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I. Growth as a Result of Regional Competition 

Based on an approach presented by Buhr (2000), the computer simulation in this 
paper is concerned with the growth effects on the generation, distribution, and use 
of income. At first the private and public sectors, as well as the State, fix certain 
parameters which determine their behavior for the entire period under considera-
tion. The simulation computes the results for a two-region model with respect to 
regional and national growth. The ensuing parameter variations reflect regional 
competition. The outcomes of the simulation runs are then used to determine an 
optimal behavior with respect to sectoral objectives. On the one hand, the private 
sectors try to increase an overall utility index which depends on the ·time path of 
consumption per capita; in this sense the private sectors compete for consumable 
and investment commodities. On the other hand, it is the task of the public sectors 
to supply public capital to the private sectors and to strengthen the productivity . 
of labor by expenditure on education. Moreover, the public sectors may allocate 
subsidies to attract private capital from the other region. The means for raising 
public expenditure mainly include taxation of private .income. According to this 
idea, the public sectors organize and determine the results of competition. Finally, 
the State imposes a tax on public income and reallocates these resources in order 
to improve the situation of one regiOn or of ~oth regions together. Now the State 
can be interpreted as an institution correcting the process of competi~ion to some 
extent. 

II. Basics of the Model 

Labor Force. The model deals with two regions (i = 1, 2) which are embedded 
in a State. Figure 1 shows the structure of this ftpproach. The quoted linkages 
between the regions and the State are explained in more detail by Buhr (2000). 
Each of the two regions includes a private and a public sector. Both regions are 
mainly characterized by four state variables - two types of labor and two stocks 

· of capital. Serving as factors of production, they determine the flow of income. 
With regard to labor force L; we distinguish the supply of educated labor from the 
supply of raw labor, Lf = L:du.s + L,~aw.s. In principle both groups of workers 
may grow at different natural rates, i.e .. n'[du and nraw. . Moreover, both of them · 
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may migrate between the two regions. The net migration from region I (RI) to· 
region 2 (R2) is denoted by Lj~" or L~iw ·depending on who .migrates. The boxes 
for both regions in Figure I include the corresponding differential equations trdu.s 
and t~aw.s, which describe the rate of change of regional supply of educated and 

I • 

raw labor, respectively. 

Region·l ~ pP" 
tedu,S - nedu Ledu,S - Ledu 

,. IS 
I - I I 12 

traw,S - nraw Lraw,S - Lraw 
I - I I 12 

kS ....:_]Pr+ Fpr 
l - I . 21 

pP" iJS _JP"+ pP" _ pP" ~ ~ ..... SI .... 
I - I SI IS 

'" '" •It 

,It •If 

[St] ~ Fxpr Im pr State 
I . 1 FP" 2 . 

~ ,, 
, I , f '" 

Region 2 ..... FP" 
tedu,S ~ nedu Ledu,S + iedu 

,. 2S 
2 - 2 2 12 

traw, s _ nraw Lraw, s + Lraw 
2 - 2 2 12 

kS _JP'+ pP' 
2 - 2 12 

iJS - -JP" + pP" _ F,P" .J pP" . ..... S2 ..... 
2 - 2 S2 2S 

Figure 1: Dynamic aspects of the model. 

Physical Capital Stocks. The third and the fourth state variables of region i 
describe two physical capital stocks. The private sectors supply private capital Kf 
and the public sectors supply infrastructure capital Bf . .The accumulation of these 
capital stocks is known from the s~ctoral capital transactions accounts. It depends 
essentially on private and public investment which are abbreviated as tr and If'", 
respectively. This yields a system of differenti~l equations regarding the supply 
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of physical capital stocks, which again can be found in the ·corresponding boxes 
of Figure 1. · 
As far as k.f is concerned,. the term F{i' indicates that residents of R2 make in-
vestments in RI. This investment is ip.duced by subsidies Gf" payed by the public 
sector of RI. The opposite effect in kf is caused by subsidies .Gf" of R2 and is 
recorded by Fi{. The two differential equations of infrastructure capital Bf t~e 
into consideration that the State reallocates resources among both regions. The 
public sector of region i transfers resources F;~" to the State and receives Ff;" from 
the State. 

Expenditures Affecting Productivities. Besides private investment If' the pri-
vate sector makes expenditures lj"dev on research and development (R&D). 
Hence, total private investment in region i is ij' =If'+ lf"dev. The accumulated 
level Kf ev of expenditures on R&D is determined by 

k_~ev = J!"·dev 
I I (i = l, 2) 

and increases the productivity parameter ajd" of educated labor. The initial values 
at time t = 0 are supposed to be a fractional part of private capital stocks: Kf ev = 
0.0053Kf and Kfev = 0.0050Kl. 
Similarly, a part of public investment is dedicated to education. However, public 
capital is not differentiated as to its purposes. The total level of public investment 
on education is merely needed, since it affects the productivities of both kinds of 
labor. 

iJ~d11 = J!'u,ed11 
I I (i = l, 2) 

Again the initial values are fixed at certain fractional parts of public capital: 
Bjdu = 0.0045Bf and B2"" = 0.0045Bf. 

Distribution of Assets. The assets of residents of region 1 (2) held in region 2 
(1) are denoted by W12 (W21 ). They are treated as additional state variables and 
change simultaneously in accordance with the account of R2 from the point of 
view of Rl. 

Z pr + Fpr + w + GP" + ti! zpr r;opr UI GP" w· I. l2 r2 12 2 rr21 = 2 + r 21 + r1 rr21 + 1 + 12 

Because the simulation depends on the isolated state variables W12 and W21 , it is 
supposed th~t this relation can be split up into two equations. 1 Notice that the term 

If both regions have the same interest rater = r1 = r2, then the distinction between W12 and W21 
becomes irrelevant, provided the distribution of assets is of minor importance. 
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Ff{ increases the capital stock Kf as it is the aim of the subsidy Gfu. Therefore, 
it is assigned to W 12• Analogously, Fft is a part of W21. It is postulated that · 

W12 = Gf" + F{'{ + zr - zr + r2 W12 - r1 W21 

_ Gpu + F.pr + ~Fin 
- 2 21 I 

1i1 Gpu + F.pr 
''21 = I ~I 

Using the balance of the private sector's current account the above identity reduces 
to 

A pn w· 1i1 GPU GPU 
L..l. I = 12 - YY2J + ·I - 2 ' 

where ~Fj is the net investment of RI in R2. In this case an alternative formula-
tion could be W 12 = Gf" + ~Fj and W21 = Gf". 

