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A Dynamic Rural-Urban-Natural Environment Interactive Spatial

Model of Palangkaraya City in Indonesia

Yuzuru Miyata
Graduate School of Architecture and Civil Engineering, Toyohashi University of Technology
and
Hiroyuki Shibusawa
Graduate School of Architecture and Civil Engineering, Toyohashi University of Technology

1. Introduction

Permana and Miyata (2012) showed a partial equilibrium urban economic model to explain the existence of
illegal settlements in flood prone areas in Palangkaraya City in Central Kalimantan Province, introducing the ex-
pected damage rate on household asset. Applying this new idea, one can derive the conclusion where the bid rents
by low income households get higher than those by high income households in flood prone areas. This is the con-
trary conclusion being highlighted as compared with that in the traditional urban economics.

Following this paper, Permana and Miyata (2012) extended the partial equilibrium model into a general equilib-
rium model. And then Permana and Miyata (2009) developed a two dimensional city model applying Miyata’s
achievement (2011). However the study region, Palangkaraya City and its surrounding area, shows a complicated
interaction between natural environment and human activities. Therefore this article aims at developing a rural and
urban economic model with natural environment considerably extending our previous literature.

2. Assumptions in the Model

(1)The study region consists of Palangkaraya City and its surrounding rural area. The city shape is assumed to be a
disk where there are three flood prone areas. The land other than the flood prone areas is called normal land. The
normal land is assumed to have no flood risk, while the flood prone areas are facing the flood risk with occurrence
probabilities. The rural area is specified as dimensionless i.e. there is no spatial structure.

(2)There are two types of households which are high income households (H.1.H.) and low income ones (L.1.H.) in
the city. High income households are assumed to reside on the normal land, while low income households are
supposed to live in the flood prone areas. The city is assumed to be closed for high income households, and open
for low income households. This reflects the fact that the utility of a high income household is much higher than
that in rural areas, thus has no incentive to live outside the city. The low income households in rural areas expect
the higher utilities in the city thus want to live in the city, but most of them results in residing in the flood prone
areas due to the income gap. In the rural area there live only low income households. The number of the high in-
come households is denoted by Ny, that of the low income households in the city by N,, that of the low income
households in the rural area by N.

(3)We consider different types firms in the study region. In the city all firms are assumed to be homogeneous and
produce single type of goods, i.e. urban goods. In the rural area there are three types of industries, namely, agricul-
ture, forestry and rural general goods. The number of firms in the city is M, while firms in the rural area are aggre-
gated into the three types.

(4)Land in the city is owned by absentee landowners who reside outside the city. There is a unique local govern-
ment in the city, and it rents all land in the city from the absentee landowners. The local government rents the land
to households and firms at market rent, and then redistributes the rent revenues to the two types of households. In
the rural area, land types are differentiated, namely, agricultural land, forest land, general firms’ land and residential
land. Supply of each type of land is exogenously given.
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(5)Capital stock in the city is assumed to be freely mobile across firms. Thus the capital return rate is uniquely de-
termined being irrespective firms’ location. The capital service is assumed to be numerare.

(5)The parameters in the locational potential function for each firm are sufficiently large. In this case a simple von
Thiinen ring becomes an equilibrium urban configuration (Miyata (2011).

3. Firms Behavior in the City

The production function of a firm at location x = (X, X,) in the city is specified as a Cobb-Douglas-CES type of
homogeneous degree of unity, and agglomeration economy is taken into account. The agglomeration economy is
represented by locational potential function €(x), which was introduced by Fujita and Ogawa (1982). It is defined
as follows:

Q)= [, ub(y)expeollx-y dydy, M

where

A city area

b(y) : density of firms at location y

- monetary conversion parameter in locational potential

w . parameter expressing the effects of distance between different points
| x—y || : distance between location x and y

Then the production by a firm at location x may be written as follows:

1
1 o -1 1 01171 %

() = Q008 [T, (™| 671, (X) * +(L-¢) " Id,(x) ™ : "

kdl(x)akl mBl(X)aml nSL(J)Olnggwl

where

0:(X) : output of a firm at location x

Qs : efficient parameter

gu(X) : intermediate input of urban goods at location x

Op1(X) : intermediate input of agricultural products at location x
0z1(X) : intermediate input of forestry products at location x
041(X) : intermediate input of rural goods at location x

Idy(x) : input of labor of high income type at location x

Idx(X) : input of labor of low income type at location x

kd,(x) : capital input at location x

mgy(X) : land input at location x

Nuo : Natural environmental level in the city (e.g. air and water)
Ngs . Torest volume in the rural area

- share parameter

o, . elasticity of substitution (0 <o, <1)

0, 041 , Oty G, OU01, ORa1,+ Elasticity parameters (ouqs + op1 + oz + aar + o + g + oty = 1)

We assume that each firm is a price taker for commodities and production factors, and the impact of production
activity of each firm on the natural environment and forest is negligible. The firms’ locational equilibrium condi-
tion is that the profit in each firm is equalized at every point. Due to the linear homogeneity of degree one in each
firm’s technology, the equilibrium profit in each firm becomes zero. Then the bid rent function, conditional de-
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mands for intermediate goods, labors of the two types, capital stock and bid max lot size are obtained.

