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Optimal Commuting and Migration Decisions

under Cost Uncertainty
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Abstract

With the interdependence of migration and commuting decisions and the choice of

workplace and residence, individual mobility behavior at the regional level represents a

complex process. In this context, the aim of this paper is to assess the implications of

economic uncertainty on individual mobility behavior. Focusing especially on uncertainty

with respect to the evolution of commuting costs a model is developed that describes the

interrelated decision of residence choice and the appropriate type of mobility connecting

workplace and residence. Results indicate that higher uncertainty about commuting costs

increases the number of residentially immobile individuals. The decision regarding a

relocation of residence is accordingly deferred to a later point in time. This also means that

individuals initially commuting between residence and workplace continue in this mobility

mode despite an apparently favorable net present value of moving to the workplace region.

Keywords: Commuting, Migration, Mobility Costs, Uncertainty, Real Options

1. Introduction

Mobility decisions of individuals and households in conjunction with their choice of workplace

and residence location has been of growing interest among scholars in recent years. Migration

and commuting as the two modes of mobility are the second major factor for changes of

population size and composition, especially of the workforce, behind natural growth. Thus,

they have an important effect on the demographics and the competitiveness of a region (Poot,
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2008). Understanding the complex interactions between the labor market, the housing market,

and different forms of mobility is necessary for dealing with changing transportation needs

and the evaluation of appropriate policy measures affecting these field of actions (e.g. regional

development, transportation infrastructure, housing and commuting subsidies, etc.).

The consideration of uncertainty in individual or household mobility decision behavior is

important in that it more realistically reproduces the underlying circumstances leading to a

decision. In this respect, work has been done, primarily, in the context of labor mobility at the

national and international level. With the appearance of suburbanization and exurbanization

processes, however, it seems reasonable to extend the analysis to the regional level. Uncertainty

present in commuting and migration interrelations has received only limited attention in

theoretical studies so far.

To this end, this paper introduces a theoretical model that shall shed some light on the

influence of commuting cost uncertainty, in particular, on the optimal individual decision to

locate one’s residence in close proximity to the workplace or in a more remote area.

The paper is structured as follows. The next section describes the background and motivation

for the subsequent analysis. Section 3 introduces the underlying model specifications from which

Section 4 derives closed-form solutions for the given problem. In Section 5 some important

comparative static results are presented before the last section concludes the paper.

2. Background

Starting with the seminal work of Alonso (1964) about the monocentric city model, urban

economics early distinguished between the so-called Central Business District (CBD) and

the surrounding residential region for the study of urban spatial structure and the location

of households and firms. Later, new settlement types lead to an enhancement of the initial

dichotomy of the model. In addition to the central city, as the administrative area of the core

city, and the suburban zone with its high ratio of outcommuting, Boskoff (1970) names a third

zone, namely Exurbia. In comparison to the residential suburbs, the exurban zone consists of

smaller, more remote communities, typically with a growing population. The communities are

also characterized by a high share of out-commuters to the metropolitan center. Nelson (1992)

defines Exurbia more rigorously as areas with a distance of 10–50 miles from urban centers of at

least 500,000 inhabitants or 70 miles from centers with a population of more than two million.

Thus, exurban communities lie outside the outerbelt of a major metropolitan area but within

its commutershed. Daniels (1998) further specifies these areas with a commuting time of at

least 25 minutes in one direction and a population density of less than 500 persons per square

mile. The urban sprawl into suburban or exurban areas is mainly driven by housing market

considerations and the desire for a better quality of life outside the densely populated urban

center. What is common to these settlement types is the increasing willingness of residents to

commute long distances, which places them in a position of growing dependence on individual
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motor car traffic and, thus, greater gasoline demand. Changes in gasoline prices, therefore,

can have large impacts on overall household or individual mobility costs and consumption

possibilities.

The mobility of labor has been studied in a variety of ways. For example, neo-classical theory

recognizes the spatially equilibrating effects and forces of labor migration. Different levels of

labor supply and demand across regions lead to differences in the marginal product of labor

in these regions. If labor, as a factor of production, is mobile then it will move to the region

with the higher marginal product, i.e. with the lowest labor supply relative to demand. This

balances demand and supply for labor in these regions and eventually equalizes the marginal

product of labor, hence real wages, across regions. Therefore, the “price” of labor is seen as

the determining factor for the spatial mobility of labor. In contrast, the human capital theory

advanced by Sjaastad (1962) views migration as an investment into an individual’s human

capital in that it enables him to select the region that provides the highest present value of all

future net benefits on his acquired skills. This microeconomic perspective on individual decision

behavior became the primary focus of migration studies (e.g. Simpson, 1980; Vickerman, 1984).

