♣r❡❢❡r ❝♦♥✈✐❝t✐♦♥ ♦❢ t❤❡ ❞❡❢❡♥❞❛♥t✳ ■♥ t❤✐s ❝♦♥t❡①t✱ λN
j r❡♣r❡s❡♥ts t❤❡

❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞ ♦❢ ❥✉r♦r j ∈ N ✳ ❍❡ ♣r❡❢❡rs C ♦✈❡r A ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❤❡ ♦❜s❡r✈❡s ♠♦r❡ t❤❛♥ ♦r ❡q✉❛❧ t♦

λN
j ♦❢ N s✐❣♥❛❧s ✐♥❞✐❝❛t✐♥❣ g✳

❉❡✜♥✐t✐♦♥ ✶✳ ❏✉r♦r j ∈ N ❤❛s ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞ λN
j ✐❢

β(λN
j − 1, N) ≤ qj ≤ β(λN

j , N).

❆♥❛❧♦❣♦✉s❧② t♦ ❆✉st❡♥✲❙♠✐t❤ ❛♥❞ ❋❡❞❞❡rs❡♥ ✭✷✵✵✻✮ ❛♥❞ ❚❤♦r❞❛❧✲▲❡ ◗✉❡♠❡♥t ✭✷✵✶✸✮✱ ✇❡ ❞❡✜♥❡ ❛ ❥✉r②✬s

♠✐♥✐♠❛❧ ❞✐✈❡rs✐t② ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✷✳ ❏✉r② N ❤❛s ♠✐♥✐♠❛❧ ❞✐✈❡rs✐t② ♦❢ m ✐❢

max
(i,j)∈N×N

λN
i − λN

j = m.

❆ ❥✉r②✬s ♠✐♥✐♠❛❧ ❞✐✈❡rs✐t② ♠❡❛s✉r❡s ✐ts ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t❡r♠s ♦❢ ✐ts ❥✉r♦rs✬ ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞s✳ ■❢ ❛

❥✉r② N ❤❛s ♠✐♥✐♠❛❧ ❞✐✈❡rs✐t② ♦❢ 0 ✐ts ❥✉r♦rs ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞ ❛♥❞ ✇♦✉❧❞ ❛❣r❡❡ ♦♥ ❛

❞❡❝✐s✐♦♥ ✐❢ ❛❧❧ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ✇❛s ❞✐s❝❧♦s❡❞✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r ❥✉r✐❡s ✇✐t❤ ♠✐♥✐♠❛❧ ❞✐✈❡rs✐t②

❧❛r❣❡r t❤❛♥ 0✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❝❛❧❧ ❛ ❥✉r② ❤♦♠♦❣❡♥❡♦✉s ✐❢ m = 0✱ ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ♦t❤❡r✇✐s❡✳

✷✳✻ ❙tr❛t❡❣✐❡s ❛♥❞ ❇❡❧✐❡❢s

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❛❣❣r❡❣❛t❡❞ ❛♥❞ ❥✉r♦rs ✐♥ ❢❛❝t ✉s❡ r❡✈❡❛❧❡❞

✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡✐r ✈♦t✐♥❣ str❛t❡❣②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦✜❧❡ ♦❢ str❛t❡❣✐❡s✳

❏✉r♦rs r❡✈❡❛❧ t❤❡✐r ♣r✐✈❛t❡ s✐❣♥❛❧ ❜② ✈♦t✐♥❣ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ ✜rst ✈♦t❡✳ ■❢ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t ❝♦♥❣r✉❡♥t

t♦ ♠❛❦❡ ❛ ❞❡❝✐s✐♦♥ ❛❧r❡❛❞②✱ ❥✉r♦rs ♦❜s❡r✈❡ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ✜rst ✈♦t❡ x1 ❛♥❞ ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t

t❤❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞ ❛❝❝♦r❞✐♥❣❧② t♦ β (x1, N)✳ ❚❤❡♥✱ ❡✈❡r② ❥✉r♦r ✈♦t❡s s✐♥❝❡r❡❧② ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳

▼♦r❡ ❢♦r♠❛❧❧②✱ ✇❡ ✇✐❧❧ ❞❡r✐✈❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❥✉r♦rs✬ ♣r❡❢❡r❡♥❝❡s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦✜❧❡ ♦❢ str❛t❡❣✐❡s

❛♥❞ ❜❡❧✐❡❢s t♦ ❝♦♥st✐t✉t❡ ❛ P❡r❢❡❝t ❇❛②❡s✐❛♥ ❊q✉✐❧✐❜r✐✉♠✳ ❋♦r ❛❧❧ j ∈ N ✱

σ1
j (sj) =





1 ✐❢ sj = g,

0 ✐❢ sj = i,

❛♥❞

σ2
j (sj) =





1 ✐❢ β(x1, N) ≥ qj ,

0 ✐❢ β(x1, N) < qj ,

✇❤❡r❡ ❥✉r♦rs ❝♦♥s✐st❡♥t❧② ✭❝♦rr❡❝t❧②✮ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ♦t❤❡rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ ✜rst st❛❣❡ ❛♥❞

✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢ ❛❜♦✉t t❤❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞ ❛❝❝♦r❞✐♥❣❧②✳ ❲❡ ❞❡♥♦t❡ t❤✐s ♣r♦✜❧❡ ♦❢ str❛t❡❣✐❡s ❛♥❞

❜❡❧✐❡❢s ❜② (σ, µ) = (σj , µj)
N

j=1✱ ❢♦r ✇❤✐❝❤ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s✳

• ■❢ ❥✉r♦r j ✭❤②♣♦t❤❡t✐❝❛❧❧②✮ ♦❜s❡r✈❡s x ✈♦t❡s ❢♦r ❝♦♥✈✐❝t✐♦♥ ❢r♦♠ t❤❡ ♦t❤❡r ❥✉r♦rs ❜❡❢♦r❡ ❤❡ ✈♦t❡s ✐♥

t❤❡ ✜rst st❛❣❡✱ ❤✐s ❜❡❧✐❡❢ ❛❜♦✉t t❤❡ ❞❡❢❡♥❞❛♥t ❜❡✐♥❣ ❣✉✐❧t② ✐s β(x,N) ✐❢ sj = g ❛♥❞ β(x − 1, N)

♦t❤❡r✇✐s❡✳

✽



• ■❢ ♥♦ ❞❡❝✐s✐♦♥ ✐s ♠❛❞❡ ✐♥ t❤❡ ✜rst st❛❣❡✱ ❛❧❧ ❥✉r♦rs ♦❜s❡r✈❡ x1 ❛♥❞ ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢ ❛❜♦✉t t❤❡

❞❡❢❡♥❞❛♥t ❜❡✐♥❣ ❣✉✐❧t② t♦ β(x1, N) ✈✐❛ ❇❛②❡s✬ r✉❧❡✳ ❚❤❡r❡❢♦r❡✱ ❛❧❧ ❥✉r♦rs ❤❛✈❡ t❤❡ s❛♠❡ ♣♦st❡r✐♦r

❜❡❧✐❡❢ ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡✳

❊q✉✐❧✐❜r✐❛ ✇✐t❤ t❤❡s❡ str❛t❡❣✐❡s ❛♥❞ ❜❡❧✐❡❢s ❤❛✈❡ t❤❡ ♣r♦♣❡rt② t❤❛t ✐♥❢♦r♠❛t✐♦♥ ✐s ♣❡r❢❡❝t❧② ❛❣❣r❡❣❛t❡❞ ✐♥

t❤❡ ✜rst st❛❣❡✳ ■❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t ❝♦♥❣r✉❡♥t ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ❞♦❡s ♥♦t ❧❡❛❞

t♦ ❛ ❞❡❝✐s✐♦♥ ✐♥ t❤❡ ✜rst st❛❣❡ ②❡t✱ t❤❡ ❥✉r♦rs ♠❛❦❡ t❤❡✐r ❞❡❝✐s✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❛❧❧

❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥✳

❚❤✐s ♣r♦✜❧❡ ♦❢ str❛t❡❣✐❡s ❛♥❞ ❜❡❧✐❡❢s ❢❡❛t✉r❡s str❛t❡❣✐❝ ❜❡❤❛✈✐♦r ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ✇❤✐❝❤ ✐s s❡♥s✐t✐✈❡ t♦

❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥✳ ❆s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦♥❞✐t✐♦♥s ❢♦r ✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣✱ str❛t❡❣✐❡s s❤♦✉❧❞ t❛❦❡

r❡✈❡❛❧❡❞ ✐♥❢♦r♠❛t✐♦♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❆❧t❡r♥❛t✐✈❡ str❛t❡❣✐❡s ❢♦r t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ s✉❜❣❛♠❡ ✇♦✉❧❞ r❡q✉✐r❡

❥✉r♦rs t♦ ✈♦t❡ ♣r❡❞♦♠✐♥❛t❡❧② ❢♦r ♦♥❡ ❛❧t❡r♥❛t✐✈❡ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥✳ Pr♦✈✐❞✐♥❣ ✐♥✲

❝❡♥t✐✈❡s ❢♦r ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥ ✐s ❜♦t❤ ❞✐✣❝✉❧t ❛♥❞ ♥❡❡❞❧❡ss ✐❢ ✐♥❢♦r♠❛t✐♦♥ ✐s ♥♦t ❛♣♣r❡❝✐❛t❡❞ ✐♥ t❤❡

❞❡❝✐s✐♦♥ ♣r♦❝❡ss✳ ❚❤✐s ✐s ♠♦st ❞♦♠✐♥❛♥t ✐❢ t❤❡ ❞❡❝✐s✐♦♥ ✐s ❛❧✇❛②s ♠❛❞❡ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✱ t❤❛t ✐s ✇❤❡♥

t❤❡ ✜rst ♣❡r✐♦❞ ✈♦t❡ ✐s ❛ str❛✇ ♣♦❧❧✳

❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞ t♦ t❤❡ ❛♥❛❧②s✐s✱ ✇❡ ♠❛❦❡ ❛♥ ❛ss✉♠♣t✐♦♥ ♦♥ ❥✉r♦rs ♣r❡❢❡r❡♥❝❡s✳

❆ss✉♠♣t✐♦♥ ✶✳ ❋♦r ❛♥② j ∈ N ✱ β(0, N) < qj < β(N,N) ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ λN
j ∈ {1, . . . , N}✳

❚❤✐s ❛ss✉♠♣t✐♦♥ ❡①❝❧✉❞❡s ❥✉r♦rs ✇✐t❤ ❡①tr❡♠❡ ♣r❡❢❡r❡♥❝❡s ✇❤♦ st✐❧❧ ♣r❡❢❡r ❛♥ ❛❧t❡r♥❛t✐✈❡ ❡✈❡♥ ✐❢ ❛❧❧ s✐❣♥❛❧s

✇❡r❡ ❦♥♦✇♥ ❛♥❞ ✐♥❞✐❝❛t❡❞ t❤❡ ♦♣♣♦s✐t❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❡①❝❧✉❞❡ ♣r❡❥✉❞✐❝❡❞ ❥✉r♦rs

✇❤♦ ✈♦t❡ ❢♦r ♦♥❡ ❛❧t❡r♥❛t✐✈❡ r❡❣❛r❞❧❡ss ♦❢ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ❛ss✉♠♣t✐♦♥ ❡♥s✉r❡s

t❤❛t t❤❡ ❥✉r♦r ✇❤♦ ✐s ♣✐✈♦t❛❧ ✐♥ t❤❡ s❡❝♦♥❞ ✈♦t❡✱ ✐❢ ❛❧❧ ❥✉r♦rs ✈♦t❡ s✐♥❝❡r❡❧②✱ t❛❦❡s t❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥

✐♥t♦ ❛❝❝♦✉♥t✳

✸ ❊q✉✐❧✐❜r✐✉♠ ❆♥❛❧②s✐s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛♥❛❧②③❡ t❤❡ t✇♦✲♣❡r✐♦❞ ♠♦❞❡❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r✳ ❲❡ st❛rt ❜② ❞✐s❝✉ss✐♥❣ t❤❡

✐♠♣♦ss✐❜✐❧✐t② r❡s✉❧t ♦❢ ❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮ ❢♦r ❛ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ t❤❛t ✐s ❢♦r k1 = 0✳

❚❤❡♥✱ ✇❡ s❤♦✇ ❤♦✇ ❝♦sts ♦❢ t✐♠❡ ✐♥✢✉❡♥❝❡ t❤❡ ❥✉r♦rs ✐♥❝❡♥t✐✈❡s t♦ r❡✈❡❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡✐r ✜rst ♣❡r✐♦❞

✈♦t❡ ✐❢ k1 > 0✳

✸✳✶ k1 = 0✿ ◆♦♥✲❜✐♥❞✐♥❣ ❋✐rst P❡r✐♦❞ str❛✇ ♣♦❧❧

❈♦♥s✐❞❡r ✜rst ❛ s✐t✉❛t✐♦♥ ✇✐t❤ ❛ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ✐✳❡✳ k1 = 0✱ ❛s ♣r❡s❡♥t❡❞ ❜②

❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮✳ ❍❡ s❤♦✇s t❤❛t ♥♦ ❥✉r② ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ str❛✇ ♣♦❧❧ ❛♥❞ s✐♥❝❡r❡❧② ✐♥ t❤❡ ❞❡❝✐s✐✈❡

✈♦t❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✉♥❧❡ss ❛❧❧ ❥✉r♦rs ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣r♦✜❧❡ ♦❢

str❛t❡❣✐❡s ❛♥❞ ❜❡❧✐❡❢s (σ, µ) ❝❛♥ ♦♥❧② ❜❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❥✉r✐❡s ✇✐t❤ ♠✐♥✐♠❛❧ ❞✐✈❡rs✐t② ♦❢ ✵✽✳

✽ ❈❢✳ Pr♦♣♦s✐t✐♦♥ ✺ ✐♥ ❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮ ✇❤❡r❡ ❤❡ ❞✐✛❡r❡♥t✐❛t❡s t❤r❡❡ ❝❛s❡s✳ ❆♣❛rt ❢r♦♠ t❤❡ ♦♥❡ ♠❡♥t✐♦♥❡❞✱ t❤❡ ♦t❤❡r ❝❛s❡s

❛r❡ r✉❧❡❞ ♦✉t ❜② ❆ss✉♠♣t✐♦♥ ✶✳ ■♥❢♦r♠❛t✐♦♥ ❞♦❡s ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ ❥✉r②✬s ✜♥❛❧ ❞❡❝✐s✐♦♥ ✐♥ t❤♦s❡ ❝❛s❡s ❛♥❞ ✐♥❢♦r♠❛t✐♦♥

r❡✈❡❧❛t✐♦♥ ✐s tr✐✈✐❛❧❧② ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❜❡❤❛✈✐♦r✳

✾



■♥ t❤❡ ❞❡❝✐s✐✈❡ ✈♦t✐♥❣ ♣❡r✐♦❞ t = 2✱ ❥✉r♦rs ✈♦t❡ s✐♥❝❡r❡❧② ❜② t❛❦✐♥❣ r❡✈❡❛❧❡❞ ✐♥❢♦r♠❛t✐♦♥ ✐♥t♦ ❛❝❝♦✉♥t✳

❊❛❝❤ ❥✉r♦r j ∈ N ❝♦♥❞✐t✐♦♥s ❤✐s ✈♦t❡ ♦♥ t❤❡ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❤❡ ✐s ♣✐✈♦t❛❧✱ t❤❛t ✐s ✇❤❡♥ ❤✐s ✈♦t❡

❛❝t✉❛❧❧② ❞❡❝✐❞❡s ✉♣♦♥ t❤❡ ❞❡❢❡♥❞❛♥t✬s ❛❝q✉✐tt❛❧ ♦r ❝♦♥✈✐❝t✐♦♥✳ ■♥ ❛♥② ♦t❤❡r ❝❛s❡ ❤✐s ✈♦t❡ ❞♦❡s ♥♦t ❛✛❡❝t

t❤❡ ❞❡❝✐s✐♦♥ ❛♥❞✱ t❤✉s✱ ❤✐s ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢r♦♠ ✈♦t✐♥❣ A ♦r C ✐s ❡q✉❛❧✳ ❆s t❤❡ ❥✉r♦rs ♠❛①✐♠✐③❡ t❤❡✐r

❡①♣❡❝t ✉t✐❧✐t② ✇✐t❤ t❤❡✐r ✈♦t❡s✱ t❤❡② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✉♥✐q✉❡ s✐t✉❛t✐♦♥ t❤❛t ❛✛❡❝ts t❤❡✐r ❡①♣❡❝t❡❞ ✉t✐❧✐t②✳

❘❡❝❛❧❧ t❤❛t ❥✉r♦rs ❧❡❛r♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ✭✐♥❢♦r♠❛t✐✈❡✮ str❛✇ ♣♦❧❧ ❜❡❢♦r❡ ❝❛st✐♥❣ t❤❡✐r ✈♦t❡ ✐♥ t = 2✳

❋✉❧❧② ✐♥❢♦r♠❡❞✱ ❡✈❡r② j ∈ N ✉♣❞❛t❡s ❤✐s ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② ♦❢ ❣✉✐❧t t♦ β(x1, N) ❛♥❞ ✈♦t❡s ❢♦r ❝♦♥✈✐❝t✐♦♥

✐❢ ❛♥❞ ♦♥❧② ✐❢

β(x1, N) ≥ qj ⇔ x1 ≥ λN
j ,

✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ s✐♥❝❡r❡ ✈♦t✐♥❣✳ ■❢ ❥✉r♦rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ str❛✇ ♣♦❧❧✱ s✐♥❝❡r❡ ✈♦t✐♥❣ ✐s

str❛✐❣❤t❢♦r✇❛r❞ ♣❛rt ♦❢ ❛♥② ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ✇❤✐❝❤ ✐s s❡♥s✐t✐✈❡ t♦ r❡✈❡❛❧❡❞ ✐♥❢♦r♠❛t✐♦♥✳

❍❛✈✐♥❣ ❡st❛❜❧✐s❤❡❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ✐♥ t = 2✱ ✇❡ ❝❛♥ ♥♦✇ ❝♦♥s✐❞❡r ✐♥❝❡♥t✐✈❡s ❢♦r ✐♥❢♦r♠❛t✐✈❡

✈♦t✐♥❣ ✐♥ t❤❡ str❛✇ ♣♦❧❧✳ ❚❤❡ ❥✉r♦r ✇❤♦ ✐s ❛❝t✉❛❧❧② ♣✐✈♦t❛❧ ✐♥ t❤❡ ❞❡❝✐s✐✈❡ ✈♦t❡ ✐s ❥✉r♦r k2✳ ❲❤❡♥ k2 ✈♦t❡s

