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Abstract

In many contexts we may be interested in understanding whether direct connections between
agents, such as declared friendships in a classroom or family links in a rural village, affect their
outcomes. In this paper we review the literature studying econometric methods for the analysis
of social networks. We begin by providing a common framework for models of social effects,
a class that includes the ‘linear-in-means’ local average model, the local aggregate model, and
models where network statistics affect outcomes. We discuss identification of these models
using both observational and experimental/quasi-experimental data. We then discuss models of
network formation, drawing on a range of literatures to cover purely predictive models, reduced
form models, and structural models, including those with a strategic element. Finally we discuss
how one might collect data on networks, and the measurement error issues caused by sampling

of networks, as well as measurement error more broadly.
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1 Introduction

Whilst anonymous markets have long been central to economic analysis, the role of networks as an
alternative mode of interaction is increasingly being recognised. Networks might act as a substitute
for markets, for example providing access to credit in the absence of a formal financial sector, or
as a complement, for example transmitting information about the value of a product. Analysis
that neglects the potential for such social effects when they are present is likely to mismeasure any

effects of interest.

In this paper we provide an overview of econometric methods for working with network data —
data on agents (‘nodes’) and the links between them — taking into account the peculiarities of the
dependence structures present in this context. We draw on both the growing economic literature
studying networks, and on research in other fields, including maths, computer science, and sociology.
The discussion proceeds in three parts: (i) estimating social effects given a (conditionally) exogenous
observed network; (ii) estimating the underlying network formation process, given only a single
cross-section of data; and (iii) data issues, with a particular focus on accounting for measurement

error, since in a network-context this can have particularly serious consequences.

The identification and estimation of social effects — direct spillovers from the characteristics or
outcome of one agent to the outcome of others — are of central interest in empirical research on
networks in economics. Whilst researchers have tended to focus on the effects from the average
characteristics and outcomes of network ‘neighbours’, different theoretical models will imply dif-
ferent specifications for social effects. In Section 3 we begin by setting out a common framework
for social effects, which has as a special case the common ‘linear-in-means’ specification, as well
as a number of other commonly used specifications. Since the general model is not identified, we
then go through some important special cases, first outlining the theoretical model which generates
the specification, before discussing issues related to identification of parameters.! For most of our
discussion we focus on identification of the parameters using only observational data, since this is
typically what researchers have available to them. We then go on to consider the conditions under
which experimental variation can help weaken the assumptions needed to identify the parameters

of interest.

The key challenge for credible estimation of social effects comes from the likely endogeneity of the
network. Thus far most of the empirical literature has simply noted this issue without tackling it
head on, but more recently researchers have tried to tackle it directly. The main approach to doing
this has been to search for instruments which change the probability of a link existing without
directly affecting the outcome. Alternatively, where panel data are available, shocks to network

structure — such as node death — have been used to provide exogenous variation. These approaches

LA different presentation of some of the material in this part of Section 3 can be found in Topa and Zenou (2015).
Of the models we discuss, their focus is on two of the more common specifications used. Topa and Zenou (2015)
compare these models to each other, and also to neighbourhood effect models, and discuss the relationship between
neighbourhood and network models.



naturally have all the usual limitations: a convincing story must be provided to motivate the exclu-
sion restriction, and where there is heterogeneity they identify only a local effect. Additionally, they
rely on the underlying network formation model having a unique equilibrium. Without uniqueness
we do not have a complete model, as we have not specified how an equilibrium is chosen. Hence a
particular realisation of the instrument for some group of nodes is consistent with multiple resulting

network structures, and a standard IV approach cannot be used.

This provides one natural motivation for the study of network formation models: being able to
characterise and estimate a model of network formation would, in the presence of exclusion restric-
tions (or functional form assumptions motivated by theory) allow us to identify social effects using
the predicted network. Formation models can also be useful for tackling measurement error, by
imputing unobserved links. Finally, in some circumstances we might be interested in these models
per se, for example to understand how we can influence network structure and hence indirectly the

distribution of outcomes.

In Section 4 we consider a range of network formation models, drawing from literatures outside
economics as well as recent work by economists, and show how these methods relate to each other.
We first consider purely descriptive models that make use of only data on the observed links, and
can be used to make in-sample predictions about unobserved links given the observed network
structure. Next we turn to reduced form economic models, which make use of node characteristics
in predicting links, but which do not allow for dependencies in linking decisions. Lastly we discuss
the growing body of work estimating games of strategic network formation, which allow for such

dependencies and so at least, in principle, can have multiple equilibria.?

The methods discussed until now have all assumed access to data on a population of nodes and
all the relevant interconnections between them. However, defining and measuring the appropriate
network is often not straightforward. In Section 5 we begin by discussing issues in network definition
and measurement. We then discuss different sampling approaches: these are important because
networks are comprised of interrelated nodes and links, meaning that a sampling strategy over one
of these objects will define a non-random sampling process over the other. For example if we sample
edges randomly, and compute the mean number of neighbours for the nodes to whom those edges
belong, this estimated average will be higher than if the average were computed across all nodes,
since nodes with many edges are more likely to have been included in the sample by construction.
Next we discuss different sources of measurement error, and their implications for the estimation of
network statistics and regression parameters. We end with an explanation of the various methods

available to correct for these problems, and the conditions under which they can be applied.