A significant limitation of these “pure” migration studies lies in their non-observance of

spatially separated workplace and residence locations. Rather, they implicitly assume a

congruent move of residence with any labor (supply) mobility. However, due to improved

infrastructure and transportation facilities, workplace—hence labor supply—and residence often

tend to diverge across regions. This raises the demand for a more thorough appraisal of the

interrelated choice between workplace, residence, and the type of mobility connecting the two

(e.g. van der Veen and Evers, 1983; Evers and van der Veen, 1985; Reitsma and Vergoossen,

1988; Zax, 1994; van Ommeren, Rietveld and Nijkamp, 1999).

Search theory, for instance, specifies that the individual constantly updates his information

about potential local labor markets by investing into searching. The task is to find the optimal

time at which to stop further searching and to accept the given job offer (e.g. Eliasson, Lindgren

and Westerlund, 2003; van Ommeren, Rietveld and Nijkamp, 1997). The individual or household

decision process, thereby, can involve a step-wise (sequential) or simultaneous choice of workplace

and residence1. If the prospective migrant has imperfect information about a remote labor

market, and thus is uncertain about its potential job opportunities, he can as a first step, change

only his workplace, leaving his residence unchanged. In this case, he connects both locations

through commuting. In a second step, if expectations about this labor market are fulfilled,

the individual may chose to relocate his residence to the new labor market region too, using

migration as the type of mobility. According to Vickerman (1984), another possibility for the

individual is to engage in an anticipated or speculative move of residence in hope for a beneficial

workplace change later on. If, however, in both examples labor market expectations are not

fulfilled the individual may decide not to move his workplace or residence, but rather stay

1 See Evers (1989) for an illustration of a possible decision tree for work location and residential choice within a
sequential or consecutive process.

3



Commuting and Migration Decisions Christian W. Schmidt

with the more flexible commuting mode. This can result in an overall increase of commuting

intensity and partly increase the effective rate of unemployment in that area. Regarding the

decision structure, Evers and van der Veen (1985) empirically analyzed the determinants and

interdependencies between different types of labor mobility and workplace and residence choice.

Their findings suggest that there is no sequentialness but rather simultaneity in the decision

whether to supply one’s labor force outside the initial region, the choice to make a short or

long distance move, and the choice to commute or migrate. This indicates favorably for a

simultaneous treatment of these aspects in theoretical considerations.

With respect to the prevalence of uncertainty governing day-to-day individual or household

decision making, David (1974) describes the notion of risk and fortune in his study on the

microeconomics of migration. He states that “neither the denseness of the fog of ignorance in

which decisions must be made, nor the dimensions of the hazards which that fog is presumed

to obscure, need be treated as if they lay entirely beyond men’s control” (pg. 22). This directly

leads the author to the formulation of a model optimizing behavior specific to human migration

decisions. It, too, is based on the analysis of market search activity as rational response to the

presence of risk.

Contrary to these search-theoretic approaches in the explanation of individual decision

behavior, a different strand of labor mobility literature tackles the presence of uncertainty

within a framework closely related to investment decisions in the theory of the firm. The

well-known real options theory from financial economics, hearkening back to work by Dixit

and Pyndik (Dixit, 1989; Dixit and Pindyck, 1994), is based on optimal control theory and

describes optimal decision behavior in the presence of uncertainty. Generally, it analyzes the

decision of a risk-neutral individual between two possible states with the objective being to

maximize his expected (discounted) future payoff from the particular strategy net of any costs.

Switching between both states involves (partly) irreversible costs. Uncertainty in models based

on this approach arises from some underlying price or cost dispersion peculiar to the respective

state. Thus, the possibility to change the state induces an option whose value is determined by

the value attached to waiting one further period in the current state. Accordingly, waiting is

optimal as long as the corresponding option’s value exceeds zero. Higher uncertainty about the

evolution of prices or costs increase the value of waiting and, therefore, leads to a postponement

of the decision whether to switch states. Burda (1995) first applied this approach to individual

migration decisions in an attempt to explain restrained migration from East to West Germany

despite significant wage differentials between the two regions. A growing number of studies

has advanced on this reasoning, for example explaining family risk diversification through

transnational movement or the migration decision in a coordinated mass of individuals (e.g.