P )0 (x) = 2 pi (X)Gi (%) =i (x)ld, (%) = W, (X)ld, (x) = 1 (x)ka (X)

gBl(X) = max ! mBl(x) @)

with respect to g, (x), Id,(x), Id, (x), kd, (x) and m;,(x)

subjectto

o1
1 -1 1 011751 o

4 = -1 - il -1 -
G (X) = QX) G 105y (¥) ™| ¢”1d, (x) * + (L =¢)7 Id, (x) : @
kdl(x)am mBl(X)aml ng%mnggm

75 (X) =0 ©)

where

p:(X) : price of urban good at location x

p2(X) : price of agricultural product at location x

ps(X) : price of forestry product at location x

p4(X) : price of rural good at location x

w;(X) : wage rate of a high income household at location x
W,(X) : wage rate of a low income household at location x
r;(X) : capital return rate at location x

ge1(X) : bid rent by a firm at location x

e (X) - profit in a firm at location x

To obtain the bid rent function and the bid max lot size in a firm, we consider the cost function.

C(a,(x)) = min 24: P ()02 (3) +w, (3)1d, (%) +w, (3)1d, (X) + 1, (X)kd, (X) + g, (X) Mgy (X) 6)

with respect to q;,(x), Id, (x), Id, (x), kd,, (x) and mg, (X)

subjectto
4 P e
0,(x) :Q(X)quiquil(X)aill:gglldl(x)  +(1=-4)7dy(x) } @)
kdl(x)am mBl(X)aml nSL(J)mnggm
Then the cost function is solved as follows:
6 (x) AN
C(a,(x)) = T -
. Q(X)qAnU%mnRgall;l[ @iy
AT . ®
[Gw, ()" + (L=, ()] {q(x)} {gm(x)} "
ap o Ay

Since the equilibrium profit is zero, the following equation holds.
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P, (X)q,(X) = C(a,(X)) )
Then the bid rent function in the firm is solved as follows:

1
27

Gen (X) = 2ty (P, (X)L M) -

@ a o (10)
ﬁ{ ! Tml oy { % :|am1
= p,(X) o e
[Sw, ()7 +@A=)wy(x) 7T | =
0 (X) =, P, ()G (X)/ p(x)  (=1,23,4) (11)
|d1(X)= allé’ pl(x)ql(x) - (12)
W, (X)W () + (L - &)w, ()]
|d2(X) — all(l_ g) pl(X)ql(X) - (13)
W, (X)W, (X)*7 + (L= O)w, ()]
kd, (X) =P, (X)0, (X) / 1,(X) (14)
Me: (%) = (QOQNELNEE) ™ py () -
@ - o (15)
ﬁ Xy }aml o, |:akl }aml (X
{ p(X) T o] A%

[, (X)7% + (L= )W, ()2 ]

4. Households Behavior in the City
The household utility functions in the both types of households at location x is assumed to be expressed as fol-
lows:

U; (Cy; (X)), €5 (X), €55 (X), €45 (X), Ci (X), My (X); Ny g, Neg) =
I, ()% (x)/7m, (0 ind (16)

- (i=1,2)
1+cng3Y, (X)°

Y (%) =W (X) + B(X)ks (X) + 77,5 (X) (17)

where

i : i =1 for a high income household and i = 2 for a low income household
u; - household utility function at location x

11 (X) - household consumption of urban goods at location x

C2i(X) - household consumption of agricultural products at location x
Csi(X) - household consumption of forestry products at location x

¢4i(X) - household consumption of rural goods at location x

Cri(X) : household future consumption at location x



mg; (X) : household land input at location x

Nyo - Natural environmental level (e.g. air and water)

Ngs ; forest volume in the rural area

B, Br1, Proa, Puor and frs, - elasticity parameters (Bu + for + a1 + far +fr1 + P + Puor + Prar = 1)

c : expected damage rate on household asset ( ¢ = 0 in the normal land, 0 < ¢ <1 in the flood prone areas )
Yi (X): household income at location x

w; (X) : wage rate at location x

r;(X) : capital return rate at location x

ksi(x) : capital stock endowment of a household of type i at location x

i (X) : redistributed income from the local government to the household at location x

Each household endows available working time I, and is assumed to perfectly inelastically supply it to firms
obtaining income of w;(X)lg plus redistributed income from the local government z; (X). In household locational
equilibrium, the utility levels in the both types of households take the respective same values u;, being irrespective
of household residential places. u; " is endogenously determined while u, " is endogenously determined in the rural
area. Therefore the household current and future consumptions, the bid max lot size and the bid rent function in the
two types of households are derived.

Moreover the future consumption becomes saving and then it is invested to the capital stock of each household.
To explain the household behavior, first, derivation of the price of future good is described here. The
future good implies the future consumption which derived from household saving, however, the sav-
ing formulates capital investment. Therefore capital good can be regarded as saving good. Investment
is made by using only urban good q;. Then the price of investment good is identified as p;(x). This
can be regarded as the price of saving good ps(x).

