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Abstract

I consider a flexible framework of strategic interactions under incomplete information in
which, prior to committing their actions (consumption, production, or investment decisions),
agents choose the attention to allocate to an arbitrarily large number of information sources
about the primitive events that are responsible for the incompleteness of information (the ex-
ogenous fundamentals). The analysis sheds light on what type of payoff interdependencies
contribute to inefficiency in the allocation of attention. The results for the case of perfect recall
(in which the agents remember the influence of each source on their posterior beliefs) are com-
pared to those for the case of bounded recall (in which posterior beliefs about the underlying
fundamentals are consistent with Bayesian updating, but in which the agents are unable to keep

track of the influence of individual sources on their posterior beliefs).
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1 Introduction

Many socio-economic interactions occur under incomplete information about relevant fundamentals
affecting preferences and technology: For example, firms make real and nominal decisions under
limited information about the demand for their products and/or the cost of their inputs; consumers
choose consumption bundles under limited information about their own needs; traders choose port-
folios under limited information about the profitability of stocks and the riskiness of bonds; voters

choose candidates under limited information about their valiance.

Such limited information may either reflect limits on what is known to society as a whole
(the long-run profitability of stocks, for example, is unknown to anyone), or individual constraints
on the amount of information that each single decision maker can process. Time and cognitive
capacity are limited, implying that the information that individuals use for most of their decisions
is significantly less precise than what is in the public domain. Furthermore, in most situations
of interest, individuals experience difficulty in keeping track of the influence of individual sources
of information on their posterior beliefs. For example, an investor reading tens if not hundreds
of articles about the collapse of the Euro or the possibility of Scotland exiting the UK may have
reasonably accurate posterior beliefs about the likelihood of such an event. However, when asked
about the influence of a specific source on her posterior beliefs, the investor may find it difficult to
provide a precise answer. Such a difficulty is not relevant for a single decision maker, as long as
her posterior beliefs are a sufficient statistic for the information contained in the different sources
when it comes to the relevant decisions. However, such a difficulty plays an important role in a
strategic setting, for it impacts the decision maker’s ability to coordinate with other agents. Even if
the decision maker is sophisticated and understands how the statistical properties of her posterior
beliefs are affected by the attention allocated to the different sources (e.g., the extent to which her
beliefs correlate with other agents’ beliefs), the inability to keep track of the influence of individual
sources severely limits the agent’s ability to forecast other agents’ forecasts and hence ultimately
other agents’ actions. This inability is particularly relevant in environments in which the number
of information sources each decision maker is exposed to is large (see, e.g., Kahneman (1973, 2011),
and Kahneman, Slovic and Tversky (1982) for studies documenting such a difficulty).

In this paper, I study the allocation of attention in a strategic framework with an arbitrarily
large number of information sources where payoff interdependencies lead either to complementarity
or substitutability in actions. I relate possible inefficiencies in the equilibrium allocation of attention
to primitive conditions and show how the equilibrium allocation of attention (and its inefficiency)
is affected by bounded recall.

The analysis is conducted within the family of Gaussian-quadratic economies extensively used
both in the coordination literature (see Morris and Shin (2002), and Angeletos and Pavan (2007,
2009) for earlier references and Bergemann and Morris (2013) and Vives (2013), among others, for

more recent developments) as well as in the rational inattention literature (see Sims (2003, 2011)



for an introduction). The information structure, instead, is taken from a recent paper by Myatt
and Wallace (2012). Agents have access to an arbitrarily large number of information sources. Each
source is defined by its "accuracy" (the precision of its content) and by its "transparency" (the rate
of return of attention to the source; that is, the extent to which additional attention to the source
leads to a marginal reduction in the idiosyncratic interpretation of its content).

The payoff structure of Angeletos and Pavan (2007) provides an ideal framework to identify
sources of inefficiency in the equilibrium allocation of attention. The information structure of Myatt
and Wallace (2012) is ideal to investigate how the equilibrium allocation of attention is affected by
bounded recall.! Formally, I model the latter as a measurability constraint on the agents’ actions.
Agents allocate attention to numerous sources of information about the primitive events that are
responsible for the incompleteness of information (the underlying fundamentals) and correctly use
Bayes rule to update their beliefs. They are sophisticated enough to understand how their posterior
beliefs, as well as other agents’ beliefs, are affected by the quality of the information sources and
by the equilibrium allocation of attention. However, ultimately, when it comes to committing their
actions (consumption, production, or investment decisions), agents act only upon their posterior
beliefs about such primitive events, instead of the individual sources of information.

While I do not formally model the dynamics of the allocation of attention, the motivation for
referring to such a measurability constraint as bounded recall comes from the idea that, over time,
the decision makers forget the content of the individual sources, although their posterior beliefs
remain accurate given the information processed. In this respect, the notion of bounded recall I
consider is different from other notions of bounded memory considered in the literature, according
to which information received in the past is time-discounted in its influence on current beliefs (e.g.,
Wilson (2004), Benhabou and Tirole (2004), and Kocer (2010)).

The first part of the paper considers the benchmark of perfect recall. I show that there exists
a unique symmetric equilibrium. In such equilibrium, any source that receives positive attention
is characterized by a ratio between its transparency and its marginal cost of attention exceeding
a critical threshold. In the special case in which the attention cost depends only on the total
amount of attention, the result thus extends a finding in Myatt and Wallace (2012) that only the
most transparent sources receive attention in equilibrium to the more flexible payoff specification
considered here.

I then compare the equilibrium allocation of attention to the efficient allocation of attention
(defined to be the one that maximizes the ex-ante utility of a representative agent). I show that
in economies in which information is used efficiently, possible inefficiencies in the allocation of

attention originate in the dispersion of individual actions around the mean action. In particular,

"'While it is quite customary in the literature on coordination under dispersed information to restrict attention to
information structures in which each agent receives a single private signal, such a restriction is clearly inappropriate

to study the effects of bounded recall.



the attention allocated to any given source is inefficiently low in economies in which agents suffer
from the dispersion of individual actions, whereas it is inefficiently high in economies in which
agents benefit from such a dispersion (as, for example, in beauty contests, but also in certain
business-cycle models with price rigidities and dispersed information on TFP shocks). Likewise,
the attention allocated to any given source is inefficiently low in economies in which the sensitivity
of the complete-information equilibrium actions to fundamentals falls short of the first-best level
and is inefficiently high in economies in which such a sensitivity exceeds the first-best level.

The most interesting result, however, pertains economies in which inefficiencies in the allocation
of attention originate in the discrepancy between the equilibrium and the socially-optimal degrees of
coordination. When agents are excessively concerned about aligning their actions with the actions
of others, they allocate too much attention to sources of high transparency and too little attention
to sources that are opaque but accurate.

What creates a discrepancy between the equilibrium and the efficient allocation of attention is
the interaction of two forces: (i) the value that each agent assigns to reducing the dispersion of her
actions around the mean action, relative to the value that the planner assigns to the same reduction
(the planner takes into account externalities from the dispersion of individual cations that are not
internalized in equilibrium); and (ii) the reduction in the dispersion of individual actions around the
mean action that obtains when individual actions are determined by the equilibrium rule, relative
to the reduction that obtains when actions are determined by the efficient rule.

The above results extend findings in Colombo, Femminis and Pavan (2014) to the more general
information structure considered in the present paper. Importantly, these results are instrumental
to the analysis of the effects of bounded recall, which is the subject of the second part of the paper.
As mentioned above, I model the latter as a constraint on the agents’ actions by requiring that
the latter be measurable in the agents’ posterior beliefs about the primitive sources of uncertainty
(the fundamentals) as opposed to the individual sources of information. The restriction could be
thought of as originating in a particular form of lack of communication between two selves of the
same decision maker, with self one in charge of learning about the primitive sources of uncertainty
(the collapse of the Euro, or Scotland exiting the UK) and unable to pass to self two anything
more than a posterior belief about such primitive events. Equivalently, the restriction could also
be thought of as an alternative modelization of the underlying information environment whereby
the "signals" associated to the individual sources of information are suppressed and replaced with
a direct mapping from prior to posterior beliefs.

The first insight is that, with bounded recall, the benefit that each individual agent assigns to
an increase in the attention allocated to any given source of information combines the reduction in
the dispersion of her action around the mean action (as in the benchmark with full recall), with
a novel effect that comes from the change in the distribution of the agent’s own average action
around its complete-information counterpart. This second effect is absent under perfect recall and

has important implications for the equilibrium allocation of attention. Relative to the case of



perfect recall, agents reallocate their attention from sources of low and high publicity (these are

sources of, respectively, low and high transparency) to sources of intermediate publicity.

To understand the result, observe that sources of low publicity are sources whose ratio between
transparency and accuracy is low. These sources serve the agents well in predicting the underlying
fundamentals but are poor coordination devices, given that they favor idiosyncratic interpretations.
In the case of perfect recall, paying a lot of attention to such sources is justified by the possibility
to respond separately to them, thus limiting the impact of such idiosyncratic interpretations on
the dispersion of individual actions around the mean action. Such a possibility is precluded with

bounded recall, thus inducing the agents to reduce the attention they allocate to such sources.

Sources of high publicity, instead, are sources whose ratio between transparency and accuracy is
high. Such sources may be imprecise when used to predict the underlying fundamentals but are pow-
erful coordination devices. With bounded recall, however, paying a lot of attention to such sources
may lead to a high volatility of an agent’s own expected action around its complete-information
counterpart. Because such a volatility contributes negatively to payoffs, agents optimally cut the
attention they allocate to such sources and redirect it towards sources of intermediate publicity.
The reason why the latter sources receive more attention with bounded recall is that they are good
compromises: they serve individuals relatively well both in forecasting the underlying fundamen-
tals and in forecasting other agents’ actions. This property is desirable when the possibility of

responding separately to the various sources is hindered by bounded recall.

I conclude by investigating how bounded recall affects the (in)efficiency of the equilibrium
allocation of attention. Inefficiencies now originate not only in the discrepancy between the private
and the social value of reducing the dispersion of individual actions around the mean action, but
also in the discrepancy between the private and the social value of reducing the dispersion of
individual expected actions around their complete-information counterparts. Despite these novel
effects, economies in which agents value coordination more than the planner continue to feature an
excessively high allocation of attention to sources of high publicity and an excessively low allocation
of attention to sources of low publicity. The opposite property holds in economies in which agents

value coordination less than the planner.

The above conclusions have implications for business-cycle models with dispersed information,

oligopoly games, financial markets, technology adoption, and central bank disclosures.

The rest of the paper is organized as follows. I briefly review the pertinent literature below.
Section 2 contains all results for the case of perfect recall, while Section 3 contains the results for
the case of bounded recall. Section 4 concludes. All proofs are in the Appendix at the end of the

document.



1.1 Related literature

The paper belongs to the recent literature on attention and information acquisition in coordination
settings. As mentioned above, the closest works are Myatt and Wallace (2012), and Colombo,
Femminis and Pavan (2014). The first paper shares with the present one the specification of
the information structure, but considers a more restrictive payoff specification which is meant to
capture strategic interactions resembling Keynes’ beauty contests. Allowing for a more flexible
payoff specification is essential to the analysis of the normative questions addressed in this paper.
In fact, the beauty-contest specification of Myatt and Wallace (2012) makes the game a "potential"
game where the potential function is social welfare (see e.g. Monderer and Shapley (1996)). This
specification is appropriate for positive analysis, but not if one aims at identifying sources of
inefficiency in the equilibrium allocation of attention.

The payoff specification in the present paper is the same as in Colombo, Femminis and Pavan
(2014)—which in turn is the same as in Angeletos and Pavan (2007, 2009). The information
structure is, however, more general. While in these works agents receive a single private signal,
in the present paper, agents have access to an arbitrary large number of information sources.
Processing the information of each source is costly (with the cost depending on the source); each
source is defined by its accuracy and by its transparency; and the publicity of a source is determined
endogenously by the attention allocated to the source in equilibrium. This richer information
structure permits me to identify which dimension (accuracy versus transparency) is favored in
equilibrium, how this selection depends on the payoff structure, and whether higher efficiency
could be achieved by having the agents assign a higher or, alternatively, a lower weight to each of
these dimensions. Such a richer information structure is also essential to the analysis of the effects
of bounded recall on the allocation of attention, which is one the key contributions of the paper.