Given the breadth of research in these areas alone, we naturally have to make some restrictions to
narrow the scope of what we cover. In the context of social effects estimation, we omit entirely
any discussion of peer effects where all that is known about agents’ links are the groups to which

they belong. A recent survey by Blume et al. (2010) more than amply covers this ground, and

2 Another review of the material on strategic network formation is provided by Graham (2015).



we direct the interested reader to their work. We also restrict our focus to linear models, which
are appropriate for continuous outcomes but may be less suited to discrete choice settings such
as those considered by Brock and Durlauf (2001) and Brock and Durlauf (2007). Similarly in our
discussion of network formation, we do not consider in any detail the literature on the estimation of
games. Although strategic models of network formation can be considered in this framework, the
high dimension of these models typically makes it difficult to employ the same methods as are used
in the game context. For readers who wish to know more about these methods, the survey paper
by de Paula (2013) is a natural starting point. Finally, for a survey of applied work on networks in

developing countries, see the review by Chuang and Schechter (2014).

We round off the paper with some concluding remarks, drawing together the various areas discussed,
noting the limits of what we currently know about the econometrics of networks, and considering
the potential directions for future research. Appendix A then provides detailed definitions of the

various network measures and topologies that are mentioned in the text below.

2 Notation

Before we proceed, we first outline the notation we use throughout the paper. We define a network
or graph g = (A, &4)3 as a set of nodes, .4#;, and edges or links, &,.* The nodes represent individual
agents, and the edges represent the links between pairs of nodes. In economic applications, nodes are
usually individuals, households, firms or countries. Edges could be social ties such as friendship,
kinship, or co-working, or economic ties such as purchases, loans, or employment relationships.
The number of nodes present in g is Ny, = |.4;|, and the number of edges is E, = |&,;|. We define
gy ={g: |4 = N} as the set of all possible networks on N nodes.

In the simplest case — the binary network — any (ordered) pair of nodes i,j € A4 is either linked,
ij € &, or not linked, ij ¢ &,. If ij € &, then j is often described as being a neighbour of i. We
denote by nei; g = {j : ij € &} the neighbourhood of node i, which contains all nodes with whom
i is linked. Nodes that are neighbours of neighbours will often be referred to as ‘second degree
neighbour’. Typically it is convenient to assume that ii ¢ &, Vi € 4. Edges may be directed, so
that a link from node 7 to node j is not the same as a link from node j to node 7; in this case the
network is a directed graph (or digraph). In Section 4 we will at times find it useful to explicitly
enumerate the edges; we denote by A this set of enumerated edges, with typical element [. Unlike
&y, A is an ordered set, with order 12, 13, ...N(N — 1), so that we may use (I — 1) to denote the

element in the set one position before .

A more general case than the binary graph is that of a weighted graph, in which the edge set contains
all possible combinations of nodes, other than to the node itself. That is, & = {ij : Vi,j € Ay, i #

3In a slight abuse of notation, we will also use ¢ to index individual networks when data from multiple networks
is available.
4In Appendix A we provide further useful definitions.



j}. Moreover, edges have edge weights wei(i,j) which measure some metric of distance or link
strength. Care is needed in interpreting the value of weights, as these differ by context. ‘Distance’
weighted graphs, which arise for example when weights represent transaction costs between two
nodes, would typically have wei?(i, j) € [0, 00), with wei?(i, j) = oo being equivalent to i and j
being unconnected in the binary graph case. Conversely, ‘strength’ weighted graphs, where weights
capture for example the frequency of interaction between agents, typically have wei®(i,j) € [0, w],
with wei®(i,j) = 0 being equivalent to ¢ and j being unconnected in the binary graph case and

> Which definition is used depends on the context and application, but similar methods

6

w < 0.

can be used for analysis in either case.

Network graphs, whether directed or not, can also be represented by an adjacency matriz, G,
with typical element Gjj,. This is an IV, x N, matrix with the leading diagonal normalised to
0. When the network is binary, Gj;,= 1 if ij € &, and 0 otherwise, while for weighted graphs,
Gijg = wei(i,j). We will use the notation G;, to denote the i*" row of the adjacency matrix
G, and G;g to denote its " column.” Many models defined for binary networks make use of the
row-stochastic® adjacency matrix or influence matriz, ég. Elements of this matrix are generally

defined as C?ijyg = Gijg/y"; Gij e if two agents are linked and 0 otherwise.

When we describe empirical methods for identifying and estimating social effects, we will frequently
work with data from a number of network graphs. Graphs for different networks will be indexed,
in a slight abuse of notation, by g = 1, ..., M, where M is the total number of networks in the data.
Node-level variables will be indexed with i = 1,..., Ny, where IV, is the number of nodes in graph
g. Node-level outcomes will be denoted by y; 4, while exogenous covariates will be denoted by the

1 x K vector x; , and common network-level variables will be collected in the 1 x @ vector, z,.

The node-level outcomes, covariates and network-level variables can be stacked for each node in a
network. In this case, we will denote the stacked N, x 1 outcome vector as y, and the N, x K
matrix stacking node-level vectors of covariates for graph g as X ;. Common network-level variables
for graph g will be gathered in the matrix Z, = ¢4z, where ¢, denotes an N, x 1 vector of ones.
The adjacency and influence matrices for network g will be denoted by G, and ég. At times we
will also make use of the Ny x N, identity matrix, I,, consisting of ones on the leading diagonal,

and zeros elsewhere.

Finally, we introduce notation for vectors and matrices stacking together the network-level outcome
vectors, covariate matrices and adjacency matrices for all networks in the data. Y = (yll, ey y;\/j)/
is an Ei]‘il N4 x 1 vector that stacks together the outcome vectors; G = diag{Gg}gzi\/[ denotes the

Zg/il Ny x nyz 1 N4 block-diagonal matrix with network-level adjacency matrices along the leading

°In both of these examples, wei(i,j) = wei(j,4). More generally this need not be true. For example, in some
settings one might use ‘flow weights’ where wei? (4,7) represents the net flow of, say, resources from i to j. Then by
definition wei’ (4, j) = —wei? (j,4), and the weighted adjacency matrix, defined shortly, is skew-symmetric.

