A Service of

ECOMNZTOR pr

Make Your Publications Visible.

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Cavaliere, Giuseppe; Nielsen, Morten @rregaard; Taylor, A. M. Robert

Working Paper

Quasi-maximum likelihood estimation of heteroskedastic

fractional time series models

Queen's Economics Department Working Paper, No. 1324

Provided in Cooperation with:

Queen’s University, Department of Economics (QED)

Suggested Citation: Cavaliere, Giuseppe; Nielsen, Morten @rregaard; Taylor, A. M. Robert (2014) :
Quasi-maximum likelihood estimation of heteroskedastic fractional time series models, Queen's
Economics Department Working Paper, No. 1324, Queen's University, Department of Economics,

Kingston (Ontario)

This Version is available at:
https://hdl.handle.net/10419/122029

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/122029
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

ED

Queen’s Economics Department Working Paper No. 1324

Quasi-Maximum Likelihood Estimation of Heteroskedastic
Fractional Time Series Models

Giuseppe Cavaliere Morten
University of Bologna Orregaard Nielsen
Queen’s University and CREATES

A.M. Robert Taylor
University of Essex

Department of Economics
Queen’s University
94 University Avenue
Kingston, Ontario, Canada
K7L 3N6

6-2014



Quasi-Maximum Likelihood Estimation of Heteroskedastic

Fractional Time Series Models*

Giuseppe Cavaliere?, Morten @Orregaard Nielsen® and A.M. Robert Taylor®
@ University of Bologna
b Queen’s University and CREATES

¢ University of Essex

June 10, 2014

Abstract

In a recent paper Hualde and Robinson (2011) establish consistency and asymptotic
normality for conditional sum-of-squares estimators, which are equivalent to conditional
quasi-maximum likelihood estimators, in parametric fractional time series models driven by
conditionally homoskedastic shocks. In contrast to earlier results in the literature, their
results apply over an arbitrarily large set of admissible parameter values for the (unknown)
memory parameter covering both stationary and non-stationary processes and invertible
and non-invertible processes. In this paper we extend their results to the case where the
shocks can display conditional and unconditional heteroskedasticity of a quite general and
unknown form. We establish that the consistency result presented in Hualde and Robinson
(2011) continues to hold under heteroskedasticity as does asymptotic normality. However,
we demonstrate that the covariance matrix of the limiting distribution of the estimator
now depends on nuisance parameters which derive both from the weak dependence in the
process (as is also the case for the corresponding result in Hualde and Robinson, 2011)
but additionally from the heteroskedasticity present in the shocks. Asymptotically pivotal
inference can be performed on the parameters of the heteroskedastic model, provided a

conventional “sandwich” estimator of the variance is employed.

Keywords: (un)conditional heteroskedasticity; conditional sum-of-squares; fractional inte-

gration; quasi-maximum likelihood estimation.

J.E.L. Classifications: C13, C22.

*Parts of this paper were written while Cavaliere and Taylor visited the Economics Department at Queen’s
University, Canada, whose hospitality is gratefully acknowledged, as John Weatherall Distinguished Fellows. We
are grateful to David Harris and Sgren Johansen for comments. Nielsen thanks the Canada Research Chairs
program, the Social Sciences and Humanities Research Council of Canada (SSHRC), and the Center for Research
in Econometric Analysis of Time Series (CREATES, funded by the Danish National Research Foundation) for
financial support. Cavaliere and Taylor thank the Danish Council for Independent Research, Sapere Aude | DFF
Advanced Grant (Grant nr: 12-124980) for financial support. Correspondence to: Robert Taylor, University of
Essex, Wivenhoe Park, Colchester, CO4 35Q, United Kingdom. Email: rtaylor@essex.ac.uk



1 Introduction

This paper is concerned with establishing consistency and asymptotic normality results for the
conditional quasi-maximum likelihood (QML) estimator, or equivalently the conditional sum-of-
squares (CSS) estimator, in univariate fractionally integrated (or fractional) time series models
which display time-variation in the variance of the driving shocks. Although the QML estima-
tor has found widespread use in the literature, the conditions under which it is consistent in
fractional time series models are only recently beginning to be well understood and those results
which are available all pertain to the case where the shocks are (conditionally) homoskedastic.
We extend these results to allow for both unconditional heteroskedasticity (often referred to as
non-stationary volatility in the literature) and conditional heteroskedasticity of a very general
form in our analysis.

Fractional models provide a parsimonious means to model a very wide range of dependence
in time series data. In particular, they are flexible enough to allow for both weak and strong
dependence, stationary and non-stationary behaviour, and invertibility and non-invertibility
through the value of the long memory parameter in the model. However, it is this strength of
the fractional model that has meant that, until only very recently, proofs of the consistency of
standard parametric estimators, such as QML, have been eschewed in the literature. Consis-
tency results are, of course, important in their own right but are also necessary prerequisites in
any proof of asymptotic normality for implicitly defined estimators such as the QML estimator.
The problem is due to the non-uniform convergence of the objective function when the range
of values that the long memory parameter may take is large; see Hualde and Robinson (2011)
and, for the multivariate extension thereof, Nielsen (2014) for detailed discussion on this point.
In essence, the problem lies in the different rates of convergence of the estimator’s objective
function in different regions of values the long memory parameter can take. It should be noted
at this stage that there exists a recent parallel literature on globally consistent semi-parametric
estimators in the frequency domain. For an early example, see Shimotsu and Phillips (2005).
However, these estimators achieve only semi-parametric rates of convergence for the estimator
of the long memory parameter, treating weak dependence in the process non-parametrically,
whereas the objective in this paper is to obtain globally consistent estimators with the usual
parametric, i.e. VT , rate of convergence.

The aforementioned difficulties in establishing consistency with parametric estimators have
previously been avoided by, for example, either restricting the range of values the long memory
parameter is allowed to take to an interval of length less than one-half (see, for example, Fox
and Taqqu, 1986, Dahlhaus, 1989, Giraitis and Surgailis, 1990, Hosoya, 1996, and Robinson,
2006), or, as in, for example, Tanaka (1999) and Nielsen (2004) to give local consistency proofs.
Alternatively, with some prior knowledge of the approximate magnitude of the long memory
parameter one can (fractionally) difference the data, estimate the long memory parameter on

the resulting data, and add back. However, in a recent paper, Hualde and Robinson (2011)



demonstrate the consistency and asymptotic normality of the QML estimator in parametric
fractional time series models for an arbitrarily large set of admissible values of the long memory
parameter which simultaneously includes the range of cases discussed above. They do so in the
context of a fractional model driven by conditionally homoskedastic errors.

Our contribution in this paper is to extend the results in Hualde and Robinson (2011) to
allow for both conditional and unconditional heteroskedasticity in the driving shocks. We do so
using a new framework which includes the general form of non-stationary volatility considered
in Cavaliere and Taylor (2005, 2008) as a special case and also includes a set of conditional
heteroskedasticity conditions which are similar to those employed in Robinson (1991), Deme-
trescu, Kuzin and Hassler (2008) and Hassler, Rodrigues and Rubia (2009), among others. It
is worth noting that neither of these conditions involve specifying a parametric model for the
volatility process, and that our conditional heteroskedasticity conditions are weaker than have
been previously considered in the fractional integration literature. We show, in the context of
the resulting heteroskedastic fractional time series model, consistency and asymptotic normal-
ity of the QML estimator.! We then show that the variance of the limiting distribution of the
QML estimator depends on nuisance parameters which derive both from the weak dependence
present in the process (as in the corresponding result in Hualde and Robinson, 2011), but also
from the heteroskedasticity present in the shocks. Asymptotically pivotal inference on the pa-
rameters of the fractional model can, however, be obtained by using standard sandwich-type
estimators of the variance.

The extensions to the work of Hualde and Robinson (2011) considered in this paper are
of considerable practical importance given that the well-documented failure of the assumption
of conditional homoskedasticity in both empirical finance and macroeconomics; see section 2
of Gongalves and Kilian (2004) for detailed discussion and empirical evidence on this point.
Moreover, a large body of recent applied work has grown suggesting that the assumption of
constant unconditional volatility is also at odds with the data. Sensier and van Dijk (2004)
report that over 80% of the real and price variables in the Stock and Watson (1999) data-set
reject the null of constant innovation variance, while Loretan and Phillips (1994) report evidence
against the constancy of unconditional variances in stock market returns and exchange-rate
data. Recent studies have reported that a general decline in the unconditional volatility of the
shocks driving macroeconomic series in the twenty years or so leading up to the recent financial
crisis is a relatively common phenomenon. This feature is known as the “great moderation”; see,
inter alia, Kim and Nelson (1999), McConnell and Perez-Quiros (2000), Sensier and van Dijk

(2004), and references therein. Indeed, the aforementioned financial crisis could be argued to

!'Notice that the results given in this paper necessarily apply to the special case of short memory processes,
where d = 0, driven by conditionally and/or unconditionally heteroskedastic innovations. For earlier contributions
relevant to the d = 0 case see, for example, Hannan and Heyde (1972), Hannan and Deistler (1988) and Gongalves
and Kilian (2004, 2007) who allow for conditional (but not unconditional) heteroskedasticity, and Phillips and
Xu (2007) who allow for unconditional (but not conditional) heteroskedasticity, the latter in the context of a
finite-order AR.



constitute a further break in the unconditional volatility of these series with volatility increasing
sharply again.

The remainder of the paper is structured as follows. In the next section we present the
heteroskedastic fractional time series model and the assumptions. Section 3 presents the esti-
mator and the main results, which are the consistency theorem and the asymptotic distribution
theory. Section 4 concludes, and the paper ends with appendices of proofs and auxiliary results
used in the main proofs.

In the following, for a sequence of stochastic processes X7(s) € R, s = (s1,...,8m) €
S, where S is a compact subset of m-dimensional Euclidean space, the notation Xp = X
or Xp(s) = X(s) is used to indicate convergence in distribution of the sequence, either as
continuous processes in C(S) or as cadlag processes in D(S), whereas Xr(s) 2 x (s) means
convergence in distribution in R for a fixed s and L denotes convergence in probability. For any
space @, int(Q) denotes the interior of @Q; I(-) denotes the indicator function; z := y indicates
that z is defined by y. For any matrix, M, || M|| is used to denote the norm ||M||? := tr {M’'M}
and (M), denotes its (m,n)’th element; for any vector, v, ||v|| denotes the usual Euclidean
norm, ||v| = (v’v)1/2 and (v),, denotes its m’th element; for any real number, z, |x] denotes
the integer part of x. A function f(z): R? — R satisfies a Lipschitz condition of order «, or is
in Lip(«), if there exists a finite constant K > 0 such that |f(z1) — f(z2)| < K|x1 — 22]* for all
1,29 € RY. Throughout, we use the notation ¢ or K for a generic, finite constant, and, finally,

1

as a convention, it is assumed that j=* = 0 for j = 0 in summations over j.

2 The Heteroskedastic Fractional Model

We consider the fractional time series model

X; = Ajrdut and u; = a(L,v)ey, (1)
where the operator Ajrd is given, for a generic variable z;, by Ajrd:pt = A9,T (t>1) =
Zi;é T (d) Ti—; with

e F+d) _dd+1)...(d+i-1)
T = E T ) il

denoting the coefficients in the usual binomial expansion of (1 — z)_d, and where 1) is a p-

dimensional parameter vector and a(z,v) := > 7 jan(1))z".

Remark 1. The parametric form (but not the parameters characterising it) of the function
a(z,1) will be assumed known, so that, specifically, u; is assumed to be a linear process governed
by an underlying p-dimensional parameter vector. For example, any process that can be written
as a finite order ARMA model is permitted as is the exponential spectrum model of Bloomfield
(1973). The latter is popular in the fractional literature owing to the relatively simple covariance

matrix formula it offers in this setting; see, for example, Robinson (1994). Further discussion



on the function a(z,) can be found in Hualde and Robinson (2011) and also in Nielsen (2014)

for the multivariate case.