Related is also the work of Hellwig and Veldkamp (2009), Chahrour (2012), Llosa and Venkateswaran
(2013), and Tirole (2014). Hellwig and Veldkamp are the first to examine how complementarities
in actions lead to complementarities in information acquisition. The information structure in that
paper is different from the one in the present paper in that it assumes that (a) the publicity of
each source (that is, the extent to which the noise in the source correlates across those agents who
listen to it) is exogenous and that the attention allocated to each source is a binary choice. As
shown in Myatt and Wallace (2012), this last property is responsible for equilibrium multiplicity.
Equilibrium multiplicity also obtains in the model of cognitive games and cognitive traps considered
in Tirole (2014).2

In contrast, the (symmetric) equilibrium is unique in the present paper, as well as in each of
the papers cited above. Chahrour (2012) studies optimal central bank disclosures in an economy in

which processing information is costly and in which agents may miscoordinate on which sources they

2For an analysis of general properties of monotone equilibria in Bayesian games of strategic complementarities,
see the earlier work by Van Zandt and Vives (2007) and the more recent work by Amir and Lazzati (2014).



pay attention to. Llosa and Venkateswaran (2014) in turn compare the equilibrium acquisition of
private information to the efficient acquisition of private information in three different specifications

of the business cycle.

All works mentioned above consider economies with a continuum of actions and continuous
payoffs. Information acquisition in games of regime change (where payoffs are discontinuous and
players have binary actions) is studied in Szkup and Trevino (2014) and in Yang (2014). The
first paper considers a canonical information structure with a single perfectly private additive
signal whose precision is determined equilibrium. The latter paper considers a flexible information
structure and shows how the possibility to learn asymmetrically across states (which is particularly

appealing in discontinuous games) leads to equilibrium indeterminacy.

The present paper is also related to the literature on rational inattention as pioneered by Sims
(see, e.g., Sims (2003, 2011) for an overview, Mackowiak and Wiederholt (2009) for an influential
business-cycle application, and Matejka and McKay (2012, 2014) for recent applications). Among
these papers, the closest is Mackowiak and Wiederholt (2012). That paper compares the equilib-
rium allocation of attention to the efficient allocation of attention assuming that decision makers
can absorb any information as long as the reduction in entropy is below a given threshold. In
contrast, in the present paper, I consider a smooth cost function. The information structure is also
different and permits me to investigate which dimension (transparency versus accuracy) receives
more weight in equilibrium and whether the equilibrium weights assigned to these dimensions are
socially efficient. Importantly, none of the works mentioned above studies the effects of bounded

recall on the equilibrium allocation of attention.

The paper is also related to the literature that investigates the effects of bounded memory
on individual decision making (see, e.g., Mullainathan (2002), Benabou and Tirole (2004), Wilson
(2004), and Kocer (2010)). This literature, however, does not investigate how bounded memory
influences the allocation of attention in a strategic setting, or the discrepancy between the equilib-
rium and the efficient allocation of attention. The effects of bounded recall in settings with strategic
interactions are examined in the literature on dynamic (and repeated) games with imperfect in-
formation (see, e.g., Mailath and Samuelson (2006) and the references therein). The formalization
of bounded recall as well as the questions addressed in that literature are, however, very different

from the ones in the present paper.

Finally, the paper is related to the literature that investigates how boundedly rational agents
may group together different information sets into analogy-based equivalence classes when comput-
ing their best-responses, as pioneered by Jehiel (2005)—see also Jehiel and Samet (2007), Jehiel
and Koessler (2008), and Jehiel and Samuelson (2012). In the present paper, the coarsening of the
information sets is the one corresponding to the equivalence classes defined by the agents’ posterior

beliefs over the primitive fundamentals.



2 Perfect Recall

2.1 Environment

Agents, Information Sources, and Attention. The economy is populated by a measure-one
continuum of agents, indexed by i and uniformly distributed over [0,1] . Each agent ¢ has access
to N € N sources of information about a primitive state variable # which is responsible for the
incompleteness of information (hereafter, the fundamentals). Agents share a common prior that
¢ is drawn from a Normal distribution with mean zero and precision 7y = o % (02 is thus the

variance of the distribution).® The information contained in each source n = 1, ..., N is given by
Yn =0+ €n,

where &, is normally distributed noise, independent of # and of any ¢5, s # n, with mean zero and

precision 7,,. By paying attention z° = (2},
% )N

n/n=1

)N_, € RY to the various sources, agent i € [0, 1] then

receives x' = (x € RY private impressions, with each z?, given by

JJZ = Yn + ﬂw

where ¢! is idiosyncratic noise, normally distributed, with mean zero and precision t, 2}, indepen-
dent of 0, ¢ = (e,)_;, and of ¢, with s = 1,..., N for j #%4,and with s =1,...n—1,n+1,...,N
for j = 4. The parameter 7, € R4 measures the accuracy of the source (the "sender’s noise" in
the language of Myatt and Wallace (2012)), whereas the parameter ¢, measures the transparency
of the source (the extent to which a marginal increase in the attention z! allocated to the source
reduces the idiosyncratic interpretation of its content). It is convenient to think of z* as the "time"
agent ¢ devotes to the different sources of information.

Actions and Payoffs. Let k% € R denote agent i’s action, K = fj k7dj the mean action in the
population, and a,% = f] [k‘j - K ]2 dj the dispersion of individual actions around the population

mean action. Each agent’s payoff is given by the (expectation of) the Bernoulli utility function
U (ki, K, oy, 9) — Oz

where C/(2%) denotes the attention cost incurred by the agent. I assume that C' is increasing, convex

and continuously differentiable.?

3That the prior mean is zero simplifies the formulas, without any important effect on the results.
*As explained in Myatt and Wallace (2012), the assumption that C' is convex need not be compatible with an

entropy-based cost function (that is, a cost function increasing in the coefficient of mutual information between y and
z', as assumed in certain models of rational inattention). With that type of cost-function, equilibrium uniqueness
cannot be guaranteed for sufficiently high degrees of coordination. However, even in that case, social welfare continues
to be concave in the allocation of attention, meaning that the efficient allocation of attention remains unique. Besides,
all key results pertaining to (a) the comparison between the equilibrium allocation of attention and the efficient
allocation of attention and (b) the comparison of the equilibrium with full recall and the equilibrium with bounded
recall are established by looking at the gross private benefit of increasing the attention allocated to any given source.
As such, all key results extend to a situation in which the attention cost is concave, even if in the latter case equilibrium

uniqueness fails.



As is standard in the literature, I assume that u is a second-order polynomial, which can be
interpreted as an approximation of some more general function. I also assume that dispersion
o has only a second-order non-strategic external effect, so that ug, = ug, = ugs = 0 and that
uy (k, K,0,0) = 0, for all (k, K,6).>% The assumption that u is quadratic ensures the linearity of
the agents’ best responses and simplifies the analysis.

In addition to the above assumptions, I also assume that partial derivatives satisfy the following
conditions: (i) ugr < 0, (i) @ = —upp /ugr < 1, (ill) ugr + 2upx + ug g < 0, (iv) ugg + Uee < 0,
and (v) ugp # 0. Condition (i) imposes concavity at the individual level, so that best responses are
well defined. Condition (ii) implies that the slope of best responses is less than one, which in turn
guarantees uniqueness of the equilibrium actions, for any given allocation of attention. Conditions
(iii) and (iv) guarantee that the first-best allocation is unique and bounded. Finally, Condition (v)
ensures that the fundamental 8 affects equilibrium behavior, thus making the analysis non-trivial.

Timing. Agents simultaneously choose the attention they allocate to the various sources
of information. Each agent then receives private impressions z’. Finally, agents simultaneously

commit their actions, and payoffs are realized.

2.2 The equilibrium allocation of attention

To solve for the equilibrium allocation of attention, I start by describing how an agent’s actions
are affected by the quality of her information, which in turn is affected by the attention allocated
to the different sources of information. These initial steps parallel those in Angeletos and Pavan
(2009, Proposition 3).

First note that, under complete information about #, the unique equilibrium features each
agent taking an action k' = k where k = kg + k10 with ko = % and k1 = 1%;17’;‘11( Now
consider the problem of an agent j € [0, 1] with information 27 who allocated attention 27 to the

various sources of information. Optimality requires that the agent’s action k/ satisfies

E =B[(1—-a)s+aK | 27,27, (1)

where a = @’m measures the slope of individual best responses to aggregate activity.
Now suppose that all agents allocate attention z to the various sources of information. The

(endogenous) precision of each source s = 1,..., N is then given by

NsZsls
Zsts + Ms

s =

which is increasing in the accuracy 7, of the source, in its transparency ts, and in the attention z

allocated to it.

®The notation uy denotes the partial derivative of u with respect to k, whereas the notation urx denotes the cross

derivative with respect to k and K. Similar notation applies to the other arguments of the utility function.
5In other words, u is additively separable in ai with coefficient uso /2.



Next, let
Pl =c5+ &

denote the total noise in the information that agent j receives from source s, and denote by
. . 2zt

= corr(pl,!) = —>2
Ps (p506) = 5 o
the correlation in the noise among any two different agents 4, j € [0, 1], i # j. Using the terminology
in Myatt and Wallace (2012), I will refer to ps as to the source’s endogenous publicity. Finally, let
oC(z)

0z,

denote the marginal cost of increasing the attention allocated to the n-th source of information.

Cl(z) =

The following result is then true:

Proposition 1 There exists a unique symmetric equilibrium. In this equilibrium, the attention Z
that each agent i € [0,1] allocates to the various sources of information is such that, for any source

n=1,...,.N that receives strictly positive attention’

21\ 2
A Ukk| (K1Yn(R
1(5) = Ll (1 (2) @
2 (2n)" tn
where
1—a)my(z
(1 ai}n(,(z)) . NsZsts 7rS(Z)
W (z) = am ) with 75(z) = —————— and ps(z) = ,s=1,..N. (3)
T + ZS 1 71 ozpssz) Zsts + Mg s

Given the equilibrium allocation of attention Z, the equilibrium actions are given by
ki = k(a'; 2) = Ko + k1 (Zﬁ:ﬂn(z)x;) alli € (0,1, all 2 € RY. (4)

To understand the result, note that, when all agents follow the strategy k(-;z) in (4), in

equilibrium, the dispersion of individual actions in the population is given by

~2(
Varlk — K | z, k(- KTy

[k~ K | Z; o

Differentiating Var[k — K | z, k(-; z)] with respect to z, while keeping fixed the strategy k(-; z) as
defined in (4) (for all agents, including agent i), then reveals that the private benefit of increasing

the attention allocated to each source of information is given by

2
luel | 0, rlk— K | z, k(- z)]‘ _ k]| (ﬁ””gz)) . (5)
2 8zn 2 (Zn) tn
TFor any source that receives no attention
2 2
Cyey 2 Il ()"0 =o't

5 -
(I—o)nsZsts
[me + Zs 1 (1 @) Zsts +7,b]



In other words, in equilibrium, the marginal benefit that each agent assigns to paying more attention
to any given source of information coincides with the marginal reduction in the dispersion of the
individual’s action around the mean action, weighted by the importance |uxy|/2 that the individual
assigns to such a reduction. Importantly, the reduction in dispersion is computed by holding fixed
the strategy k(;z) (From the usual envelope arguments, the individual expects the information to
be used optimally once collected). As I show below, this interpretation helps understanding the
sources of inefficiency in the equilibrium allocation of attention.

Also note that, fixing the equilibrium allocation of attention Z, the influence k17, that each
source exerts on the equilibrium actions increases with the source’s precision m, and it increases
with the source’s endogenous publicity p, when agents value positively aligning their actions with
the actions of others (i.e., when a > 0), whereas it decreases when they value such alignment
negatively (i.e., when a < 0). In turn, both the precision m, and the publicity p, of any given
source increase with the source’s accuracy 7,, and with its transparency t,. Finally, note that when
a — 0 the sensitivity of the equilibrium actions to each source of information converges to k19,

with
Tn

——n
o + Zs:l s
This limit corresponds to a single decision maker’s problem, in which case the relative influence

On

of any two sources of information converges to their relative informativeness, as captured by the
ratio between the two sources’ precisions. In contrast, when o« — 1, 7, — O for all n = 1,..., N :
as the agents’ concern for aligning their actions with the actions of others grows large, they ignore
all sources of information that contain idiosyncratic noise and simply base their actions on the
common prior.

I now turn to the equilibrium allocation of attention. To facilitate the intuition, consider for
the moment the case where mg = 0 (this corresponds to an improper prior over the entire real
line) and where the attention cost depends on z only through the total attention assigned to the
various sources of information. That is, assume that there exists a strictly increasing, differentiable,
convex function ¢ : Ry — R such that, for any z € Rf, C(z)=c (Zévzlzs). The relative attention

allocated to any two sources of information n,n’ € {1, ..., N} that receive strictly positive attention

Zn _ Tn /ti/
én’ Yn! ty

Substituting for -, and ~,, I then have that

1 N
3, = <\/tn/tn2n/ + "") . (6)
tn Mn' (1 - Oé) Lo

Any two sources with the same transparency thus receive attention proportional to their accuracy.

in equilibrium is then given by

More generally, (6) suggests that the attention that a source receives in equilibrium is increasing
in its accuracy, but nonmonotone in its transparency. The intuition is the following. When trans-

parency is low, paying a lot of attention to a source is not worth the cost, given that the reduction

10



in the idiosyncratic interpretation of the source is small. Likewise, when transparency is high, a
small amount of attention suffices to almost completely eliminate the idiosyncratic interpretation
of the source’s content. As a result, attention is maximal for intermediate degrees of transparency.