Khwaja, 2002; Anam, Chiang and Hua, 2008; Moretto and Vergalli, 2008).

Little is known, however, about the effects of uncertainty on mobility decisions at the regional

level. The model presented in this paper builds on the aforementioned real options approach
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to analyze optimal individual decision behavior under cost uncertainty within a commuting–

migration framework. In comparison to most previous studies I presume a given workplace,

and thus disregard job search and wage differential aspects. This, in particular, allows for

a focus on the minimization of total costs as the sole objective; it also represents another

relevant differentiation from existing studies whose primary interest lies in utility or benefit

maximization by the individual or household.

3. The Model

In order to study the effect of cost uncertainty on the commuting and migration behavior,

I consider a risk neutral individual who choses between two modes of mobility—commuting

and migration—for optimally connecting his workplace and residence. The model describes

the simultaneous decision of residence location and mode choice. Without loss of generality,

the individual’s workplace is assumed fixed and located in region i, denoted as the city or

metropolitan center. Hence, he can only change his place of residence.2 Region j comprises all

other locations and is referred to as the suburban or exurban peripheral area, for which lower

rental costs compared to the city center are considered. In the multi-period setting of the model,

the mobility decision takes place anew at the beginning of each period. Therefore, depending on

the initial state, four possible mobility–location scenarios can be distinguished at the end of each

period: (a) The individual remains resided near his workplace in region i; (b) The individual

becomes an in-commuter into region i as a consequence of outmigration to region j, which

requires the individual to engage into commuting but allows him to benefit from lower rental

costs; (c) The individual remains resided in region j and commutes to his workplace located

in region i; (d) The individual migrates to region i in order to avoid commuting expenses for

traveling between j and i.

In case (b) migration and (return) commuting can be considered as complements, while in

case (d) both mobility modes are substitutes for connecting the individual’s workplace and

residence. Further, cases (a) and (c) do neither affect the migration balance (inmigration

minus outmigration) nor the commuting balance (in-commuting minus out-commuting) in both

regions. This stands in opposition to a reduction of the migration balance and an increase in

the commuting balance in regions i and j in cases (b) and (d), respectively.

Subsequently, based on this elaboration of available mobility choices, the model explicitly

incorporates uncertainty about the evolution of commuting costs into the decision problem of

the individual. The applied definition of commuting costs does not explicitly relate to a specific

cost type. Rather, it is understood more generally in that it can include direct costs for fuel as

well as opportunity costs from time travelled due to congestion, for example. The individual is

assumed to be risk neutral and infinitely lived. His periodical costs of commuting C follow a

2 This limits the complexity of the model in that it reduces the underlying choice set for the individual, but
retains the features necessary for the objective of the paper.
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geometric Brownian motion (GBM) of the form

dC = µC dt+ σC dz, (1)

where µ is a drift parameter, σ is the standard deviation of the GBM per unit time, and dz is

the increment of a standard Wiener process, dz(t) = ε(t)
√

dt, with ε(t) N(0, 1). The value

of the ‘project’ of living initially in the city center—hence, no commuting costs—and following

optimal strategies in the future is denoted by Vi(C), while that of living initially at a suburban

residence is denoted by Vj(C). The individual minimizes his respective total costs in either of

the two strategies. The Bellman equations representing the cost minimizing problem can be

written in the form

ρVi = Ri +
1

dt
E(dVi) (2)

ρVj = Rj + C +
1

dt
E(dVj), (3)

which, at the same time, provide the necessary arbitrage-free conditions. The obligation to

pay periodically can be seen as a debenture bond, with Vi,j(C) being its respective value. The

left hand side (LHS) in both expressions is the normal payment per unit time a holder of the

“asset” (debtor) would be willing to afford given the discount rate ρ. On the right hand side

(RHS) the terms Ri and Rj denote the rental costs in the metropolitan center and the suburb,

respectively. C in (3) is the required immediate payment of commuting costs arising from

holding this asset. The last term in both equations is the expected rate of change of the asset’s

value. The functional form of Vi,j is not known but can be approximated by the change in Vi,j

for small units of time. Since commuting costs C behave as an Ito process, the value functions

Vi(C) and Vj(C) also follow this stochastic process. Hence, by using Ito’s Lemma the second

order Taylor expansion for dVi,j ≡ dV can be derived as

dV = ∂V
∂t dt+ ∂V

∂C dC + 1
2
∂2V
∂C2 (dC)2.

