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Abstract 

In a model of balanced growth applied to a sample of economies 
convergence does not mean long run equality. In the paper we show 
how to shed light upon the relation between initial imbalance and 
long run inequality. We define three different state value classifica-
tions which refer to initial, transitional and long run performance of 
economies. The formal concepts are evaluated with the numerical 
method of relaxation. 

*I gratefully acknowledge the comments, suggestions and technical assistence of Ben-
jamin Born, Karsten Hees and Timo Trimborn. 
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1 Introduction 
The main goal of the paper is to provide a formal, analytical tool which 
inables us to analyze the relation between initial and long run economic vari-
ables of a givm1 group of countries. On the basis of the respective growth 
model chosen we want to make theoretical predictions for long run <listri-
lmtions of ressources, income, consumption or utility given respective initial 
distributions. Wherever closed analytical solutions of the differential equa-
tions involved are not available we want to support the analysis with an 
appropriate numerical method. 

Our formal framework will he that. of differential <!quat.ions as they arise 
from models of endogenous growth. We allow for optimal decisions to be 
taken based on initial states and intertemporal objective functions. In the 
long run we assume balanced growth to characterize the dynamics whereas 
the economies undergo transitional changes in the medium run. The dynamic 
properties should be captured by a differential equation in a space of state 
and <:nntrol variables with a rnultidiemsional stable manifold of a unique 
balanced growth path BGP at it's core. 

The state of the art of dealing with such a problem is limited by one 
crucial consideration: a balanced growth path is a one dimensional manifold 
of simple form, yet unbounded. Two very different strategies are followed in 
the literature to work around the mathematical difficulties related to non-
c:ompact domain:.;. One is to take ratios of variables in order to reduce the 
system dimcm;ion by one and map the BGP to a single point. However, this 
identifies different positions along the BGP with the implication that long 
run distributions cannot be studied. The remaining object under study then 
is the pattern of convergence towards a steady state to the extent that these 
patterns can be stated in the ratios considered. This approach is acceptable 
in traditional neodassic:al growth models with or without. exogenous technical 
progress (e.g. Solow and Ramsey-CassKoopmans, to name only the two most 
influential examples). In models of endogenous growth this approach may be 
technically feasable, but it conceals almost all the distributional aspects we 
are interested in (e.g. Benhabib and Perli {1994)). The second strategy is 
to rescale the dynamics by reducing growth rates by appropriate constants 
equal to the respect.ive halanc:ecl growth rates in order to free~e motion on 
the BGP (e.g. Lucas (1988), Caballe and Santos (1993)). Scale adjustment 
transforms the BGP into a center manifold of stationary equilibria CSE ( c.f. 
Tu (1994)). In opposite to the first approach this is a one to one mapping 
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which preserves all information about distributions. 
The key idea of our paper is to identify long run positions in a distri-

bution of t.he group of cmmtries under mm;icleration on the scale acljn:-;t.ecl 
BGP. Initial conditions will be related to long run prospects along a path 
of development by classification methods. The classes can be identified as 
fibres of the dynamical system (c.f. Wiggins (1994)). 

2 The Lucas (1988) model 
The model under consideration in this paper is the one discussed by Caballe 
and Santos (HJUa) , Mulligan and Sala-i-Mart.in (HHJ3), 13enhahih and Pm·li 
( 1994) and numerous other authors. It is based on the seminal contribution 
of Lucas (1988). Given that the model is well known, a very brief description 
should be sufficient at this place. 

Assume final output is produced from physical and human capital, k 
and h. The stock of human capital can be split into a share u used for 
final output. production and l - u. <~mployed t.o increase human capital. Due 
to human capital spill over effects there arc increasing returns to scale in 
the production sector. We consider the competitive version of the model 
where individual influence on the externality is not taken into account by the 
households. Intertemporal utility of consumption c with constant elasticity 
of intertemporal substitution a- 1 and discount rate p is to be maximized. 
There is neither population growth no depreciation. 

First order conditions for optimal solutions can be computed in the usual 
way. In terms of growth rates (denoted by a hat) the system is 

k = APK- c/k (1) 
h = o(l - u) (2) 
c = a- 1(aAPK - p) (3) 

u ('y - <x )§ ( 1 ) t5 r, (4) = -u+---a a k 
where AP K := A k0 - 1 h I-a+1'ul-a: denotes the average productivity of capi-
t.al. 