This intuition is confirmed in the following corollary which extends results in Myatt and Wallace
(2012) to the more flexible payoff specification considered here (note that, contrary to the discussion
above, here we are returning to the general case in which the prior is proper and the cost function

is not restricted to depending only on total attention):

Corollary 1 There exists a threshold R > 0 such that, in the unique symmetric equilibrium, for
any source that receives positive attention

tn
Ch(2)

> R,
whereas for any source that receives no attention t,/C}(2) < R.

In general, solving for the equilibrium allocation of attention in close form can be tedious at this
level of generality. Fortunately, none of the results below requires arriving at close-form solutions.
However, a special case where close-form solutions can easily be arrived at is when the cost is linear

and small enough that all sources receive positive attention in equilibrium.

Example 1 Suppose that C(z) = ¢ - Zivzlzs for some ¢ € Ry and assume that € is sufficiently
small that all sources receive positive attention in equilibrium. The attention that each source

receives is then given by

N s
Mn (1—a)r luzkak‘ + 2 \Zg 1
Vin(1 - a) T + Yool s Vin

~

Zn —

(7)

The example illustrates the general properties discussed above that attention is increasing in
accuracy but nonmonotone in transparency. It also shows that, under the assumed cost function,
as the value of coordination « increases, the attention allocated to sources of low transparency
decreases, whereas the attention allocated to sources of high transparency increases.® Finally, it

shows that the total amount of attention decreases with the coordination motive, o.”

$Formally,

On . ™0 + 3aty Tls 0%n _ .. . o
3 < 0if vt, < ey and 3 > 0 if the previous inequality is reversed.
« Zs:l \/7;? a

9This is not immediate to see, but can be verified by differentiating 7 = >, Zn with respect to o and using the

property that

NUQNnN
() sTrse
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2.3 The efficient allocation of attention

I now turn to the allocation of attention that maximizes the ex-ante utility of a representative agent.
The analysis permits me to identify payoff interdependencies that are responsible for inefficiency in
the equilibrium allocation of attention. These results, when applied to specific applications, may
guide policy interventions aimed at increasing the efficiency of market interactions.

First, observe that, for any allocation of attention z, the efficient use of information consists in

all agents following the unique strategy k*(-; z) that solves the functional equation'’

E(z;2) =B[(1-a")x*+a*K | z,z] for all z € RY, (8)

where k* = K} + k70 is the first-best allocation'!, K = E [k (z;2) | 2,0, €] is the average action, and

Ukk + Uoo

(0%

is the socially optimal degree of coordination (that is, the level of complementarity, or substitutabil-
ity, that the planner would like the agents to perceive in order for the equilibrium of the economy to
coincide with the efficient allocation.) Because (8) differs from the equilibrium optimality condition
(1) only by the fact that « is replaced by o* and k by £*, it is then immediate that the efficient

strategy takes the linear form

K (e52) = r 4+ i (X va(2)n) (10)

where ~/(z) is defined as v,(z) but with o* replacing a.
Next note that, for any given attention z, welfare under the efficient use of information k*(-; z)
can be expressed as
w*(2) = Elu(k*,k",0,0)] — L*(2) — C(2),

where E[u(x*, £*,0,0)] is expected welfare under the first-best allocation and where

_ Jukk + 2upk + ukk|
- 2

|ukk + uacr|
2

L*(z) VarlK — k™ | z,k*(-;2)] + Varlk — K | z,k*(+; 2)]

combines the welfare losses that derive from the volatility of the average action K around its first-
best counterpart with the losses that derive from the dispersion of individual actions around the
mean action.

I now turn to the efficient allocation of attention. Using the envelope theorem and observing
that, holding fixed the strategy k*(; z), the volatility of the aggregate action around its complete-

information counterpart, Var[K — k* | z,k*(+; 2)], is independent of the allocation of attention, I

0The characterization of the efficient use of information follows from steps similar to those in Angeletos and Pavan

(2009). The contribution here is in the characterization of the efficient allocation of attention.
v (0,0,0)+uk (0,0,0) Uk tUKe

11 * * . * * .
The scalars kg and k] are given by kg = o (TP TR, and k] = e v T respectively.
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then have that the social benefit of increasing the attention allocated to any source n (gross of its

cost) is given by!'?

’ukk: + UJU‘

(. _ w4 uoo| (5*7;(2))2
5 o Var[k K | z,k*(;2)]| = 1 (11)

2 (20)" tn

where OVar[k — K | z,k*(-; 2)] 0z, is computed holding fixed the efficient strategy k*(-;z) that
maps impressions x into individual actions. In other words, the social benefit of allocating more
attention to any given source is given by the reduction in the dispersion of individual actions around
the mean action that obtains when agents allocate more attention to that source, weighted by the
social aversion to dispersion |ugx + Uss|/2. The following result then follows from the arguments

above:

Proposition 2 Suppose that the planner can control the agents’ actions. There exists a unique

allocation of attention z* that mazimizes welfare. Under such allocation, for any source n that

receives positive attention,

C! (z%) = |ukk + Yool (HT’Y:L(Z*))Q
n 9 (Z*)2 tn

n

where Kiyn(2*) represents the influence of the source under the efficient use of information, with

(lfa*)ﬂn(z) (lfa*)nnzntn
% o 11—« pn(Z) _ (1 [e% )ZTLtTL+777L
’y”(z) = (I—a*)ms(2) (I—a*)nszsts *

7T0+Zsllap() 7T9+Zs 1(1 a*)zststns

The following conclusion can then be established by comparing the private benefit (5) to the

social benefit (11) of increasing the attention allocated to any given source of information:

Corollary 2 Let zZ denote the equilibrium allocation of attention. Suppose that the planner can
control the agents’ actions. Then, starting from z, forcing the agents to pay more attention to a

source n that receives positive attention in equilibrium (i.e., for which z, > 0) increases welfare if

lwir| (K17 (2))* < |ukk + oo (K7(2))? (12)

2 A5 in the equilibrium case, the expression in (11) applies to sources that receive strictly positive attention (that is,
for which z, > 0). The marginal benefit of increasing the attention allocated to a source that receives zero attention
is simply the limit of the right-hande side of (11) as z, — 0 which is equal to

‘ukk + uo’a| ( *)2(1 — a*)zt"

2 (1—a*)nszsts 2
[“9 + 305 e s‘+ns]

13 As in the equilibrium case, for any source that receives no attention, the following condition must hold:
C/ (Z*) > |ukk+uoo" ( *)2(1_a*)2tn
n - P
2 (A—a*)nszsts
|:7T9 + Zg 1 (1— a*)z3t5+n3]
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and decreases it if the inequality in (12) is reversed, where k17v,(2) and K57} (2) denote, respectively,
the sensitivity of the equilibrium and of the efficient strategy to the n-th source of information, when
the attention allocated to the various sources is 2. Likewise, forcing the agents to pay attention to

a source n that receives no attention in equilibrium (i.e., for which %, = 0) increases welfare if

|tk + Uoo| (51)*(1 — o)ty

2 N (1-a")neits ]
T+ D 1 m]

> Cl (%)

and decreases it if the inequality is reversed.

To understand the result, recall from the analysis above that both the private and the social
(gross) marginal benefit of allocating more attention to any given source come from the marginal
reduction in the dispersion of individual actions around the mean action.'® The magnitude of this
reduction depends on the sensitivity of individual actions to the source of information, which is
given by k17, under the equilibrium strategy and by x7j7, under the efficient strategy. The weight
that the planner assigns to reducing the dispersion of individual actions is |ugx + Ugs|, Which
naturally incorporates the externality u,.,, whereas the weight that the individual agent assigns to
reducing the dispersion of her action around the mean action is |ugg|.

Increasing the attention allocated to a source that receives positive attention in equilibrium
then increases welfare if and only if the marginal reduction in the dispersion of actions under the
equilibrium strategy, weighted by the importance that each agent assigns to dispersion, falls short
of the marginal reduction in dispersion under the efficient allocation, weighted by the importance
that the planner assigns to dispersion.

Likewise, for any source that receives no attention in equilibrium, the marginal cost exceeds
the private marginal benefit of reducing dispersion. Forcing the agents to pay attention to such
a source then increases welfare if and only if the marginal cost falls short of the social marginal
benefit of reducing dispersion.

Put differently, efficiency in the allocation of attention requires both (i) efficiency in the use of
information and (ii) alignment between the private and the social value of reducing the dispersion
of individual actions, which obtains when and only when us,, = 0.

The following three propositions generalize and extend results in Colombo, Femminis and
Pavan (2014) to the more flexible information structure considered in this paper. Let #N denote
the cardinality of the set of sources that receive positive attention in equilibrium, and #N* the
cardinality of the set of sources that receive positive attention when the planner can control both
the allocation of attention and the use of information. Let Z denote the equilibrium allocation of
attention and z* the allocation of attention that maximizes welfare when the planner can control

the agents’ actions. I start with economies that are efficient in their use of information.

YBoth marginal reductions are computed holding constant, respectively, the equilibrium and the efficient use of

information, that is, the mappings k(-; z) and k*(-; z), by usual envelope arguments.
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Proposition 3 Consider economies that are efficient in their use of information (k = Kk* and
a = o). The attention allocated to each source is inefficiently low if use < 0 and inefficiently
high if uge > 0 (meaning that, for any n, z > 2, if use < 0 and z} < Z, if uye > 0, with the

inequalities strict if Z, > 0).

Because in these economies the equilibrium use of information is efficient, the marginal re-
duction in the dispersion of individual actions under the equilibrium strategy coincides with the
marginal reduction under the efficient strategy. This property, however, is not sufficient to guaran-
tee that the private and the social marginal benefit of increasing the attention to a source coincide.
The reason is that the private benefit fails to take into account the direct, non-strategic effect that
the dispersion of individual actions has on payoffs, as captured by u,,. Because this externality
has no strategic effects, it is not internalized and is thus a source of inefficiency in the allocation of
attention. In particular, the attention given in equilibrium to each source falls short of the efficient
level (weakly) in the presence of a negative externality from dispersion, u,, < 0, while it exceeds
the efficient level (weakly) in the presence of a positive externality, uss > 0.

I now turn to economies that are inefficient in their use of information and where the inefficiency

originates in the value the agents assign to coordination.

Proposition 4 Consider economies in which (a) the complete-information equilibrium is first-
best efficient, (b) there are no externalities from dispersion, and (c) inefficiencies in the use of
information originate in the discrepancy between the equilibrium and the socially optimal degrees
of coordination (k = K*, uye = 0, but o # o). When a > a*, agents pay too much attention
to sources that are transparent and too little attention to sources that are opaque (Formally, there
exists R* > 0 such that, if t,/C/(2) > R*, then z% < Z,, whereas, if t,/C/(2) < R*, then 2, < z¥,
with the inequalities strict if Z, > 0). The opposite conclusions hold for o < o*. Furthermore, when
Cz)=c (Zévzlzs> with c(+) increasing, convex, and differentiable, the equilibrium total attention
is inefficiently low and too few sources receive positive attention (meaning that Zivzlés < Zivzlz;“

and #N < #N*) if a > o, whereas the opposite conclusions hold if o < o*.

Take an economy in which a > «o*. Because there are no direct externalities from dispersion
(i.e., uge = 0), the weight that each agent assigns to a reduction in the dispersion of her action
around the mean action coincides with the weight assigned by the planner. The discrepancy between
the private and the social value of increasing the attention allocated to any given source then comes
from the inefficiency in the equilibrium use of information; because agents in these economies are
overconcerned about coordinating with others, the equilibrium actions are too sensitive to sources
that are relatively public, (i.e., for which p, is high) and too little sensitive to sources that are
relatively private (i.e., for which p, is low). Taking into account how the publicity of a source
depends on its transparency, I then show that agents pay too much attention to those sources that

are highly transparent relative to their cost and too little attention to those sources that are opaque
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relative to their cost. To see this last result more explicitly, consider an economy satisfying the
conditions in Example 1 above, where all sources receive strictly positive attention in equilibrium.
It is easy to see that, as long as the difference o — o™ is not too high so that the planner also wants
the agent to allocate attention to all sources, then the efficient allocation of attention satisfies the

analog of the conditions in (7) with o* replacing «. It is then also easy to see that 2 > 2, if

N W?\f + Zf;\jzl s
23:1 (773/ \/tZ)
whereas 2 < 2, if the above inequality is reversed. The proposition also shows that, when the cost
depends only on the total attention, as is the case in Example 1 above, (a) too few sources receive
attention in equilibrium and (b) the total attention is inefficiently low. The opposite conclusions
hold in economies in which agents undervalue aligning their actions, i.e., for which o < @ *.
Lastly, I turn to economies in which inefficiencies in the allocation of attention originate entirely

in the inefficiency of the complete-information equilibrium actions.