Substituting dC for (1) and taking expectations gives

E(dV ) = µC ∂V
∂C dt+ 1

2σ
2C2 ∂2V

∂C2 dt.

This provides the expression for E(dVi) and E(dVj) in (2) and (3). Dividing by dt provides the

second-order linear partial differential equations

1
2σ

2C2V ′′i (C) + µCV ′i (C)− ρVi +Ri = 0 (4)

1
2σ

2C2V ′′j (C) + µCV ′j (C)− ρVj +Rj + C = 0. (5)

The solution to (4) and (5) is given by the sum of the general solution for the homogeneous
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part and a particular solution for the respective inhomogeneous parts.3 Based on the general

expression ACξ, the general solution for the homogeneous part of the partial differential equation

can be derived as a linear combination of the following form

V (C) = A1C
−α +A2C

β, (6)

which is substituted into (2) and (3) for 1
dtE(dVi,j). Writing A for A1 and B for A2 and

including the particular solutions for the inhomogeneous parts gives the value functions4

Vi(C) = AC−α +
Ri
ρ
, (7)

Vj(C) = BCβ +
Rj
ρ

+
C

ρ− µ
. (8)

Expressions (7) and (8) give the valuation of optimal future strategies when starting in central-

city or suburb mode, respectively. In (7) the last term on the RHS represents the present value

of all future rental costs when living in the city center forever. Thus, the first term must be the

value of switching to the suburb mode, i.e. out-migration. Analogously, the last two terms on

the RHS in (8) denote the present value of all future rental and commuting costs when living

in the suburb forever, and thus, the first term again must be the value of switching, i.e. moving

to the city center. Economically feasible solutions for Vi and Vj require the constants A and

B to be negative. The two terms involving A and B can be interpreted as the potential cost

savings arising from further waiting.

Denote CH and CL as the trigger values at which it becomes optimal to locate one’s residence

in the metropolitan center respectively the suburb. In the optimal points switching from one

location to the other yields a payoff that must equal the incurred up-front fixed costs of moving

there. For this, define κ as the costs of inmigration to the city center (workplace) and ` as the

costs of outmigration to the remote residence. Both include, but are not limited to, direct costs

of relocating as well as psychological costs due to leaving familiar surroundings and forging new

ties at the new location. In addition, costs for outmigration, `, can further include necessary

costs for purchasing a car, while costs κ can include the opportunity costs of owning a car that

is no longer used to the same extent. The so-called value-matching condition for the lower

trigger value, CL, is given by

Vi(CL) = Vj(CL) + `, (9)

3 See, for instance, Braun (1993, pg. 127ff.) or Tenenbaum and Pollard (1985, pg. 241ff.) for a detailed discussion
of linear differential equations and their solutions.

4 The present discounted value of expected future commuting and rental costs is
∫∞
0

[
E(Ct) + Rj

]
e−ρt dt =

C
ρ−µ +

Rj

ρ
.
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and similarly for CH

Vj(CH) = Vi(CH) + κ. (10)

When initially living in the city, waiting is optimal as long as
(
R
ρ −

C
ρ−µ − `

)
< AC−α −BCβ

holds, whereby R = Ri −Rj > 0 represents the rental cost markup in the city over the suburb.

Analogously, when starting in the suburb, waiting is optimal for
(

C
ρ−µ −

R
ρ + κ

)
< BCβ−AC−α.

The costs CL and CH satisfy the so-called smooth-pasting conditions

V ′i (CL) = V ′j (CL), (11)

V ′j (CH) = V ′i (CH). (12)

Substituting (7) and (8) into conditions (9)–(12) gives the following set of equations:

−AC−αL +
Ri
ρ

= −BCβL +
CL
ρ− µ

+
Rj
ρ

+ `, (13a)

−AC−αH +
Ri
ρ

= −BCβH +
CH
ρ− µ

+
Rj
ρ
− κ, (13b)

αAC−αL = −βBCβL +
CL
ρ− µ

, (13c)

αAC−αH = −βBCβH +
CH
ρ− µ

. (13d)

Parameters A, B, CL, and CH are to be determined simultaneously. The solutions, however,

yield highly non-linear expressions and are therefore omitted here. Numerical procedures can

be used to study the effects on the thresholds CL and CH and are presented later in this paper.

