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Abstract

Do fi rms under relative payoff s maximizing (RPM) behavior always choose a strategy 
profi le that results in tougher competition compared to fi rms under absolute payoff s 
maximizing (APM) behavior? In this paper we will address this issue through a simple 
model of symmetric oligopoly where fi rms select a two dimensional strategy set of price 
and a non-price variable known as quality simultaneously. In conclusion, our results 
show that equilibrium solutions of RPM and APM are distinct. We further characterize 
the comparison between these two equilibrium concepts. In particular, RPM does not 
always lead to stricter competition compared to the Nash equilbrium (APM). In fact, 
the comparison between two equilibrium concepts is infl uenced by the parameters of 
demand curve and cost function. The conditions, derived in this paper, determine under 
which circumstances RPM induces more competition or less competition w.r.t the price 
or non-price dimension.
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1. Introduction

It is a well-known result by Schaffer (1988[14],1989[15]) that the concept of

finite population evolutionary stable strategy (FPESS) can be characterized by

relative payoff maximization and this solution concept is different from Nash

equilibrium or absolute payoff maximization. As Schaffer explained agents in

economic and social environment survive in evolutionary process, if they can

perform better than their opponents and so players adhere to relative payoffs

maximizing (RPM) rather than absolute payoffs maximizing (APM) behavior.

The behavior implied by RPM or spiteful behavior (Hamilton (1970)[10]) leads

to more competition between firms in a cournot oligopoly game and as Vega Re-

dondo (1997)[21] revealed Walrasian equilibrium turns out to be unique stochas-

tically stable state in the symmetric Cournot oligopoly.

In this paper, we consider a symmetric oligopoly game where each firm has

a two dimensional strategy set of price and non-price. Using a non-price strat-

egy by firms in oligopoly competition is common since firms can be exceedingly

competitive in price strategy. Therefore firms may also decide to compete in

another dimension of non-price strategy. Hereafter we refer to this non-price

strategy as quality. Moreover firm‘s cost function structure, considered in the

present paper, follows from the literature in IO in which two different assump-

tions are made about the nature of cost function. First, we assume that quality

improvement requires fixed costs, while variable costs do not alter with quality,

for instance, when firms invest in R&D and advertising activities to improve

quality. Second, we study variable cost of quality improvement let’s say a sit-

uation that firms entail more expensive raw materials or inputs to produce an

output. Both equilibrium concepts of FPESS and Nash are analyzed and com-

pared under these two assumptions.

Vega-Redondo(1997)[21], Tanaka(1999[17],2001[19]), Apesteguia et al. (2010)[4]

and Leininger and Moghadam (2014)[13] investigate the equivalence of evolu-

tionary equilibrium and Walrasian competitive equilibrium in symmetric and

asymmetric Cournot oligopoly. Moreover Tanaka (2000)[18] studies evolution-
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ary game theoretical models for price-setting and for quantity-setting oligopoly

with differentiated goods. Tanaka(2000, Proposition 2)[18] show that if the

goods of firms are substitutes, FPESS price p∗ is between Nash equilibrium

price pN and competitive price and if the goods are complements, FPESS price

is higher than both Nash equilibrium and competitive price. However, in our

model with the existence of non-price strategy, when goods are substitutes RPM

firms may engage in less price competition i.e. p∗ > pN ( In fact, it uses a non-

price strategy to soften the price competition). And when goods are comple-

ments, RPM firms may possibly decide on more price competition i.e. p∗ < pN .

The plan of paper is as follows: in the next section we explain the model and

its assumptions. Section 3 analyzes the existence of FPESS and Nash equilibria

and their distinctions in the model of quality improvement with fixed cost while

section 4 examines the link between these equilibrium concepts in a model of

producing quality with variable costs. Then section 5 concludes the paper.

2. The Model

We assume an industry of i = 1, ..., n firms, each offering quantity amount xi

of a product that may vary in its quality qi and its price pi. It is also assumed

that non-price variable or quality is a measurable attribute with values in the

interval [0,∞). The quality level has a lower bound that is known as zero quality

or minimum technologically feasible quality level.