Proposition 5 Consider economies in which (a) there are no externalities from dispersion, and
(b) the equilibrium and the socially optimal degrees of coordination coincide (use =0, and o = o).
The attention allocated to each source is inefficiently low if K7 > k1 and inefficiently high if K] < K1
(meaning that, for any n, 2z > Z, if kK7 > k1 and 2z}, < 2, if K] < K1, with the inequalities strict if

Zn, > 0).

When k1 < k], the complete-information equilibrium actions respond too little to changes
in fundamentals relative to the social optimum. As a result, the agents’ incentives to learn the
fundamentals are inefficiently low, so that the equilibrium level of attention is also inefficiently low,
for all sources. The opposite conclusion holds when k1 > k7, i.e., when the complete-information

actions overrespond to changes in fundamentals.

I conclude this section by looking at how welfare changes with the attention allocated to
the various sources of information (around the equilibrium level) when the agents’ actions are
determined by the equilibrium rule k(-; 2) instead of the efficient rule k*(-; 2).

In the Appendix, I show that, in this case, the gross marginal benefit of inducing the agents to

increase the attention allocated to any given source is

AN 2 A~ A
i ool BPE b el - o) {20, (20 ) 2O )

2 (20)% tn —a)its ) Oz
n Uk + 2ukk + uk k|3 (KT — K1 SN 0vs(2)
Tp K1 =19z, '

The first term in (13) is the direct marginal effect of a reduction in the cross-sectional dispersion
of individual actions that obtains as a result of an increase in z,, holding fixed the equilibrium use of

information k(+; 2). The second term combines the marginal effects of changing the equilibrium rule
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k(-;2) on (a) the volatility of the aggregate action K around its complete-information counterpart
k and (b) the dispersion of individual actions. Finally, the last term, which is relevant only in
economies that are inefficient under complete information, captures the effect of changing the rule
k(+;2) on the way the "error" due to incomplete information K — k covaries with the inefficiency
of the complete-information allocation. Clearly, by usual envelope arguments, these last two terms
are absent in economies where the equilibrium use of information is efficient (that is, in economies
where k(+;2) = k*(-; z), which is the case if and only if @ = o* and k = k*) or, alternatively, when
the planner can dictate to the agents how to use their information.

The following result is then obtained by comparing (13) to the private value (5) of increasing

the attention allocated to any given source (evaluated at the equilibrium level).

Proposition 6 Suppose that the planner can not change the way the agents use their information
m equilibrium.

(a) Consider economies that are either efficient in their use of information (k = k* and o =
a*) or in which the inefficiency in the allocation of attention originates in the inefficiency of the
complete-information equilibrium actions (uye = 0, @ = a*, but k # k*). The same conclusions
hold as in the case where the planner can dictate to the agents how to use their information (as
given in Propositions 3 and 5).

(b) Consider economies that are efficient under complete information, in which there are no
externalities from dispersion, and in which inefficiencies in the allocation of attention originate
entirely in the discrepancy between the equilibrium and the socially optimal degrees of coordination
(k = K*, upe = 0 but o # «*). There exists a threshold M > 0 such that, starting from the
equilibrium allocation of attention Z, inducing the agents to increase the attention allocated to any
source for which Z, > 0 increases welfare if

sign {a — a*} = sign {C?’;(lz) - M}

and decreases it otherwise.

Consider first part (b) and take an economy where agents are over-concerned about aligning
their actions (o > a*). In these economies, equilibrium actions are too sensitive to transparent
sources and too insensitive to opaque sources. Now use Proposition 1 to observe that the sensitivity
K17n of the equilibrium actions to each source is increasing in the attention allocated to that source
and decreasing in the attention allocated to any other source. By inducing the agents to reallocate
their attention from sources of high transparency to sources of low transparency, the planner would
then also induce the agents to use their information in a more efficient manner. This effect thus
reinforces the conclusions in Propositions 4 for the case where the planner can control the way
agents map their impressions into their actions.

Now, consider part (a) and focus on economies in which the inefficiency in the allocation of at-

tention originates in the inefficiency of the complete-information actions. Specifically, suppose that
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the complete-information equilibrium actions respond too little to variations in the fundamentals
(i.e., k1 < K}). Relative to the case where the planner can control the agents’ actions, the extra
benefit

|wkk + 2upk + ukk|KT (RT - fi1> {ZN ‘975(2’)}

Tp K1 =19z,
of inducing the agents to pay more attention to any given source comes from the increased re-
sponsiveness of the agents’ actions to that source. The net effect of this adjustment is to partially
correct the inefficiency of the complete-information allocation by bringing the aggregate action K,
on average, closer to its first-best counterpart x*. This novel effect then adds to the benefit of
reducing the dispersion of individual actions in the population, thus reinforcing the conclusions of

Proposition 5.

3 Bounded Recall

3.1 Environment

Having characterized the equilibrium and the efficient allocation of attention in the benchmark
in which the agents perfectly recall the influence of each individual source of information on their
posterior beliefs, I now turn to the (perhaps more realistic) case of bounded recall. The environment
is the same as in the previous section, except for the following important modification. When it
comes to committing their actions, agents recall only their posterior beliefs about 6 (as opposed to
the content of the individual sources of information about 6 they paid attention to). Apart from this
modification, the environment is the same as in the previous section. In particular, agents continue
to process information according to Bayes rule and understand how their posterior beliefs about 6
are affected by the quality of the different sources as well as the attention they allocate to them.
The equilibrium under bounded recall thus amounts to a specific form of analogy-based equilibrium
(as defined in Jehiel 2005) in which the coarsening of the partitions of the agents’ information sets is
generated by grouping together information sets corresponding to the same posterior beliefs about
0.

Given the attention 2/ allocated to the different sources and given the impressions 2/ =

(33{, e 935\,) received, agent j’s posterior beliefs about 6 thus continue to be Normal with mean

N

(27 ) = Zn:1 Sn(29)2t
and precision 7y + SN | w,(27), where

Ns Zé ts
Zg ts + s

. ﬂ-n(zj) ) W
On (27 — with m4(27) =
e

Each impression zh =0+ En + {% has the same statistical properties as in the previous section.

The only difference is that agent j is now unable to decompose Z/ into the various components z7.
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As mentioned in the Introduction, this is also equivalent to assuming that, given the attention 27,

agent j receives a single signal

o ;i'j(xj;zj) T+ T (Z]) i i N Wn(zj) j
A= SN 8s(2) :< eﬂx()z(j) >x]($];zj):0+zn=1 WX(Zj)(€n+£%)

with precision
. N .
Jy = J
mx(27) = 23:1 ms(27).
Bounded recall then amounts to imposing that agent j’s actions be measurable in the sigma algebra
generated by the random variable X7(z7). Importantly, note that this restriction matters only

because of strategic effects. Because #7 is a sufficient statistics for (7, 27) with respect to 6, in the

absence of strategic effects, actions and payoff would be the same as in the case of perfect recall.

3.2 Equilibrium allocation of attention

Let

px() =S BB,

s=1 mx(2)
denote the weighted average of the endogenous publicity of the various sources of information,

where the weights are the relative precisions.

Proposition 7 There is a unique symmetric equilibrium. In this equilibrium, given the attention

2% allocated to the various sources, individual actions are given by

k' = k7 (3% 27) = ko + k1y(27) - T (14)
all i € [0,1], where
(I—a)mx (2)
# _ 1—apx(2) <7T0 + 7TX<Z)>
Y (2) = . 15
O g ) U e -

Furthermore, for any i € [0,1] and any source n =1, ..., N that receives strictly positive atten-

tion in equilibrium,

Cl(2%) = —’u;k| 82 ar |k — K; 27, k#(-;z#)} = |u§k| (1- a)aiVar [K — ;2 KT (5 27)
(16)

where the derivatives are computed holding fized the mapping k¥ (-; 27) given by (14).

There are important differences relative to the case of perfect recall. First, the marginal
benefit of increasing the attention allocated to each source now has two components. The first
one is the marginal reduction in the dispersion of individual actions around the mean action. This
component is similar to the one in the case with perfect recall and is computed holding fixed

all agents’ strategies by the usual envelope reasoning. Importantly, in a symmetric equilibrium,
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the reduction of dispersion of individual actions around the mean action is the same irrespective
of whether one changes only the individual’s allocation of attention or all agents’ allocation of
attention (this observation, which is formally proved in the Appendix, is important when comparing
the equilibrium with the efficient allocation of attention).!®

The second component reflects the fact that, with bounded recall, not only the second moment
but also the first moment of the distribution of each agent’s own action is affected by the allocation
of attention (this even if one holds fixed the mapping k% (-; 2#) by usual envelope arguments). The
reason is that a change in the allocation of attention changes the weights ¢,, that the posterior mean
77 assigns to the different sources and hence impacts the first moment of the distribution of z7. The
second component in the right-hand side of (16) thus represents the marginal benefit of bringing an
agent’s own expected action, which in a symmetric equilibrium coincides with the average action
in the population, closer to the complete-information equilibrium action. Importantly, while the
weight the individual assigns to reducing the dispersion of his own action around the mean action
continues to be given by the curvature of individual payoffs ugy, the weight the individual assigns
to reducing the volatility of his expected action around the complete-information counterpart is
given by |ugk|(1 — ) = —(ugg + urr ), which takes into account also the response of the agent’s
action to variations in the average action.

The next result, which is one of the key predictions of the paper, shows how bounded recall

changes the allocation of attention relative to the benchmark with perfect recall.

Proposition 8 Let zZ be the allocation of attention in the unique symmetric equilibrium of the game
with perfect recall. There exist thresholds p', p” with 0 < p’ < p"” < 1 such that, starting from %, any
agent with bounded recall is better off by (a) locally increasing the attention allocated to any source
for which py(2) € [p', p"] and (b) locally decreasing the attention allocated to any source for which
pn(2) & [0, p"]. Furthermore, when mg — 0, p' < px(2) < p” (with p" <1 for  large enough).

Recall that the endogenous publicity of a source is given by

t
pulz) = T2 2t
Tin Zpln + Mn

and that the latter measures how the total error go% =¢en+ 5% in the source (combining the error
at the origin €,, with the error &Jl in the agent’s idiosyncratic interpretation of the source’s content)
correlates across any two agents. Sources of low publicity are thus sources whose endogenous
precision 7, (z) is small relative to the source’s exogenous accuracy, 7,. A low publicity in turn may

reflect either a low transparency t,, of the source or little attention z, allocated by the agents. The

15This property was also true in the benchmark with bounded recall. There the result was obvious given that the
distribution of the average action K was independent of the allocation of attention. In contrast, with bounded recall,
the distribution of the average action depends on the allocation of attention, even when one holds fixed the agents’
strategies. The reason is that the allocation of attention impacts the weights assigned by the posterior means to the

various sources of information and hence the mean of the distribution of the agents’ posteriors.
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information received from such sources is thus subject to significant idiosyncratic noise in the agents’
interpretation of the source’s content. In the benchmark with perfect recall, the attention paid to
any such source is justified by the source’s high accuracy, which permits the decision maker to align
well her action to the underlying fundamentals. Relative to that benchmark, under bounded recall,
the benefit of allocating the same attention to any such source is reduced by the impossibility to
take actions that respond separately to the noise in the source’s interpretation. As a result, the
decision maker reduces the attention she allocates to any such source.

Sources of high publicity are, instead, sources of potentially low accuracy but which receive
significant attention under perfect recall because of their transparency. These sources thus serve
primarily as coordination devices. With bounded recall, however, the coordination value of any
such source is diminished by the impossibility to respond separately to the noise in the source’s
interpretation. As a result, the decision maker reduces the attention she allocates to any such
source as well.

Finally, sources of intermediate publicity are good comprises: they permit the decision maker
to align her action well both with the fundamentals and with other agents’ actions. In the presence
of bounded recall, the decision maker thus optimally increases her attention to such sources.

In the case in which the attention cost depends only on total attention, the monotone relation-
ship between the publicity of the sources in the benchmark of perfect recall and their exogenous

transparency then permits me to establish the following result.

Corollary 3 Suppose that C(z) = c(ZiV:lz5> with ¢(+) increasing, convex, and differentiable.
Let Z be the allocation of attention in the unique symmetric equilibrium of the game with perfect
recall. There exist thresholds t',t" € Ry such that, starting from 2, any agent with bounded recall is
better off by (a) locally increasing the attention to any source for which t, € [t',t"] and (b) locally

decreasing the attention to any source for which t, ¢ [t',t"].