Comments on the ~unge-Kutta-Fehlberg Method. The above system of dif-
ferential equations is approximated by a system of difference equations. A numer-
ical solution to the system of difference equations is then determined. 2 While the 
first step introduces a truncation error, the second step involves rounding errors. 
In order to estimate the truncation error, the Runge-Kutta-Fehlberg 4/5 method 
can be thought of as having been obtained by expanding the solution function in 
a Taylor series at a particular point.3 Afterwards certain terms are omitted which 
account for the truncation error.4 

If the estimate for the local error between time t and t + h is too big, h is reduced. 
The state variables are updated provided the estimated local error is acceptable. In 
order to compar~ different simulation runs h is set to 0.0002. That corresponds to 
a time interval of two hours. An incr~ase of h to 0.01, i.e. an interval of 3.65 days, 
dramatically reduces the time needed for simulation runs. But the simulation 
runs are then distorted by truncation errors so that parameter variations are more 
difficult to compare. 
Figure 2 shows a flow chart of the solution to the model at each point of time. It is 
to be read line by line and leads through the following steps. In ~ccordance with 
the Runge-Kutta-Fehlberg method the first.line mainly includes the state variables, 
2 We make use of our own software. Nevertheless, there is more software available in order to forecast 

economic-demographic effects in a multi-area region context. The input-output simulation model of 
the Regional Economic Models, Inc. (REMI) is described in Treyz, Rickman, and Shao ( 1992) and 
the newest version of REMI's software is called REMI Policy Insight. 

3 Similarly the economic modelling software GEMPACK uses a multi-step Euler solution; cf. Harrison 
and Pearson (1996, p. I 06 L). Another simulation tool is SIMULINK, which requires the use of 
MATLAB. This software asks for the simulation method to ·be used; cf. Herbert and Bell (1997, 
p. 111). 

4 . Cf. Vandergrafl ( 1983, Chapter 8) .for the numerical approximation of differential equations. The 
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while the last line describes their change in time. For the sake of clarity the boxes 
of Lfdu.s and L;~w.s are omitted because they are distorted by the migration terms 
Ledu and uaw of line 3 12 12 : 

/ ....., I 

L!du.s, L~aw,S ~ H~ ~ Kcjev K~ B~, BlfdU W12, W21 
' ' ' ' ' ' . ' 

• ~ • I L-
l ~ l 

lw;, wjdu~ X!'o' 
' 

y.P"' 
' 

yP 
' 

l ' " l 

Ledu Lraw 
12 ' 12 

x~q 

' Ef j 
" l l l 

L!du,D, L~aw,D 
' ' 

KP 
I 

BP I. 

.i " 1 l 

ypr T; y.P" '·F,P" iS I I 

L_ 
1 FP" s y_pr,r y.P"·' F'.pu 

' ' Si 

" ' l l l l l 

C!''·D 
I 

j!'r,D 
I 

zP' 4, G!'" 
' 

J!'" 
' 

C!'" 
I 

" L.. ' l l l 

C!'' J!'r,dev 

:r~ I I - F,P' 
I ' ki 

-i l . " l .. 1 
1: .• ~ .· 

U; kc}ev . s 
W12, W21 B~, BlfdU • ' K; I I 

T 

Figure 2: Sketch of the solution to the model. 
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III. Numerical Solution to a Standard Case 

1. Aggregate Supply 

The Choice of the Production Function. Starting with the state variables in-
cluded inthe first line of Figure~ there is an additional variable Hf which denotes 
the supply of human capital in region i. Human capital is composed of educated 
labor Lidu and raw l!ibor Liaw where H; = g;(Lid", Liaw) is assumed to have a 
linear homogeneous CES structure. 5 The demand for labor is restricted to 

(i = l, 2). 

Hence, the maximum amount of human capital H'/'ax is realized only if both kinds 
of labor are fully employed. 
Line 2 of Figure 2 starts with the potential domestic production Xj"' of re-
gion i. The analysis is based on two linear homogeneous CES production function 
Xj°' = f;(H;, K;, B;) where the elasticity of·substitution p; is the same for the 
two regions. Regarding this type of production function, there are two special · 
cases of major importance. The first case concerns the elasticity of substitution 
p; = 0 so that f; takes the form of a Cobb-Douglas production function. In the 
second case f; approaches a linear limitational production function asp;-+ -oo. 

Wage R~tes. In accordance with the linear 'homogeneous production functions, 
· it is assumed that there is no positive profit in any region and that the adding up 
theorem applies. Given fhe rental rates r; and r[ of the private and public physical 
capital stocks, respectively, the rental rate w; of human capital H; ·is determined 
by the adding up theorem. Moreover, w; is a linear homogeneous function in the 
wage rates w[du and w[aw of educated and raw labor, respectively. . 

. As long as every output X; is produced at minimum cost the following optimum 
condition must be valid: 

w'f"w CJg;(L7du.D, L~aw.D)/aLiaw 
wj"" = ag;(L~du,D, L~aw.D)/CJLfdu .. 

Therefore, the demand for both kinds of labor lies on a ray through the origin 
whose direction is determined by ( w["w, wfd"). On a perfect labor market with full 
employment the two wage rates wf"" and wraw are adjusted so that·the preceding 
optimum condition holds good for the labor supply L7du.s and L~"w.s. See the ray 
DA in Figure 3. 