Since the capital returns by a unit of capital injection is equal to r,(X), the expected return rate of
the price of saving good ps(x), that is, the expected net return rate of household saving rs(x) is written
as rs(X) =ry(X) / ps(x). It is assumed that the expected returns of saving finance the future consumption.
Regarding the price of future good as the price of the current consumption good under the myopic
expectation, and denoting the household real saving by s;(x), the following equation holds.

Pei (X) - € (X) = 1(X) - ;(X) (18)
4 Bl Br1 B Bra B! Bra
Pei (X) = El{—pfg(x)} {—p;(x)} {%} (29)

4
where S, = Z B +Be+B, andg(x) isthe market land rent at location x.
k=1

This yields [ps(X)pgi(X) / ri(X)]cri(x) = ps(X)si(x) , and we set the price of future good pri(x)
associated with the real saving s;(x) as;

Pr (X) = Ps(X) Pei (X) / 1,(X) (20)
Then ps(x)si(x) = pri(X)cri(X) is realized.

Now the household bid rent function for land is specified as follows:



W (X) +1;(X)ks, + 77, (X) _Z P (X)Ci (X) — Pr (X)C (X)
My ()
with respect to c,;(x), ¢, (x) and m,,; (x)

9y (X) = max

subject to u;(X) = u;”
where gy (X) is household bid rent function of type i at location x, and 7z is defined as follows:

o
703 = ][, 19500000 () -+ 0,0 (O (M5 () + G () ()M, ()b,
where h;(X) : density of households of type i at location x and 6, + 6, =1

To solve the maximization problem (21), (22) and (23), we consider the expenditure function.

E;(X) = min Z P (X)Cq (X) + P (X)Cq (X) + g (X)M (%) (1=1,2)

with respect to c,;(x), ¢, (X) and m, (X)

4
H Ck| (X)ﬂkl C (X)ﬁFl mH| (X)ﬂml nﬂuOlnﬂRgl

subject to u; ==
1+cnggY, (X)°
The expenditure function is solved as follows:
_ e, M P Bl Pra Bedd Pra Bl Pri
(L+engsYi(x) )ui} ﬁ[pk(x)} {pﬁm} [gmi(xq
1 Ba Pra P

The expenditure function must be equal to the household income yielding the bid rent function.
1/ﬁm1 ﬂkl’ ﬁml :BFl/ ﬂml
= IB nﬂuolnﬂRM ﬁ IBkl IBFl Y. Brd Pn1
O (X) = 50— Y R (X)
Pri (L+engsY, (x)*)u; 4 pe(X) P (X)

Then demands for commodities, future good and the bid max lot size are solved as follows:

E\(x) = ﬂn{

Wl

cki(x>—ﬁnﬂk( Y00 (k=1234

__Ba
) (0

S (X) = pg (X)Cq (X)/ ps(X)
LX) =5,(%)

) <] @200 W T 4L 09T 0]
Hi nJboinSe k=1t B (X) B (X)

Thus the following dynamic equation holds.

ki (%) = 1;(x) = & - ks () = (N; / N, )ks; (%)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)



KS(t) =[] (ks,(0h,(x) +ks, ()h, (X)) dxyclx,

where

ks(x) : capital stock endowed by a household of type i at time t and location x
KS(t) : aggregate capital stock at time t

1;(X) : investment by a household of type i at location x

o : capital depreciation rate

Moreover the natural environment in the city is specified as follows:

4 2
4= .UA o (X)b(x)dx,dx, +.UA Z HiCq (X)hy (x)dx,dX,
k=l i=l
no—m.—__ 4
VY qemipengy
where
Z; : pollution

71, L4 - emission factors

Ny - Natural environment before pollution
My : agricultural land size in the rural area
Ngs : forest volume in the rural area

5. Firms in the Rural Area

(34)

(35)

(36)

We consider an aggregate production function in respective sectors in the rural area. The production functions

are specified as follows:

— [ @ A3y N a2 A2 M %m2 n*R02 R XR32
qz - qA2 212 2222 32 4242|d2 kdz mBg nRO nR3
— 1 A3 %23y X33y Xa3| ] X3 3
q3 =min (qA3q13 23 q33 43 Id3 kd3 ' y3/ay3)

Qg & a a a a a a a
q4 = qA4ql414qZé€4 q3434q424|d4 IA kd4 “ mBZIM nR504nR§34

where
aptop+aptoptoptoetop=1
atopntogptogtoztoae=1
o1aFops+ ozt Oust o+ ot oy =1
0, : agricultural output

Qs : forestry output

0, : output of rural general goods

Qx - intermediate input

Idy : labor input

kd; : capital input

My, - agricultural land

Mg, : land input in rural general firm

y : cut volume of forest

Ngo : NAtural environmental level in the rural area
Ngs . Torest volume in the rural area

37)
(38)

(39)



Qn - efficient parameter
Oy Okiy Oliy Okiy O AN @y - €lasticity parameters
ays - Leontief parameter

The natural environment and the forest volume in the production functions are treated as externalities. So the
production functions are homogeneous of degree unity with respect to factor inputs. Then we consider the cost

minimization in firms’ behavior due to linear homogeneity of degree one leading to the conditional demands for
intermediate goods, labor, capital, land and cut volume of forest.