Following Dixit (1979)[8], demand functions for goods can be written as

follow

xi = Di(p,q), i = 1, ..., n (1)

where p = [p1, p2, ..., pn] and q = [q1, q2, ..., qn] In which an increase in any pj

and qj raises or lowers each xi dependent on whether product pair (i, j) are

complements or substitutes. Moreover we assume that the demand function Di

for each firm i is affected more by changes in its own price and quality than

those of its competitors (Tirole 1990)[20].
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Assumption 1. Di(p, q) are continuous, twice differentiable and concave func-

tions, and satisfy the following relations:

∂Di

∂pi
< 0, and |∂Di

∂pi
| > |∂Dj

∂pi
| ∀i = 1, ..., n, j �= i.

∂Di

∂qi
> 0, and ∂Di

∂qi
> |∂Dj

∂qi
| ∀i = 1, ..., n, j �= i.

⎧⎪⎨
⎪⎩

∂Dj

∂pi
< 0,

∂Dj

∂qi
> 0 if (i, j)are complements goods

∂Dj

∂pi
> 0,

∂Dj

∂qi
< 0 if (i, j)are substitutes goods

Concerning the cost function, on the one hand in the economic literature,

Shaked and Sutton (1987)[16] highlight that quality improvement can consist of

increase in fixed cost and/or variable cost. More recently, also Berry andWaldfo-

gel (2010)[6] study product quality and market size. They consider two different

types of industries including industries producing quality mostly with variable

costs (like restaurant industry) and industries that produce quality mostly with

fixed costs (like daily newspapers). Further, Brecard (2010)[7] investigates also

the effects of the introduction of a unit production cost in vertical model with

fixed cost of quality improvement. On the other hand, in management litera-

ture, for instance Banker et al.(1998)[5] assume that total cost function of firm

i is affected by quality choice in both fixed cost and variable cost. Further they

assert that it is frequently phenomenon that variable production costs decline

when quality is improved; e.g., when a higher quality (higher precision) product

produced by robot have less needs of direct labor hours. In general, here we

assume that the quality level selected by firm influences its total cost through

two distinctive ways; that is to say, fixed cost or variable cost like the following

assumption 2.

Assumption 2. The cost function for firm i as a general rule is

Ci(xi, qi) = Fi(qi) + Vi(xi, qi) (2)

And it is assumed to be one of the following two forms

1. ∂Vi

∂qi
= 0 i.e. Ci(xi, qi) = Fi(qi) + Vi(xi)
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2. ∂Fi

∂qi
= 0 i.e. Ci(xi, qi) = Vi(xi, qi)

F (.) and V (.) are increasing and convex functions with respect to each of their

arguments and all fixed costs that are not related to the quality, without loss of

generality, are normalized to zero.

3. Quality improvement with fixed costs

In this section we assume that the quality affects technology through only

fixed cost i.e.Ci(xi, qi) = Fi(qi) + Vi(xi). We analyze the outcomes of Nash

equilibrium and evolutionary equilibrium of this game and then we provide a

comparison between the two equilibrium concepts and discuss the results.

Profit function of firm i is defined as follow

πi(p,q) = piDi(p,q)− Fi(qi)− Vi(Di(p,q)) i = 1, 2, ..., n (3)

The strategic variables are price and quality. Since the interaction between

price and quality strategies of the firms only occur through the common demand

function, price vector p = [p1, p2, ..., pn] and quality vector q = [q1, q2, ..., qn]

can be written from the point of view of firm i, respectively as [pi,p−i] and

[qi, (q−i)]

Let the number of firms n be fixed. Consider a simultaneous move game

where each firm chooses a pair of quality- price. We assume that all firms

produce a strictly positive quantity in equilibrium. So we have the following

definition of Nash equilibrium.

Definition 1. A Nash equilibrium in an oligopoly competition is given by a

price vector pN and quality vector qN such that each firm maximizes its profit.