5 In contrast to this idea of human .capital, other authors define an individual's human capital to be his 
skill level;. cf. e.g. Lucas ( 1988). · 
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This approach is ".'seful 
to . determine a plausi-
ble time path for wjaw 
provided wjaw is fixed 
outside the labor mar-
ket. A time path of 
a minimum wage rate 
could be, e.g., 

w~aw(t) = wraw(0)+8raw t 
(i = I, 2). 0 L~aw. S L':aw 

I I 

Suppose that dis- Figure 3: Cost minimizing demand for human capital 
tortions of this kind H; of region i. 
increase w["w at each point of time. Provided wj"w / w;du is constant, then the 
result is a ray depicted as oB in Figure 3. · 
Finally, at each p~int of time, the maximum supply of human capital Hf depends 
on the observed ray through the origin. According to the linear homogeneity of 
g; and the restricted labor supply it follows6 

Ci·= I, 2). 

Hence, Figure 3 involves an Hf which co~esponds to the ray DB. 
Time Paths of Potential Regional Products. Similarly to the two dimensional 
case of Figure 3, the factor demand for human and physical capita] stocks deter-
mines a ray through the origin.7 In the case of a CES production function this ray 
is8 

Suppose that both regions maximize the potential output or domestic product Xj"1 

with respect to the.preceding ray. Then the supply of human and physical capital 

6 , The constant I;; is given as{; = L~"w.D / L~du.tJ and.is a composition of parameters and rental rates. 

7 

8 

It is calculated in Buhr (2000). 
In accordance with Figure 3 the reader may find it-useful to depict a three dimensional box where 
the size of.the box is given by the supply of factors (Hf, Kf, Bf). Then each ray through the origin 
crossing the positive orthant intersects one face of the box· at a certain point. This point yields the 
factor demand ( H/J, K/J, B/1) and the corresponding potential output Xf°'. 
Again, the constant {; and the following Z; are compositions of parameters and rental rates. They 
are caleulated in Buhr (2000). 
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stocks (Hf, Kf, Bf) ·restricts this output: 

p(Jl l/p· • . i a, j I j I 

{ 
Hs ./J; · . Ks k·/3; Bs b·/3; } · 

X; =A; Z; ' mm (w;/af )/J;-1 ' (r;/af)/3;-1 ' (r; /af)/J;-1 . 

0.5 

If it is assumed that private 
capital Kf determines Xj"', 
then in general HF < Hf 
and Bf < Bf. The po-
tential gross regional· pro~
uct of the two regions is 

0 .. 4 - - - - - - - - - - - - -

0.3 

Yjo' = Xf"' + r2-W12 - ,., W21 ' o.2 

Y{0
' = Xf"' + r1 W21 - r2 W12. 0.1 

I 
I 

. I 

I. 

The time path (Y{'"', Yf"') o.o o.5 1.0 · 1.s 

t = 15 

resulting from a simulation Y1 
run with two CES produc~ Figure 4: Time path of regional supply based on 
ti on functions is depicted in two CES production functions with p; =. - 2. 
Figure 4, where the numbers on both axes have to be multiplied by I 0 11 . 

2. Aggregate Demand 

Because both public sectors fix their investment residually, the public inco.mes 
retained can be calculated from the income and outlay accounts of the public 
sectors: 

Y{'"·r =[I - (1 - v)!'i][t1 Y1 + (1 - ti)ri Bf]+ V1'2[t2Y2 + (1 - t2)ri~~], 

Yf"'r = (1 - vr:?)[t2 Y2 + (1 - t2)ri B~] + (1 - v)1'1 [t1 Y1 + (1 - ti)ri Bf]. 

The corresponding equations for the incomes retained of the private sectors are 

(i = 1, 2). 

In accordance ~ith these four relationships MATHFMATlCK analytically solves the 
following system of equations for the r~gional products Y1 and Y2 demanded, so 
that all the variables of line 2 in Figure 2 are known. 

Jr= sr'" - Zfr - Ff{+ zr +r1 W21 - r2W12 - Gf" 
1r = sr - zr -:- F.ft + Zfr + r2 W12 - r1 W21 - Gf" 

The resulting linear equations 
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involve complex coefficients which consist of the parameters of the problem at 
hand. After these parameters have been fixed numerically,9 that is 

. . 
Y1 ~ 0.226Kf + 0.021 Bf - 0.006Bf + l.Ol6W12 - l.350W21 + 0.429Y2, 
Y2~0.l13Kf - 0.002Bf + 0.018Bf - 0.565W12 + 0.753W21 + O.l06Y1, 

MATHFMATior sends the values of the coefficients to the external simulation pro-
gram written in C++.10 

. When the simulation run 
has finished, the two func-
tions fj'" 1 and ~2 can be 
depicted graphically as 
shown by Figure 5. 
As the factor stocks grow 
over time both graphs of the 
respective linear equations 
are shifted away from the 
origin, where their slopes 
remain constant. The re-
sulting time path (Yf, Yf) 
indicates all points of inter-
section. In order to calcu-

o.s 

0.4 

0.3 

0.2 

0.1 

0.0 o.s 1.0 t.S . 2.0 
Y1 

Figure 5: Time path of regional demand based on 
two CES production functions with p; = -2. 

lat~ a point of intersection the explicit solution of the preceding system of equa-
tions is needed. 

Y1° ~ 0.237 Kf + 0.051Kf+0.021Bf + 0.002Bf + 0.811 W12 - 1.081 W21 
Yf ~ 0.025Kf + 0.119Kf - 0.0001Bf.+ 0.018Bf- 0.479W12 + 0.638W21 

3. Adjustment of Supply and Demand 

After Yt"' and Y;0 have been computed as shown above, the next step is to go 
over from line 2 to line 3 of Figure 2. At each point of time aggregate supply and 
aggregate demand have to be adjusted so that the realized values of Y; fulfill the 
constraints · 

Y~q :S Y!'"' and Y.eq :S y.O 
I - I I - I 

(i=l,2). 