; 4 w19 “lhg. ™
qA, 'Ng5” P; & | | G & X
[qga.g} { T{&TLT&T 41)
Uas P Oz | O3] | %m3
ST AT I O O T R “2)
0 4 Mo’ NRS Wa :1 & oy || % e

4 Qjj a3 %3 Am3
SRR
OasWs |1 g A3 | %] | %ns
L 1 A r - aj - a; a - [
kdjz%nﬂ W | | 9y (=2 4) (44)
AuNro N5’ Ms | & | | &y 4 Xy
B 4 %z %13 Q3 1%m3
d, = _qsaka}n{ﬁ w {r_} {9_ )
L Onsls | iz | |5 | | Qs A3 |
r . . A e [ g , O
Mg = # I P Ws RS % (i=24) (46)
| AN ro N3 Jg | O | | A Gy | | O
Y3 = Qy30; 47

6. Households in Rural Area
In the rural area we do not taken into account the area size and location. Thus we can specify the household be-
havior as intertemporal utility maximization. The representative household behavior may be illustrated as follows:

max J. [H Cﬁk3 mﬁm3 nﬁR03nﬂR33](O'3’1)/03 e gtdt (48)
0 G 1 k=1

subject to

kS3 = [Ws + (I’3 - pl(XB)é‘)ksS + 0g,MSg, + 95,MSg, + 9443MSy 5

4 . (49)
_Z PiCis _gHSmHS]/ pl(XB)_(NS/NS)kSQS

i=1

4
l; = [W3 + rskss, + Qg2MSg; + UpsMSgy + 9yysMSy3 — Z P«Cys _gHBmHS]/ pl(XB) (50)
k=1



where

o3 . intertemporal elasticity of substitution

C13 - household consumption of urban goods

Cx : household consumption of agricultural products
Cs - household consumption of forestry products
C43 - household consumption of rural goods

My - residential land

¢&: subjective discount rate

kss : capital stock endowed by a household

W : wage rate prevailing in the rural area

r3 : capital return rate prevailing in the rural area
o : capital depreciation rate

pi : price of good i

Ows : residential land rent

N, / N, : population growth rate in the rural area

Moreover we should take into account the natural environment and forest. Those are specified as follows:

4 4
Z; = Z e +Z 4 N3Cys (51)
k=2 P
z
Ngo = Mo = ———>—— (52)
e MGy NES
Mg = (€5 — ONgs)Nas — Vs (53)
where

Z3 : pollution in the rural area

mand g : emission factors

Ny, - Natural environmental level before pollution
&3 : carrying capacity

65 : ecological parameter

To solve the rural household optimization behavior, we introduce the current value Hamiltonian which is as
follows:

o, 2 -
3 l[gcfgamﬁmsa n§803n£§3s](03 D/os

H, =

+ A{Iw; + (15 — P,(Xg)O)KS; + Ug,MSg, + UgaMSg, + GpsMSys — Pr(Xp)Cis —

-9 H3mH3]/ pl(XB) - (Ns / N3)k33}
Applying the optimal control theory, we obtain the current consumption of goods, residential land, the dynamic
equation for the costate variable.
The necessary and sufficient conditions for optimality are as follows:

Ay =—0H ; [ oks;+E4, (55)

C12, C22, Ca, C42 @Nd My maximize Hamiltonian in each time

pk Ck3 (54)

4
k=2
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transversality condition: !im A, -ks,-e'=0 (56)
Those conditions are expressed as follows:

. 4

kss = [Ws + (r3 - pl(XB)g)ksS + 0g,MSg, + JgaMSg, + §1y3MSy5 — pl(XB)C13 _z P«Cys

k2 (57)
_gH3mH3]/ pl(XB) - (N3/ N3)ks3

23=ﬂ3[.§—r3/p1(x3)+5+N3/N3] (58)
o3 (03-1)Bys (03-1) s
c, =|: pl(XB):|0'3+(1—0'3)ﬁT3 |: ﬂiS :|ﬁ|:&:|0'3+(1—0'3)ﬁm |:hi|0'3+(1—0'3)ﬂm .
As P; (XB) =1 Py Qs (59)
o3Bro3 03Br33

n§3+(l_03)ﬁT3 ngg*'(l—o's)ﬂm

_ (o5 ps _ (o5 D) Bus

m _|: pl(XB):|o-3+(1_;3)ﬁT3|:ﬁi|ﬁ|:&J%+(l_ca)ﬁm |:&J63+(1_03)ﬂm .
H3 13 Ous k=] Py O3 (60)

0 3Bro3 0 3BRra3

0'3+(1 o9 Prs3 n0'3+(1 o3B3
RO

where Brs = B3+ B+ Pag+ Bast Bus

7. Property of the Hamiltonian

Let us further examine the implication of Hamiltonian. Along the optimal trajectory, all the variables in the
model can be represented by functions of the stock variables and their associated costate variables. Thus time de-
rivative in the Hamiltonian on the optimal path H” can be calculated by applying the canonical system of equa-
tions of the stock variables as;

dH; _oH; dk, aH; dA,
dt ok, dt o4 dt

dig, dk, dk, di, o
=(A; - )dt ot dt cf/ls =&(H; —u;) (61)

where u;" stands for the value of utility function on the optimal trajectory. Solving this differential equation, one
can obtain another expression of the Hamiltonian.

