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Abstract

In the United States, cities with more human capital attract skilled workers, and as
a result, convergence between states does not occur. Many among the most productive
European workers try to migrate to the United States. Consequently, economic growth
in Europe could be affected by such migrations. To comprehend these problems, we de-
velop a theoretical Economic Geography model with heterogeneous skills for workers. The
question is whether history completely determines the final equilibrium or whether is it
possible to attract skilled workers to regions with less human capital. Our results suggest
that history does not determine the final outcome conditional on economies of scales that
are sufficiently high. This finding contradicts previous papers, which demonstrated that
heterogeneity was ruling out indeterminacy.
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1 Introduction

Spatial inequalities can be very damaging by producing social tensions (Davezies [6]). As a

consequence, inequality is a matter of concern for national politicians. National governments

must address inequality because of its impact on the welfare of their citizens. In the past, local

politicians have attempted to stem the decline of their city or state. For instance, in Spain, the

regional Basque government has built a new museum in Bilbao (the Guggenheim museum) to

make the city more dynamic (Plaza [27]). The most famous example of a declining city is De-

troit, which was one of the most successful cities at the beginning of the twentieth century. The

decline of Detroit can be attributed to the process of deindustrialization, the poor quality of its

workforce and the city’s racial tensions.

Spatial inequalities emerge because human capital is not equally distributed between cities,

states or even countries. Glaeser and Berry [12] noted that in the US, cities with more human

capital tend to attract more skilled workers than other cities. This unequal repartition of human

capital produce a divergence in income between regions established by Sala i Martin and Barro

[16]. Moreover, the same problem arises at an international level. Saint-Paul [30] demonstrated

that many skilled European workers migrate to the United States. A similar phenomenon has

occurred in Israel, many highly educated workers flew to the United States (Ben-David [3]).

Europe growth prospects may be dramatically reduced if its best and brightest migrate to the

United States.

However, the brain drain from India and China to the United States is being reversed. Many

entrepreneurs are returning in their home countries (Wadhwa et al. [32]). The main explana-

tions are family ties and economic opportunities. 72 percent of Indian returnees and 61 percent

of Chinese returnees cited lower employees’ wages as an important advantage of their home

countries. Another famous example is the brain drain of the physician toward the United States

that used to occur. Many medical activities are now outsourced in developed countries (Kshetri

and Dholakia [19]) and many physicians are returning in their home countries.

This paper aims to answering the following questions: Are the lack of convergence between

states that is occurring in the US or the brain drain from Europe to the United States completely

determined by history? Or could it be reversed by making skilled people move toward cities or

countries with insufficient human capital (in this case, could future policies be inspired by the

example of the reverse brain drain)?

Our methodology is simple: we introduce heterogeneous qualifications for workers in a dy-
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namic NEG (New Economic Geography) model inspired by Krugman [17]. The final equilibria

and how they can be reached are considered. Our model addresses movement from a sector

X with economies of scale to a sector C with constant wages. We construct the basic model

by considering the difference in wages as the primary factor in location choice. We suppose

that skilled workers have an impact on unskilled workers’ productivity and vice versa. This

assumption is supported by a recent paper made by Eeckhout et al. [9].

As demonstrated by Ottaviano et al. [24], a more general model including differences in work-

ers’ utilities could easily be developed. As a result, our model could also be used to study

migration from a national or an international point of view. Specifically, our paper focuses on

the dispersion of the skills across the landscape. Indeed, skilled workers could be attracted

to one city (or to one sector, or to one country), while less skilled workers could be to other

cities (or sectors). Therefore, the spatial dispersion of human capital, which does not exist in

Krugman’s model, is potentially a final equilibrium here. More precisely, this model enables

us to understand whether history fully determines the final distribution of human capital among

regions. It is a dynamic model. It helps to understand how the workers move from one city to

another. Deardorff [8] examined why skilled labor industry may be outsourced. He explained it

by fundamental differences between nations. But his model does not explain why some skilled

workers decide to relocate and to return in their home countries and the dynamics of workers

are not considered.

Many theories have attempted to explain spatial inequalities (for instance Blanchard and

Katz [4], Puga [28] or the new economic geography initiated by Krugman [18]). However, pre-

vious research has not considered the dispersion of human capital in space.

Royer [29] argues that history plays a major role in the explanation of these inequalities.

The initial conditions, the spatial specialization of economic activities, could explain a great

deal of the variation and these conditions have not been studied sufficiently by economists. As

Davis and Weinstein [7] noted, city size displays outstanding stability throughout the twenti-

eth century, as demonstrated by the Japanese example. This stability persists despite external

shocks. It demonstrates that history is decisive in the distribution of workers among cities.

If history matters, individual expectations could also be relevant. The role of expectations

in migration was formalized by Krugman [17] and Matsuyama [21] by introducing levels of

expected utility. Indeed, it is reasonable to believe that if someone expects future utility levels

to be very different from the current levels, he will decide where to locate by taking this infor-

mation into account. Indeed, even if region A is the wealthiest, if everybody believes that most

people will be in region B in the future, people may move to region B. That is, people perform
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an intertemporal optimization in these models; people select where the migration destination

and the timing of the move. These models are dynamic. In previous models, workers are con-

sidered to be homogeneous. Several papers extended the original paper made by Krugman [17]

(Acemoglu and Jackson [1], Oyama [25], Wirl and Feichtinger [33], Ottaviano [23], Baldwin

[2]) but none of them introduced heterogeneity among workers.