❢♦r C s✐♥❝❡r❡❧②✱ ❡✈❡r② j < k2 ✇✐❧❧ ❞♦ s♦ ❛s ✇❡❧❧✳ ❲❤❡♥ k2 ♣r❡❢❡rs A ❣✐✈❡♥ t❤❡ r❡✈❡❛❧❡❞ ✐♥❢♦r♠❛t✐♦♥✱ ❡✈❡r②

j > k2 ❤❛s t❤❡ s❛♠❡ ♣r❡❢❡r❡♥❝❡✳ ❚❤❡r❡❢♦r❡✱ ✇❤✐❝❤❡✈❡r ❞❡❝✐s✐♦♥ k2 ♣r❡❢❡rs ✐♥ t = 2 ✇✐❧❧ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳

❆❧t❤♦✉❣❤ ♥♦ ❞❡❝✐s✐♦♥ ❝❛♥ ❜❡ ♠❛❞❡ ✐♥ t❤❡ str❛✇ ♣♦❧❧✱ t❤❡ ✈♦t❡ ❤❛s ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥✢✉❡♥❝✐♥❣

t❤❡ ❞❡❝✐s✐✈❡ ✈♦t❡ ❧❛t❡r✳ ●✐✈❡♥ t❤❡ str❛t❡❣② ♣r♦✜❧❡✱ ❥✉r♦rs ❛♥t✐❝✐♣❛t❡ t❤❛t k2 ✇✐t❤ ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞ λN
k2

✐s ♣✐✈♦t❛❧ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❥✉r♦r j ✐s ♣✐✈♦t❛❧ ✐♥ t❤❡ str❛✇ ♣♦❧❧✱ ✐❢ ❤✐s ✈♦t❡ ✐♥ t = 1

✐♥✢✉❡♥❝❡s k2✬t❤ ✐♥❢♦r♠❛t✐♦♥ t♦ s✇✐♥❣ t❤❡ ♣✐✈♦t❛❧ ✈♦t❡ ✐♥ t = 2 t♦ ❡✐t❤❡r C ♦r A✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ λN
k2

−1

♦❢ t❤❡ ♦t❤❡r N − 1 ❥✉r♦rs ✐♥❢♦r♠❛t✐✈❡❧② ✈♦t❡ C ✐♥ t❤❡ str❛✇ ♣♦❧❧✳ ❋♦r j t♦ ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t = 1 ❛s

✇❡❧❧✱ ❤❡ ❤❛s t♦ ♣r❡❢❡r C ❛❢t❡r ❤❡ r❡❝❡✐✈❡s ❛ g✲s✐❣♥❛❧ ❛♥❞ A ❛❢t❡r ❛♥ i✲s✐❣♥❛❧✳ ■♥ t❤❡ ❡✈❡♥t t❤❛t j ✐s ❛❝t✉❛❧❧②

♣✐✈♦t❛❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ✐♥ t❤❡ ❛❜♦✈❡ s❡♥s❡✱ ❤❡ ❢❛❝❡s λN
k2

− 1 g✲s✐❣♥❛❧s ❢r♦♠ t❤❡ ♦t❤❡r ❥✉r♦rs✱ r❡s✉❧t✐♥❣ ✐♥

λN
k2

g✲s✐❣♥❛❧s ✐♥ t♦t❛❧ ✐❢ sj = g✱ ❛♥❞ λN
k2

− 1 g✲s✐❣♥❛❧s ✐♥ t♦t❛❧ ✐❢ sj = i✳ ❚❤❡r❡❢♦r❡✱ j ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧② ✐❢

❛♥❞ ♦♥❧② ✐❢

β
(
λN
k2

− 1, N
)
≤ qj ≤ β

(
λN
k2
, N
)

⇔ λN
j = λN

k2
, ✭✸✮

t❤❛t ✐s ✐❢ ❤❡ ❤❛s t❤❡ s❛♠❡ ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞ ❛s ❥✉r♦r k2✳

❙✐♥❝❡ t❤✐s ❛r❣✉♠❡♥t ✐s t❤❡ s❛♠❡ ❢♦r ❛♥② ❥✉r♦r ♦❢ t❤❡ ❥✉r②✱ ❛❧❧ ❥✉r♦rs ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♥✈✐❝t✐♦♥

t❤r❡s❤♦❧❞ ❛s k2 t♦ s✉st❛✐♥ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ✐♥ t❤❡ str❛✇ ♣♦❧❧✳ ■♥ ♦t❤❡r ✇♦r❞s✱

✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ✐♥ ❛ str❛✇ ♣♦❧❧ ❝❛♥ ♥♦t ❜❡ ♣❛rt ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ❢♦r ❛♥② ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r②✳

❙✉♣♣♦s❡ ❛ ❥✉r♦r j✬s ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞s ❝♦♥✢✐❝ts ✇✐t❤ t❤❡ ♦♥❡ ♦❢ k2✱ ✐✳❡✳✱ λ
N
j 6= λN

k2
✳ ●✐✈❡♥ t❤❛t ❛❧❧ ♦t❤❡r

❥✉r♦rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧②✱ ♣r♦✈✐❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥ tr✉t❤❢✉❧❧② ✐♥ t❤❡ str❛✇ ♣♦❧❧ ✐♠♣❧❡♠❡♥ts ❛♥ ✉♥❞❡s✐r❛❜❧❡

❞❡❝✐s✐♦♥ ❢♦r j✳ ❇② ♠✐s✐♥❢♦r♠✐♥❣✱ ❤♦✇❡✈❡r✱ ❤❡ ❝♦✉❧❞ ✐♠♣r♦✈❡ t❤❡ ❥✉r②✬s ❞❡❝✐s✐♦♥ ❢r♦♠ ❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇

✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥✳

◆♦t❡ t❤❛t ❝♦sts ❢r♦♠ ✈♦t✐♥❣ ♣❧❛② ♥♦ r♦❧❡ ❢♦r t❤❡ ❥✉r♦rs✬ ✐♥❝❡♥t✐✈❡s t♦ ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ ❛ str❛✇ ♣♦❧❧✳

❚❤❡② ❛❧✇❛②s ✈♦t❡ t✇✐❝❡ ❛♥❞ ❝❛♥♥♦t ❛✈♦✐❞ ❝♦sts ✇✐t❤ t❤❡✐r ❜❡❤❛✈✐♦r ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ❚❤❡r❡❢♦r❡✱ t❤✐s

✐♠♣♦ss✐❜✐❧✐t② r❡s✉❧t ❢♦r ♥♦♥✲❜✐♥❞✐♥❣ ✜rst ♣❡r✐♦❞ str❛✇ ♣♦❧❧s ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❛ss✉♠✐♥❣ ❝♦sts ♦❢ t✐♠❡✳

✶✵



✸✳✷ k1 > 0✿ ❆❧❧♦✇✐♥❣ ❢♦r ❡❛r❧② ❛❣r❡❡♠❡♥ts

❍❛✈✐♥❣ s❡❡♥ t❤❡ ❞✐✣❝✉❧t✐❡s t♦ ✐♥❝❡♥t✐✈✐③❡ ✐♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥ ✐♥ ❛ str❛✇ ♣♦❧❧ t❤❛t ✐s ❢♦❧❧♦✇❡❞ ❜②

❛ ❞❡❝✐s✐✈❡ ✈♦t❡✱ ✇❡ t✉r♥ t♦✇❛r❞s t✇♦✲♣❡r✐♦❞ ✈♦t✐♥❣ s❡t✉♣s t❤❛t ❛❧❧♦✇ ❢♦r ❛❣r❡❡♠❡♥t ✐♥ t❤❡ ✜rst st❛❣❡

❛❧r❡❛❞②✳ ❋♦r♠❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r k1 > 0✱ s♦ t❤❛t t❤❡ ❞❡❢❡♥❞❛♥t ❝❛♥ ❜❡ ❝♦♥✈✐❝t❡❞ ♦r ❛❝q✉✐tt❡❞ ✐♥ t = 1

❛❝❝♦r❞✐♥❣ t♦ ❞❡❝✐s✐♦♥ r✉❧❡ ✭✶✮✱ t❤❛t ✐s✱ ✐❢ x1 > N − k1✱ ♦r x1 < k1 r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡①❛♠♣❧❡ ✇✐t❤

k1 = 1✱ ❛ ❞❡❝✐s✐♦♥ ✐♥ t❤❡ ✜rst ✈♦t❡ ❝❛♥ ❜❡ ♠❛❞❡ ✉♥❛♥✐♠♦✉s❧② ❛♥❞ t❤❡ ✜♥❛❧ ✈♦t❡ ❢♦❧❧♦✇s ♦♥❧② ✐❢ t❤❡r❡ ✐s

♥♦ ✉♥❛♥✐♠♦✉s ❛❣r❡❡♠❡♥t ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ❚❤❡r❡❜② ❥✉r♦rs ❝❛♥ ❛✈♦✐❞ ❡♥t❡r✐♥❣ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ❛♥❞

s❛✈❡ ❝♦sts ♦❢ t✐♠❡✳ ❆s ❛ r❡s✉❧t✱ ✐♥❝❡♥t✐✈❡s ❢♦r ✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ❛r❡ ✐♥✢✉❡♥❝❡❞✳ ❏✉r♦rs tr❛❞❡ ♦✛ t❤❡

✐♥✢✉❡♥❝❡ ♦❢ t❤❡✐r ✈♦t❡ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♣✐✈♦t❛❧ ❥✉r♦r ✐♥ ♣❡r✐♦❞ 2 ❛❣❛✐♥st t❤❡ ♦♣♣♦rt✉♥✐t② t❤❛t

t❤❡✐r ✈♦t❡ ❝❛✉s❡s ❛♥ ❡❛r❧✐❡r ❞❡❝✐s✐♦♥ ❛♥❞ s❛✈❡s ❝♦sts ♦❢ t✐♠❡✳ ❚❤✐s tr❛❞❡✲♦✛ ✐s s♦❧✈❡❞ ✐♥ ❢❛✈♦r ♦❢ ✐♥❢♦r♠❛✲

t✐✈❡ ✈♦t✐♥❣ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ❲❤✐❧❡ t❤❡ ❡✛❡❝t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❜❡✐♥❣ ♣✐✈♦t❛❧ ❛s ✐♥ ❛ str❛✇ ♣♦❧❧ r❡♠❛✐♥s✱

✈♦t✐♥❣ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ✐♥❝r❡❛s❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✐❢ ❛♥ ❡❛r❧✐❡r ❞❡❝✐s✐♦♥ ✐s ♠❛❞❡ ✐t ✐s t❤❡

❥✉r♦r✬s ♣r❡❢❡rr❡❞ ♦♥❡✳ ❆s ❛ r❡s✉❧t✱ ❥✉r✐❡s ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ❡✈❡♥ ✐❢ t❤❡✐r ♠✐♥✐♠❛❧ ❞✐✈❡rs✐t② ✐s ❧❛r❣❡r t❤❛♥ ✵✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❙✉♣♣♦s❡ ❡❛❝❤ ❥✉r♦r j ❤❛s ✈♦t✐♥❣ ❝♦sts ♦❢ c ≥ 0 ❛♥❞ k1 > 0✳ ❚❤❡ ♣r♦✜❧❡ ♦❢ str❛t❡❣✐❡s

❛♥❞ ❜❡❧✐❡❢s (σ, µ) ❝♦♥st✐t✉t❡s ❛ P❡r❢❡❝t ❇❛②❡s✐❛♥ ❊q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♣r❡❢❡r❡♥❝❡s s❛t✐s❢② ♦♥❡ ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✶✳ ❋♦r λN
k2

∈ {1, . . . , k1}✱

β(k1 − 1, N)− c · α(k1 − 1) ≤ qj ≤ β(k1, N) + c · γ(k1) ∀j ∈ N, ✭✹✮

✷✳ ❢♦r λN
k2

∈ {k1 + 1, . . . , N − k1}✱

β(λN
k2

− 1, N)− c · α(λN
k2

− 1) ≤ qj ≤ β(λN
k2
, N) + c · γ(λN

k2
) ∀j ∈ N, ✭✺✮

✸✳ ❢♦r λN
k2

∈ {N − k1 + 1, . . . , N}✱

β(N − k1, N)− c · γ(k1) ≤ qj ≤ β(N − k1 + 1, N) + c · α(k1 − 1) ∀j ∈ N, ✭✻✮

✇❤❡r❡

α(x) =

(
N − 1

x

)−1(
N − 1

k1 − 1

)
(2p− 1)

[
(1− p)k1−1pN−k1 − (1− p)N−k1pk1−1

]

(1− p)xpN−x + (1− p)N−xpx
> 0,

γ(x) =

(
N − 1

x− 1

)−1(
N − 1

k1 − 1

)
(2p− 1)

[
(1− p)k1−1pN−k1 − (1− p)N−k1pk1−1

]

(1− p)xpN−x + (1− p)N−xpx
> 0.

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐①✳

❚❤❡ t❡r♠s α(x) ❛♥❞ γ(x) r❡♣r❡s❡♥t ✇❡✐❣❤t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r t❤♦s❡ ♣✐✈♦t❛❧ s❝❡♥❛r✐♦s ✐♥ ✇❤✐❝❤

✈♦t✐♥❣ ✐♥❢♦r♠❛t✐✈❡❧② s❛✈❡s ❝♦sts ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ❥✉r②✬s ✜♥❛❧ ❞❡❝✐s✐♦♥ ❢♦r ❞❡❝✐s✐♦♥ r✉❧❡ k1✳ ◆♦t❡✱ t❤❛t

t❤❡ ✐♠♣♦ss✐❜✐❧✐t② r❡s✉❧t ♦❢ ❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢♦r k1 = 0 ♦r c = 0✾✳

✾ ❚❤❡ ♦r✐❣✐♥❛❧ r❡s✉❧t ❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮ ❛❧s♦ ❝♦✈❡rs t❤❡ ❝❛s❡ ✇❤❡r❡ ♣r❡❢❡r❡♥❝❡s ❛r❡ s✉❝❤ t❤❛t t❤❡ ♣✐✈♦t❛❧ ❥✉r♦r ✐♥ t = 2

❛❧✇❛②s ♣r❡❢❡rs C ♦r A ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ r❡✈❡❛❧❡❞ ✐♥❢♦r♠❛t✐♦♥✳ ❆s ❞✐s❝✉ss❡❞✱ ✇❡ ♥❡❣❧❡❝t t❤❡s❡ ❝❛s❡s ❜② ❆ss✉♠♣t✐♦♥ ✶✱ ❛s

✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ✐s tr✐✈✐❛❧❧② ❡q✉✐❧✐❜r✐✉♠ ❜❡❤❛✈✐♦r ❢♦r t❤♦s❡✳ ❲❡ ❢♦❝✉s ✐♥st❡❛❞ ♦♥ ❥✉r✐❡s ❢♦r ✇❤✐❝❤ ❛ str❛✇ ♣♦❧❧ ❞♦❡s ♥♦t

❛❧✇❛②s ❛❣❣r❡❣❛t❡ ✐♥❢♦r♠❛t✐♦♥✳

✶✶



❋✐❣✉r❡ ✸✿ P✐✈♦t❛❧ s❝❡♥❛r✐♦s ✐♥ t = 1 ❢♦r ❝♦♥❞✐t✐♦♥ ✭✹✮✳

❋✐❣✉r❡ ✹✿ P✐✈♦t❛❧ s❝❡♥❛r✐♦s ✐♥ t = 1 ❢♦r ❝♦♥❞✐t✐♦♥ ✭✺✮✳

❋✐❣✉r❡ ✺✿ P✐✈♦t❛❧ s❝❡♥❛r✐♦s ✐♥ t = 1 ❢♦r ❝♦♥❞✐t✐♦♥ ✭✻✮✳

■♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ✐♥t✉✐t✐♦♥ ✇❤② ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s ❛❣❣r❡❣❛t❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥❝❡ t❤❡ ✜rst ✈♦t❡ ❝❛♥ ❤❛✈❡

❝♦♥s❡q✉❡♥❝❡s ❛❧s♦✱ ✇❡ ❤✐❣❤❧✐❣❤t t❤❡ ❝❤❛♥❣❡s ♦♥ ✐♥❝❡♥t✐✈❡s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞ ❝❛s❡ ♦❢ ❛

str❛✇ ♣♦❧❧ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❥✉r♦r ❢❛❝❡s t❤❡ s❛♠❡ tr❛❞❡✲♦✛ ✐♥ t❤❡ ✉♥✐q✉❡ ❝❛s❡ ♦❢ ❜❡✐♥❣ ♣✐✈♦t❛❧✳ ❏✉r♦rs ✇✐t❤

❞✐✛❡r❡♥t ♣r❡❢❡r❡♥❝❡s s♦❧✈❡ t❤✐s tr❛❞❡✲♦✛ ❞✐✛❡r❡♥t❧② ❛♥❞ s♦♠❡ ♣r❡❢❡r t♦ ♠✐s✐♥❢♦r♠ t❤❡ ♦t❤❡rs ✐♥ ❛ str❛✇

♣♦❧❧ ✐♥ ♦r❞❡r t♦ ♠❛♥✐♣✉❧❛t❡ k2✬s ❜❡❧✐❡❢ ❛♥❞ ♠❛❦❡ ❤✐♠ ✐♠♣❧❡♠❡♥t ❛ s✉♣❡r✐♦r ❞❡❝✐s✐♦♥✳

▲❡t ✉s tr❡❛t t❤❡ ❝❛s❡ ✇❤❡r❡ λN
k2

∈ {N − k1 + 1, . . . , N} ✜rst✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❝♦♥❞✐t✐♦♥ ✭✺✮✳ ■♥ t❤✐s

❝❛s❡✱ t❤❡ ❞❡❝✐s✐♦♥ ♦❢ ❥✉r♦r k2 ✐♥ ♣❡r✐♦❞ ✷ ✐s ♥♦t ♣r❡❞❡t❡r♠✐♥❡❞ ✐❢ t❤❡ ✈♦t❡ t❛❦❡s ♣❧❛❝❡✳ ❚❤❛t ✐s✱ t❤❡ k2

❝♦✉❧❞ ❞❡❝✐❞❡ ❢♦r ❡✐t❤❡r A ♦r C ✐♥ t = 2 ❞❡♣❡♥❞✐♥❣ ♦♥ x1 ∈ {k1, . . . , N − k1} t❤❛t ❧❡❛❞s t♦ ❛ s❡❝♦♥❞ ✈♦t❡✳

❈♦♥s✐❞❡r s♦♠❡ ❥✉r♦r j ∈ N ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡ ♦t❤❡r ❥✉r♦rs ✈♦t❡ ❛❝❝♦r❞✐♥❣ t♦ (σ, µ) ✱ ✐✳❡✳✱ ✐♥❢♦r♠❛t✐✈❡❧②