4. Solution

The following part assesses the nature of hysteresis described in the model, that is, the incidence

of taking permanent decisions based on short-term fluctuations. Define the function

G(C) = Vj(C)− Vi(C), (14)

which represents the individual’s incremental value of cost reduction for moving out of the city,

and thus how much less costly it is to live outside rather than in the city. Using (7) and (8)

one can write

G(C) = AC−α −BCβ − R

ρ
+

C

ρ− µ
, (15)

where R = (Ri −Rj) defines the difference between rents near the place of work and those at a

remote location. Following Dixit (1989, pg. 628) the value-matching conditions (13a) and (13b)
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and the smooth-pasting conditions (13c) and (13d) are evaluated at CL and CH , respectively.

This yields the conditions

G(CL) = −`, G(CH) = κ, G′(CL) = 0, G′(CH) = 0, G′′(CL) > 0, G′′(CH) < 0. (16)

Noting the asset equilibrium conditions for Vi and Vj

1
2σ

2C2V ′′0 (C) + µCV ′0(C)− ρVi(C) = −Ri,
1
2σ

2C2V ′′1 (C) + µCV ′1(C)− ρVj(C) = −Rj − C,

and subtracting the first from the second line yields the corresponding asset equilibrium

condition for G(C)

1
2σ

2C2G′′(C) + µCG′(C)− ρG(C) = R− C. (17)

Evaluate this at CH and apply the conditions above to get the specific asset equilibrium

condition

1
2σ

2C2
HG
′′(CH) + µCHG

′(CH)− ρG(CH) = R− CH
−ρκ > R− CH

(18)

Rearranging (18) provides the condition for the trigger costs of commuting above which it is

optimal for the individual to relocate to the city center:

CH > R+ ρκ ≡ TH . (19)

Similarly, the lower threshold below which it is optimal for the individual to move out of the

city and bear the resulting commuting costs can be obtained:

CL < R− ρ` ≡ TL. (20)

The values TH and TL define the Marshallian triggers from the NPV analysis at which it

becomes optimal to change locations. It can be seen that the derived real option trigger values,

CH and CL, overrate and underrate, respectively, the NPV trigger values. This is due to the

underlying uncertainty in the commuting costs C. The larger the level of uncertainty, the larger

the difference between CH(CL) and TH(TL). Hence, the range of inertia is wider, that is, the

domain of C within which an individual living in the city does not move to the suburb and an

individual living currently in the suburb does not move to the city center, despite a beneficial

NPV valuation.

As previously mentioned, the solution for CL and CH from the system of equations (13)

above produces highly non-linear expressions and is therefore omitted in this analysis. However,
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comparative statics can be obtained for parameters κ, ` and R. But first, some limiting

conditions are considered that allow for a simpler closed solution for both trigger values. If `

is increased substantially so that ` > R/ρ than an individual would never choose to leave the

city center because of excessive high fixed costs of moving. In this case the option to move

out of the center is worthless and A goes to zero in (13a) to (13d). Using (13b) and (13d), at

this point, allows for the derivation of a closed solution for the threshold CH above which an

individual will choose to relocate to the city center (i.e. close to the place of work)

CH =
β

β − 1
· ρ− µ

ρ
· (R+ ρκ) , (21)

which is in accordance with (19) as long as β > 1 and the convergence condition ρ > µ holds.