The transversality condition of the model implies that optimal solutions 
have to be balanced in the long run. Balanced growth requires that u, c/k 
as well as AP K are constant. The latter requirement in turn demands for 
(1 - a:)k = (1 - Q + !')h. 
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The common balanced growth rate µ of k and c can be computed by 
solving the system under balanced growth assumptions: 

µ = 1 - u + ')' (c5 - p) 
(1 - o: +I )a - 'Y 

Growth is balanced if the four variables of the system satisfy three equations: 

1-u 
1 - rx 

= ( 1 - a + 'Y) a - 'Y (1 - p /6) · 

= aµ+ p (u*t-1 
r~A 

where 'lj; := (1 - n)/(1 - r:r. + 7). 
The balanced growth conditions define a particular invariant manifold 

of the differential equation, the balanced growth path (BGP). The ques-
tion arises whether other solutions initially suffering from initial imbalance 
converge to balanced growth in the long run. One method to check whether 
convergence occurs is scale adjustment. Without using the term Lucas (1988) 
and Caballe and Santos (1UH3) discuss and use this method. Scale adjustment 
slows down the motion of variables according to their respective balanced 
growth rates. The transformed variables are 

To avoid extra notation we continue to use the old designations of variables. 
The new, adjusted growth rates are reduced by the constants of adjustment, 
11, and 'l/JJL, respectively. The growth rate of 11, remains unchanged. 

k = APK- c/k-µ (5) 
h. = 6(1 - n) - 'V'I" (G) 

i: = ~(o:APK - p) - µ (7) 
(J 

( )c5 8 c (8) u = 1-0: -(1-u)+---a o: k 
Due to scale adjustment, the BGP of the original system turns into a curve of 
stationary equilibria with the same shape, which is labeled CSE. This curve 
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represents a (saddle-point stable) center manifold of the new system. 1 In the 
economic literature there is no formal proposition stating the conditions for 
scale adjusted system to he autonomous. Nor is there a proof, that, if two 
scale adjusted solutions converge to the same point on CSE the non-adjusted 
solutions converge! However, for the Lucas model these properties are given. 

An optimal solution with unbalanced initial state conditions (k0 , h0 ) now 
approaches a particular point on the curve CSE. Yet, there is no way to 
compute this limit point analytically. Numerical computation requires the 
solution of a differential equation system with two init.ial conditions and t.wo 
final conditions. The initial conditions arc given by the inital values of state 
variables k(O) = k0 , h(O) = h0 . Appropriate final conditions which determine 
the path are stationarity conditions for the state variables, implicitly defined 
by k(oo) = 0 and ii(oo) = 0. 

Balanced growth in this model is easy to describe whereas the character-
i~ation of the transition towards halanced growth is difficult (e.g. harro:04). 
In the literature one can find three approaches: One is to consider special 
cases of parameters which allow for analytical solution of the differential 
equation (see Boucekkine and Tamarit (2004) as a recent reference.) The 
second approach is the time elimination method proposed by Mulligan and 
Sala-i-Martin (1993). The last one is the reduction of the system by taking 
ratios of variables as shown in Barro and Sala-i-Martin (2004). 

3 Numerical Computations 
In this paper we elaborate on particular distributional aspects related to 
the Lucas model. We assume it to be the appropriate growth model for 
samples of economies. Under this strong assumption we analyse the relative 
performance of these economies at the beginning of their optimal growth 
path, along the growth path and in the long run. We see the questions we 
are asking under two different perspectives. 

(a) A random shock affecting the physical or human capital stock may put 
a country out of balance. What will be the effect of the shock over the 
years? 

1The scale adjusted system has one zero eigenvalue, which gives rise to a continuum 
uf stationary equilibria (i.e. a center manifold}. For clctails un the ha."ic concept of center 
manifolds sec. for instance, Tu (1994). 
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(b) Optimal growth will change the distribution of state variables, policy 
variables and resulting welfare. What shape will these distributions 
take over the years? How will inequity or inequality change? 

This program as a whole of course is too much for a single paper. As a first 
step we will confine our investigation to the development of basic conceps 
and preliminary numerical examples. 