✐♥ t❤❡ ✜rst ❛♥❞ s✐♥❝❡r❡❧② ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳ ❲❤❡♥ t❤❡ ✜rst ✈♦t❡ ❝❛♥ ❛❧r❡❛❞② ❤❛✈❡ ❝♦♥s❡q✉❡♥❝❡s✱ ✷

♠♦r❡ s❝❡♥❛r✐♦s ❛r✐s❡ ✐♥ ✇❤✐❝❤ ❥✉r♦rs ❛r❡ ♣✐✈♦t❛❧ ❝♦♠♣❛r❡❞ t♦ ❛ str❛✇ ♣♦❧❧✳ ❉❡♥♦t❡ ❜② x−j t❤❡ ♥✉♠❜❡r ♦❢

✭✐♥❢♦r♠❛t✐✈❡✮ C ✈♦t❡s ♦❢ ❥✉r② N ❡①❝❡♣t ❥✉r♦r j✳ ❚❤❡r❡ ❛r❡ ♥♦✇ t❤r❡❡ ♣✐✈♦t❛❧ s❝❡♥❛r✐♦s ❢♦r j ✇❤♦ ❢❛❝❡s t❤❡

❢♦❧❧♦✇✐♥❣ tr❛❞❡✲♦✛s✳

✶✳ x−j = k1 − 1✿ ■❢ j ✈♦t❡s C✱ t❤❡ ❞❡❝✐s✐♦♥ ✐s ❞❡❧❛②❡❞ ❛♥❞ d2 = A ❛t ❛❞❞✐t✐♦♥❛❧ ❝♦sts c✳ ■❢ j ✈♦t❡s A

t❤❡ ❞❡❢❡♥❞❛♥t ✐s ❛❝q✉✐tt❡❞ ✐♠♠❡❞✐❛t❡❧②✳

✷✳ x−j = λN
k2

− 1✿ ■❢ j ✈♦t❡s C✱ t❤❡ ❞❡❝✐s✐♦♥ ✐s ❞❡❧❛②❡❞ ❛♥❞ d2 = C ❛t ❛❞❞✐t✐♦♥❛❧ ❝♦sts c✳ ■❢ j ✈♦t❡s A✱

t❤❡ ❞❡❝✐s✐♦♥ ✐s ❞❡❧❛②❡❞ ❛♥❞ d2 = A ❛t ❛❞❞✐t✐♦♥❛❧ ❝♦sts c✳

✸✳ x−j = N − k1✿ ■❢ j ✈♦t❡s C✱ t❤❡ ❞❡❢❡♥❞❛♥t ✐s ❝♦♥✈✐❝t❡❞ ✐♠♠❡❞✐❛t❡❧②✳ ■❢ j ✈♦t❡s A t❤❡ ❞❡❝✐s✐♦♥ ✐s

❞❡❧❛②❡❞ ❛♥❞ d2 = C ❛t ❛❞❞✐t✐♦♥❛❧ ❝♦sts c✳

❙❡❡ ❋✐❣✉r❡ ✹ ❢♦r ❛ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥✳ ❙❝❡♥❛r✐♦ 2 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✉♥✐q✉❡ ♣✐✈♦t❛❧ s❝❡♥❛r✐♦ ❡❛❝❤

❥✉r♦r ❢❛❝❡s ✐♥ ❛ str❛✇ ♣♦❧❧ ❛♥❞ t❤✐s tr❛❞❡✲♦✛ ✐s s♦❧✈❡❞ ✐♥ ❢❛✈♦r ♦❢ ✈♦t✐♥❣ C ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❝♦♥❞✐t✐♦♥ ✭✸✮ ✐s

✶✷



s❛t✐s✜❡❞✱ ✐✳❡✳✱ j ❤❛s t❤❡ s❛♠❡ ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞ ❛s k2✳ ■♥ ❙❝❡♥❛r✐♦ 1✱ r❡❣❛r❞❧❡ss ♦❢ j✬s ✈♦t❡✱ t❤❡ ❥✉r②

✇✐❧❧ ❞❡❝✐❞❡ ✐♥ ❢❛✈♦r ♦❢ A ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳ ❇② ✈♦t✐♥❣ A ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ❤♦✇❡✈❡r✱ j ❝❛♥ ❝❛✉s❡

t❤✐s ❞❡❝✐s✐♦♥ ❡❛r❧✐❡r ❛♥❞ t❤✉s s❛✈❡ ❝♦sts ♦❢ t✐♠❡✳ ❱♦t✐♥❣ A ✐s str✐❝t❧② ❜❡tt❡r ✐♥ ❙❝❡♥❛r✐♦ 1✳ ❆♥ ❛♥❛❧♦❣♦✉s

❛r❣✉♠❡♥t ❤♦❧❞s ✐♥ ❙❝❡♥❛r✐♦ 3✳ ❍❡r❡✱ t❤❡ ❥✉r②✬s ❞❡❝✐s✐♦♥ ✇✐❧❧ ❜❡ C r❡❣❛r❞❧❡ss ♦❢ j✬s ✈♦t❡ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱

✇❤✐❝❤ ❤❡ ❝❛♥ ✐♠♣❧❡♠❡♥t ❡❛r❧✐❡r ❜② ✈♦t✐♥❣ C✳ ❚❤❡r❡❢♦r❡✱ ✈♦t✐♥❣ C ✐s str✐❝t❧② ❜❡tt❡r ✐♥ ❙❝❡♥❛r✐♦ 3✳

◆♦✇✱ ✇❤❡r❡❛s t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ❙❝❡♥❛r✐♦ ✷ ✐s ✉♥t♦✉❝❤❡❞✱ ✐t ✐s ♠♦r❡ ❧✐❦❡❧② ❢♦r j t❤❛t ❙❝❡♥❛r✐♦ ✶ ♦❝❝✉rs t❤❛♥

❙❝❡♥❛r✐♦ 3 ✐❢ ❤❡ r❡❝❡✐✈❡s ❛♥ i✲s✐❣♥❛❧✱ ❛♥❞ ❙❝❡♥❛r✐♦ ✸ ❛♣♣❡❛rs ♠♦r❡ ❧✐❦❡❧② ✐❢ ❤❡ r❡❝❡✐✈❡s ❛ g✲s✐❣♥❛❧✶✵✳ ■♥

❡①♣❡❝t❛t✐♦♥✱ ✈♦t✐♥❣ A ❜❡❝♦♠❡s ♠♦r❡ ❛ttr❛❝t✐✈❡ ❛❢t❡r j ♦❜s❡r✈❡s ❛♥ i✲s✐❣♥❛❧ ❛♥❞ ✈♦t✐♥❣ C ❣❛✐♥s ❛ttr❛❝t✐♦♥

♦t❤❡r✇✐s❡✳ ❆s t❤❡s❡ ❡✛❡❝ts ❛❞❞ ✉♣✱ t❤❡ ✐♥❝❡♥t✐✈❡s ❢♦r ✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ✐♠♣r♦✈❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐♥t❡r✈❛❧s

✐♥ ✇❤✐❝❤ ♣r❡❢❡r❡♥❝❡s qj ♦❢ ❛❧❧ j ∈ N ❤❛✈❡ t♦ ❜❡ ❧♦❝❛t❡❞ t♦ ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ❡①♣❛♥❞ ❧✐♥❡❛r❧② ✐♥ c ✇✐t❤

❢❛❝t♦rs α(·) ❛♥❞ γ(·) r❡♣r❡s❡♥t✐♥❣ t❤❡ ✇❡✐❣❤t❡❞ ❝♦st s❛✈✐♥❣ ❡✛❡❝t ❞✉❡ t♦ ❙❝❡♥❛r✐♦ ✶ ❛♥❞ ✸✳ ❆s ❛ r❡s✉❧t

✐♥❝❡♥t✐✈❡s ❛r❡ ♣r♦✈✐❞❡❞✱ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s ❡✈❡♥✱ t♦ ❛❣❣r❡❣❛t❡ ✐♥❢♦r♠❛t✐♦♥ tr✉t❤❢✉❧❧② ✐♥ t❤❡ ✜rst ✈♦t❡

❢♦r ❛♥② c > 0✳

❈♦♠♣❧❡♠❡♥t✐♥❣✱ ❝♦♥❞✐t✐♦♥ ✭✹✮ ❛♥❞ ✭✻✮ ❝♦✈❡r t❤❡ ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤❡ ♣✐✈♦t❛❧ ❥✉r♦r✬s ❞❡❝✐s✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞

♣❡r✐♦❞ ✐s ❛❧✇❛②s C✱ ♦r A r❡s♣❡❝t✐✈❡❧②✱ ✐❢ r❡❛❝❤❡❞✳ ■♥ t❤❡s❡ ❝❛s❡s t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ♣✐✈♦t❛❧ s❝❡♥❛r✐♦s✳ ■❢

t❤❡ s❡❝♦♥❞ ✈♦t❡ r❡s✉❧ts ❛❧✇❛②s ✐♥ C✱ t❤❡♥ ❜♦t❤ ❞❡❝✐s✐♦♥s ❛❜♦✉t ❛♥ ❡❛r❧✐❡r ❛❣r❡❡♠❡♥t ❛♥❞ ❛❜♦✉t t❤❡ ❥✉r②✬s

✜♥❛❧ ❞❡❝✐s✐♦♥ ❝♦✐♥❝✐❞❡ s♦ t❤❛t ❜♦t❤ ❙❝❡♥❛r✐♦ ✶ ❛♥❞ ✷ ♦❝❝✉r t♦❣❡t❤❡r ✐❢ k1 − 1 ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❥✉r② ✈♦t❡s

C ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ♣✐✈♦t❛❧ ❥✉r♦rs ❛❧✇❛②s ✈♦t❡s A ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✱ ❙❝❡♥❛r✐♦s

✷ ❛♥❞ ✸ ♦❝❝✉r t♦❣❡t❤❡r ❜② ❛♥ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥t✳ ❙❡❡ ❋✐❣✉r❡s ✸ ❛♥❞ ✺ ❢♦r ❛ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥s✳

❇❡s✐❞❡s t❤❛t✱ t❤❡ ❛r❣✉♠❡♥t ✐s s✐♠✐❧❛r ❛s ❢♦r t❤❡ ✜rst ❝❛s❡❀ ✐❢ t❤❡ ✜rst ✈♦t❡ ✐s ♣♦t❡♥t✐❛❧❧② ❝♦♥s❡q✉❡♥t✐❛❧✱ t❤❡

♦♣♣♦rt✉♥✐t② t♦ s❛✈❡ ❝♦sts ♦❢ t✐♠❡ ✐♠♣r♦✈❡ ❛♥② ❥✉r✐❡s ✐♥❝❡♥t✐✈❡s t♦ ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳

❚❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❥✉r♦r✬s ✐♥❝❡♥t✐✈❡s t♦ ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❜✐❧✐t② t♦ ❛✈♦✐❞ ❝♦sts ♦❢ t✐♠❡

✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ ❥✉r②✬s ✜♥❛❧ ✈❡r❞✐❝t✳ ▼❛❦✐♥❣ t❤❡ ✜rst ♣❡r✐♦❞ ✈♦t❡ ♣♦t❡♥t✐❛❧❧② ❝♦♥s❡q✉❡♥t✐❛❧ ❛s ✇❡❧❧

❛s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝♦sts ♦❢ t✐♠❡ t♦ ❥✉r♦rs ❛r❡ ✐♥❡✈✐t❛❜❧❡ ❢♦r t❤✐s ❡✛❡❝t✳ ■ts str❡♥❣t❤ ♠✐rr♦rs ✐♥ t❤❡ t❤r❡❡

❝♦♥❞✐t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦s✐t✐✈❡ ❢❛❝t♦rs α(·) ❛♥❞ γ(·) ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ❝♦sts

♣❛r❛♠❡t❡r c✳ ❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t ❥✉r✐❡s ♦❢ ❛r❜✐tr❛r②

❤❡t❡r♦❣❡♥❡✐t② ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❝♦sts ♦❢ t✐♠❡ ❛r❡ ❤✐❣❤ ❡♥♦✉❣❤✳✶✶✳

❇❡❢♦r❡ ✇❡ ❞✐s❝✉ss r❡s✉❧t✐♥❣ ✇❡❧❢❛r❡ ❡✛❡❝ts✱ ✇❡ ♣r♦✈✐❞❡ ❛ s❤♦rt ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡ t♦ str❡ss t❤❡ ❡①t❡♥❞ ❜②

✇❤✐❝❤ r❡q✉✐r❡♠❡♥ts ♦♥ t❤❡ ❥✉r✐❡s✬ ❤❡t❡r♦❣❡♥❡✐t② ❛r❡ r❡❧❛①❡❞ ❞✉❡ t♦ ♣♦t❡♥t✐❛❧ ❡❛r❧② ❛❣r❡❡♠❡♥t✳

✹ ❲❡❧❢❛r❡

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✇❡ s❤♦✇❡❞ t❤❛t ♠❛❦✐♥❣ t❤❡ ✜rst ✈♦t❡ ❝♦♥s❡q✉❡♥t✐❛❧ ♣r♦✈✐❞❡s ✐♥❝❡♥t✐✈❡s ❢♦r ❤❡t✲

❡r♦❣❡♥❡♦✉s ❥✉r✐❡s t♦ r❡✈❡❛❧ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥✳ ❲❡ ❛r❡ ♥♦✇ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❡✛❡❝t ♦❢ t❤✐s ❝❤❛♥❣❡ ♦♥ t❤❡

❥✉r②✬s ✇❡❧❢❛r❡✳

✶✵ ❋♦r t❤✐s ❛r❣✉♠❡♥t ✇❡ ♦♥❧② ♥❡❡❞ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✈♦t❡s ♦❢ t❤❡ ♦t❤❡r ❥✉r♦rs t♦ tr✐❣❣❡r ❙❝❡♥❛r✐♦ ✶ ✐s s♠❛❧❧❡r t❤❛♥ N/2✱ ❛♥❞

❢♦r ❙❝❡♥❛r✐♦ ✸ ❧❛r❣❡r t❤❛♥ N/2 r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ✐s ❛ss✉r❡❞ ❜② ❛ss✉♠✐♥❣ s②♠♠❡tr② ✐♥ kt < N/2✳ ❙②♠♠❡tr②✱ ❤♦✇❡✈❡r✱ ✐s

♥♦t ♥❡❝❡ss❛r② ❜✉t s✐♠♣❧✐✜❡s t❤❡ ❛♥❛❧②s✐s ❞r❛♠❛t✐❝❛❧❧②✳
✶✶ ◆♦t❡ ❛s ✇❡❧❧ t❤❛t ✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ✐s tr✐✈✐❛❧❧② ❡q✉✐❧✐❜r✐✉♠ ❜❡❤❛✈✐♦r ✐♥ ❛♥② ❝✐r❝✉♠st❛♥❝❡s ✐❢ p ❛♣♣r♦❛❝❤❡s 1✳ ❆s s✐❣♥❛❧s

❛r❡ ✭❛❧♠♦st✮ ♣❡r❢❡❝t✱ ✐♥❢♦r♠❛t✐♦♥ ❞✐s♣❛r✐t② ✈❛♥✐s❤❡s ❛♥❞ ❥✉r♦rs ✈♦t❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ✭❛❧♠♦st✮ ♣❡r❢❡❝t s✐❣♥❛❧✳

✶✸



✹✳✶ ■♥❢❡r✐♦r✐t② ♦❢ ❙tr❛✇ P♦❧❧s

❚❤❡ ♣♦t❡♥t✐❛❧ ❢♦r ❡❛r❧② ❛❣r❡❡♠❡♥t ❛❧❧♦✇s ❥✉r♦rs t♦ ❛✈♦✐❞ t❤❡ ❝♦st❧② s❡❝♦♥❞ ✈♦t❡ ✇❤❡♥❡✈❡r ❛❣r❡❡♠❡♥t ❛♠♦♥❣

t❤❡♠ ✐s ❜r♦❛❞ ❡♥♦✉❣❤✳ ❆❧❜❡✐t t❤✐s ♥❡✇ ♣♦ss✐❜✐❧✐t② ❞r✐✈❡s t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ ✐♥❝❡♥t✐✈❡s ❢♦r ✐♥❢♦r♠❛t✐✈❡

✈♦t✐♥❣ ✐t ✐s ♥♦t ✐♠♠❡❞✐❛t❡❧② ❝❧❡❛r t❤❛t ❥✉r♦rs ❛r❡ ❜❡tt❡r✲♦✛ ❝♦♠♣❛r❡❞ t♦ ❛ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧✳ ■♥ t❤❡

❧❛tt❡r s❡t✉♣ t❤❡ ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞ ♦❢ t❤❡ ♣✐✈♦t❛❧ ❥✉r♦r ✐♥ t❤❡ s❡❝♦♥❞ ✈♦t❡ ♣✐♥s ❞♦✇♥ t❤❡ ✉♥✐q✉❡ ♣✐✈♦t❛❧

s❝❡♥❛r✐♦ ❢♦r ❛❧❧ ❥✉r♦rs✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❛♥②♠♦r❡ ♥❡❝❡ss❛r✐❧② ✐❢ k1 > 0 ✐s ❝❤♦s❡♥ r❡❧❛t✐✈❡❧② ❧❛r❣❡✳ ❊✐t❤❡r

✭✹✮ ♦r ✭✻✮ ♣r❡s❝r✐❜❡ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❛♥ ✐♥❢♦r♠❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤✐s ❝❛s❡✳ ❇♦t❤ ❤❛✈❡ t❤❡ ❝♦♠♠♦♥

❢❡❛t✉r❡ t❤❛t t❤❡ ♠✐♥✐♠❛❧ ♥✉♠❜❡r ♦❢ C ✈♦t❡s r❡q✉✐r❡❞ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ t♦ ✜♥❛❧❧② ❝♦♥✈✐❝t t❤❡ ❞❡❢❡♥❞❛♥t

✐s ♣✐♥♥❡❞ ❞♦✇♥ ❜② t❤❡ t❤r❡s❤♦❧❞ ❢♦r ❡❛r❧② ❛❣r❡❡♠❡♥t✱ k1✱ ❛♥❞ ♥♦t ❜② t❤❡ ❥✉r♦rs ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞s✳ ■❢

❜♦t❤ ❛r❡ t♦♦ ❢❛r ❛♣❛rt✱ s♦♠❡ r❡❧❛t✐✈❡❧② ❡①tr❡♠❡ ❤♦♠♦❣❡♥❡♦✉s ❥✉r✐❡s ❞♦ ♥♦t ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ ✜rst

♣❡r✐♦❞ ❛♥② ❧♦♥❣❡r✳ ■♥ ❛ str❛✇ ♣♦❧❧✱ ❤♦✇❡✈❡r✱ ✐♥❢♦r♠❛t✐♦♥ ✐s ❢✉❧❧② ❛❣❣r❡❣❛t❡❞ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥

❢r♦♠ ❡❛❝❤ ❥✉r♦rs ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s ✐♠♣❧❡♠❡♥t❡❞✳ ■❢ s❛✈❡❞ ❝♦sts ❛r❡ ♥♦t ❡♥♦✉❣❤ t♦ ♠❛❦❡ ✉♣ ❢♦r t❤✐s ❧♦ss

t❤❡s❡ ❥✉r✐❡s ❛r❡ ✐♥ ❢❛❝t ✇♦rs❡ ♦✛ ✇✐t❤ k1 > 0✳

❊①❛♠♣❧❡ ✹✳✶✳ ❆s ❛♥ ❡①❛♠♣❧❡ ❢♦r s✉❝❤ ❛ ❝❛s❡ ❝♦♥s✐❞❡r ❛ ❤♦♠♦❣❡♥❡♦✉s ❥✉r② ♦❢ N = 20 ❥✉r♦rs ✇✐t❤ ❛

❝♦♠♠♦♥ ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞ ♦❢ λ = 1✳ ❚❤✐s ❥✉r② ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ ❛ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧ ❜✉t

♠✐❣❤t ♥♦t ✐❢ ❡❛r❧② ❛❣r❡❡♠❡♥t ✐s ♣♦ss✐❜❧❡ ✇✐t❤ k1 = 5✳ ❆s λ < k1✱ t❤❡ ❥✉r② ✇✐❧❧ ❝♦♥✈✐❝t t❤❡ ❞❡❢❡♥❞❛♥t

✇❤❡♥❡✈❡r t❤❡ s❡❝♦♥❞ ✈♦t❡ ❤❛♣♣❡♥s✳ ❆ ❥✉r♦r ✇❤♦ ✐s ♣✐✈♦t❛❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ✇❤❡♥ ✹ ♦✉t ♦❢ t❤❡ ♦t❤❡r ✶✾

❥✉r♦rs ✈♦t❡ C ✐♥❢♦r♠❛t✐✈❡❧② ♣r❡❢❡rs t♦ ✈♦t❡ C ✐♥st❡❛❞ ♦❢ A✱ ❡✈❡♥ ✐❢ ❤❡ r❡❝❡✐✈❡s ❛♥ i✲s✐❣♥❛❧✳ ❱♦t✐♥❣ A ✐♥

t❤✐s s✐t✉❛t✐♦♥ s❛✈❡s ❝♦sts ❜✉t ❧❡❛❞s t♦ ❛♥ ✉♥❞❡s✐r❛❜❧❡ ❛❝q✉✐tt❛❧ ❜❡❝❛✉s❡ λ < 4 = k1 − 1✳ ❚❤❡ ✐♥❝❡♥t✐✈❡s t♦

s❛✈❡ ❝♦sts ❤❛❞ t♦ ❜❡ ✉♥r❡❛s♦♥❛❜❧② ❧❛r❣❡ ✐♥ ♦r❞❡r t♦ ❥✉st✐❢② ✈♦t✐♥❣ A ❛❢t❡r r❡❝❡✐✈✐♥❣ ❛♥ i✲s✐❣♥❛❧✳

❚❤❡r❡ ✐s✱ ❤♦✇❡✈❡r✱ ❛❧✇❛②s ❛ ✈♦t✐♥❣ r✉❧❡ ❢♦r t❤❡ ✜rst ♣❡r✐♦❞ t❤❛t ♦✈❡r❝♦♠❡s t❤✐s ✐ss✉❡ s✉❝❤ t❤❛t ❛ ❝♦♥s❡✲

q✉❡♥t✐❛❧ ✜rst ♣❡r✐♦❞ ✈♦t❡ ❞♦❡s ♥♦t ❛❧t❡r ❛ ❤♦♠♦❣❡♥❡♦✉s ❥✉r②✬s ❜❡❤❛✈✐♦r ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❆s ❛ r❡s✉❧t✱ ❡❛❝❤

s✉❝❤ ❥✉r② ✐s str✐❝t❧② ❜❡tt❡r ♦✛ ✇❤❡♥ ✐t ❝❛♥ ❛✈♦✐❞ ❝♦sts ♦❢ t✐♠❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤✐s ✐♥s✐❣❤t t♦

s♦♠❡ ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛♥ ✐♥❢♦r♠❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ s❡t✉♣s ✇✐t❤ ❛

❝♦♥s❡q✉❡♥t✐❛❧ ✜rst ♣❡r✐♦❞ ✈♦t❡ ♦✉t♣❡r❢♦r♠s t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ✐♥ str❛✇ ♣♦❧❧ s❡t✉♣s ❢♦r

t❤♦s❡ ❥✉r✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❋✐① s♦♠❡ k2 ❛♥❞ ❝♦♥s✐❞❡r ❛ ❥✉r② N ✇✐t❤ ❜♦✉♥❞❡❞ ❤❡t❡r♦❣❡♥❡✐t②✳ ❋♦r s♦♠❡ k1 > 0✱

❡✈❡r② ❥✉r♦r j ∈ N ✐s str✐❝t❧② ❜❡tt❡r ♦✛ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥st✐t✉t❡❞ ❜② (σ, µ) t❤❛♥ ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ♦❢

s❡t✉♣s ✇✐t❤ ❛ ✜rst ♣❡r✐♦❞ str❛✇ ♣♦❧❧✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐①✳

❲❡ ♣r♦❝❡❡❞ ✐♥ ❢♦✉r st❡♣s✳ ❋✐rst✱ ✇❡ s❤♦✇ t❤❛t ❛♥② ❥✉r② t❤❛t ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ ❛ str❛✇ ♣♦❧❧ ✐♥ ❡q✉✐✲

❧✐❜r✐✉♠ ❞♦❡s t❤❡ s❛♠❡ ❢♦r s♦♠❡ ❞❡❝✐s✐♦♥ r✉❧❡ k1 > 0 ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ❚❤✐s ✐s ❡♥s✉r❡❞ ✐❢ k1 ✐s ❝❤♦s❡♥

s♠❛❧❧ ❡♥♦✉❣❤✳ ❙❡❝♦♥❞✱ ✇❡ ❛r❣✉❡ t❤❛t t❤❡s❡ ❤♦♠♦❣❡♥❡♦✉s ❥✉r✐❡s ❛r❡ str✐❝t❧② ❜❡tt❡r✲♦✛ ✉♥❞❡r k1 > 0✳ ❋♦r

s♠❛❧❧ ✈❛❧✉❡s ♦❢ k1✱ t❤❡ ❥✉r②✬s ❞❡❝✐s✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❝♦♠♣❛r❡❞ t♦ ❛ str❛✇ ♣♦❧❧ ❜✉t ❢♦r s♦♠❡ r❡❛❧✐③❛t✐♦♥s

♦❢ s✐❣♥❛❧s✱ ✐t ✐s ♠❛❞❡ ❡❛r❧✐❡r✳ ❆s t❤✐s s❛✈❡s ❝♦sts✱ ❥✉r♦rs ❛r❡ ❜❡tt❡r ♦✛ ✐♥ ❡①♣❡❝t❛t✐♦♥✳ ■♥ t❤❡ t❤✐r❞ st❡♣✱

✇❡ ❡st❛❜❧✐s❤ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❥✉r♦rs✬ ✉t✐❧✐t✐❡s ❢r♦♠ ❛ s❡t✉♣ ✇✐t❤ ❛ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳

■♥ ❢❛❝t✱ t❤❡ ❜❡st ❥✉r♦rs ❝❛♥ ❛❝❤✐❡✈❡ ❢r♦♠ ❛ str❛✇ ♣♦❧❧ s❡t✉♣ ✐s t❤❡✐r ♣r❡❢❡rr❡❞ ❞❡❝✐s✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞

✶✹



✈♦t❡ ✉♥❞❡r ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s✱ ❤♦✇❡✈❡r✱ ✐s t❤❡ ♦✉t❝♦♠❡ ♦❢ (σ, µ) ❢♦r ❤♦♠♦❣❡♥❡♦✉s ❥✉r✐❡s✳ ❋✐♥❛❧❧②✱ ✇❡

❞❡♠♦♥str❛t❡ t❤❛t t❤❡r❡ ❛r❡ ✐♥❞❡❡❞ s♦♠❡ ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s✱ t❤❛t ❝❛♥ ✐♠♣r♦✈❡ ✉♣♦♥ t❤✐s ❜❡♥❝❤♠❛r❦ ❢♦r

s♦♠❡ k1 > 0✳ ❯♥❧✐❦❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❥✉r✐❡s✱ t❤❡ ✜♥❛❧ ❞❡❝✐s✐♦♥ ✐s ♥♦t ♦♣t✐♠❛❧ ❢♦r ❛❧❧ ❥✉r♦rs ✐♥

t❤✐s ❝❛s❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡s❡ ✐♥❡✣❝✐❡♥❝✐❡s ❛r❡ ❝♦♠♣❡♥s❛t❡❞ ❜② s❛✈❡❞ ❝♦sts ✐♥ ❡①♣❡❝t❛t✐♦♥✱ ✐❢ t❤❡✐r ❧❡✈❡❧

♦❢ ❤❡t❡r♦❣❡♥❡✐t② ✐s ♥♦t t♦♦ ❤✐❣❤✳

◆♦t❡ t❤❛t t❤❡ ❡①t❡♥t ♦❢ ❤❡t❡r♦❣❡♥❡✐t② t❤❛t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤✐s ♣❛r❡t♦ ✐♠♣r♦✈❡♠❡♥t ❞❡♣❡♥❞s ♦♥ t❤❡

❝♦st s❛✈✐♥❣ ❡✛❡❝t t❤❛t ✐s ✐❞❡♥t✐❝❛❧ t♦ ❡❛❝❤ ❥✉r♦r✳ ❆ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ c str✐❝t❧② ✐♠♣r♦✈❡s ✇❡❧❢❛r❡ ❢♦r ❛♥②

k1 > 0✳ ❍❡♥❝❡✱ ❛ str♦♥❣❡r ❝♦sts s❛✈✐♥❣ ❡✛❡❝t ❝❛♥ ❝♦♠♣❡♥s❛t❡ ❤✐❣❤❡r ✐♥❡✣❝✐❡♥❝✐❡s ❢r♦♠ ✐♠♣❡r❢❡❝t ❞❡✲

❝✐s✐♦♥s ❝❛✉s❡❞ ❜② ❤✐❣❤❡r ❧❡✈❡❧s ♦❢ ❤❡t❡r♦❣❡♥❡✐t②✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ♥♦t❡ t❤❛t t❤❡ ✇❡❧❢❛r❡ ❝r✐t❡r✐♦♥ ✉s❡❞ ✐s

✈❡r② str✐❝t✳ ❲❡ r❡q✉✐r❡ ❥✉r✐❡s t♦ ✐♠♣r♦✈❡ ✉♣♦♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ ❡❛❝❤ ❥✉r♦r ❢r♦♠ ❛ str❛✇ ♣♦❧❧✳ ■♥ ❝♦♥✲

s✐❞❡r✐♥❣ ✇❡❛❦❡r ✇❡❧❢❛r❡ ♠❡❛s✉r❡s ♠♦r❡ ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s ❝♦✉❧❞ ✐♠♣r♦✈❡ ✉♣♦♥ str❛✇ ♣♦❧❧ s❡t✉♣s ❛s ✇❡❧❧✳

❆ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst ✈♦t❡ ❢❛✐❧s t♦ ♣r♦✈✐❞❡ t❤❡ r✐❣❤t ✐♥❝❡♥t✐✈❡s ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s t♦

r❡✈❡❛❧ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ tr✉t❤❢✉❧❧②✱ ❛s ❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮ ♣♦✐♥t❡❞ ♦✉t✳ ❲❡ s❤♦✇❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r

t❤❛t t❤✐s ❝❛♥ ❜❡ ❛❝❝♦♠♣❧✐s❤❡❞ ✐❢ t❤❡ ✜rst ♣❡r✐♦❞ ✈♦t❡ ❝❛♥ ❤❛✈❡ ❝♦♥s❡q✉❡♥❝❡s✳ ◆♦✇✱ ✇❡ ❡st❛❜❧✐s❤ t❤❛t str❛✇

♣♦❧❧s ♥♦t ♦♥❧② ❤✉rt ✐♥❝❡♥t✐✈❡s ❢♦r ✐♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥ ✐♥ ❛ t✇♦✲♣❡r✐♦❞ ✈♦t✐♥❣ s❡t✉♣ ❜✉t ❛❧s♦ ❧♦✇❡r t❤❡

❥✉r♦rs ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❝♦♠♣❛r❡❞ t♦ s❡t✉♣s ✐♥ ✇❤✐❝❤ ❥✉r✐❡s ❝❛♥ ♠❛❦❡ ❛ ❞❡❝✐s✐♦♥ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ❛❧r❡❛❞②✳

■♥ ❢❛❝t✱ ❤♦♠♦❣❡♥❡♦✉s ❥✉r✐❡s t❤❛t r❡✈❡❛❧ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ tr✉t❤❢✉❧❧② ✐♥ ❛ str❛✇ ♣♦❧❧ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❛r❡

str✐❝t❧② ❜❡tt❡r ♦✛ ✐❢ t❤❡ ✜rst ✈♦t❡ ❛❧❧♦✇s ❢♦r ❛♥ ❡❛r❧✐❡r ❞❡❝✐s✐♦♥✳ ❖♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t str❛✇ ♣♦❧❧s r❛r❡❧②

❛❝❤✐❡✈❡ ✐♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥ ❛♥❞ ✐❢ t❤❡② ❞♦✱ ❛ s❡t✉♣ ✇✐t❤ ♦♣♣♦rt✉♥✐t✐❡s ❢♦r ❡❛r❧✐❡r ❛❣r❡❡♠❡♥t ♣❡r❢♦r♠s

str✐❝t❧② ❜❡tt❡r✳

✹✳✷ ❉❡s✐❣♥❡r✬s ❈❤♦✐❝❡ ♦❢ k1 > 0

❆s ❛ ✜♥❛❧ st❡♣ ✇❡ ❝♦♥s✐❞❡r ❛ ❞❡s✐❣♥❡r ✇❤♦ ❝❛♥ ❝❤❛♥❣❡ t❤❡ ✈♦t✐♥❣ r✉❧❡ ❢r♦♠ ❛ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst ✈♦t❡

t♦ k1 > 0✳ ■♥ ♠❛♥② s✐t✉❛t✐♦♥s t❤❡r❡ ❛r❡ ❧❡❣❛❧ r❡q✉✐r❡♠❡♥ts ♦r r❡❣✉❧❛t✐♦♥s ♦♥ t❤❡ ♠❛❥♦r✐t② t❤❛t ✐s ♥❡❡❞❡❞

❢♦r ❛ ❞❡❝✐s✐♦♥ ✇❤✐❝❤ ❛ ❞❡s✐❣♥❡r ❝❛♥♥♦t ✐♥✢✉❡♥❝❡✳ ❲❡ ❛❝❝♦✉♥t ❢♦r t❤❛t ❜② tr❡❛t✐♥❣ k2✱ t❤❡ ♠❛❥♦r✐t② r✉❧❡

♦❢ t❤❡ ✜♥❛❧ ✈♦t❡✱ ❛s ❣✐✈❡♥ ❛♥❞ ❝♦♥s✐❞❡r k1 < k2✳ ■❢ ❛ ❞❡❝✐s✐♦♥ ✐s ♠❛❞❡ ❡❛r❧②✱ t❤❡ ♠❛❥♦r✐t② ✐♥ ❢❛✈♦r ✐s ❛t

❧❡❛st ❛s ❧❛r❣❡ ❛s ❧❡❣❛❧❧② r❡q✉✐r❡❞✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞✐s❝✉ss ✇❤✐❝❤ t❤r❡s❤♦❧❞ ❢♦r ❛❣r❡❡♠❡♥t t❤❡ ❞❡s✐❣♥❡r

s❤♦✉❧❞ s❡t ✇❤❡♥ t❤❡ ❥✉r②✬s ♣r❡❢❡r❡♥❝❡s ❛r❡ ❦♥♦✇♥ ♦r ✉♥❦♥♦✇♥ t♦ ❤❡r✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧❛tt❡r ❝❛s❡ ✜rst✱ ✇❤❡r❡ ❡✐t❤❡r t❤❡ ❞❡s✐❣♥❡r ❞♦❡s ♥♦t ❦♥♦✇ t❤❡ ❥✉r♦rs✬ ♣r❡❢❡r❡♥❝❡s ♦r s❤❡

❤❛s t♦ ❝♦♠♠✐t t♦ ❛ ❞❡❝✐s✐♦♥ r✉❧❡ ❢♦r t❤❡ ✜rst ✈♦t❡ ❜❡❢♦r❡ t❤❡ ❥✉r② ✐s ❛♥♥♦✉♥❝❡❞✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞❡s✐❣♥❡r

❝❛♥♥♦t ♦❜s❡r✈❡ t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ c ❡✐t❤❡r✱ ✇❤✐❝❤ ✐s ♣❛rt ♦❢ t❤❡ ❥✉r♦rs ♣r❡❢❡r❡♥❝❡s✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❦♥♦✇♥

t❤❛t s♦♠❡ ❝♦sts c > 0 ❛r❡ ♣r❡s❡♥t✳ ❋♦r t❤❡ r❡❛s♦♥s ❞✐s❝✉ss❡❞ ♣r❡✈✐♦✉s❧②✱ ❛❧❧♦✇✐♥❣ ❢♦r ❛ ❞❡❝✐s✐♦♥ ✐♥ t❤❡

✜rst ♣❡r✐♦❞ ✐♥❝r❡❛s❡s t❤❡ ❥✉r♦rs ✇❡❧❢❛r❡ ❜✉t ✐❢ k1 ✐s ❝❤♦s❡♥ t♦♦ ❤✐❣❤ s♦♠❡ r❡❧❛t✐✈❡ ❡①tr❡♠❡ ❤♦♠♦❣❡♥❡♦✉s

❥✉r✐❡s ❛r❡ ✇♦rs❡ ♦✛✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳

❈♦r♦❧❧❛r② ✹✳✶✳ ❙✉♣♣♦s❡ t❤❡ ❞❡s✐❣♥❡r ❝❛♥♥♦t ♦❜s❡r✈❡ t❤❡ ❥✉r♦rs ♣r❡❢❡r❡♥❝❡s✳ ❙❤❡ ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ ✇❡❧❢❛r❡

♦❢ ❛♥② ❥✉r② t❤❛t ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ ❛ str❛✇ ♣♦❧❧ ❜② s❡tt✐♥❣ k1 = 1✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐①✳