Analogously, substantially increasing the costs κ of moving to the city center renders the option

worthless and B goes to zero. For this case we can derive the optimal trigger costs CL in a

closed solution from (13a) and (13c)

CL =
α

α+ 1
· ρ− µ

ρ
· (R− ρ`) . (22)

Based on closed solutions (21) and (22), numerical simulations with the central parameters

µ = 0, σ = 0.1, ρ = 0.1, R = 1 and `, κ = 0 provide the resulting effects of changes in σ and

µ on the threshold levels CL and CH , as presented in Figure 1. In face of higher uncertainty

with respect to the evolution of commuting costs (σ) the threshold CL, that actual commuting

costs must be below for a positive decision to move to the suburb, is further reduced. On the

other hand, the upper threshold CH , which must be exceeded to move into the city center, is

increased substantially. Both these effects describe a widening of the region of inertia—the

distance between CL and CH—in which individuals with similar cost structures both postpone

their decision to move to the suburb from the city center and vice versa. Overall, permanent

mobility in the region is therefore reduced.5

As for the implication of changes in the trend of commuting costs (µ) on CL and CH it

can be seen that a higher trend affects both threshold levels negatively. However, this effect

becomes more pronounced for higher µ in the case of CL but less pronounced in case of CH .

Accordingly, an increasing trend in commuting costs has stronger ramifications on the decision

to move to the suburb for individuals living in the city center. In general, the reduction of

both levels represents a preference toward the city center: inmigration is carried out sooner

and outmigration is deterred. This is a typical sign for urbanization processes.

5 The term “permanent” mobility refers to the lasting relocation of residence, whereas, in comparison, “temporary”
mobility means any form of territorial movement which does not represent a permanent, or lasting, change of
usual residence (Bell and Ward, 2000), like commuting.

10



Commuting and Migration Decisions Christian W. Schmidt

Characteristics of commuting cost thresholds CL,CH
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Figure 1: Effects of σ and µ on CL and CH

11



Commuting and Migration Decisions Christian W. Schmidt

5. Comparative Statics

This analysis evaluates the effects of changes in moving costs κ and `, and rental cost premium

R on the thresholds CL and CH on the above system of equations. For this, all equations in

(13) are totally differentiated. For the value-matching conditions (13a) and (13b) this yieldsdA

dB

 =
1

4

(CβH − C
β
L) dR/ρ − CβL dκ − CβH d`

(C−αH − C−αL ) dR/ρ− C−αL dκ− C−αH d`

 , (23)

where 4 = CβHC
−α
L − CβLC

−α
H > 0. Differentiating the smooth-pasting conditions (13c) and

(13d) totally and rearranging provides the general condition

G′′(C) dC = αC−α−1 dA + βCβ−1 dB, (24)

which is evaluated at CL and CH , and dA and dB are substituted with (23). As Appendix B

shows, the effects on the threshold CL are as follows:

∂CL
∂κ

< 0 ;
∂CL
∂`

< 0 ;
∂CL
∂R

> 0. (25)

Both the direct up-front costs of leaving the city center as well as the indirect costs associated

with a possible return to the center at a later time have a decreasing effect on the lower threshold,

CL. Therefore, higher moving costs in either direction raise the barrier on outmigration due

to higher compensating rental cost reductions or likewise lower initial commuting costs. A

rising rental cost markup in the city center, however, increases the commuting cost threshold.

As a result it becomes more likely that current costs, C, fall short of the threshold level and

eventually trigger outmigration sooner.

Regarding the effects of changes in costs on the upper threshold, CH , required for an optimal

decision to move to the city center, comparative statics reveal

∂CH
∂κ

> 0 ;
∂CH
∂`

> 0 ;
∂CH
∂R

> 0. (26)

The upper threshold, CH , is raised both for increased direct costs associated with relocating to

the city center and for higher indirect moving costs for returning to the suburb in a later period.

This makes it less likely for actual commuting costs, C, to exceed this elevated level and results

in a postponement of the decision to migrate to the city center. Thus, the individual is willing

to remain in the commuting mode and to bear equivalently higher commuting costs. As was the

case for the lower threshold, the rental cost markup, R, likewise increases the upper threshold.

Staying in the suburb and continuing commuting to the place of work, therefore, becomes more

beneficiary to the individual due to the comparatively inexpensive rent outside the city center.

12
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6. Conclusion

Results of the theoretical evaluation of commuting cost uncertainty on the optimal decision

regarding residential location and mobility mode choice prove the importance of considering

uncertainty in the mobility decision process. It demonstrates that the presence of uncertainty

clearly influences the results. Higher uncertainty about the evolution of commuting costs

increases the number of residentially immobile individuals. The decision about a relocation

of residence is simply deferred to a later point in time. This means that individuals initially

living close to their workplaces in the city center are inclined to stay there, while those initially

residing in a remote community in the suburban or exurban area continue to bear the necessary

commuting costs. Both are possible even under positive net benefits resulting from a potential

relocation to the alternative region. As is intuitively understood, higher costs of relocating

lead to a lower propensity to move in either direction. This, at the same time, increases

the willingness to tolerate higher commuting cost uncertainty on the side of the individual

living outside the metropolitan center. Higher rental cost markup in the city compared to the

surroundings as well reduces the inclination to relocate to the workplace area, and promotes

outmigration. Although limited in scope, the model explains some important interrelations of

residence and mobility mode choice, affected by the presence of uncertainty.