Remark 2. The definition of fractional integration applied in (1) is that of the so-called “type
II” fractional integration. While “type II” is certainly not the only type of fractional integra-
tion, it does have the desirable feature that the same definition is valid for any value of the
fractional parameter, d, and that no prior knowledge needs to be assumed about the value of
d. Importantly, this implies that both stationary, non-stationary, and over-differenced time
series are permitted and that the range of admissible values of the fractional parameter can be

arbitrarily large; see the discussion in Hualde and Robinson (2011).
Model (1) is analyzed under the following assumption on the innovations &;.

Assumption A. The innovations {e;} are such that e, = o4z, where {04} and {z} satisfy the

conditions in parts (a) and (b), respectively, below:

(a) {oi}tez is non-stochastic and uniformly bounded, and, for all t = 1,...,T satisfies oy :=
o (t/T) > 0, where o (-) € D([0,1]), the space of cadlag functions on [0, 1].

(b) {zi}tez is a martingale difference sequence with respect to the natural filtration Fy, the

sigma-field generated by {zs}s<t, such that F;_1 C Fy fort = ...,—1,0,1,2, ..., and satisfies

(i) B(z}) =1,
(it) Trs = E(zfzt_th_s) s uniformly bounded for all t > 1,r > 0,s > 0, where also
Trr >0 for all v >0,

(i1i) For all integersri,ro > 1, the 4’th order cumulants ky(t, t,t—r1,t—72) of (2¢, 2t, Zt—ry s Zt—ry)

satisfy sup, Z:im:l lkq(t,t,t — 11,1 —12)| < 00.

Importantly, through the condition in Assumption A(b)(iii), only four moments are assumed
finite in Assumption A. Moreover, Assumption A does not impose Gaussianity. Assumption
A allows for both conditional and unconditional heteroskedasticity of very general forms. The
conditions in part (a) of Assumption A, see Cavaliere and Taylor (2008), imply that the un-
conditional innovation variance o2 is only required to be bounded and to display at most a
countable number of jumps, therefore allowing for an extremely wide class of potential models
for the unconditional variance of £;. Models of single or multiple variance shifts satisfy part (a)
of Assumption A with o (-) piecewise constant. (Piecewise) affine functions are also permitted,
thereby allowing for variances which follow a (broken) linear trend.

Part (b) of Assumption A allows for conditional heteroskedasticity in {z;}. A parametric
model, such as a member of the GARCH family, is not assumed. Rather, the conditions in
Assumption A(b) allow for conditional heteroskedasticity of unknown and very general form

and are typical of those used in this literature; see, for example, Robinson (1991), Demetrescu,
Kuzin and Hassler (2008), Hassler, Rodrigues and Rubia (2009) and Kew and Harris (2009).



However, we note that the conditions given in part (b) of Assumption A are somewhat weaker
than required by these authors. First of all, they impose the assumption that, for any integer
¢, 2 < ¢ <8, and for ¢ non-negative integers s;, E(]]L, z,f:) = 0 when at least one s; is exactly
one and Y ! | s; < 8, see, e.g., Assumption E(e) of Kew and Harris (2009). This implies, in
particular, that 7, = 0 for r # s, which rules out a large class of asymmetric conditionally
heteroskedastic processes. Secondly, these authors assume strict stationarity of z;, which we do

not.

A special case of Assumption A, which obtains for o (-) constant and {z;} conditionally

homoskedastic, is the following

Assumption H. The innovations {;} form a martingale difference sequence with respect to

the filtration Fy, where E (¢}|Fy_1) = o almost surely and sup, E(e}) < K < oo.

Remark 3. Assumption H is a fairly standard conditional homoskedasticity assumption used
in the time series literature. It is, however, weaker than Assumption A2 in Hualde and Robinson
(2011), which additionally imposes the conditions that ¢; is strictly stationary and ergodic and
that the conditional third and fourth moments of ¢; are equal to the corresponding unconditional

moments.

Remark 4. Observe that the assumption that z; is a martingale difference sequence in As-
sumption A implies that for any kq(-), ¢ > 2, if the highest argument in the cumulant appears
only once, then the cumulant is zero. This result is stated and formally proved in Lemma A.2
in the appendix. For this reason, our stated assumptions deal only with cumulants where the
first two (the highest) arguments coincide. Moreover, notice that the boundedness assumption

in A(b)(ii) does in fact follow from the conditions imposed in A(b)(iii).

Remark 5. Since o4 depends on (¢/T'), a time series generated according to Assumption A
formally constitutes a triangular array of the type {er;:0 <t <T,T > 1}, where ETt = OT 1%t
and o7 = o(t/T). Since the triangular array notation is not essential, for simplicity the

subscript T is suppressed in the sequel.

We next impose the following assumption on the true parameter values, which are denoted

by subscript zero.

Assumption B. The true parameter values satisfy (do, 1) € D x ¥, where D := [d1, d2] with

—00 < dy < do < 0 and the set W C RP is convex and compact.

Assumption B permits the length of the interval D of admissible values of the parame-
ter d to be arbitrarily large. Specifically, the length of D is not limited to less than 1/2 as
in most previous studies of fractional time series models that include proofs of consistency.
Thus, under Assumption B, the model can simultaneously accommodate both non-stationary,
(asymptotically) stationary, and over-differenced processes.

The following condition is imposed on the coefficients of the linear filter a(z,1)):



Assumption C. For all ¢ € ¥ and all z in the complex unit disk {z € C : |z| < 1} it holds
that:

(i) ap(y) =1 and a(z,¢) = > 77 an(¥)2" is bounded and bounded away from zero.
(i) a(e™, ) is twice differentiable in \ with second derivative in Lip(¢) for ¢ > 0.

(i) a(z,¥) = > 02 gan(¥)z™ is continuously differentiable in ¢ and the derivatives ay, () =
dan ; o0
aﬁ) satisfy >0 o lan ()] < oo.

Remark 6. Assumption C is the univariate version of Assumption C in Nielsen (2014). As-
sumption C(i) coincides with Assumption Al(iv) of Hualde and Robinson (2011), while As-
sumption C(ii) strengthens their Assumption A1(ii) from once differentiable in A with deriva-
tive in Lip(¢) for ¢ > 1/2, while Assumption C(iii) strengthens their Assumption A1(iii) from
continuity in v to differentiability.

Remark 7. Assumptions C(i)-(ii) ensure that u; in (1) is an invertible short-memory process
(with spectrum that is bounded and bounded away from zero at all frequencies); under As-
sumption C(i) the function b(z,) := Y00 (b, (¢0)2" = a(z,4) "' is well-defined by its power
series expansion for |z| < 14 § for some 6 > 0, and is also bounded and bounded away from

zero on the complex unit disk. The coefficients a,(¢) and b, (1)) then satisfy
lan ()] = O(n~27%) and |b,(¥)| = O(n~27%) uniformly in ¢ € ¥, (2)

see Zygmund (2003, pp. 46 and 71). In contrast, under Hualde and Robinson’s (2011) Assump-
tion A1(ii) the rate is O(n=17¢) for ¢ > 1/2, which is slightly weaker. Assumption C is easily
seen to be satisfied, for example, by stationary and invertible finite order ARMA processes due

to the exponential decay of their linear representation coefficients.
Finally, the following identification condition will also be needed:

Assumption D. For all ¢ € U\{¢y} it holds that a(z,v) # a(z,1g) on a subset of {z € C:

|z| = 1} of positive Lebesgue measure.

Assumption D is identical to Assumption D in Nielsen (2014) and Assumption A1(i) in
Hualde and Robinson (2011). It is satisfied, for example, by all stationary and invertible finite
order ARMA processes whose AR and MA polynomials are not both overspecified; that is, those
which do not admit any common factors in their AR and MA polynomials. More generally,
Assumption D ensures identification and is related to the standard condition for identification
in extremum (or ML) estimation; see, for example, Hayashi (2000, equation (7.2.13)) for a

textbook treatment. In a time series context, see also Hannan (1973, equation (4)).



3 Asymptotic Theory

Let 0 := (d,9) € D x ¥ = © and define the residuals

t—1
er(0) =D bu($) AT Xy . (3)
n=0

Then the conditional? Gaussian quasi-log-likelihood function, based on the assumption that the
shocks u; are Gaussian with constant variance equal to 2, for the model (1) is, apart from a

constant,
T
T 1
2\ _ 2 E 2
L(9,0 )——gloga —T‘zt_l 5t(0) .

It follows in the usual way that the (conditional) QML estimator is identical to the classical
least squares or CSS estimator, which is found by minimizing the sum of squared residuals;

that is,

A~

= i 4
0 := argmin R(9), (4)

T
R(O):=T"") (0 (5)

It is important to notice that Gaussianity is not needed for the asymptotic theory in this paper,
and so (4) can be viewed as a (conditional) QML estimator.
In our first result we now establish the consistency of the QML estimator from (4) when

the shocks, u, driving (1) are heteroskedastic, satisfying the conditions in Assumption A.

Theorem 1. Let X; be generated by model (1) satisfying Assumptions A-D, and let (d, ) be

A A

defined by (4). Then (d,) LN (do, o) as T — oo.

Remark 8. The result in Theorem 1 establishes that the consistency result derived in Hualde
and Robinson (2011) (see also Nielsen, 2014) under the assumption of conditionally homoskedas-
tic errors remains valid under the conditions of Assumption A thereby allowing for conditional
and /or unconditional heteroskedasticity in the driving shocks, u;, in (1). This result does, how-
ever, require the stronger smoothness conditions in Assumption C relative to the corresponding
conditions in Assumption Al of Hualde and Robinson (2011); see again the discussion in Re-
marks 6 and 7. Notice that the result in Theorem 1 implies that this result also holds under
Assumption H. Although this imposes somewhat weaker conditions than the corresponding
Assumption A2 of Hualde and Robinson (2011), this must be traded off against the stronger

conditions imposed by Assumption C relative to their Assumption Al.

2We are using the term ‘conditional’ here in its usual sense to indicate that we have conditioned on the initial
values of u;. This has, of course, been done implicitly through the assumption that (1) generates a type II

fractional process; see again the discussion in Remark 2.



We now turn to establishing asymptotic distribution theory for the QML estimator from
(4) when we allow for heteroskedasticity of the form given in Assumption A. In order to do so

we will need to strengthen Assumptions A and C with the following additional assumptions.

Assumption E. For all integers q such that 3 < q < 8 and for all integers ri,...,rq—2 > 1, the
q’th order cumulants kg(t,t,t—r1,...,t—rq_2) of (2t, 2t Zt—rys - - - » Zt—ry_o) Salisfy the condition

that sup, Zfim7,,q_2:1 [Kg(t,t,t — 71,00t —1g2)] < 0.

Assumption F. For all z such that |z| < 1, a(z,¢) = Y07 an(¥)2" is three times differen-
tiable in 1p on the closed neighborhood Ns(1g) := {1 € U : |1 — )| < 0} for some 6 > 0, and

the derivatives al;‘;’zgm satisfy Y 00 |8’;¢;/},¢(gp)| < oo for all ¢ € N5(¢g) and k = 2,3.

Remark 9. Notice that the moment condition sup; F|z/|® < oo, imposed by a number of other

authors, is necessary for Assumption E with ¢ = 8 to hold and therefore is not stated explicitly.

Remark 10. The strengthening of Assumption A(b)(iii) to a summability condition on the
eighth cumulants of £; in Assumption E would appear to be standard, whether stated directly
or indirectly, in the fractional literature where asymptotic distribution theory is derived under
(conditional) heteroskedasticity, the leading example being the literature on hypothesis testing
on the long memory parameter, d; see, inter alia, Demetrescu, Kuzin and Hassler (2008),
Hassler, Rodrigues and Rubia (2009) and Kew and Harris (2009). The additional moment
conditions this strengthening implies are required in the proof of Theorem 2 to verify that,
under heteroskdastic innovations of the form given in Assumption A, a Lindeberg-type condition
holds for the score and for proving convergence in Lo of the Hessian; see Appendices E.1 and

E.2 respectively.

