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Unequal cities: Self-selection, matching,

and the distribution of income ∗

Kristian Behrens† Dmitry Pokrovsky‡

October 31, 2013

Abstract

We develop a model of a city populated by heterogeneous agents.

Agents self-select into entrepreneurship, and entrepreneurs set up �rms

which hire workers. We characterize the equilibrium matching between

�rms and workers, as well as the within-city assignment of agents to loca-

tions. We then explore the implications of city size and the characteristics

of the underlying skill distribution for selection into entrepreneurship, rent

gradients, and city-wide inequality in disposable incomes. We also derive

several testable predictions and confront them with the data.

Keywords: cities; income inequality; �rm-worker matching; self-selection;

rent gradients

JEL Classi�cation: R10; R12; R13

1 Introduction

The sorting of heterogeneous workers across cities is empirically important
(Combes, Duranton, Gobillon, and Roux, 2012) and has recently been recon-
sidered from a theoretical perspective (Behrens, Duranton, and Robert-Nicoud,
2013; Davis and Dingle, 2013). Sorting of workers, as well as occupational selec-
tion, is known to increase average productivity, to be associated with city size,
and to eventually lead to a more skewed distribution of incomes across agents
in large urban areas (Behrens and Robert-Nicoud, 2013). Until now, there are
no models that jointly look at agglomeration, sorting, and `non-trivial' selection
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(selection in Behrens, Duranton, and Robert-Nicoud, 2013, is trivial and does
not depend on city size, whereas in Behrens and Robert-Nicoud, 2013, there is
no sorting). Furthermore, whereas the `macro' aspects of sorting across cities
has been the focus on the literature, much less is know about sorting of het-
erogeneous agents within cities. Although this aspect has been considered in
the theory of local public goods and in local public �nance, the city-wide im-
plications have not been derived. For example, there are � to the best of our
knowledge � no result in the literature that link the distribution of income and
income inequality to land rent pro�les. Yet, the latter are essential if one wants
to assess `real' income inequality in cities, i.e., controlling for the locational pro-
�le of agents and the fact that there is a systematic link between incomes and
land rent. Taking into account these various aspects of within-city sorting and
selection, the aim of this project is to investigate in detail the locational equi-
librium in cities and to link various aspects of the income (or skill) distribution
to city-wide outcomes like the land-rent gradient or `real' income inequality.

We develop a model of a city populated by heterogeneous agents. Agents self-
select into entrepreneurship, and entrepreneurs set up �rms which hire workers.
We characterize the equilibrium matching between �rms and workers, as well
as the within-city assignment of agents to locations in the spirit of Beckmann
(1969). We then explore the implications of city size and the characteristics of
the underlying skill distribution for selection into entrepreneurship, rent gra-
dients, and city-wide inequality in disposable incomes. Our contribution, as
compared to others, is that we explain the city structure via a self-selection
mechanism of agents into entrepreneurship and workers and that we look at the
formation of the bid-rent for agents who di�er with respect to income.

Agents self-select into occupations based on their earnings, as in Lucas
(1978). More precisely, we assume that highly productive agents have a com-
parative advantage in entrepreneurship, so that there exists some endogenously
determined unique cuto� ϕ̂ that separates workers from entrepreneurs: Ωw =
[ϕ; ϕ̂] (workers) and Ωe = [ϕ̂;ϕ] (entrepreneurs). Workers are hired by en-
trepreneurs and are paid a match-speci�c wage, w(ϕe, ϕw), whereas entrepreneurs
are the residual claimants to their �rms' pro�ts, π(ϕe, ϕw). All agents live in
a linear city that stretches out on the interval [0; l], where l denotes the en-
dogenously determined city fringe. The central business district (CBD), where
all �rms are concentrated, is located at 0. Both workers and entrepreneurs
commute to the CBD for work. Commuting entails costs, which we model par-
simoniously using an `iceberg' speci�cation: if an agent in location l has income
I(ϕ), his commuting costs are given by I(ϕ)(1− exp(τ l)). Thus, the income net
of commuting costs is I(ϕ)exp(τ l). The parameter τ > 0 captures `urban fric-
tions' that arise in the city (see, e.g., Lucas and Rossi-Hansberg, 2002; Behrens,
Mion, Murata, and Südekum, 2012).

In our model, agents di�er by income I(ϕ). We make no assumptions on the
income distribution, except that I ′(ϕ) > 0: more productive agents earn higher
incomes. Since commuting costs are paid as a fraction of income, it follows
that richer agents � equivalently, agents with a higher skill level � will want
to locate closer to the CBD to minimize their costs. We thus have to �nd the
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spatial distribution of agents in the city (Beckmann, 1969). Formally, we solve
a locational assignment problem, i.e., we have to �nd the mapping of agents, ϕ,
to city locations, l, such that every agent picks his preferred location, i.e., no
agent has any incentives to relocate. We will �rst look at the simple case with
a �xed lot size assumption, in which case maximizing utility is equivalent to
maximizing disposable income � income net of land rent and commuting costs.
We also will look at the more complicated case where the consumption of land
is endogenous.