(pNi , q
N
i ) = argmax

pi,qi

πi(pi, qi,p
N
−i, q

N
−i) ∀i = 1, ..., n (4)

The first order conditions for the profit maximization with respect to pi and

qi are as follows:

∂πi
∂pi

= Di +
∂Di

∂pi
pi − ∂Vi

∂Di

∂Di

∂pi
= 0 (5)
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∂πi
∂qi

=
∂Di

∂qi
pi − ∂Fi

∂qi
− ∂Vi
∂Di

∂Di

∂qi
= 0 (6)

Equation (5) is the familiar equality between marginal revenue and marginal

cost. Besides equation (6) states that the marginal revenue related with one

unit increase in quality level is equal to the marginal cost of producing this

quality.

In symmetric infinite population games, it is widely verified that the concept

of evolutionary stable strategy is a refinement of Nash equilibrium. However, in

finite population framework, the behavior implied by evolutionary stability may

have distinctive features from Nash strategic behavior. The reason for this is as

follow: when one player mutates from ante-adopted strategy to a new strategy in

a population with small number of players, both incumbent and mutant players

do not encounter a same population profile. In fact, mutant player confronts

with a homogenous profile of n − 1 incumbent players and incumbent players

face a profile of one single mutant and n− 2 other incumbent players.

Recall that firm’s strategy choices are two dimensions including price and

quality levels. Then consider a state of the system where all firms’ strategy sets

are the same and suppose that one firm experiments a new different strategy.

We say that a state is evolutionary stable, if no mutant firm which chooses

a different strategy can realize higher profits than the firms which employ the

incumbent strategy. In other words, no mutant strategy can invade a population

of incumbent strategists successfully.

Formally, consider a state where all firms choose the same strategies (p∗, q∗).

This state (p∗, q∗) is finite population evolutionarily stable strategy (FPESS)

when one mutant firm (an experimenter) chooses a different strategy (pm, qm) �=
(p∗, q∗) its profit must be smaller than the profits of incumbent firms (the rest

of firms). Formally speaking, we have the following definition by assuming firm

i as mutant firm:

Definition 2. (p∗, q∗) is FPESS if πi(p, q) < πj(p, q)∀j �= i and all (pm, qm) �=
(p∗, q∗), i = 1, ..., n. Where p = [p∗, ..., p∗, pi = pm, p∗, ..., p∗] and q = [q∗, ..., q∗, qi =
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qm, q∗, ..., q∗]. 2

According to Schaffer (1989)[15], in a so-called playing the field game, we

can also find a FPESS as the solution of following relative payoff optimization

problem

(p∗, q∗) = argmax
pm,qm

ϕi = πi(p,q)− πj(p,q) (7)

Note that this means a FPESS is a Nash equilibrium for relative payoffs

maximizing (RPM) firms.

Proposition 1. Consider an industry where firms produce quality with fixed

costs. If the following condition −2∂Di

∂pi
∂2Fi

∂q2i
> (∂Di

∂qi
)2 holds, then FPESS equi-

librium and symmetric Nash equilibrium both exist and are different. In Nash

equilibrium, a firm’s marginal rate of substitution between quality and price is

∂Fi

∂qi
/Di. Whereas, in FPESS equilibrium, the relative marginal rate of substitu-

tion between quality and price is ∂Fi

∂qi
/Di.

Proof. First of all, rephrasing both FOCs of equations 5 and 6, we obtain

−
∂Di

∂qi
∂Di

∂pi

=
∂Fi
∂qi

/Di (8)

Furthermore, by substitution of equation (3) in the optimization problem of

(7), we obtain

ϕi = Di(p,q)p
m − Vi(Di(p,q)− Fi(q

m)−Dj(p,q)p
∗ + Vj(Dj(p,q)− Fj(q

∗)

Given that pi = pm and qi = qm, and ∀j �= ipj = p∗ and qj = q∗.

Then the first order conditions for maximization of ϕ with respect to pm

and qm are as follows:

∂ϕi
∂pi

= Di +
∂Di

∂pi
pm − ∂Vi

∂Di

∂Di

∂pi
− ∂Dj

∂pi
p∗ +

∂Vj
∂Dj

∂Dj

∂pi
= 0

∂ϕi
∂qi

=
∂Di

∂qi
pm − ∂Fi

∂qi
− ∂Vi
∂Di

∂Di

∂qi
− ∂Dj

∂qi
p∗ +

∂Vj
∂Dj

∂Dj

∂qi
= 0

2Clearly this definition includes any one-dimensional deviation (like (pm, k∗) and (p∗, km))

by mutant.
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In symmetric situations, by imposing pm = p∗, qm = q∗ and ∂Vi