✶✺



❆s ❞✐s❝✉ss❡❞✱ ❛ str❛✇ ♣♦❧❧ ❛❝❝♦♠♣❧✐s❤❡s ✐♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥ ♦♥❧② ✐❢ t❤❡ ❥✉r② ✐s ❤♦♠♦❣❡♥❡♦✉s✳ ❋♦r t❤✐s

❝❛s❡✱ ❤♦✇❡✈❡r✱

◆♦✇ s✉♣♣♦s❡ t❤❛t t❤❡ ❞❡s✐❣♥❡r ❦♥♦✇s t❤❡ ❥✉r♦rs✬ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ❝❛♥ ❛❞❥✉st t❤❡ ✈♦t✐♥❣ r✉❧❡ ✐♥ t❤❡ ✜rst

♣❡r✐♦❞ t♦ ✐♥❝r❡❛s❡ t❤❡✐r ✇❡❧❢❛r❡ ❛❝❝♦r❞✐♥❣❧②✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦ s❤❡ ❝♦♥s✐❞❡rs ❛❧❧ k1 > 0 t❤❛t ✐♥❞✉❝❡

✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ❢♦r t❤✐s ❥✉r② ❛♥❞ ✇❡ ❝❛❧❧ t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ✈❛❧✉❡s KN
1 ✳ ■♥ t❤❡ ♥❡①t

st❡♣ ✇❡ ✐s♦❧❛t❡ ❛ s✉❜s❡t ♦❢ KN
1 ✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ K̃N

1 ✳ ❋♦r ❛♥② k1 ∈ K̃N
1 ✱ t❤❡ ❥✉r② ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t = 1

❛♥❞ ✐t✬s ✇❡❧❢❛r❡ ✐s str✐❝t❧② ❤✐❣❤❡r ❝♦♠♣❛r❡❞ t♦ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ s❡t✉♣s ✇✐t❤ ❛ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst

r♦✉♥❞✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ❥✉r②✬s ❤❡t❡r♦❣❡♥❡✐t② ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ s✉❝❤ t❤❛t K̃N
1 ✐s ♥♦♥✲❡♠♣t②✳

❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ ✇❡ ❦♥♦✇ t❤❛t t❤✐s ✐♥ ✐♥❞❡❡❞ t❤❡ ❝❛s❡ ❢♦r s♠❛❧❧ ❞❡❣r❡❡ ♦❢ ❤❡t❡r♦❣❡♥❡✐t②✳ ❋✐♥❛❧❧②✱ ✇❡

♣r♦✈✐❞❡ ❝♦♥❞✐t✐♦♥s t♦ ✐❞❡♥t✐❢② ❛ k1 ∈ K̃N
1 ✇❤✐❝❤ ♠❛①✐♠✐③❡s t❤❡ ❥✉r②✬s ✇❡❧❢❛r❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❙✉♣♣♦s❡ t❤❡ ❞❡s✐❣♥❡r ❝❛♥ ♦❜s❡r✈❡ t❤❡ ❥✉r♦rs ♣r❡❢❡r❡♥❝❡s ✇❤♦s❡ ❞❡❣r❡❡ ♦❢ ❤❡t❡r♦❣❡♥❡✐t②

✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡✳ ❚❤❡♥✱ t❤❡ ♦♣t✐♠❛❧ k1 ❢♦r ✇❤✐❝❤ (σ, µ) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

✶✳ ■❢ λN
k2

∈ {k1, . . . , N − k1 + 1}✱ s❡t

k1 = max K̃N
1 .

✷✳ ■❢ λN
k2

< N
2 ❛♥❞

{
k1 | λN

k2
< k1

}
⊆ K̃N

1 ✱ s❡t

k1 = max
{
k1 ∈ K̃N

1 | q1 ≥ β(k1 − 1, N)− 2c ∨ λN
k2

∈ {k1, . . . , N − k1 + 1}
}

✸✳ ■❢ λN
k2

> N
2 ❛♥❞

{
k1 | λN

k2
> N − k1 + 1

}
⊆ K̃N

1 ✱ s❡t

k1 = max
{
k1 ∈ K̃N

1 | qN ≤ β (N − (k1 − 1) , N) + 2c ∨ λN
k2

∈ {k1, . . . , N − k1 + 1}
}

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐①✳

■♥t✉✐t✐✈❡❧②✱ ✇❤❡♥❡✈❡r t❤❡ ❝❤♦✐❝❡ ❢r♦♠ ❛❧❧ ❝❛♥❞✐❞❛t❡s k1 ∈ K̃N
1 ❞♦❡s ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ ✜♥❛❧ ❞❡❝✐s✐♦♥✱

t❤❡♥ ✐♥❝r❡❛s✐♥❣ k1 ❛s ❤✐❣❤ ❛s ♣♦ss✐❜❧❡ s❛✈❡s t❤❡ ♠♦st ❝♦sts ❛♥❞✱ ❤❡♥❝❡✱ ✐s ♦♣t✐♠❛❧ t♦ ❝❤♦♦s❡✳ ■❢ ❛♥

❛❞❞✐t✐♦♥❛❧ ✐♥❝r❡❛s❡ ✐♥ k1 ✐♠♣❛❝ts t❤❡ ❥✉r②✬s ❞❡❝✐s✐♦♥✱ t❤❡ ❞❡s✐❣♥❡r ♠✉st tr❛❞❡✲♦✛ t❤❡ s❛✈❡❞ ❝♦sts ❛❣❛✐♥st

t❤❡ r❡♣❡r❝✉ss✐♦♥s ❢r♦♠ ✐♥t❡r❢❡r✐♥❣ ✇✐t❤ t❤❡ ❞❡❝✐s✐♦♥✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ❛❜♦✈❡ r❡✢❡❝t t❤✐s tr❛❞❡✲♦✛✿ ❚❤❡

❞❡s✐❣♥❡r ✇❛♥ts t♦ ❝❤♦♦s❡ ❛ ❤✐❣❤ k1 ∈ K̃N
1 ✐♥ ♦r❞❡r t♦ ❞❡❝r❡❛s❡ ❡①♣❡❝t❡❞ ❝♦sts ❢♦r t❤❡ ❥✉r♦rs ❜✉t ♥♦t

✐♠♣❛❝t t❤❡ ❥✉r②✬s ❞❡❝✐s✐♦♥ t♦ ❛♥ ❡①t❡♥❞ t❤❛t ♦✉t✇❡✐❣❤s t❤❡ s❛✈❡❞ ❝♦sts✳

✺ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

❚❤✐s ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t✇♦ ♣❡r✐♦❞ ❝♦♠♠✐tt❡❡ ✈♦t✐♥❣ ❜② ❛❞❞✐t✐♦♥❛❧❧② ❝♦♥s✐❞❡r✐♥❣ ❝♦sts

♦❢ t✐♠❡✳ ❲❡ s❤♦✇ t❤❛t ✐t ✐s ❜❡♥❡✜❝✐❛❧ t♦ ❣r❛♥t ❛♥ ♦♣t✐♦♥ ❢♦r ❡❛r❧② ❛❣r❡❡♠❡♥t t♦ t❤❡ ❥✉r♦rs ❛s ♦♣♣♦s❡❞

t♦ ❧❡tt✐♥❣ t❤❡♠ ❡♥❣❛❣❡ ✐♥ ❛ str❛✇ ♣♦❧❧ ✜rst✳ ❯♥❧✐❦❡ ✐♥ t❤❡ str❛✇ ♣♦❧❧ s❡t✉♣ ♦❢ ❈♦✉❣❤❧❛♥ ✭✷✵✵✵✮✱ ❡✈❡♥

❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s ❛❣❣r❡❣❛t❡ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ♣❡r❢❡❝t❧② ✐♥ t❤❡ ✜rst ✈♦t❡ ♦♥❝❡ ✐❢ ✐t ❝❛♥ ❛❧r❡❛❞② ❤❛✈❡

❝♦♥s❡q✉❡♥❝❡s✳ ▼♦r❡♦✈❡r✱ ♥♦t ♦♥❧② ❡✈❡r② ❤♦♠♦❣❡♥❡♦✉s ❥✉r② ❜✉t ❛❧s♦ s♦♠❡ ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s ❛r❡ str✐❝t❧②

❜❡tt❡r ♦✛ ✐♥ t❡r♠s ♦❢ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✇❤❡♥ t❤❡ ❥✉r♦rs ❝❛♥ ♠❛❦❡ t❤❡ ❞❡❝✐s✐♦♥ ❡❛r❧✐❡r✳ ❲❡ ❞❡♠♦♥str❛t❡❞

✶✻



❤♦✇ t❤❡ ❛❜✐❧✐t② t♦ s❛✈❡ ❝♦sts ♦❢ t✐♠❡ ♣♦s✐t✐✈❡❧② ✐♥✢✉❡♥❝❡s t❤❡ ❥✉r♦rs ✐♥❝❡♥t✐✈❡s t♦ ❛❣❣r❡❣❛t❡ ✐♥❢♦r♠❛t✐♦♥✳

❋✐♥❛❧❧②✱ ✇❡ s❤♦✇❡❞ ❤♦✇ ❛ ❞❡s✐❣♥❡r ❝❛♥ ♣r♦✜t ❢r♦♠ ♦✉r ✐♥s✐❣❤ts ✇❤❡♥ s❤❡ ❝❛♥ s❡t t❤❡ ✈♦t✐♥❣ r✉❧❡ ❢♦r t❤❡

✜rst ♣❡r✐♦❞ ❜❛s❡❞ ♦♥ ❤❡r ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❥✉r♦rs✬ ♣r❡❢❡r❡♥❝❡s✳

❚❤❡ r❡s✉❧ts ❛r❡ ❞❡r✐✈❡❞ ✐♥ ❛ s✐♠♣❧❡ ❢r❛♠❡✇♦r❦✳ ❚❤❡r❡ ❛r❡ ♥✉♠❡r♦✉s ♣♦ss✐❜❧❡ ✇❛②s ♦❢ ✐❞❡♥t✐❢②✐♥❣ r♦❜✉st✲

♥❡ss ♦❢ t❤❡ ❡✛❡❝ts ♦♥ ✐♥❝❡♥t✐✈❡s ❢♦r ✐♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥ ❢r♦♠ ♠❛❦✐♥❣ t❤❡ ✜rst ✈♦t❡ ❝♦♥s❡q✉❡♥t✐❛❧✳

◆❛t✉r❛❧❧②✱ ✐♥tr♦❞✉❝✐♥❣ ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡ ♦r ✉♥❝❡rt❛✐♥t② ❛❜♦✉t ♦t❤❡r ♣❧❛②❡rs✬

t②♣❡s ✐♠♠❡❞✐❛t❡❧② ❝♦♠❡ t♦ ♠✐♥❞✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ❞❡s✐❣♥❡r✬s ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ❣✐✈❡s r✐s❡ t♦

t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❡♥❞♦❣❡♥♦✉s ❝♦sts✳ ❍✐❣❤❡r ❝♦sts ✐♥❝r❡❛s❡ ✐♥❝❡♥t✐✈❡s t♦ ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ s❡t✉♣s

✇❤✐❝❤ ❛❧❧♦✇ ❢♦r ❛❣r❡❡♠❡♥t ❡❛r❧②✳ ❍♦✇❡✈❡r✱ t❤❡② ♥❡❣❛t✐✈❡❧② ✐♠♣❛❝t t❤❡ ❥✉r♦rs ✇❡❧❢❛r❡✳ ❊✈❡♥ ♥♦✇ t❤❡

s✐♠♣❧❡ ❢r❛♠❡✇♦r❦ ❢r♦♠ t❤✐s ♣❛♣❡r ❛❧❧♦✇s ✉s t♦ ✐❞❡♥t✐❢② ✐♥t❡r❡st✐♥❣ ❡✛❡❝ts t❤❛t ❛r✐s❡ ❢r♦♠ ✐♥tr♦❞✉❝✐♥❣

❝♦♥s❡q✉❡♥❝❡s ✐♥ t❤❡ ✜rst ✈♦t❡ ❛❧r❡❛❞②✳

❚❤✐s ❝♦♥s✐❞❡r❛t✐♦♥s ❝❛♥ ❧❡❛❞ t♦ ✐♥t❡r❡st✐♥❣ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s✳ ❲❡ s❤♦✇ t❤❛t str❛✇ ♣♦❧❧s ❛r❡ ♥♦t ♦♥❧②

❞✐❧❛t♦r②✱ t❤❡ r❡❛s♦♥ ✇❤② ❘♦❜❡rt ■■■✳ ❡t ❛❧✳ ✭✷✵✵✵✮ ❥✉❞❣❡❞ t❤❡♠ ✏♠❡❛♥✐♥❣❧❡ss✑✱ ❜✉t ❛❧s♦ ❝❛♥ ❜❡ ❡❛s✐❧②

♦✉t♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❛❜✐❧✐t② t♦ ❛❣❣r❡❣❛t❡ ✐♥❢♦r♠❛t✐♦♥ ✐❢ t❤❡② ❝❛♥ ❤❛✈❡ ❝♦♥s❡q✉❡♥❝❡s✳

✶✼



❆ ❆♣♣❡♥❞✐①

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✳

t = 2 : ❙✉♣♣♦s❡ ❥✉r♦rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t = 1 ❛♥❞ x1 ✐s t❤❡ r❡✈❡❛❧❡❞ ♥✉♠❜❡r ♦❢ C✲✈♦t❡s ❢r♦♠ t❤❛t

♣❡r✐♦❞✳ ❈♦♥s✐st❡♥t ✇✐t❤ ✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣✱ ❛♥② j ∈ N ❜❡❧✐❡✈❡s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 t❤❛t x1 r❡♣r❡s❡♥ts t❤❡

❛♠♦✉♥t ♦❢ g✲s✐❣♥❛❧s ❛♠♦♥❣ t❤❡ ❥✉r♦rs✳ ❆❝❝♦r❞✐♥❣❧②✱ ❛❧❧ j ∈ N ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢s ✇✐t❤ ❇❛②❡s✬ r✉❧❡ ❛❜♦✉t

t❤❡ st❛t❡ ♦❢ t❤❡ ✇♦r❧❞ ❜❡✐♥❣ G ❝♦♥s✐st❡♥t❧② t♦ β(x1, N) ❢♦r ❛❧❧ j ∈ N ✱ ❛♥❞ ❢♦r ❛♥② s✐❣♥❛❧ sj ✳ ●✐✈❡♥ t❤❡

♦t❤❡r ❥✉r♦rs ✈♦t❡ s✐♥❝❡r❡❧②✱ j ❝♦♥❞✐t✐♦♥s ❤✐s ✈♦t❡ ♦♥ ❜❡✐♥❣ ♣✐✈♦t❛❧ ❛♥❞ ✈♦t❡s C ✐❢ ❛♥❞ ♦♥❧② ✐❢

− (1− β(x1, N)) qj ≥ −β(x1, N) (1− qj)

⇔ qj ≤ β(x1, N).

❚❤❛t ✐s✱ j ✈♦t❡s s✐♥❝❡r❡❧② ✐♥ t = 2✳

t = 1 : ❚❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ❞❡t❡r♠✐♥❡s t❤❡ ❥✉r♦rs✬ ♣r✐♦r ❜❡❧✐❡❢s✳ ❆♥② j ∈ N ❛tt❛❝❤❡s ♣r♦❜❛❜✐❧✐t② p t♦ t❤❡

st❛t❡ ❜❡✐♥❣ G ✇❤❡♥❡✈❡r sj = g✱ ❛♥❞ 1 − p ♦t❤❡r✇✐s❡✳ ❚❤❡ ❥✉r♦rs ❛♥t✐❝✐♣❛t❡ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ✈♦t❡ ✐♥

t = 2✱ ✐❢ ✐t ✐s r❡❛❝❤❡❞✱ ❢♦r ❛♥② r❡❛❧✐③❛t✐♦♥ ♦❢ x1✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ❝❛s❡s t♦ ❞✐st✐♥❣✉✐s❤✳

✶✳ ❙✉♣♣♦s❡ λN
k2

∈ {1, . . . , k1}✳ ■♥ t❤✐s ❝❛s❡ d2 = C ❜❡❝❛✉s❡ λN
k2

≤ k1✳ ❉❡♥♦t❡ ❜② σ̃ =
(
σ−j ,

(
σ̃1
j , σ

2
j

))

t❤❡ ❥✉r②✬s str❛t❡❣② ♣r♦✜❧❡ ✇❤❡r❡ ❛❧❧ ❥✉r♦rs ✈♦t❡ s✐♥❝❡r❡❧② ✐♥ t = 2✱ ❛♥❞ ✐♥ t = 1 ❛❧❧ ❜✉t j ✈♦t❡

✐♥❢♦r♠❛t✐✈❡❧② ❛♥❞ j ❞❡✈✐❛t❡s t♦ ✈♦t❡ ❝♦♥tr❛r✐❧② t♦ ❤✐s r❡❝❡✐✈❡❞ s✐❣♥❛❧✱ ✐✳❡✳✱ A✱ ✐❢ sj = g ❛♥❞ C✱ ✐❢

sj = i✳ ❲❡ ❝♦♠♣✉t❡ j✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ✐♥ t = 1 ❢r♦♠ ✈♦t✐♥❣ ✐♥❢♦r♠❛t✐✈❡❧②✱ t❤❛t ✐s st✐❝❦✐♥❣ t♦ σ✱

❛s ✇❡❧❧ ❛s ❢r♦♠ ❞❡✈✐❛t✐♥❣ t♦ σ̃✱ t❤❛t ✐s ♣r♦✈✐❞✐♥❣ ♠✐s✐♥❢♦r♠❛t✐♦♥✳

EUj [σ | µ, sj = g] =

k1−2∑

x=0

(
N − 1

x

)
(1− p)N−x−1

p
x+1 (−(1− qj)) +

N−k1−1∑

x=k1−1

(
N − 1

x

)
(1− p)N−x−1

p
x+1(−c)

+

N−k1−1∑

x=k1−1

(
N − 1

x

)
(1− p)x+1

p
N−x−1(−c− qj) +

N−1∑

x=N−k1

(
N − 1

x

)
(1− p)x−1

p
N−x+1(−qj).

EUj [σ̃ | µ, sj = g] =

k1−1∑

x=0

(
N − 1

x

)
(1− p)N−x−1

p
x+1 (−(1− qj)) +

N−k1∑

x=k1

(
N − 1

x

)
(1− p)N−x−1

p
x+1(−c)

+

N−k1∑

x=k1

(
N − 1

x

)
(1− p)x+1

p
N−x−1 (−c− qj) +

N−1∑

x=N−k1+1

(
N − 1

x

)
(1− p)x+1

p
N−x−1(−qj).

❏✉r♦r j ♣r❡❢❡rs t♦ ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ❛❢t❡r r❡❝❡✐✈✐♥❣ ❛ g✲s✐❣♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢

EUj [σ | µ, sj = g]− EUj [σ̃ | µ, sj = g] ≥ 0.

❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦

(1− p)N−k1pk1(−c) + (1− p)k1pN−k1(−c− qj) + (1− p)N−k1+1pk1−1(−qj)

≥(1− p)N−k1pk1 (−(1− qj)) + (1− p)k1−1pN−k1+1(−c) + (1− p)N−k1+1pk1−1(−c− qj) ✭✼✮

⇔(1− p)k1pN−k1qj − (1− p)N−k1pk1(1− qj) ≤ c(2p− 1)
[
(1− p)k1−1pN−k1 − (1− p)N−k1pk1−1

]

✭✽✮

✶✽



❍♦✇❡✈❡r✱ ✭✽✮ ✐s ❛♥ ❡q✉✐✈❛❧❡♥t r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ qj ≤ β(k1, N) + c · γ(k1 − 1)✳ ❆s ❛ r❡s✉❧t✱ ❛❧❧ ❥✉r♦rs

✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ❛❢t❡r r❡❝❡✐✈✐♥❣ ❛ g✲s✐❣♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ qj ≤ β(k1, N)+c ·γ(k1−1) ❢♦r ❛♥② j ∈ N ✳

❆♥❛❧♦❣♦✉s❧②✱ ❣✐✈❡♥ t❤❡ ♦t❤❡r ❥✉r♦rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧②✱ ❛ ❥✉r♦r ✇❤♦ r❡❝❡✐✈❡s ❛♥ i✲s✐❣♥❛❧ ❤❛s t❤❡

❢♦❧❧♦✇✐♥❣ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s✿

EUj [σ | µ, sj = i] =

k1−2∑

x=0

(
N − 1

x

)
(1− p)N−x

p
x (−(1− qj)) +

N−k1−1∑

x=k1−1

(
N − 1

x

)
(1− p)N−x

p
x(−c)

+

N−k1−1∑

x=k1−1

(
N − 1

x

)
(1− p)xpN−x(−c− qj) +

N−1∑

x=N−k1

(
N − 1

x

)
(1− p)xpN−x(−qj)

EUj [σ̃ | µ, sj = i] =

k1−1∑

x=0

(
N − 1

x

)
(1− p)N−x

p
x (−(1− qj)) +

N−k1∑

x=k1

(
N − 1

x

)
(1− p)N−x

p
x(−c)

+

N−k1∑

x=k1

(
N − 1

x

)
(1− p)xpN−x (−c− qj) +

N−1∑

x=N−k1+1

(
N − 1

x

)
(1− p)xpN−x(−qj)

❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❛❜♦✈❡ ❝❛s❡✱ qj ≤ β(k1, N) + c · γ(k1 − 1) ✐s ❡q✉✐✈❛❧❡♥t t♦

EUj [σ | µ, sj = i]− EUj [σ̃ | µ, sj = i] ≥ 0

❢♦r ❛❧❧ j ∈ N ✳ ❚❤✉s✱ ❥✉r♦rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ❛❢t❡r r❡❝❡✐✈✐♥❣ ❛♥ i✲s✐❣♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ qj ≤

β(k1, N) + c · γ(k1 − 1) ❢♦r ❛❧❧ j ∈ N ✳

✷✳ ❙✉♣♣♦s❡ λN
k2

∈ {k1 + 1, . . . , N − k1}✳ ❚❤✐s ✐♠♣❧✐❡s d2 = C ✐❢ x1 ≥ λN
k2
✱ ❛♥❞ d2 = A ♦t❤❡r✇✐s❡✳ ❏✉r♦r

j✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ❛r❡ ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s ✐♥ t❤✐s ❝❛s❡✿

EUj [σ | µ, sj = g] =

k1−2∑

x=0

(
N − 1

x

)
(1− p)N−x−1

p
x+1 (−(1− qj)) +

λN
k2

−2∑

x=k1−1

(
N − 1

x

)
(1− p)N−x−1

p
x+1 (−(1− qj)− c)

+

N−k1−1∑

x=λN
k2

−1

(
N − 1

x

)
(1− p)N−x−1

p
x+1(−c) +

λN
k2

−2∑

x=k1−1

(
N − 1

x

)
(1− p)x+1

p
N−x−1(−c)

+

N−k1−1∑

x=λN
k2

−1

(
N − 1

x

)
(1− p)x+1

p
N−x−1(−qj − c) +

N−1∑

x=N−k1

(
N − 1

x

)
(1− p)x+1

p
N−x−1(−qj)

EUj [σ̃ | µ, sj = g] =

k1−1∑

x=0

(
N − 1

x

)
(1− p)N−x−1

p
x+1 (−(1− qj)) +

λN
k2

−1∑

x=k1

(
N − 1

x

)
(1− p)N−x−1

p
x+1 (−(1− qj)− c)

+

N−k1∑

x=λN
k2

(
N − 1

x

)
(1− p)N−x−1

p
x+1(−c) +

λN
k2

−1∑

x=k1

(
N − 1

x

)
(1− p)x+1

p
N−x−1(−c)

+

N−k1∑

x=λN
k2

(
N − 1

x

)
(1− p)x+1

p
N−x−1(−qj − c) +

N−1∑

x=N−k1+1

(
N − 1

x

)
(1− p)x+1

p
N−x−1(−qj)

❆s ❜❡❢♦r❡✱ ✇❡ r❡❢♦r♠✉❧❛t❡ qj ≤ β(λN
k2
, N) + c · γ(λN

k2
) t♦ t❤❡ ❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥

(
N − 1

k1 − 1

)
(1− p)N−k1pk1(−c) +

(
N − 1

k1 − 1

)
(1− p)k1pN−k1(−c) +

(
N − 1

λN
k2

− 1

)
(1− p)λ

N
k2pN−λN

k2 (−qj)

≥

(
N − 1

λN
k2

− 1

)
(1− p)N−λN

k2pλ
N
k2 (−(1− qj)) +

(
N − 1

N − k1

)
(1− p)k1−1pN−k1+1(−c)

+

(
N − 1

N − k1

)
(1− p)N−k1+1pk1−1(−c), ✭✾✮

✶✾



✇❤✐❝❤ ✐♥ t✉r♥ ✐s ❡q✉✐✈❛❧❡♥t t♦

EUj [σ | µ, sj = g]− EUj [σ̃ | µ, sj = g] ≥ 0.

❚❤❡r❡❢♦r❡✱ ♥♦ ❥✉r♦r ❤❛s ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ str❛t❡❣② ♣r♦✜❧❡ σ ❛❢t❡r r❡❝❡✐✈✐♥❣ ❛ g✲s✐❣♥❛❧ ✐❢

❛♥❞ ♦♥❧② ✐❢ qj ≤ β(λN
k2
, N) + c · γ(λN

k2
) ❢♦r ❛❧❧ j ∈ N ✳

❆♥❛❧♦❣♦✉s❧②✱ ❛ ❥✉r♦r ✇❤♦ r❡❝❡✐✈❡s ❛♥ i✲s✐❣♥❛❧ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s✿

EUj [σ | µ, sj = i] =

k1−2∑

x=0

(
N − 1

x

)
(1− p)N−x

p
x (−(1− qj)) +

λN
k2

−2∑

x=k1−1

(
N − 1

x

)
(1− p)N−x

p
x (−(1− qj)− c)

+

N−k1−1∑

x=λN
k2

−1

(
N − 1

x

)
(1− p)N−x

p
x(−c) +

λN
k2

−2∑

x=k1−1

(
N − 1

x

)
(1− p)xpN−x(−c)

+

N−k1−1∑

x=λN
k2

−1

(
N − 1

x

)
(1− p)xpN−x(−qj − c) +

N−1∑

x=N−k1

(
N − 1

x

)
(1− p)xpN−x(−qj)

EUj [σ̃ | µ, sj = i] =

k1−1∑

x=0

(
N − 1

x

)
(1− p)N−x

p
x (−(1− qj)) +

λN
k2

−1∑

x=k1

(
N − 1

x

)
(1− p)N−x

p
x (−(1− qj)− c)

+

N−k1∑

x=λN
k2

(
N − 1

x

)
(1− p)N−x

p
x(−c) +

λN
k2

−1∑

x=k1

(
N − 1

x

)
(1− p)xpN−x(−c)

+

N−k1∑

x=λN
k2

(
N − 1

x

)
(1− p)xpN−x(−qj − c) +

N−1∑

x=N−k1+1

(
N − 1

x

)
(1− p)xpN−x(−qj)

❲❡ r❡❢♦r♠✉❧❛t❡ β(λN
k2

− 1, N)− c · α(λN
k2

− 1) ≤ qj ❡q✉✐✈❛❧❡♥t❧② t♦

(
N − 1

k1 − 1

)
(1− p)N−k1+1pk1−1(−c) +

(
N − 1

k1 − 1

)
(1− p)k1−1pN−k1+1(−c)

+

(
N − 1

λN
k2

− 1

)
(1− p)λ

N
k2

−1pN−λN
k2

+1(−qj)

≤

(
N − 1

λN
k2

− 1

)
(1− p)N−λN

k2
+1pλ

N
k2

−1 (−(1− qj)) +

(
N − 1

N − k1

)
(1− p)k1pN−k1(−c)

+

(
N − 1

N − k1

)
(1− p)N−k1pk1(−c) ✭✶✵✮

✇❤✐❝❤ ✐s ✐♥ t✉r♥ ❡q✉✐✈❛❧❡♥t t♦

EUj [σ | µ, sj = i]− EUj [σ̃ | µ, sj = i] ≥ 0.

❲❡ ❝❛♥ ♥♦✇ ❢♦❧❧♦✇ t❤❛t ❛❧❧ ❥✉r♦rs ♣r❡❢❡r t♦ ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ❛❢t❡r r❡❝❡✐✈✐♥❣ ❛♥

i✲s✐❣♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β(λN
k2

− 1, N)− c · α(λN
k2

− 1) ≤ qj ❢♦r ❛❧❧ j ∈ N ✳

✸✳ ❙✉♣♣♦s❡ λN
k2

∈ {N − k1, . . . , N}✳ ❚❤❛t ✐♠♣❧✐❡s d2 = A ❜❡❝❛✉s❡ λN
k2

≥ N − k1 + 1✳ ❲❡ ❝♦♠♣✉t❡ j✬s

❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ❢r♦♠ ♣❧❛②✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② σ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ❞❡✈✐❛t✐♦♥ σ̃

❛s ❢♦❧❧♦✇s✿

EUj [σ | µ, sj = g] =

k1−2∑

x=0

(
N − 1

x

)
(1− p)N−x−1

p
x+1(−(1− qj)) +

N−k1−1∑

x=k1−1

(
N − 1

x

)
(1− p)N−x−1

p
x+1 (−(1− qj)− c)

+

N−k1−1∑

x=k1−1

(
N − 1

x

)
(1− p)x+1

p
N−x−1 (−c) +

N−1∑

x=N−k1

(
N − 1

x

)
(1− p)x+1

p
N−x−1 (−qj)

✷✵



EUj [σ̃ | µ, sj = g] =

k1−1∑

x=0

(
N − 1

x

)
(1− p)N−x−1

p
x+1(−(1− qj)) +

N−k1∑

x=k1

(
N − 1

x

)
(1− p)N−x−1

p
x+1 (−(1− qj)− c)

+

N−k1∑

x=k1

(
N − 1

x

)
(1− p)x+1

p
N−x−1(−c) +

N−1∑

x=N−k1+1

(
N − 1

x

)
(1− p)x+1

p
N−x−1(−qj)

❘❡❢♦r♠✉❧❛t✐♥❣ qj ≤ β(N − k1 + 1, N) + c · α(k1 − 1) ②✐❡❧❞s

(1− p)N−k1pk1 (−(1− qj)− c) + (1− p)k1pN−k1(−c) + (1− p)N−k1+1pk1−1(−qj)

≥(1− p)N−k1pk1 (−(1− qj)) + (1− p)k1−1pN−k1+1 (−(1− qj)− c) + (1− p)N−k1+1pk1−1(−c)

✭✶✶✮

❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s✱ ✭✶✶✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

EUj [σ | µ, sj = g]− EUj [σ̃ | µ, sj = g] ≥ 0.

❚❤❡r❡❢♦r❡✱ ❛❧❧ ❥✉r♦rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ❛❢t❡r r❡❝❡✐✈✐♥❣ ❛ g✲s✐❣♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ qj ≤ β(N − k1 +

1, N) + c · α(k1 − 1) ❢♦r ❛❧❧ j ∈ N ✳

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❝♦♠♣✉t❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ sj = i✳

EUj [σ | µ, sj = i] =

k1−2∑

x=0

(
N − 1

x

)
(1− p)N−x

p
x(−(1− qj)) +

N−k1−1∑

x=k1−1

(
N − 1

x

)
(1− p)N−x

p
x (−(1− qj)− c)

+

N−k1−1∑

x=k1−1

(
N − 1

x

)
(1− p)xpN−x (−c) +

N−1∑

x=N−k1

(
N − 1

x

)
(1− p)xpN−x (−qj)

EUj [σ̃ | µ, sj = i] =

k1−1∑

x=0

(
N − 1

x

)
(1− p)N−x

p
x(−(1− qj)) +

N−k1∑

x=k1

(
N − 1

x

)
(1− p)N−x

p
x (−(1− qj)− c)

+

N−k1∑

x=k1

(
N − 1

x

)
(1− p)xpN−x(−c) +

N−1∑

x=N−k1+1

(
N − 1

x

)
(1− p)xpN−x(−qj)

❋r♦♠ qj ≥ β(N − k1, N)− c · γ(k1 − 1) ✇❡ ❞❡r✐✈❡ t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥

(1− p)N−k1+1pk1−1 (−(1− qj)− c) + (1− p)k1−1pN−k1+1(−c) + (1− p)N−k1pk1 (−qj)

≤(1− p)N−k1+1pk1−1(−(1− qj)) + (1− p)k1pN−k1 (−(1− qj)− c) + (1− p)N−k1pk1(−c) ✭✶✷✮

❆❣❛✐♥✱ ✭✶✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ qj ≥ β(N − k1, N)− c · γ(k1 − 1)✳ ❆s

EUj [σ | µ, sj = i]− EUj [σ̃ | µ, sj = i] ≥ 0

✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✶✷✮ ✐♥ t✉r♥✱ ❥✉r♦rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ❛❢t❡r r❡❝❡✐✈✐♥❣ ❛♥ i✲s✐❣♥❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢

qj ≥ β(N − k1, N)− c · γ(k1 − 1) ❢♦r ❛❧❧ j ∈ N ✳

❙✉♠♠✐♥❣ ✉♣✱ ✭✹✮ ✲ ✭✻✮ ❝❤❛r❛❝t❡r✐③❡ s✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♣r♦✜❧❡ (σj , µj)
N

j=1t♦ ❝♦♥✲

st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶

Pr♦♦❢✳ ❋✐① s♦♠❡ k2 ❢♦r ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✳

✷✶



❙t❡♣ ✶✿ ❆♥② ❥✉r② t❤❛t ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ ❛ str❛✇ ♣♦❧❧ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❞♦❡s s♦ ❛s ✇❡❧❧ ✐♥ ❛ s❡t✉♣ ✇✐t❤

s♦♠❡ k1 > 0✳

❈♦♥s✐❞❡r k1 = 1✳

❲❡ s❤♦✇ t❤❛t ✐❢ ❥✉r② N ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t = 1 ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✉♥❞❡r k1 = 0 t❤❡♥ ✐t ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧②

✐♥ t = 1 ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❛s ✇❡❧❧ ❢♦r k1 = 1✳

■❢ ❥✉r② N ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧② ✉♥❞❡r k1 = 0 t❤❡✐r ♣r❡❢❡r❡♥❝❡s ❤❛✈❡ ♠✐♥✐♠❛❧ ❞✐✈❡rs✐t② ♦❢ ✵✳ ❚❤❛t ✐s✱ ❢♦r

s♦♠❡ λ ∈ {1, . . . , N}✱

β(λ− 1, N) ≤ qj ≤ β(λ,N) ∀j ∈ N. ✭✶✸✮

❉❡♣❡♥❞✐♥❣ ♦♥ λ t❤❡r❡ ❛r❡ t❤r❡❡ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✿

✭✐✮ λ ∈ {2, . . . , N − 1}✿ ❋♦r k1 = 1✱ (σ, µ) ❝♦♥st✐t✉t❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❝♦♥❞✐t✐♦♥ ✭✺✮ ❤♦❧❞s✳ ❚❤✐s ✐s

✐♠♣❧✐❡❞ ❜② ✭✶✸✮✳

✭✐✐✮ λ = 1✿ ❲❡ ❦♥♦✇ t❤❛t

β(0, N)− c · α(0) ≤ qj ∀j ∈ N, ✭✶✹✮

❜② ❆ss✉♠♣t✐♦♥ ✶✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✶✸✮ ✇❡ ❦♥♦✇

qj ≤ β(1, N) ≤ β(1, N) + c · γ(1) ∀j ∈ N. ✭✶✺✮

❚❤❡ ❜♦✉♥❞s ✭✶✹✮ ❛♥❞ ✭✶✺✮ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤♦s❡ ❢r♦♠ ✭✹✮ ✇❤✐❝❤ ❡st❛❜❧✐s❤ ✐♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ✐♥ ❡q✉✐✲

❧✐❜r✐✉♠ ✐♥ t = 1 ❢♦r ❥✉r② N ✳

✭✐✐✐✮ λ = N ✿ ❆♥❛❧♦❣♦✉s❧② t♦ (b)✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❜♦✉♥❞s ❢r♦♠ ✭✻✮✳ ❇② ❆ss✉♠♣t✐♦♥ ✶ ✇❡ ❤❛✈❡

qj ≤ β(N,N) ≤ β(N,N) + c · α(0) ∀j ∈ N, ✭✶✻✮

❛♥❞ ✭✶✸✮ ②✐❡❧❞s t❤❡ ❧♦✇❡r ❜♦✉♥❞

β(N − 1, N)− c · γ(1) ≤ qj ∀j ∈ N. ✭✶✼✮

❇② ❝♦♠❜✐♥✐♥❣ ❜♦t❤ ✇❡ ❡st❛❜❧✐s❤ ❝♦♥❞✐t✐♦♥ ✭✻✮ ❢♦r ❛❧❧ j ∈ N s♦ t❤❛t ✈♦t✐♥❣ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t = 1 ✐s

❛♥ ❡q✉✐❧✐❜r✐✉♠ ❜❡❤❛✈✐♦r✳

❙t❡♣ ✷✿ ❆♥② ❥✉r♦r ♦❢ ❛ ❥✉r② t❤❛t ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ ❛ str❛✇ ♣♦❧❧ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐s str✐❝t❧② ❜❡tt❡r ♦✛ ✐♥