We anticipate to obtain the following results. First, we will derive the com-
parative statics of the equilibrium variables with respect to exogenous parame-
ters of the model like total population, commuting costs, and various moments
of the talent distribution of the population. We expect that reducing commuting
costs will lead to an increase in the density in a city, and that it will increase
the share of entrepreneurs in the city. A larger share of entrepreneurs leads
to tougher selection, which should magnify income inequality in the city. We
have no a priori intuition for the direction of change in `real' income inequal-
ity. Furthermore, a distribution of talent that is more skewed towards highly
talented workers should increase the steepness of the rent gradient towards the
city center. The reason is that more productive agents live closer to the center
and compete for land there, and that a larger mass of highly talented agents
will increase competition for land towards the center. Depending on how fast
land prices go up for the rich compared to land prices for the poor, `real' income
inequality may a priori rise or fall as the distribution of talent gets more unequal
within the city. Ideally, we would also integrate consideration on land-use re-
strictions into our model, but this extension may be intractable in our complex
framework, in which case we will keep it for future research.

To achieve the goals set out in this project, we will use the following ap-
proaches: (i) Self-selection mechanisms from occupational choice models; (ii)
construction of the bid-rent function from city models in the wake of Beckmann
(1969); and (iii) standard microeconomic methods linked to the investigation of
heterogeneous �rms' models.

We will start by focusing on a closed city, and we will eventually try to
extend the model to a multi-city setting.

This project is largely theoretical, but we expect that not all results will
be derivable using pencil and paper only. Hence, we expect to use numerical
methods to simulate the model, and to establish some of the comparative static
results with respect to land rents and to `real' income inequality. The numerical
methods we will use are expected to be very standard and they can be imple-
mented using standard software such as Mathematica, Matlab, or some C++
customized code.

While we have no clear plan yet, we ideally also want to empirically test
some of the propositions derived from the model. In particular, we plan to use
US data on income inequality and rend gradients to test whether a more skewed
income distribution drives up rents towards the city center, and whether this
reduces `real' income inequality. We also plan to eventually make use of French
data that is currently assembled by Combes, Duranton and Gobillon, 2012) and
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that would allow us to test some of the within-city predictions of the model.

2 General setup

Consider an economy with L agents. Agents di�er in their productivity, φ, and
endogenously choose between setting up a �rm (`entrepreneurs') or being hired
by �rms (`workers'). Each entrepreneur produces a distinct variety of a horizon-
tally di�erentiated consumption good. The productivity, φ, has a continuously
di�erentiable cumulative distribution function F (·) on Ω =

[
φ, φ

]
. An agent

with productivity φ produces 1/(φξ) units of a di�erentiated good, where ξ is
an endogenously determined characteristic that depends on his match with a
�rm � if he is a worker � or his match with workers � if he is an entrepreneur.
We subscript variables related to workers with w, and variables related to en-
trepreneurs with e. Because of matching between workers and entrepreneurs,
φe = φe(φw) and φw = φw(φe). We will make precise the matching procedure
later.

Agents self-select into occupations based on their earnings, as in Lucas
(1978). More precisely, we assume that highly productive agents have a com-
parative advantage in entrepreneurship, so that there exists some endogenously
determined unique cuto� φ̂ that separates workers from entrepreneurs:

Ωw =
[
φ; φ̂

]
(workers) and Ωe =

[
φ̂;φ

]
(entrepreneurs). (1)

Workers are hired by entrepreneurs and are paid a match-speci�c wage,
w(φe, φw), whereas entrepreneurs are the residual claimants to their �rms' prof-
its, π(φe, φw).

2.1 Preferences and urban structure

All agents live in a linear city that stretches out on the interval
[
0; l
]
, where l

denotes the endogenously determined city fringe.1 The central business district
(cbd), where all �rms are concentrated, is located at 0. Both workers and
entrepreneurs commute to the cbd for work. Commuting entails costs, which
we model parsimoniously using an `iceberg' speci�cation: if an agent in location
l has income I(φ), his commuting costs are given by I(φ)

(
1− e−τl

)
. Thus,

the income net of commuting costs is I(φ)e−τl. The parameter τ > 0 captures
`urban frictions' that arise in the city (see, e.g., Lucas and Rossi-Hansberg, 2002;
Murata and Thisse, 2005; Behrens, Mion, Murata, and Südekum, 2012).

Each agent inelastically consumes one unit of housing, which is distributed
with a cumulative distribution function G(·) in the city. We assume that this

distribution is exogenously given. In that case, L ≡
´ l

0
dG(`) because of unit lot

size. Since agents di�er by productivity φ, it will be useful to index agents by
that productivity parameter. The consumer problem of a type-φ agent, when
he lives at location l, is given by

1We could consider a city that is symmetric on [−l, l]. Our results would be unchanged.
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max
x(·), ν∈Ωe

ˆ
Ωe

u (x(ν)) dF (ν) s.t.

ˆ
Ωe

p(ν)x(ν)dF (ν) +R(l) = I(φ)e−τl, (2)

where I(φ) denotes the consumer's gross income, which is given by the wage
if she is a worker and by the pro�t if she is an entrepreneur; where R(l) de-
notes the land rent in location l; where p(ν) and x(ν) denote the price and the
consumption of a variety produced by a type-ν entrepreneur, respectively; and
where e−τl is the share of income remaining after paying commuting costs.