∂Di
=

∂Vj

∂Dj
,

FOC’s can be rewritten as

Di + (p∗ − ∂Vi
∂Di

)(
∂Di

∂pi
− ∂Dj

∂pi
) = 0 (9)

(p∗ − ∂Vi
∂Di

)(
∂Di

∂qi
− ∂Dj

∂qi
) =

∂Fi
∂qi

(10)

Then combining these two equations we obtain

−
∂Di

∂qi
− ∂Dj

∂qi

∂Di

∂pi
− ∂Dj

∂pi

=
∂Fi
∂qi

/Di (11)

By comparing with the solution from Nash equilibrium, i.e. ∂Fi

∂qi
/Di = −

∂Di
∂qi
∂Di
∂pi

,

since the left-hand sides of both are distinct, so the solutions for Nash and

FPESS equilibrium will be different.

To ensure the existence of a unique equilibrium as well, it is required to

check that second order conditions have negative definite Hessian matrix.

Further, we need to be ensured about the solvability condition. Particularly,

consider the following Hessian matrix

Hi =

⎛
⎝ 2∂Di

∂pi
+ ∂2Di

∂p2i
(pi − ∂Vi

∂Di
)− ∂2Vi

∂D2
i
(∂Di

∂pi
)2 ∂Di

∂qi
+ ∂2Di

∂pi∂qi
(pi − ∂Vi

∂Di
)− ∂2Vi

∂D2
i
(∂Di

∂pi
∂Di

∂qi
)

∂Di

∂qi
+ ∂2Di

∂pi∂qi
(pi − ∂Vi

∂Di
)− ∂2Vi

∂D2
i
(∂Di

∂pi
∂Di

∂qi
) −∂2Fi

∂q2i
+ ∂2Di

∂q2i
(pi − ∂Vi

∂Di
)− ∂2Vi

∂D2
i
(∂Di

∂qi
)2

⎞
⎠

It can be rewritten as follow

Hi =

⎛
⎝2∂Di

∂pi
∂Di

∂qi

∂Di

∂qi
−∂2Fi

∂q2i

⎞
⎠+(pi− ∂Vi

∂Di
)

⎛
⎝

∂2Di

∂p2i

∂2Di

∂pi∂qi

∂2Di

∂pi∂qi
∂2Di

∂q2i

⎞
⎠−∂

2Vi
∂D2

i

⎛
⎝ (∂Di

∂pi
)2 ∂Di

∂pi
∂Di

∂qi

∂Di

∂pi
∂Di

∂qi
(∂Di

∂qi
)2

⎞
⎠

Since Di(.) is concave and (pi − ∂Vi

∂Di
) > 0 then it is required only that the first

matrix be negative definite. That means we obtain the following condition

−2
∂Di

∂pi

∂2Fi
∂q2i

> (
∂Di

∂qi
)2 (12)

The above condition guarantee that |Hi| < 0 and solvability condition is

satisfied. To ensure the existence of a unique evolutionary equilibrium as well,
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it is required to check that second order conditions have negative definite Hessian

matrix.

Hi =

⎛
⎝a11 a12

a21 a22

⎞
⎠

Where

a11 = 2
∂Di

∂pi
+
∂2Di

∂p2i
(pi− ∂Vi

∂Di
)− ∂2Dj

∂p2i
(p∗− ∂Vj

∂Dj
)− ∂2Vi

∂D2
i

(
∂Di

∂pi
)2+

∂2Vj
∂D2

j

(
∂Dj

∂pi
)2

a12 = a21 =
∂Di

∂qi
+
∂2Di

∂pi∂qi
(pi− ∂Vi

∂Di
)− ∂2Dj

∂pi∂qi
(p∗− ∂Vj

∂Dj
)−∂

2Vi
∂D2

i

(
∂Di

∂pi

∂Di

∂qi
)+
∂2Vj
∂D2

j

(
∂Dj

∂pi

∂Dj

∂qi
)

a22 = −∂
2Fi
∂q2i

+
∂2Di

∂q2i
(pi− ∂Vi

∂Di
)− ∂2Dj

∂q2i
(p∗− ∂Vj

∂Dj
)− ∂2Vi

∂D2
i

(
∂Di

∂qi
)2+

∂2Vj
∂D2

j

(
∂Dj

∂qi
)2

This matrix is the summation of following matrixes

Hi =

⎛
⎝2∂Di

∂pi
∂Di

∂qi

∂Di

∂qi
−∂2Fi

∂q2i

⎞
⎠+(pi− ∂Vi

∂Di
)

