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1 Introduction

Equivalence scales are used to make income of households of different size and com-

position comparable. A well-known example is the modified OECD scale (Hagenaars

et al., 1994). The household of a single adult is used as reference and a weight of 1

is assigned to it. Adding an adult to the household increases the weight by 0.5 and

adding a child below age 14 increases the weight by 0.3. For example, the weight

of a household consisting of two adults and two children is 2.1. Dividing household

income by such a weight yields equivalent income (or equivalized income), which is

assumed to be directly comparable across households.

The modified OECD scale and other similar equivalence scales find widespread

use, as they are easy to apply, and they are commonly utilized in research and even in

the design of actual policies. Application of equivalence scales has limitations, though.

For example, equivalence scales rest on rather strong assumptions (e.g., Blundell

and Lewbel, 1991; Nelson, 1993) and results of empirical analyses are sensitive with

respect to the choice of a specific equivalence scale (e.g., Buhmann et al., 1988; Szelky

et al., 2004).

Most applications of equivalence scales ignore income dependence, for which there

is ample evidence (e.g. Donaldson and Pendakur, 2004; Koulovatianos et al., 2005a).

Income independence means that for all households of the same type the same weight

is used, e.g. all households of couples with one child are assigned the weight 2.1,

irrespective of whether household income is low or high. Income dependence implies

that two households of the same type are assigned different weights if they have

different incomes. For instance, a household consisting of a couple with one child

and household income of 2, 000 Euro could be assigned the weight 2.4, while a couple

with one child and household income of 3, 000 Euro could be assigned the weight

2.0. The intuition behind this is that high income households may spend more on

goods for which economies of scale and scope are relatively high, while low income

households spend more on goods with relatively low economies of scale and scope.

This paper explores the consequences of applying income independent scales when

“true” equivalence scales are income dependent. Specifically, it will be analyzed what

information can be recovered in this case by the application of income independent

equivalence scales. We will consider effects for equivalent household income and for

aggregate measures of poverty and inequality. At the household level, we will look

at absolute levels of equivalent income, the resulting ordering of households, and the

interpretation of equivalent income when income independent equivalence scales are

utilized, while income dependent scales would be appropriate. Equivalent income of

individual households is often not of primary interest, but the issues covered in our
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analysis are the basis for aggregate-level measurement of both poverty and inequality.

We will assess the effects at this level looking at income distributions and Lorenz

curves.

Our results indicate that income independent and income dependent equivalence

scales are compatible neither at the household level nor at the aggregate level. While

sensitivity of empirical results with respect to the choice of a specific equivalence scale

has long been established (e.g. Coulter et al., 1992), the relevant literature focuses

on different income independent scales and relies on rather strong assumptions. Our

results extend to income dependent equivalence scales and help to explain sensitivity

under milder assumptions.

Most importantly, we will demonstrate that, if equivalence scales are income

dependent, it is not possible to find an income independent scale which leads to

the same assessments regarding equivalent incomes, inequality and poverty, except

for some rather specific special cases. In the light of empirical evidence on income

dependence of equivalence scales (see section 2.3), researchers and policy makers

need to reconsider standard practices. They should definitely be cautious about the

use of income independent scales.

The remainder of this paper is structured as follows. Equivalence scales, income

dependence, and the empirical evidence on income dependence will be discussed in

section 2. In section 3 the consistency of income independent scales and income

dependent scales is explored at the household level, while section 4 covers aggregate

measurement of poverty and inequality. Section 5 concludes.

2 Equivalence scales

2.1 Definition

Let z = (z1, z2, . . . , zk) denote a vector of k household characteristics like, for

example, household size and age of household members. Any household can choose

between m goods with prices p = (p1, p2, . . . , pm). Demand is captured by a vector

q = (q1, q2, . . . , qm) given by the demand function D(p, z, x), where x is household

income. The demand function can be derived from the household utility function

U(q, z).1 Finally, the cost function is given by C(p, z, u) = minq[p′q|U(q, z) = u]

and is assumed to be nondecreasing in u.

1Note that household utility functions ignore the distribution of resources inside the household and
may be hard to defend, as it is individual household members who derive utility from consumption
(Ott, 1992; Phipps and Burton, 1995). Acknowledging for individual needs and preferences as well
as intrafamily bargaining in deriving equivalence scales is an unsolved problem and beyond the
scope of this paper. For simplicity, we will assume identical individual utility functions and equal
welfare for all household members.
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Definition 2.1. Equivalence scales are defined as the ratio of two cost functions

C(p, z, u)/C(p, zr, u), where zr denotes household characteristics of the reference

household. They will be denoted as A(p, z, zr, u). A specific value returned by the

function A(·) for specific values of p, z, zr, and u will be called equivalence weight.

An equivalence scale is thus a function returning the ratio of expenditure of two

households of different composition with the same level of utility.2 By this definition,

equivalence scales depend on prices, the types of households which are compared,

and the utility level u.

In the literature it is often assumed that equivalence scales do not depend on u.

This assumption is called independence of base (Lewbel, 1989; Blundell and Lewbel,

1991) or equivalence scale exactness (Blackorby and Donaldson, 1993).

Definition 2.2. Equivalence scales for which A(p, z, zr, u) = A(p, z, zr) are called

base independent scales.

The assumption of base independence is convenient in two respects. First, it

simplifies identification of equivalence scales and eases empirical estimation consid-

erably. Second, base independent equivalence scales do not depend on household

income or expenditure and the number of equivalence weights will equal the number

of household types, so that they can be applied with little effort.

Throughout, two basic assumptions on equivalence scales – whether base inde-

pendent or not – will be maintained.

Assumption 2.1. The reference household type zr is fixed to the household type

with the smallest needs.