Some papers have introduced heterogeneous workers within static models (Picard and Zeng

[26], Zeng [34], Tabuchi and Thisse [31]). To our knowledge, there has been only one paper

introducing heterogeneity in a dynamic model (Herrendorf et al. [15] which was based on the

model made by Matsuyama [21]).

The following results were obtained:

• Two different kinds of workers may not move toward the same location. For instance,

skilled workers may move toward city (or sector) X and unskilled workers may move

toward city (or sector) C. As a result, several equilibria of spatial dispersion of skills

(where the skilled workers are all located in one city and the unskilled workers are all

in the other city) appear in the model. These equilibria were not present in the original

model.

• Krugman established that if the interest rate and congestion costs are high and the economies

of scale are low, expectations do not change the role of history. Contrary to Krugman, our

model predicts that a change in expectations leading toward another equilibrium, even

with a high interest rate and/or high moving costs, is possible. However such a result

depends on the presence of less skilled workers in the areas where the skilled workers are

originally leaving. Their impacts on the skilled workers’ welfare need to be sufficiently

high. Therefore, the brain drain from Europe to the United States or the lack of conver-

gence observed between the states could be fought regardless of the interest rates and the

congestion costs. The final equilibrium is not completely determined by history.

• Our result can also be viewed from a theoretical point of view. In several theoretical

papers, e.g Morris and Shin [22], Herrendorf et al. [15], heterogeneity is predominantly

viewed as a stabilizing force, providing one stable equilibrium. The opposite result is

observed here; heterogeneity can increase the level of indeterminacy of the final equilib-

rium.

In the next section, we present the equations of our theoretical model. Several intermediate

results are then elaborated, because these are necessary to the final results of this paper presented

in the subsequent section. The last section concludes.
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2 The model

2.1 Definitions and assumptions

There are two sectors in our economy, sector C and sector X and as in previous models. In

contrast to Krugman, who assumes identical skills, this model assumes that two kinds of work-

ers exist: skilled workers and unskilled workers. The model is described by four equations:

two congestion cost equations and two shadow price equations (the opportunity cost of being

employed in sector X instead of sector C) which depend on the definition of the wages. The

shadow price equations indicate how the shadow price evolves. If that shadow price becomes

positive, then the workers will shift toward sectorX , and if the price becomes negative, workers

will shift toward sector C. The congestion cost equations indicate how many workers will move

from one sector to the other at a date, t. Workers cannot all move instantaneously because there

are congestion costs (the more workers there are, the higher the costs). Workers move until the

marginal gain of shifting sectors equals the marginal costs.

2.1.1 Wage definitions

Πs(Lsx, Lux) is the average productivity of the skilled workers and Πu(Lsx, Lux) is the average

productivity of the unskilled workers. wUX is the wage of the unskilled workers in the X sector

and wSX is the wage of skilled workers. Lsx is the number of skilled people in sector X and

Lux is the number of unskilled workers in that sector.

The production function is:

Π(Lsx, Lux) = Πs(Lsx, Lux)Lsx + Πu(Lsx, Lux)Lux

Since the economies of scale are external, each firm treats labor productivity as constant:

wSX = Πs(Lsx, Lux) and wUX = Πu(Lsx, Lux).

Sector C exhibits a constant productivity level (a < 1). β1, β2, δ1 and δ2 are positive con-

stants, representing the economies of scale.

Considering skill levels, wages are

wSX = 1 + β1(Lsx − L∗
sx1) + δ1(Lux − L∗

ux1) (1)

wUX = a+ β2(Lsx − L∗
sx2) + δ2(Lux − L∗

ux2) (2)
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The existence of L∗
sx1, L

∗
sx2, L

∗
ux1 and L∗

ux2 is assumed. However when these equilibrium

values exist, they are not necessarily unique. Skilled workers have an impact on unskilled work-

ers’ productivity and vice versa. For instance, an unskilled worker could have a positive impact

on a skilled worker’s productivity by performing simple tasks that allow the skilled worker to

focus on complex tasks. A skilled worker could increase the unskilled worker’s productivity

through good management and improving the organization of work flow. We already pointed

that these assumptions were confirmed in a paper made by Eeckhout et al. [9]. They found that

in big cities there are bigger inequalities. This is due to the fact that highly skilled workers

increase the productivity of low skilled workers and vice versa. Suppose also that the influence

of one type of worker on the productivity of that type is stronger than the influence of the other

type of worker. Then the following inequalities are true β1 > δ1, β1 > β2, δ2 > β2 and δ2 > δ1.

2.1.2 Shadow price equations

The shadow prices for skilled and unskilled workers are represented by the following equations:

qs(t) =
∫ mt

t
(wSX − 1)e−r(x−t)dx (3)

qu(t) =
∫ mt

t
(wUX − 1)e−r(x−t)dx (4)

Notice that the integrals range from t to mt because it has not yet been proven yet that the

workers have all agglomerated in one region after a finite time, T . Therefore, mt belongs to the

set [t,∞[∪∞. This is exactly the same concept introduced in the previous section, we simply

introduce two shadow prices, one per type of worker, instead of one price.

The world interest rate is equal to r and the rates of return for the two shadow prices must

be equal to the following rates:

q̇s = rqs − wSX + 1 (5)

q̇u = rqu − wUX + a (6)

These two equations are obtained by deriving (3) and (4).

2.1.3 Congestion cost equations

The congestion cost equations are obtained by optimizing a production function (similar to

Krugman’s). If skilled and unskilled workers are both moving toward the same sector, the costs
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of migration are as follows:

˙Lsx + ˙Lux = γ1qs (7)

˙Lux + ˙Lsx = γ2qu (8)

These equations state that the marginal cost of moving is equal to the marginal benefit.