The results in Proposition 8 and in Corollary 3 refer to local properties of best responses, eval-
uated around the allocation of attention 2 in the benchmark with perfect recall. Similar conclusions
hold when one compares the allocation of attention in the equilibrium with bounded recall to its

counterpart under perfect recall.

Proposition 9 Let C(z) = c(ZiV:lzs> with c() increasing, convex, and differentiable. Let Z
be the allocation of attention in the unique symmetric equilibrium with perfect recall and z# the

corresponding allocation of attention under bounded recall. There exist thresholds t',t" € Ry such

that i > %, only if t, € [t',t"]. Furthermore for any n for which t, € [t',t"], 2 < 5, only if
#
zih = 0.

The result in Proposition 9 thus establishes that it is only those sources whose transparency is

intermediate that possibly receive more attention under bounded recall than under perfect recall.
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In this sense, Proposition 9 extends the results in Proposition 8 and Corollary 3 from individual
best responses to equilibrium allocations. The key property in the Appendix that permits me to
establish the result in the proposition is that, among those sources that do receive some attention
under bounded recall, those whose transparency is the highest are also those whose publicity is the
highest. Recall that this property also holds under perfect recall. In that case, the monotonicity
extends to all sources, implying that it is only those sources whose transparency is high enough that
receive some attention in equilibrium. I could not establish this stronger property under bounded
recall. In other words, I could not exclude the possibility that source n with transparency ¢,, receives
some attention whereas source n’ with transparency t, > t, receives no attention. This explains
why the result in the proposition is not an "if and only if" result. However, what I could establish
is that if a source of intermediate transparency receives less attention under bounded recall than

under perfect recall, then it must be that it receives no attention at all.

3.3 Efficient allocation of attention

Now consider the efficient allocation of attention in the presence of bounded recall. First note
that, because the planner’s problem is concave, it is never optimal to induce different agents to
allocate different attention to the various sources of information. This in turn means that, for any
symmetric allocation of attention z, efficiency in the agents’ actions requires that, for any agent

i €]0,1], almost any z*

k= k:**(ii; z) = Ky + /{T'y**(z)i‘i (17)
with (o) ()
—a*)mx (2
Kk _ 1—a*px (Z) o + WX(Z))
() = * ( (18)
mp + Goodmxld) mx(2)

where mx and px are as defined above.'® This implies that, for any z, the maximum welfare that

can be achieved by having the agents follow the rule £**(-; z) defined by (17) is given by
w*(z) = Blu(s", £7,0,0)] = L%(z) — C(2), (19)

where u(k*, k*,0,60) continues to denote welfare under the first-best allocation and where

|ukk + 2up + UKK|
2

_ |ukk + u00|

£o(z) = Tl — K| 5 K7 (2] + Var(K = s* | 2,K"(:2)

continues to denote the welfare losses due to incomplete information (combining the losses from the
dispersion of individual actions around the mean action with the losses stemming from the volatility
of the average action around its first-best counterpart). Using the fact that |ugr + 2upx + ux k| =

(1 — ) |ugg + uool, I then have the following result:

Y The result follows from the observation that bounded recall is mathematically equivalent to a setting in which

agents receive a single signal X = (w(x(z)

) ) Z about 0 with precision 7x (z) and correlation px(z). The arguments

that lead to the results below are then the same as the ones derived in the previous section.
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Proposition 10 Suppose that the planner can dictate to the agents how to respond to their pos-
terior beliefs. Let z** denote the allocation of attention that maximizes welfare in the presence of

bounded recall. Then, for any source of information that receives strictly positive attention,

_ ]ukk + uo'0'| 0

C (") = fgl/ar[k — K | 27 B (- 2™)] (20)
—(1—-a) [ + g | —; oo 82Var[K — K| 2R (2]

where all derivatives are computed holding fixed the mapping k**(-; 2**) from the agents’ posterior

beliefs into their actions, as given by (17).

Comparing the social to the private marginal benefit of increasing the attention allocated to

any given source, around the equilibrium levels, then yields the following result.

Proposition 11 Suppose agents suffer from bounded recall. Let z# denote the allocation of atten-
tion in the unique symmetric equilibrium and z** the allocation of attention that mazximizes welfare
when the planner can dictate to the agents how to respond to their posterior beliefs about 0.

(a) The same conclusions as in Proposition 8 and 5 hold for the comparison between 2 and
ok

(b) Consider economies in which the complete-information actions are first-best efficient (i.e.,
Kk = K*) and in which there are no externalities from the dispersion of individual actions (i.e.,
Uy = 0). When o > o, there exists a critical threshold p(z7) € [0,1] such that, starting from 27,
the planner would like the agents to reduce the attention they allocate to sources whose publicity
pn(27) > p(27) and increase the attention they allocate to sources whose publicity p,(27) < p(27%)
and for which z# > 0 . The opposite conclusion holds for economies in which oo < . In the limit
in which mg — 0, p(27) — px(27) and Y7 (27),v*(27) — 1, implying that the planner would like
the agents to allocate less attention to sources for which (o — o) [pn(z#) — pX(z#)] > 0 and more

attention to sources for which the inequality is reversed and z# > 0.

The results for the comparison between the equilibrium and the efficient allocation of attention
in the presence of bounded recall thus parallel their counterparts in the benchmark with perfect
recall. In particular, when agents value coordination more than the planner (i.e., when a > a*),
the planner would like them pay less attention to sources of high publicity and more attention to
sources of low publicity, whereas the opposite is true in economies in which a < «*. The publicity
threshold p(z#) that determines whether agents pay too much or too little attention to the various

sources, however, need not coincide with the corresponding threshold under perfect recall.

4 Conclusions

I compare the equilibrium allocation of attention to the efficient allocation of attention in a flexible,

yet tractable, model featuring a rich set of payoff interdependencies and an arbitrarily large number
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of information sources differing in their accuracy and transparency. I then examine the effects of
bounded recall, defined to be the inability to keep track of the effects of individual sources on
posterior beliefs.

In future work, it would be interesting to endogenize the agents’ ability to recall and examine
how the latter is influenced by the accuracy and transparency of the different sources. It would
also be interesting to extend the analysis to a dynamic setting where agents choose whether or not
to pay attention to additional sources as a function of the evolution of their beliefs. It would also
be interesting to examine how the allocation of attention interacts with the market provision of
information by endogenizing the supply of information.

A last word concerns the welfare effects of bounded recall. As it is the case with other distor-
tions, equilibrium welfare can be higher under bounded recall than under full recall because it may
induce the agents to allocate their attention more efficiently. It would be interesting to characterize

the precise conditions under which this happens.
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Appendix

Proof of Proposition 1. When all agents allocate attention z to the various sources of informa-
tion, the continuation game in which the agents receive information 27 and choose their actions
has a unique continuation equilibrium where all agents follow the linear strategy (4). This result
follows from arguments similar to those that lead to Proposition 3 in Angeletos and Pavan (2009)
— the proof is thus omitted.
Next, let
Ul 2) = Blu(k , K, o3, 0)|27] — C(27)

denote agent j’s expected payoff when all agents i # j pay attention Z to the different sources of
information and then choose their actions according to (4), whereas agent j allocates attention 2/
to the various sources and then chooses his actions optimally. It is easy to show that U7(z7; 2) is
continuously right-differentiable in z%, any n, any (z7;2), and that, for any 2 > 0 the derivative
oUI (21;2)/ 92 coincides with the partial derivative of the agent’s expected payoff holding fixed the
agent’s optimal strategy k;(-; 27; 2) by usual envelope arguments.

Next, note that when 2/ = 2, by symmetry, the agent’s optimal strategy coincides with the
one of any other agent, that is, k;(-; 27; 2) = k(-; 2) with k(+; 2) given by (4). Furthermore, when all
agents (including agent j) follow the hnear strategy in (4), for any choice of 27, agent j’s expected

payoff is given by
Blu(K, K, 05,0) | 27, k(- 2)] +%V k) — K | 27, k(52)] = C(27) (21)

where the first term in the right-hand side of (21) is the payoff the agent would obtain if his action
coincided with the average action in the population in every state, while the second term is the
ex-ante dispersion of the agent’s own action around the mean action. Note that, when all agents
follow the linear strategy in (4) — more generally, when their actions are determined by any linear
mapping of their signals — the distribution of K is independent of the allocation of attention. It

follows that, in any symmetric equilibrium, for any source n that receives positive attention

oUJ(2;2)  wup O ; . . /s
B G R —Varlk! =K | 2,k(;2)] — C,(2 22
] 2 9. [ | 2,k(;2)] (2) (22)

where the derivative in the right hand side of (22) is computed holding fixed the mapping k(+; 2)

and letting such mapping be the one given by (4).

Next observe that, when all agents follow the mapping in (4),'7

Varlk! — K | 27,k(-; 2)] = k2 Zn . Vn]t

"Note that, if 25, = 2, then (y,(2))?/24t, = 0 when 2, = 0, despite both the numerator and the denominator
being equal to zero. The contribution of source n to the dispersion of the agent’s own action around the mean action
can thus be written as (v,(2))?/#%t, for any source, irrespective of whether or not such source receives attention in

equilibrium.
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I conclude that, in any symmetric equilibrium, for any source of information that receives

strictly positive attention, the following optimality condition must hold:
' (3) = |urg| (K17n(2))?
(4) 1

By continuity of the right-hand derivative 8Ui(zj i 2)/ 921, T also have that, for any source that

receives no attention, the following corner condition must hold

Cl(z) > ugr] (5170 (2))*  ul k71— )?tn g (k1)*(1 — @)*tn
" - 2 N 1—a)7ws(2 ) N 1—a)nsists 2
(Z%) ln |:7T9 + Zs 1 %] |:7T9 + Zs:l (gfa));zterns

which is equivalent to the condition that OU i(é, 2)/0z) <0 at 2, = 0.

Lastly, to see that the symmetric equilibrium is unique, let ¢ denote the family of quadratic
payoff functions satisfying all the conditions in the model setup. From arguments similar to those
that lead to Proposition 2 in Angeletos and Pavan (2009), one can show that, given any u € U,
there exists a unique u' € U such that any symmetric equilibrium of the game where payoffs are
given by u coincides with one of the efficient allocations for the economy with payoffs given by u/'.
Next observe that the efficient allocation for the economy with payoffs given by ' is unique — this
follows from the fact that the planner’s problem consisting in choosing a vector z € RJX along with
a function k : RV — R so as to maximize the ex-ante expectation of v/ is strictly concave. This in
turn implies that the symmetric equilibrium for the economy with payoffs given by u is also unique,
which establishes the result. Q.E.D.

Proof of Corollary 1. From Proposition 1, any source that receives strictly positive attention

in equilibrium must satisfy (2). Substituting for

(1_04)27Ltn77n
(1 a)éntn +Mn

(A—a)zitim
7T0+Zl 1 1 a)zit+my

'711(2) =

into Condition (2), I then have that

2 _ Mn — \ukklml 1 _ 1
' ma—a){“ 20,606 \/F} %)
where

il (1 —a)mzt
Y= Z Jmat_ (24)
(1 —a)zit; +m

For the right-hand-side in (23) to be positive, it must be that

o 200()?

) (0= a2 us] (25)
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which establishes the first claim in the Corollary.

Next, I prove that, for any source that receives no attention in equilibrium, condition (25)
must be violated. To see this, suppose that, by contradiction, there exists a source n for which
(25) holds and such that 2, = 0. Suppose that the individual were to increase locally the attention
allocated to this source. The continuity of the right-hand derivative of the agent’s expected payoff
8Ui(73; z)/ 9z} implies that the net effect on the agent’s expected payoff is

Jur] (R (2)? o oy leliE (L= @)t )

contradicting the optimality of the equilibrium allocation of attention. Q.E.D.

Proof of Example 1. Suppose that all sources receive strictly positive attention in equilib-

rium. The amount of attention allocated to each source n is then equal to

. [ [kl 55 ()

It follows that the influence of each source n is given by

Wm(2) = \/len (27)

|Ukk|”1
Combining the above with the fact that
(I=a)mn (%)
. T—apn (2
10ld) = — Lol 2

(1—a)7ws(2
7r9+Zs 1 1 zps g)

I then have that
N ZN (1—a)ms(2)
~ s=1 l1—aps(2
2 () = e Z Vinin.

n=1 7r9+Zs 1 1—aps( Z; |Uk:k|/€1

This implies that

o+ (1 —&)Ws;A) _ T

) 1= V \Ukk\'i ES 1\/ng

(- a)m() (1= a)miats
1 —apn(2) Zntn(1—a) +np

I then have that
(1_a)77néntn
7 (2) _ éntn(l Ol)+77n
n - Uy

17\/‘%1““€2 o1 VisZs
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Combining this expression with (26) I then have that

1 1 n
b | — Z\/gzs S (29)

o Vi (=)t
|ukk|"€1

Multiplying both sides of (29) by +/t,, summing over n, and rearranging, I then obtain that

Sams 1 >

N Y il (= PR R n
1 |u |n2
— > Vit = Vo . (30)

Replacing (30) into (29), I conclude that

A A i an P

Zn =
Vin(l—a) LRD DA Vi

as claimed. Q.E.D.
Proof of Proposition 3. The proof follows directly from the results in Corollary 2. Q.E.D.