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥st✐t✉t❡❞ ❜② (σ, µ) ✇✐t❤ s♦♠❡ k1 > 0✳

❲❡ ❝♦♠♣❛r❡ t❤❡ ❥✉r♦rs✬ ❡①✲❛♥t❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ❢r♦♠ ❛ ♥♦♥✲❜✐♥❞✐♥❣ str❛✇ ♣♦❧❧ ✭k1 = 0✮ ❛♥❞ ❛ ♣♦t❡♥t✐❛❧❧②

❝♦♥s❡q✉❡♥t✐❛❧ ✜rst ♣❡r✐♦❞ ✈♦t❡ ✇✐t❤ k1 = 1✳ ◆♦t❡ t❤❛t ✐♥ ❜♦t❤ ❝❛s❡s t❤❡ s❛♠❡ ❥✉r♦r k2 ✐s ♣✐✈♦t❛❧ ✐♥ t❤❡

s❡❝♦♥❞ ✈♦t❡✳ ❆❧s♦ ❜② ❆ss✉♠♣t✐♦♥ ✶✱ λk2
/∈ {0, N + 1}✳ ❋♦r ❛♥② λk2

✱ t❤❡ ✜♥❛❧ ❞❡❝✐s✐♦♥ ✐s t❤❡ s❛♠❡ ❢♦r

❜♦t❤ k1 = 0 ❛♥❞ k1 = 1✳ ❇✉t ✐♥ s♦♠❡ ❝❛s❡s✱ ♥❛♠❡❧② ✐❢ ❛❧❧ ❥✉r♦rs r❡❝❡✐✈❡ t❤❡ s❛♠❡ s✐❣♥❛❧✱ t❤❡ ♣r♦❝❡ss ✐♥

t❡r♠✐♥❛t❡❞ ✐s t❤❡ ✜rst ♣❡r✐♦❞ ❛❧r❡❛❞② ✉♥❞❡r k1 = 1✱ ✇❤❡r❡❛s ❥✉r♦rs ❤❛✈❡ t♦ ✈♦t❡ ❛❣❛✐♥ ❛❢t❡r ❛ str❛✇ ♣♦❧❧

❛t ❛❞❞✐t✐♦♥❛❧ ❝♦sts c✳ ❚❤❡r❡❢♦r❡✱ ❛♥② ❥✉r♦r ♦❢ t❤❛t ❤♦♠♦❣❡♥❡♦✉s ❥✉r② ✐s ❜❡tt❡r ♦✛ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ (σ, µ)

✇✐t❤ k1 = 1 t❤❛♥ ✐♥ ❛ str❛✇ ♣♦❧❧ s❡t✉♣✳

✷✷



❙t❡♣ ✸✿ ❲✐t❤ ❛ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ♥♦ ❥✉r♦r ❝❛♥ ❣❡t ❤✐❣❤❡r ❡①♣❡❝t❡❞ ✉t✐❧✐t② t❤❛♥ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠

✇✐t❤ ❛♥ ✐♥❢♦r♠❛t✐✈❡ str❛✇ ♣♦❧❧✱ ✐✳❡✳✱ (σ, µ) ✇✐t❤ k1 = 0✳

■♥❢♦r♠❛t✐✈❡ ✈♦t✐♥❣ ✐♥ ❛ str❛✇ ♣♦❧❧ r❡q✉✐r❡s ❛ ❤♦♠♦❣❡♥❡♦✉s ❥✉r②✱ ✇❤❡r❡ ❡✈❡r② ❥✉r♦r ❤❛s t❤❡ s❛♠❡ ❝♦♥✈✐❝t✐♦♥

t❤r❡s❤♦❧❞✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ ❥✉r♦rs r❡✈❡❛❧ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ tr✉t❤❢✉❧❧② ❛♥❞ ❛❣r❡❡ ♦♥ ❛ ❞❡❝✐s✐♦♥ ✉♥❞❡r ❢✉❧❧

✐♥❢♦r♠❛t✐♦♥ ✉♥❛♥✐♠♦✉s❧②✱ ❜❡❝❛✉s❡ t❤❡ ❞❡❝✐s✐♦♥ ✐s ♦♣t✐♠❛❧ ❢♦r ❡❛❝❤ ✭❤♦♠♦❣❡♥❡♦✉s✮ ❥✉r♦r✳ ❚❤❡r❡ ❛r❡ ♥♦

♦t❤❡r s♦✉r❝❡s t❤❛t ✐♠♣❛❝t ✉t✐❧✐t✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❥✉r♦rs ❝❛♥♥♦t ❛❣r❡❡ ❡❛r❧✐❡r ❛♥❞ s❛✈❡ ❝♦sts✳ ❆ s❡t✉♣ t❤❛t

❡♥s✉r❡s ❥✉r♦rs ❛❧✇❛②s t❤❡ ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ ❢r♦♠ t❤❡✐r ♣♦✐♥ts ♦❢ ✈✐❡✇ ❣✐✈❡♥ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ♥♦t ❜❡

✐♠♣r♦✈❡❞ ✉♣♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❥✉r♦rs✬ ✉t✐❧✐t② ❧❡✈❡❧s ✐♥ t❤✐s ❡q✉✐❧✐❜r✐✉♠ ✇✐❧❧ s❡r✈❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s ❛♥

✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❥✉r♦rs✬ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ str❛✇ ♣♦❧❧ s❡t✉♣✳

❚❤✐s ✉♣♣❡r ❜♦✉♥❞ ♦♥ ❥✉r♦rs✬ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ❢♦r ❛♥② ❡q✉✐❧✐❜r✐✉♠ ♦❢ s❡t✉♣s ✇✐t❤ str❛✇ ♣♦❧❧s ✐s ❣✐✈❡♥ ❢♦r

❡❛❝❤ j ∈ N ❜②

λN
j −1∑

x=0

(
N

x

)
(1− p)N−xpx (− (1− qj)) +

N∑

x=λN
j

(
N

x

)
(1− p)xpN−x (−qj)− 2c. ✭✶✽✮

❙t❡♣ ✹✿ ❊✈❡♥ s♦♠❡ ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r✐❡s ❛r❡ str✐❝t❧② ❜❡tt❡r ♦✛ ✐♥ t❤❡ ✐♥❢♦r♠❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ❛ ✈♦t✐♥❣

s❡t✉♣ t❤❛t ❛❞♠✐ts ❛❣r❡❡♠❡♥t ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ t❤❛♥ ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ♦❢ ❛ str❛✇ ♣♦❧❧ s❡t✉♣✳

◆♦t❡ t❤❛t ❤✐s st❛t❡♠❡♥t ✐s tr✉❡ ❢♦r ❤♦♠♦❣❡♥❡♦✉s ❥✉r✐❡s ❜② ❙t❡♣ ✷ ❛♥❞ ✸✳

◆♦✇ ❝♦♥s✐❞❡r ❛ ❤❡t❡r♦❣❡♥❡♦✉s ❥✉r② ✇❤✐❝❤ s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❢♦r k1 = 1✱ s♦

t❤❛t t❤❡ ❥✉r♦rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ❚❤❡ ♣✐✈♦t❛❧ ❥✉r♦r ✐♥ t❤❡ s❡❝♦♥❞ ✈♦t❡ ✐s k2 ❛♥❞ t❤❡

♦t❤❡r ❥✉r♦rs✬ ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞s ❞✐✛❡r ❢r♦♠ λN
k2

❛t ♠♦st ❜② ✶✳ ❲❡ s❤♦✇ t❤❛t ❛♥② ❥✉r♦r✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t②

✐s str✐❝t❧② ❤✐❣❤❡r ✐♥ t❤❡ ✐♥❢♦r♠❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✉♥❞❡r k1 = 1 t❤❛♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✭✶✽✮ ❡st❛❜❧✐s❤❡❞ ✐♥

❙t❡♣ ✸✳

✭✐✮ λN
j = λN

k2
✿ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ j✬s ♣r❡❢❡rr❡❞ ❞❡❝✐s✐♦♥ ❣✐✈❡♥ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ ✐s ❛❧✇❛②s ✐♠♣❧❡♠❡♥t❡❞ ❜②

❥✉r♦r k2 ❛♥❞ ✐♥ s♦♠❡ ❝❛s❡s ❤❡ s❛✈❡s ❝♦sts ♦❢ t✐♠❡✳ ❚❤✐s ✐s str✐❝t❧② ❜❡tt❡r t❤❛♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢

❛♥② ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ str❛✇ ♣♦❧❧ s❡t✉♣✳

✭✐✐✮ λN
j = λN

k2
− 1✿ ❋♦r ❛ s✐♠♣❧❡r ♥♦t❛t✐♦♥ ✇❡ s❡t λN

k2
≡ λ ❛♥❞ ❝♦♥s✐❞❡r ❥✉r♦rs ✇✐t❤ ♣r❡❢❡r❡♥❝❡s qj s✉❝❤

t❤❛t

qj > β (λ− 1, N)− c ·min

{
α (λ− 1) , 2

(
N

λ− 1

)−1
(1− p)N + pN

(1− p)N−λ+1pλ−1 + (1− p)λ−1pN−λ+1

}
,

✇❤❡r❡ α (λ− 1) ✐s ❞❡✜♥❡❞ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❢♦r k1 = 1✳ ◆♦t❡ t❤❛t t❤❡s❡ ❥✉r♦rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧②

✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ✜rst ✈♦t❡✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐♥ t❤❡ ✐♥❢♦r♠❛t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤

k1 = 1 t♦ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ ❛♥② str❛✇ ♣♦❧❧ s❡t✉♣ ✭✶✽✮✱ ✐♥ ✇❤✐❝❤ ❡✈❡r② ❥✉r♦r ✈♦t❡s t✇✐❝❡ ❜✉t ❤✐s

♣r❡❢❡rr❡❞ ❞❡❝✐s✐♦♥ ❣✐✈❡♥ ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ ✐s ♠❛❞❡ ✐♥ t❤❡ s❡❝♦♥❞ ✈♦t❡ ❢♦r s✉r❡✳ ❲❤❡♥ ❡❛r❧② ❛❣r❡❡♠❡♥t

✐s ♣♦ss✐❜❧❡✱ ❥✉r♦rs ♠✐❣❤t s❛✈❡ ❝♦sts ♦❢ t✐♠❡ ❜✉t t❤❡ ❥✉r②✬s ❞❡❝✐s✐♦♥ ✐s s✉❜ ♦♣t✐♠❛❧ ❢♦r ❥✉r♦rs ✇✐t❤

λj < λN
k2

✐❢ t❤❡ ♥✉♠❜❡r ♦❢ g✲s✐❣♥❛❧s ❛♠♦♥❣ ❛❧❧ ❥✉r♦rs ✐s ❜❡t✇❡❡♥ λj ❛♥❞ λN
k2
✳

❚❤❡ ♥❡t ❡✛❡❝t ♦♥ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ❢r♦♠ ❡❛r❧② ❛❣r❡❡♠❡♥t ♦❢ t❤❡ ❣❛✐♥ ❜② ❝♦st s❛✈✐♥❣ ❛♥❞ t❤❡ ❧♦ss ❜②

✷✸



❛ s✉❜ ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ ✐s ♣♦s✐t✐✈❡ ❢♦r ❥✉r♦rs ✇✐t❤ ♣r❡❢❡r❡♥❝❡s ❛s s♣❡❝✐✜❡❞ ❛❜♦✈❡✱ ❜❡❝❛✉s❡

2c ·
[
(1− p)N + pN

]
+

(
N

λ− 1

)[
(1− p)N−λ+1pλ−1(−(1− qj))− (1− p)λ−1pN−λ+1(−qj)

]
> 0

⇔ qj > β (λ− 1, N)− 2c ·

(
N

λ− 1

)−1
(1− p)N + pN

(1− p)N−λ+1pλ−1 + (1− p)λ−1pN−λ+1
.

✭✐✐✐✮ λN
j = λN

k2
+ 1✿ ❈♦♥s✐❞❡r ❥✉r♦rs ✇✐t❤ ♣r❡❢❡r❡♥❝❡s qj s✉❝❤ t❤❛t

qj < β (λ,N) + c ·min

{
γ (λ) , 2

(
N

λ

)−1
(1− p)N + pN

(1− p)N−λpλ + (1− p)λpN−λ

}
,

✇❤❡r❡ γ (λ) ✐s ❞❡✜♥❡❞ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❢♦r k1 = 1✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ t❤❡ ♥❡t

❡✛❡❝t ♦♥ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ❢r♦♠ ❡❛r❧② ❛❣r❡❡♠❡♥t ♦❢ t❤❡ ❣❛✐♥ ❜② ❝♦st s❛✈✐♥❣ ❛♥❞ t❤❡ ❧♦ss ❜② ❛ s✉❜

♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ ✐s ♣♦s✐t✐✈❡ ❢♦r t❤❡s❡ ❥✉r♦rs✱ ❜❡❝❛✉s❡

2c ·
[
(1− p)N + pN

]
+

(
N

λ

)[
(1− p)λpN−λ(−qj)− (1− p)N−λpλ(−(1− qj))

]
> 0

⇔ qj < β (λ,N)− 2c ·

(
N

λ

)−1
(1− p)N + pN

(1− p)N−λpλ + (1− p)λpN−λ
.

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✹✳✶

Pr♦♦❢✳ ❲❡ ❦♥♦✇ ❢r♦♠ t❤❡ ♣r♦♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶ t❤❛t ❥✉r✐❡s ✇❤✐❝❤ ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✇✐t❤ k1 = 1 ❛r❡

str✐❝t❧② ❜❡tt❡r ♦✛ t❤❛♥ ✇✐t❤ ❛ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛♥② ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ k1 ❞♦❡s

♥♦t ♣r♦✈✐❞❡ ✐♥❝❡♥t✐✈❡s t♦ ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② t♦ ❛♥② ❤♦♠♦❣❡♥❡♦✉s ❥✉r② ❛s ❛ str❛✇ ♣♦❧❧ ❞♦❡s✳ ❙✉♣♣♦s❡ t❤❡

❞❡s✐❣♥❡r s❡ts k1 = 2 ❛♥❞ ❝♦♥s✐❞❡r ❛ ❤♦♠♦❣❡♥❡♦✉s ❥✉r② ✇✐t❤ ❝♦♠♠♦♥ ❝♦♥✈✐❝t✐♦♥ t❤r❡s❤♦❧❞ ♦❢ λN
j = 1 ❢♦r

❛❧❧ j ∈ N ✱ ✐✳❡✳✱

β(0, N) ≤ qj ≤ β(1, N) ∀j ∈ N.

❇② ✭✹✮✱ ❥✉r♦rs ✈♦t❡ ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ ✜rst ✈♦t❡ ✇✐t❤ k1 = 2 ✐❢ ❛♥❞ ♦♥❧② ✐❢

β(1, N)− c · α(1) ≤ qj ≤ β(2, N) + c · γ(2) ∀j ∈ N.

❆s c ✐s ✉♥❦♥♦✇♥ t♦ t❤❡ ❞❡s✐❣♥❡r✱ s❤❡ ❝❛♥♥♦t r✉❧❡ ♦✉t t❤❛t

qj ∈ [β(0, N), β(1, N)− c) ,

✐♥ ✇❤✐❝❤ ❝❛s❡ t❤✐s ❥✉r② ✐s ✇♦rs❡ ♦✛ ❝♦♠♣❛r❡❞ t♦ ❛ str❛✇ ♣♦❧❧✳ ❚❤✐s ❛r❣✉♠❡♥t ❤♦❧❞s ❢♦r ❛♥② ❤✐❣❤❡r k1 > 0

❛s ✇❡❧❧✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ✐♥ t❤r❡❡ st❡♣s✳

❙t❡♣ ✶✿ ❉❡✜♥✐t✐♦♥ ♦❢ KN
1 ✳

❉❡♥♦t❡ ❜② KN
1 t❤❡ s❡t ♦❢ ❛❧❧ k1 < N/2 ❢♦r ✇❤✐❝❤ ❥✉r② N ✈♦t❡s ✐♥❢♦r♠❛t✐✈❡❧② ✐♥ t❤❡ ✜rst ✈♦t❡✳

✷✹



❉❡✜♥✐t✐♦♥ ✸✳ k1 ∈ KN
1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛❧❧ j ∈ N ✱ qj s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✹✮✱ ✭✺✮ ♦r ✭✻✮ ♦❢

Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❢♦r k1✳

❚❤❡ s❡t KN
1 ✐s ♥♦♥✲❡♠♣t② ✐❢ t❤❡ ❥✉r②✬s ❤❡t❡r♦❣❡♥❡✐t② ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② ❛♥ ❛❝❝♦r❞✐♥❣ ✈❛❧✉❡ ✇❤✐❝❤

✐s ❛ss✉♠❡❞✳

❙t❡♣ ✷✿ ❉❡✜♥✐t✐♦♥ ♦❢ K̃N
1 ✳

❉❡♥♦t❡ ❜② K̃N
1 t❤❡ s❡t ♦❢ ❛❧❧ k1 ∈ KN

1 ✇❤✐❝❤ ♠❛❦❡ ❛❧❧ ❥✉r♦rs j ∈ N ✭✇❡❛❦❧②✮ ❜❡tt❡r ♦✛ ❝♦♠♣❛r❡❞ t♦ t❤❡

❜❡st ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ♦❢ ❛ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ❘❡❝❛❧❧ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✱

t❤❡ ❜❡st ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❛♥② ❥✉r♦r ✐♥ ❛ s❡t✉♣ ✇✐t❤ ❛ str❛✇ ♣♦❧❧ ✐s t❤❛t ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s ❥✉r②✱ ✇❤❡r❡

✐♥❢♦r♠❛t✐♦♥ ✐s ❛❣❣r❡❣❛t❡❞ ✐♥ t❤❡ str❛✇ ♣♦❧❧ ❛♥❞ ❡✈❡r② ❥✉r② ❛❣r❡❡s t♦ t❤❡ ❥✉r②✬s ❞❡❝✐s✐♦♥ ✐♥ t = 2✳ ❚❤❡

❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐♥ t❤❛t ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❛♥② j ∈ N ✐s ❣✐✈❡♥ ❜② ✭✶✽✮✳

❚❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❛♥② j ∈ N ❢r♦♠ (σ, µ) ❛♥❞ k1 > 0 ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ♦❢ k1 ❛♥❞ λN
k2
✳

❲❡ ❤❛✈❡ t♦ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ❝❛s❡s✳

✭✐✮ ❋♦r λN
k2

< k1✱ j✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ (σ, µ) ✐s ❣✐✈❡♥ ❜②

k1−1∑

x=0

(
N

x

)
(1− p)N−xpx (− (1− qj)) +

N∑

x=k−1

(
N

x

)
(1− p)xpN−x (−qj)