SWith distance weighted graphs, one must be careful in dealing with edges where wei?(i,j) = oo. A good
approximation can usually be made by replacing infinity with an arbitrarily high finite value.

"Gl , is the i*™ row of G}, which is the i column of G.

8 A row stochastic (also called ‘right stochastic’ matrix) is one whose rows are normalised so they each sum to one.



diagonal and zeros off the diagonal, and analogously G = diag{é’g}gz\/[ (with similar dimensions

as G) for the influence matrices; and X = (Xi, ...,X;\/[)/ and Z = (Zi, ...,Z;V[)/ are respectively,
M N xKand M N, x () matrices, that stack together the covariate matrices across networks.
g=1""9 g=1""9 g

g=M

Finally, we define the vector ¢ as a Zéw:l Ny x 1 vector of ones and the matrix L = diag{ty} g=1

as an Zg/i 1 Ng x M matrix with each column being an indicator for being in a particular network.

3 Social Effects

Researchers are typically interested in understanding how the behaviour, choices and outcomes of
agents are influenced by the agents that they interact with, i.e. by their neighbours. This section

9 We consider

reviews methods that have been used to identify and estimate these social effects.
a number of restrictions that would allow parameters of interest to be recovered, and place them
into a broader framework. We focus on linear estimation models, which cover the bulk of methods

used in practice.

We begin by providing a common organisational framework for the different empirical specifications
that have been applied in the literature. Thereafter, we discuss in turn a series of commonly used
specifications, the underlying theoretical models that generate them, and outline conditions for the
causal identification of parameters with observational cross-sectional data. We then briefly discuss
how experimental and quasi-experimental variation could be used to uncover social effects. Finally,
we discuss some methods that can be applied to overcome confounding due to endogenous formation
of edges, and discuss their limitations. A comprehensive overview of models of network formation

is provided in Section 4.

We will use a specific example throughout this section to better illustrate the restrictions imposed
by each of the different models and empirical specifications. Specifically, we will consider how we
can use these methods to answer the following question: How is a teenager’s schooling performance
influenced by his friends? This is a widely studied question in the education and labour economics

literatures, and is of great policy interest.”

We take as given throughout this section that the researcher knows the network(s) for which he is
trying to estimate social effects and that he observes the entirety of this network without error. In
Section 5 we will discuss how these data might be collected, and the consequences of having only

a partial sample of the network and/or imperfectly measured networks.

3.1 Organising Framework

Almost all (linear) economic models of social effects can be written as a special case of the following

equation (written in matrix terms using the notation specified in Section 2):

9We leave aside the important issues of inference, in order to keep the scope of this survey manageable.
10See Sacerdote (2011) for an overview of this literature.



Y = at+wy(G,Y)B+ Xv+wz(G, X)0+Zn+ Lv +¢ (3.1)

Y is a vector stacking individual outcomes of nodes across all networks.'’ X is a matrix of
observable background characteristics that influence a node’s own outcome and potentially that of
others in the network. G is a block-diagonal matrix with the adjacency matrices of each network
along its leading diagonal, and zeros on the off-diagonal. wy (G, Y') and w,(G, X) are functions of
the adjacency matrix, and the outcome and observed characteristics respectively. These functions
indicate how network features, interacted with outcomes and exogenous characteristics of (possibly
all) nodes in the network, influence the outcome, Y. The block-diagonal nature of G means that
only the characteristics and outcomes of nodes in the same network are allowed to influence a node’s
outcome. Z is a matrix of observed network-specific variables; v = {Vg}gziw is the associated vector
of network-specific mean effects, unobserved by the econometrician but known to agents; and € is

a vector stacking the (unobservable) error terms for all nodes across all networks.

We make the following assumptions on the € term:

Eleig| X4,Z4, Gyl =0 Vieg; ge{l,..,M} (3.2)

Covlei gepn| Xgs Xn, Zg, Z1, Gy, Gyl =0 Vieg,keh; ghe{l,..M}; g#h (3.3)

Equation 3.2 says that the error term for individual nodes in a network is mean independent of
observed node-level characteristics of all network members, of network-level characteristics and of
the network structure, as embodied in the adjacency matrix G4. The network, is in this sense
assumed to be exogenous, conditional on individual-level observable characteristics and network-
level observable characteristics. Later in Subsection 3.7 below, we will review some approaches
taken to relax this assumption. In addition, Equation 3.3 implies that the error terms of all nodes,
1 and k in different networks, g and h, are uncorrelated conditional on observable characteristics of
the nodes, the observable characteristics of the networks, and the structure of the network. Finally,
note that no assumptions are imposed on the covariance of node-level error terms within the same

network.

In some cases, the following assumption is made on v:

Elv,| X, Zy, Gyl =0 Vge{l,.., M} (3.4)

That is, the network-level unobservable is mean independent of observable node- and network-

level characteristics, and of the network. Many of the models that we consider below relax this

"We allow Y to be univariate, so individuals have only a single outcome. A recent paper by Cohen-Cole et al.
(forthcoming) discusses how to relax this assumption, and provides some initial evidence that restricting outcomes
to only a single dimension might be important in empirical settings.



assumption and allow for correlation between v and the other right hand side variables in Equation
3.1.

The social effect parameter that is most often of interest to researchers is 3 - the effect of a
function of a node’s neighbours’ outcomes (e.g. an individual’s friends’ schooling performance) and
the network. This is also known as the endogenous effect, to use the term coined by Manski (1993).
This parameter is often of policy interest, since in many linear models, the presence of endogenous
effects implies the presence of a social multiplier: the aggregate effects of changes in X, wg(G, X),
and Z are amplified beyond their direct effects, captured by «, 4, and 1. The parameters § and n

are known as the exogenous or contextual effect while v captures a correlated effect.