The �rst-order conditions for utility maximization are given by:

u′ (x (ν))

λ (φ)
= p (ν) , ∀ν ∈ Ωe (3)

where we have made explicit the fact that the marginal utility of income �
the Lagrange multiplier λ(φ) � is consumer speci�c. Borrowing the notation
of Zhelobodko, Kokovin, Parenti, and Thisse (2012), we de�ne the elasticity of
inverse demand, r, as follows:

r(ν) = −u
′′ (x (ν))x(ν)

u′ (x (ν))
. (4)

It can be veri�ed that r is also equal to the Lerner index. Using (3), the
aggregate quantity sold by a type-ν �rm is given by:

X(ν) = L

ˆ
Ω

(u′)−1
(
λ (φ) p (ν)

)
dF (φ), (5)

which generally depends on the distribution of incomes across consumers via
the distribution of Lagrange multipliers.2 We can write the aggregate demand
as a function of a `generalized multiplier' � an aggregate market statistic � when
the inverse of the marginal utility is either additively or multiplicatively quasi-
separable (Behrens and Murata, 2007; Zhelobodko et al., 2012). In that case,
we have

X(ν) = Lf(p (ν) ,Λ), where Λ ≡
ˆ

Ω

g
(
λ (φ)

)
dF (φ) (6)

and where f and g are some functions. One big advantage of utilities that
allow for generalized multipliers is that we only need to solve for the aggregate
market statistic, not for the whole distribution of Lagrange multipliers. We will
see later speci�c examples of utility functions that satisfy these properties. For
now, we consider the general case.

2The market need not be fully covered in our speci�cation. Firms may �nd it pro�table to
price low-income consumers out of the market if the elasticity of demand for the remaining
consumers falls su�ciently quickly.
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2.2 Locational assignment and land rent

In our model, agents di�er by income I(φ). For now, we make no assumptions
on the income distribution, except that I ′(φ) > 0: more productive agents earn
higher incomes. Since commuting costs are paid as a fraction of income, it
follows that richer agents � equivalently, agents with a higher φ � will want
to locate closer to the cbd to minimize their costs. We thus have to �nd the
spatial distribution of agents in the city (Beckmann, 1969). Formally, we solve
a locational assignment problem, i.e., we have to �nd the mapping of agents,
φ, to city locations, l, such that every agent picks his preferred location, i.e.,
no agent has any incentives to relocate. Under the �xed lot size assumption,
maximizing utility is equivalent to maximizing disposable income, i.e., income
net of land rent and commuting costs. Formally, the locational assignment is
such that:

µ : φ ∈ Ω→ l ∈ [0, l], l ∈ argmaxl DI ≡ I (φ) e−τl −R (l) . (7)

Observe that since (∂2DI)/(∂l∂I) = −τe−τl < 0, the disposable income of
richer agents increases faster as they move towards the center than that of
poorer agents. Since land is allocated to the highest bidder, this implies that
richer agents will live closer to the cbd as they can outbid the other agents:
there is positive assortative matching (pam) between incomes and locations close
to the center. Put di�erently, the bid rent function of higher income types is
steeper than that of lower income types. Because of unit lot sizes, the locational
assignment is then simple to derive: the x% of the locations closest to the cbd
will be occupied by the x% of the richest agents. As income increases with
productivity φ, we thus have the assignment

ˆ ϕ

φ

dF (φ) =

ˆ µ(φ)

µ(ϕ)

dG (`), (8)

for any ϕ ∈ [φ, φ] and for any cumulative distribution of land G(·) in the city.
The rent schedule is derived from the optimal location of a type-φ agent

with income I(φ) using the following conditions:

d

dl

[
I (φ) e−τl −R (l)

]
= 0 and r(l) = 0,

where the latter condition is a normalization of land rent to zero at the city
fringe. The conditional rent gradient � which depends on φ � is given by

R′(l | φ) = −τe−τlI(φ). (9)

The unconditional rent gradient makes use of the assignment of types to loca-
tions. Hence, the pro�le of the rent schedule depends on the spatial distribution
of incomes in the city:

R(l) = τ

ˆ l

0

e−τ`I(µ−1(`))d`− τ
ˆ l

0

e−τ`I(µ−1(`))d`, (10)

6



where we have made use of R(l) = 0 and the assignment µ of types to locations.
Two remarks are in order. First, contrary to urban models without hetero-

geneity, the utility levels of agents are not a priori equalized across locations.
This is clear from the fact that disposable income varies across space, which
is then enough to generate di�erences in utility since only disposable income
matters for the consumption level of the di�erentiated good. Second, without
imposing further conditions on the distribution of incomes, we cannot obtain
general comparative static results as to how changes in the distribution of in-
comes a�ect the rent gradient. We will see later � using speci�c parametrizations
� that more unequal cities generally have a steeper rent gradient close to the
center than more egalitarian cities. The reason for this is that in cities with a
larger mass of rich consumers, competition for land is �ercer closer to the center.
Since richer agents pay much higher land rents in richer cities, this implies that
inequality in disposable incomes is lower in such cities (Moretti, 2012).