Assumption 2.2. Dependency on prices can be ignored, such that it suffices to write

equivalence scales as A(z, zr, u).

Assumption 2.1 means that the same reference household is used for each com-

parison. The household type with the smallest needs will usually be households of

single persons (or a subset of these). As a consequence A(p, z, zr, u) ≥ 1 for each

z 6= zr. This avoids difficulties which can arise in the context of inequality analyses if

equivalent income depends on the choice of reference households (Ebert and Moyes,

2003). Assumption 2.2 can easily be justified if analysis is restricted to households

living at a certain time and in a certain region, such that all households face the

same prices.3 Because of assumptions 2.1 and 2.2 it is sufficient to write equivalence

scales as A(z, u) or as A(z) in case of base independence.

2We restrict attention to relative equivalence scales and leave out absolute equivalence scales
(see Donaldson and Pendakur, 2006), as the former are most common in applied analyses.

3Problems which may arise if dependency on prices is dropped in analyses covering several time
periods are discussed by Pendakur (2002).
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Moreover, we assume that the following budget constraint holds, which is necessary

to apply equivalence scales to household income, as it is commonly done in applied

research:

Assumption 2.3. For each household expenditure equals income, p′q = x.

Assumption 2.3 does not rule out saving, which can be included as an additional

good. Alternatively, one could replace the cost function with an income function

I(z, u) = minx[x|V(z, x) = u], where V(z, x) is the indirect utility function of a

household with characteristics z and income x facing prices p, which is assumed to

be strictly increasing in x. I(·) gives the minimum income needed to achieve utility

level u given prices p and composition z.

As an example, consider how base independence and assumption 2.3 work together.

Let x′ denote observed income of a household of type z. Dividing x′ by A(z) gives

xr, i.e., the income of the reference household that has the same utility level. This

works because observed income x′ equals C(z, u) by assumption. Dividing this by

A(z) gives C(zr, u) in the case of base independence. By assumption C(zr, u) equals

equivalent income xr. This also works the other way round and one could multiply

xr with A(z) to calculate x′.

2.2 Income dependent equivalence scales

One may wonder whether the assumption of base independence as introduced

in definition 2.2 is reasonable. There are specific utility functions which imply

independence of base (Lewbel, 1989). Nevertheless, from a theoretical point of view

this assumptions is rather restrictive. Conniffe (1992) analyzes the Extended Linear

Expenditure System (Lluch, 1973) and the Almost Ideal Demand System (Deaton

and Muellbauer, 1980) as two common approaches to modeling household demand

and argues that they both lead to equivalence scales which depend on the level of

utility (see Schröder 2004 for another example).

More generally, replacing u in definition 2.1 with the indirect utility function

V(zr, xr), where xr is income of the reference household, equivalence scales can be

written as functions of income of the reference household.

Definition 2.3. An equivalence scale written as a function of xr, A[z,V(zr, xr)],

and defined by C[z,V(zr, xr)]/xr will be called income dependent if A[z,V(zr, x
′
r)] 6=

A[z,V(zr, x
′′
r)] for at least two incomes x′r 6= x′′r .

If income dependent equivalence scales are defined by replacing u with V(z, x),

where x is the income of a household of type z 6= zr, then A[z,V(z, x)] will be

used to denote income dependent scales and is defined as x/C[zr,V(z, x)]. Dividing
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household income x of a household with characteristics z by the appropriate income

dependent equivalence weight will thus recover C[zr,V(z, x)], i.e. the income a refer-

ence household needs to attain the same welfare as the household with characteristics

z. If V(zr, xr) = V(z, x) then A[z,V(z, x)] = A[z,V(zr, xr)] which allows to switch

perspective from z to zr and vice versa.

As can be seen from definition 2.3 base independence implies independence

of income and requires that the derivative of C[z,V(zr, xr)] with respect to xr is

constant,

∂C[z,V(zr, xr)]

∂V(zr, xr)

∂V(zr, xr)

∂xr
= A(z). (2.1)

Both derivatives on the left hand side are non-negative, with ∂C[z,V(xr)]/∂V(xr) ≥ 0

and ∂V(zr, xr)/∂xr > 0, but without additional assumptions they will depend on xr.

Their product is thus not necessarily constant and each change in utility V(zr, xr)

has to be offset by a corresponding change in expenditure C[z,V(zr, xr)] to guarantee

independence of income.

This implies that adding a person to a reference household with household income

of 1, 500 Euro would increase the income needed by the same relative amount as if

a person is added to a reference household with 5, 000 Euro of household income.

This may not be realistic, however, as a richer reference household may, for example,

have much more housing space and may not need much more in addition. Also, the

restriction of base independence means that adding a person to a richer household is

more costly in absolute terms than in the case of a poor household. This may be

undesirable from a normative perspective, for instance, when equivalence scales are

used to measure the cost of children and to design child-related tax allowances or

other child benefits.

2.3 Evidence on income dependence

Empirical evidence regarding income (in-)dependence can be found in numerous

studies.4 Independence of base has been rejected in virtually all studies we are aware

of.5 In some cases rejection is only by a small margin (Blundell and Lewbel, 1991;

Lancaster and Ray, 1998), or results depend on the proxy used for household welfare

(Jones and O’Donnel, 1995; Pendakur, 1999). Quite generally, equivalence scales are

4Besides the contributions that are cited in the following, a list which is not necessarily complete
includes Dickens et al. (1993), Pashardes (1995), Plug and van Praag (1995), Gozalo (1997), Kalwij
et al. (1998), Lyssiotou (2003), Donaldson and Pendakur (2004), Koulovatianos et al. (2005b), and
de Ree et al. (2013).