The adjustment procedure applied has been presented in Buhr (2000). 
9 An external program is us".d to fix the parameters. It immediately shows the graphical representation 

off j" 1 and f2 with respect to the changed parameter. This is helpful to get an idea about the starting 
point of (Y1°, Yf) in relation to (Yf0

', Y{°'). 
rn The communication protocol for MA1HEMATICA" is called MathLink and comes with the distribution 

of MA1HEMATIC.f. . 
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0.3 

0.2 

0.1 

0.0 0.5 1.0 J.S 2.0 

Y1 

The outcome with respect 
to the simulation at hand is 
shown in Figure 6. In par-
ticular, at time t = 0 it can 
be verified that Y~q ~ Y.P01 

' - ' 
and Y:q ~ YP hold good 
for the two regions. 
Notice that Y:q determines 
the· realized regional outputs 
x !'0 ' such that x~q ~ x !'"'. ' ' - ' These values in turn yield 
the factor demand (HP, Figure 6: Time path of realized incomes b~ed on D) · KP, · Bi and, therefore, 

t·~o CES production functions with Pi= -2. (L~du.D, L~aw,D). The 

described approach ensures that the restrictions given by the factor supply are 
fulfilled. That is, the factor demand does not exceed the factor supply. 
With these results, the values of factor demand in line 4 of Figure 2 are known . 

. The rest of this flow chart is straightforward. Line 5 describes private and public 
y

2 
incomes corresponding to 

o.6 factor payments, where ·-----------------
o.s ( y pot y; pot} 

. I ' 2~ 
0.4 

0.3 

0.2 

O.l 

0.0 0.5 1.0 l.S 2.0 
Y1 

T; is the tax payed by the 
private sector to its public 
sector. In accordance with 
the reallocation by the 
state, i.e. F;~" - ·Ff", line 
6 shows the private and 
public incomes retained. 
These incomes determine 
the private and public 
demand terms of line 7 

Figure 7: The outcome of the simulation run based via the assumed behavioral 
on two CES production functions with Pi = - 2. relationships. The next line 
reflects the realized demand terms ~f the private sector. It includes the case 'in · 
which ~here is still an excess demand for private consumption er and private 
total investment j r D. Again the procedure for getting rid of this excess demand 
is described in Buhr (2000). The last line includes an additional variable U;, 
which describes an overall utility index. This index will be introduced at a later 
stage of the analysis. 
Figure 7 is obtained by laying the preceding figures on top of each other. 
The characteristics of these results may be summarized as follows. Both regions 
start in a situation with an excess demand, YP > Yt°'· However, Yf' > Yf"' ~ 
IO 



1.007, see Figure 8, part (1). After 6.3 years Yf°' passes Yf, see Figure 8, part 
(2). The next event happens at t = 11.5. Since Yj0

' passes Y1° both regions have 
a lack of demand, see Figure 8, part (3) .. From now on the time paths (Y1°, Yf) 
and (Y:q, r;q) are equal as it is sho~n by Figure 7, point A. 

(1) (2) (3) 

Figure 8: Sketch of the characteristic development of supply and demand. 

Figure 9 shows the effects on the rates of unemployment. The kinks at t = 11.5 
are caused by the lack of demand in both regions. 

Region 1 Region 2 · 

12 

10 

6 

4 

6 10 14 t 

·Figure 9: Implied rates of factor stock idleness. 

IV. Regional Competition Expressed by Parameter Variations 

1. Basic Assumptions for Both Regions 

In the general setting Rl is supposed to be larger and more productive. 11 On the 
one hand, this assumption is reflected by the initial supply of factor stocks. On the 

· other hand, the parameters of the production functions are relevant. 12 A complete 
list of initial values and parameters can be found at the end of the paper. 
11 This assumption.is in line with Garcia-Mila and McGuire (1992, p. 236). They find that states with 

larger populations have a productive comparative advantage. 
12 Cf. Buhr (1995, pp. 258-260) for the empirical evidence of the data. 
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· The ratio of labor forces is Lf : 14. ~ 2 : I where the labor force of both regions 
is split up into Lfdu,s : L~aw.s ~ I : 3. Private capital is supplied with a ratio 
of Kf : K.f ~ 2.5 : I. Finally, the ratio of infrastructure capital is chosen to be 
Bf : B~ ~ 2. 9 : 1. 
With regard to the production function the setting of parameters shows higher 
productivities in RI. Bear in mind that the coefficients and the factor supply 
change over time. The coefficients of human capital are a 1 : a2 ~ I 9920 : 14600. 
The analogous ratio with respect to private capital is k1 : k2 ~ 0.22 : 0.20. 
Eventually, public capital shows a ratio b1 : b2 ~ I .38 : I .35. Recall that human 
capital consi~ts of educated and raw labor. Again RI shows higher coefficients. 
First, the ratio with respect to educated labor is aid" : aid"~ 1.23 : 0.98. Second, 
raw labor is marked by the ratio a~aw : a';_aw ~ 0.9I : 0.87. However, the 
coefficients of human capital are A~ : Af ~ 1. 
Because of the fixed price levels ( P1 = P2 = I ) and the higher productivities 
in RI, the factor prices of RI exceed those of R2. This hypothesis is confirmed 
by a simulation run which endogenously adjusts factor prices to the factor supply 
given at each point of time. Recall also that the factor price of human capital is 
determined by the adding up theorem. The fixed rental rates of private capital 
are r1 : r2 = 0.06 : 0.045. Similarly, the rental rates of publ~c capital are set to 
ri : r2 = 0.021 : 0.018. The implied rental rates for human cap~tal increase over 
time, however t~e initial ratio w 1 : w2 ~ I4IOO : I 1 IOO does not change very 
much. The wage rates for educated and raw_ labor are determined by the assumed 
distortions of the labor markets, i.e. w~aw : w';_aw = I 1500 + 300t : 7000 + 1 OOt. 
This assumption implies wrdu : widu ~ 22 I 00 : I 8500. for the initial wage rates 
of educated labor. 
The demand side is mainly represented by consumption and investment. While the 
propensities to consume of the public sectors are set to cf" : ci" = 0.88 : 0.91, 
the analogous ratio for the private sectors is er : er = 0.905 : 0.901. Since 
public investment is determined residually, only private investment needs to be 
characterized. The investment parameters referring to disposable income are 
fixed at u1 : u2 = 0.003 : 0.001. The parameters referring to autonomous private 
investment equal ui"' : ui"' = 0.01 : 0.009. The two regions do not differ with . 
respect to private investment on research and development (s1ev = E~ev) or public 
expenditures on education (srdu =Eid"). 