⎛
⎝

∂2Di

∂p2i

∂2Di

∂pi∂qi

∂2Di

∂pi∂qi
∂2Di

∂q2i

⎞
⎠−(p∗− ∂Vj

∂Dj
)

⎛
⎝

∂2Dj

∂p2i

∂2Dj

∂pi∂qi

∂2Dj

∂pi∂qi

∂2Dj

∂q2i

⎞
⎠

−∂
2Vi
∂D2

i

⎛
⎝ (∂Di

∂pi
)2 ∂Di

∂pi
∂Di

∂qi

∂Di

∂pi
∂Di

∂qi
(∂Di

∂qi
)2

⎞
⎠+

∂2Vj
∂D2

j

⎛
⎝ (

∂Dj

∂pi
)2

∂Dj

∂pi

∂Dj

∂qi
∂Dj

∂pi

∂Dj

∂qi
(
∂Dj

∂qi
)2

⎞
⎠

Since demand system by assumption 1 is concave, it is only sufficient that

the first matrix be negative definite and we have also ∂Di

∂pi
< 0. Therefore

solvability condition is identical to condition (12) derived in Nash equilibrium,

that is −2∂Di

∂pi
∂2Fi

∂q2i
> (∂Di

∂qi
)2.

Since the concept of evolutionary stability is based on relative performance,

then its difference from Nash equilibrium depends on pair comparison types

either substitute or complement. A strategy set that can survive in the game

with relative payoff maximizing, first of all is not a Nash strategy set and second

this difference with Nash equilibrium strategy set is subject to which pair of

goods are competing.

In order to understand better, how these two equilibrium concepts are differ-

ent, we need to make two assumptions about the structure of demand and cost

functions. Firstly, we assume that fixed cost Fi(qi) = (f + ψq2i ) is increasing
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and convex in quality level qi since improving product’s quality level require an

initial investment by firms. Without loss of generality, we normalize f to zero.

So with a standard linear variable cost, the cost function for firm i is assumed

like the following form

Ci(xi, qi) = ψq2i + νxi (13)

Second, let’s assume also demand function has a linear form as follows:

xi = a− pi + qi + β

n∑
j=1,j �=i

pj − γ

n∑
j=1,j �=i

qj (14)

Where |β| < 1, |γ| < 1 and β �= γ.

The first and second restrictions on β and γ are implied by assumption 1

in which we assume that the demand function for firm i is affected more by

changes in its own price and quality than those of its competitors. And the

third restriction ensures that solutions for Nash and FPESS equilibrium are

different.

In the following propositions, we characterize the comparison between two

equilibrium concepts.

Proposition 2. Suppose that cost function and linear demand function are like

equations (13) and (14). Then FPESS equilibrium leads to more quality com-

petition compared to the Nash equilibrium quality i.e.

q∗ > qN if and only if γ > γ̄ = β
2+β−nβ

Proof. See appendix 1.

Proposition 3. Suppose that cost function and linear demand function are like

equations (13) and (14). Then FPESS equilibrium leads to more price competi-

tion compared to the Nash equilibrium i.e.

p∗ < pN if and only if β > β̄ = (1+γ−nγ)γ
2ψ

Proof. See appendix 1.
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Propositions 2 and 3 demonstrate that FPESS (RPM) does not always lead

to tougher competition compared to the Nash equilbrium. In other words, RPM

firm engages in more price (quality) competition if the price (quality) effect of

other competitors on the demand of good i i.e.β(γ) is greater than the threshold

β̄(γ̄). The conditions, derived in these two propositions, determine under which

circumstances FPESS equilibrium induce more competition or less competition

w.r.t the price or non-price dimension.