2.3 Production and wage premium

Entrepreneurs maximize their operational pro�t, i.e., the di�erence between
revenue and variable cost. Each entrepreneur must hire workers, and the pro-

ductivity of the �rm is match speci�c, i.e., it depends on the type of worker
hired.3 When an entrepreneur with productivity φe hires workers with produc-
tivity φw, the �rm's productivity is given by φe × φw.

Contrary to heterogeneous �rms models à la Melitz (2003), we assume that
production entails no �xed costs. Since entrepreneurs are the residual claimants
to �rms' pro�ts, their income is equal to the operational pro�t that they earn.
That operational pro�t � conditional on hiring workers of type φw and paying
them wages w(φe, φw) � is given by:4

π (φe, φw) =

[
p (φe)−

w (φe, φw)

φeφw

]
X(φe), (11)

where X(φe) is de�ned in (5). Let c (φe, φw) ≡ w(φe,φw)
φeφw

denote the �rm's
variable cost. From the �rst-order conditions for pro�t maximization, we get
the pro�t-maximizing price

p (φe, φw) =
c(φe, φw)

1− r (φe, φw)
,

where r is given by equation (4). Let π∗ (φe, φw) denote the maximized operating
pro�ts. Firms hire workers optimally, i.e., they select workers with productivity

3Behrens, Duranton, and Robert-Nicoud (2012) also consider productivities that depend
multiplicatively on two terms: skill and luck. However, in their model there is no matching
between heterogeneous agents. Skills are innate, and luck is a random shock that is revealed
once location choices are made.

4We assume that �rms hire only a single type of worker. Under positive assortative match-
ing with a continuum of �rms and a continuum of workers, we can always consider that a
one-to-one assignment holds.
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φw such that
dπ∗ (φe, φw)

dφw
= 0.

Workers select the �rms that pay them the highest wages, which implies that the
equilibrium wage schedule w(φe, φw) must support the assignment of workers to
�rms (Sattinger, 1993, discusses in detail the di�erential assignment problem).
Dropping arguments from functions to alleviate notation, the matching between
�rms and workers then solves the following di�erential equation:

dπ∗ (φe, φw)

dφw
=

dπ∗

dp

(
dp

dc

dc

dφw
+

dp

dr

dr

dφw

)
+

dπ∗

dc

dc

dφw
=

dπ∗

dc

dc

dφw
= 0,

where the second equality comes from �rms' pro�t maximization (dπ∗/dp = 0).
It can readily be veri�ed that we have

dc

dφw
=

w

φ2
wφe

(
dw

dφw

φw
w
− 1

)
. (12)

As can be seen from (12), dw
dφw

φw
w = 1 determines the unique wage schedule that

sustains the equilibrium assignment of workers to �rms. This implies that the
wage schedule is of the form w(φw) = Aφw, where A is some positive constant.
In what follows, we impose the normalization condition w

(
φ
)

= 1, i.e., the
lowest-skilled workers' wages are taken as the numéraire. Under that condition,
we can pin down the wage schedule that �rms have to pay to workers of the
optimal type they want to hire:

w(φw) =
φw
φ
. (13)

A few comments are in order. First, as can be seen from equation (13), wages
are linearily increasing in workers' productivity. Consequently, more productive
workers are paid the full value of their additional productivity by the �rm. This
result is independent of consumers' preferences in our model, and it is driven by
the competitive and frictionless assignment of workers to �rms.5 Second, w(φw)
can be directly interpreted as the worker's skill premium when he is of type
φw. There is no skill premium for the lowest-skilled workers, and then the skill
premium linearily rises with workers' productivity. Third, the skill premium
does not directly dependent on city size or the distribution of productivities.
Larger cities do not pay higher wages to workers. This is because there are no
agglomeration economies in our model. Having agglomeration economies like
input sharing, or better matching in the urban labor market, would allow to have
wages that are increasing in city size. Sorting along skills as in Behrens et al.
(2012) would also allow for higher wages in larger cities by changing the skill mix
of workers. Note, however, that in our model larger cities still provide di�erent

5If wages were set di�erently, e.g., via bargaining or some other mechanism, the pass-
through of workers' productivity to wages would be less than one.
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incentives for self-selection into entrepreneurship. Consequently, the selection
cuto� and the distribution of income between workers and entrepreneurs will
usually di�er depending on city size. Last, although workers' nominal incomes
do not depend on city size, their disposable income will depend on city size.
Larger cities have higher land rents, which implies that workers' disposable
income will be lower in larger cities. Since larger cities also carry a larger array
of consumption goods, the net impact on welfare is a priori unclear.

2.4 Selection and assignment of workers to �rms

Agents self-select into occupations based on the returns they can earn. As shown
before, wages are strictly increasing in workers' productivity, φw. We assume
that more productive agents have a comparative advantage in entrepreneurship,
i.e., pro�ts are strictly increasing in entrepreneurial productivity, φe, and they
increase at a faster rate than wages:

(π∗)′ (φ) ≥ w′ (φ) , ∀φ ∈ [φ, φ].