Hi®) =¢[" uj(z)e*Vde (62)

That is, the value of Hamiltonian at time t, H; " ( t), is calculated as the integration of the present value of the
maximized utility being multiplied by the subjective discount rate & Further calculation on Hy“(t) yields;

[7 HI®e ™ dr =" ui(x)e " dr (63)

Equation (63) in turn indicates that the integration of discounted constant income stream H; " (t) equals the inte-
gration of the present value of the household utility. Therefore H, (t ) can be regarded as a social welfare index
giving the stationary equivalent to the future utility.

8. Land Market Equilibrium Conditions
Denoting the agricultural land rent by gsy, which is determined in the rural area, the market rent function g ( x)
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over the city in equilibrium is described as follows:

9(x) = max {gg (X), 9, (X), 94y,(X), 9g,} (0N the normal land) (64)

g(x) =max {gg (X), 91 (X), 94y (X)} (in the flood prone area) (65)

The reason of formula (65) is that the flood prone area can not be used for agriculture because of the periodical
inundation. The flood prone area is assumed to be located within the residential area. When we assume that the
business area is located around the city center, and the residential area is located surrounding the business area, the
land equilibrium conditions are expressed as follows (discussions about this point is shown in Miyata (2011)):

g(X) =0, (X) 2 9,,(x)and g,,,(X) forxebusineasse: (66)

g(X) =0g(X)=0,,(x) forx ethe boundary between the business and the residential areas (67)

g(X)=0,,(X)2gg(X)andg,,,(X)forxeresidenlire@n threormdén: (68)
g(X) =09,4,(X) > gg(X)andg,,(X)forxefloogronare. (69)
g(x)=90,,(X)=0;, forxecitpounda (70)
N,ms,, = Mg, agricultural land equilibrium condition in the rural area (71)
N,msg, =mg, firms land equilibrium condition in the rural area (72)
N,ms,; = N;m,, residential land equilibrium condition in the rural area (73)

9. Local Balance Equations for Commodity and Labor

Let us assume the transport technology for commodities as von Thiinen technology with a cost ratio a;. That is,
the transport cost is incurred in the transported commodities being expressed as a;q; in carrying g; unit of commod-
ities in the unit distance. Let ¢;(X) be a two dimensional vector of commaodities of type i, that is urban good, agri-
cultural good, forestry good and rural good, transported to location x in unit time and in unit area size. Then the
following local balance equations for commaodities hold (Beckmann and Puu (1985)).

div ¢ (x) = g, (X)b(x) — 1, (X)b(X) — ;3 (X)h, (X) — ¢ (X), (X) — &, [ ¢, (X) || (74)

div ¢, (X) =—b(X)0,(X) — ¢, (X)h (X) = €, (X)N,(X) — &, [| 2, (X) | (75)

div ¢;(X) = =0(X) 05, (X) — C5 (X)y (X) = C3,(X)N,(X) =&, [ @, (X) | (76)

div @, (X) = —b(X)d,;(X) — ;3 (X)N, (X) — ., (X), (X) —a, [| @, (X) || (77)
where

b(x) : density of firms at x in the city area

hy(X) : density of high income households at x in the city
hy(X) : density of low income households at x in the city
a; : von Thiinen coefficient

||| : norm of a two dimensional vector

Similarly, let b; denote the transport cost in transporting unit labor of high (low) income households in unit dis-
tance. This cost is incurred in labor itself as well. Let v;(X) express a two dimensional vector of labor in unit time
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and in unit area size transported to location x. Then the local balance equation for labor held at location X is ex-
pressed as follows (Beckmann and Puu (1985)):

div () =Ish, (x) -1, (ObO) ~b, [y, ()| (1=1.2) (78)

10. The Local Government and Absentee Landowners

The city area is assumed to be occupied by absentee landowners. Absentee landowners reside outside of the city.
The local government rents all land in the city from absentee landowners. It rents the land to firms and households
in the city at market rents. The revenue of the local government from the land rent is redistributed to households.
The redistributed household income 7; (X) is indicated as formula (23) mentioned earlier. 8; (X) and 6, (x) in for-
mula (23) are policy parameters which aim to reduce the illegal settlements in the flood prone area.

11. Global Equilibrium Condition in Commodity and Labor Markets
Integrating the commaodity local balance equation (74), and applying Gauss divergence theorem, one can obtain
the global equilibrium condition on commodities as presented in equation (79).

[], dive,(dxds, = [ ] [6,0b,(x) = 1,(0B,(X) = €, (), (%) = €, ()N, ()
~a, || ¢, (%) ldx,dx, (79)
= J'OA 0., (X(s))ds=0q,,+ 03+ 0, +Cs+ 15
Next integrating the labor local balance equation (78) with Gauss divergence theorem, one can obtain the global

equilibrium equation for labor. Since we assume that there is no in- and out-migration at the city boundary in equi-
librium, the line integral of labor migration along the city boundary becomes zero as well.