This representation nests a range of models estimated in the economics literature:

1. Local average models: This model corresponds with wy (G, Y) = GY and w,(G, X) = GX,
which arises when node outcomes are influenced by the average behaviour and characteristics
of his direct neighbours. In our schooling example, this model implies that an individual’s
schooling performance is a function of the average schooling performance of his friends, his
own characteristics, the average characteristics of his friends and some background network
characteristics. This can apply, for example, when social effects operate through a desire for
a node to conform to the behaviour of its neighbours. The identifiability of the parameters
B, v, and 0 from the data available to a researcher depends on the structure of the network

and the level of detail available about the network:!2

(a) With data containing information only on the broad peer group that a node belongs to
and where a node can belong to a single group only (e.g. a classroom), it is common
to assume that the node is directly linked with all other nodes in the same group and
that there are no links between nodes in different groups. In this case, the peer group
corresponds to the network. All elements of the influence matrix of a network g, é’g,
(including the diagonal) are set to N%, where IV, is the number of agents within the
network.!> This generates the linear-in-means peer group model studied by Manski
(1993) among others. Manski (1993) shows that identification of the parameter [ is
hampered by a simultaneity problem that he labels the reflection problem: it is not
possible to differentiate whether the choices of a node ¢ in the network influence the
choices of node j, or vice versa. An alternative definition for G sets all diagonal terms
of the network-level influence matrices, ég, to 0 and off-diagonal terms to ﬁ, which
implies using the leave-self-out mean outcome as the regressor generating social effects.
With this definition, identification of the parameters 8, «, and & is possible in some

circumstances as shown by Lee (2007).'* Identification issues related to this model with

'2The parameter 1 can also be identified under the assumption that E[v| X, Z, G] = 0.

3Note that in this case, since all nodes are linked to all others (including themselves), the total number of i’s edges

(or degree), dig =3, Gijg = Ng Vi € g. Hence by definition, all elements of G, are set to Nig

1 Other solutions to the reflection problem have also been proposed, such as those by Glaeser et al. (1996), Moffitt

10



single peer groups have been surveyed in detail elsewhere, and thus will not be considered
here. The interested reader should consult the comprehensive review by Blume et al.
(2010).

(b) If instead detailed network data (i.e. information on nodes and the edges between them)
are available, or if nodes belong to multiple partially overlapping peer groups, it may
be possible to separately identify the parameters 3, <, and § from a single cross-section
of data. In this case, elements of the network-level influence matrices, G’g are defined
as Gijg = ﬁ when a link between 4 and j exists, where d; 4 is the total number of i’s
links (or degree); and 0 otherwise. Identification results for observational network data
have been obtained by Bramoullé et al. (2009). These are explored in more detail in
Subsection 3.2 below.

2. Local aggregate models: When there are strategic complementarities or substitutabilities
between a node’s outcomes and the outcomes of its neighbours one can obtain the local
aggregate model. In our schooling example, it may be more productive for an individual to
put in more effort in studying if his friends also put in more effort, consequently leading to
better schooling outcomes. In this case a node’s outcome depends on the aggregate outcome
of its neighbours. In the context of Equation 3.1, this implies that wy(G,Y) = GY and
wy (G, X) is typically defined to be GX, implying that the outcome of interest is influenced
by the average exogenous characteristics of a node’s neighbours.'® Identification and estima-
tion of this model in observational networks data has been studied by Calvé-Armengol et al.
(2009), Lee and Liu (2010) and Liu et al. (2014b). More details are provided in Subsection
3.3 below.

3. Hybrid local models: This class of models nests both the local average and local aggregate
models. This allows the social effect to operate through both a desire for conformism and
through strategic complementarities/substitutabilities. In the schooling example, the model
implies that individuals may want to ‘fit-in’ and thus put in similar amounts of effort in
studying as their friends, but their studying efforts may also be more productive if their
friends also put in effort. Both of these channels then influence their schooling performance.
In the notation of Equation 3.1, it implies that wy(G,Y) = GY + GY. As in the local
average and aggregate models above, w4 (G, X) is typically defined to be G X . Identification
and estimation of this model with observational data is studied by Liu et al. (2014a). See

Subsection 3.4 for more details.

4. Networks may influence node outcomes (and consequently aggregate network outcomes)

through more general features or functionals of the network. For instance, the DeGroot (1974)

(2001), and Graham (2008). Kwok, 2013 provides a general study of the conditions under which identification of
parameters can be achieved. He finds that network diameter — the length of the longest geodesic — is the key parameter
in determining identification.

'5This choice of definition for wg (G, X) is, to our understanding, not based on any explicit theoretical justification.
It does, however, ease identification as wg(.) and wy(.) are now different functions of G.

11



model of social learning implies that an individual’s eigenvector centrality, which measures
a node’s importance in the network by how important its neighbours are, determines how
influential it is in affecting the behaviour of other nodes.'® In the schooling context, if an
individual’s friends are also friends of each other (a phenomenon captured by clustering), he
may have to spend less time maintaining these friendships due to scale economies, allowing
him more time for school work thereby leading to better schooling performance.

Denoting a specific network statistic (such as eigenvector centrality in the social learning
model above) by w", where r indexes the statistic, we can specialise the term wy (G, Y')3 in

Equation 3.1 for node 7 in network g in a model with node-level outcomes as:

R
. Zw{ gBT: R different network statistics; or

r=1

R
° E ZGij,gyj,gwg, gﬁr: the sum of neighbours’ outcomes weighted by R different network

r=1 j#i
statistics; or

R
° Z Z @ij7gyj,gw§7 ,Ort the average of neighbours’ outcomes weighted by R different net-

r=1 j#i
work statistics.