Remark 11. Assumption F requires a(z,1)) to be three times differentiable in ¢ rather than
the corresponding twice differentiable condition in Assumption A3(ii) of Hualde and Robinson
(2011). This strengthening is required to prove tightness of the Hessian; see Appendix E.2.
This condition is satisfied by standard stationary and invertible ARMA processes, and, indeed,
is not restrictive in practice for the reasons outlined on page 3156 of Hualde and Robinson

(2011).

Finally, to state the asymptotic variance of the limiting distribution of the QML estimator,

we need to define the following matrices,

o] 11 !
Ag = Tn,m . “Inlo) ]
0 Z 7 [ (o) /m 7 (Vo) Vim (o)

n,m=1

and

> 2 (W) /0 ]
By = ,
’ g ! (o) W0V (W)



where 7, ., is defined in Assumption A(b)(ii), v, (¥) = an;lo o (V) bp—m () and by (1)) =
9bn (1)

oy

Remark 12. The matrix By coincides with the matrix A in Hualde and Robinson (2011) and
derives from the weak dependence present in the process through a(z,1). On the other hand,
the matrix Ay also includes the effects of any conditional heteroskedasticity present in e; via the
Tn,m coefficients. If there is no conditional heteroskedasticity present, then Ay = By because
here the only the 7, , = 1 coeflicients are non-zero. Notice that both Ay and By are not affected

by any unconditional heteroskedasticity arising from part (a) of Assumption A.

Remark 13. Observe that Ay is finite because, under Assumption C, 7, (1)) < Kn~'=¢ such
that [|Ao|] < 320° 1 [Tnm|n tm! < co by Assumption A(b)(iii).

n,m=1

As in Hualde and Robinson (2011) we will require the matrix By to be invertible. This is
formally stated in Assumption G. Again this is easily satisfied by, for example, stationary and

invertible ARMA process.
Assumption G. The matriz By is non-singular.

In our second result we now establish asymptotic distribution theory for the QML estimator

from (4) when the shocks, u;, driving (1) are heteroskedastic, satisfying Assumption A.

Theorem 2. Under the assumptions of Theorem 1, Assumptions E-G, and (do, 1) € int(D X
),
VI((d. ) ~ (do. ko)) = N(0,C) as T — ox, (6)

where C' 1= ABy ' AgBy * with \ := fol 04(s)ds/(f01 o2(s)ds)?.

Remark 14. Theorem 2 generalises the corresponding result in Hualde and Robinson (2011)
to the case where the shocks can display conditional and/or unconditional heteroskedasticity.
Observe that, under Assumption H, Ag = By and A = 1 and, hence, the result in (6) reduces
to the result in Theorem 2.2 of Hualde and Robinson (2011). Where heteroskedasticity arises
only through part (a) of Assumption A then so the variance matrix C' in the right member
of (6) reduces to ABy'. Moreover, where heteroskedasticity arises only through part (b) of
Assumption A then so C reduces to B leBa L

Remark 15. The result in (6) shows that the variance of the asymptotic distribution of the
(scaled and centered) QML estimator depends on the scalar parameter A. This parameter is a
measure of the degree of unconditional heteroskedasticity (non-stationary volatility) present in
{et}. For a homoskedastic process, where o(-) is constant, A = 1, whereas when o(-) is non-
constant A > 1, by the Cauchy-Schwarz inequality. Consequently the variance of the asymptotic
distribution of the QML estimator is seen to be inflated when unconditional heteroskedasticity

is present in {e;}.
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Remark 16. The dependence of the asymptotic variance of the QML estimator on nuisance
parameters arising from both the weak dependence and heteroskedasticity in {e;} implies that
asymptotically pivotal inference on the parameter vector 6 = (d, 1) will need to be based around

a consistent estimator of C. An obvious candidate is the usual sandwich estimator
oo [ (PL0.0%)\" Z oLy ( 9 02) OL, (0,0%)\ [ O?L(0,02)
o 9000’ o0 5090

with L; (0, 0%) := —% log(o?) — ﬁetw) and 6% 1= £ Zt 1€ (0 0)?. Tt is then straightforward to
show that

02=620=0

VI ((d, ) = (do, 0)) (C) VT ((d, ) — (do, 1)) 2 Xy as T — o0,

where X% denotes a Chi-squared distribution with k£ degrees of freedom. As an illustration of
this general result, a test for the null hypothesis Hy : d = d could then be based on the Wald-
type statistic Wy := T'(d — d)>(C~1)1;, which under Hy will have a x? limiting distribution.
An alternative testing approach, based on the application of the wild bootstrap method to the
Lagrange Multiplier test for Hy, is considered in Cavaliere, Nielsen and Taylor (2013).

4 Concluding remarks

In this paper we have shown that the consistency of QML estimators from parametric frac-
tional time series models driven by conditionally homoskedastic shocks, obtained in Hualde
and Robinson (2011), continue to hold under a wide class of conditionally and/or uncondition-
ally heteroskedastic shocks. We have also shown that the QML estimator is asymptotically
normal, the covariance matrix of which is dependent on nuisance parameters deriving from
both the weak dependence (as in the corresponding result in Hualde and Robinson, 2011) and
any heteroskedasticity present in the shocks. However, asymptotically pivotal inference on the
parameters of the model can be obtained, provided a standard sandwich estimator of the vari-
ance is employed. Like the results in Hualde and Robinson (2011), a fundamental aspect of
our results is that they apply over an arbitrarily large set of admissible parameter values for
the (unknown) memory parameter covering both stationary and non-stationary processes and
invertible and non-invertible processes.

We conclude by mentioning an interesting topic for further research. As noted in the
Introduction, an alternative to parametric QML estimation is provided by semi-parametric
estimation of the long memory parameter; see, in particular, Shimotsu and Phillips (2005) and
Abadir et al. (2007). The former establishes consistency under the assumption of conditionally
homoskedastic shocks, while the latter allows for some quite mild heterogeneity, such that a
weak law of large numbers condition holds; see Equation (2.13) on page 1357 of Abadir et al.
(2007) and the discussion of this they subsequently provide on pages 1358-1359. It would be

useful to investigate if, as we have shown here to hold for the QML estimator, the consistency
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results presented by these authors continue to hold under the general heteroskedastic conditions

given in Assumption A of this paper.

Appendix A Auxiliary Lemmas

We first give a result of McLeish (1974) that will be used repeatedly.

Lemma A.1. Let Ury be a martingale difference array with respect to some filtration F; such
that F;—1 C Fy fort=..,—1,0,1,2, ..., and suppose, as T — oo, that

(i) SSE BE(U21{|Urs| > 6}) — 0 for all § > 0,
(ii) Z?:l U%t g V
Then 7 Upy 2 N(0,V) as T — oo.

Proof. See Theorem 2.3 of McLeish (1974) and the comments in the two paragraphs following
it. O

The next lemma derives an important consequence of the martingale difference property of
z¢ on the higher-order moments and cumulants of z;. For the special case with ¢ = 2 we obtain

the well-known result that a martingale difference sequence is uncorrelated.

Lemma A.2. Let z; be a martingale difference sequence with respect to the natural filtration
Fi, the sigma-field generated by {zs}s<t, and suppose E|z|? < 0o for some integer ¢ > 2. Then

the q’th order moments and cumulants satisfy
E(zzt—ry - 2—rq_y) = 0 and kq(t,t —71,...,t —7141) =0

for all integers ri, > 1,k=1,...,q— 1.

Proof. The result for moments follows from the law of iterated expectations because
E(thtfrl te thrq_l) = E(E(Ztu:tfl)ztfrl e 'thrq_l) =0

by the martingale difference property of z;. To show the result for cumulants, we start
with ¢ = 2. Then ka(t,t — 1) = E(ztzt—r) = 0 because r > 1. When ¢ = 3, r3(t,t —
ri,t —re) = E(ztzt—p 2t—r,) = 0 by the result for moments. For ¢ = 4 we find ry(t,t —
r1,t — 1o, t —13) = E(22—r Zt—rpZt—rs) — E (22—, ) E(Zt—ry 2t—ry) — E(2t24—ry ) E(Z—ry Zt—ry) —
E(ztzt—rg)E(2t—ry2zt—r,). Again, because 1, > 1 for k = 1,2,3, the cumulant is zero by the
result for the second and fourth moments. For ¢ = 5 we have k5(¢t,t —r1,...t —r4) for rp, > 1
and find that it contains the fifth moment, which is zero by the result for moments, and it
contains ten products of pairs and corresponding triplets. In each of these there will be either
a pair with F(2¢2;—,) = 0 or there will be a triplet with E(z12;—r,2:t—,) = 0 as above. The

same argument also applies to the higher-order cumulants and moments. O
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Lemma A.3. Let oy and z satisfy Assumption A. Let &, n > 1, be vector-valued coefficients
that satisfy |[£o .|| < Kn™', K < oo, uniformly in n > 1, and let gimn, t,n,m > 1, be real

coefficients satisfying > oo i n~tm ™ sup, |t nm| < 0o. Then

lzat Z §0n£0m0t nO¢— mgtnm—T lzat Z §0n§0mgtnm+0(1)

n,m=1 n,m=1

Proof. First notice that

1ZUt Z fOnmeUt nO¢— mgtnm_T 12015 Z §0n£0mgtnm

n,m=1 n,m=1

!

t—1

= Tﬁlz ? Z §O7n€6,m(0't—n0't—m_U?)gt,n,m

1 n,m=1
T t—1 t—1

t=
KT™ 122 n- _1|0t*n‘7tfm —O't2||9t,n,m| = K(Qi1 + Q21),

t=1 n=1m=n

where the inequality follows because ||¢, || < Kn~!, by Assumption A(a) and by symmetry in

n and m, and where we defined

qr  qr T
2

QIT = Z Z n- m 5up |gt nm|T Z ’Utfno'tfm — 0y ‘7

n=1m=n t=m+1

— T-1 T

-1, —1 -1 2

T D S Sl

n=1 m=max(n,qr+1) t t=m+1

Let gr := [T7] for 5 € (0,1) and M := sup,,¢[g 1) 0 (u), which is finite because o(u) € D([0, 1]).
Then

’O-tfno'tfm — 0’?‘ <01 |0t—n — 0| + 0t—n |Ot—m — 0| S M (|0t—n — 0¢| + |0t—m — 0¢)

such that, for m >n > 1,

T T T
Z |ot—nOtm — 0| < M Z (loton — ot| +|ot—m — 0¢]) < 2M Z |0t—m — 04 -
t=m-+1 t=m+1 t=m+1

Hence, using the fact that o = o (¢/T) € D([0, 1]),

T T
sup T7! E loy— natm—at\<2M sup T71 E |ot—m — ot = 0as T — oo
nym::l:"'7qT t=m-+1 m= 17 -»qT t= m+1

(7)
by Lemma A.1 in Cavaliere and Taylor (2009).

The convergence in (7) allows us to show that Q17 converges to zero as T diverges. Note
that

T
Qir < ( sup  T! Z IJtnUtmO't2|) Qur

nm=1,....qT t=mt1
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3 N qr ar -1,,,—-1
with Quir :=sup; > )1 D n= m™|

Gtm,m| < 00. Because the first factor in Q17 converges
to zero as T'— oo by (7), it follows that Q17 — 0 as T' — .

The term Q27 is bounded as, by another application of Assumption A(a),

T-1 T-1
Qr < 4M?> ) n’lm’lsgp\gt,n,ml

n=1 m=max(n,gr+1)
o
2 1 -1
< 4M n= m” " sup |genm| — 0
m=qr+1n=1 ¢

as T — oo because it is a tail sum (g7 — oo) of the convergent sum > o0, n~tm ™t sup, |gen,m|-

This completes the proof. ]

Appendix B Inequalities

This section presents some useful inequalities that are applied both in the proofs of the main

theorems and in proofs of variation bounds in the next section.