2. Robustness 

The model has been tested with respect to variations of all the included parame-
ters. As no parameter variation, within a plausible range, cau~es drastic effects on 
the behavior of the· simulation, this tedious part of testing the model is omitted. 
12 



Instead, the attention is drawn to those cases where some structural parts of the 
model change. 
Comparison of the outcom~ based on different production functions. In 
order to check the plausibility of th~ proposed parameters the results bas~d on 
different production functions are firstly compared to each other. Recall that 
the indicator of the type of production function· is the parameter p; of the pro-
duction function f;. It can be shown that this parameter determines the elas-
ticity of substitution· between two factors of production, i.e. the curvature of the 
isoquants at hand. The first task is to find plausible values for the parameters 
(af, af, af) such that the production functions are. comparable. (The initial co-
efficients (a;, k;, b;) are always the same.) In the case of a Cobb-Douglas function 
the production coefficients (af, af, af) correspond to the factor shares. But for 
a linear limitational or Leontief production function these param~ters become su-
perfluous. Hence, the factor shares are ·calculated on. the basis of a simulation run 
with a linear Iimitational production function and then used to fix the parameters 
considered.13 · 

(af' af' ar) = (0.75, 0.2349,.0.151) 
(af, af, af) = (0.77, 0.2168, 0.132) 

Using these parameters the simulation results vary with regard to qualitative and 
quantitative aspects, but only slightly. (The initjal factor supply is always the 
same.) Both regions start in a situation as indicated by the following table and by 

region i Leontief CES CES Cobb-Douglas 
time yp /Y.Por 

I I p; ~ -00 p; =-2 p; = -0.5 Pi =0 
0 1 1.257 . 1.276 1.295 1.312 

2 1.011 1.007 1.002 0.997 
15 0.959 0.954 0.948 0.956 

2 0.965 . 0.992 1.019 1.047 

Table 1: initial and final.relationship of income demanded YP to potential income 
yPot. 
' 

Figure 7. They also end. up with situations which are quantitatively quite similar 
to each other. .. 
13 Note that the factor shares sum up to one. At least on a metropolitan area level the coefficients af 

seem to be too high. For this case Eberts ( 1986) found a statistically significant output elasticity of 
0.03. Based on a linear'homogeneous Cobb-Douglas function for almost all states of the U.S. 
Munnell (1990) estimates the exponents to be (aH, aK, a 8) = (0.65, 0.27, 0.08). Moreover, 
she finds that dropping the assumption of linear homogeneity reduces the standard error. Then 
(aH, aK. a 8) = (0.59,0.31, 0.15). Other authors like Aschauei: (1989), Duffy-Deno and Eberts 
(1991) and Garcia-Mila and McGuire (1992) obtain different estimates for a8 from 0.03 up to 0.39. 
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The corresponding rates of unemployment show for all cases that educated labor 
is the growth barrier of the first region up to year 11.5. 
The main quantitative results can be summarized as follows, where a leading y 
indicates the average gro~th rate (in percent) of the indicated state variable. While 

average growth Leontief CES CES Cobb-Douglas 
rate per year P(~ -oo p;= -2 p; = -0.5 p; =0 
y(Y:q) 3.099 3.201 3.279 3.341 
y(Yfq/Lf) 1.427 1.521 1.586 1.629 
y(CrJLf) 1.513 1.615 1.689 1.739 
y(Y;q) 2.641 2.666 2.567 2.407 
y(Y;qJJ4) 2.323 2,369 2.299 2.185 
y(CrJJ4) 2.325 2.372 2.288 2:154 
y(Y~q + r;q) 2.988 3.071 3.106 3.115 

Table 2~· Average annual growth rates of selected variables in percent. 

the first region grows faster with an increasing p1, the second region seems to have 
an "optimal" p2 which ensures the highest growth rates. Both regions together 
would prefer the highest possible p;. 
Losses induced by distortions of the labor markets. Each simulation run can 
be compared to another simulation run based on a perfect labor market. That is, 
the labor market adjusts the two wage rates of educated and raw labor such that 
the condition of cost minimization 

wj"w . ag;(L~du.s, L~aw.5)/aLjaw 
w'fdu = ag;(L~du.s, L~aw.s)/aL'fdu 

holds good14 (see Figure 3). 
In all of the above cited cases the values of rr·r, Yt"·r, Ytq are increased when 
wj"w is not fixed at each point of time, but the numerical effect is small (about 
0.2% at t =. 15). A rem~kable effect can be seen when drawing attention to 
incomes or CQnsumption per capita. When Y{q IL~ and er IL~ are raised, the cor-
responding values of Rt slow down. This result is caused by a significant higher 
net" migration to R 1, which in tum is implied by the new wage rate differentials 
and die lower rates of unemployment in RI. 
Perfect adjustment of all rental rates. As the rental rates of private and public 
capital are some of the most important parameters, it is useful tQ test what values 
these rates will take if they are adjusted in accordance with the capital supply. The 

14 This approach implies that both kinds oflabor have the same rate of unemployment. 
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appropriate simulation run has been done for the Cobb-Douglas case. Using the 
regional outputs 

and the adding Up ~eorem C;(W;, r;, rj, Xjax) = Xjax, the rental rates can be 
·calculated from the factor shares. 