We use the relaxation algorithm proposed by Trimborn, Koch, and Steger 
(2005) as a powerful tool. We arc able to compute optimal (scale adjusted) 
trajectories for any point of the sample or even for a fairly large mesh of 
initial state vectors. 2 

We use the following set of parameters for our simulations: a = 0.3, 
"I= 0.7, fJ = 0.1, p = 0.05 and u = 1.5. These parameters yield well defined 
optimal solutions, i.e. no indeterminacy (c.f Benhahib and Perli (IDU4)). 

3.1 An arbitrary distribution of initial states 
Consider a random sample of state values (k, h) centered at a point on the 
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Figure 1: Random sample of state values 
20n a st.andard PC it. t.akcs less tJ1an a minute of comput.ing t.ime for a sample of size 

30 a.nci 80 mesh points per trajectory. The computations for a. mesh of 50 by 50 points 
took about half an hour. 
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curve of stationary values of the scale adjusted model (CSE). The deviation 
from the curve (CSE) represents initial imbalance in terms of state variables 
(see figure 1 ) . 

Roughly we can distinguish between two types of imbalance: (i) a lack 
of physical capital or an excess of human capital, or on the other hand (ii) 
an excess of physical capital or a lack of human capital. We will use the 
term "too capital intensive" for the latter case well knowing that due to the 
external effect the capital intensity is not constant along the balanced growth 
path. In our standard coordinates st.ates helow the curve (BGP) (or (CSE)) 
arc too capital intensive. 

Among other data, computations of optimal solutions for arbitrary initial 
states yield initial optimal consumption values. We may call the resulting 
relation c(k, h) the consumption policy function. Figure 2 shows a represen-

0.8 

"C 0.6 

i 
'2" 0.4 
u 

0.2 

1.5 

kadjusted 

Figure 2: Initial optimal consumption for a mesh of states 

tative part of the graph of c(k, h) evaluated over a mesh of 50 by 50 state 
vectors. We see initial consumption rising with initial endowments in phys-
ical and human capital. Closer inspection shows a soft fold in the surface 
to the left of the curve of stationary equilibria (the solid line). It is due 
to the fact that for far too large endowments of human capital relative to 
physical capital the upper hound one on the choice of the share n is binding. 
In such a situation there will be no human capital allocated to the cduca-
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tional sector and at least part of the extra output will be consumed and not 
invested. Apart from the fold the surface appears quite flat, almost a plane. 
In other words, the substitution rates between physical and human capital 
under the assumption of constant initial optimal consumption shows very 
little variation. 

The picture of the surface of optimal inital consumption may be helpful 
and instructive, but it reveals no dynamic effects. To see, how different the 
future development of economies can be we better draw on a sample of initial 
states again. Figure 3 depicts the evolution of the sample considered earlier. 
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Figure 3: Optimal trajectories in the scale adjusted model 

It shows scale adjusted solutions in k, h and c. We see that the respective 
trajectories converge to the curve of stationary equilibria (CSE). Moreover, 
they typically converge to different points. That means, in the long run their 
growth will he balanced, but on different levels. The further to the right 
the limit point is on the curve (CSE) the greater the long run lead of the 
corresponding economy. 

Recalling figure· 1 we can state that an inspection of the cloucl in state 
coorclinates hardly allows a prediction which economy will be ahead of others 
in the long run. But with the help of the computation underlying figure 3 
we can classify points in the state space (k, h.) with respect to their long run 
performance. We put this idea into a more formal definition. 
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Definition 1 (Convergence Classes) Vectors of state variables belong to 
the .same Convergence Class or growth fibre of a particular model of economic 
growth, if their rnspect·ive growth trajer:tories r:onver:ge in the long nm. 

We can state a result which is quite obvious for the Lucas model: 

Proposition 1 Th.P. mnver:qmc<~ dasses of thP. L'lLms rnorlel are the trajec-
tories of the scale adjusted version of the model. 

The proof is easy and left to the reader. It only requires to check that con-
vergence in the scale adjusted version is equivalent to pathwise convergence 
in the 11011-adjusted model. 

Definition 2 (Balanced Base Point of a Convergence Class) The com-
mon limit point of a convergence class on the curve CES is called the Balanced 
Base Po·int of the Com1p,·r:qe.nce Class. 