Provided that π(φ) < w(φ) = 1 and π(φ) > w(φ) = φ/φ, there then exists by
continuity a unique cuto� productivity level, φ̂, that satis�es:

π∗
(
φ̂
)

= w
(
φ̂
)
.

In words, pro�ts increase at a faster rate than wages and they cross the wage
schedule a single time, which makes sure that highly productive agents are
entrepreneurs whereas less productive agents are workers. This also implies
� via the locational assignment � that entrepreneurs are located closer to the
center, whereas workers live further away.

We assume that maximized pro�ts � taking wages as given by �rms � are
supermodular in entrepreneurs' and workers' productivity:

∂2π∗

∂φe∂φw
=

X(φe)

φeφ(1− r)2

[
− 1

φe

∂r

∂φw
+

∂2r

∂φw∂φe
+

2 ∂r
∂φw

∂r
∂φe

1− r

]
(14)

+
∂p

∂φe

∂r

∂φw

1

(1− r)2
L

ˆ
Ω

(
(u′)−1

)′
(λ(φ)p(φe))λ(φ)dF (φ) > 0.(15)

A su�cient condition for (15) to hold, so that pro�ts are supermodular in both
productivities, is that

∂r

∂φe
≤ 0,

∂r

∂φw
≤ 0, and

∂2r

∂φw∂φe
≥ 0, (16)

with at least one inequality being strict. It can readily be veri�ed that under
those conditions, ∂p

∂φe
< 0, i.e., more productive entrepreneurs charge lower

prices. Observe that the conditions (16) are not overly restrictive. In particular,
the condition on the cross-derivative is always satis�ed in our setup, because
cost c(φe, φw) = 1/(φeφ) is independent of the worker productivity φw by (13).
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Since pro�ts are supermodular in productivities, there will be pam between
workers and entrepreneurs: more productive entrepreneurs will hire more pro-
ductive workers. The equilibrium assignment is then such that x% of the labor
demand coming from the least productive entrepreneurs is satis�ed by x% of
the labor supply of the least productive workers (Sattinger, 1993; Legros and
Newman, 2002). More formally, the matching condition between workers and
entrepreneurs is based on the equality of di�erential increments of labor supply
and labor demand. The increment of labor supply corresponds to the increment
of higher-ability workers in the population:

dLS = Lf(φw)dφw, (17)

whereas the increment of labor demand corresponds to the increment of output
produced by more productive �rms:

dLD =
X (φe)

φeφw
f(φe)dφe. (18)

Equating labor supply (17) and labor demand (18), we can �nd the assignment
φw = φw(φe) or workers to �rms. By de�nition, the conditions φw(φ̂) = φ and
φw(φ) = φ̂ must hold on the boundaries of the productivity support.

2.5 Equilibrium

We now spell out the equilibrium conditions of our model. An equilibrium is
such that: (i) all agents maximize utility; (ii) agents make optimal occupational
choices; (iii) agents make optimal locational choices within the city; (iv) en-
trepreneurs maximize pro�ts by setting optimal prices and hiring the optimal
type of worker; (v) goods markets clear; and (vi) the labor market clears for
all types of workers. Formally, an equilibrium is determined from the following
conditions:

• Occupational choice: π∗(φ̂) = w(φ̂)

• Labor market clearing: LS(φw) = LD(φe(φw)) for all φw ∈ [φ, φ̂].

• Utility maximization: u′(x(ν))
λ(φ) = p(ν) for all ν ∈ Ωe and φ ∈ [φ, φ]

• Pro�t maximization: p(φe, φw) = 1
φeφ

1
1−r(φe,φw) for all φe ∈ Ωe

• Budget constraints:
´

Ωe
p(ν)x(ν)dF (ν)+R(l) = I(φ)e−τl for all φ ∈ [φ, φ]

We solve these conditions for the cuto� φ̂, the assignment or workers to �rms
φw = φw(φe), individual demands x(ν), prices p(φe, φw), and the distribution
of Lagrange multipliers λ(φ). As discussed in Section 2.1, when the Lagrange
multipliers can be aggregated into a `generalized multiplier' Λ, the problem is
substantially simpli�ed since we can just solve for that multiplier instead of
for the whole distribution. In all the examples we develop later in Section 4,
there exists a generalized multiplier Λ that we can determine uniquely from the
equilibrium conditions above.
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2.6 Inequality measures

One of our key objectives is to investigate how city size, L, and the underlying
productivity distribution, F , map into city-wide income distributions, especially
consumers' disposable incomes. As is well known, there are many ways to look
at income inequality. Standard measures include the Gini coe�cient, entropy-
type measures, the coe�cient of variation of incomes, and the 90-10 income
quantile ratio.

In what follows, we will look at inequality both at the city level, and at
the level of individual matches. In the case of individual matches, the easiest
measure to look at is the quantile ratio. Let H denote the set of `high income'
agents (e.g., at the 90th percentile of the distribution), and let L denote the
set of `low income' agents (e.g., at the 10th percentile of the distribution). Two
intuitive measures of inequality are then given by:

ρ1(φh, φl) ≡
π(φh)

π(φl)
, ρ2(φh, φl) ≡

π(φh)

w(φl, φh(φl))
(19)

where h ∈ H and l ∈ L denote `high' and `low' income agents, respectively. The
�rst measure looks at income inequality between entrepreneurs. The second
measure looks at the split between wages and pro�ts at the level of the �rm.