The benefit is the shadow price associated with the corresponding level of skill. The costs are

congestion costs. We assumed that skilled workers are more mobile than unskilled workers

(γ1 > γ2). The costs of migration are created by the migrants themselves.

If the skilled and unskilled workers are moving in opposite directions (for instance, a sce-

nario in which the skilled workers are moving into sector C and the unskilled workers are

moving into sector X , is quite different), then the effect depends on the type of externality

under consideration. Three different cases arise when the parameter µ is introduced into the

following equation: ˙Lsx = γ1qs − µ ˙Lux

• When µ = 1 the derivatives have opposite signs, and the movement of one type of workers

reduces the congestion in the movement of the other type. For instance, consider the

extension of the model in economic geography, which incorporates the choice between

two cities with different utility function. If the number of houses in a city is fixed over

the short term, an increase in the number of migrants produces congestion in the housing

market. However, if one person leaves a city, a house or an apartment becomes available.

• When µ = 0 The movement of one type of worker has absolutely no impact on the

movement of the other type. Think of traffic congestion: the traffic on a highway from

one place to another has no impact on the traffic in the other way.

• When µ = −1 The externalities are cumulated: even if they are moving in opposite

direction, the movement of one type of workers is congesting the movement of the other

types. For instance, think of two computers in a network. The downloading from one

computer to another could congest the downloading in the opposite direction. In his

paper, Baldwin said that the arrival of new people were easier if they were not the first

ones. So maybe we could adapt this idea and say that the presence of one type of worker

is making easier the arrival of the other type and their departure is making it harder.

Baldwin [2] is the only author who has explained what type of externality could be produced.

But none of his indications indicates us what could be the value of µ. The three cases could be

studied. Nevertheless, we will not examine the three different cases, only the case when µ = 1.
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When µ = 0 and µ = −1, these cases are more complex, they will not be addressed in this

paper.

Additional hypothesis We will demonstrate in the next section that only one type of worker

is moving at the same time. For instance it is possible that only the skilled workers are moving

at a date t − dt and at a date t + dt, only the unskilled workers relocate. There is a shift from
˙Lsx = γ1qs, ˙Lux = 0 to ˙Lux = γ2qu, ˙Lsx = 0 at date t. As a result, a discontinuity exists when

qs = γ2
γ1
qu.

Nevertheless, the discontinuity corresponds to an extreme, unrealistic situation. These dis-

continuities appear when it is assumed that the process that leads to a full congestion by one

type of worker is instantaneous (this full congestion will be demonstrated in the next section).

It is more realists to assume that this process lasts.

The equations are temporarily changed during a very small interval: if γ2qu − εc1 ≤ γ1qs ≤
γ2qu + ε, with ε, εc1 very small

˙Lsx = (1− λ)max(γ1qs, γ2qu) (9)

˙Lux = (λ)max(γ1qs, γ2qu) (10)

with λ a continuous increasing function.

The intuitive idea behind these two equations is given: at the instant t, qs and γ2
γ1
qu have the

same absolute value. At t + dt, qu is greater than γ1
γ2
qs. The unskilled workers can begin to

move but the skilled workers are still moving. In order to have the equation ˙Lsx + ˙Lux = γ1qs

verified, ˙Lsx has to decrease. But ˙Lsx will only decrease at t+ 2dt. Because the skilled workers

need a little amount of time to realize that more unskilled workers are moving. The process will

continue until only the unskilled workers moves.

The system of differential equations is now continuous and K-lipschitz, and the Cauchy-

Lipschitz theorem could be applied (proof given in Appendix A). That is, for any set of initial

conditions, there exists a solution. As a result, if the terminal conditions of the movement are

set to T = 0 (the movement occurs when time is negative), then a solution exists.

However, this solution is not unique because of the parameter ε: the solution is unique for a

given value of ε. Indeed, ε is supposed to be taken small enough, but it could take different val-

ues, therefore changing the equations and the solutions. This parameter could vary continuously
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inside a given interval. This change does not alter the total movement.

2.1.4 Extension to more general utility functions

Our model can be easily adapted to more general problems. Wages are replaced by utility func-

tions and instead of a choice between sectors, workers are faced with a choice between cities,

states or even countries.

Usa is the utility function of the skilled workers and it depends on the fraction of the skilled

Lsa and the unskilled Lua present in city A. f and g are both real functions.

Usa = f(Lsa) + g(Lua)

The demonstration made by Ottaviano, Tabuchi and Thisse could easily be adapted with

the heterogeneity of workers. It is nevertheless needed to assume that f and g are both linear

functions.

Application to Indian and Chinese entrepreneurs Our model could be applied to the prob-

lem that has been seen in the introduction. These entrepreneurs are better off in China and

India partly because workers in their home countries are cheaper. This could be captured by the

function g.

3 Simplification: only one type of worker is moving

In this section, we show that the problem could be simplified to a system of two differential

equations. The shapes of the solutions are of the same form than in Krugman’s model. The

laws of motion are not the same throughout the entire process; migration depends on the relative

signs of qu and qs. Two different cases of qs and qu will be considered: first they have the same

sign; second they have opposite signs.

qs and qu have the same sign When qs and qu have the same sign and qs 6= γ2
γ1
qu, then one

type of worker will face stronger incentives to move than the other type of worker. If the two

values are equal, then both types of workers will face the same incentive to move.

Lemma If qs 6= γ2
γ1
qu , then only workers facing the highest shadow price will move.