_ Hx· max/HS W; - a; ; ; , 

The corresponding simula-
tion run now ensues for the 
entire period 

r1 E [0.0508, 0.0634], 

r2 E [0.0421, 0.0479], 

rr E [0.0215, 0.0207], 

ri E [0.0172, 0.0186], 

.so that the given rental rates 
r1 = 0.06, rr = 0.021, r2 = 
0.045, and ri = 0.018 seem 
to be in a plausi~le range. 
Nevertheless, the behavior 
of the system changes 

o.r2 {Y1°' Yf) t = 15. 
---------~-------~---

( Ypol f.Pol) 
0.5 I .' 2 \ 

0.4 

0.3 

0.2 

O.l 

0.0 o.s 1.0 l.S 2.0 

Y1 
Figure 10: The outcome of the simulation run 
based on two Cobb-Douglas functions with ad-
justed rental rates. 

significantly. Compare Figure 7 to Figure 10. The reason is that Y1° starts at a· 
remarkable higher level because of the lower interest rate (r1 = 0.0508 at t = 0). 
As r 1 increases during . the simulation run, Y1° diminishes and comes closer to 
the standard case. Eventually after 15 years, the relative deviation of all income 
terms is smaller than 0 .. 05%. In particular the realized time paths of (Y~q, r;q) do 
not differ to the same extent as the paths of (Yi°, Y2°). 

3. Competition 

Overall Utility. Because of the linear homogeneous production functions no 
positive profits will occur. Therefore, the private sectors are assumed to assess the 
value. of the resulting time paths with respect to ~ overall utility U; as given by 
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with to= 0 and t 1 = 15.15 The included felicity function 16 

(-pr ( ) 1-11; l 
u1(Cf'(t>) = C; ~)- 1'i - ~ log(Cf'<t>) 

depends on private consumption per capita at time t. 

cr(t) = cr(t)/ Lf (t) 
The felicity function is weighted by e-e;t to get the present value with respect to 
the rate of time preference(};. The higher(};, the more the private sector prefers 
an early consumption. 
Suppose the private sector of R 1 seeks to maximize its overall utility with respect 
to the flow budget constraint 

' ( D . D ) W1 = (1- t1) w1H1 +r1K1 + r2W12 - r1 W21 

- rr(Bf - Bf) - err - 1rdev 
- ypr.r - cpr - Jpr,dev - spr 
- I I I - I 

where W1 = Kf + W12 - W21 is the wealth of Rl. An ~pproximation 17 of th~ 
optimality condition of the Ramsey model is then 

dc~r /dt 
. (}· ~ (1 - t·)T· - I . I · I I -pr • 

. C; 

That is, in the case of(}; ~ (1 - t;)r; the consumption per capita should ·be 
approximately constant. The standard simul~tion yields the regional growth rate 
of consumption per capita as 1.513% and 2.325%. Hence; it seems to be plausible 
to choose e1 = 0.032 and e2 = 0.013. 

Notation. The following tables show the compressed results for a lot of simu-
lation runs. Each table refers to one parameter, which is varied over a certain 
range. In order to save space there is almost al~ays a threefold set of informa-
tion. (a) The first line includes the object variables (obj.), which are of most 
importance. (b) The second line shows the maximum average deviation in per-
cent (dev.) from a simulation run with standard parameters after 15 years. 18 This 

15 Cf. Barro and Sala-i-Martin (1995, pp. 59-65). It should be kept in mind that the households have 
no perfect foresight as it is typically assumed.in dynamic Computable General Equilibrium (CGE) 
models. In this sense the overall utility has to be interpreted as an ex post criterion. . 

16 The instantaneous elasticity of intertemporal substitution between consumption at times t and t + dt 
for u; is the constant I I tJ;. 

17 T~e approximation assumes that rj(BP - Bf> is relatively small, that r2 W12 :::::= r1 W12. and that the 
growth rates of labor njdu and n)1w corrected by migration can be approximated by a constant. 

tK As in Harrison and Pearson (1996) the simulations are the answer to "What ir' questions such as 
''If the taxes are reduced by 10 percent, how much different would the economy be in 15 years time 
from what it would otherwise have been". 
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reference simulation is based on two linear limitational production functions. An 
arrow indicates that the variable either increases or decreases monotonically. (c) 
The third line gives the value of the respective parameter at which the maximum 
average deviation is attained. 
For the sake of brevity, national income te~s are defined by summing up over 
regional incomes. 

Moreover, a small letter y denotes an income tenn per capita, e.g. y~q := Ytq / Lf. 
The analysis starts ~ith the private sectors, goes over to the public sectors and 
ends up with the State. 

Private Sectors. The first two tables serve for deriving an "optimal" propensity 
to consume er and, therefore, an optimal tuning of consumption given the invest-
ment demand function. In Table 3, the utility index U1 rises with increasing values 

obj. yeq 
I. 

y;eq 
2 

yeq ypr,r 
I 

y;pr.r 
2 

ypr.r 
dev. 4.52% 1.64% 3.84% 4.60% 1.66% 3.89% 
epr 

I 0.91 I 0.912 0.911 0.909 0.913 0.912 
obj. u. U2 y~q y;q yeq yr·r Yrr ypr,r 
dev. ? ~ 4.40% 1.91% 3~84% 4.48% 1.93% 3.90% 
epr 

I 0.911 0.911 0.911 0.909 0.912 0.909 

Table 3: Variation of the marginal propensity to consume efr over the range 
[0.89, 0.94]. For the first region err = 0.905 ·is given by default. 

of er. This is even true for very high values of er. At least two reasons can be 
i~dicated for this result. Firstly, consumption is valued less the later it is received. 
Secondly, although private and public investment go down, Rt is able to live on 
the excess supply of its private (and public) capital stocks: l(Ki>l,=o = 7.5% and 
l(Ki >1,=is = 2.8%. Since educated labor is always the scarce input, the outcomes 
change only slightly. 
Observation of the outcomes for R2 yields quite similar results, where er = 
0.901 is the default value. But here very high values of er (e.g. 95%) reduce 
U2. The excess capacity t(K2)l,=o = 5.8% gets used ·up after a period of about 8 

· years,. since investment is not high enough. If the private sectors are interpreted as 
competitors, an adverse effect of competition on both regions can be seen in the 
percentage deviations of U1 and U2 from the standard simulation. 
Next the parameter of exports i 12 (or analogously i 21 ) is investigated. Notice again 
the adverse effects on both regions with respect to all variables. Regarding the 
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obj. yeq 
I 

y,eq 
2 yeq y:pr,r 

I 
y:pr,r 
2 

ypr,r 

dev. 1.16% 3.89% 1.80% 1.18% 3.93% 1.83% 
cpr 

2 0.909 0.908 0.909 0.9.11 0.909 0.910 
obj. Ui* U2 y~q Yeq .2 yeq Yr-r Yrr ypr,r . 

dev. -1.20% 2.99% 2.46% 1.71% 1.75% 2.49% 1.75% 1.79% 
epr 

2 0.912 0.9145 0.910 0.905 0.909 0.910 0.905 0.909 

Table 4: The same variation as in Table 3 but with respect to R2. The reference 
' value of er is 0.901. 