Proof of Proposition 4. Note that, in these economies, for any z, and any n, the discrepancy
between the social and the private benefit of increasing the attention allocated to source n is

proportional to the difference!®

(m(2)? _ (m(2))?

(zn)Z tn (zn)2 tn '

Using the expressions for v and v*, the difference in (31) is equal to

(31)

b2 b
(1 — a*)zntn + 0] [(1 — a)zptn + 1]
where ) )
m(z) = (1-o) 5 and m*(z) = (1-a%) 5
(1 t 1 t
7o+ S (| o+ Sl

It follows that, starting from the equilibrium allocation of attention Z, the social benefit of increasing

the attention allocated to source n exceeds the private benefit if and only if

(1 —a)zZptn + nn - m(Z)
(1 —a*)Zptn +mn — \| m*(2)

(32)

Now note that, when a > o*, m(2) < m*(2). This means that the social benefit exceeds the private

benefit for any source that receives no attention in equilibrium. The opposite conclusion holds

8Note that the comparison here applies also to sources that receive no attention, i.e., for which z, = 0.
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when a < «*. Thus consider sources that receive strictly positive attention in equilibrium. Using
(23),

S _ MaVin 5) — Ui
fotn = Q) — s (33)
where
_ ‘ukk|l-i% 1

with the function M;(-) as defined in (24). Using (33), I can rewrite the left-hand-side of (32) as

follows
~ tn
(1-a)Q(2)\/ ety

(1-a)Q(2) ( y + a -

which is decreasing in ¢, /C/,(2) for a > a* and increasing in 04 o for a < a”

I conclude that, when a > o, there exists a critical value R* > 0 such that, starting from
the equilibrium allocation of attention Z, the planner would like the agents to locally increase the
attention allocated to any source of information that receives positive attention in equilibrium and
such that ¢,/C/(2) < R* and decrease the attention allocated to any source that receives positive
attention and for which ¢,,/C/ (%) > R*. The opposite conclusions hold for o < o*

Lastly, consider the case where C(z) = ¢(Z) with Z = 32V s Zs and with ¢(+) strlctly increasing,
convex, and continuously differentiable. To prove the two claims in the proposition, note that, in
these economies, the efficient allocation (z*, k(-;2*)) coincides with the equilibrium allocation of
another economy that differs from the original one only in the degree of coordination. It thus
suffices to show that the equilibrium total attention Z (as well as the number of sources #N that
receive strictly positive attention in equilibrium) decrease with a.

Let N («) denote the subset of sources that receive strictly positive attention when the equi-
librium degree of coordination is a. Now use the results in the proof of Corollary 1 to see that the

attention allocated in equilibrium to each source n is given by

sn(a) = % max {T(a) _ L 0} (34)

where
o |uk| K9 1
He) = = 2 2 () T G(@) (3)
with N
=> #( (36)
=1
and v
M) = m+ Y e (37)

=1
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Combining (34)-(37), I then have that, for any «, T'(«) is the unique solution to the following

equation
N N _ 1.
T 1 M/t max {T ,()}
c meaX{T—;O} 7r9—|—z v — Ky M
L—a\ " \Z Vil -a) Vi = Vimax {T— 10} +1 2
(38)

Because the left-hand-side of (38) is increasing in both a and T', I then have that 7'(«) is decreasing
in . This means that the critical level of transparency required for each source to receive positive
attention in equilibrium increases with . In turn, this implies that that N(o/) € N(a) for any
o' > «, which in turn implies that #N (o) decreases with «, as claimed.

Next, to see that the total attention Z (cr) also decreases with «, follow steps similar to those
in the proof of Example 1 to see that, for each source n € N (o) that receives strictly positive

attention,

~ o ’r]n 561\7((1) és(a)

_ |urr| w3 oM
. (1 04)\/26, = ! ) + 2 sef) Vi 1
Zo(a) = _
Vin(l—a) T+ 2 e fi(a) s Vin

Summing over all n € N(«a), I then have that

1 (\/ k|53 3, () j?;)

N T + Zs V() Ms
2 (ZSEN(Q) ZS(O[)> eN(a)

ZnEN(a) Enla) = \/

2
. 7s

1 {ZSGN(a) \/g] B Z n

l—a | m+ ZseN(a) s neN(a) t,

Holding N () fixed, I then have that

2
0 N sign [ZSEN(Q) %] Tin
Do (ZseN(a) ZS(a)) = B ZneN(a) tn (39)

o + ZSGN(Q) UE

Below, I show that

2
UE Ns
(ZSEN(Q) \/g> n <ZseN(a) ts) (Zseﬁ(a) 773) =0

which implies that the sign of the right-hand side of (39) is always negative.
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To see this, it suffices to note that

2

Ms MNs 773 7]
Yo (s E(sa)-x ey y o

seN(a) ¥ ° seN(a) seN(a) seN(a) sEN(a) keN (o) ks
_ Z Z NsTk
- ls

sEN(a) seN(a) keN(),k#s

T G e

s,keN(a),k#s

Along with the property established above that N(o/) € N(«) for any o/ > «, the fact that,

for given N(a), 3 24(c) is decreasing in o implies that Z(a) decreases with a. Q.E.D.

seN(a)

Proof of Proposition 5. The proof follows directly from the results in Corollary 2. Q.E.D.

Derivation of Condition (13). First observe that, for any given z, welfare under the

equilibrium strategy k(-; z) is given by!?
w(z) = Blu(k, K, 04,0) | 2,k(-; 2)] = C(2) = B[W(k,0,0)] — L(z) — C(2), (40)

where W(K,0,0) = u(K, K,0,0) is the payoff that each agent obtains when all agents take the
same action (W (k,0,6) is thus welfare under the complete-information equilibrium allocation x =
ko + k10), whereas

|ukk + 2urk + UK K]
2

|ukk + uo‘o|
2

— Cov[K — k,Wk(k,0,0) | z,k(-; 2)]

L(z) = Varlk — K | z,k(:;2)] + VarlK — k| z,k(; 2)]

are the welfare losses due to incomplete information. The first two terms in £ measure the welfare
losses due to, respectively, the dispersion of individual actions around the aggregate action and
the volatility of the aggregate action around its complete-information counterpart. The last term
captures losses (or gains) due to the correlation between the ‘aggregate error’ due to incomplete
information, K — k, and Wy, the social return to aggregate activity. Following steps similar to

those in Angeletos and Pavan (2007) one can show that

* n . 1
Cov [K — k, Wi (,0,0) | 2, k(;2)] = |ugk + 2ups + urci |ri (Hlm Kl) — ],

o

N_ s(z)—1 ?
VarlK = i | 2 k(2)] = 5 Es_ﬂwi = +ZN_W

'The representation of equilibrium welfare in (40) follows from the same steps as in Angeletos and Pavan (2007);

the proof is thus omitted.
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and
N

Varlk — K | z,k(;2)] = ZM

2Zst
s=1 Svs

Welfare under the equilibrium strategy k(+; z) can thus be expressed as

w(z) = B[W(x,0,0)] — W : {f: W}

2
N
g + 2w +urcle? | 1@ =1 ()
_ . + D
2 o Ns

N
Ky — K _ z)—1
+ |ukk+2u1cK+UKK|f£%‘ < lm 1) : Zs_l%g( ) - C(2).

The (gross) marginal effect on welfare of an increase in the attention allocated to the n-th source

is thus equal to

2

Uk, + U K z

| kk 0’0"( 1'7715 )) "LL k+uag’/‘\71 2 :
2 (2n)" tn

s=1

[23:1%(2) - 1} (Zé\le agsz(j)> Ly vs(2) 0ys(2)

Uy - Ns 8Zn

N ugk + 2upk + ug|R] (K] — K1 SN 0s(2)
K1 =1 9z, [~

o

¥s(z )0%(2)} (41)

S
zsts Oz

— |k + 2upx + urK|K

Substituting |ugr + 2urkx + uk kx| = (1 — a)|ugk + use|, I can rewrite the sum of the second and
third addendum in (41) as

(1—a") [ e) - 1] (2N 22) L5 [1 ot 1 }%878(2’)
s

s=1 0z,

— \ukk -+ uga’,‘i%

iyl Zsts

1—a* 1| (A=o)ms(z) (1 _ %
[ s +zsts} 1—aps(z) (1 O[) 6’73(2)

N
_’ukk + UUU|K’% Zs:l

N 1— n
o + Zn:l (1—3307;(5) 0
Using
T (Z) — nSZStS and p ( ) o zStS
’  zsts + s ° Zsts + 1s

I then have that

1—aof 1] (1= a)ms(z)

{ MNs " Zsté‘] —aps(z) ~(1=e?)
_ [(1 -G )Zst + 778] (1 — a) [(1 — a)zsts + 778] (1 — a*)
(1 — a)zsts + 14 [(1 = @)zsts + 1]

[(1 — a*)zsts + 778] (1 — a) — [(1 — a)zsts + 778] (1 — 04*)
[(1 - a)zsts + 775}

ns(a — a”)
(1 — @) zsts +ns]
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The sum of the second and third addendum in (41) can thus be rewritten as

0
‘uk‘k‘ + ’UJUO-|K1%(OZ - O[*) Z:]svzl e (1—a)mn(2) gZ(Z)
(1 — )zsts + ns] |:7T9+Zn 1Tpnn) "
Next, note that
MNs _ ¥s(2)

(1= @)zt + ] [mo+ X0, Gredm@] - (1= a)ats

I conclude that the gross marginal benefit of increasing the attention allocated to the n-th source

is given by
|upg; + oo | (F170(2))? 2 . N %(z) ) 97s(2)
5 (zn)2 . + |ukk + UUU|51(04 Q ) Zszl (1 _ Oz)Zsts 0z
n Uk + 2ukk + uk k|3 (K] — K1 N 07s(2)
v K1 s=1 9. [~
Q.E.D.

Proof of Proposition 6. Consider first part (b). Using (13), note that, in these economies,

the net benefit of inducing the agents to pay more attention to source n is given by

0w(d) _ fuel (mmE)? | {ZN <( 7s(2) > avs(,é)} — ol (2).

Oz, 2 (gn)2 tn s=1 —a)Zs 0z,

Using the fact that the private net marginal benefit is equal to

2\\2
| ;k| ( (Zr)zg ti) _ o)

I then have that the social benefit exceeds the private benefit if and only if

smte-er -2, (1 25) 522).

Next, observe that

(1—a)nszsts

_ ZN ¥s(2) T—a)Zstotns 0 ( (1 — @) pntn )

B s=1 1 —a)zsts (1—a)m 2t 0z 1—a)zpty, + 1
( ) <7T9 +Zl ) %) ( ) Ui

) (M)

(1 t
= iy T8, B

0 (_(=c)nnZntn_ . A
Ozp, ((1 a)énthrT)n) ’7n(z) —ZN <W>}
o (1—a)m2 _ 5 — — - .
7o+ Vi eyt L= a)Zatn LA (L= )&t
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Clearly,

Lol (1_04)77n2'nt'n
azn (1*a)£ntn+nn

N _(A-a)mzit
o+ D=1 (1—a)Zity+m

Hence,

o, (280) ) - 200 (490 ))

This means that the social benefit exceeds the private benefit if and only if

sign {a — *} = sign {(%(z) - Mo(ﬁ’)} :

where My(z) = Zi\[: 1 (%) > 0 does not depend on the source of information. Now observe
that

Yn(2) _ TIn 1

(I —a)zpty, (1 —a)iuty +nn M1(2)

where M (+) is the function defined in (24). Lastly use (2) to note that, for any source that receives

positive attention in equilibrium,

tn 7772L

2 20132
where My(z) = \/‘ukkml(Mléz)) (1=0)° 1 conclude that there exists a constant

such that

sign {(7"(2)t - Mg(é)} = sign { Cn(®) _ M(é)} .

1 —a)ipty
The result in the proposition then follows.
Next, consider part (a). The result for economies that are efficient in their use of information
follows directly from Proposition 3, given that, in these economies, the impossibility to dictate to
the agents how to use their information is inconsequential. The result for economies where the
inefficiency in the allocation of attention originates in the inefficiency of the complete-information

actions follows from (13) along with the fact that, in these economies,?”