[, divy, (0dxdx, = [ [ s () =1d, ()b, (x) b, [y, (x) [T dx,

(80)
= [ 1u(x(s))ds =0

12. Commaodity Transport Agent (C.T.A.) and Labor Transport Agents (L.T.A;. and L.T.A;.)

Transport of commodities is assumed to be done by the commodity transport agent (C.T.A.) (Beckmann and
Puu (1985)). The C.T.A. buys p1(X)g:(X)b:(x) of commaodities at point x, and sells p:(X)c; (X)hy (X) + py(X)c2 (X)h,
(X) of commodities to households. Thus the profit of C.T.A. at x is expressed as follows:

g (X) = PL(X)C11 (XN, (X) + Py (X)Co1 ()N, (X) + Py (X) 1, (X)B(X) — Py (X)a, (X)D(X)

= =Py (X)div e, (X) = py(X)ay [ 2 (X) ||

7rq1(Xg) = Py(Xg)Cyy (X5 )Ny (Xg ) + Py (Xg )Cor (X5 )Ny (Xg) + Py (Xp) 11 (X )D(X5)
+ pl(XB)q12(XB)+ pl(XB)q13(XB)+ pl(XB)ql4(XB)+ p1(XB)C13(XB)+ pl(XB)I3(XB) (82)
- pl(XB)ql(XB)b(XB) = _p1(XB)diV ¢1(XB) - pl(XB)a’l ” ¢1(XB) “

The C.T.A. aims to find the optimal route which maximizes the profit earned over the entire city area. The profit
of the C.T.A. over the entire city area is written as follows:

(81)
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[], 2radxdx, = [ ] [p.00C00m ) + py(X)C,, (), (X)

+ p()1,()b(x) = p, (X0, (X)b(X)]dx,clx,

[ TP (% ()0 (Xa (8)) + Py (X5 (5)) (X (8)) + Py (Xg (8))0ha(Xs (5))

+ Py (Xe (8))Ci5(Xs (8)) + Pr(Xe (8))15(Xs ()) — Py (X ()0 (X5 (8))D (X (5))]ds (83)
=—[ ] TpC)div p(x)+ p(x)all p(x) [1dxdx,

[ TP (Xa ()0 (Xs (5)) + Py(X5 (5)) (X (8)) + Py (Xs (8))0ha(Xs (5))

+ Py (X5 (8))C15(X5 (8)) + Py (X5 () 15(X5 () — Py (X5 ()0 (X5 (5))D (X (5))]ds

The necessary and sufficient condition for the profit maximization in the C.T.A. is derived from the calculus
variation (Gelfand and Fomin [11] (1963)). The Euler-Lagrange equation in the calculus variation is as follows:

d O7trqy + a Otrqy _ O7trqy _
dx, 0(0p,;10x) dx, 0(0¢;;/0x,) O

0 (84)
where X = (X, X2) and ¢1(X) = (g1 (X1, X2), 912(Xe, X2)).
Transforming the profit in the C.T.A. in the x;-X, coordinate, we have;
__ di _ __ % % 2 241/2 85
Trrqr(X) = =P (X)(div @ (X) = py(X)a [ @ (X)) == Py (X0, %) o + o +alen + ) (85)
1 2

Therefore the Euler-Lagrange equation is concretely expressed as follows:

T (4 ©)

o0pylox)

di aﬂqu —_ apl(x) (87)

X 0(Ogy; 10;) 2

%z_ @i (X) 88

ooy POV 00l ©3)

~pux)a -2 _grad p,(x) (89)
()]

In equation (89), p1(X) / || p1(X) || stands for the direction along which commodities are transported, and that di-
rection coincides the gradient of commodity price. This condition is the optimal one for commodity transport. In
other words, the direction along which commodities are carried is the direction where commodity price gets high-
est.

p1(X¥)ap1(X) / || p1(X) || depicts the cost of carrying a unit commodity in a unit distance. Let us calculate the
transport cost in carrying a unit commodity from the point x, to Xz on the optimal route. We denote the route by
D(S) = (X1(8), X2(S)) (0 <5< 1, Xa = (X(0), X2(0)), Xg = (X1(1), X2(2))). Thus the transport cost is expressed as follows:

P (X(8)) dx(s) dx(s)
le (XN ds ds

This equation implies that the transport cost in transporting the unit commodity on the optimal route is the dif-

[ p(x(oDa, ds= [ grad p,(x(9)) =, 2 ds=p,(xe) - Pu(X,)  (90)
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ference between commodity prices at different points. This also asserts that the transport cost is incurred in com-
modity price. Then let us calculate the profit in the C.T.A. earned in the entire city area. Multiplying the both hand
sides in equation (89) by ¢4(X) in the sense of scalar product, we have;

P& [ (X = @ (x)grad p,(x) (91)

L () dxdx,
=—[, Tpdiv @, (x)+ p,(X)a, | 9.(x) [N, dx,
[ TP (e ()81 (X (8)) + Py(X5 (8))a(Xe (8)) + Py (X (5)) 0y (%o (5))
+ Pu(Xg (8))Cia(Xs (8)) + Py (X (5)) 15 (Xs (8)) = Pr(Xg (8))h (X5 (8))0(Xs (5))]ds (92)
=—[[, [p.0q)div @, (x) + g (x)grad p,(x)]dxdx,
[ TP (X (8))a(Xg (5)) + Pu(X5 (8))a(Xg (8)) + Py (X (5)) 0 (X5 (5))
+ P1(Xg (8))Cia(Xs (8)) + Py (X (5))5(Xs (8)) = Pr(Xg (8))h (Xg (5))(Xg (5))]ds