5A notable exception confirming base independence is the analysis by Koohi-Kamali (2013) who
studies demand under wartime rationing and thus a rather special case.
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Figure 1: Income dependent equivalence scale derived from Koulovatianos et al. (2005a),
by reference income xr and household type z.

Note: ‘a’ represents adult members and ‘c’ children aged between 7 and 11 years living in a
household. For example, ‘aacc’ denotes a couple with two children (in this age bracket).

declining with income.6

Aaberge and Melby (1998), Donaldson and Pendakur (2006), and Balli and Tiezzi

(2013) compare results for the Gini coefficient using income independent and income

dependent equivalence scales; Juhasz and Biewen (2014) compare results for the

low-income proportion, the Gini coefficient, and the Theil index. While the results

of Donaldson and Pendakur (2006) and Juhasz and Biewen (2014) indicate that

inequality and poverty are lower in case of income dependent equivalence scales

compared to base independent scales, results of Aaberge and Melby (1998) and Balli

and Tiezzi (2013) show considerably higher inequality. Furthermore, Aaberge and

Melby (1998) and Donaldson and Pendakur (2006) find time trends in inequality to

be affected, while this is not the case for Balli and Tiezzi (2013).

An example of an income dependent equivalence scale is shown in figure 1,

which is derived from results for Germany reported in Koulovatianos et al. (2005a).

Koulovatianos et al. (2005a) asked respondents for their assessments of income needed

6The results reported by Juhasz and Biewen (2014) are an exception; there, equivalence scales
increase with income for some types of households.
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by households of different composition, using the household of a single person with

given income as a reference. Five different levels of reference income were used: 605

Euro, 1, 513 Euro, 2, 420 Euro, 3, 328 Euro, and 4, 236 Euro (2010 values).7 Results

shown in figure 1 are estimates derived from regressing log household income on

equivalence weights. They give a good fit to the weights reported by Koulovatianos

et al. (2005a). Irrespective of the household type considered, equivalence scales are

declining with income. For instance, a couple with two children and a household

income of 2, 327 Euro is comparable in terms of household welfare to a single person

with 1, 000 Euro, implying an equivalence weight of about 2.33, while a couple with

two children and household income of 6, 030 Euro is comparable to a single person

with 4, 000 Euro, implying an equivalence weight of 1.51.

3 Consistency of income (in-)dependent scales

Despite overwhelming evidence that equivalence scales are income dependent, possible

consequences of applying income independent scales have not been explored in depth.

In this section, we focus on effects for the absolute level of equivalent income and

for the ordering of households by this income. In addition, we will comment on the

interpretation of equivalent income. Throughout, we assume that true equivalence

scales are income dependent, in line with virtually all empirical evidence (see section

2.3).

Both the absolute level and the ordering of equivalent income at the household

level are rather simple notions, but they are closely connected to measurement of

poverty and inequality. Most poverty measures rely on an assessment of whether

household income is higher or lower than some poverty threshold, and axiomatic

properties of poverty measures build on this assessment (e.g., Zheng, 1997). If two

equivalence scales yield different absolute levels of equivalent income they may thus

lead to different assessments of poverty. Moreover, differences in absolute levels of

income may also change assessments of inequality, as will be demonstrated in section

3.2.

Ordering of equivalent income is closely related to the transfer principle (e.g.

Atkinson, 1970). If, for a given income distribution f(z), a transfer d is made between

two households with incomes zi < zj, such that zi + d < zj − d, then the resulting

income distribution fd(z) will be less unequal than f(z). In this case, the transfer is

called “progressive”. The transfer principle is of eminent importance for inequality

measurement, as many inequality measures are based on it (e.g. Allison, 1978). If

7Here, reference incomes originally reported by Koulovatianos et al. (2005a) have been adjusted
for inflation, based on data provided by the German Federal Statistical Office.
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two equivalence scales give rise to different orderings of equivalent income, they may

lead to different assessments of inequality. In fact, a transfer of equivalent income

between two households of different types may be progressive given one equivalence

scale, but regressive for another, i.e., y′i + d < y′j − d but y′′i + d ≥ y′′j − d, where

y′ and y′′ denote equivalent incomes derived from two different equivalence scales.

The same may happen even if the ordering of equivalent incomes is the same, due to

differences in absolute levels of equivalent income.

Building on these considerations, we will use the income dependent equivalence

scale for Germany derived from Koulovatianos et al. (2005a) as described in the

preceding section and the modified OECD scale to provide illustrative examples.

Income dependent equivalence scales will be expressed using the indirect utility

function of a household of composition z, V(z, x), so that A[z,V(z, x)] will be used

to denote income dependent equivalence scales.

3.1 Further assumptions

A few additional assumptions are needed to clearly state our results, all of which are

not restrictive.

Assumption 3.1. Household income has support on the open interval R+ = (0,∞).

All functions of household income have R+ as domain.

Assumption 3.2. Equivalence scales are continuous and strictly decreasing in in-

come, such that A[z,V(z, x)] < A[z,V(z, x′)] for x > x′.

Assumption 3.3. For some specific income x∗z ∈ R+, scale weights derived from

income independent and income dependent equivalence scales are equal, i.e., A(z) =

A[z,V(z, x∗z)], where x∗z is not necessarily the same for all household types.

Assumption 3.4. For two household types z1 and z2, either A[z1,V(z1, x)] ≥
A[z2,V(z2, x)] or A[z1,V(z1, x)] ≤ A[z2,V(z2, x)] holds on the support of x; there is

at least one x ∈ R+ with A[z1,V(z1, x)] 6= A[z2,V(z2, x)].

The support assumption 3.1 restricts income to be positive and finite. This

assumption will be maintained throughout, as it rules out division by zero in some

cases (implying that the corresponding equivalence weight would not be defined).

