ECOMNZTOR

Make Your Publications Visible.

Vasilev, Aleksandar

Research Report

A Service of

ﬂ I I I Leibniz-Informationszentrum
° Wirtschaft
o B Leibniz Information Centre
h for Economics

Solving Hayashi and Prescott (2007) by log-linearization

Suggested Citation: Vasilev, Aleksandar (2009) : Solving Hayashi and Prescott (2007) by log-
linearization, ZBW - Deutsche Zentralbibliothek flir Wirtschaftswissenschaften, Leibniz-

Informationszentrum Wirtschaft, Kiel und Hamburg

This Version is available at:
https://hdl.handle.net/10419/126137

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,

gelten abweichend von diesen Nutzungsbedingungen die in der dort

genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/126137
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Solving Hayashi and Prescott (2007) by
Log-linearization

Aleksandar Vasilev
January 24, 2016

1 Growth Accounting

The aggregate production function is Cobb-Douglas

0

1—
Yy = AKY (7' e By) (1)

where

Y; is aggregate output, A; is total factor productivity, K; is aggregate capi-
tal, h; is hours per employee, F; is aggregate employment.

The Cobb-Douglas production function is increasing and concave in all argu-
ments, CRS, differentiable, satisfies Inada conditions (ensure interior solutions)

v > 1 is the gross growth rate of the labour-augmenting technological progress.

In addition, there is also exogenous population growth at the rate of n > 1,
i.e N; = Ngnt, where N; denotes the working-age population. Without loss of
generality (WLOG) we can normalize Ny = 1.

Growth Accounting

%ﬁ, e = % (those two
are non-stationary), and z; = % Non-stationarity is an issue when we want to
solve for the steady-state, so we postpone detrending the model variables until

we finish with the growth accounting exercise.

First, we will define some useful ratios: Let y; =

Observe that
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Take logs from both sides

1 0
logy:, = mlogAt + mlogxt—i—tlog'y—l—loght—i—loget

where

log y; is output per adult growth rate

log A; is TFP factor growth rate

log x; is K/Y growth rate

log v is the trend growth rate

log h; is growth of the workweek (hours per employee)
log e; is employment growth rate.

Note that for "small” v, logy = v — 1 at first approximation, thus

1 0
logy; = mlogAt + mlogm‘t—i—t(v— 1) + log h: + log ey

2 Model Description

(10)

(11)

The theoretical setup is a Dynamic Stochastic General Equilibrium (DSGE)
model used in Real Business Cycle (RBC) studies. There is an exogenous and
deterministic labor-augmenting technological progress. n addition, there are

also shocks to total factor productivity (TFP).



2.1 Households

There is a unit measure of identical households. The population size, Ny, grows
at a constant gross rate n > 1, i.e. Np11 = 0V, and without loss of generality
(WLOG), we normalize Ny = 1. Households maximize total utility

o0
By Y BU(Cy,hy, Br) (12)
t=0
where FEj is the expectation operator as of period 0; C} is aggregate consump-
tion at time ¢; and 0 < 8 < 1 is the discount factor. The instantaneous utility
function is increasing, concave and satisfies the Inada conditions. We use the
following form for utility:

U(Ct, ht, Et) = hl(Ct) — O[(l + 40(ht — 40))Et (13)

Households save by investing in capital Iy, and as owners of capital, receive
income 1, K; from renting the capital to the firms and w;h; F; from selling their
labor services to firms; 7, is the return to (private) capital and K; denotes
the aggregate capital stock in the beginning of period t. Households are also
endowed with time that can be allocated to work or leisure. Aggregate labor
income is wihyEy, where w; is the hourly wage rate, h; is hours worked per
household, and F; is the employment level. Finally, households are owners
of the firms in the economy, and receive all profit in the form of dividents.
Households’ budget constraint is

Ci+ It <whi By + (1 — 1) Ky — m) (14)

where 0 < 7 < 1 is the distortionary capital income tax rate, and 7} is the
lump-sum tax/subsidy.

Aggregate physical capital evolves according to the following law of motion
K==L+ (1-90)K, (15)
where § is the constant linear depreciation rate of capital.

Households act competitively by taking prices and policy variables as given.
They choose the aggregate paths {C}, hy, Ef}52, to maximize Equation(12)
subject to Equations (13)-(15), and initial conditions for Kj.

2.2 Consumer Optimization Problem
Set up the Lagrangean
L = EO Z ﬁt{hl(Ct)—Oé(1+40(ht—40))Et—At(Ct-i-KtJ,_l—(1—6)Kt—wthtEt—(l—T)Tth+7T;<)}

t=0
(16)



This is a standard concave programming problem, so the FOCs are both neces-
sary and sufficient for an optimum.
C',Bt{l A}—O—>1—A (17)
t: c, ty = o, — M
In economic terms, this means that an additional unit of consumption brings
additional utility equal to marginal utility of wealth, as measured by the shadow
price A of relaxing households’ budget constraint.

ht : —40aEt + Atw:Et =0 (18)

— 400 = Aywy (19)

The above optimality condition means that households equate the cost of work-
ing additional hour during the work week, measured in disutility from supplying
labor services, to the benefit, which is the marginal product of working an ad-
ditional hour.