Proof Suppose that qs > γ2
γ1
qu > 0 and ˙Lux 6= 0. Then, the skilled workers will move ac-

cording to ˙Lsx = γ1qs − ˙Lux. However, the unskilled workers’ costs are suddenly too high due
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to the additional movement of skilled workers ˙Lsx+ ˙Lux = γ1qs > γ2qu. The cost of movement

for an unskilled worker will be higher than the benefits; therefore, Lux must decrease. The same

demonstration could be repeated until Lux = 0.

Intuitively, skilled workers face greater incentives to move. When the unskilled workers

have no additional incentive to move, some skilled workers continue to migrate. This move-

ment increases the marginal cost of moving beyond the marginal benefits for unskilled workers,

and reduced the number of unskilled workers who are moving, thus decreasing the cost of mov-

ing for skilled workers. Consequently, skilled workers will continue to move and increase the

cost of moving for unskilled workers who may be forced to abandon plans to migrate. This

pattern will continue until no unskilled workers remain. The same demonstration can be easily

adapted for cases where γ2
γ1
qu > qs or where qs and qu are both negative.

As a result, the aggregate movement can be divided into smaller migration flows in which

only one type of worker moves (i.e., a submovement occurs when a particular type of worker

moves; the movement of the other type marks the beginning of the next submovement).

Corollary: The equilibrium path for the type of worker who is moving exhibits the same

shape as Krugman’s model during a sub-movement. The workers’ movements are described by

four equations that form a linear differential system. Nevertheless during a submovement of

the skilled workers, qu has absolutely no influence on qs and Lsx. qu remains only relevant to

determine the end of the submovement. Moreover Lux is a constant and ˙Lux = 0. Therefore

only two equations are necessary to describe the path of the skilled workers’ submovement.

These two equations are almost the same than in Krugman’s model. The matrix is the same;

however, the constant is different. The constant does not change the eigenvalues, and we observe

the same shape of the solutions (a spiral or an S curve). For instance, if the skilled are moving

and r2 − 4β1γ1 > 0 then the skilled workers path forms an S curve. On the contrary, if r2 −
4β1γ1 < 0, a spiral emerges. However, as Lsx is moving, then qu is also changing because the

skilled workers exert an influence on unskilled wages.

qs and γ2
γ1
qu have opposite signs Remember that only the case µ = 1 will be studied in

this paper. The costs of moving are no longer a problem because the skilled workers are the

unskilled are moving in opposite directions. Every time an unskilled worker shifts from one

sector to another, it enables a skilled worker to shift without costs in the opposite direction. As

a result, a problem arises. Suppose that at t0, |qs| > γ2
γ1
|qu| > 0. At a certain date t1 > t0,

assume that qu = 0 with the derivative of qu telling us that it will change its sign and qs stays

strictly positive. Therefore, the shadow prices of the two types will have a different sign and

10



the costs will be negligible. Fukao and Benabou [10] showed that, on an equilibrium path, if

the shadow price is strictly positive and if the costs of moving become suddenly equals to zero,

this cannot be an equilibrium path. Therefore, if qu = 0 at t1 then qs must be equal to 0 at the

same date t1.

The main conclusion of this section is that the differential system could be simplified locally,

for a limited time, in a system of three differential equations when qs and qu have the same sign

(four equations were originally in the model but as ˙Lux = 0, only three remains relevant).

Moreover, the two qs and qu starts with the same sign, they keep the same sign on the same

equilibrium path at least for as long as one of the two types of workers will stop moving.

Because if they move in the opposite direction, costs will become null and a worker could make

a gain by deviating from the equilibrium path. As a result, the total movement could be divided

in submovements where only one type of worker is moving. In a submovement, the shape of

the solution is the same as in Krugman [17] for the type of worker who is moving.

4 The role of expectations

Expectations are taken into account where q:
∫mt
t (wSX − 1)e−ρtdt is the sum of the discounted

difference in wages between the two sectors from time t until the end of the movement. A

change in expectations is possible when, for a given spatial distribution of the economy, we

observe different values of q that are compatible with the equations. If Lsx and Lux are given,

the actual difference in wages is also determined; therefore, different values of q represent a

differences in future wages.

As a result, there exists a possibility of a change in anticipation of the skilled workers if and

only if ∃Lsx, Lux and q1
s(Lsx, Lux), q2

s(Lsx, Lux) such that q1
s(Lsx, Lux) 6= q2

s(Lsx, Lux) and q1
s

and q2
s are solutions to the differential equations of motion. However, this definition of change

in expectations is incomplete. The definition does not tell us if the change will lead to a change

in the final equilibrium. Krugman [17] solves the differential equations and then demonstrates

that, when there are different deterministic paths, a change in expectations can produce a jump

from one path to another. Each path leads to a different equilibrium. There are two different

paths if and only if r2− 4βγ < 0. The variable q is a jumping variable, which can shift from an

equilibrium path to another, depending on the expectations of the workers.

In our model, different results are found. Two different paths, leading toward two different

equilibria, with each different shadow prices value for the same spatial configuration (Lsx, Lux),

are found in the case r2 − 4β1γ1 > 0 and r2 − 4β2γ2 > 0. Therefore, a change in expectations
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leading toward a different final equilibrium is possible in this case.

4.1 Solutions when r2 − 4β1γ1 > 0

Before introducing the main result of this paper, we need to study the forms of the solution.

In this paragraph, the solutions of the equations during a skilled workers’ submovement when

r2− 4β1γ1 > 0 (the condition that Krugman established to prevent expectations from playing a

role in people’s choices) will be examined. For these values, the solutions have the shape of an

S curve during a submovement. We established in the previous section that two equations are

necessary to describe the shape of the path taken by the skilled workers.