At the city level, we will look (numerically) at the coe�cient of variation in
disposable incomes for all agents:

CV(DI) =
σ(DI)

DI
,

where DI is de�ned as in (7), and where σ(DI) and DI are the standard deviation
and the average of the distribution of disposable incomes, respectively. Last,
we can also look at the split of income into wages and pro�ts at the level of the
city:

ρ3(φh, φl) ≡
´
H π(φh)dF (φh)´
L w(φl)dF (φl)

.

3 Incomes and location

Distribution of types of agents F (φ) :
[
φ;φ

]
7→ [0; 1] and distribution of land

G (l) :
[
0; l
]
7→ [0; 1] satisfy following properties: d2F

dφ2 < 0, d2G
dl2 > 0

Then location assignment φ (l) is generated by the rule

F ((φ (l))) = 1−G (l) , φ
(
l
)

= φ, φ (0) = φ

yelds the properties: φ′ (l) < 0

Proof. dF
dφ φ

′ (l) = −dG
dl , φ′ (l) = −

dG
dl
dF
dφ

< 0 , because dF
dφ > 0 and dG

dl > 0 as a

probabity distribution functions.
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Let's consider preferences generating following properties:

1. wage and pro�t are increasing functions of agent's type: w′ (φ) > 0, π′ (φ) >
0

2. pro�t is steeper than wage at the cuto� point: π′
(
φ̂
)
> w′

(
φ̂
)

3. measure of concavity of pro�t greater than wage's one: Eπ′ (φ) = π′′(φ)φ
π′(φ) >

w′′(φ)φ
w′(φ) = Ew′

(
φ̂
)

Than income distribution of agents along city locations I (l) satis�es properties:

• I ′ (l) < 0

• Iw
(
l̂
)

= IE

(
l̂
)

• I ′E
(
l̂
)
> I ′w

(
l̂
)

• EI ′E (l) > EI ′w (l)

Proof. Iw

(
l̂
)

= w
(
φ̂
)

= π
(
φ̂
)

= IE

(
l̂
)

I ′ (l) = dI
dφφ

′ (l) < 0

I ′E

(
l̂
)

= π′
(
φ̂
)
φ′
(
l̂
)
> w′

(
φ̂
)
φ′
(
l̂
)

= I ′w

(
l̂
)

EI ′E (l) = Eπ′ (φ) Eφ (l) > Ew′ (φ) Eφ (l) = EI ′w (l)

To deriver sharper results, we now look at incomes and locational choices
given some parametrization of the productivity distribution and the distribution
of land within the city.

The land rent r(l) is obtained from the locational equilibrium in the mono-
centric city, which assigns types to locations (φ = φ(l)). Note that under the
�xed lot size assumption, the location assignment does not depend on agents'
preferences. Hence, with a uniform distribution for φ, condition (8) reduces to

φ∗ − φ
φ− φ

=
l
(
φ
)
− l (φ∗)
l − 0

, ∀φ∗ ∈ [φ, φ],

with boundaries constraints: l
(
φ
)

= 0, l
(
φ
)

= l. It follows that

φ∗ − φ
φ− φ

=
l − l (φ∗)

l
, ∀φ∗ ∈ [φ, φ],

so that we �nally get

l (φ) =
φ− φ
φ− φ

l or, equivalently, φ (l) = φ− l

l

(
φ− φ

)
. (20)
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Note also that the income of workers is independent of the preferences. Hence,
since I(φw) = w (φw) = φw

φ , we can make use of the location assignment to
obtain income as a function of location as follows:

I(l) = 1− l

l

(
φ

φ
− 1

)
, and therefore r′ (l) =

[
−τ +

τ l

lφ

(
φ− φ

)]
e−τl

Integrating and using the normalization r(l) = 0, the rent gradient on the
domain of workers � i.e., on l ∈ [l(φ̂), l(φ)] � is given by

r (l) = e−τl
(

1− l

l

)(
φ

φ
− 1

)
+

1

τ l

(
φ

φ
− 1

)(
e−τl − e−τl

)
−
(
e−τl − e−τl

)
.

(21)
For entrepreneurs, the land rent schedule is more complex to determine since
it depends on the endogenously determined cuto� φ̂. Yet, observe that the full
rent schedule will be continuously di�erentiable since

r′(l(φ̂)) = −τe−τlI(φ̂)

applies to both workers and entrepreneurs by de�nition of φ̂: π(φ̂) = Ie(φ̂) =

φ̂/φ = Iw(φ̂), so that r′e(l(φ̂)) = r′w(l(φ̂)).

4 Speci�c examples and numerical illustrations

We now derive sharper results � including comparative statics � by focusing more
explicitly on speci�c cases. We �rst develop the `standard' constant-elasticity-of-
substitution (ces) case, where city size has no impact on occupational selection.
We then also work through the logarithmic case where city size has an impact
on occupational selection. To ease the exposition, we �rst consider a uniform
distribution of types. We relax this condition later on and consider arbitrary
distributions.