Therefore, the comparison between two equilibrium concepts is influenced

by the parameters of demand curve and cost function. To see in more detail

dissimilarities concerning both strategic behavior and evolutionary behavior, we

further study the following numerical example. This numerical example helps

us to recognize better how variations in β, γ and market size n can influence the

comparison between FPESS and Nash equilibrium. Note that if the price effect

of good j on the demand of good i (β) or the quality effect of good j on the

demand of good i (γ) are both positive, the goods of the firms are substitutes

and if β and γ are negative, each two goods are complements.

Example 1. This numerical example is performed with fixed scenario ψ = 1/2

but varying β, γ and n. Feasible ranges in case of substitute goods are 0.01 < β <

1, 0.01 < γ < 1 and in case of complements goods are −1 < β < −0.01,−1 <

γ < −0.01 and 1 < n < 20. We plot the regions that satisfy the conditions

of propositions 2 and 3 simultaneously in order to see what sort of parameters

comply with the following circumstances:

a) p∗ > pN and q∗ > qN

b) p∗ < pN and q∗ < qN

c) p∗ > pN and q∗ < qN

d) p∗ < pN and q∗ > qN

3D plots in the figures 1 and 2 illustrate all above circumstances (a – d) for

substitute goods and complements goods respectively. We obtain the following

results.
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(a) p∗ > pN and q∗ > qN (b) p∗ < pN and q∗ < qN

(c) p∗ > pN and q∗ < qN (d) p∗ < pN and q∗ > qN

Figure 1: In Case of Substitute Goods

(a) p∗ > pN and q∗ > qN (b) p∗ < pN and q∗ < qN

(c) p∗ > pN and q∗ < qN (d) p∗ < pN and q∗ > qN

Figure 2: In Case of Complement Goods
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Result 1. If goods of firms are substitutes, FPESS equilibrium cannot lead to

less price competition and less quality competition compared to Nash equilibrium.

Result 2. If goods of firms are complements, FPESS equilibrium cannot lead

to more price competition and more quality competition compared to Nash equi-

librium.

Results 1 and 2 are demonstrated by figures 1-(c) and 2-(d) respectively.

Since FPESS is a Nash equilibrium for relative payoff maximizing (RPM) firms,

therefore one interpretation of these results is that, If goods are substitutes, less

price competition (higher prices) and less quality competition are not feasible

for a firm under RPM behavior. However if goods are complements, more price

competition and more quality competition are not feasible for a firm under RPM

behavior.

Tanaka (2000)[18] studies evolutionary game theoretical models for price-

setting and for quantity-setting oligopoly with differentiated goods. Tanaka(2000,

Proposition 2) shows that in price-setting oligopoly with differentiated goods,

the difference between FPESS price and Nash price is due to whether the goods

of firms are substitutes or complements. Thus, if the goods of firm are sub-

stitutes, FPESS price is less than Nash equilibrium price and if the goods are

complements, FPESS price is higher than Nash equilibrium i.e. p∗ > pN if goods

are complements(β, γ < 0); and p∗ < pN if goods are substitutes (β, γ > 0).

However, in our model with the existence of non-price strategy, when goods are

substitutes a RPM firm may choose a less price competition i.e. p∗ > pN (see

Figure 1-(a); in fact it uses a non-price strategy to soften price competition).

And when goods are complements, a RPM firm may possibly decide on more

price competition i.e. p∗ < pN (see Figure 2-(b)).

4. Quality improvement with variable costs

In this section, we study the effect of producing quality with variable costs

on equilibriums comparison. This can be a situation that firms entail costly

raw materials or inputs to produce an output. The variables in this model
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are characterized by q̂, p̂ and x̂ so as to distinguish between them and their

counterparts in the previous section.

The cost function for each firm here is given by Ci(x̂i, q̂i) = Vi(x̂i, q̂i). Ac-

cordingly, profit function for each firm i defined as follows:

πi(p̂, q̂) = p̂iDi(p̂, q̂)− Vi(Di(p̂, q̂), q̂i)

Where price vector and quality vector defined respectively p̂ = [p̂1, p̂2, ..., p̂n]

and q̂ = [q̂1, q̂2, ..., q̂n].