In order to give a complete impression of the evolution of the particular 
sample consiclerecl above we add a figure in non-adjusted variables. Scale 
adjustment neither affects the cloud of initial states nor the shape of curve 
the stationary equilibria or balanced growth solutions, respectively. Only the 
shape of trajectories differs (figure 4). 
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Figure 4: Optimal trajectories in the non-adjusted model 
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Inequality can be measured in various ways, with respect to all kinds 
of variables and with different measures. We confine our exposition to a 
single approach, the entropy measure due to Theil appliecl t.o consumption 
cxpendi turcs c. Figure 5 presents the time paths of this inequality measure 

OS 

0.7 --------- - - ------ -:...:.-.:..:--:..:-~-.::..:-_'""' ______ _ 
oa 

01,____,___.___.___.........__.___..___. 
0 10 11 

Figure 5: Consumption expenditure inequality 

for the economies of the sample. We notice that in the sample considered 
inequality is monotonically increasing regardless of the fact that all economies 
converge to balanced growth! To our understanding this observation is an 
int.erseting point in itself beyond saddle st.ability of balanced growth. 

The long run inequality of the smple can be derived immediately from 
the numerical solution of the scale adjusted moclel, because our inequality 
measure is scale invariant. 

Proposition 2 For scale invariant measures of inequality the long run in-
equality of a sample of economies is equal to the inequality between the bal-
anced base points of the sample. 

Beyoncl inequality we compute the skewness of the distribution of con-
sumption expenditures (figure 6). It turns out, that there is a peak in 
skewness at the beginning of the adjustment process and finally converges to 
a level higher than the initial level. There seems to he uo obvious explana-
tion for this observation and below we analyse a different sample, where the 
pattern is different. 

A further distributional issue is mobility. The time path of consumption 
can be convex or concave and hence intersections of the consumption paths 
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Figure 6: Skewness of the consumption expenditure distribution 

of different economies can occur. Changes of the ranking of economies or 
mobility in the sample is the consequence. In general mobility occurs as 
figure 7 shows. 

For the rest of the paper we specify the sample of initial states with respect 
to optimal policy. The definition of convergence classes already was one way 
to do that. There are two obvious and interesting alternatives. Initial optimal 
consumtion or utility may coincide within a sample or discounted utility. 

3.2 Initial states with identical initial utility 
In this section we consider a sample with identical optimal current utility un-
der the assumption of intertcmporal optimization. We can think of several 
reasons to deal with initial utility and not only with the seemingly more nat-
ural objective function of intertemporal optimization, the discounted utility 
function. First of all, a policy is easier to implement the more it favors those 
who are involved in the implementation. Second, current utility is one aspect 
of intergenerational justice. Last not least is it worthwile make an attempt 
to unclerst.aud the difference between initial imbalance and initial inequality. 

A formal definition specifics the appropriate cla8s concept. 

Definition 3 (Current Utility Class) Vectors of state variables belong to 
the same Current Utility Class or utility fibre of a particular model of eco-
nornic growth, ~f thefr optimal c'Urrent utilitir~,q co·inr.ide. 
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Figure 7: Mobility in the random sample 

In state space coordinates we give a typical example in figure 8 (see next 
page). Our picture portrays the initial states of the sample and the resulting 
trajectories. The initial st.at.cs form the current. ut.ilit.y class. At. t.he same time 
each trajectory is a section of a convergence class connecting an initial state 
of the sample with the balanced base point of the corresponding convergence 
class. The resulting balanced base points are spread over in a certain way 
along the curve CSE. This spread represents the long run inequality of the 
sample. On the other hand, the spread of initial points within the current 
utility class represents the initial imbalance. Figure 8 reveals the difference 
between convergence classes and current utility classes. The former ones arc 
flatter impying a clear relation between imbalance and long run performance. 
Although the observation is robust against parameter changes we don't have 
a formal general proof, and so we present it in a less formal way. 

Observation 1 Take the parameter set underlying our simulation as given. 
Then we find: Within a current utility class a higher level of human capital 
induces a better long run pe.rf ormance. 