This optimality condition means that households equate the cost of an additional
person working, measured in disutility from working, to the benefit, which is
the marginal product of an additional person working.

KtJrl N —At —|— BEtAt+1(1 — (5 —|— (1 — T)’I‘:Jrl) = O (22)

— At = 5EtAt+1(1 — (S + (1 — T)T;k+1) (23)

Yiq1
Kii1

From the firm’s problem we obtain below that r,y; =6
Plugging (17) in (22), we obtain

1 1
& = BB
The equation above says that if we cut consumption in the current period, we
increase saving by 1 unit. Saving is channelled to extra investment in capital,
which is the only asset in the economy. There is no direct benefit from owning
capital (it does not enter utility), only indirect one (providing capital income).
Therefore, can increase consumption in the next period by the product of this
additional unit of capital, which is by definition the marginal product of capital.
In addition, we can eat the undepreciated capital (we are in a ”putty-putty”
economy). All this additional consumption is discounted one period at the rate
B. This is a cost-benefit equalization: Cost is 1, while benefit is r,41 + (1 — 9).
If cost > (<) benefit, agent can short sell (buy) infinite amount of capital and
buy it back (sell) next period, realizing profit from that.

Vi1
cm(l —54(1 —T)eﬁ)} (24)

Aside from intertemporal optimality (choosing optimal allocations over time),



agents in the economy have also some intra-temporal (within period) optimality
conditions to follow. The latter have to do with relative prices of consumption
to hours and employment, respectively. The two conditions are in the form of
marginal rate of substitution = relative price.

L
1
o1+ 10(hy — 40)) = Zwih (26)
t

Note: it seems there is a mistake in Hayashi-Prescott. When we divide side by
side (19) and (22), we obtain

40c My (27)
a1+ 40(hy — 40))  Agwihy
Then
40 1
= — 28
(1440(hy —40))  hy (28)
or, 40h; = 1 + 40h; — 160, which does not have a solution.
Therefore, I use g(h:) = ahs, which leads to a singular problem.
The FOCs that change are
a = MNwy (29)
Oéht = Atwfht, (30)

hence the singularity follows.
Transversality condition: limt%mﬂtc%KtH =0

The way of deriving the transversality condition is a bit ”esoteric” in the lit-
erature, as many economists do not really understand the full mathematical
machinery required to do so. For our purposes, we regard the transversality
condition as a kind of ”last” first-order condition. This is easy if we look at
the finite-horizon version of the problem. In the finite case, the Lagrangean
function is finite dimensional. The infinite horizon version can be thought of as
lims 0oLt = Loo. In this sense, transversality condition is like taking the limit
to the boundary condition in the finite case. The name ” Transversality” comes
to remind you the condition tells what happens once we cross the boundary
(infinity and beyond).

Aside from the mathematical technicalities, the economic interpretation of the



transversality condition is straightforward. It requires that the present dis-
counted value of the capital stock when we approach infinity is zero. If it were
not so, then the original solution (plan) was not optimal, as we can re-optimize
and increase the sum of discounted utilities.

Also, as the price sequence has all entries being strictly positive, it does not
pay to leave any capital unused at the end of time.

2.3 Firms

There is a unit mass of firms as well. They all produce a homogeneous final
product using the same production function that requires physical capital and
labor hours. This allows us to aggregate total output using the same production
function

Yy = AKY (7' he )Y (31)

where A; measures the level of Hicks neutral technology available to the econ-
omy in period ¢, 0 < 6,(1 — 0) < 1 are the productivity of capital and labor,
respectively.

Firms act competitively by taking prices and policy variables as given.Accordingly,
subject to Equation (29), K, h:, E; are chosen every period to maximize static
aggregate profit,

Ht = Athe(’ythtEt)179 - T:Kt - w;‘htEt (32)

2.4 Firm’s FOCs

K 0AK (v B )0 = of (33)
E :(1-0)AK (V') OB = w (34)
he s (1 —0)AK (V' EN h? = w; (35)

i.e. price of labor is equal to its marginal product, and the rental rate of capital
is equal to the marginal product of capital. Then

2.5 Government budget constraint

Total government expenditure, G, and lum-sum transfers/taxes, are financed
by levying proportional taxes on capital income. It is assumed that government
conducts spending in a wasteful manner. Thus,

Gy=1r{K; +m (37)

where only two of the three {Gy, 7, 7} policy instruments can be exogenously
set. We will choose the tax rate 7 on capital income to be deterministic, and the



path for {G;} to be exogenously set. Then the path for {m;} will be endogenously
determined as a residual from the per-period budget balance constraint.