Note that all the cases we discuss allow for a decomposition of demand using
a `generalized' lambda, Λ. The advantage of these cases is that we do not have
to solve for the distribution of the multipliers λ(φ): knowing one aggregate
statistic is enough.

4.1 ces preferences

Assume that F (φ) =
φ−φ
φ−φ and that u (x) = xρ, with 0 < ρ < 1. The �rst-order

conditions of consumers imply that

ρ [x (φe)]
ρ−1

λ (φw)
= p (φe) , (22)
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whereas the �rst-order conditions of producers imply that

r(φe, φw) =
p (φe)− w(φe,φw)

φeφw

p (φe)
= 1− ρ, (23)

because of the constant elasticity of demand. Hence, we have

p (φe) =
w (φe)

ρφeφw
and x (φe | φ) =

[
λ (φ)w (φe)

ρ2φeφw

] 1
ρ−1

.

Clearly, demand is multiplicatively quasi-separable (Behrens and Murata, 2007),
so that the aggregate output of a type-φe �rm is given by:

X (φe) =

[
w (φe, φw)

ρ2φeφw

] 1
ρ−1
ˆ

Ω

[λ (φ)]
1
ρ−1 dF (φ)

The maximized pro�t of a type-φe �rm � conditional on hiring type-φw workers
� is thus

π∗ (φe | φw) =

(
1− ρ
ρ

)
w (φe, φw)

φeφw

[
w (φe, φw)

ρ2φeφw

] 1
ρ−1
ˆ

Ω

[λ (φ)]
1
ρ−1 dF (φ),

which can be more conveniently expressed as

π∗ (φe | φw) = (1− ρ) ρ
1+ρ
1−ρ

[
w (φe, φw)

φeφw

] ρ
ρ−1

Λ
1
ρ−1 , Λ =

[ˆ
Ω

[λ (φ)]
1
ρ−1 dF (φ)

]ρ−1

,

where Λ is an aggregate that is taken as given by each individual �rm. Condi-
tional on a given wage rate, it can readily be veri�ed that (∂2π∗/(∂φe∂φw) > 0,
i.e., pro�ts are supermodular in the two productivity parameters. Hence, there
will be positive assortative matching (pam) between �rms and workers.

Using the results of section 2.3, we know that w(φw) = φw/φ. Hence, the
pro�t of a type-φe �rm is:

π (φe | φw) = (1− ρ) ρ
1+ρ
1−ρ
[
φφe

] ρ
1−ρ Λ

1
ρ−1

From the cuto� condition π∗(φ̂) = φ̂/φ, we then have

(1− ρ) ρ
1+ρ
1−ρ

[
φφ̂
] ρ

1−ρ
Λ

1
ρ−1 =

φ̂

φ
⇐⇒ (1− ρ) ρ

1+ρ
1−ρ

[
φφ̂
] ρ

1−ρ
Λ

1
ρ−1 =

φ̂

φ
,

which can be solved for the`aggregate Lagrange multiplier' Λ as follows:

Λ
1

1−ρ = (1− ρ) ρ
1+ρ
1−ρ

φ

φ̂

[
φφ̂
] ρ

1−ρ
(24)

Substituting (24) back into pro�ts �nally yields:

π (φe) =

[
φe

φ̂

] ρ
1−ρ φ̂

φ
.
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The foregoing expression highlights that the curvature of the rent function is
di�erent in the part occupied by workers from that in the part occupied by
entrepreneurs. An appropriate measure of curvature of the rent function is
the elasticity of its derivative. Calculating it, we have: Er′ (l) = −τ l + EI (l),
where EI (l) = EI (φ) · Eφ (l). At the location of the cuto� φ̂, the di�erence
of curvatures is due to the di�erence of elasticities of income of workers and
entrepreneurs: Eπ (φ) = ρ

1−ρ , whereas Ew (φ) = 1. Thus, the curvature of the
rent function for entrepreneurs is greater than that for workers when ρ > 1/2,
which we assume to be the case in what follows.

Note also that another conditions we have to pay attention to is an inequality
of derivatives between pro�t and reservation wage for the cuto�-type agent.
Namely, the following condition must hold true:

π′
(
φ̂
)
≥ w′

(
φ̂
)

In other words we have following constraint:

ρ

1− ρ
φ̂

φ
≥ 1

φ
, which means that φ̂ ≥ 1− 1

ρ
.

In the plausible case where ρ ≥ 1/2, this means that φ̂ must exceed some value
less than one. Recalling that φ̂ ≥ φ, and making the additional inoccuous
assumption that φ ≥ 1, we get the inequality φ̂ ≥ 1− 1

ρ . It holds by inspection

for any exogeneous ρ and any endogeneous φ̂.

Turning to the assignment of workers to �rms, we have

dLD =
1

φeφw

[
w (φe, φw)

ρ2φeφw

] 1
ρ−1

Λ
1
ρ−1 dφe =

1

ρ
2
ρ−1φwφ

1
ρ−1φ

ρ
ρ−1
e

Λ
1
ρ−1 dφe.