Ow(2) _ [umk| (m17a(2))’ O e T ¥ o s el SN 9vs(2)
Oz, 2 (,gn)2 tn Ty K1 =1 9z,

- Cr(2)

and the fact that

N 1
28:1 ’YS(Z) - Uy + 1

N (1—a)nszsts
s=1 (1-a)zsts+ns

20Tf 2, = 0, then interpret the derivative as the right-hand derivative.
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is increasing in z,. Q.E.D.

Proof of Proposition 7. First I prove that, when all agents allocate attention z to the various
sources of information, the continuation game that starts when the agents, after observing their
posterior beliefs, must choose their actions has a unique continuation equilibrium where all agents
follow the linear strategy

k= k(T 2) = ko + k1" (2)Z (42)

To see this, recall that observing the posterior mean Z' is informationally equivalent to observing

the signal

ik B Tx(2) + g =i = N m,(2) .
ZnN:I 571(2) B ( 7"'X(Z) > =0+ anl WX(Z) (5n + gn)

with precision 7x(z) = > . ms(2) and with an error whose correlation across any pair of agents

i,7 €10,1], j # 1, is given by

px(z) = Corr (ZN i) (., N i) (., +£i;)>

n=17x(2) n=17x(2)

= ZL ma(2) ps(2)-

Tx(z)

This game is isomorphic to the one in Section 2, with the only difference that each agent receives
a single signal. From Proposition 1 I then have that, in the unique continuation equilibrium,
individual actions are given by (42).

Next, I characterize the allocation of attention in any symmetric equilibrium. To this purpose,
suppose that all agents i # j assign attention z' = z to the different sources of information and
then use (42) to determine their actions. Let U7(27; z) denote the payoff of agent j when he assigns
attention 27 to the different sources and then chooses optimally the mapping from his posterior into
his actions. Using the envelope theorem, in any symmetric equilibrium, for any source for which
> 0, OUI (27 27) ) 02 must coincide with the partial derivative of the agent’s expected payoff
with respect to z, holding fixed the mapping E#(-; 2#) from the agent’s posterior means to his
actions and letting this mapping be the one in (42).2!

Next observe that, when all agents (including agent j) follow (42), then

U7 (2 2) = Blu(K, K, 04,0) | 2/, 2] + Blug(K, K, 04, 0) (K — K) | 27, 2]
+ AR - K) | 2] - O()
where the first term in the right-hand side of (21) is the expected payoff of an agent whose action

coincides with the average action in the population in every state. Importantly, note that (i)

because the mapping k¥ (-; z) is kept fixed, E[u(K, K, 0y,0) | 27,2] is independent of the agent’s

2 Furthermore, for any source for which z# = 0, the right-hand derivative an (z%; 2%)/92z) must coincide with
the limit for z, — 0% of the derivative QU7 ((zn, 27,,); (2n, 27,,)) /023 by continuity of the right-hand derivative.

—n
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own information and (ii) all expectations are computed assuming all agents’ actions are determined
by the linear strategy in (42).
Next observe that

Bl(K —K)* | 2,2 =B[ (¥ — K7)? + (KT = K)? +2 (k¥ — K7) (K7 — K) | 2/, 2]

where K7 = E[k7 | (0,¢), 27] denotes the agent’s own average action given (6, €), when his attention
is z7. Using the fact that, for any z and 27, &/ — K/ = k177 (2) {Znén(zj)&%} is orthogonal to
KI — K = k17%(2) {3,(60(27) = 6n(2))(0 + &5) } , I then have that

0 » 2 0 » N2 0 A 2
87%1@[ (K — K) | 2,2 = a7¥.LE[ (K — K7)" | z,2) + @E[(KJ - K)" | 2,7]
0 ; i\ 2 0
— J_ K - _ #(..
= 6zﬁbE[ (K — K7)" | 2,2) = 8znVcw“ [k: K |zk (,z)}

where all derivatives are computed holding fixed the agents’ strategies, as given by (42). Note that

the second equality follows from the fact that, at a symmetric equilibrium (i.e., for 2/ = 2),

O B(KT —K)? | 24 =0

0z,
whereas the third equality uses the fact that, in a symmetric equilibrium, the dispersion of each
agent’s action around his own average action coincides with the dispersion of each agent’s action
around the mean action in the cross-section of the population (in the notation for such dispersion, I
explicitly write the strategy k7 (-; z) to make clear that the distribution of individual and aggregate
actions is obtained by letting the agents follow the mapping in (42)). Importantly, note that the

derivative

d
i _ #(..
6Zn[/a7“ k—K |z, k" (2)

is again computed holding fixed the agents’ strategies and takes into account the fact that an
increase in z, affects the dispersion of individual actions both directly by changing the distribution
of z; and indirectly by changing the weights d,(z) in the agents’ posterior means.

Finally, consider the term E[uy(K, K, oy, 0)(k' — K) | 27, z]. Using the fact that
uk(Ka K, oy, 9) = uk(’ia 5,079) + (ukk + ukK) (K - ’i)’

along with the fact that ug(k,x,0,0) = 0 by definition of the complete-information equilibrium, I
have that

Blu(K, K, 0%,0) (k' — K) | 27, 2] = (ugk + upr) - B[(K — ) (k) — K) | 27, 2]
= (ukk +ukK) E[(K — R)(Kj — K) ‘ zj,z]
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where the second equality uses the fact that k/ — K7 is orthogonal to K — k. Now observe that

(K’ — K) " Z}

0z,

Ko C >) r]

N N
(V#( )Y 6s(2) (0 +¢) 9) (Z

s=1

—E[(K - k) (K’ —K)| 22 =E [(K— K)

9+€s)) \ Z,z]

=n%v#<z>-{<v#<z>2 ) (Z . )W F#a Y (665 771}

s=1

Let %Var [K — k| 2, k" ( z)] denote the marginal change in the dispersion of K around k that
obtains when one changes the attention allocated to the n-th source, holding fixed the strategy in
(42). Then observe that

10
- _ #(..
205, Var[ K|z k (,z)] (43)
10 Y
-7 # —
26znVa?“ K1 ('y (2) ;1 05(2) (0 + €5) 9) ‘ 2,k (,z)]
=3 7 Var || 77 (2) ;1 ds(2) =1 ) 0+~7(2) ;1 ds(2)es
N 2 N
_ 0 | % 1) L) 2 1
= S (7 (2) (2 1) —+ () >0
N N N
00s(z) \ 1 00s(2)\ 1
— 2.7 # _ il # -
72 { (7 SO 1) (28213 L ) St X (60%57)
— L Bl(K — R) (KT~ K) | 2.4
0z,
Combining the different pieces and using the fact that |ugg|(1 — ) = —(ugg + ugk ), I conclude
that
oUY (z; z) _|uwl 0 B .
8,2,2; = 2 9. ar [k K| zk (‘,z)} (44)
|| 0 #. U
- T(l - a)a—znVar [K -k |zk (-,z)] —C,(2).

Clearly, in any symmetric equilibrium, for any source of information n = 1,..., N that receives
strictly positive attention, it must be that the above derivative vanishes, which yields (16) in the
main text.

Finally, the uniqueness of the symmetric equilibrium follows from arguments similar to those

that establish uniqueness in the model with perfect recall; the proof is thus omitted for brevity.
Q.E.D.
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Proof of Proposition 8. The proof is in two steps. Step 1 computes the gross private benefit
(under bounded recall) of increasing the attention to any source of information, starting from any
level of attention z. Step 2 then uses the characterization from Step 1 to examine how the marginal
benefit of increasing the attention to any given source, starting from the equilibrium allocation
of attention Z in the benchmark with perfect recall, depends on the endogenous publicity of the
source.

Step 1. Under bounded recall, the marginal benefit of increasing the attention allocated to any
source n is given by (44). Below, I express the various terms in (44) as a function of the parameters
of the information structure. To simplify the exposition, I drop z from the arguments of the various
functions, when there is no risk of confusion.

First observe that

a(ZnVar [kz - K| Z,k#('Qz)] = (517#>2 8271‘/@7“ (é 5s§s> .

Next observe that
N

N N N
) 9 52 25, 965 o2 5 98, _ 6n 96, &2
= s56s - - S = s 5 — n = 2 s d 2 - = - =
azn Var (Z 0 f ) azn [; t525] szzl tszs 82n tnz2 5275;1 tSZs 8Zn + thn 8377, thQ

n n

Omn 5 . Omn Oy 52
o Ts Ozn n " Oz 0zn, n
=2 Z 7 T2 - 5 T T2
tszs (Mg + mx) tnZn (mg + 7x) Ty + Tx tn22
Oty Oty )
_ Ozn, Z d 7rs on Ozn, 0
779 +7x)? tszs tnzn To + Tx tnz%
87rn 2
OsTrg 1)
= —2 - T+ 7x) | — —
779 + 7TX (g tszs tnz ( ) tnzg,
01y N
— 9 0zn X 7Ts Ts . Tn . Tn Tn i
(779 + 7TX)2 Ty + Tx —1 Tx lszs tnzn (71'9 + 7TX)2 tpzn zn
_ nszsts : L 7s aL — Tn _Tn
Now recall that wy = Zetorne which means that Fos = Zati and that e = . I thus
have that

N
0 Z -2 Tin Tn
@VGT (sl 5858) - ’ n

(7‘(’9 + 7TX) tnzn Zn

i( ) T, 1 Tn Tn,
Uy + TX tszs tnzn (7'&'9 + 7TX)2 tnzn 2n

}.

N

TX Z < Ts > UE . TIn
o+ 7Tx Zsts + M Zntn +1p

1
(mg +7x)" (2ntn +1n)

This means that

;;vm[k—sz¢#@zﬂ (45)
2
(k™) Tt _ EN: ( ) ns
(71',9 + 7TX)2 (Zntn + T]n) o + TX —1 Tx ) Zsts +1s Zntn + Mn
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Next, use (43) to observe that

liVa?" [K — K| z,kz#(-;z)}

N N
06 1 06 1
_ #E: _ s #E s )
Hry {< 6 1) (s:l 8Zn> 779+’y <5sazn> 775}.

s=1

Note that
0, g

Z Ozp, (TFX +7T9)

and that
THrx (1 = ~*)mx + 7

N
Y g —l= e 1=
7 Z_gs Tx + Tp Tx + Ty

N
#
o Zés—1> <Z
( s=1 azn
Also note that
N N N
005\ 1 00 Ds omy, TsPs omy, Pn
# 5 1 _ % __# #
! §<a>n ! Z(M)wewx ! azn;(< 3> Ozn (mg + 7x)°

It follows that
0
. _ #(..
aznvar {K K|z k7 ( ,z)] (46)

1 —~#)nx + 7 Omyy, omy, N TsPs oy, n
_2"{7 _( Y )X3 _7#2<P3>+ # P .
(mx + mp) Oz, Ozn = \ (w9 + 7x) Ozn (mp + mx)

o {(1—7#)@(“@ _ <pn—7rXpX)}

2
) (Hl #> Ozn
! (mx +mp)° | (7x + 7o) v# g+ Tx

2
(r17%) s (=P +m  7x px
(mx + mp) v o + X "

Hence

_ (1 _7#)7‘-)( + g Oy,
v’ (rx —I—ﬂ'g) Ozn

7T9+7Tx)

(mx +79)” (eatn +10)”
Substituting (45) and (46) into (44), I conclude that, for any source n and any allocation of

attention z,
N

. 2
OU(z;2) _ |l (517#)"  nm2tn L™ v (“) B (47)
8Zn (779 + 7TX)2 (zntn + nn)2 2 o + X s=1 X ZSts t s Zntn + i

2
lurk] (1 — ) (k17%) N2ty
(7TX + 71'9)2 (zntn + nn)2

Equivalently, (47) can be simplified to

(1 *’7#)7TX + 7o TX /
b C(a).
{ (7TX +7TG) ’7# o +7TXpX Pn n(Z)

. 2
AU (z; 2) B |wigl (517#) 77121tn {_1 n TX n (1-— ’Y#)ﬂ'x + 779} (48)
8271 (779 + 7TX)2 (Zntn + 77n)2 2 T + X (7TX + 71-0) ’7#
2
B a\ﬂkk! (k177) Nptn
(tx +7m0)” (zntn +m0)

(1 —~y")mx +mp TX ,
— - C .
{ (mx + mg) V# * o + 7rXpX P n(2)
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Step 2. From the proof of Proposition 1, one can see that, with perfect recall, the gross benefit
of increasing (locally) the attention to any source of information, around the equilibrium level Z,

is given by (again, I drop the dependence of the various functions on z when there is no risk of

confusion):
. 2
(1—a)7rn
‘ukk| ("4’1)2 1 1—apn (49)
)
20 ()t \mp+ o0, G20
Jul (1) (1= @)? (natn)’ 1
= N 22 12 2
’ (zntn + nn) (Zn> tn (1 - a/én)2 (7’[’9 + Zs 1 1 ap )
Cuwl (k)2 (1= a)? ity 1
— . . ;
: Gt +10)" (1~ p)? (g + T, o)
where
s ¢ R
T = AT]S& and /35 = E
Zsts + 15 Ns

From (48), one can also see that, starting from 2, the gross benefit of increasing (locally) the

attention to the n-th source for an agent with bounded recall is given by

[wr| (Hﬁ#)? nitn

. : (50)
(779 + 7TX)2 (zntn + 77n)2
1 Tx (1—a)(1 —4%)7x +m Tx . . }
y—5 + — + - = -« - + o
{ 2 mp+Tx (Fx + 7)) 4% 7T9+7TXpX Pn

where 7x = Zévzl s, PX = Zévzl 7’:;( ps, and A7 = 7 (2).