Assumption 3.2 formally states that equivalence weights decline as income in-

creases.8

8Implications for equivalence weights which are strictly increasing in income follow easily from
the results derived here.
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Assumption 3.3 implies that income independent and income dependent scales

intersect. If this condition does not apply, income independent scales have no mean-

ingful interpretation. Given an income dependent equivalence scale and an income

independent equivalence scale it can easily be assessed whether this assumption holds.

This will be discussed further in section 3.4.

Assumption 3.4 rules out that the curves defined by equivalence weights for

different types of households intersect. The income dependent equivalence scale in

figure 1 offers an example. Intersection would imply that type-z1 households need

less than type-z2 households at low levels of income, but more at high levels. This

would be rather counterintuitive.

3.2 Absolute level of equivalent income

For a household of type z 6= zr income x is observed and equivalent income is to be

determined. Application of the true income dependent equivalence scale A[z,V(z, x)]

would recover equivalent income C[zr,V(z, x)]. But what is the result if an income

independent scale A(z) is applied instead?

Proposition 3.1. Let assumptions 3.1 and 3.3 hold. Dividing x by A(z) results in

C̃[zr,V(z, x)] = B(x, x∗z, z)C[zr,V(z, x)], (3.1)

where B(x, x∗z, z) = A[z,V(z, x)]/A[z,V(z, x∗z)].

C̃[zr,V(z, x)] is used to denote the “cost function” which is recovered assum-

ing base independence, and B(x, x∗z, z) will be called relative bias, as it equals

C̃[zr,V(z, x)]/C[zr,V(z, x)] by definition. Proposition 3.1 shows that true equiva-

lent income C[zr,V(z, x)] is downscaled by the equivalence weight for household

income x∗ and upscaled by the equivalence weight for household income x, with

C̃[zr,V(z, x)] = C[zr,V(z, x)] only if x = x∗z.

Furthermore, B(x, x∗z, z) depends on income, choice of the income independent

scale, and household type. Given a specific income independent equivalence scale,

x∗z is fixed and the magnitude of the bias only depends on income and household

type. Figure 2 shows magnitudes of errors arising under the assumption that the

scale derived from Koulovatianos et al. (2005a) is true, but the modified OECD scale

is applied. For example, a childless couple with observed household income of 1, 500

Euro is assigned an equivalent income of 1, 000 Euro by the OECD scale, while true

equivalent income amounts to 912 Euro. The latter is thus exaggerated by a factor

of about 1.1. More generally, low equivalent incomes will be biased upwards and

high equivalent incomes will be biased downwards, which implies an underestimation

10
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Figure 2: Relative bias B(x, x∗z, z), depending on household type z and income x.

Note: Calculations are based on income dependent scales for Germany derived from Koulovatianos
et al. (2005a) and the modified OECD scale.

of inequality (see section 4.2). Other income independent scale could have a smaller

bias at low incomes, but this would necessarily increase the bias for higher incomes.

3.3 Ordering of equivalent income

Using income independent equivalence scales where income dependent ones would be

appropriate, the absolute level of equivalent income can not be recovered, but one

could still try to arrive at an ordering of households by equivalent income. Equivalent

incomes of two households of the same type z and with household incomes x′ and

x′′ can be compared without problems if assumptions 3.1 and 3.2 hold. Any strict

equality or strict inequality between x′ and x′′ carries over to both true equivalent

income and equivalent income derived from an income independent equivalence

scale. For example, C[zr,V(z, x′)] > C[zr,V(z, x′′)] will only hold if x′ > x′′, which

obviously implies C̃[zr,V(z, x′)] > C̃[zr,V(z, x′′)].

This is generally not the case, if households of different types z1 and z2 are to be

compared. Let x1 denote income of the type-z1 household and x2 the income of the

type-z2 household.
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Proposition 3.2. Let assumptions 3.1, 3.2, and 3.4 hold. For any two household

types z1 and z2 there exist incomes x1 and x2 such that

C[zr,V(z2, x2)] > C[zr,V(z1, x1)] and C̃[zr,V(z2, x2)] < C̃[zr,V(z1, x1)]. (3.2)

Such inversions will not occur only if A[z1,V(z1, x)] = G(z1)K(x), A[z2,V(z2, x)] =

G(z2)K(G(z1)/G(z2)x) and G(z2)/G(z1) = A(z2)/A(z1). If z1 = zr and z2 6= zr,

inversions will always occur.

A complete proof is provided in the appendix. Note that assumption 3.2 could be

changed to correspond to the case of strictly increasing scales, and the proposition

would still hold.

Proposition 3.2 implies that the true ordering of equivalent incomes can not be

recovered under quite general conditions. The shape restriction in proposition 3.2

means that, for all non-reference household types, income dependent equivalence

weights have to be of the same shape K(x) that is linearly shifted by constants G(z)

depending on household type, where the ratios of these constants have to equal the

ratios of income independent scales.

As a consequence of proposition 3.2, transfers which are progressive under income

independent scales may in fact be regressive and vice versa.9 As an example illustrated

in figure 3, consider again the modified OECD scale and the scale derived from

Koulovatianos et al. (2005a) which does not conform to the shape restriction in

proposition 3.2. Suppose that household income is 1, 210 Euro for a childless

couple and 1, 966 Euro for a couple with three children. Using the modified OECD

scale, division by 1.5 and 2.4 yields equivalent incomes of 807 Euro and 819 Euro,

respectively, indicating that the family is slightly better off than the couple. Base

dependent equivalence weights amount to 1.69 and 2.97; their application results

in equivalent incomes of 716 Euro and 622 Euro, respectively. Numerous further

examples for proposition 3.2 to hold could be found for other levels of income and

other household types building on the same two scales.