By the way, div p,(X)¢,(X) = p,(X)div @, (X)+ ¢ (X)grad p,(x) holds. Thus equation (92) can further be
transformed as;

J.IA Tra (X)X dX,
=—[ [ div p,(x)¢; (x)dxdx,
[ IP(Xa ()0 (Xa () + Pu(Xa (5))a(Xa (5)) + Pu(Xa () e (Xa (5))
+ P (X (9))013(Xe (5)) + Pu(Xe ()13 (X5 (5)) = Py (Xs ()0 (X ()5 (5))]ds (93)
== TPu(Xa (8))h(Xs (8)) + Py(Xg (8))s(Xg (5)) + Py(Xs (8))0he (X5 (5))
+ Py (X5 (8))Ci5(Xs (8)) + Py (X5 (5)) 15 (X5 (8)) = Pu(Xs (5))h (X5 (8))0(Xs (5))]ds
] 100X ()0 (Xg () + Py (Xa ()05 (Xs (8)) + Py (Xe ())0ha(Xa (5))
+ P1(Xg (8))Ci5(Xg (5)) + Pu(Xg (8))15(Xg (5)) — Pu(Xg (5))0 (X (5))0 (X5 (5))]ds = O
Equation (93) asserts that the total profit in the C.T.A. in the city area becomes zero.
In turn, we formulate the behavior of the labor transport agents (L.T.A;. and L.T.A,) (Beckmann and Puu
(1985)). The L.T.A,. receives wages of w; (X)lg (X)b(X) from firms at location x, and pays wages of w; (X)lsh; (X) to

households of type i. As mentioned earlier, it is assumed that there is no migration from and to the outside of the
city in equilibrium. Therefore the profit in the L.T.A,. at X is denoted as follows:

72 (%) = W, ()1d; ()b (x) = w; (X)Is; 1y (x) = —wi (X)div 7 () = w; ()b, [ 7 (X) (94)

The L.T.A.. determines labor transport routes so as to maximize the profit which will be gained over the entire
city area. The optimal condition can be obtained by applying the calculus of variation as well.

w ()b, ) grad w(x) (95)
1w (O]

13. Commaodity Transport Agent (C.T.A.)
Transport of commaodities is assumed to be done by the commodity transport agent (C.T.A.) (Beckmann and
Puu (1985)). The C.T.A. buys p,(xg)dx(Xs) of agricultural products at a point on the city boundary xg, and sells
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P2(X)G21 ()b (X)Hp2(X)C21 (XY (X) + p2(X)C22 (X)N2 (X) of commodities to firms and households. Thus the profit of
C.T.A atxis expressed as follows:

g2 (X) = P2 (X) 021 (X)0(X) + P, (X)C,3 (X)N, (X) + P, (X)C, (X)h,(X)
= =P, (X)div ¢,(X) = p,(X)a, [ 2 (X) |

Trrg2(Xg) = P2 (Xg) U1 (Xg)D(Xg) + P2 (X5)Cou (X5 )N (X5) + P, (Xg)Coo (X5 )Ny (X5)
= P, (X5)0n2 (X) (97)
=—P,(Xg)div ¢, (Xg) — P,(X5)a, || ¢, (X5) |l

2 A () dxdx,
=—[ ], Tp.0)dliv 2,(x) + Po(X), Il 9, (X) [, — [ [P2 (X5 (5))nz(Xe (5))]dS
=[], div p, ()@, (), — [ [P,(X5(5))0lnz (Xg (s))]ds
= [ Pa(Xa ()t (Xa(8))ds = [ P2 (X5 (5))yz (X5 (5))ds =0

Similarly we have the zero profit equations.
[], mra0dxdx, =0 (k=3,4) (99)

(96)

(98)

14. Commodity Price and Wage Rates
Equation (89) can be transformed into the following nonlinear first order partial differential equation.

[6In pl(x)jz +[aln pl(x)j2 _a? (100)
X, OX,

This equation can mathematically be solved. Here we consider a special case where the initial manifold is de-
generated to one point. Thus the initial condition of X,(5, t), Xx(s, t), and In py(xy, Xo) is specified as x;(0, t) = 0, X(0,
t) =0, and In py(0, t) = pyo, respectively. Then the solution surface for the commaodity price is written as equation
(101). This equation stands for a cone with the vertex of (0, 0, py ) and is said to be integral conoid (Courant and
Hilbert (1962)).

pl(xl’ Xz) = PP X12 + X§ (101)
Similarly solution surfaces of other prices are as follows:

pk(Xsz):pkoexp‘(ak\/xf+xg) (k=2,3,4) (102)
As for the wage rates, the same discussion is possible. The solution surface for the wage rate i is expressed by;
W (%, %) = Wy XPLD X +%5)  (k=1,2) (103)

When we assume that the business district encircles the origin, and the residential area is located outside the
business area, that is, a simple von Thiinen ring, the wage rate prevailing at the city center wyq is given by the wage
rate on the city boundary which is determined to satisfy the equilibrium conditions mentioned below. Contrary to
the urban commodity price surface, the wage profile shows a decrease with exponential order from the city center
to the city boundary.
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15. Equilibrium Conditions
Skipping other details because of page limitation, we can finally derive the following equilibrium conditions.