Analogous definitions are used for w, (G, X)d. Models of this type have been estimated by
Jackson et al. (2012) and Alatas et al. (2012).
When researchers are interested in aggregate network outcomes, rather than node level out-

comes, the following specification is typically estimated:
g = ¢o + Wy(G)p1 + X 2 + wx (G, X)¢3 +u (3.5)

where y is an (M x 1) vector stacking the aggregate outcome of the M networks, wg(G) is a
matrix of R network statistics (e.g. average degree) that directly influence the outcome, X is
an (M x K) matrix of network-level characteristics (which could include network-averages of
node characteristics) and wx (G, X) is a term interacting the network-level characteristics
with the network statistics. ¢ captures how the network-level aggregate outcome varies with
specific network features while ¢o and ¢3 capture, respectively, the effects of the network-level
characteristics and these characteristics interacted with the network statistic on the outcome.
Models of this type have been estimated by among others, Banerjee et al. (2013), and are

discussed further in Subsection 3.5.

In Subsections 3.2 to 3.5 below, we review methods relating to identification of the parameters 3,

~, 8, ¢1 and ¢ and ¢3 in these models,!” under the assumption that the network is exogenous

S Eigenvector centrality is a more general function of the network than those considered above, since it relies on
the whole structure of the network.
179 can also be identified in some cases, particularly when the assumption Elv| X, Z,G] = 0 is imposed.
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conditional on observable individual and network-level variables. For each case discussed, we start
by outlining a theoretical model that generates underlying the resulting empirical specification, and

outline identification conditions using observational data.

Thereafter, in Subsection 3.6, we outline how experimental and quasi-experimental variation has
been used to uncover social effects, and highlight some of the challenges faced in using such variation

to uncover parameters of the structural models outlined in Subsections 3.2 to 3.4 below.

Subsection 3.7 outlines methods used by researchers to relax the assumption made in equation 3.2:
that the individual error term is mean independent of the network and observed individual and
network-level characteristics. Dealing with endogenous formation of social links is quite challenging,
and so most of the methods outlined in this section fail to satisfactorily deal with the identification
challenges posed by endogenous network formation. Moreover, none of these methods deal with
the issue of measurement error in the network. These issues are considered in Sections 4 and 5

respectively.

3.2 Local Average Models

In local average models, a node’s outcome (or choice) is influenced by the average outcome of its
neighbours. Thus, an individual’s schooling performance is influenced by the average schooling
performance of his friends. The outcome for node 4 in network g, ¥; 4, is typically modelled as being
influenced by its own observed characteristics, x; 4, scalar unobserved heterogeneity ¢; 4, observed
network characteristics z4, unobserved network characteristic v, and also the average outcomes and
characteristics of neighbours. Below, we consider identification conditions when data are available

from multiple networks, though some results apply to data from a single network.'®

Stacking together data from multiple networks yields the following empirical specification, expressed

in matrix terms:

Y =t BGY + Xy +GX6+Zn+Lv+e (3.6)

where Y, ¢, X, Z, L and v are as defined previously; and G is a block diagonal matrix stacking
network-level influence matrices along its leading diagonal, with all off-diagonal terms set to 0. The

social effect, (3, is a scalar in this model.

Given the simple empirical form of this model, it has been widely applied in the economics literature.

Examples include:

e Understanding how the average schooling performance of an individual’s peers influences the

individual’s own performance in a setting where students share a number of different classes

18Vthzn data on only a single network are available, the empirical specification is as follows: y, = a + ﬁ@gyg +
Xov+Gy X 6+e,, where a = awg + Zyn + L4, in our earlier notation, capturing all of the network-level character-
istics.
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(e.g. De Giorgi et al., 2010), or where students have some (but not all) common friends (e.g.
Bramoullé et al., 2009).

e Understanding how non-market links between firms arising from company directors being
members of multiple company boards influence firm choices on investment and executive pay
(e.g. Patnam, 2013).

Although this specification is widely used in the empirical literature, few studies consider or acknow-
ledge the form of its underlying economic model, even though parameter estimates are subsequently
used to evaluate alternative policies and to make policy recommendations. Indeed, parameters are
typically interpreted as in the econometric model of Manski (1993), whose parameters do not map

back to ‘deep’ structural (i.e. policy invariant) parameters without an economic model.

An economic model that leads to this specification is one where nodes have a desire to conform to
the average behaviour and characteristics of their neighbours (Patacchini and Zenou, 2012). In our
schooling example, conformism implies that individuals would want to exert as much effort in their
school work as their friends so as to ‘fit in’. Thus, if one’s friends may want to exert no effort in

their school work, the individual would also not want to exert any effort in his school work.

Below we show how this model leads to Equation 3.6. However, this is not the only economic model
that leads to an empirical specification of this form: a similar specification arises from, for example,
models of perfect risk sharing, where a well-known result is that under homogeneous preferences,
when risk is perfectly shared, the consumption of risk-averse households will move with average

household consumption in the risk sharing group or network (Townsend, 1994).

Conformism is commonly modelled by node payoffs that are decreasing in the distance between
own outcome and network neighbours’ average outcomes. Payoffs are also allowed to vary with
an individual heterogeneity parameter, m; 4, which captures the individual’s ability or productivity

associated with the outcome:?

N
- 1 LA
Ui(Yi,gs Y—ig» Xg: Giyg) = | miyg — 9 Yig — 28 E :Gij,gyj,g Yig (3.7)
j=1

B in Equation 3.7 can be thought of as a taste for conformism. Although we write this model as
though nodes are perfectly able to observe each others’ actions, this assumption can be relaxed.