3.4 Interpretation of equivalent income

Although C̃[zr,V(z, x)] does not equal true equivalent income, one might still try to

attach a sensible interpretation to it. On the one hand, under assumption 3.3, one

could argue that all households of type z are treated as having income x∗z. Yet, this

seems rather crude, since one of the intentions of using equivalence scales is accounting

9Another case for such inversions to occur was reported by Glewwe (1991) and Ebert and Moyes
(2003) who study progressive transfers when household equivalent income is used to assess inequality
not at the household level but at the level of individual household members.
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Figure 3: Household and equivalent income of childless couples (aa) and couples with three
children (aaccc) using base dependent (BD) and base independent (BI) equivalence scales.

Note: Solid vertical lines indicate examples for observed household income; horizontal dotted
lines indicate corresponding amounts of base dependent equivalent income; horizontal dashed lines
indicate base independent equivalent income. Calculations are based on income dependent scales
for Germany derived from Koulovatianos et al. (2005a) and the modified OECD scale.

for different needs, which obviously depend on income when equivalence scales are

income dependent. On the other hand, depending on how the income dependent scales

were derived, one could interpret C̃[zr,V(z, x)] as being standardized with respect

to mean income, or as using the average of income dependent equivalence weights.

The former case corresponds to choosing x∗z such that A(z) = A[z,V(z,E[x|z])]; in

the latter case, x∗z is chosen such that A(z) = E[A(z,V[z, x])], with an outcome that

can not be distinguished from the first case. Note also that estimation methods

for deriving income independent scales are not designed to yield equivalence scales

obeying one of these rules.

Interpretation of results is even less clear when assumption 3.3 holds, while x∗z is

different for different household types. This is the case for the modified OECD scale

and the scale derived from Koulovatianos et al. (2005a), as can be seen in figure 4.

There, income dependent weights are shown as solid lines; dashed lines represent the

weights of the modified OECD scale and corresponding incomes x∗z. In the case of

childless couples, the equivalence weight of the modified OECD scale amounts to 1.5,

13
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Figure 4: Income dependent and income independent equivalence scales and values x∗z at
which the two intersect.

Note: Calculations are based on income dependent scales for Germany derived from Koulovatianos
et al. (2005a) and the modified OECD scale.

corresponding to the income dependent weight for childless couples with household

income of about 2, 935 Euro. Applying the modified OECD scale to childless couples

will thus treat all of them as if they had a household income of x∗aa = 2, 935 Euro.

Similarly, for couples with one child x∗aac = 2, 938 Euro (modified OECD scale: 1.8),

for couples with two children x∗aacc = 3, 083 Euro (modified OECD scale: 2.1), and

couples with three children are treated as if they had x∗aaccc = 3, 312 Euro (modified

OECD scale 2.4).

The perspective can also be switched to looking at reference households, i.e., single

persons whose income x∗r,z is equivalent to the values of x∗z for other household types.

For the examples shown in figure 4, these incomes amount to 1, 957 Euro (vis-a-vis

childless couples), 1, 632 Euro (couples with one child), 1, 468 Euro (couples with

two children), and 1, 380 Euro (couples with three children). Either way, applying

income independent equivalence scales means that households of different types are

treated unequal and that reference households are used which differ by income. To

avoid this, incomes x∗z (or x∗r,z) could be chosen to be the same for all household

types. However, this would require knowledge of the income dependent equivalence

14



scale which would make the use of an income independent scale redundant.

4 Aggregate measurement of poverty and inequal-

ity

The preceding section demonstrated inconsistency in the assessment of equivalent

income at the household level, e.g. pairwise comparisons of households. In this

section, we will discuss some consequences for the aggregate measurement of poverty

and inequality. Specifically, we will show that given a certain density of household

income, applying an income dependent and an income independent equivalence scale

will always lead to different densities of equivalent income, where the difference

between both densities follows certain regularities. This, in turn, leads to systematic

differences in the assessment of poverty and inequality, as we will demonstrate now

for the proportion of poor households and Lorenz curves.

To provide illustrative examples, we will use the German Expenditure and

Income Survey 2008 (Einkommens- und Verbrauchsstichprobe; EVS), applyig both

the modified OECD scale and the base dependent scale derived from Koulovatianos

et al. (2005a) to this dataset. Besides the household types covered in figure 1 (single

adults, childless couples, and couples with up to three children), households of single

parents with up to three children will also be included. Households not belonging

to one of the aforementioned types are not included in our analysis. This leaves us

with 37, 174 households observed in the EVS 2008 data.10

4.1 Densities and poverty measurement

As a general result, the true distribution of equivalent income can not be recovered

using base independent scales, i.e., F(τ) 6= FIB(τ), where F denotes the cumulative

distribution function (CDF) of equivalent income arising from an appropriate, income

dependent equivalence scale, while FIB denotes the CDF which results when a base

independent scale is used. Let ∆F(τ) = F(τ)− FIB(τ) denote the difference between

both functions. To simplify notation, we index household types by h = 1, . . . , H.

Proposition 4.1. Let assumptions 3.1, 3.2, and 3.3 hold. If τ < x∗j for all j =

1, . . . , H, then ∆F(τ) > 0. The reverse holds if τ > x∗j for all j = 1, . . . , H.

Moreover, there will be some value τ ∗ such that ∆F(τ ∗) = 0, ∆F(τ) > 0 for τ < τ ∗,

and ∆F(τ) < 0 for τ > τ ∗.