Then we derive the first order conditions that characterize the symmetric

Nash equilibrium.

∂πi
∂p̂i

= Di +
∂Di

∂p̂i
p̂i − ∂Vi

∂Di

∂Di

∂p̂i
= 0 (15)

∂πi
∂q̂i

=
∂Di

∂q̂i
p̂i − ∂Vi

∂q̂i
− ∂Vi
∂Di

∂Di

∂q̂i
= 0 (16)

Now we look for FPESS equilibrium using definition 2 and solving optimiza-

tion problem (7), so we obtain the first order conditions as before:

∂ϕi
∂p̂i

= Di +
∂Di

∂p̂i
p̂m − ∂Vi

∂Di

∂Di

∂p̂i
− ∂Dj

∂p̂i
p̂∗ +

∂Vj
∂Dj

∂Dj

∂p̂i
= 0

∂ϕi
∂q̂i

=
∂Di

∂q̂i
p̂m − ∂Vi

∂q̂i
− ∂Vi
∂Di

∂Di

∂q̂i
− ∂Dj

∂q̂i
p̂∗ +

∂Vj
∂Dj

∂Dj

∂q̂i
= 0

The only source of difference in FOC’s arises from cost structure and in

symmetric situations, by imposing p̂m = p̂∗ and q̂m = q̂∗, therefore we obtain

our first order conditions like the following form:

Di + (p̂∗ − ∂Vi
∂Di

)(
∂Di

∂p̂i
− ∂Dj

∂p̂i
) = 0 (17)

(p̂∗ − ∂Vi
∂Di

)(
∂Di

∂q̂i
− ∂Dj

∂q̂i
)− ∂Vi

∂q̂i
= 0 (18)

Proposition 4. Consider an industry where quality is produced with only vari-

able costs. If the following condition −2∂Di

∂p̂i
∂2Vi

∂q̂i2
> (∂Di

∂q̂i
)2 holds,then FPESS

equilibrium and symmetric Nash equilibrium both exist and are different.
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Proof. The symmetric Nash equilibrium (rephrasing equation (15) and (16))

implies the following equality

∂Di

∂q̂i
∂Di

∂p̂i

=
∂Vi
∂q̂i

/Di

While combining two FOC’s of FPESS equilibrium (equation (17) and (18)),

we get
∂Di

∂q̂i
− ∂Dj

∂q̂i

∂Di

∂p̂i
− ∂Dj

∂p̂i

=
∂Vi
∂q̂i

/Di

Hence by comparison of both equalities, it is straightforward to see that two

equilibriums are different.

With the same reasoning and calculation like the proposition 1, we can obtain

the following solvability condition for both Nash and FPESS equilibriums.

−2
∂Di

∂p̂i

∂2Vi

∂q̂i
2 > (

∂Di

∂q̂i
)2

This condition guarantees that Hessian matrix is negative definite.

Remark. Note that, if we assume that the marginal cost is invariant with

respect to output level x and it varies with the quality in the linear form i.e.

Ci(x̂i, q̂i) = Vi(x̂i, q̂i) = (ν+εq̂i)x̂i, then both first order conditions of equations

(15) and (16) ( and also equations (17) and (18)) are identical. So we get a

one equation and two unknowns, that is considered an underdetermined system

where it has either infinitely many solutions or is inconsistent. In this case , the

marginal rate of substitution between quality and price in absolute and relative

terms are constant and equal.

∂Di

∂q̂i
− ∂Dj

∂q̂i

∂Di

∂p̂i
− ∂Dj

∂p̂i

=

∂Di

∂q̂i
∂Di

∂p̂i

=
∂Vi
∂q̂i

/Di = ε

Our evolutionary analysis can be simply applied in an oligopoly-technology

model of price competition with technology choice rather than quality choice,

e.g. see Vives (2008)[22] and Acemoglu and Jensen (2013)[1]. In this type of

games, firms decide about technology choice besides setting output or price. In
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fact, firm i incurs a similar cost of Ci(xi, ai) = Fi(ai) + Vi(ai, xi) by choosing

technology ai together with the quantity xi but the demand is not affected by

the technology choice ai.