The system is easily solvable. The solution is described by the following equations:

qs(t) = Aexp(λ1t) +Bexp(λ2t) (11)

Lsx(t) = Cexp(λ1t) +Dexp(λ2t) (12)

qu(t) = Eexp(λ1t) + Fexp(λ2t) +Gexp(rt) (13)

The equations (11) and (13) are used to describe the skilled workers’ submovement. Equa-

tion (13) is used to follow the evolution of the shadow price of the unskilled workers during that

submovement. The eigenvalues of the system are λ1, λ2, r. Notice that the constants were not

present in the solutions. It could be demonstrated that the set the spatial configurations L∗
sx, L

∗
ux

that equalize the wages is a vector space of dimension one. By choosing the appropriate values

for L∗
sx, L

∗
ux and the appropriate origins for Lsx and Lux, the constants could be taken equal to

zero. Three conditions (final or initial) are required to produce a unique solution to the system.

The initial conditions selected are the following: Lsx(0) = K, qs(0) = K2, qu(0) = K2 − ε

where K,K2, K2 − ε are all positive constants.

The linear system given in equations (11)-(13) was solved utilizing Xcas software (freeware,

developed by B Parisse, J Fourier University, Grenoble, France). The following results were

obtained:
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A = (−K)β1 −K2λ2 +K2r

λ1 − λ2
(14)

B = Kβ1 +K2λ1 −K2r

λ1 − λ2
(15)

C = (Kβ1λ1 −Kβ1r +K2λ1λ2 −K2λ1r −K2λ2r +K2r
2)

(β1λ1 − β1λ2) (16)

D = (−Kβ1λ2 +Kβ1r −K2λ1λ2 +K2λ1r +K2λ2r −K2r
2)

(β1λ1 − β1λ2) (17)

(18)

The results for the unskilled workers’ shadow price are presented below:

qu(t) = β2

β1
qs(t) +Gert (19)

G = (K2β1 −K2β2 − β1ε)
β1

(20)

The shape of the solutions of the two equations of the skilled submovement are represented

on graph 1 in the plane L, q.

Figure 1: Form of the solution

The curves are separated into two areas in the rest of the paper.

• The arms begin after the paths have crossed the abscissa (by following the arrows in graph

1), and they diverge towards infinity.

• The bells: are located before the paths have crossed the abscissa.

It is important to note that this graph represents the global shape of the vector field of the

solution. During a submovement, with the initial conditions set, only a part of these paths de-

scribed on the figure are taken. Moreover, there is a difference between a solution to a set of
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equations and an equilibrium path observed in our economic problems. It is necessary, but not

sufficient, to be a solution to the equations because the terminal conditions need to be reached

(Fukao and Benabou [10]). Graph 1 represents the mathematical solutions to the system of

equations, but not all of these solutions necessarily represent an equilibrium path.

It is necessary to know whether the movement occurs on an arm or on the bell of the curve.

In Krugman [17], the movement always occurs on the bell. He achieved this result by imposing

a final condition at q̇ = 0, which is only possible on the bell. Fukao and Benabou [10] also im-

pose a final condition at q = 0 , which is, again, only possible outside the arms. However, here,

the final condition for a submovement is the equality between qs and γ2
γ1
qu; the final condition

of the total movement remains qs = qu = 0. As a result, an equilibrium path could temporarily

shift to an arm during a submovement under the condition that it shifts to the bell to reach the

terminal condition.

If the movement is located on an arm, then the time when qs(t0) = 0 should be negative, and

if not, the time should be positive because the movement produces divergence. By following

the arrows on the graph, the path is located on the bell part of the curve before time qs = 0 and

after a movement on an arm.

Imposing qs(t0) = 0,

(λ1 − λ2)t0 = ln(−B
A

)

Therefore, t0 is negative if and only if −B
A
< 1.

It could be easily demonstrated that the submovement is not on an arm if and only if

−Kβ1 +K2λ1 < 0 andKβ1−K2λ2 > 0. It is sufficient to imposeKβ1 > K2λ1 or β1 >
K2
K
λ1.

Consequently, the movement of the skilled workers is located on a bell if and only if the ratio
qs
Lsx

is low enough.

To sum up, we have established that the movement is located on a bell if and only if the ratio
q
L

is sufficiently low. We also established that there exist a difference between a solution of the

mathematical equation and an equilibrium path. But in our model, the total movement could be

subdivided in small submovements where only one type of worker is moving. We will show in

the next section that it is possible for a type of worker to take an arm during a submovement

and to finish on a bell and reach the necessary conditions to be an equilibrium path.

14



4.2 Expectations when both shadow prices have the same sign

In this section, only the equations in which both the shadow prices have the same sign will be

examined.

A change in expectations is possible even if r2 − 4β1γ1 > 0 and r2 − 4β2γ2 > 0 Suppose

that Lsx is such that there are more workers in sector C and r2 − 4βγ > 0. Under these con-

ditions, Krugman [17] predicts that in the final equilibrium, all skilled workers are employed

in sector C. However, with the heterogeneity of workers, an equilibrium path with these ini-

tial conditions can lead toward an equilibrium in which everyone is employed in sector X . A

positive shadow price with a low value of L was not possible in Krugman’s model because the

terminal condition needs to be q = 0. With heterogeneity, the terminal condition of a submove-

ment becomes qs = γ2
γ1
qu. This different constraint enables a new equilibrium path to emerge.

The final conditions of the movement are either qs = qu = 0 or q̇s = q̇u = 0. The rigorous

demonstration is in the Appendix B. The intuition is given below.