3 Decentralized Competitive Equilibrium

Given the paths of the policy instruments {Gy, 7152, and initial conditions
for the state variable Ky, a decentralized competitive equilibrium (DCE) is de-
fined to be a sequence of allocations {Cy, ht, By, I, Ki11}52,, prices {ry, w:}52,
and the tax tate {7} such that (i) households maximize utility; (ii) firms maxi-
mize profits; (iii) all markets clear and (iv) the government budget constrain is
satisfied in each time period.

4 Transformed Optimality Conditions

Since labor-augmenting progress is the engine of the LR exogenous grwoth, we
transform variables to make them stationary.

We will define per capita units X; = ]XV—: and x; = % in effective per capita
units, where X; = {Y;, Cy, I+, K¢, E; }
4.1 Transformed budget and physical capital constraints

4.2 Aggregate

Ct + Kt+1 - (1 - 6)Kt + Gt = }/t (38)
4.3 Per capita
Ct Kt+1 Kt Gt _ }/;f
~t R (1 6)E+E_Nt (39)
ét + nkt+1 — (1 — 6)[_(t + Gt = }_/t (40)

4.4 Stationary per capita

Cy . K K, Gy Y
e e TS S = “
et + ki1 — (1 —0)ke + gt =yt (42)
4.5 Transformed Production Function
4.6 Aggregate
Y, = A K (P hy By (43)



4.7

4.8

4.9

4.10

4.11

4.12

4.13
4.14

4.15

Per capita

Ey

% — Atﬁg(ythtm)l—e (44)
Y, = AKY (v hi B (45)
Stationary per capita
S Ty (46)
ye = Ack? (hyey)t =0 (47)

Transformed Optimality Condition (FOC Consump-
tion)

Aggregate
1
a == AtNt (48)
Per-capita
1
o = At (49)
N;
1
a =N (50)
Stationary per capita
t
=N (51)
1
LA/ = A (52)
Ct
Transformed Optimality Condition (physical capital)
Aggregate
At = ﬂEtAt+1(1 - 5 + (1 - T)GAKf_l(’}/thtEt)lie) (53)

Per capita
At = /BEtAt+1(1 -0 + (1 — T)GAKf_l(’}/thtEt)lie) (54)



4.16 Stationary per capita
A = (B/7)Ehip1(1 =5+ (1 — 7)0AK! (4 heer) ' ™7) (55)

where

e = Ay /ot (56)

5 Per capita stationary DCE

Using this notation, we obtain the following per capita stationary DCE

yr =t + vk — (1 — 0kt + gt (57)
Yyt = Atkf(htet)ke (58)
A =¢t (59)
M= B 211 = 1)o¥L 41—y (60)
Y k‘t+1
— (1 Y
acy = (1-16) her (61)

where \; is the transformed shadow price associated with Equation (22) in
the households’ problem.

Therefore, the stationary DCE is summarized by the above system of six eqau-
tions in the paths of the following six variables (v, ct, he, Kir1, At) given the
path of the exogenous technology process { A;}, whose motion is specified in the
next subsection.

5.1 Process for technology

To complete the model, we need to specify the process governing the exogenous
technology process. We assume it to follow an AR(1) process:

A= AVPAY et (62)

where A > 0 is a constant, 0 < p < 1 is the first-order autoregressive persistence
parameter and ¢; ~ iidN (0, 0?) are stochastic shocks to productivity.

6 How do we work

We will log-linearize around the deterministic steady-state of the system. In
order to study fluctuations in a small neighborhood of the steady-state, we first
calculate it and calibrate the model in such a way that the parameters of the
model are able to match long-run behavior of the aggregate macroeconomic
variables.



6.1 Data and Calibration
6.2 Data

The annual data required for the calibration can be obtained from Bureau of
Economic Analysis (NIPA accounts), OECD(Economic Outlook Database), US
Department of Labor, Bureau of Labor Statistics (BLS) and ECFIN Effective
Average Tax Base (Martinez-Mongray, 2000)

6.3 Calibration

The values of the model’s parameters are summarized in Table 1. In order to
calibrate the model, we proceed as follows. We set the value of (1 — 6) equal
to labor’s share of income (i.e. 0.578) using compensation of employees data
from the OECD Economic Outlook. This figure is similar to the one obtained
in Gollin (2000). Capital share 6 is determined residually.