Notice that in the present paper we do not study the dynamic concept of

evolutionary stability. Alos-Ferrer and Ania (2005, Proposition 4)[2], based

on a result of Ellison(2000)[9], show that in a symmetric N-player game with

finite strategy set, a strictly globally stable ESS is the unique stochastic sta-

ble state of the imitation dynamics with experimentation. Further, Leininger

(2006)[12] shows that any ESS of a quasi-submodular generalized aggregative

game is strictly globally stable. Since the oligopoly game under analysis is

an aggregative game and by assuming that our payoff function satisfies quasi-

submodularity property then a static solution of FPESS would be sufficient in

this context.

5. Conclusion

In the present paper, we have applied a concept of finite population evo-

lutionarily stable strategy (FPESS) by Schaffer (1989)[15], in which agents in

economic and social environment adhere to relative payoff maximizing rather

than absolute payoff maximizing behavior, in an oligopoly framework. A sim-

ple model of firm competition with simultaneous price and quality choices has

been analyzed with the aim of comparing FPESS and Nash equilibriums in

oligopoly market. In general, the notion of FPESS and Nash equilibrium are

not related. Ania (2008)[3] and Hehenkamp et al. (2010)[11] study this relation-

ship in different classes of games and particularly in the framework of Bertrand

oligopoly with homogenous product. Here in this paper, we consider a symmet-

ric oligopoly game where each firm has two dimensional strategy set of price

and quality and then we ask the following question whether firms under relative

payoffs maximizing (RPM) behavior (implied by FPESS) choose a strategy pro-

file closer to competitive strategy or under absolute payoffs maximizing (APM)

behavior.
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Mainly, non-price competition; i.e. quality competition is typically used to

soften price competition. For example one competes spitefully w.r.t the non-

price variable in order to do the best reply or even collude to some extent

with respect to the price variable. As we know RPM usually leads to tougher

competition, than APM. Hence according to this logic firms should engage more

in quality competition than in price competition. The conditions derived for the

comparison of RPM behavior and APM (best reply) behavior determine under

which circumstances RPM firms engage more in quality competition or in price

competition or in both. If goods are substitutes, RPM cannot lead to less price

competition (higher prices) and less quality competition compared to APM

equilibrium. That is, less price competition and less quality competition are

not feasible for a firm under RPM behavior. However if goods are complements,

more price competition and more quality competition are not feasible for a firm

under RPM behavior.
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Appendix A.

The proof of propositions 2 and 3

Assuming the cost function (13) and the linear demand function (14), equa-

tions (5) and (6) can be rewritten like the following

a− (1− (n− 1)β)pN + (1− (n− 1)γ)qN = pN − ν

pN = ν + 2ψqN

Rearranging above equations,they yield qN and pN as follow:

qN =
a− (1− (n− 1)β)ν

2ψ(2− (n− 1)β)− (1− (n− 1)γ)

pN = ν +
a− (1− (n− 1)β)ν

(2− (n− 1)β)− ((1−(n−1)γ)
2ψ

Likewise, equations (9)and (10) can be also inscribed along these lines:

(−1− β)(p∗ − ν) + a− (1− (n− 1)β)p∗ + (1− (n− 1)γ)q∗ = 0

p∗ = ν +
2ψ

(1 + γ)
q∗

After solving for q∗ and p∗ , we obtain

q∗ =
a− (1− (n− 1)β)ν

2ψ
1+γ (2− (n− 2)β)− (1− (n− 1)γ)

p∗ = ν +
a− (1− (n− 1)β)ν

(2− (n− 2)β)− ((1−(n−1)γ)(1+γ)
2ψ

Therefore,we have q∗ > qN if and only if 2ψ(2−(n−1)β) > 2ψ
1+γ (2−(n−2)β).

Simplifying this inequality, we get the condition of proposition 2

γ > γ̄ =
β

2 + β − nβ
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And we have p∗ < pN if and only if (2 − (n − 2)β) − ((1−(n−1)γ)(1+γ)
2ψ > (2 −

(n− 1)β)− ((1−(n−1)γ)
2ψ and this inequality leads to the following condition

β > β̄ =
(1 + γ − nγ)γ

2ψ
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