In particular, an econometric specification similar to Equation 3.6 can be obtained from a static

model with imperfect information (see Blume et al., 2013).
The best response function derived from the first order condition with respect to y; 4 is thus:

Ng

Yig = Tig+ B Y Gijglig (3-8)
j=1

Notice that in Equation 3.7, Zjv:ql Gij.eYi.g is identical to the i row of égyg, which appears in Equation 3.6.
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Patacchini and Zenou (2012) derive the conditions under which a Nash equilibrium exists, and

characterise properties of this equilibrium.

The individual heterogeneity parameter, 7; , , can be decomposed into a linear function of individual

and network characteristics (both observed and unobserved):

Ng
Tig = TigY + Z Gijgjg0 + ZgN + Vg + €ig (3.9)
j=1
Substituting for this in Equation 3.8, we obtain the following best response function for individual

outcomes:

Ng Ng
Yig =P Z GijgYjg + TigY + Z Gijgjg0 + Zgn + vg + €ig (3.10)
j=1 j=1

Then, stacking observations for all nodes in multiple networks, we obtain Equation 3.6, which can
be taken to the data.

Bramoullé et al. (2009) study the identification and estimation of Equation 3.6 in observational data
with detailed network information or data from partially overlapping peer groups.?’ To proceed
further, one needs to make some assumptions on the relationship between the unobserved variables

— v and € — and the other right hand side variables in Equation 3.6.

One specific assumption is that Ele| X, Z, é] = 0, ¢.e. the individual level error term, €, is assumed
to be mean independent of the observed individual and network-level characteristics and of the
network. The network level unobservable is also initially assumed to be mean independent of the
right hand side variables, i.e. E[v| X, Z, é] = 0; though this assumption will be relaxed further

on.

Under these assumptions, the parameters {a, 3,4,d,n} are identified if {I, G, C~T‘2} are linearly
independent. Identification thus relies on the network structure. In particular, the condition would
not hold in networks composed only of cliques — subnetworks comprising of completely connected
components — of the same size, and where the diagonal terms in the influence matrix, G are not
set to 0. In this case, G? can be expressed as a linear function of I and G. Moreover, the model
is then similar to the single peer group case of Manski (1993), and the methods outlined in Blume
et al. (2010) apply.

In an undirected network (such as the in the left panel in Figure 1 below), this identification
condition holds when there exists a triple of nodes (i, j, k) such that ¢ is connected to j but not
k, and j is connected to k. The exogenous characteristics of k, xy 4, directly affect j’s outcome,

but not (directly) that of i, hence forming valid instruments for the outcome of i’s neighbours

20Gimilar identification results have been independently described by De Giorgi et al. (2010), who have data with
overlapping peer groups of students who share a number of classes.

15



(i.e. j’s outcome) in the equation for node i. Intuitively this method uses the characteristics
of second-degree neighbours who are not direct neighbours as instruments for outcomes of direct

neighbours.

(a) Intransitive triad in undirected network (b) Intransitive triad in directed network

Figure 1: Intransitive triad in a undirected network (left panel) and a directed network (right panel)

It is thus immediately apparent why identification fails in networks composed only of cliques: in
such networks, there is no triple of nodes (i, j, k) such that 7 is connected to j, and j is connected

to k, but 7 is not connected to k.

In the directed network case, the condition is somewhat weaker, requiring only the presence of an
intransitive triad: that is, a triple such that ij € &, jk € & and ik ¢ & (as in the right panel
of Figure 1 above).?! This is weaker than in undirected networks, which would also require that

ki &.

As an example, consider using this method to identify the influence of the average schooling perform-
ance of an individual’s friends on the individual, controlling for the individual’s age and gender, the
average age and gender of his friends, and some observed school characteristics (such as expenditure
per pupil). Assume first that the underlying friendship network in this school is undirected as in
the left panel of Figure 1, so that if 7 considers j to be his friend, j also considers ¢ to be his friend.
j also has a friend k& who is not friends with i. We could then use the age and gender of k as
instruments for the schooling performance of j in the equation for ¢. If instead, the network were
directed as in the right panel of Figure 1, where the arrows indicate who is affected by whom (i.e.
i is affected by j in the Figure, and so on), we can still use the age and gender of k as instruments
for the school performance of j in the equation for ¢ even though k is connected with . This is
possible since the direction of the relationship is such that k’s school performance is affected by #’s

performance, but the converse is not true.

The identification result above requires that the network-level unobservable term be mean independ-
ent of the observed covariates, X and Z, and of the network, G. However, in many circumstances
one might be concerned that unobservable characteristics of the network might be correlated with
X, so that E[v| X, Z, é] =# 0. For example, in our schooling context, when we take the network of

interest to be constrained to be within the school, it is plausible that children with higher parental

21 Bquivalently, a triple such ji € &, kj € & and ki ¢ & forms an intransitive triad.
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income will be in schools with teachers who have better unobserved teaching abilities, since wealth-
ier parents may choose to live in areas with schools with good teachers. In this case, a natural
solution when data on more than one network is available, is to include network fixed effects, Lo
in place of the network-level observables, Z, and the network-level unobservable, Lv; where U is

an M x 1 vector that captures the network fixed effects.

Since the fixed effects themselves are generally not of interest, to ease estimation they are removed
using a within transformation. This is done by pre-multiplying Equation 3.6 by J9° a block
diagonal matrix that stacks the network-level transformation matrices ngOb =1I,— Nig(l,gl,;) along
the leading diagonal, and off-diagonal terms are set to 0.2 The resulting model, suppressing the

superscript on J9 for legibility, is of the following form:

JY =BJGY +JX~vy+ JGXS + Je (3.11)

In this case, the identification condition imposes a stronger requirement on network structure. In
particular, the matrices {I, G, G2, é3} should be linearly independent. This requires that there
exists a pair of agents (i, 7) such that the shortest path between them is of length 3, that is, ¢
would need to go through at least two other nodes to get to j (as in Figure 2 below). The presence
of at least two intermediate agents allows researchers to use the characteristics of third-degree
neighbours (neighbours-of-neighbours-of-neighbours who are not direct neighbours or neighbours-

of-neighbours) as an additional instrument to account for the network fixed effect.