Lemma B.1. Uniformly in —ug < v <u < wug and for j > 1,m > 0 it holds that

am N
\wﬂj(u)| < (1 +1logj)"j" (8)
om om Nl u—
() = 5 (0)] < e = 0)(1 -+ log )1, (9)
om am N
|37n77j+1(u) - Wﬂj(uﬂ < c(1+1logj)"5" 2, (10)

where the constant ¢ > 0 does not depend on w, @, or j.

Uniformly in —6g < v+ 1/2 < §g for 6o < 1/2 and j > 1 it holds that

where the constant ¢ > 0 does not depend on v or j.
Proof. See Lemma A.1 of Nielsen (2014). O

Lemma B.2. Let u and v be such that max(|ul|, |v]) < a for some a < co. Then it holds that

t—1
Zju—l(t _j)v—l < C(l +logt)tmax(u—l-v—l,u—l,v—l),
j=1

where the constant ¢ > 0 does not depend on u,v, ort.

Proof. See Lemma B.4 of Johansen and Nielsen (2010). O

Lemma B.3. Let {7(u,v, k) := maxj<p m<r ZtT:maX(n7m) I (—u, k)i (=0, k)| for coeffi-
cients ;(u, k) satisfying (o(u, k) = 1 and ;(u, k) < c(log 7)*5%=1 for j > 1, where ¢ > 0 does
not depend on u, k, or j. Then:
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(i) Uniformly for min(u + 1,v + 1L,u 4+ v + 1) > a, it holds that

c(1 +logT) 27— ifa <0,
c if a >0,

gT(uv U, k) < {

where the constant ¢ > 0 does not depend on w,v, orT.

(ii) For any u > 0,v > 0 it holds that

o0
Y 1€y (—us k)G (=, k)| < c(log [n|)Fn et
t=0

where the constant ¢ > 0 does not depend on u,v, or n.

Proof. Part (i): See Lemma A.7 of Johansen and Nielsen (2012).
Part (ii): If n > 0 we split the summation and find the bound

[n/2] n 00
D R (o R+ D G ()G (0 R D (s k)G (v, R))
t=0 t=|n/2|+1 t=n+1
[n/2] n
<c Z (n — )" log(n — t))*t " logt)* + ¢ Z (n — )" Ylog(n — t))*t~""L(logt)k
=0 t=|n/2)+1
+ i (t —n)"* Log(t — n))*t~*"L(logt)*
t=n-+1
[n/2] n
<e(n/2)7" (log(n/2))* > 17V logt)* + c(n/2) " Hlog(n/2))* > (n—1)"" (log(n —t))*
t=0 t=|n/2|+1
+¢(n+1)"""tlog(n + 1)) Z (t —n)"* L(log(t — n))*
t=n+1
< c<10g n)knmax(fufl,fvfl)_

If n < 0 we find the bound

¢ (t—n)"""(log(t — n))"t " (logt)*

t=0
< (=n) " (log(—n))* 3 71 (log t)* < clnl = (log In])*.
t=0
O
Lemma B.4. Let Fy(u) := Zg;ol mn(—u)2 For N >2u<-1/2+a, and a > 0,
1—(N—-1)"2
By 2 1+ et =D
where the constant ¢ > 0 does not depend on a, u, or N.
Proof. See Lemma A.3 of Nielsen (2014). O
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Appendix C Variation bounds

This section contains three lemmas that are used to verify tightness and stochastic equiconti-
nuity conditions for the processes in the previous sections. The first lemma deals with non-
stationary processes and the next lemma with product moments of processes that are nearly
stationary. Lemma C.2 contains the truncation argument used to deal with the non-uniform
convergence in Os; see Appendix D.2. The final lemma covers product moments of stationary
and nearly stationary processes, and is applied in the consistency proof — both for the stationary
processes and to deal with certain cross-products of stationary and critical processes — and it

is applied for the Hessian in the proof of asymptotic normality.

Lemma C.1. Let ¢; satisfy Assumption A. Then, uniformly in vo <v <wu <wuy < —1/2,
IT*H2A%4||o < ¢ and ||T*TY2A%e;, — TV H2AY ¢4]s < clu — v (12)

where the constant ¢ > 0 does not depend on u, v, or T.

Proof. See Lemma C.3 in Johansen and Nielsen (2010), which also applies under Assumption

A on ¢; in place of their i.i.d. assumption. O
Lemma C.2. Let wi; = wit(u) := 27]:[;01 Tn(—w)et_p and wor = wor(u) = S0 T (—u)er_p,
where &; satisfies Assumption A, and define the product moments Quint(u) := T~! Z?:N_H w,—
BE(T—! ZtT:NH w?,) and Qrant(u) :=T71 ZtT:NH witwae. Then, for any k € (0,1/2) it holds
that, uniformly in —1/2 —k <v<u < —1/2+k,

1Qiant (w)||2 < c(log T)TH/2Hr N1/2Hx (13)

1Quant (1) — Quant(v)|[2 < clu — v|(log T)*T1/2He N1/2Hr, (14)
1Qunt(w)llz < elog T)T~2N/2H2r, (15)
(v) (16)

1QuinT(w) — QuinT(v)]]2 < ¢lu — v|(log T)?T Y2 N1/2+2x, 16

where the constant ¢ > 0 does not depend on u,v, or T.

In particular, if N := |T%| with 0 < a < mln(ig_irz, 1/;{32 ), then it holds that

P P
sup  |QunT(u)] = 0 and sup |Qianr(u)| — 0. (17)
lu+1/2|<k lu+1/2|<k

Proof. Eqn. (13): First evaluate

T N-1 tp—1

EQuant(u)* =T~ 2EH YYD (W), (et —n,

k=1tp,=N+1nr=0m=N

The term E(Hi:1 €t —npEty—m;) 1S non-zero only if the two highest subscripts are equal, see

Lemma A.2. However, ny < N < my such that ¢ —ng > tx —myg for kK = 1,2. This leaves only
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one possibility, i.e., t1 — ny = to — ng, in which case we eliminate no = to — t; + n1 and note
that |t; — ta| = [ny — ng| < N. In this case EQqant(u)? is

T N—-1 t1—1 to—1

T2 Z Z Z Z 71-”1(_71’)7?t2*151+m(_u)ﬂ'rm(_U)sz(—u)

t1,ta=N+1n1=0m1=N mo=max(N,to—t1+n1)
[t1—t2| <N

2 2
X O4—nOt1—m Ut2*m2E(Zt1 —ny Rti—my zt2*m2)' (18)

If, in this expression, t; — m1 = to — mgy we eliminate mo = to — 1 + m1 and the expectation is
. . N-1
Tmy—nymi—ni- Lhen, with &p(u, v, k) defined in Lemma B.3, "4 Tn, (=) Tty —ty 40y (—u) <

En(u,u,0) and Z%;N Ty (=W Tty—ty4my (—u) < Ep(u,u,0) by (8) of Lemma B.1, so the
contribution to EQian7(u)? is bounded by

T
I Y En(w,u,0)Er(u, u,0),
t1,ta=N+1
[t1—t2| <N

The result when t; — m; = t2 — mg now follows from Lemma B.3(i). If, on the other hand,
t1 —my # ta — mg in (18), the expectation in (18) is k4(t; — n1,t1 — ny,t1 — mq,ta — mg) and
the contribution to EngNT(u)2 is bounded by

T N-—1
or Z Z Ty (_u)ﬂt2—t1+m (_u)ﬂ'N(—u)2
t1,to=N+1n1=0
[t1—ta| <N

t1—1 to—1

X Z Z |ka(t1 — n1,t1 — ni,t1 —ma, ta — ma)|

m1=N mo=max(N,ta—t1+n1)

T
< Y en(uu,0)N 22

t1,ta=N+1
|t1—t2|§N

using Assumption A(a),(b)(iii), and this proves the result.
Eqn. (14): Next consider ||Q1anT(u) — Q1287 (v)||2 which is bounded by

- T
|71 Z (wie(w) — wie(v))wae (w)||2 + | T Z wye(v) (war () — w2t (v))]2-
t=N+1 t=N+1

For the first term write wy¢(u)—wq(v) = ZnNgol(wn(—u)—wn(—v))st,n = (u—v) ZnN;()l n(—u, 1)er_p,
see (9) of Lemma B.1 and Lemma B.3. Now apply the same proof as for (13), noting that only
a log-factor is added. The same proof can be used for the second term.

Eqn. (15): Note that

T T N-1
E(T_l Z w%t):T_l Z Z 7Tn1(_u)ﬂ-n2(_u)E(5tfn15tfn2)
t=N+1 t=N-+1n1,n2=0
T N—-1
=T D0 > ml-wl,
t=N+1 n=0
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such that the second moment of Q11n7(u) is

T T
EQunr(u)?=ET™" Y wi Y Z T (=) T (—u) 07,05, (19)
t=N+1 t,s=N+1n,m=0
Now,
T 2 T N-1 N-1
E(Til Z wlt - H Z Z ﬂmk( )gtk_nkgtk_mk7

where again the two highest subscripts in szl Et,,—nyEt,—m; have to be equal by Lemma A.2.
By symmetry, there are three cases, which we now enumerate.

Case 1) Suppose first that t; — ny = t; — mq, i.e. n; = myq. If also ty — ny = t3 — ma the
contribution is T2 [;_, Etk N4l an —o Tny, (—u)?0?,__,, , which cancels with the second term

of (19). If to — ng # ty — mg, then both these terms have to be no greater than ¢; — ny by

Lemma A.2, so that to < t1 — nq + ne and mo > to — t1 + n1. In this case the contribution is

T N—-1 max(T,t1—n1+n2) N—-1
2
> > > > Ty (=) >y (—20) Ty (—10)
ti=N+1n1,n2=0 to=N+1 mo=max(0,t2—t1+n1)

2
X 0% _pyOty—nyOty—myka(ts — n1,t1 — n1,ta — na, ta — mo)

I S S

t1=N+1n1,n2=0

< o1 Z nf2u 2, Su- Lo 1N1/2+3n
ni,n2=0
where the first inequality is by Assumption A(a),(b)(iii).
Case 2) If t; — ny = ta — ng >ty — my the restriction [t; — 2| = |n1 — no| < N is implied
such that the contribution is

T N-1 N-1 N-1

T Z Z Z Z Ty (=) Ty —ty 41y (—U) Tony (—U) Ty (—0)

t1,t2=N+1 nj=max(0,t; —t2) M1=n1 ma=max(0,t2—t1+n1)
|t17t2‘§N

2 2
X Ot1—n10ti—mq Ut2—m2E(Zt17n1 Zt1—m1zt2—m2)'
If also t1 — my = to — mg, the expectation is T,,, —n; m;—n, and contribution is bounded by

T N-1 2
CT_2 Z <Z ﬂ-n(_u)ﬂ-btﬁrn(_u))

t1,ta=N+1 \n=0
‘tl—t2|SN

T
<2 Z En(u,u,0)? < cT7INE N (u,u,0)? < c(log T)*T—LNIHF

t1,ta=N+1
|t17t2‘§N
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by Assumption A(a) and Lemma B.3(i). If instead ¢; — m; # ta — ma, the expectation is
ka(ty —mny,t1 —ny,t;1 —mq,t2 —m2) and the bound is

T N-1

cTr? Z Z Tny (_U’)2ﬂ—t2—tl+nl <_u)2

t1,to=N+1n1=max(0,t1 —t2)
‘tl —t2|§N

N-1

N-1
X Z Z [Ka(ty — na, bty — na, b — ma, ta — my)

m1=n1 mo=max(0,t2—t1+n1)

T N—-1
-2 2 2 —1
< T E g Ty (—U) Ty —ty4ny (—u)” < T N.
t1,t2=N+1ni=max(0,t1 —t2)
|t17t2‘§N

Case 3) If t; — ny = ta — mg and t; — my = ta — ngy the contribution is

T N—-1 N-1

-2 2 2
T Z Z Z 7rn1(_u)ﬂt2*t1+m1(_u)ﬂ-ml(_u)TrtQ*tlJrnl(_u)otl—nlO'tl—mlel*nl,ml*nl

t1,ta=N+1n1=0m1=0
‘t17t2|SN

< C(lOg T)QT—1N1+4H

and if t; — ny = ta —mg and t; — my # ta — ng (both no greater than ¢t; — ny by Lemma A.2)
the contribution is

T N—-1 N-1 N-1

T2 Z Z Z Z Ty (=) Ty (—U) Ty (=) Tty —ty 40y (—0)

t1,ta=N+1n1=0m1=n1 nyg=max(0,t2—t1+n1)
|t1 —tQ‘SN

2
X o-tl—nlo-t1*m1o-t2*n2’€4(t1 — nl,tl — ’I’Ll,tl — ml,tg — ng)

T N—-1
< el2 —u)? —uw)? < TN
Sc 7rn1( u) 7Tt2—t1+n1( u) ~cC
t1,to=N+1n1=0
[t1—t2|<N

in the same way as in case 2).