−

(
1 +

N−k1∑

x=k1

(
N

x

)(
(1− p)N−xpx + (1− p)xpN−x

)
)
c. ✭✶✾✮

✭✐✐✮ ❋♦r λN
k2

∈ {k1, . . . , N − k1}✱ j✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ (σ, µ) ✐s ❣✐✈❡♥ ❜②

λN
k2

−1∑

x=0

(
N

x

)
(1− p)N−xpx (− (1− qj)) +

N∑

x=λN
k2

(
N

x

)
(1− p)xpN−x (−qj)

−

(
1 +

N−k1∑

x=k1

(
N

x

)(
(1− p)N−xpx + (1− p)xpN−x

)
)
c. ✭✷✵✮

✭✐✐✐✮ ❋♦r λN
k2

> N − k1✱ j✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ (σ, µ) ✐s ❣✐✈❡♥ ❜②

N−k1∑

x=0

(
N

x

)
(1− p)N−xpx (− (1− qj)) +

N∑

x=N−k+1

(
N

x

)
(1− p)xpN−x (−qj)

−

(
1 +

N−k1∑

x=k1

(
N

x

)(
(1− p)N−xpx + (1− p)xpN−x

)
)
c. ✭✷✶✮

❲❡ ❝❛♥ ♥♦✇ ❞❡r✐✈❡ ❝♦♥❞✐t✐♦♥s ❢♦r ✇❤✐❝❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠ (σ, µ) ✇✐t❤ k1 > 0 ✐s ✭✇❡❛❦❧②✮ ❜❡tt❡r ❢♦r ❛♥②

j ∈ N t❤❛♥ t❤❡ ❜❡st ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ str❛✇ ♣♦❧❧✳

✭✐✮ ❋♦r λN
k2

< k1✱ ✭✶✾✮ ≥ ✭✶✽✮ ❢♦r ❛❧❧ j ∈ N ✐❢ ❛♥❞ ♦♥❧② ✐❢

qj ≥

∑k1−1
x=λN

j

(
N

x

)
(1− p)N−xpx

∑k1−1
x=λN

j

(
N

x

)
((1− p)N−xpx + (1− p)xpN−x)

− 2c ·

∑k1−1
x=0

(
N

x

) (
(1− p)N−xpx + (1− p)xpN−x

)
∑k1−1

x=λN
j

(
N

x

)
((1− p)N−xpx + (1− p)xpN−x)

∀j ∈ N. ✭✷✷✮

✷✺



✭✐✐✮ ❋♦r λN
k2

∈ {k1, . . . , N − k1}✱ ✭✷✵✮ ≥ ✭✶✽✮ ❢♦r ❛❧❧ j ∈ N ✐❢ ❛♥❞ ♦♥❧② ✐❢

qj ≥

∑λN
k2

−1

x=λN
j

(
N

x

)
(1− p)N−xpx

∑λN
k2

−1

x=λN
j

(
N

x

)
((1− p)N−xpx + (1− p)xpN−x)

− 2c ·

∑k1−1
x=0

(
N

x

) (
(1− p)N−xpx + (1− p)xpN−x

)

∑λN
k2

−1

x=λN
j

(
N

x

)
((1− p)N−xpx + (1− p)xpN−x)

,

✭✷✸✮

❢♦r j ∈ N ✇✐t❤ λN
j < λN

k2
✱ ❛♥❞

qj ≤

∑λN
j −1

λN
k2

(
N

x

)
(1− p)N−xpx

∑λN
j
−1

λN
k2

(
N

x

)
((1− p)N−xpx + (1− p)xpN−x)

+ 2c ·

∑N

x=N+k1+1

(
N

x

) (
(1− p)N−xpx + (1− p)xpN−x

)

∑λN
j
−1

λN
k2

(
N

x

)
((1− p)N−xpx + (1− p)xpN−x)

,

✭✷✹✮

❢♦r j ∈ N ✇✐t❤ λN
j > λN

k2
✳

✭✐✐✐✮ ❋♦r λN
k2

> N − k1✱ ✭✷✶✮ ≥ ✭✶✽✮ ❢♦r ❛❧❧ j ∈ N ✐❢ ❛♥❞ ♦♥❧② ✐❢

qj ≤

∑λN
j −1

x=N−k1+1

(
N

x

)
(1− p)N−xpx

∑λN
j
−1

x=N−k1+1

(
N

x

)
((1− p)N−xpx + (1− p)xpN−x)

+ 2c ·

∑N

x=N+k1+1

(
N

x

) (
(1− p)N−xpx + (1− p)xpN−x

)

∑λN
j
−1

x=N−k1+1

(
N

x

)
((1− p)N−xpx + (1− p)xpN−x)

∀j ∈ N. ✭✷✺✮

◆♦t❡ t❤❛t ✭✷✵✮ ≥ ✭✶✽✮ ❤♦❧❞s ❢♦r ❛❧❧ j ∈ N ✇✐t❤ λN
j = λN

k2
✳

❋r♦♠ ❤❡r❡ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ s❡t K̃N
1 ❢♦r♠❛❧❧②✳

❉❡✜♥✐t✐♦♥ ✹✳ k1 ∈ K̃N
1 ✐❢ ❛♥❞ ♦♥❧② ✐❢

• k1 ∈ KN
1 ✱ ❛♥❞

• ❡✐t❤❡r ✭✷✷✮✱ ♦r ✭✷✸✮ ❛♥❞ ✭✷✹✮✱ ♦r ✭✷✺✮ ❤♦❧❞s ❢♦r k1✳

◆♦t❡✱ t❤❛t K̃N
1 ✐s ♥♦♥✲❡♠♣t② ✇❤❡♥❡✈❡r t❤❡ ❥✉r②✬s ❤❡t❡r♦❣❡♥❡✐t② ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ s✉✣❝✐❡♥t❧② ❛s

❛ss✉♠❡❞✳

❙t❡♣ ✸✿ ❈♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ k1 ❢r♦♠ K̃N
1 ✳

❋♦r ❛♥② k1 ∈ K̃N
1 ✱ (σ, µ) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❛❧❧ ❥✉r♦rs j ∈ N ❛r❡ ❜❡tt❡r ♦✛ t❤❛♥ ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ✐♥

s❡t✉♣s ✇✐t❤ ❛ str❛✇ ♣♦❧❧ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ k1 ∈ K̃N
1 ✐s ❞❡t❡r♠✐♥❡❞ ❛s ✐♥

t❤❡ Pr♦♣♦s✐t✐♦♥✳

✶✳ ■❢ ❢♦r ❛❧❧ k1 ∈ K̃N
1 ✐t ❤♦❧❞s t❤❛t λN

k2
∈ {k1, . . . , N − k1}✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ❝♦♠♣❛r✐♥❣ ✭✷✵✮

❛♥❞ ✭✶✽✮✱ t❤❛t ✐t ✐s ♦♣t✐♠❛❧ t♦ s❡t

k1 = max K̃N
1 .

✷✳ ■❢ λN
k2

< N
2 ❛♥❞ λN

k2
< k1 ❢♦r s♦♠❡ k1 ∈ K̃N

1 t❤❡♥ t❤❡ ❞❡s✐❣♥❡r ❢❛❝❡s ❛ tr❛❞❡✲♦✛✳ ❇② t❤❡ ♣r❡✈✐♦✉s

❛r❣✉♠❡♥t ❛ ♥❛t✉r❛❧ ❝❛♥❞✐❞❛t❡ ✐s

k1 = max
{
k1 | λN

k2
∈ {k1, . . . , N − k1}

}
≡ km.

✷✻



■♥❝r❡❛s✐♥❣ k1 ❜② 1 ❞♦❡s ❞❡❝r❡❛s❡ t❤❡ ❡①♣❡❝t❡❞ ❝♦sts ❜✉t ❝❤❛♥❣❡s t❤❡ ❥✉r②✬s ❞❡❝✐s✐♦♥✳ ❋♦r ❛♥②

k1 ≥ λN
k2
✱ ❛♥ ✐♥❝r❡❛s❡ t♦ k1 + 1 ❧❡❛❞s t♦ d1 = A ✐♥st❡❛❞ ♦❢ d1 = D ❛♥❞ d2 = C ❢♦r x1 = k1✳

❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ❝❛s❡ ❡❛❝❤ ❥✉r♦r s❛✈❡s ❡①♣❡❝t❡❞ ❝♦sts ♦❢

2c ·

(
N

k1

)(
(1− p)N−k1pk1 + (1− p)k1pN−k1

)

❛♥❞✱ ❜❡❝❛✉s❡ ❛ ❢❛❧s❡ ❥✉❞❣♠❡♥t ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ✐❢ ω = I✱ ❡❛❝❤ ❥✉r♦r ❛❞❞✐t✐♦♥❛❧❧② s❛✈❡s ✐♥ ❡①♣❡❝t❛t✐♦♥

qj ·

(
N

k1

)
(1− p)N−k1pk1 .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ω = I ❛ ❢❛❧s❡ ❥✉❞❣♠❡♥t ✐s ❡♥❛❝t❡❞ ✇❤✐❝❤ ②✐❡❧❞s ✐♥ ❡①♣❡❝t❛t✐♦♥ ❛ ❧♦ss ♦❢

(1− qj) ·

(
N

k1

)
(1− p)k1pN−k1 .

❊①♣❡❝t❡❞ ❣❛✐♥s ❛r❡ ❤✐❣❤❡r t❤❛♥ ❡①♣❡❝t❡❞ ❧♦ss❡s ❢r♦♠ ❛♥ ✐♥❝r❡❛s❡ ♦❢ k1 t♦ k1 + 1 ❢♦r ❡❛❝❤ ❥✉r♦r ✐❢

❛♥❞ ♦♥❧② ✐❢

qj ≥ β(k1, N)− 2c ∀j ∈ N. ✭✷✻✮

▼♦r❡♦✈❡r✱ ♥♦t❡ t❤❛t ✐t ❝❛♥ ♥♦t ❜❡ t❤❡ ❝❛s❡ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ❢r♦♠ k1 +1 t♦ k2 +2 ✐s ♣r♦✜t❛❜❧❡ t♦ ❛❧❧

❥✉r♦rs ❜✉t ♥♦t ❢r♦♠ k1 t♦ k1 +1✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t t❤✐s ✇❛s t❤❡ ❝❛s❡✳ ❯s✐♥❣ ✭✷✻✮ ✇♦✉❧❞

②✐❡❧❞ t❤❡ ❝♦♥tr❛❞✐❝t✐♦♥ β(k1, N)− 2c ≥ qj ≥ β(k1 + 1, N)− 2c✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡ ♦❢ k−1 ✐s ♦♣t✐♠❛❧✳ ❙❡t t❤❡ ❤✐❣❤❡st k1 ❢♦r ✇❤✐❝❤ λN
k2

∈ {k1, . . . , N − k1}

✐❢ ✭✷✻✮ ✐s ♥♦t s❛t✐s✜❡❞ ❢♦r t❤✐s ✈❛❧✉❡✳ ■❢ ✐t ✐s✱ ❤♦✇❡✈❡r✱ s❡t t❤❡ ❤✐❣❤❡st k1 ❢♦r ✇❤✐❝❤ k1−1 ❞♦❡s s❛t✐s❢②

✭✷✻✮✳ ❋♦r♠❛❧❧②✱ s❡t

k1 = max
{
k1 ∈ K̃N

1 | q1 ≥ β(k1 − 1, N)− 2c ∨ λN
k2

∈ {k1, . . . , N − k1 + 1}
}
.

❆s ❝♦♥❞✐t✐♦♥ ✭✷✻✮ ✐s ♠♦st ❜✐♥❞✐♥❣ ❢♦r q1✱ ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r ❥✉r♦r 1 ♦♥❧②✳

✸✳ ■❢ λN
k2

> N
2 ❛♥❞ λN

k2
> N − k1 ❢♦r s♦♠❡ k1 ∈ K̃N

1 t❤❡♥ ❛♥ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥t❛t✐♦♥ t♦ t❤❡ ♣r❡✈✐♦✉s

❝❛s❡ ❛♣♣❧✐❡s✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ❛♥ ✐♥❝r❡❛s❡ ❢r♦♠ k1 ≥ N−λN
k2

t♦ k1+1 ♥♦✇ ❝❤❛♥❣❡s t❤❡ ❞❡❝✐s✐♦♥

❢♦r x1 = N − k1✳ ❆s ❛ r❡s✉❧t t❤❡ ❞❡s✐❣♥❡r ❢❛❝❡s ❛♥ ❛❞❥✉st❡❞ tr❛❞❡✲♦✛ ❢♦r ❡❛❝❤ ❥✉r♦r✳ ❆♥ ✐♥❝r❡❛s❡

❢r♦♠ k1 t♦ k1 + 1 ②✐❡❧❞s ❡①♣❡❝t❡❞ ❣❛✐♥s ♦❢

2c ·

(
N

k1

)(
(1− p)N−k1pk1 + (1− p)k1pN−k1

)
+ (1− qj) ·

(
N

k1

)
(1− p)k1pN−k1 ,

✇❤❡r❡❛s ❡①♣❡❝t❡❞ ❧♦ss❡s ❛r❡

qj ·

(
N

k1

)
(1− p)N−k1pk1 .

❊①♣❡❝t❡❞ ❣❛✐♥s ❛r❡ ❤✐❣❤❡r t❤❛♥ ❡①♣❡❝t❡❞ ❧♦ss ✐❢ ❛♥❞ ♦♥❧② ✐❢

qj ≤ β(N − k1, N)− 2c ∀j ∈ N. ✭✷✼✮

❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❜❡❢♦r❡✱ ✐t ✐s t❤❡r❡❢♦r❡ ♦♣t✐♠❛❧ ❢♦r t❤❡ ❞❡s✐❣♥❡r t♦ s❡t

k1 = max
{
k1 ∈ K̃N

1 | qN ≤ β(N − (k1 − 1) , N) + 2c ∨ λN
k2

∈ {k1, . . . , N − k1 + 1}
}

✷✼



❘❡❢❡r❡♥❝❡s

❆✉st❡♥✲❙♠✐t❤✱ ❉✳ ✭✶✾✾✵✮✳ ■♥❢♦r♠❛t✐♦♥ tr❛♥s♠✐ss✐♦♥ ✐♥ ❞❡❜❛t❡✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❙❝✐❡♥❝❡✱

✸✹✭✶✮✿♣♣✳ ✶✷✹✕✶✺✷✳

❆✉st❡♥✲❙♠✐t❤✱ ❉✳ ❛♥❞ ❇❛♥❦s✱ ❏✳ ❙✳ ✭✶✾✾✻✮✳ ■♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥✱ r❛t✐♦♥❛❧✐t②✱ ❛♥❞ t❤❡ ❝♦♥❞♦r❝❡t ❥✉r②

t❤❡♦r❡♠✳ ❚❤❡ ❆♠❡r✐❝❛♥ P♦❧✐t✐❝❛❧ ❙❝✐❡♥❝❡ ❘❡✈✐❡✇✱ ✾✵✭✶✮✿✸✹✕✹✺✳

❆✉st❡♥✲❙♠✐t❤✱ ❉✳ ❛♥❞ ❋❡❞❞❡rs❡♥✱ ❚✳ ❏✳ ✭✷✵✵✻✮✳ ❉❡❧✐❜❡r❛t✐♦♥✱ ♣r❡❢❡r❡♥❝❡ ✉♥❝❡rt❛✐♥t②✱ ❛♥❞ ✈♦t✐♥❣ r✉❧❡s✳

❆♠❡r✐❝❛♥ P♦❧✐t✐❝❛❧ ❙❝✐❡♥❝❡ ❘❡✈✐❡✇✱ ♥✉❧❧✿✷✵✾✕✷✶✼✳

❇♦❣♥❛r✱ ❑✳✱ t❡r ❱❡❤♥✱ ▼✳ ▼✳✱ ❛♥❞ ❙♠✐t❤✱ ▲✳ ✭✷✵✶✸✮✳ ❆ ❝♦♥✈❡rs❛t✐♦♥❛❧ ✇❛r ♦❢ ❛ttr✐t✐♦♥✳

❈♦♥❞♦r❝❡t✱ ▼✳ ❞✳ ✭✶✼✽✺✮✳ ❊ss❛② ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥❛❧②s✐s t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♠❛❥♦r✐t② ❞❡❝✐s✐♦♥s✳

P❛r✐s✿ ■♠♣r✐♠❡r✐❡ ❘♦②❛❧❡✳

❈♦✉❣❤❧❛♥✱ P✳ ❏✳ ✭✷✵✵✵✮✳ ■♥ ❞❡❢❡♥s❡ ♦❢ ✉♥❛♥✐♠♦✉s ❥✉r② ✈❡r❞✐❝ts✿ ▼✐str✐❛❧s✱ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❛♥❞ str❛t❡❣✐❝

✈♦t✐♥❣✳ ❚❤❡ ❆♠❡r✐❝❛♥ P♦❧✐t✐❝❛❧ ❙❝✐❡♥❝❡ ❘❡✈✐❡✇✱ ✾✹✭✷✮✿✸✼✺✕✸✾✸✳

❉❛♠✐❛♥♦✱ ❊✳✱ ▲✐✱ ❍✳✱ ❛♥❞ ❙✉❡♥✱ ❲✳ ✭✷✵✶✵✮✳ ❉❡❧❛② ✐♥ str❛t❡❣✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❣❣r❡❣❛t✐♦♥✳

❉❛♠✐❛♥♦✱ ❊✳✱ ▲✐✱ ❍✳✱ ❛♥❞ ❙✉❡♥✱ ❲✳ ✭✷✵✶✷❛✮✳ ❖♣t✐♠❛❧ ❞❡❛❞❧✐♥❡s ❢♦r ❛❣r❡❡♠❡♥ts✳ ❚❤❡♦r❡t✐❝❛❧ ❊❝♦♥♦♠✐❝s✱

✼✭✷✮✿✸✺✼✕✸✾✸✳

❉❛♠✐❛♥♦✱ ❊✳✱ ▲✐✱ ❍✳✱ ❛♥❞ ❙✉❡♥✱ ❲✳ ✭✷✵✶✷❜✮✳ ❖♣t✐♠❛❧ ❞❡❧❛② ✐♥ ❝♦♠♠✐tt❡❡s✳

❉❡✐♠❡♥✱ ■✳✱ ❑❡t❡❧❛❛r✱ ❋✳✱ ❛♥❞ ❚❤♦r❞❛❧✲▲❡ ◗✉❡♠❡♥t✱ ▼✳ ✭✷✵✶✸✮✳ ❈♦♥s✐st❡♥❝② ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥

❝♦♠♠✐tt❡❡s✳
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