—0 0 ©° o—0 00

Figure 2: Identification with network fixed effects. The picture on the left panel shows an undirected
network with an agent [ who is at least 3 steps away from ¢, while the picture on the right panel
shows the same for a directed network.

A concern that arises when applying this method is that of instrument strength. Bramoullé et al.
(2009) find that this varies with graph density, i.e., the proportion of node pairs that are linked; and
the level of clustering, i.e. the proportion of node triples such that precisely two of the possible three
edges are connected.?? Instrument strength is declining in density, since the number of intransitive

triads tends to zero. The results for clustering are non-monotone, and depend on density.

The discussion thus far has assumed that the network through which the endogenous social effect

operates is the same as the network through which the contextual effect operates. It is possible to

22This is a global within transformation, which subtracts the average across the entire network from the individual’s
value. Alternatively, a local within transformation, .J, é"c =1, fG;g, can be used, which would subtract only the average
of the individual’s peers rather than the average for the whole network. The latter transformation has slightly stricter
identification conditions than the former, since it does not make use of the fact that the network fixed effect is common
across all network members, and not just among directly linked nodes.

23This definition is also referred to as the clustering coefficient.
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allow for these two networks to be distinct. This could be useful in a school setting, for instance,
where contextual effects could be driven by the average characteristics of all students in the school,
while endogenous effects by the outcomes of a subset of students who are friends. This might occur
if the contextual effect operates through the level of resources the school has, which depends on the

parental income of all students, whilst the peer learning might come only from friends.

Let Gx 4 and Gy 4 denote the network-level adjacency matrices through which, respectively, the
contextual and endogenous effects operate. As before we define the block diagonal matrices Gx =
diag{Gx,g}gjw and Gy = diag{G%g}giw. Blume et al. (2013) study identification of this model
assuming that the two networks are (conditionally) exogenous and show that when the matrices
G, and G x are observed by the econometrician, and at least one of 6 and v is non-zero, then the
necessary and sufficient conditions for the parameters of Equation 3.6 to be identified are that the

matrices I, Gy, Gx and Gy G x are linearly independent.

Although all parameters of interest can be identified by this method, the assumption that the
network structure is conditionally exogenous is highly problematic. Though endogeneity caused by
selection into a network can be overcome by allowing for group fixed effects which can be differenced
out, endogenous formation of links within the network remains problematic and is substantially
more difficult to overcome. Formally, the problem arises from the fact that agents’ choices of with
whom to link are correlated with unobservable (at least to the researcher) characteristics of both
agents, so Pr(Gij 4 = 1leig) # Pr(Gijg)-

This means that the absence of a link between two nodes ¢ and k may be correlated with ¢; ; and
€k g, meaning that Ele; 4| X, Z,, G,4] # 0.4 Consequently the condition in Equation 3.2 no longer
holds. This is problematic for the method of Bramoullé et al. (2009), where the absence of a link
is used to identify the social effect, and this absence could be for reasons related to the outcome
of interest, thereby invalidating the exclusion restriction. For instance, more motivated pupils in a
school may choose to link with other motivated pupils; or individuals may choose to become friends
with other individuals who share a common interest (such as an interest in reading, or mathematics)
that is unobserved in the data available to the researcher. In such examples, the absence of a link
is due to the unobserved terms of the two agents being correlated in a specific way rather than the
absence of correlation between these terms. Solutions to this problem are considered in Subsection
3.7.

3.3 Local Aggregate Model

The local aggregate class of models considers settings where agents’ utilities are a function of the
aggregate outcomes (or choices) of their neighbours. Such a model applies to situations where there

are strategic complementarities or strategic substitutabilities. For example:

*Similarly, Elex,q|Gyg] # 0.
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e An individual’s costs of engaging in crime may be lower when his neighbours also engage in

crime (e.g. Bramoullé et al., 2014%%).

e An agent is more likely to learn about a new product and how it works if more of his neighbours

know about it and have used it.

The local aggregate model corresponds empirically to Equation 3.1 with wy(G, Y)=GY and
wy(G, X ):G'X , and a scalar social effect parameter, 8. This specification can be motivated
by the best responses of a game in which nodes have linear-quadratic utility and there are strategic
complementarities or substitutabilities between the actions of a node and those of its neighbours.
A model of this type has studied by Ballester et al. (2006).26 In particular, the utility function for

node ¢ in network g takes the following form:

Ng

1
Ui(Yi.g:Y—ig» Xg, Gg) = | miyg — 9Yig +6 Z GijgYig | Vig (3.12)
j=1

where y; 4 is 7’s action or choice, and 7; 4 is, as before, an individual heterogeneity parameter.?”

;g 1s parameterised as

n
Tig = Xig0 + Z GijgTjgY + 29N + Vg + €ig
j=1
so that individual heterogeneity is a function of a node’s own characteristics, the average charac-
teristics of its neighbours, network-level observed characteristics, and some unobserved network-

and individual-level terms.

The quadratic cost of own actions means that in the absence of any network, there would be a
unique optimal amount of effort the node would exert. 5 > 0 implies that neighbours’ actions are
complementary to a node’s own actions, so that the node increases his actions in response to those
of his neighbours. If § < 0, then nodes’ actions are substitutes, and the reverse is true. Nodes

choose y; 4 so as to maximise their utility.