10Additional results relating to the issues discussed in the preceding section are reported in the
appendix.
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The true CDF can be written as a finite mixture

F(τ) =
H∑
h=1

Pr(h)

τA[h,V(zr,τ)]∫
0

f(u|h)du, (4.1)

where f(x|h) is the density of household income for type-h households and Pr(h) is

the proportion of households of type h. In case of base independence the CDF is

given by

FIB(τ) =
H∑
h=1

Pr(h)

τA(h)∫
0

f(u|h)du. (4.2)

Using these definitions, proposition 4.1 follows immediately.

Proposition 4.1 states that the CDFs will cross. It also implies that characteriza-

tions of the distributions are not necessarily the same. For example, if µ denotes

mean equivalent income using an income dependent scale and µIB denotes mean

equivalent income resulting from an income independent scale, the difference µ−µIB
is given by

∫ xmax

0
−∆F(t)dt, where xmax is the highest observed income. Choosing

a base independent scale could make sense if properties of interest were preserved,

but this would again require knowledge of the base dependent scale. Moreover, the

choice of a base independent scale would depend on the density of observed income,

such that a specific base independent scale may preserve some properties for one

income distribution but not for others.

Results for poverty measurement follow directly from proposition 4.1. Let γ

denote a given poverty line, and let P(γ) and PIB(γ) be the proportions of poor

households under income (in-)dependence. If γ = τ ∗, then P(γ) = PIB(γ), where τ ∗

is defined as in proposition 4.1. If γ < τ ∗, then P(γ) > PIB(γ), and if γ > τ ∗, then

P(γ) < PIB(γ). For a given γ, this means that the proportions of the poor will only

be equal if all x∗j are set such that τ ∗ equals γ. Again, this is only possible if the

income dependent equivalence scale is known.

Figure 5 illustrates proposition 4.1 using data from the EVS. The CDFs of

equivalent income cross at about 1, 665 Euro. Thus, for any poverty line below 1, 665

Euro the proportion of poor households will be lower using the income independent

modified OECD scale. As reasonable poverty lines are most likely below this

threshold, applying the modified OECD scale to the EVS data will underestimate

poverty compared to the income dependent scale from Koulovatianos et al. (2005a).

For example, if the poverty line is set to 1, 000 Euro, 12.0% of all households have an

equivalent income below this threshold under the income dependent scale, while 10.4%
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Figure 5: Cumulative distribution functions of equivalent income.

Note: Calculated using EVS data, the modified OECD scale, and the income dependent equivalence
scale derived from Koulovatianos et al. (2005a).

of all households are considered poor using the modified OECD scale. Furthermore,

using an poverty line that is determined endogenously may lead to larger differences.

If, for instance, the poverty line is set to as 60% of median equivalent income, it

amounts to 1, 222 Euro in case of the income dependent scale and to 1, 190 Euro in

case of the modified OECD scale. The proportions of poor households amount to

19.4% and 16.6%, respectively.11

4.2 Lorenz curves and inequality

Let L(α) be the Lorenz curve which results from applying an income dependent equiv-

alence scale and LIB(α) the Lorenz curve which results from an income independent

scale. Mean equivalent incomes are µ and µIB, respectively.

Proposition 4.2. Let assumptions 3.1, 3.2, and 3.3 hold. If µ ≥ µIB, then L(α) ≤
LIB(α). If µ < µIB, then Lorenz curves cross and L(α) ≶ LIB(α).

11Standard errors calculated using the method of Zheng (2001) are rather similar, though, and
amount to about 0.002 in both cases.
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Note: Calculated using EVS data, the modified OECD scale, and the income dependent equivalence
scale derived from Koulovatianos et al. (2005a).

This follows from the results in Atkinson (1970) and from proposition 4.1. A

proof for the case of µ = µIB is given in the appendix. Proposition 4.2 implies

that income independent scales either show less inequality than income dependent

scales, or a relationship of this kind can not be clearly established. In the first

case, inequality measures like the Gini coefficient will always be lower for income

independent scales, while the second case allows no such clear cut conclusions. This

is illustrated by the results of Aaberge and Melby (1998), Donaldson and Pendakur

(2006), Balli and Tiezzi (2013), or Juhasz and Biewen (2014) who arrive at different

conclusions regarding the effect of base independent versus base dependent scales on

the Gini coefficient.

Figure 6 shows Lorenz curves calculated for the EVS data using the income

dependent equivalence scale derived from Koulovatianos et al. (2005a) and the

modified OECD scale. Mean equivalent income amounts to 2, 444 Euro and 2, 243

Euro, respectively. Because of this, the distribution of equivalent income arising from

the modified OECD scale Lorenz-dominates the distribution arising from the income

dependent equivalence scale, i.e., L(α) ≤ LIB(α). The Gini coefficient amounts to
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0.33 and 0.28, respectively, and therefore differs considerably.12

5 Conclusions

This paper explored the systematic relationship between results on inequality and

poverty deriving from income independent and income dependent equivalence scales.

Not surprisingly, equivalent income at the household level differs between the two

cases, and the relative difference is income dependent itself. Moreover, and less

obviously, the ordering of households by equivalent income may differ, i.e., it depends

on the type of the equivalence scale applied which of two households is better off in

terms of equivalent income. As a consequence transfers which are progressive under

an income dependent equivalence scale may be regressive if an income independent

equivalence scale is applied. These results hold for any combination of income

(in-)dependent equivalence scales under quite general conditions. Because of this,

assessments of poverty and inequality at the aggregate level will always differ except

for some special cases. In our example using German micro data, the application of

an income dependent equivalence scale leads to considerably higher figures of poverty

and inequality than the application of an income independent equivalence scale.

Our findings explain the results of sensitivity analyses reported in the literature,

which show marked differences of measures of poverty and inequality depending

on the type of the equivalence scale that is used. Since there is ample empirical

evidence that equivalence scales are in fact income dependent, our findings challenge

the widespread use of income independent equivalence scales like the modified OECD

scale. Researchers should apply income dependent equivalence scales whenever this

is possible. The same holds for policy makers, as equivalence scales are also used to

inform policy decisions.