The discount rate 1/8 equals 1 plus the ex post real interest rate, which can
be obtained from OECD Economic Outlook. This implies § = 0.964, which
is consistent with previous studies. The population gross growth rate 7 is set
equal to the post war labor force gross growth rate 1.016, obtained from Bureau
of Labor Statistics. The depreciation rate for physical capital § is calculated
to be 0.049 on average. The scale parameter of the technology process A is set
to 1 WLOG. The parameters for the stationaty TFP process are as in Lansing
(1998) p = 0.933 and o = 0.1.

Table 1: Parameter Values (base calibration)

Parameter Value Definition

1.000  Technological progress in goods production
0.422  Productivity of private capital
-0 0.578  Productivity of effective labor
0.964 Discount factor
0.049  Depreciation rate on physical capital
1.373  Weight on disutility from work
0.48 Effective tax rate on capital income
0.933 AR(1) parameter technology
0.01 SD of technology innovation

AT AL ST D

7 Steady-State

Suppressing time indices and shutting down stochasticity

y=c+nmyk—(1-90)k+yg (63)
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y=c+my—-1+dk+g
y = Ak (he) ¢

A=c!
1:%[(1_7)9%“—5]

ac=(1—-0)y/he

7.1 Solving Analytically for the Steady-State

Algorithm: How to solve for the deterministic steady-state (A = 1):

L B ko1
5=1-0+ - mpAG)

E  Then we know

This gives us ;=

_ k 6
w=(1-0)A(;-)
c=y— 0k
c/k=y/k—06= A(i)*l )

hE

i/k=n—-1+49)
Hence we know ¢/k. Then from MRS:

g(h)e =w = (1~ 6 A
(gW)/R)(e/K) =w = (1~ ) A

determines he.

8 Linearization

8.1 Linearized Market Clearing
ce +nvkigr +g: — (1= 0)ke =y
In(c; + nykeer + g0 — (1 — 0)ke) = In(y)

dIn(c; + nvk +g:— (1 —=90)k
(t ny t+1dt gt ( )t):dln(yt)

1 dCt C dkt+1 k dkt k
o4 ¢ AE T e i
(Ct+7]’)/kt+1 +g; — (1—5)kt)[ at e o & ( ) dt k}

1. - - N
;[th +nkip1k — (1 — 0)kik] =

11

_dyt].

dty

(69)

(76)
(77)

(78)
(79)

(80)



- c.. . 1-6)k. -
i = (e - g0 - (L=, (s1)
Y Y
—wikis1 = waly — G — wak (82)
where w; = %, Wy = 5, w3 = (1;5)1“
8.2 Linearized Production Function
Yy = Atkf(htet)179 (83)
Iny,=InA; +0lnk,+(1—0)Inh; + (1 —0)Ine; (84)
dlny;  dln A, dlnk; dln h dlne;
T - +46 pn +(1-90) i +(1-190) p (85)
Ly _ 1dA 0dk | (1=0)dh  (1=0)de, 0
yd  Adt  kdt ho dt h  dt
0= g + Ay + 0k + (1 — 0)hy + (1 — 0)é, (87)
0=—9: + At + (U4kt + W5}Alt + ws €t (88)
where wy =0, ws =1—10
8.3 Linearized FOC for consumption
Ne=¢t (89)
InA =—Ine (90)
dln M\ dlnc
= 1
dt dt (91)
1 dAt 1 dCt
- 2
A dt c dt (92)
0=—é — X\ (93)
8.4 Linearized No-arbitrage condition
A= BB (1= 7075 +1- )] (94)
t+1
I\ = In By (1 — 7)022 11— )] (95)
kit
dln), dln Ey[A1((1 — 7)9% +1-19)] 06
dt dt (96)
- - 1—-7)0 1—-7)0 -
)\t — Et[)\t+1 +[ ( ) y ( ) y kt+1]

(-0 10k~ (T )0 + 1 o)k
(97)
Observe that (1 —7)0% +1 -9 =1~/
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. . B(1—71)0y . B(1—71)0y -
A= E[A1 + [(,yk)yt-q-l — (Vk)kt-i_l]

Bl —1)0y

1—-7)0 N
= A=) p g

5\t = EtS\H»l +
vk

Eijiv1 —

At = Etdey1 +wo Bl — woEiki 1

1—
where wg = W

8.5 Linearized Marginal Rate of Substitution

1 1
QCy Wt
QCt = Wy

alnc = Inw;

dlne;  dlnwy

dt dt
1 dCt 1 d’LUt
oq—— = — —
c dt w dt
Oéét = u%

8.6 Linearized Exogenous Technological Process
Apgr = A0 ggeees
h’lAt+1 = (1 — p) InA + plIlAt + €141

dlnAH_l dln A dhlAt d€t+1
Z L —
di C=n =g tr—Yg * &
A at Paa ten

where for t = 1 degyq1 &~ ln(eef“/e) = €41 — €= €41 since e =0

At+1 = Pi‘it + €141
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