Urban good market

I, (X(S)) ||=_|.0S [6,(X(2))b(X(7)) = €, (X(2)) (X(7)) = ¢, (X(2))h, (X(7))
4 (104)
= L (XD, (X(@)] (z/S)exp (7 —S)dz =3 Gy + NyCyys + g

Agricultural, forestry and rural goods market

I (xO) = lim [ [, (x(S = 2))b(x(S ~ 7))

—Cu (X(S =) (X(S = 7)) = o (X(S =), (X(S —TNI(S —7/S —5) (k=234)  (105)
expa,(r—S)dr+q, =0

4
0 =], G®)dS+Y gy+c,  (k=234) (106)
i—2

Labor market for high income households

[y, (x (O

. s (107)
=1im IO (i (X(S = 7)) =131 (X(S = 2))b(X(S = 7)) /(S —7) /(S —3))exp by (r —S) dz =0
Labor market for low income households
w2 (x(O))]
. s (108)
= lim [ Tloh, (X(S =)=l (X(S =2)b(X(S ~2)I(6 - 7) /(S ~5))expb, (7 ~ ) d =0
Labor market in the rural area
N, =Id, +Id; +1d, (109)
Capital market in the urban area
KS, =[], kd,(x)b(x)dx,dx, (110)
Capital market in the rural area
KS, =kd, + kd, + kd, (112)
Land market
Formulae (66) to (73)
Location equilibrium conditions
75, (X) =0 (x ebusiness area) (112
u,(x) =u; (xenormalland) (113)

u,(x) = H; (x e flood pronearea. H; is the rural utility level endogenous ly determined.) (114)
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Constraints on the numbers of firms and households

1

M = j IAB —h dx, dx, (115)
B
1

Nl=HA - (X)dxldxz (116)
HL THa
1

N~ jA - (X)dxldxz (117)
H2 Tly2

N3 : exogenously given (118)

In the equations mentioned above, S, Ag, An; and Ay, depict the parameter value expressing the city boundary,
business area, normal land, flood prone area, respectively. The model mentioned above describes the ru-
ral-urban-natural environment-flood interaction observed in Palangkaraya city in Indonesia.

16. Comparative Static Analysis
Here we consider the stationary state, and derive some propositions from the comparative static analysis.

Proposition 1.

The flood prone areas are occupied by low income households, while the normal land is occupied by high in-
come households. The reason is that 6g.i/ JY; < 0 holds from equation (27). Therefore if the per capita income
increases, then the bid rent function decreases. So the flood prone areas are occupied by the low income house-
holds.

Proposition 2.
Aslight increase in income of L.I.H. decreases the bid rent and increase the bid max lot size. So parameter &; in
equation (23) can decrease the number of L.I.H. in the flood prone areas.

Proposition 3.
An increase in the residential area in the rural area increases the current value Hamiltonian, so the supreme util-
ity of L.I.H. in the flood prone areas is increased. Thus the number of L.1.H. is decreased in the flood prone areas.

Proposition 4.

If the carrying capacity of forest in the rural area is increased, the bid rent by L.I.H. is increased and the bid max
lot size is decreased, resulting in an increase in the population in the flood prone areas although the flood risk is
decreased.

Proposition 5.

If the von Thiinen parameters a, (k=1, 2, 3,4 ), b; (i =1, 2) are decreased by a transportation project, the busi-
ness district and residential area ( normal land ) increases and utility level of H.l.H. increases. In the flood prone
areas, the bid max lot size decreases leading to an increase in the number of L.1.H.

17. Concluding Remarks
Up to now the authors have developed partial and general equilibrium urban economic models for Pal-

angkaraya City. In these models we have obtained a conclusion where the bid rent by L.1.H. is higher than that by
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H.LH. in flood prone area. This is due to the fact of introduction of the expected damage on household asset. This
result is perfectly contrary to the result of the traditional urban economics.

Flood is a great concern in Palangkaraya City, and one of its causes is harvest of forest in rural area surrounding
Palangkaraya City. Hence one must take into account the socio-economic activities and forest in the rural area.
One of motivations of this study is this point. Moreover it is important to consider the plane city rather than a linear
city for reality.

In this study Palangkaraya City is regarded as a plane city, and the external area of the city is assumed to be a
point area (i.e. dimensionless). In the city and the external area, the natural environmental level and the externality
of forest are taken into account. The role of forest is a reduction in flood damage in Plangkaraya City. Moreover
the natural environmental levels in the city and the external area are improved by forest.

The important policy target of the Palangkaraya City government is to reduce the illegal settlements in the flood
prone areas. For this policy target, an increase in the supreme utility level in the external area, a redistribution in-
come policy and fostering the forest in the external area are studied by the comparative static analysis. And then
this study suggests a possibility of reduction in the illegal settlements in the flood prone area.

By the way this analysis heavily depends on specific parameter values, hence it is necessary to estimate param-
eters by employing empirical data and to present more realistic policies. These are left for a future study.
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