Eqgn. (16): Apply the same decomposition as in the proof of (14) and then use the same
proof as for (15) with an extra log-factor.

Eqn. (17): Using the condition on «, the right-hand sides of (13)-(16) all converge to zero.
Pointwise convergence in probability then follows from (13) and (15) and tightness on the
interval |u + 1/2| < & follows from (14) and (16) using the criterion (51). Together this implies

uniform convergence in probability. O

Lemma C.3. Let Zyy == > 7" o Cin(¥)et—n,i = 1,2, where e satisfies Assumption A and the

coefficients C;, () satisfy Y02 o |Cin(¥)] < 00,7 = 1,2, uniformly in 1 € U C W. Define the

product moment Qr(u1,ug, ) = T~! Z?:l %(Af th)%(Aqf‘th) for k,1 >0 and the set
Ouy Ouy,

O := {(u1,u2,¥) € D x D x ¥ : min(uy + 1,ug + 1,u; +ugz +1) > a} fora > 0. Then

sup _ |QT(U1,U2»7/))| = OP(l)
(u17u27¢)€®
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Proof. The proof is given only for k,I = 0 since the derivatives just add a log-factor, see

(8), which does not change the proof. Rearranging the summations the product moment

Qr(u1,u2,7) is

T
! Z 7TJ ul 7rk u2 Z Cln CQm ) Z Et—j—nt—k—m
Jok= n,m=>0 t=max(j,k)+1
T-1 j+n T
=71 Z mi(—u1 Z Z C1n (V) Com (V)T j 1 (—u2) Z sf_j_n
Jj= n=0 m=max(0,j+n—T+1) t=max(j,j+n—m)+1
(20)
min(7T,j+n—m)—1 T
+ 2T~ 127@ —uy) Z Cin(¥)Com (W) > me(—u2) > €t jonft—km.
n,m=0 k=0 t=max(j,k)+1
(21)

Since 71 Z;‘F:max(j7j+n_m)+1 sf_j_n = Op(1) uniformly in j, n,m it holds that sup,, .. 6 1(20)]

is

oo T—1+n min(7T—-1,7—-1+m—n)
Op| swp Y > S (O)][Cam (¥)] > |75 (=) |7 n—m (—u2)]
(u1,u2,%) €0 n=0 m=max(0,n—T+1) j=max(0,m—n)
9] T—1+n min(7T—-1,T—1+m—n)
=O0p| sup > > €1 ()1 Cam (¥))] > GG+ —m) e
(u1,u2,%)€0 n=0 m=max(0,n—T+1) j=1+max(0,m—n)

If @ > 0 the summation over j is b~ounded and then sup, .. c6 |(20)] = Op(1) because
>0 o 1Cin ()| < oo uniformly in ¢ € ¥, = 1,2. If a < 0 the summation over j is Op((log T)T~%)
which is then also the bound for the supremum of (20).

Next, summation by parts yields

min(7,j+n—m)—1 T
Z T(—u2) E Et—j—nEt—k—m
k=0 t=max(j,k)+1
min(T,j+n—m)—1 T
= 7rj+n—m—1(_u2) § Z Et—j—nt—k-m
k=0 t=max(j,k)+1

min(7T,j+n—m)—2

! T
— Z (mi1(—u2) — m(—us2)) Z Z Et—j—nEt—k—m, (22)

1=0 k=0 t=max(j,k)+1
where
l T T—m
Z Et—j—nEt—k—m = Z Ws,
k=0 t=max(j,k)+1 s=max(l—m,14+j—Il—m)
. L Jj+n—m : i
with wy := &5 Zk:j+n7m71 €s—k being an uncorrelated sequence that satisfies
. 2
Jtn—m
2 2
E(w?) = o’E Y ek | =00),
k=j4+n—m—I
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such that
2

T—m T—m
B S w = S Bwd)=0(T+1- ).
s=max(l—m,14+j—1l—m) s=max(l—m,14+j—1l—m)

It follows that Sk Y max(jk) 11 Et—i-nEt—k-m = Op((T + 1 — §)"/211/2) and setting | =
min(7,7 +n —m) — 1 that Z?;%(T’j+nfm)fl ZZ:max(j,k)—f—l €t—j—nEt—k—m = Op(T), in both
cases uniformly in j,n,m.
Now, rearranging the summations and applying the summation by parts result, SUD (1, u5,16)€6 6 1(21)]
is
min(T—1,T+m—n)

Op sup Z [C1n ()] Cam (¥)] > |7 (=) |75 n—m—1(—u2)| (23)
(u17u27¢')€@nm 0 j=max(0,14+m—n)
T—2
+Op sup 12\% —uy)| Z [C1n (OC2m ()] D Imia(—ua) = mi(—u2)|(T +1 — 5)"/*1M/?
(u1,u2,9)€O n,m=0 =0
(24)

The result for (23) follows as in the analysis of (20). For term (24) it holds, using (10) and that
5% 5 1Cin ()| < 0o uniformly in ¢ € W, i = 1,2, that the order is

sup —1 Z.]_U1 1 Zl u2—3/2 T+l )1/2

(u1,u2,1)€O
T+1-1
< sup lzl uz—3/2 Z c—up—1 T+l )1/2
(u1,u2,9)€0
T—2
< sup c(logT)T? Z [7u2=3/2(p 4 [ymax(1/21/2-u)
(u1,u2,4)€O =1
T—2
< sup C(lOg T)T_1/2 Z l—UQ—3/2+max(0,—u1)’
(u1,u2,9)€0 =1

where the second inequality follows from Lemma B.2 and the third because (T+1)™x(1/2:1/2-u1) —

(T + DY2(T 4 1ymax(0,—w) < (27)1/2max(0.=w) | Since —ug — 3/2 + max(0, —uy) = — min(ug +
1,u1+us+1)—1/2 < —a—1/2, the right-hand side is bounded by c(log T)27 /2 max(0,1/2=a) —
c(log T)2T™2x(=1/2=9) if 4 > 0 and c(log T)T~Y2T?~¢ = ¢(log T)T~* if a < 0. O

Appendix D Proof of Theorem 1
The residual in (3) is given by &(0) = S0} bn(w)Ai_dout_n, and clearly the convergence

properties of R(€) in (5) depend on d — dy. Define the untruncated processes

[e o]

(1) = c(L,)er = Y en(¥)er—n, (25)
n=0
1(0) == AT %e () = >, (0)ern, (26)
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where 7,(0) is well-defined for d — dy > —1/2 and where we used

(2, ) = bz W)alzh) = “"0 ch " (27)

n
=" wmldo — d)cn—m (). (28)
m=0
From Assumption C the coefficients ¢, (1)) satisfy
len ()] = O(n~27%) uniformly in ¢ € ¥ (29)
and from Lemma B.2 the coefficients ¢, (0) then satisfy
lo,,(0)] = O(nmax(do=d=1,=2=C)) yniformly in ¢ € ¥, (30)

such that, in particular, when d — dy > —1/2, 1,(0) is a linear process with square summable
coefficients.

Let the deterministic function r(#) denote the pointwise probability limit of R(6), shown
subsequently to be given by

0 B B 4>

(31)
0 if d—do < —1/2.

According to (31) the parameter space O is partitioned into three disjoint compact subsets,
©1 := O1(k1) = D1 X ¥, Oy := Oz(k1,k2) = D2 x U, and O3 := O3(k2) = D3 x U, where
Dy :=Di(k1) =Dn{d:d—dy < —1/2—k1}, Dy := Da(k1,k2) = DN{d: —1/2 — k1 <
d—dy < —1/2+ ka}, and D3 := D3(k2) = DN{d:d—dy > —1/2+ ka}, for some constants
0 < k2 < K1 < 1/2 to be determined later. Here, special care is taken with respect to ©2, where
the convergence of the objective function is non-uniform, as evident in (31).

Clearly, 0p € ©3 and if d; > dy — 1/2 then the choice ko = di — dy + 1/2 > 0 implies that
O and Oy are empty in which case the proof is easily simplified accordingly.

The proof proceeds as follows. First, it is shown that for any K > 0 there exists a (fixed)
Ko > 0 such that

P( inf R(O)>K)—1lasT — oc. (32)
96@1(&1)U@2(H1,R2)

This implies that P(§ € O3(ky)) — 1 as T — oo, so that the relevant parameter space is
reduced to ©3(R2). From Theorem 5.7 of van der Vaart (1998) the desired result then follows
if, for any fixed k2 € (0,1/2),
sup |R(0) —r(0)] L 0as T — oo, (33)
003 (r2)

inf 0 0o) for all § > 0. .
96@3(%2)01?9;|9_60|26} T( ) > 7”( 0) or a. > ( )

Condition (33) entails uniform convergence of the objective function on ©3, and condition (34)

ensures that the optimum of the limit function is uniquely attained at the true value.
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We show (32) in Appendix D.3, after having established convergence on ©; and O3 in
Appendices D.1 and D.2, respectively. Then we prove (33) and (34) in Appendices D.4 and
D.5, respectively.

In the proofs we make repeated use of the following lemma, which shows that the problem
can be simplified by considering the sum of squares of Aiﬁdo (1) rather than that of ,(f) in
the analysis of R(#). That is, the truncation in the residual in the definition of R(#) can be

dispensed with in the asymptotic analysis.

Lemma D.1. With the notation of this section and under the assumptions of Theorem 1 and
0 < k1 <min(1/2,{/2 + 1/4) it holds that, as T — oo,

T
sup 7% d°>Ze 2 - )Y (A e (1)) S 0, (35)
0cO, =1
d P
sup |71 € — Ad dog, — 0. 36
0€O2UO3 | Z t ; ’ ( )

Proof. First decompose

tf;stw)? - imid%tw»? - tf;sxe)(st(e) — AT, (4) (37)
+ iﬁi_d(’@t(ib)(&(@) AT %e (1)) (38)
and note that 7
20(0) = A en(y) = ~ t_: i 7j(do = bn()tnj = it .

where ¢,,, := — Z;;%) 7j(do — d)bm—;(1)) satisfies, see (2) and Lemmas B.1 and B.2,

oo t—1
sup Z |G| <D G0 m— )¢
m= tj 0
< CZ]dO —d— 1 —-1-¢ < C( —|—10gt)tmax(d0_d’_4)_1. (39)
Rewrite the term (38) as
T t—1 00 00
(38)=>_ > mi(do—d) D bu(®) D by (tt—jontit—m — E(wr—jntir—m))  (40)
t=1 j=0 n=0 m=t
T t—1 0o [es)
+3 > mildo—d) Y ba(¥) Y by E(ui—jntis—m)- (41)
t=1 j=0 n=0 m=t

The proof for (37) is identical to that for (38), except the summation over n in (37) is from

t to co. For (41) we note that sup, |E(uiui—n)| = sup;| Yoo . am(g)am—n(o)or_,,| <
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> m ™27 ¢(m —n)"27¢ < en~27¢ with ¢ > 0 given in Assumption C(ii), such that
S | E(ut—j—nti—m)| < et — 7 —n|717¢. Using also (39) it holds that
o0 o0
sup Z Gum E—jntt—) < (510 Y 91} (Y 1E(ut—jntte—1)])
Yew = Yev T m=t

c(1 + log t)tmax(do=d-=O 1| j | 717C,

It also holds that

sup 3 b (Il = — 071 < €3 n == a1 < el = )71
zZ)elln 0 n=0

by (2) and Lemma B.3(ii). Consequently,

T t—1
sup [(41)[ < 02(1 + log t)tmax(do*d’*qfl Zjdofdfl(t _ gy
Ppew ] par

(1 + log t)2t2 max(do—d,—()—2

M=

<c

-
Il

1
by Lemmas B.1 and B.2. Thus, supgeg, 72@%)|(41)] < c(logT)*T~* — 0 as T — oo and
SUPpce,U0; T7Y(41)] < e(logT)3T~ 1261 — 0 as T — oo.