* U1 attaines a minimum at er =·0.912. 

common income terms, the "optimal" values i12 = 0.052 (or i21 = 0.005) seem 
to yield the smallest values with respect to the balance of trade .&fr - !mfr. In 
this case the balance turns into a ·surplus after about 4 years. In the standard case 
with i12 = 0.03 and i21 = 0.008 the balance shows always a deficit. 

obj. yeq 
. I 

y:eq 
2 

yeq ypr,r 
I 

y:pr,r 
2 

ypr,r 

dev. / ~ 2.92% /' ~ 2.90% 
i12 0.051 0.051 

obj. U1 U2 yrq y~q yeq yfr,r pr,r 
Y2 ypr,r 

dev. ,? ~ 4.14% ~ 3.05% 4.27% ~ 3.03% 
i12 0.051 0.051 0.051 0.051 

Table 5: Variation of the export parameter i21 of RI over the range [0.04, 0.08]. 

The parameters of investment u; and uf"' have two effects. First of all they_ deter-
mine one part of aggregate demand. For R 1 this income effect can be described 
as follows. Given the reference values u2 = 0.001, uj"' = 0.01 and ui"' = 0.009, 
an unknown parameter u 1 yields 

D 6.4 ' 10-6 S S S S 
Yi ~ 0.006 - ui [117.7 Ki + 25.2K2 + (20.0- 3263.8ui)B1 + B2 

+403.3W12 - 537.7W21J. 

Similarly with the default value u1 = 0.003, an unknown parameter uj"' results in 

Y1D ~ 23.65uj"' Kf + O.OSKi + 0.02Bf + 0.002Bf + 0.81 W12 - I .08W21. 

Secondly, the parameters of investment influence the growth rate of Kl and, there-
fore, of Yt'', provided that private capital is the relevant growth barrier. This is 
the capacity effect. 
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Although increases or decreases of u 1 or uj"' by the same ratio yield very similar 
results, uj"' is more important with respect to the growth rates. The reason can be 
found in the privat~ investment function. · 

1r = ~ Yt'r + uj"'Kf = 0.05Yt'r +0.0IKf where Kf /Yt'r ~ 5.8 
.~ . . 

The variation of the autonomous investment parameter uj"' over the range 
[0.008, 0.015] shows that all of the income terms in the preceding tables grow 
monotonically with an increase of uj"'. However, the utility index of R2 
diminishes. Merely U1 attains a maximum at uj"' = 0.105, where the relative 
deviation from the standard simulation is 3.9%. The most striking facts are that · 
smaller values of uj"' make Kf the scarce input so that l(Ljd") jumps up to 22% 

. or even 30%. In the opposite case with an increase of uj"', educated labor slows. 
down the growth in general, l(Ljd") = 0. 
Investment on R&D is represented by the parameter ef ev. An increase of ef ev 

raises· the productivity coefficient a'fdu (but not ajaw). Therefore, the isoquants -
as Hf shown by Figure 3 - are shifted further away from the origin. Given a 
constant demand fqr human capital HP, this tends to reduce Lfdu. D and L~aw. D. 
As long as t.(L'fd") = 0 and l(Ljaw) > 0 hold true, only L~aw,D diminishes. As 
soon as the r~y oB is reached, l(L'fd") increases faster than l(Ljaw). These 
effects can· be shown by appropriate parameter variations. They come along with 
a rising rental rate w; and a rising wage rate w'fd". Similarly one can show for 
(Kf =KP, H.f >HP> 

(a; t-+ W; t, H;D -!-) ==> (L~du!D .i,, L~aw,D -!-) 

with respect to the productivity coefficient a;·. 
All of the parameter variations affect the endogenous wage rates of educated labor · 
anci the rates of unemployment. H~nce, the implied migration distorts the supply 
of labor and, therefore, the supply of human capital. For instance, the case of 
perfect adjusted .wage rates does not increase U 1, as one would expect. The 
reason is a high immigration such that consumption per head cfr falls. 

Public Sectors. The public sector of region i fixes the tax rate 1;. As the public 
has the main ta~k to offer public capital Bf and to strengthen the productivity of 
labor, 1.9 it is relevant to ask for the optimal tax rates while holding the rest of the 
parameters fixed, cf. Table 6. · 
The "optimal values" of 11 and 12 are influenced by the reallocation of the State. 
Among other things, R2 prefers higher tax rates than RI since each $ of public 
19 As pointed out by Aschauer ( 1989), these aspectS should be attributed to public investment decisions 

when assessing the role the government plays in the course of economic growth and productivity 
improvement. ' 
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obj. yeq 
i 

y,eq 
2 

yeq ypr,r 
i 

y,pr,r 
2 

ypr.r 

dev. 8.31% 0.98% 5.35% 0.59% .l.01% 0.69% 
ti 0.33 0.11 0.30 0.11 0.11 0.11 

obj. U1 U2 y~q y~q yeq yfr,r Yr-r ypr,r 

dev. 0.01% ~ 6.34% 0.96% 5.39% 2.49% 0.95% 0.65% 
ti 0.20 0.30 0.25 0.30 O.II 0.25 0.11 

obj. yeq 
i 

y:eq 
2 yeq. ypr,r 

i 
y:Pr.r 
2 

ypr,r 

dev. 1.8% /' 1.13% 0.18% 0.71% 0.07% 
t2 0.23 0.24 0.23 0.05 0.23· 

obj. U1 U2 y~q y~q yeq yr·r Y~r,r ypr,r 

dev. ~ 2.39% 1.37% 1.79% 1.09% 1.37% ~ 0.04% 
t2 0.27 0.26 0.23 0.24 0.26 o.23 

Table 6: Variation of the tax rates ti and t2 over the range [0.0, 0.45] and 
[0.0, 0.3], respectively. The sta~dard tax rates of the first and the second region 
are ti = 0.2075 and t2 = 0.1975. 