12Again, standard errors are quite similar, amounting to 0.001 in both cases, and were calculated
using linearization as described in Langel and Tille (2013).
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A Proof of proposition 3.2

The proof of proposition 3.2 follows directly from lemmas A.1, A.2, and A.3. Lemma

A.1 shows the conditions which are required for inversions, viz. C[zr,V(z2, x2)] >

C[zr,V(z1, x1)] and C̃[zr,V(z2, x2)] < C̃[zr,V(z1, x1)]. For inversions to occur, two

incomes x1 and x2 are needed for which values c(x1) 6= c(x2) exist fulfilling certain

requirements. Lemma A.2 proves the existence of c(x) for any x, while lemma A.3

shows the conditions under which c(x1) 6= c(x2).

Lemma A.1. Let assumptions 3.1, 3.2, and 3.4 hold. If for any two household

types z1 and z2 two incomes x′ and x′′ exist where for each of these incomes there is

a value c(x) with A[z2,V(z2, c(x)x)]/A[z1,V(z1, x)] = c(x) and c(x′) 6= c(x′′), then

inversions will occur.

Proof. Without loss of generality, assume that the needs of households of type z1 are

smaller than those of households of type z2 and thus A[z1,V(z1, y)] ≤ A[z2,V(z2, y)]

by assumption 3.4. Let x′ ∈ R+ be some income with c(x′) ∈ R+, such that

A[z2,V(z2, c(x
′)x′)]/A[z1,V(z1, x

′)] = c(x′). Let b denote the ratio of income inde-

pendent scales A(z2)/A(z1). Assume that b > c(x′). In this case there will be some

positive value δ for which c(x′) < c(x′) + δ < b. From assumption 3.2, it follows that

A[z2,V(z2, [c(x
′) + δ]x′)]

A[z1,V(z1, x′)]
< c(x′) < c(x′) + δ < b. (A.1)

Thus, for x2 = [c(x′) + δ]x′ and x1 = x′, inequality

A[z2,V(z2, x2)]

A[z1,V(z1, x1)]
<
x2
x1

<
A(z2)

A(z1)
(A.2)

holds, from which

C[zr,V(z2, x2)] > C[zr,V(z1, x1)] and C̃[zr,V(z2, x2)] < C̃[zr,V(z1, x1)] (A.3)

follow. Similar arguments can be made to show that inversions occur if b < c(x′),

with all inequalities in equations (A.1), (A.2), and (A.3) being reversed. Inversions

will not occur only if b = c(x′). Now let x′′ 6= x′ be another income with c(x′′), such

that A[z2,V(z2, c(x
′′)x′′)]/A[z1,V(z1, x

′′)] = c(x′′). Again, a necessary and sufficient

condition for no inversions to occur is b = c(x′′), which requires c(x′) = c(x′′) and

proves the lemma.

Lemma A.2. Let assumptions 3.1, 3.2, and 3.4 hold. For any two household types
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z1 and z2 a value c(x) exists for each income x, such that

c(x) = A[z2,V(z2, c(x)x)]/A[z1,V(z1, x)]. (A.4)

Proof. Without loss of generality, assume again that the needs of type-z1 households

are smaller than those of type-z2 households and thus A[z1,V(z1, y)] ≤ A[z2,V(z2, y)]

by assumption 3.4. For c = 1, the inequality A[z2,V(z2, cx)]/A[z1,V(z1, x)] ≥ c

holds. Now two cases can be distinguished. If for some x and c = 1, the strict

equality A[z2,V(z2, cx)]/A[z1,V(z1, x)] = c holds, c(x) exists and equals 1. If for

some x and c = 1 the strict inequality A[z2,V(z2, cx)]/A[z1,V(z1, x)] > c holds,

then A[z2,V(z2, x)]/A[z1,V(z1, x)] > c(x) > 1 because of assumption 3.2. The

existence of c(x) follows immediately from assumption 3.2 and the intermediate value

theorem.

Lemma A.3. Let assumptions 3.1, 3.2, and 3.4 hold. For any two household types z1

and z2 inversions will not occur only if A[z1,V(z1, x)] = B(z1)K(x), A[z2,V(z2, x)] =

B(z2)K[B(z1)/B(z2)x], and B(z2)/B(z1) = A(z2)/A(z1). If z1 = zr and z2 6= zr,

inversions will always occur.

Proof. By lemma A.1 for any two incomes x′ and x′′ the equality c(x′) = c(x′′) =

A(z2)/A(z1) must hold for inversions not to occur, or equivalently

A[z2,V(z2,A(z2)/A(z1)x
′)]

A[z1,V(z1, x′)]
=

A[z2,V(z2,A(z2)/A(z1)x
′′)]

A[z1,V(z1, x′′)]
=

A(z2)

A(z1)
. (A.5)

This also implies

A[z1,V(z1, x
′′)]

A[z1,V(z1, x′)]
=

A[z2,V(z2,A(z2)/A(z1)x
′′)]

A[z2,V(z2,A(z2)/A(z1)x′)]
. (A.6)

Setting A[z1,V(z1, x)] = B(z1)K(x), A[z2,V(z2, x)] = B(z2)K[B(z1)/B(z2)x], and

B(z2)/B(z1) = A(z2)/A(z1), equations (A.5) and (A.6) will hold for all x′ and

x′′. These shape restrictions are necessary. Any other shapes of income dependent

equivalence scales can be captured by either letting K depend on z, K(x, z), or by

letting B depend on x, B(x, z). If K is a function of z, there has to be at least

one income y for which K(y, z1) 6= K(y, z2), and equation (A.5) would not hold. If

B depends on income, there have to be at least two incomes y′ and y′′ for which

B(y′, z1) 6= B(y′′, z1) or B(y′, z2) 6= B(y′′, z2), and equation (A.6) would not hold. If

B(z2)/B(z1) would not equal A(z2)/A(z1), equation (A.5) would not hold. A special

case is z1 = zr, as assumption 2.1 leads to

A[z2,V(z2,A(z2)/A(z1)x
′)] = A[z2,V(z2,A(z2)/A(z1)x

′′)] =
A(z2)

A(z1)
, (A.7)
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which is ruled out by assumption 3.2. In this case c(x′) 6= c(x′′) for all x′ 6= x′′.