The best response function is:

n n
Uig(Gg) = B Gijgyjg+@igd+ Y Gijaj gy + 24N+ v+ €ig (3.13)
=1 j=1

Ballester et al. (2006) solve for the Nash equilibrium of this game when 5 > 0 and show that when

|Bwmaz(Gg)| < 1, where winq,(Gy) is the largest eigenvalue of the matrix G, the equilibrium is

25The games considered in both Bramoulle and Kranton (2007) and Bramoullé et al. (2014) are not strictly linear
models, since there are corner solutions at zero.
26Ballester et al. (2006) focus on the case where there are strategic complementarities. Bramoullé et al. (2014)
study the case where there are strategic substitutabilities and characterise all equilibria of this game.
. N,
*"Notice that Z]’:’q1 GijgYj.9 = GigYg-
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unique and the equilibrium outcome relates to a node’s Katz-Bonacich centrality, which is defined
as b(Gy, B) = (I — BGy) ' (1g)-*®

Bramoullé et al. (2014) study the game with strategic substitutabilities between the action of a node
and those of its neighbours. They characterise the set of Nash equilibria of the game and show that,
in general, multiple equilibria will arise. A unique equilibrium exists only when SBlwpin(Gg)| < 1,
where wmin(Ggy) is the lowest eigenvalue of the matrix G,. When there are multiple equilibria
possible, they must be accounted for in any empirical analysis. Methods developed in the literature
on the econometrics of games may be applied here (Bisin et al., 2011). See de Paula (2013) for an

overview.

When a unique equilibrium exists, this theoretical set-up implies the following empirical model

(stacking data from multiple networks):

Y =+ BGY + X7+ GXS+Zn+ Lv +¢ (3.14)

which corresponds to Equation 3.1 with wy (G, Y)=GY and w,(G, X)=GX, and where all other

variables and parameters are as defined above in Subsection 3.1.

Identification of Equation 3.14 using observational data has been studied by Calvé-Armengol et al.
(2009), Lee and Liu (2010) and Liu et al. (2014b). They proceed under the assumption that
Ele|X,Z,G,G] = 0 and E[v|X,Z,G,G] # 0. That is, the node-varying error component is
conditionally independent of node- and network-level observables and of the network, while the
network-level unobservable could be correlated with node- and network-level characteristics and /or

the network itself.

These assumptions imply a two-stage network formation process. First agents select into a network
based on a set of observed individual- and network-level characteristics and some common network-
level unobservables. Then in a second stage they form links with other nodes. There are no network-
level unobservable factors that determine link formation once the network has been selected by the
node. Moreover, there are no node-level unobservable factors that determine the choice of network

or link formation within the chosen network.

To proceed, we assume that data is available for multiple networks. Then, as in Subsection 3.2, we
replace the network-level observables, Z, and the network-level unobservable, Lv in Equation 3.14

with network fixed effects, L, where & is a M x 1 vector that captures the network fixed effects.

To account for the fixed effect, a global within-transformation is applied, as in Subsection 3.2.
This transformation is represented by the block diagonal matrix J9° that stacks the following

network-level transformation matrices — Jgg

lob _ I, - Nig(Lgb’g) — along the leading diagonal, with
off-diagonal terms set to 0. Again we suppress the superscript on J9° in the rest of this subsection.

The resulting model, analogous to Equation 3.11, is:

28 A more general definition for Katz-Bonacich centrality is b(Gy, 3,a) = (I; — BG4) ' (aGyty), where a > 0 is a
constant (Jackson, 2008).
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JY = BJGY + JX~ +JGXd+ Je (3.15)

The model above suffers from the reflection problem, since Y appears on both sides of the equation.
However, the parameters of Equation 3.15 can be identified using linear IV if the deterministic part
of the right hand side, [E(JGY), JX,JGX], has full column rank. To see the conditions under
which this is satisfied, we examine the term with the endogenous variable, E(JGY'). Under the
assumption that |Swmaz(Gy)| < 1, we obtain the following from the reduced form equation of
Equation 3.14:

E(JGY)=J(GX + G?X +..)v+ J(GGX + BG*GX + ..)d
+J(GL + BG®L + ...\ (3.16)

We can thus see that if there is variation in node degree within at least one network g (which means
that G4 and G’g are linearly independent), and the matrices {I, G, G, Gé} are linearly independent
with 4, 8, and & each having non-zero terms, the parameters of Equation 3.14 are identified.?? This
is a special case of the Blume et al. (2013) result discussed earlier. Node degree (G L), along with
the total and average exogenous characteristics of the node’s direct neighbours (i.e. GX and GX)
and sum of the average exogenous characteristics of its second-degree neighbours (i.e. GGX ) can
be used as instruments for the total outcome of the node’s neighbours (i.e. GY'). The availability
of node degree as an instrument can allow one to identify parameters without using the exogenous
characteristics, X, of second- or higher-degree network neighbours, which could be advantageous

in some situations as we will see in Section 5 below.

In terms of practical application, consider using this method to identify whether there are comple-
mentarities between the schooling performance of an individual and that of his friends, conditional
on how own characteristics (age and gender), the composition of his friends (average age and
gender), and some school characteristics. Then, if there are individuals in the same network with
different numbers of friends, and the matrices {I, G, G, Gé} are linearly independent, the indi-
vidual’s degree, along with the total and average characteristics of his friends (i.e. total and average
age and gender) and the sum of the average age and gender of the individual’s friends of friends

can be used as instruments for the sum of the individual’s friends’ schooling performance.

Parameters can still be identified if there no variation in node degree within a network for all
networks in the data, but there is variation in degree across networks. In this case, G4 = Jgég and
[E(JGY),JX,JGX] has full column rank if the matrices {I, G, G, GG, G?, GG?} are linearly

298ee Liu et al. (2014b) for a different identification condition that allows for some linear dependence among these
matrices under additional restrictions.
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independent and « and & each have non-zero terms.? Finally, when there is no variation in node
degree within and across all networks 