Changing the order of the summations, (40) is

T-1 oo min(m,T)— min(m,T")
= " mildo — d) Y ba( Z Z k<do ~ Db k() D> v, (42)
=0 n=0 m=j+1 t=max(j,k)+1

where the summand vy 1= w—j_pUt—m — E(U4—j—nUs—p,) is mean zero with autocovariances

Euvs = Z Z Ak (wo)akz (wO)all (%)alz (wO)Ut*j*n*kl Ot—m—kaO0s—j—n—119s—m—l2

k1,k2=011,l2=0
X [E(zt—j—n—klZt—m—kgzs—j—n—llzs—m—lz) - E(Zt—j—n—klzt—m—kg)E(zs—j—n—llzs—m—lg)]~

The expectations are non-zero only if the two highest subscripts are equal (Lemma A.2). Rou-

tine calculations using (2), Assumption A, and Lemma B.3(ii) show that | Evsvs| < c|s —t|727¢.

min(m,T)

t—max(jk)+1 has at most m terms it follows that

Since the summation )

min(m,T") min(m,T") min(m,T")
E( Z v)? = Z E(vws) <c Z It —s]727¢ < em
t=max(j,k)+1 t,s=max(j,k)+1 t,s=max(j,k)+1
such that Z?lz;ﬁ?l)ﬂ = Op(m'/?). From (42) it now follows, using Lemma B.1 and

SUPyey D _peg [bn ()] < 00, that (40) satisfies

T-1
sup [(40)| = Op( Z]do =1 sup Z Z kBo=d=1p, (1)|m*/?) (43)
vel j=1 VY =41 k=1

T-1 fe'e)
+0p(>_ % sup > deO oy ()| /2). (44)
j=1

VEY T k=1
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For (43) change the order of the summations,

T— T
ap 3 St Skt S e
VeV =j+1 k=1 k=1 m=max(j,k)+1

< C(lOgT)TmaX(dO_d’o)(j + 1)—1/2—(

Then

N

-1

sup T2(d—d0)(10gT)Tmax(do—d,O) jdo—d—3/2—C < C(lOgT)QT_1/2+maX(_Hl7_C),
deDq

N .
Il
_

sup T_l(log T)Tmax(do—dﬁ) jdo—d—3/2—( < c(log T)ZT—1/2+51+maX(O,n1—(),
deD>UDs3

<.
Il
—

which shows the result for (43). Similarly, for (44),

o0

o) T—
sup Z Zk,do —d— 1‘[) ’m1/2 < Z Z m—3/2—§
k=1

VeV =T 41 k=1 m=T-+1
< C(logT)Tmax(o,do—d)—1/2—c7

which gives the bounds

T-1
sup T2(d—do)(10g T)TmaX(O,do—d)—1/2—C Zjdo—d—l < C(lOg T)2T_1/2_C,
deDy j=1
T-1
sup T_l(logT)Tmax(07d0_d)_l/2_< Zjdo—d—l S C(logT)QT—l/Q—C-i-QHl?
deD2UD3 j=1
showing the result for (44) and hence concluding the proof. O

D.1 Convergence on O;(x;)

First, if & € ©1(k1) then £:(6) should be normalized by T¢ %+1/2 and by Lemma D.1 the
difference between T2(@~%)+1R(9) and T3(ddo) Zzﬂ:l(Afdeet(w))z is negligible in probability
uniformly in § € ©1, so it suffices to consider the latter product moment. We apply the

Beveridge-Nelson decomposition,

er(y) = c(L,p)er = (Z Cn(¢)> et + Z en()Aei—p, (45)
n=0 n=0
where 0 < [Y0% cn(1)| < 00 and én(v) = — Y52, () satisfies [6,(¥)] < en™'¢ uni-

formly in ¢ € ¥, see (29) and also Phillips and Solo (1992, Lemma 2.1). This implies, in

particular, that »_>° ;|¢,(¢)| < oo uniformly in ¢ € ¥. The relevant product moment can then
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be decomposed as

T 0o 2 T
2(d—dp) Z Ad do Z (Z Cn( ) 2(d—dp) Z Ad do (46)
t=1 t=1

n=0

+2 (Z cn(w)> T2(d=do) Z AT%g, Y e () AT ey .
n=0 t=1 n=0
(47)

By the Cauchy-Schwarz inequality, (47) is bounded by

T 1/2 T oo
(Z Cn > <T2 (d—do) Z(Ai—dogt)2> <T2(ddo) Z(Z 6n(1/})A(i—do+1€t_n)2>
t=1 n=0

t=1

1/2

The term in the first parenthesis satisfies 0 < |>">° ¢, (¢)] < oo uniformly in ¢ € ¥ by
Assumption C, and the term in the second parenthesis will be shown to be Op(1) uniformly in

d € D; subsequently. The term inside the third parenthesis can be rewritten as

T 0o t—1
TN TN e @)En() Y wido —d — Di(do —d — Derjnceiom
t=1 n,m=0 7,k=0
. T-1 T
= T2 N G ()em () Y wildo —d— Dmi(do —d— DTN " e gk,
S k=0 t=max(j,k)+1

where T~ 1 ZtT:maX(M)H €t—j—nEt—k—m = Op(1) uniformly in 0 < j, k <T—land ) ;7 |é.(¥)| <
oo uniformly in ¢ € . This leaves the bound

2

T 0o T—-1
sup AN (N " (W) AP ey )2 < cosup T2 N ri(dg —d — 1)| | Op(1)
€& t=1 n=0 deD; =0

T-1
— Op( sup T2+ Z]d

deDy j=0

— Op((log T)>T~2)

by application of Lemma B.1, thus showing that (47) converges to zero in probability uniformly
in § € ©;.
Next, the term (46) is analyzed. By the Cauchy-Schwarz inequality,

T T
T2(d—d0) Z(Aifdogt)2 > T2(d—do)—1(z Aifdost)Q _ (Td—d0—1/2AifdofleT)2,
t=1 t=1
and we can write Td_d0_1/2Ai_d°_l — Td—do—1/2 Z 70 mi(do—d+1)ep_; = T4~ 1/2 Z _ mr—¢(do—

d+ 1)e; and apply Lemma A.1 with Up, = Td*dofl/ZﬂT_t(dO —d+1)ey, Wthh is a martingale
difference array by Assumption A. Firstly, the Lindeberg condition (i) of Lemma A.1 is sat-
isfied by Lyapunov’s sufficient condition because Zthl EU%t — T4(d—do)—2 Zthl mr—¢(do — d +
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ViolEzt < T2y, (%)4((107(1) < Tt — 0as T — co. Secondly, we verify condition (ii)

of Lemma A.1 by showing Ls-convergence. Thus,
T T 2
£(3ovh -y o)
t=1 t=1

T T
= Y E(UUZ,) - > E(U#)E(UZ,)
t,s=1

t,s=1

T
= THD)2 N " y(do — d+ 1)*mr-s(do — d+ 1)207 02 E(2722) — E(27)E(22)]

S

t,s=1
T
THZ2N " y(do — d+ 1) o} [E(z) - B(5})?) (48)
t=1
T t—1
+ 2042 N N g y(do — d + 1) mr_g(do — d + 1)0702 [E(2722) — E(27)E(22)].
t=2 s=1
(49)
By Assumption A(a),(b)(ii) and Lemma B.1, the term (48) is bounded by
T
(T2 3 (7 _ ildo=) < 71 g,
t=1
The term (49) is
T t-1
2T4(d do) 22 T — tdg—d+1) T — t_H«(do—d-f— ) UtO'% rlﬁ?4(ttt ’I"t—?“)
t=2 r=1
T 2(do—d) 2(do—d) t—1
T—1 T-1
—2 -1
<l Z<T> <T) Y lkalttt—rt—r) < T -0
t=2 r=1
using Assumption A(a),(b)(iii) and Lemma B.1. Finally,
T T
EY Uz, =T?@"d)"1 Z mr_i(dg — d+1)%02
t=1 —
LT -
—T 1 2<d0 1+o0(1
T(dy—d + 1)? ; T ot (1 +o(1))
L /1(1 — )20~ 5 (5)2ds =: V(d)
[(do —d+1)2 Jo 7
and we conclude from Lemma A.1 and the above analysis that
Qr(d) := T4~ Z Abdog)? = (Ao AT o1 )2 By ()2 as T — 00, (50)

for any fixed d € D1, which shows the pointwise limit.
To strengthen the pointwise convergence in (50) to weak convergence in C(D;) it is sufficient

to show that Qr(d) is tight as a function of the parameter. We prove tightness using the moment
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condition in Billingsley (1968, Theorem 12.3), which requires showing that Qr(d) is tight for
fixed d € Dy (which is implied by the pointwise convergence) and that

Q1 (u1) — Qr(u2)|l2 < clur — us| (51)

for some constant ¢ > 0 that does not depend on T', uj, or uz. The tightness condition (51) is

satisfied by Lemma C.1, and hence the convergence in (50) is strengthened to
Qr(d) = V(d)xi in C(Dy).

By the continuous mapping theorem applied to the inf;cp, mapping, which is continuous

because D is compact, it then holds that

D 2
f f V(d
dlenDl Qr(d) — lenDl V(d)x1,

which is positive almost surely. It follows that

it R(O) > inf (3 en(@) T O-0FQr(d) + op(1)

and, for any K > 0,

P(int (37" en(@)’THO"DQr(d) > K) = Tas T — oo

because infyew (Y 02 cn(¥))? > 0 by Assumption C and 2(dg — d) + 1 > 2k1 > 0 for d € D;.

D.2 Convergence on Oy(k1, ko)

First note that by (36) of Lemma D.1 it suffices to prove the result for 7! Zle(Adeet(z/J))?.
Letting vi=d—dy € [-1/2 — k1,—1/2 + k3], Rir(v) :== T~1 ZtT:1(A15t)27 and Ror(v, 1) :=
-1 Zt LAY ) (3000 ) En(¥) AL Ye,_y,), and applying the decomposition (45), the relevant

product moment is

o 2
T (AYe(v))? > <Z Cn(¢)> Rir(v) +2 (Z cnl( ) Ror (v, ).
n=0

The second term, Rar(v,v), is Op(1) uniformly in |v 4+ 1/2| < k1 and ¢ € ¥ by Lemma C.3
with U = U, (1, () = Lo}, Con(¥) = &a(¥),u1 = v > —1/2 — Ky, up = 1 +v > 1/2 — k1 such
that a = min(1/2 — k1,1 — 2k2) > 0.

To analyze Ry7(v) decompose A} ¢; as

N-1

Ai&zz Etn-i‘Z?Tn V)Er—n = wip +way, t > N +1,
n=0

for some N > 1 to be determined. It then holds that

T T T
RlT(U) > 7! Z (AiEt)Q > 7! Z w%t + 271 Z W1t Wt - (52)
t=N+1 t=N+1 t=N+1
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Setting N = Np := [T°] with 0 < a < mm(}?;g,l/;%

because 0 < k1 < 1/2, it follows from (17) of Lemma C.2 that the second term on the right-

), noting that such an « exists

hand side of (52) converges in probability to zero uniformly in |v 4+ 1/2| < k; and that

T
_ _ P
sup |17t g w? — E | T} g w?, || = 0as T — oo.
[v+1/2[<k1 t=Np+1 t=Np+1

Thus, the right-hand side of (52) minus E(T~1 S 7 N1 Wit) converges uniformly in probability

to zero as T'— oo. It follows, see Assumption A(a), that

o 2 00 2 T
(Z%(W) RlT(v)2<ch(¢)> E|lT" Y why | +mr()

n=0 n=0 t=Np—+1

00 Np—1
:<ch<¢>) 3D D DENET B
n=0

t=Nr+1 n=0

- 2
> < ini a(s)2> (Z Cn(lb)) T~YT — Np)Fn,. (v) + pyr(6),

where Fiv, (v) = ZiVTO L (=0)2 and juy7(6) L0asT — o uniformly in |v + 1/2| < k1 and
e w.