B Proof of proposition 4.2

Proof. Let assumptions 3.1, 3.2, and 3.3 hold. Assume that µ = µIB. Conditional

means are also assumed to be equal, i.e., µh = µh,IB. Let γ(α) and γIB(α) with

α ∈ [0, 1] be the quantile functions of the distributions of equivalent income, i.e.,

F[γ(α)] = FIB[γIB(α)] = α, which are assumed to be strictly increasing in α. Note

that necessarily

γ(α)A[h,V(zr, γ(α))] = γIB(α)A(h) (B.1)

for all h, which follows from the definition of the CDFs given in equations (4.1) and

(4.2). Let x(α, h) denote the result of (B.1) for some α and h. Using base dependent

scales the Lorenz curve can be written as

L(α) =

H∑
h=1

Pr(h)
x(α,h)∫
0

tA[h,V(zr, t)]
−1f(t|h)dt

µ
, (B.2)

where f(t|h) is the density of observed income for households of type h and µ is

mean equivalent income. In case of base independence, the Lorenz curve is given by

LIB(α) =

H∑
h=1

Pr(h)
x(α,h)∫
0

tA(h)−1f(t|h)dt

µ
. (B.3)

Let

∆L(α) =

H∑
h=1

Pr(h)
x(α,h)∫
0

t(A[h,V(zr, t)]
−1 − A(h)−1)f(t|h)dt

µ
(B.4)

denote the difference between both Lorenz curves, L(α) − LIB(α). By definition,

L(0) = LIB(0) = 0 and L(1) = LIB(1) = 1. Therefore ∆L(0) = 0 and ∆L(1) = 0.

Since for all functions

lh(α) =

x(α,h)∫
0

t(A[h,V(zr, t)]
−1 − A(h)−1)f(t|h)dt (B.5)

the statement 0 ≥ lh(α) is true, this carries over to their convex combination in

∆L(α), and proposition 4.2 follows.
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C Additional empirical results for section 3

This appendix provides empirical results based on EVS data which demonstrate the

importance of the findings of sections 3.2 and 3.3.

Table 1 includes additional results relating to absolute levels of equivalent income

as discussed in section 3.2. It shows minimum, mean, and maximum relative bias

B(x, x∗z, z) by household type using the EVS data described in section 4. Proportions

of households for which the relative bias is below 0.9 or higher than 1.1 are also

shown. Relative bias ranges between 0.62 and 1.91 for couples with one child; mean

relative bias equals 0.92.13 For 44% of couples with one child relative bias is less than

0.9, i.e., equivalent income is grossly underestimated, while for 9% the relative bias

exceeds 1.1 and equivalent income is grossly overestimated. The results in table 1

provide strong evidence that relative bias can in fact be large in an empirical setting.

Table 2 displays results relating to the ordering of equivalent income as discussed

in section 3.3. For each pair of household types, it shows the proportion of inversions

as defined in proposition 3.2. For example, in 2% of possible comparisons between

households of single adults and households of couples, the ordering of equivalent

incomes using the modified OECD scale differs from the ordering of equivalent

incomes based on the income dependent scale derived from Koulovatianos et al.

(2005a). Depending on the pairings under consideration, proportions range from 0.01

to 0.11. This means that inversions are negligible for some pairings, while for others

they are not. The results clearly indicate that inversions can occur quite often in an

empirical setting.

13Note that mean relative bias close to 1 does not imply that mean equivalent income using
the equivalence scale from Koulovatianos et al. (2005a) or using the modified OECD scale are
necessarily equal. For example, for childless couples mean equivalent incomes amount to 2, 661
Euro and 2, 501 Euro, respectively.
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Table 1: Descriptive statistics for relative bias by household type

Household type Minimum Mean Maximum B̃ < 0.9 B̃ > 1.1

aa 0.73 0.98 1.46 0.12 0.05
aac 0.62 0.92 1.91 0.44 0.09
aacc 0.52 0.85 1.78 0.62 0.06
aaccc 0.47 0.82 1.40 0.65 0.08
ac 0.77 1.03 1.55 0.11 0.25
acc 0.63 0.99 1.26 0.26 0.23
accc 0.53 0.99 1.27 0.25 0.24

Note: Letter ‘a’ indicates an adult household member and ‘c’ a child. For instance, ‘aac’ is used for
couples with one child and ‘acc’ is used for single parents with two children.

Table 2: Proportion of transfers which are progressive (regressive) using an income dependent
equivalence scale and regressive (progressive) using the modified OECD scale.

a aa aac aacc aaccc ac acc accc

a
aa 0.02
aac 0.04 0.04
aacc 0.07 0.08 0.04
aaccc 0.09 0.11 0.08 0.04
ac 0.03 0.02 0.01 0.02 0.04
acc 0.05 0.04 0.03 0.01 0.02 0.02
accc 0.06 0.05 0.04 0.03 0.01 0.03 0.01

Note: Calculated using the income dependent equivalence scale derived from Koulovatianos et al.
(2005a) and the modified OECD scale.
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