Suppose that the state of the economy for the skilled workers is on an arm and the bell for

the unskilled workers. Suppose also that the unskilled workers are moving. At this point, a

shift could occur. It is possible that during the submovement of unskilled workers, the ratio
qs
Lsx

become low enough for skilled workers to be located on the bell given a sufficiently high

coefficient δ1. On graph 2, the ratio is illustrated by the red line between the numbers 1 and

2. When unskilled workers are moving, the economy is on an arm for skilled workers at the

beginning of the movement. The economy is on the bell for the skilled workers at the end of

the submovement.

Therefore, when the skilled workers are moving again, the final conditions of the movement

can be attained. Both of the shadow prices remain on the bell for the rest of the movement.

Consequently, a new possible equilibrium path emerges.

There is an economic interpretation of this finding. The presence of unskilled workers in

sector C is necessary and its influence on the productivity of skilled workers needs to be suffi-

ciently high. The strength of the economies of scale from the other type of worker prevents the

divergence of shadow prices. Therefore, a change in expectations is possible if another type of

workers is already present in the city and creates sufficient agglomeration forces.

The paths are represented in the figure 3

At the pointL0, two different equilibrium paths exist, in contrast to one in Krugman’s model,

leading toward two different equilibria.
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Figure 2: New equilibrium path

Figure 3: Possible Paths
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Even with high interest rates, expectations could play a role. If workers are initially moving

in opposite directions, the sudden shift by a worker of one type could create economies of scale.

As a result, political interventions could fight the divergence in incomes observed in American

cities by changing the expectations of workers.

Lsx and Lux agglomerating toward the same sector If both types of workers shift into the

same sector, then it is impossible for both types to move into the other sector because the two

types of workers will therefore be located along the arms and none could reach the bell part of

the curve. Examine the movement of one type of worker. During a submovement in which this

type of worker moves, it is impossible to reach the bell part of the curve by definition. During

a submovement where the other type is moving, the labor Lix, i = s, u, remains constant and qi

is necessarily increasing. A quick look at the equations reveals that it is the linear combination

of qj and ert, which are both increasing. The ratio qi
Lix

is increasing; therefore, the movement of

workers follows an arm.

5 Equilibria

In this section the final equilibria are given.

5.1 Stable equilibria

If dispersion is possible, there are at least four final equilibria that could be stable: everyone is

employed in sector C, everyone is employed in sector X , the skilled are employed in sector C

and the unskilled are employed in sector X , or the skilled are employed in sector X and the

unskilled are employed in sector C.

Equilibrium of dispersion A dispersion (i.e., when all the skilled workers will agglomerate

in one sector and all the unskilled workers are employed in the other sector) will be possible if

and only if the wages for both type of workers are higher in the sector where they are employed

than in the other sector.

5.1.1 Final conditions for the movement and stability of the equilibria

r2− 4β1γ1 > 0 and r2− 4β2γ2 > 0 The solutions have the shape of an S curve with arms at

the end, as previously described. This is the condition that Krugman [17] established to prevent

expectations to from playing a role in people’s choices. The Poincare Bendixson theorem could

not be applied here because the dimension of the differential system is four and not two. It is
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demonstrated in the Appendix A that equilibrium is reached within a finite period of time.

If one shadow price changes its sign during a transition, the movement could continue and

the equilibrium is not necessarily stable. Nevertheless, the equilibrium is stable if µ = 1. As

described earlier, in this case the two shadow prices become null at the same time. Suppose the

movement is not finished when qs = qu = 0. Both shadow prices are located on an arm and

they cannot reach equilibrium in that configuration. As a result, the movement ends when both

shadow prices become null and they stay there forever.

6 Discussion

This paper aimed to establish whether spatial inequalities could be entirely explained by history

or whether worker expectations could play a role. Introducing this heterogeneity in Krugman

[17] increases the number of different equilibrium states. The model established that expecta-

tions can play a role, even with high interest rates, if increasing returns are strong enough. The

explanation of this result lies in the difference in the terminal condition. In Krugman [17], that

condition is q = 0, but with heterogeneity, the total movement can be subdivided into a number

of small sub-movements where only one type of worker moves. Each of these sub-movements

has a terminal condition different from q = 0 that enables a new equilibrium path. As a result,

heterogeneity is a factor of instability and multiplicity.

The model could be extended to a new economic geography. It could for instance explain

the return of Indian and Chinese entrepreneurs in their home countries. The actual wages are

greater in the US but India and China seem to be more dynamic with more economic opportu-

nities. Furthermore, the presence of a cheaper workforce clearly played a role in their decision

to return. Our model could also be used to help future policy. The brain drain of the skilled

workers from Europe to the United States and the actual divergence in income between states in

the US are not a fatality. The highly skilled workers could be attracted to Europe or to US cities

with too little human capital. But the influence of the low skilled on the high skilled workers

productivity needs to be sufficiently high. In a recent paper made by Eeckhout et al. [9], they

found an extreme-skill complementarity in big cities: highly skilled workers and low skilled

workers mutually enhanced their productivity. This finding supports our main assumption.

Another assumption has been made that was not present in the original model. Discontin-

uous differential linear systems do not necessarily have a solution to their equations; therefore,

the equations have been changed for a limited time through the parameter ε. This parameter is

critical to the main proposition of this paper: changing the value of this parameter changes the
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solution of the equations and enables many equilibrium paths to emerge.

Heterogeneity has been introduced by two discrete levels of skills. Other forms of het-

erogeneity (for instance, a continuum of skills) have been introduced in the papers previously

reviewed. This difference in modeling heterogeneity may explain the differences observed in

the papers.