Scale adjustment conceals an intersting a.sped of t.he dynamics of t.he system 
or at least obscures it. By contrast, the non-adjustred version (sec figure 9) 
reveals it clearly: Convergence to balanced growth is much faster for capital 
intensive economies. The plausible explanation again is that extra output 
due to excess human capital can be consumed, which alleviates the pressure 
to remedy imbalance. 
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Figure 8: Optimal trajectories of a current utility class 

Regarding inequality the picture for utility classes is not much different 
from that of the the general sample. Hence we take the liberty to skip it. 
The t.ime pat.t.em of skewness is slightly different.. The peak ist. sharper and 
convergence after the peak is monotonic now. We include the picture al-
though we have no idea to explane the shape. Whereas we observed mobility 
with repsect to consumption expenditure (or utility) in the random sample, 
the opposite is the case in utility classes. Without an explanation we present 
the result. Starting off with identical consumption levels the less capital in-
t.ensive count.ries t.urn out to reach higher consumption levels for all fut.ure 
points in time. 
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3.3 Initial states with identical discounted utility 
Discounted utility, the objective function of the representative agent of a 
single economy, is a natural candidate to define state space classes. Starting 
off from different positions ccouomics may well achivc the same value of 
di:scountcd utility over the infinite time horizon. None of the clru;sification 
criteria considered before is equivalent to this last one, but it turns out the 
long run similarity as expressed in terms of convergence classes is closer 
related to the discounted utility approach than current utility. As far as 
numerical accuracy is concerned the computation of discounted l.1tility is 
difficult t.o assess. Howev(ff, our calculations are accurat(~ enough to give the 
correct qualitative picture. 

As in the preceding sections we first give a definition of the concept of 
classification. 

Definition 4 (Discounted Utility Class) Ver.tors of .'ltaf.<! vm~i.abfos /JP.-
long to the same Discounted Utility Class or discounted utilit71 fibre of a 
particular model of economic growth, if their optimal discounted current util-
ities coincide. 

Figure 12 shows a typical discounted utility class. The discounted utility 
classes turn out to be almost identical to convergence classes because of fast 
convergence to balanced growth. The non-adjusted version are added for the 
sake of completeness of the illustration of discounted utility classes (figure. 
13). Inequality within a discounted utility class must develop in a different 
way than before. By the definition of convergence classes there is no long 
run inequality. As t.he shape of discouut.ed ut.ilit.y classes is dose t.o t.hat 
of convergence classes, the long run inequality must be small, but positive. 
Initial imbalance gives rise to initial inequality which is balanced by small 
inequality in the long run (see figure 14). The contrast between short run and 
long run in a discounted utility class implies a particular mobility pattern. 
Initially capital intensive economies start with a lower level of consumption 
- a..i;; nwnt.ione dbcforc. Identical discount.eel utility there requires a reversed 
pattern in the long run: Those with lower initial utility must balance total 
discounted utility through slightly higher long run consumption ( c.f. figure 
15). 
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Figure 13: Optimal non-adjusted trajectories of a discounted utility class 

0.00---.----------.---....--~-.......-----. 

0.05 

12 14 16 

Figure 14: The time path of inequality in a discounted utility class 

18 



~ 
'§ 

-0.2 

-0.4 

8 
time 

10 12 14 16 

Figure 15: Mobility in a discounted utility class 

19 



4 Conclusion 
The goal of the paper was to provide tools to investigate the relation between 
initial imbalance and long run inequality. 

We estahlishcd and characterized three different. c:lassificatious of initial 
states for models of endogenous growth. Convergence classes arc defined with 
respect to the long run performance, current utility classes with respect to 
optimal initial decisions, and discounted utility classes take the development 
as a whole into account. 

For the Lucas model we evaluated the concepts and demonstrated their 
power. Init.ial imbalance c:an appear in clifforent form and with clifforeut 
long run implications. Mobility occurs to relate initial imbalance to final 
distributions. The classes help to identifiy typical patterns. 

The concepts are evaluated numerially. The numerical method of relax-
ation can be applied to higher dimensional models without problems. How-
ever, the analytical work lacks behind. More analysis on the shape of classes 
is possible and reasonable in order not to limit. the method. 

Future work may proof that these or similar classification methods im-
prove the characterization of the relation between imbalance and ineuqality 
in models of economic growth. 
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