D.3 Proof of Eqn. (32)

We need to show that, for any K > 0,7 > 0, there exists a k2 > 0 and a Tj such that

P inf R(O) < K) <
(9691(H1)U@2(H17R2) (6) ) =1

for all T > Ty. Since infyee,ue, R(0) < 2?21 infpeo, R(0), the two sets ©1 and O can be
considered separately.

First consider the interval ©1 (k1) with k1 = R satisfying 0 < k1 < min(1/2,¢(/2+1/4), and
define ©1 := ©1(%1). It holds from Section D.1 that P(infyeg, R(6) > K) — 1 as T — o0, i.e.,
for any K > 0,7 > 0, there exists a T1 such that P(inf,cg, R(0) < K) <n/2 for all T > T1.

Second, having already fixed k1 = k1, consider ©2(R1, k2). From Section D.2 with k1 = &1
and a = 1/6,

2
R(0) > < inf o(s ) (ch ) T %) F, VEr1/6(d — do) + pp(0),

0<s<1
where pup(0) = Op(1) as T — oo uniformly in d € [dy — 1/2 — R1,dy — 1/2 + k1] D Dy and
1 € U. From Lemma B.4,

1— (T —1)"22/6
2/412 '

FT1/6(d* do) >1+4c

The factor (2k2)~ (1 — (T — 1)~2%2/6) is increasing in T from 0 (for T = 2) to (2kg)~" and

decreasing in ko from % (for kg = 0) to 0, such that (2k)~1(1 — (T — 1)~2%2/6) = 0
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as (k2,T) — (0,00). Because (300, cn(1))? > 0 uniformly in ¢ € ¥ and info<s<1 o(s)? > 0,
it follows that for any K > 0,7 > 0, there exists A3 > 0 (small) and 7% such that, with
O3 := Oa(R1, R2), P(infeeq, R(0) < K) <n/2 for all T > Th.

Combining these results, for any K > 0,1 > 0, there exists a kg > 0 such that

2
P( inf < K < (inf R < K) < 2=
(9661U@2 o z:: 0€0O; ) o ;n/ g

for all T > max (T4, 1) = Ty, which proves (32).

D.4 Convergence on O3(r2) and proof of (33)

Again, by Lemma D.1, it suffices to prove the result for 7! Zthl(Ai*doet(d)))Q. In this
case, define the untruncated process 1,(6) := A% %e¢;(1)) and note that 7,(6) — Ai_doet(w) =

Yoo mn(do — d)er—n (V) =3 00, 0, (0)et—n, see (28), with

E 0) — Ad_doet 1/} 2 _ © 0 20_27 <c n2max(dofd71,727C) < Ct72ﬁ2 =0
Ue + n t—n

n=t

for all 6 € O3 (pointwise), using (30) and Assumption A(a). It follows that

127% +op(1

and furthermore,

T
ET™') n,(0)* = 122% Yof
t=1

t=1n=0
T o0

=T 07> a0+ T 122% (07— — 7)-
t=1 n=0 t=1 n=0

Let g7 := |T%| for some x € (0,1). Then the last term is bounded as

T oo
T Y en0)?(0f, —07) Zs&n 0)*T~ 1ZI% n (53)

t=1 n=0
+ Z <,0n 2T 1Z’Jt n Ut (54)

n=qr+1
Because sup,,—; .. T * Zthl lo?_, — 0?| — 0 by Cavaliere and Taylor (2009, Lemma A.1)
and Y9 0, (0)% < 3% 10, (0)% < oo uniformly in 6 € O3, see (30), it holds that |(53)] —
0. Next, by Assumption A(a) and by (30) we have, respectively, sup, o7 < M < oo such
that sup, 7! Zle lo? . —o?| < 2M and D gt ©0n(0)? < CY gt p2max(do—d—1,-2-¢) <

g2 — 0 uniformly in 6 € O3, and therefore |(54)| — 0. This shows that ET~ ST n,(0)% =

fol o (s)2ds 300 1 0, ()2 + 0(1) = 7(0) + o(1), see (31), because T~ 1 67 — fo 5)%ds by
Assumption A(a) and the continuous mapping theorem. To prove

! Zm +op(1 £> r(0) as T — oo, (55)
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i.e., the pointwise limit in probability, we show Ls-convergence.

To that end we find, in a similar way as in (48) and (49), that

T T 2
E (Tl Z m(0)* — ET Z Wt(9)2>
t=1 t=1

T T
=T 3 B (0P00F) =T 32 B0 0))

T o0 o0 2
:T72Z Z Z ( 1<Pni(9>80mi<9)at—nﬂs—mi>

t,s=1n1,m2=0mi1,ma2=0 \i=

X [E(Zt—nl Zt—ngRs—mq zs—mg) - E(zt—nl Zt—ng )E(zs—rm Zs—ma )] )

where the expectations are zero unless the two highest subscripts are equal (Lemma A.2). By
symmetry, we only need to consider three cases, which we now enumerate.
Case 1) t —ny3 =t —ng = s —m1 = s —my, in which case the expectations and the o;’s are

uniformly bounded by Assumption A and we find the contribution

T 00 2 [os} 2
cr—? Z <Z 4,0”(9)2) <ert (Z n_1_2”2> <cI ' =0
n=0

t=1 \n=0
using (30).
Case 2) t —ny =t —mng > s—my > s — mg, where the contribution is

o0

T oo e8]
T2y % 3 > 2al0)*0n, (0)2p, 0)

t,s=1 n=0 m;=max(0,s—t+n+1) m2=m1

2
X 0% O s—myOs—myka(t —n,t —m, s —my, s —ma)

T oo
< T2 Z Z n 22 max (0,5 — t +n + 1) 7122
t,s=1n=0
o0 o

X Z Z |ka(t —m,t —n, s —my, s — ma)|

mi1=max(0,s—t+n+1) m2=m1

T o
< T2 Z Z n~ 2% max(0,s — t +n 4 1) 17202
t,s=1n=0

T
ST ft—s[ TR < 50
t,s=1

using Assumption A(a),(b)(iii) together with (30).

Case 3) t—nj; = s—my >t —mny > s —mg, where we distinguish between the two subcases:
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Case 3a) t — ng = s — mgy with the contribution

T 0o (%)
T72 Z Z Z Sonl (0)90712 (0)908—7&—&-711 (g)ws—t—i-ng (0)0’?7”1 U?fng Tna—n1 ,N2—n1

t,s=1 nj=max(0,t—s) n2=n1+1

o0
< T2 Z Z nl_l/Q_Hz(s — b4y Z n;l/2_52 (s — 1t +mng) 1/27He

t,5=1 ny=max(0,t—s) na=ni+1
T oo [
— CT72 Z Z n1—1—2f~1‘,2 Z n2—1—2,‘-€2
t=1 n1*0 na=ni+1
()
+ 2¢T72 Z Z _1/2 (s —t+ 711)_1/2_"/”2 Z n;1/2_”2(s —t+ ng)_1/2_“2
t>s=1ni=t—s no=ni+1

T 00
<t SN T sty

t>s=1n;=max(0,t—s)

< I~ —|—CT2Z 2’”’<CT + I~ 2"“2—>0
t>s=1

where we once again used (30) and Assumption A(a),(b)(iii).

Case 3b) t —ny > s — mg with the contribution

T 00 [ 00
T72 Z Z Z Z Pnq (0)90712 (9)905—75-1—711 (e)gpm(e)

t,s=1 n;=max(0,t—s) ne=n1+1m=s—t+na2+1

2
X Of p,Ot—nyOs—mka(t —n1,t —ni,t —ng, s —m)

T oo
<er! 4 T2 Z Z n1—1/2—2fi2(3 _t+n1)—1/27m

t>s=1n;=max(0,t—s)

<cT t4eT™2%2 0

as in Case 3a). This shows that (55) holds pointwise for all § € ©3.

The result (55) can be strengthened to uniform convergence in probability by showing that
R(0) is stochastically equicontinuous (or tight). From Newey (1991, Corollary 2.2) this holds
if the derivative of R(€) is dominated uniformly in § € ©3 by a random variable By = Op(1).
From Lemma C.3 with u1 = ug =d —dp > —1/2 4 k2,a = 2kg, and V=10 (noting that only
summability of the linear coefficients is assumed in Lemma C.3 and this is satisfied uniformly on
© by the derivatives of ¢, (1) by Assumption C(iii)) it holds that By = supyce, ]6};—2% =0Op(1),
showing that R(6) is stochastically equicontinuous on ©3 and hence that (55) holds uniformly
in § € ©3. Since the result holds for any 2 it proves (33).

D.5 Proof of Eqn. (34)

Since r(60y) = fo 5)%ds it is sufficient to prove that

o0

inf 0)2 > 1 for all 5 > 0 and all 5y € (0,1/2).
9€@3ﬂ{ézr|1090|>5}7;)¢n() or a and all k2 € (0,1/2)
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Because py(f) = 1 for all # € O3 by Assumption C, it is clear that Y 02 ¢, (0)* = 1 +
> L on(0)? > 1, and by Assumption D the inequality is strict for all § # 6y, which proves
(34) by continuity of ¢,,(-) and compactness of ©3.

Appendix E Proof of Theorem 2

By consistency of 0, the asymptotic distribution theory for the QML estimator is obtained from

the usual Taylor series expansion of the score function. That is,

OR(0) AR(6y) 9%R(0) .
0=TY2" ) = /22 00 /2 00 56
0 a0 goag * %) (56)
where 6 is an intermediate value satisfying |6; — 6o;| < |0; — o;| for i =1,...,p+ 1.
E.1 Convergence of the score function
The normalized score function evaluated at the true value is

T

OR(0 _ A . o
Tlﬂa(eo) =202 " e(60)gne-1 with g1 = ot =t ()lo—oo-
t=1

Define also

T
Sp =212 ey 1,
=1

le,_, and the remaining p elements are given by

22;11 Y (¥g)et—n. Similarly, the first element of g1 ;1 is — Zfl_:ll n~le;_,(0p) and the remaining

where the first element of y; ;1 is — Zfl;ll n-

clements are 351 by, (100t —n-
We find that the difference is

71/298(0)

T T
90 T = 272N “(e4(00) — e0)ine—1 + 202> " ey(frp—1 — yra-1),  (57)

t=1 t=1

where

90 —e’;‘t Zb wo Ut—n

and

_Zn lni1 Zk t— nbk(wo)ut n—k
S b (1) 2, ar(to)er

Pit-1 — Y141 =

The first term of (57) is then

T oo
—o7~1/2 Z Z b (Vo) Ut—nU1,t—1,

t=1 n=t
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which has second moment

T oo o
47! Z Z Z b (1) b (Vo) B (Ut—n1,t—1Us—mT1,5—1)

t,s=1 n=t m=s

T oo oo

= KI™ 1222“7 (Yo)l|bm ()| < KT~ 121:—1 (s 1-C < gT1-2¢ ),

t,s=1 n=t m=s t,s=1

see (2). The second term of (57) is

—27-1/2 Zt 16t Zn 1 n-! Zi’itfn b (Vo) Wt—n—k

- (58)
271/ Zt 1€t Zt ) bn (1) >kt @k (Vo) Et—k
The first term in (58) has second moment
T t—1 s—1 00 0o
4T71 Z Z nilmil Z Z bk 7/}0 bl(wO)E(Etf‘:sut—n—kus—m—l)
t,s=1n=1m=1 k=t—ml=s—m
T t—1 o) 00
:4Tflz Z n~tm! Z Z br (o) bi(¥o) Zzar $0)ag() 070t —k—n—rOt—i—m—g
t=1 n,m=1 k=t—nl=t—m r=0 ¢=0
X (ka(t,t,t—k—n—rit—1—m—q)+ rka(t,t)ke(t —k—n—rt—1—m—q))
T t—1 00 oo [c’sBNe"e)
SETY > 'm0 > k(o) l1i(w0) 1 Y1) lar(vo)llag(vo)]
t=1 nm=1 k=t—nl=t—m r=0 ¢=0
T t—1 00 0o
KT Y a3 Y ke
t=1 n,m=1 k=t—nl=t—m
T t— T
KIS Y mtm (o n) S m) < KIS 2 < KT
t=1 n,m=1 t=1

where the first two inequalities use Assumption A(a),(b)(iii) and (2), and the fourth inequality
uses Lemma B.2. The second term in (58) has second moment

T t—
471 Z Z
1
T

1 s—-1
t,s=1n=1m=
1

D bn(tho)bim (o) > ar(tho)ar(tbo) E(erEse—kesi)
1
k=t

k=t l=s

T
SKET'Y (Y lan(wg))? < KT71 Y (¢717¢)% — 0

t— t=1
using Lemma A.2, Assumption C(iii), and (2). Thus, each of the terms in (58) and hence those
in (57) converge to zero in Le-norm and therefore in probability.