From a political point of view, attracting skilled workers to a city with insufficient human

capital has some advantages. Glaeser [11] argues in his book that poor areas in cities should be

judged by their ability to make poor people poorer. Indeed, he argues that many poor people

succeed in climbing the social ladder after arriving in a big city. However, this mobility is only

observed if there are already rich people in the city. In a city like Detroit, people tend to remain

poor, because there are too few skilled workers. The Michigan governor is trying to attract

skilled immigrants in this city to stop its decline (Lichterman [20]). In another article, Glaeser

and Mare [13] demonstrate that cities speed the accumulation of human capital. Glaeser and

Saiz [14] argue that only high skill cities endure because they can adapt to economic shocks.

These cities have grown more quickly than cities with less human capital because they are

becoming more productive. Consequently, cities with insufficient human capital fall into a

poverty trap, which makes regional specialization less desirable. However, cities that are too

large produce negative externalities such as congestion and environmental problems (Brueckner

[5]). In Europe, Davezies [6] wrote that with the decreases in public spending that will occur

over the next few years, inequality will be harder to fight and redistribution programs may

not provide a solution. He does not believe in making the poorer area more attractive; rather,

governments should help dynamic cities in poorer areas.

A Appendix - The discontinuity problem

In the case where qs = γ2
γ1
qu, the problem of discontinuity arises. Indeed, one type of worker

suddenly stops moving and another begins to move with a derivative instantly equals to γjqk.

The continuity of the system is needed to meet the qualifications for the Cauchy-Lipschitz the-

orem. Without a loss of generality, consider the case where the skilled workers are moving, and

then suddenly the unskilled workers are moving (the opposite case requires the same discus-

sion). An additional assumption is made: when γ2|qu| − εc1 ≤ γ1|qs| ≤ γ2|qu| + ε with ε, εc1
very small, the laws of motion are slightly different.

The demonstration is made for qs and qu both positive but it could be easily adapted. Remember

that β1 > β2 and δ1 < δ2.

19



We take a function λ which verify

λ(qs, qu, Lsx, Lux) =


0, as soon as both γ1qs < γ2qu + εc1, r(qs − γ2

γ1
qu) < g(Lsx, Lux)are verified

λTP , if γ2qu = γ1qs + ε1

1, if γ2qu = γ1qs + ε

g(Lsx, Lux) = Lsx(β1 − γ2
γ1
β2) + Lux(δ1 − γ2

γ1
δ2). λ could take many forms but it is neces-

sarily increasing: the transition begins at λ = 0 and it finishes at λ = 1.λ is taken continuous,

differentiable, strictly increasing with bounded derivatives and ˙λ(0) = ˙λ(1) = 0. ε1, εc1 is taken

smaller than ε. ε, ε2, εc1 are all strictly positive.

The laws of the movement are now defined on the interval γ2|qu|− εc1 ≤ γ1|qs| ≤ γ2|qu|+ ε

by

˙Lsx = (1− λ)max(γ1qs, γ2qu) (21)

˙Lux = (λ)max(γ1qs, γ2qu) (22)

We define λTP such as f(λTP ) = 0 with f(λ) = (1 − λ)(β1 − γ2
γ1
β2) + (λ)(δ1 − γ2

γ1
δ2). f

is continuous, decreasing and f(0) > 0. If f(1) > 0 the demonstration is obvious. Suppose

f(1) < 0. Therefore 0 < λTP < 1.

We need to verify that our system is now continuous. It is not necessarily the case: now that

the low of motions have been modified, it is necessary to verify that the unskilled workers are

moving at the end of the transition. Notice that we have γ2
γ1

˙qu(to) > ˙qs(to), to being the time at

the beginning of the transition (i.e. when λ = 0). It is a direct consequence of the inequality

r(qs − γ2
γ1
qu) < Lsx(β1 − γ2

γ1
β2) + Lux(δ1 − γ2

γ1
δ2).

It is possible to show that during the transition defined above

q̈s −
γ2

γ1
q̈u = r(q̇s −

γ2

γ1
q̇u)− ((1− λ)(β1 −

γ2

γ1
β2)− (λ)(δ1 −

γ2

γ1
δ2)))max((γ1qs, γ2qu)

Therefore, at the beginning of the transition, λ = 0 and q̈s < γ2
γ1
q̈u. λ increases but as long

as λ < λTP , the inequality q̈s < γ2
γ1
q̈u is verified. Therefore q̇u γ2

γ1
stays higher than q̇s as long

as λ < λTP . Therefore there exists a time t where γ2
γ1
qu(t) = qs(t). When λ = λTP , we have

γ2qu = γ1qs+ε1, q̇s < γ2
γ1
q̇u and q̈s < γ2

γ1
q̈u. Therefore, the shadow price of the unskilled is going

to be greater that the shadow price of the skilled. The transition ends when γ2qu = γ1qs+ε. This
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states is always reached if ε1 is taken close enough ε, and we have still γ2
γ1
qu > qs. Therefore the

unskilled workers are moving at the end of the transition, and the movement is now continuous.

It could be easily demonstrated that with bounded derivatives, the functions q̇s, q̇u, ˙Lsx, ˙Lux
are locally K lipschitz. As a result the Cauchy-Lipschitz theorem can be applied.

B Appendix - A Change of expectations when r2− 4β1γ1 > 0
and r2 − 4β2γ2 > 0

Initial conditions Suppose that at the end of a submovement, Lsx, Lux are both positive.