Comparing (49) with (50), it is then easy to see that the gross benefit is larger in the presence

of bounded recall if

. X .
20 [pn — Apx} > (51)
T + TXx
(mo + 7x)? (1 — )2 19 X 2(1 — a)(1 —4#)rx + 7o
()% (1~ apu)? (mp + 0L, Gelie)’ mo + ix (7x + 7o) 77
S= aps

and lower if the inequality is reversed. Next note that the inequality in (51) can be rewritten as

1 .

2apy, > f)liAQ + A (52)
(1 - apn)
where o(1 . 4
R 7 —a)(l =AMy + 7 T R
Ay=1-2 X _ ( )( v )A#X 0,9 X px
Ty + Tx (Tx + 7)Y T + Tx
and

P (mg + 7x)° (1 = a)?
- 2
(3#)? (mo + T, G2
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The right-hand side of (52) is convex in p, whereas the left-hand side is linear in p,. This means
that there exist o, p” € [0,1] with 0 < p/ < p” < 1 such that the inequality in (51) holds if and
only if p, € [p/, p’] whereas the opposite inequality holds if and only if p,, ¢ [¢, p"].
Finally, observe that, when 79 — 0, 4% — 1, A — -1+ 2apx and
A 1

Ly — 5
ZN s 1
s=1 x 1—aps

The inequality in (52) then reduces to

R R 1
1+ 2a[pn — px] > 5 (53)

A2 (NN qy
(I —apn) (Zs:l 77:;( 1—2435)

Because the function defined by

is convex, by Jensen inequality,

Noao1 1

-— — > —.
p Tx 1 — aps 1—apx

If follows that the inequality in (53) always holds for sources for which |p,, — px| is small, implying
that, in this case, p’ < px < p”. Also note that, when o = 1, the inequality in (53) is reversed for
p close to 1. By continuity, one then has that p” < 1 for a large enough. Likewise, one can verify
that, for « large enough, the inequality in (53) can be reversed when evaluated at p,, close to zero.

This means that there can be situations in which p’ > 0 for « large enough. Q.E.D.

Proof of Corollary 3. The result follows from Proposition 8 along with the fact that, when
the attention cost depends only on total attention, then under perfect recall, there is an increasing
relationship between the exogenous transparency of the sources and their endogenous publicity.
Namely, if ¢, > t,/, then p,(2) > pp/(2). To see this, use the results in the proof of Proposition 4
to note that, for any source n,

Zn = % max {T(a) - \/172; 0} (54)

where T'(«) is as defined in the proof of Proposition 4. Clearly, for all sources for which ¢, <
1/[T()]?, 2, = 0 and hence p,(2) = 0. On the other hand, for all sources for which t,, > 1/[T'(«)]?,

Znts Vi T(a) -1
Zntn 1 Vi T (@) — «

pn(Z) =
which is increasing in ¢,. Q.E.D.

Proof of Proposition 9. Use (48) to observe that, when C(z) = C(Eiil 21), in the equilibrium

with bounded recall, for any source n for which > 0, the following condition must hold
# o ) a#./p# 1
= { e =
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with

2
o il (00#)° pe o L, mE Qo) orfam L
2 - # #X0
C/(Z#) (77'9—}-71')#?) 2 7rg—|—7TX (71-)7%4-779) fy# 7T9+7TX

where v#, i, pif, Tr}%, p}%, and Z# are shortcuts for v (2%), m,(2%), pn(27), mx(27), px(27), and
7% = Zf\i 1 zl#, respectively. Furthermore, for any source that receives no attention in equilibrium,

the following condition must hold

Next, use the results in the proof of Proposition 4 to observe that, when C(z) = C(Z;\il 1), in

the equilibrium with full recall, for any source n,

N T
where
lugr| (k1)" 1
T=(1 = =
( ) 2d(Z) Mi(2)
with
N
Z=> %
=1
and

N A
M (2) =0+ Z (1 — a)nlzltl
e — (L—a)at +m

From the above observations, I conclude that

T 1 T
2>z, = AF B#+ap#+1iyaﬁ> and (55)
n

11—«

A~

1 T
0<z¥ <2, = A¥*\/B# if @ < .
n S En +apn+1—a\/tn e

Finally, use the definition of the publicity of a source to observe that, for any source n for which

z#>0,

1
P =1- : (56)
A#JE\| B# + apf

That is, the publicity p# of any source that receives some attention in the equilibrium with bounded

recall must solve the following equation:

[1—pzﬂ \/ B# + aplf = A#l\/t;. (57)
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Next observe that the left-hand-side of Condition (57) is decreasing in p when a < 0. In this
case, Condition (57) implicitly defines an increasing function p# (t) between the transparency ¢ and
the publicity p# of those sources that receive attention in the equilibrium with bounded recall. The

same is true when a > 0. To see this, fix B7, let

0if B#¥ >0
p#z{

—B% it B# < 0

and note that the function
h(p) = (1—p) VB# +ap

defined by the left-hand-side of Condition (57) (a) is defined over [p#,1], (b) is non-negative, (c)
satisfies h(1) = 0 and h(p#) = 0 when p# > 0 and h(p?) > 0 whenp? = 0, and (d) is concave. The
above properties imply that h(-) is either decreasing over [p#,1], or it inverted U-shaped with a
stationary point p* € (p#,1). In this case, Condition (57) may admit two solutions. However, when
this is the case, it is always the largest one that identifies the equilibrium publicity of the source.
To see this, observe that, when h is decreasing over [B#, 1], the unique solution to the equation
defined by Condition (57) is such that h(p) > A%M for p < pif and h(p) < Afx/ﬁ for p > pit.
This means that, for the agent’s payoff to reach at a global maximum at z,, = 2 or, equivalently,
for p# to be the equilibrium publicity of the source, it must be that h is locally decreasing at the
equilibrium level p# .

I conclude that, irrespective of the sign of o, Condition (57) identifies an increasing relationship
p” (-) between the endogenous publicity p# and the transparency t, of the sources that receive
attention in equilibrium, with the relationship p?(-) given by the highest solution to the equation
in Condition (57).

Now let [t,400) denote the set of transparency levels for which the equation in Condition
(57) admits a solution. Then observe that, over [¢,400), the highest solution to the equation in
Condition (57) identifies a differentiable function with

opt(t)  [BF +apt(t)] [1 - p*(t)]
ot t{2[B# +ap?(t)] - [1 — p#(t)] a}
Then, for ant ¢ € [t, +00), let A(t) be the function defined by

_a# N a 1 _ 1 a 1
A(t) = A% \[B# + p#(t)+l_0[\/g_[l_ﬁ(t)]\/ﬂ1_0[\/Z (58)

with p? (t) denoting the increasing function implicitly defined by the highest solution to the equation
in Condition (57). The function A(-) is differentiable over [, +00) with

o 1 p*(t) » 1—p*() a
A(t)_[l—p#@)]zt{ Vi } (1= a)2tvi

1 1
- 2tﬁ{2B#—a+3ap#(t) a 1—a}'
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Note that, irrespective of the sign of a, because p*(t) is non-decreasing, A(t) is quasi-concave,
meaning that either A’(t) is of constant sign, or there exists t# such that A’(t) > 0 for ¢t < t7
and A’(t) < 0if ¢ > 7. The quasi-concavity of A(t) is clearly preserved when the function A(t) is

restricted to the set {tn :n=1,...,N and z# > 0} . Because A(t) coincides with the left-hand side
of the inequalities in (55) that are responsible for whether > Zpor 0 < < Zn, I then conclude
that, among those sources that receive attention under bounded recall, one of the following must
be true: (a) zf > %, for all n; (b) 2 < 2, for all n; (c) there exists ¢ such that z} > 2, for
those n for which ¢,, < t; and A< %, for those n for which ¢,, > t1; (d) there exists to such that
z# > 2, for those n for which ¢, > t5 and z# < %y for those n for which ¢,, < to; (e) there exist
thresholds ¢; and ¢ such that z# > z, for those n for which ¢, € (¢1,t2) and z# < %, for those n
for which t,, ¢ (t1,t2). All these various cases can be summarized concisely by saying that there

exist thresholds ¢’ and ¢ such that the properties in the proposition hold. Q.E.D.

Proof of Proposition 10. The result follows directly from applying the envelope theorem to

the welfare function under the efficient actions, as given in (19). Q.E.D.

Proof of Proposition 11. Fix the equilibrium allocation of attention z#. Using the results
in Propositions 7 and 10, I have that that, starting from 27, the private and the social marginal

benefits of increasing the attention to source n are given by, respectively,

PB,(z") = ] 0 ar |k — K | z#,k#(-;z#)] - M(1 - a)iVar [K — K | z#,k#(-;z#)]

2 0Oz, 2 O0zp
and
#y = |t too| 9 T
SB, (%) T . Vr[k K| 2% k(2 )}
Uk + Uoo| o 0 # o #
f(l a )a—znVar [K K| 27, K" (2 )}

where k7 (-;2%) and k**(-;27) are, respectively, the equilibrium and the efficient strategy, with
bounded recall.

Next, use the results in the Proof of Proposition 8, along with the observation that the efficient
strategy k**(;2%) can be obtained from the equilibrium strategy k% (-;2z#) by replacing (o, #1)
with (k§, x7) and o with o*, to express PB,(z%) and SB,,(27) as follows

furi] (s7#(2#))* 2, {_1 mx(z#) (1 -#(#)mx(e#) w}
(o +7x () (y, 4,) L2 o) () ) ()
a!ukk| (k1y# (%)) Nty {(1 — 7 (2#))mx (2%) + mg mx (%)

(mg + mx (2#))” < o + 1 )2 (mx (2%) +7) v# (%) 7o+ mx (2

PB,(z") =

2

() - pn<z#>}
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and

SBn(z#) =

ukk + uoo] (K37 (z%))° 2ty {1 mx (2#) (1—7**(2#))7TX(2#)+770}
)2 2 mp+mx(2%) (mx (2%) + mg) 7+ (=)

o+ mx G () 2

—a* ki + oo (i7" (%)) Natn (1 — " (z#))mx (2%) + 7 mx (%) Y (2#
(W9+WX(Z#>)2 ( #tn+77 > { (WX(Z#)'FWG)'V**(Z#) 7T9—|—7rx(z#)px( ) = Pal )}

It is then immediate that the same conclusions as in Propositions 3 and 5 hold for the compar-
ison between z# and z**, which establishes part (a) in the proposition.

Next, consider part (b). When (ko, k1) = (k§, £7) and us, = 0, I have that
SB,(z#) — PBu(:#) 2" Q( (%), px (%), o, v (2%), *, 7% (%), )
2 2
o (o) - ]pn

where

Qrx (%), px (%), 9, v (27), o, 7% (%), )

_ (21 A=y (@) mx (2F) +

- (7 ( )) {7?9+7rx(2#) 2 T () + 7o) 7 () }
(s 2 f (1= 4™ (z%)mx (%) + 7 mx (2%)

@ (7 (Z#)) { (mx (2#) + mg) v**(2#) * Ty + WX(z#)pX(Z#)}

() (SN L G () )

7T9+7Tx(z#) 2 (Wx(z#)—i-ﬂg) (Z )

o ()2 L (=) (27) + g mx (2%) v
+ (7( )){ (mx (2%) + 7p) y(2#) +7T0+7T( ),OX( )}

— (1= a6 - =) - 3| (764) - (#6H)]

A S L [ L)

The result in part (b) in the proposition then follows by observing that (i) @ is the same across
all sources of information, (ii) when a > «o* and o* (’y**(z#))2 > a('y#(z#))Q, then Q > 0,
(iii) when a < o* and o (7**(2#))2 < (7#(2#))2, @) < 0. Finally note that, when mp — 0,
v (27), v**(2#) — 1, in which case

Q — (a—a") px(z7)

implying that p — px(2%). Q.E.D.
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