13
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Appendix

A. Fundamental Quadratic

Using the general form ACξ and substituting it in the homogeneous part of (4) and (5) with

Vi,j yields the following quadratic equation

Q ≡ 1
2σ

2ξ(ξ − 1) + µξ − ρ = 0, (A.1)

with the roots β and −α:

β =
σ2 − 2µ+

√
(σ2 − 2µ)2 + 8σ2ρ

2σ2
> 1 (A.2)

−α =
σ2 − 2µ−

√
(σ2 − 2µ)2 + 8σ2ρ

2σ2
< 0. (A.3)

B. Hysteresis - Comparative Statics

From the system of equations (13a) to (13d) total differentiation yieldsC−αH −CβH
C−αL −CβL

dA

dB

 =

dR/ρ+ dκ

dR/ρ− d`

 .

Rearranging gives condition (23) from the textdA

dB

 =
1

4

 −CβL CβH
−C−αL C−αH

dR/ρ+ dκ

dR/ρ− d`


=

1

4

(CβH − C
β
L) dR/ρ − CβL dκ − CβH d`

(C−αH − C−αL ) dR/ρ− C−αL dκ− C−αH d`

 ,

which is substituted into (24) and first evaluated at CL. This gives

G′′(CL) dCL =
1

4

(
αC−α−1L

[
(CβH − C

β
L) dR/ρ− CβL dκ− CβH d`

]
+ βCβ−1L

[
(C−αH − C−αL ) dR/ρ− C−αL dκ− C−αH d`

])
.

(B.1)

Noting from (16) that G′′(CL) > 0 the coefficient of dCL on the LHS is positive. Thus, the

coefficient of dκ on the RHS is

− 1

4
(α+ β)Cβ−α−1L < 0. → ∂CL

∂κ
< 0 (B.2)

I
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Similarly, the coefficient of d` is

− 1

4CL
(αC−αL CβH + βCβLC

−α
H ) < 0. → ∂CL

∂`
< 0 (B.3)

The coefficient of dR is of the form

1

ρ4 CL

(
αC−αL (CβH − C

β
L) + βCβL(C−αH − C−αL )

)
=

Cβ−αL

ρ4 CL

(
α(zβ − 1) + β(z−α − 1)

)
,

with z ≡ CH/CL. Define the function

ψ(z) = α(zβ − 1) + β(z−α − 1).

Then ψ(1) = 0 and

ψ′(z) = αβ(zβ − z−α)/z > 0, ∀z > 1. → ∂CL
∂R

> 0 (B.4)

Analogously, the different coefficients at the point CH can be obtained. C is replaced with CH

in (24) which gives the following equation

G′′(CH) dCH =
1

4

(
αC−α−1H

[
(CβH − C

β
L) dR/ρ− CβL dκ− CβH d`

]
+ βCβ−1H

[
(C−αH − C−αL ) dR/ρ− C−αL dκ− C−αH d`

])
.

(B.5)

Again, noting from (16) that G′′(CH) < 0, the coefficient of dκ is

1

4CH
(αC−αH CβL + βCβHC

−α
L ) > 0. → ∂CH

∂κ
> 0 (B.6)

Similarly, the coefficient of d` is

1

4
(α+ β)Cβ−α−1H > 0. → ∂CH

∂`
> 0 (B.7)

The coefficient of dR is

− 1

ρ4 CH

(
αC−αH (CβH − C

β
L) + βCβH(C−αH − C−αL )

)
= −

Cβ−αH

ρ4 CH

(
α(z−β − 1) + β(zα − 1)

)
.

II
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Define the function

ψ(z) = α(z−β − 1) + β(zα − 1),

ψ′(z) = αβ(zα − z−β)/z > 0, ∀z > 1. → ∂CH
∂R

> 0
(B.8)

III
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