Because y1,¢—1 is measurable with respect to the sigma-algebra F;_1 := o({es,5 <t—1}), it
holds that vy 1= 27 1/2¢, 22;11 §onbt—n = 2T 1/26,2, Zz_:ll §0,n0t—nzt—n i3 a martingale dif-
ference sequence with respect to the filtration ;. Here we have defined &g, := [-n"1,7,,(¢)'],
which satisfies ||, .|| < Kn~! by Assumption C, see (2).

To apply the central limit theorem for martingales, see Lemma A.l, we first verify the

Lindeberg condition via Lyapunov’s sufficient condition that Ethl E||vr¢||>T¢ — 0 for some
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€ > 0. Thus,

t—1
Ellors|[*** = E ((2T—1/2)2+6|0t2t|2+6|| Zﬁo,no’tnzthHe)

n=1

t—1
< KT—l—e/QE <|Zt|2+€(z n—1|ztn|)2+e>

n=1

using that the o4’s are bounded by Assumption A(a) and that ||¢ || < Kn~'. From Minkowski’s
inequality we find E(30_1 |z|n 2z )2t < (L (E(|2e)n Y 2e—n])2H6) Y 2H9) 24 such that

n=1

t—1 2te
€ —1—¢ - e\1/(2
E||UTtH2+ < KT 1—¢/2 (Z (E(|zt|n 1|thn|)2+) /( +6)>
1

t—1 2+te
S KT—I—E/Q (Z n—l) S KT—l—E/Q(IOgT)2+E
n=1

where the second inequality is due to Assumption E provided e is chosen such that 2¢ + 4 < 8.

Therefore,
T

> Ellon|*Te < KT~?(log T)*** — 0. (59)
t=1

Next, the sum of squares of vy is equal to

t—1
1ZUtzt Z fOnfomUt nOt—mZt—nZt—m
n,m=1
t—1
1
=41 Zat Z §0n£0mo-t nO0t—mTnm (60)
t=1 n,m=1
T t—1
—1 2 2
+ 4T Zat Z E0.1E0.mTt—n0t—m(2iZt—nZt—m — Tnm)- (61)

t=1 n,m=1

By Lemma A.3 with g » m = Tnm, (60) is

T t—1
4T?1 Z O-;/L Z go,n&),anm + 0(1)

t=1 n,m=1

=41 1zat Z 50n§om7nm AT lzat Z 50n§0m7nm+0( )

n,m=1 n,m=t
where the first term is 4497~} Zt Lol +0(1)) — 449 fo s)ds and the second term is
bounded by
T T-1
KT™1) 3 37 Tam < KT 1Zt‘2 S o
t=1 n,m=t n,m=t

which converges to zero by Assumption A(b)(iii).
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The second moment of the (7, j)’th element of (61) is

T s—1 t—1
167 Z O’?Ui Z Z (§o,m)i(fo,n)j (50,1@)i(50,1)jUsfna'sfmo't—ko-t—lcov(zgzt—kzt—la Zgzsfnzsfm)
t,s=1 n,m=1k,l=1

T s—1 t—1

CKT?Y S Y U Con(E e an i)
t,s=1nm=1k,l=1
T t-1 t-1

= KT*QZ Z Z mIn T kT Cov(2 s n 2, 222 k2] (62)

t=1 n,m=1k,l=1
T t—1 s—1 t—1

+ KT72 Z Z Z Z m I TN Cov(22 2 k21, 2225 nZs—m)|- (63)

t=2 s=1nm=1k,l=1

)

For (62) we find the simple bound

T /t-1 4
KT2%" (Z /<;1> < KT YlogT)* — 0

t=1 \k=1
because z; has finite eighth order moments by Assumption E. The covariance in (63) is a

combination of the cumulants of z; up to order eight, where each term is a product of two

cumulants whose orders sum to eight. For the eighth order cumulant we find

T t-1 s—1 t-1
T_QZ Z Z ntm T k(b t t — kot — 15,5, s —n,s —m)| < KT — 0
t=2 s=1nm=1k,|l=1

)

by Assumption E. There are no seventh order cumulants in (63) because they would be multi-
plied by a first order cumulant, which is zero. For products of sixth and second order cumulants

we find, for example,

Z n i T ey (t — kot — 1)|ke(E,t, 5, 8,5 —ny s —m)|
m=

t—1 s—1

T t—1
=72 Z Z Z ntm T ke(t, t, 5, 5,5 —n,5 —m)| <; k™ 2ko(t — k,t — k))

t=2 \ s=1nm=1

<KT'—=0
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by Assumption E. Another example is

T
233 S S ()6t — kot — s, 5.5 — 0,5 —m)|

=2 s=1nm=1k,l=1

Z Z Z n i T kg (1) | ke (t — kot — 1,5, 8,8 —n, 5 —m)|

~

s=11<m<n<s—11<I<k<t—1
t—1
< KT? Z n " m T T ey (,t) | ke (t — kot — 1,5, 8,5 —my s —m)|
t=2 s=1 1<m<n<s—1 t—s<l<k§t—1
T
—i—KT*QZ Z Z nilmilkillillﬁig(t,t)’ﬁ,ﬁ(t—k,t—l,S,S,S—n,S—m)‘
t=2 1<I<k<t—1 s=1 1<m<n<s—1

T
< KT7? Z Z Z ntm T k(s 5.t — kot — 1,5 —n, s —m)|

<n<s—1t—s<I<k<t—1
1

<m
=
-1, —1;,-2
Z Z n-m k7| ke(t — k,t — k,s,s,5 —n,s —m)|
t=2 k=1 s=1 1<m<n<s—1
using Lemma A.2. Here, the second term is clearly O(T~!) by Assumption E and the first term
is
T

T-1
szz Z Z Z nflmflkfllfllﬁg(s,s,t—k,t—l,s—n,s—m)]

s=1t=s+11<m<n<s—1t—s<I<k<t—1
=72 E E E E ntml o —s+t)Hu—s+t)7t
s=1t=s+11<m<n<s—10<u<v<s—1

X |ke(s, 8,8 —v,8 —u, s —n,s —m)|

T-1 T
ST?2Z Z Z n*lmflmﬁ(&&s_vjs_ujs_n78_m)‘ ( Z (t—8)2> ,
t 1

s=1 1<m<n<s—10<u<v<s—1 =s+

which is also O(T~1) using Assumption E. The remaining products of sixth and second order
cumulants, as well as products of lower order cumulants, are treated similarly.

It follows that the sum of squares of vp; satisfies

t—1

1
4T 12‘%% Z E0.mE0nTt—mTt—nZt—mZi— n—>4Ao/0 ol(s)ds.

m,n=1
Hence, by the central limit theorem for martingales, see Lemma A.1, we have that St 20
N(0,4A¢ fo (s)ds) and therefore also that 7/2 aR(gO) DN N(0,4A0 fo (s)ds).
E.2 Convergence of the Hessian

The second derivative in (56) is tight (stochastically equicontinuous) by Newey (1991, Corollary
2.2) if its derivative is dominated uniformly in d € Ds,v € Nj3(¢y) by a random variable
= Op(1). From Lemma C.3 with uy = ug = d —dy > —1/2 + k3 and ¥ = N3(¢),)
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(noting that only summability of the linear coefficients is assumed in Lemma C.3 and this

is satisfied uniformly on Ny(1) by the derivatives of ¢,(¢)) by Assumption F) it holds that

Br = SUD4e py e Ns (1) \835(13? = Op(1), showing that the second derivative in (56) is tight.

This result, together with consistency of 6 (Theorem 1), implies by Lemma A.3 of Johansen

and Nielsen (2010) that the second derivative in (56) can be evaluated at the true value.
Hence, we examine

9*R(bo) _ 2T—1§T:e (60)7 +2T—1§T: 01017,
9000 - t\V0)¥Y2,t—1 - Y1,t-1Y1¢—15

and by the same argument as for the score, it is enough to consider

T T
Hp =271 efoi1+20 "> yri1vfis g
t=1 t=1

Because §2,,—1 is measurable with respect to F;, €;92,:—1 is a martingale difference sequence,
and it has finite variance such that the first term of Hr is op(1).
The second term of Hr has mean

T t—1

2T lzzat n€0n§0n_2T 1ZUtZ§On§0n+O )

t=1n=1
_ T T-1
T TS €t ol
t=1 n=1 t=1 n=t

by Lemma A.3 with g;,,, = I(n = m)o; 2 The first term converges to 2By fol o2(s)ds
and the second term is bounded by KT T S°7-] HfOnHQ < KTl ST in=2 <
KT~ '(logT) — 0. The variance of the (i, j)’th element of the second term of Hr is

s—1 t—1

AT? Z z Z gOm 6071) (£Ok) (501)]03 m0Os—nOt—kO0t—|

t,s=1m,n=1k,l=1

X [E(Zs—mzs—nztsztfl) - E(Zs—mzs—n)E(thk:thl)]
s—1 t—1

< KT7? Z Z Z m In kT 1]E(zS mZs—nzt—kt—1) — E(zs—mzs—n)FE(zt—r2t—1)] -
t,s=1mmn=1k,l=1

If either m # n or k # [, the contribution to the variance of the second term of Hr is bounded

38



by

T s-1 t-1
KT2 Z Z Z mAn T B (2smmzs—nzi—kzi—1)|
t,s=1mmn=1k,Il=1
T s-—1 s—1 t—1
< KT7? Z Z Z Zm_ln_lk_l(t —s4+m) " ka(s —m,s —m,s —n,t — k)|
t,s=1n=1m=s—t+1 k=1
T s—1 t—1

+ KT72 Z Z Z n 2k N ka(s —nys — gt — Kt — 1)

t,s=1n=1k,l=1

T s—1 T s—1
SKT_QZ Z m_l(t—s+m)_1+KT_1ZZn_2
t,s=1m=s—t+1 s=1n=1
T T
S KT ?(logT) > (ls—t/+ 1) '+ KT ') s < KT '(logT)* — 0,
t,s=1 s=1

whereas if m = n and k = [, the contribution is bounded by

T s—-1t-1

KT72 Z Z Zn_2k_2 |[ka(s —mn,s —n)|ka(t — k,t — k)|

t,s=1n=1k=1

T s—1t—1 T
SKT?2Y N> 0k ?<KT?) st < KT '(logT)* — 0.
t,s=1n=1k=1 t,s=1

Thus, the second term of Hp converges in Lo-norm, and hence in probability, to 2By fol o2(s)ds.
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