Equating labor demand and supply, dLD = dLS , we have:

φwdφw = ρ
2

1−ρφ
1

1−ρφ
ρ

1−ρ
e Λ

1
ρ−1 dφe,

which can be integrated to yield

φ2
w

2
= (1− ρ) ρ

2
1−ρφ

1
1−ρφ

1
1−ρ
e Λ

1
ρ−1 +K.

Using the boundary condition φw
(
φ
)

= φ̂ we can obtain the assignment:

φ2
w

2
=
φ̂2

2
+ Λ

1
ρ−1 (1− ρ) ρ

2
1−ρφ

1
1−ρ

(
φ

1
1−ρ
e − φ

1
1−ρ

)
.

Using the second boundary condition φw
(
φ̂
)

= φ we �nally get another expres-
sion for Λ:

Λ
1
ρ−1 =

1

2

φ̂2 − φ2

(1− ρ) ρ
2

1−ρφ
1

1−ρ

(
φ

1
1−ρ − φ̂

1
1−ρ

)
15



The equilibrium cuto� φ̂ is the solution to a system of two equations:
Λ

1
ρ−1 = φ̂

1−2ρ
1−ρ

(1−ρ)ρ
1+ρ
1−ρ φ

1
1−ρ

Λ
1
ρ−1 = 1

2

φ̂2−φ2

(1−ρ)ρ
2

1−ρ φ
1

1−ρ
(
φ

1
1−ρ−φ̂

1
1−ρ

) (25)

The �rst equation describes a curve that takes positive �nite values on [φ, φ]. It
is decreasing when ρ < 1/2, and increasing when ρ > 1/2. The second equation
describes an increasing curve, going from zero to in�nity as φ̂ changes from φ

to φ Thus, an equilibrium exists and is unique.
[Equilibrium under ces] Assume that skills are uniformly distributed, and

that the preferences are of the ces-type. Then a unique equilibrium cuto�
φ̂ ∈ (φ;φ) exists.

Numerical illustrations. Let us illustrate numerically the model. Let ρ =
0.7, L = 10, φ = 1 and φ = 2. This yields a cuto� given by φ̂ = 1.32, associated
with the distance l̂ = l(φ̂) = 6.84. The coe�cient of variation of disposable
income, CVDI = σDI/µDI = 2.04.

Now consider a doubling of the city size L = 20. The cuto� φ̂ does not
change, but the cuto� location naturally `doubles': l̂ = 13.69. Despite the un-
changed selection cuto�, inequality as measured by disposable income increases
a lot: CVDI = σDI/µDI = 3.17.

4.2 Logarithmic preferences

One of the particular properties of the ces model is that the selection cuto� is
independent of the size of the city, L (see also Behrens, Duranton, and Robert-
Nicoud, 2012). Assume now that F (φ) =

φ−φ
φ−φ but that u (x) = ln(x+ 1). The

�rst-order conditions of consumers imply that

x(φe) =
1

p(φe)λ(φ)
− 1

so that aggregate demand can be expressed as follows:

X(φe) = L

[
Λ

p(φe)
− 1

]
, with Λ =

ˆ
Ω

λ−1(φ)dF (φ).

Straightforward pro�t maximization then yields the pro�t-maximizing price

p∗(φe | φw) =

[
w(φe, φw)Λ

φeφw

] 1
2

,

and maximum pro�ts:

π∗(φe | φw) = L
w(φe, φw)

φeφw

{
Λ

1
2

[
w(φe, φw)

φeφw

]− 1
2

− w(φe, φw)

φeφw

}{
Λ

1
2

[
w(φe, φw)

φeφw

]− 1
2

− 1

}
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As before, wages are such that w(φw) = φw/φ, so that the maximized pro�t is
given by

π∗(φe) = L
1

φeφ

{
Λ

1
2

[
φeφ

] 1
2 −

[
φeφ

]−1
}{

Λ
1
2

[
φeφ

] 1
2 − 1

}
The cuto� condition π∗(φ̂) = w(φ̂) = φ̂/φ can be solved for Λ to yield a �rst
equilibrium relationship:

Λ =
L+ L(φ̂φ)2 + 2φ̂2(φ̂φ)2 +

√
L(1 + φ̂φ)

√
4φ̂4φ2 + L(φ̂φ− 1)2

2Lφ̂3φ3
. (26)

Note that, contrary to the ces case, this relationship depends in a non-proportional
way on city size L.

Equating labor supply and demand yields

dLs =
1

φ− φ
dφw = dLd =

1

φ− φ
L

φeφw

[√
Λφeφ− 1

]
dφe ⇒ dφw

dφe
=

L

φeφw

[√
Λφeφ− 1

]
.

This di�erential equation can be readily solved for the assignment φw(φe). Using
the boundary condition φw(φ̂) = φ allows to pin down the constant, whereas
the second boundary condition φw(φ) = φ̂ gives a second condition linking the
cuto� φ̂ and the aggregate Lagrange multiplier Λ. Solving that relationship for
Λ yields:

Λ =

[
φ̂2 − φ2 + 2L(φ− φ) ln φ̂− 2L(φ− φ) lnφ

]2
16L2φ(φ− φ)2(

√
φ̂−

√
φ)2

(27)

Equations (26) and (27) can be solved for φ̂, which depends on city size L.

5 Conclusions
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