Suppose that we are on the bell part of the curve for the unskilled workers but are on an arm

for the skilled workers. If the skilled workers are moving, is there a solution for which qs(t1) =
qu(t1)? Suppose that t = 0 when the skilled workers starts to move; the same notation as

subsection (4.1) is used and K < 0, K2 > 0. As t→∞, qu is greater than qs. Because in +∞,

qu is equivalent to Gexp(rt), which is greater than the equivalent of qs because G > 0. The

equivalent of qs equals Aexp(λ1t) as r > λ1. Therefore, t1 exists and the unskilled workers

beginning to move at t > t1.

As previously demonstrated, to be located on the bell part of the curve, it is necessary and

sufficient for Luxδ2 > qu(0)λ3. To be located on an arm, we require Lsxβ1 < qs(0)λ2. We take

Lsx very close to zero and qs(0) sufficiently high; we take qu(0) and qs(0) as close but with qu
greater than qs.

Summary of the demonstration The demonstration proceeds in several steps. First, it

is necessary to illustrate that the skilled workers could shift from an arm to a bell during a

submovement of the unskilled workers. Then, this could lead to a final equilibrium where

everyone is employed in sector X by respecting the equations and to reach the final global

conditions qs = qu = 0 at the end of the total movement. Therefore, we describe an equilibrium

path. Finally, an initial negative Lsx could lead to this path and allow a change in expectations.

Skilled workers shifts toward the bell due to the unskilled workers’ economies of scale
The movement begins at 0 and ends at t1. ∆k is a fixed exogenous constant. qs(0) = Ks,∆k >

0, qu(0) = Ks + ε. At the end of the submovement, it is necessary to have:

qs(t1) = Ks −∆k (23)
γ2

γ1
qu(t1) = Ks −∆k + εc1 (24)

q̇s(t1) > q̇u(t1) (25)
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The equations from section (4.1) are adapted to the case where the unskilled workers are

moving. For instance, by adapting the equation (19), we can write:

δ1γ1

γ2δ2
(Ks −∆k − εc1) + ((1− δ1

δ2
)(Ks + ε)− ε)ert1 = (Ks −∆k)

From this equation, we deduced that t1 is positive if 1
δ2−δ1

h1(Ks,
γ2
γ1
, δ1, δ2, εc1, ε) > ∆k

with h1 a linear function.

From equation (24), we deduced that δ2 is positive if and only if ∆k > h2(Ks) with h a

linear function of Ks.

The equation (25) is verified if Lux is high enough.

We assume from now on that these three conditions are verified. To sum up, the skilled

workers shift from an arm toward a bell if δ1 is sufficiently close to δ2.

Therefore qs is allowed to go as low as Ks−∆k before the end of the submovement. If ∆k
is high enough, then qs is located on the bell part of the curve at the end of the submovement.

Both shadows prices stay on the bell for the rest of the movement Now, the two shadow

prices are on the bell. It is necessary to find a condition under which both types of workers stay

on the bell. Indeed, if skilled workers are located on the bell of the curve, they will remain on

that part during a submovement of unskilled workers and vice versa. The workers could leave

that path during a submovement of the other type only.

Firstly, we consider a finite number of submovements. We consider the case of the skilled

workers but the case of the unskilled workers is similar.

qs reach its maximum for q̇s = rqmaxs − β1Lsx − δ1Lux = 0. As a result, qmaxs =
β1Lsx + δ1Lux. Therefore for a sufficiently high product δ1Lux, qs would never become larger

than a certain value and the ratio qs
Lsx

would stay sufficiently low.

For a sufficiently large L, the derivative of q is negative. Consequently, the q’s should remain

on the bell if sufficiently large L’s are reached in a finite number of submovement. This is the

case: due to bounded derivative, a submovement has a minimal length (for a given value of

the parameter ε). Therefore a minimal proportion of skilled workers are coming into sector X

in a submovement. Therefore, for a sufficiently large, but finite, number of submovement, the

necessary values of Lsx are reached.
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Final conditions of the movement It is necessary to prove that the final conditions estab-

lished by Fukao and Benabou [10] are met. Two cases arise: the boundaries are hit in a finite

period of time or qs = qu = 0 before hitting a boundary. But as shown in section (5.1.1), none

of the two types of workers have incentive to move when qu = qs = 0. Therefore, it could be an

equilibrium even if the boundary is not hit. In the two cases, equilibrium is reached in a finite

time. Because as previously demonstrated, there exist a minimal length for a submovement,

with the consequence of a minimal increase in absolute value of Lsx or Lux.

Suppose that the boundaries are not reached, we now demonstrate that qs and qu are con-

verging toward 0. qu and qs are strictly decreasing, with a minimum absolute value. There

exists a minimal length for a submovement for a given ε. As the time derivatives of the q’s are

bounded, the submovement lasts at least for a time dt. Therefore the q’s should decrease for a

minimal value noted qdc. Suppose that they are always above a value qmn that is strictly positive.

Because it is decreasing and bounded, it is converging. Then, it is possible to take a q at the

beginning of a submovement such as q − qmn = δε
2 with δε as small as we want. As a result, if

δε is taken small enough, below qdc, the demonstration is over.

Both shadows price arrives at 0.

Back to the initial conditions Remember that we imposed a very small but positive Lsx
earlier. The skilled workers are on the arms, and the unskilled workers are on the bell part of

the curve. The second step of the demonstration implies that an initially negative Lsx could

lead to this equilibrium path. The unskilled workers were moving at time t = 0 under these

conditions; therefore, there was a transition further back in time. The length of the transition

is ∆t. Therefore, we simply have to define an Lsx small enough in the final conditions of

that submovement. Because there is a minimal non- null value for ˙Lsx (we are located on an

arm), we noted ˙Lminsx . Therefore, during the transition, Lsx is increasing for a minimal value of

∆t ∗ ˙Lsx
min

.
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