income payed to the State comes back with a profit, Ff; < F%:. This effect 
vanishes if the parameter of reallocation holds v > 0. 78. 
According to the public sectors there are four ~sks to look at. 

· (1) Up until now, the main aspect of the public sector was the supply of infras-
tructure capital Bf. 
(2) To what extent is the public sector able to repair the problem of a lack of 
private capital, i.e. Kf < Kf? The public sectors can pay subsidies Gf" = h;lj" 
with h; > 0 in order to attract private capital from the other region. But this takes 

. resources away from Bf. Hence, it depends on the situation whether or· not it 
is useful to pay subsidies. Moreover, the outcome of paying subsidies depends 
on the multipliers v12 and v21 which determine the private transfers Ff; and F.ft, 
respectively. 

kf ~ 0.01 Kf - (0.001 - 0.002hi V2i )Bf - (0.00004 + 0.00lhi V21 )Bi 

+ (0.040 + 0.031h1v2i>Y1° - (0.001+0.015h1v2i>Y2° 

kf ~ 0.009Kt- (9.t. tcr6 +0.002hiv21)Bf- (0.0003-0.00lh1v2dBi 

- (0.0001+0.03lh1v2i)Y1° + (0.018 + 0.015h1v2i)Yf 

Eventually, a change of the parameter h; referring to subsidies mainly affects the 
demand side of the opposite region (see below). 
(3) To what extent is. the public sector abl~ to correct the problem of a lack of 
human capital, i.e. Hf < Hf? The relevant parameter is now erdu which deter-
mines the coefficients afdu and a~aw. Each increase .of these parani~ters raises Hf. 
20 



Again, if Hf > Hp, there ~ses the problem that each increase of efdu decreases 
HP and this leads to unemployment of labor. · 
(4) To what extent is the public sector able to remove the problem of a lack of 
aggregate demand, i.e. rp "< Yt°'? Regarding the parameters t; (see above) and 
cf" the most important equations or'Rt concerning dynamics ~e 

1r·D ~ 0.0lOKf + 0.050(1- ti)(Y1° - 0.021Bf), 
If"~ (0.021 - 0.020cf")(l - t1) Bf - 0.002cf"(l - t2)Bi 

+ (1 - 0.966cf")t1 Y1D - 0.086cf"t2Yf. 

In this sense the public propensity to consume cf" is a parameter of minor im-
portance. "Each increase in cf" worsens everything" because the residually de-
termined public investment If" is reduced and, therefore, Bf grows at a slower 
rate.20 In the model at hand, even large excess capacities of B; are more useful 
than public consumption. 
If the result Y1D < Y{"'' is caused by a fall in cfr, then the public sector of Rt is 
recommended to compensate for this lack of demand by an increase of its tax rate 
t1• Tabie 7 includes the optimal tax rates with respect to a maximum U1, Y~q and 
rrr. From a static point of view, this result can· be explained as follows for time 

pr. u. yeq ypr.r 
Ci I I 
0.890 37.5% 45.0% 45.0% 
0.895 32.5% 40.0% 40.0% 
0.900 27.5% 35.0% 35.0% 
0.905 19.5% 32.5% 30.5% 
0.910 17.5% 32.5% 30.0% 

t = 0. While a decrease of er causes Yf to 
fall, an increase of t 1 reverses this effect. In 
this sense, pµblic demand covered by taxes · 
substitutes for private demand. Be aware 
that this explanation might not be true under 
dynamic change. At year 15 the relatiOn 
y,D I rr01 may have a minimum with respect 
to ti. Table 7: Optimal tax rates with re-in some.cases, a coordinate strategy of pay-
ing subsidies may overcome the lack of de- ,spect to selected variables 
mand. An isolated strategy of R 1 - i.e. h 1 and v21 - yields at once the above cited 
equations for kf a~d kf. However, this policy mainly affects the demand side of 
R2. For µnknown h 1 and v12 it follows 

fa (Y2) ~ 0.226Kf + 0.021 Bf - 0.006Bf + 1.0l6W12 - 1._355W21 + 0.429Y2 
0.0731392 . s 

f2(Y1) ~ 5 306 h h [8.195K2 · + I+ 1V21 
s . s - (0.162 - 2.266h1 (1 + V21 ))B1 + (1.306 - h1 (1 + V2i))B2 

- 40. 973 W12 + 54.631 W21 + (7 .697 + 28.258h1 ( 1 + v21)) Y1] 

In this sense an isolated strategy of Rl is not useful to remove the problem Y1D < 
Ypot 

I .. 

20 This outcome is in line with the empirical result in Munnell (1990, p. 205), i.e., an investment in 
public capital has a positive impact on that region's employment growth. · 21 



State. The State fixes the public tax rates -r1 and -r2 and, therefore, the volume 
of resources to be reallocated. Then it assigns the· received revenue FP" in ac-
cordance with the parameter v to the public sectors, that is Ff; =. vFP" and 
Ffi" = (1 - v)FP". The objectiv~s involved may be the maximization of the 
regional or national incomes.21 As long as v corresponds to the part of FP" payed 
by RI, i.e. F{'; = Ffi", there will be no net effect. The same outcome would result 
from -r1 = -r2 = 0. 
Using the default values -r1 = -r2 = 0.12 and Ffi" / FP" = v = 0.72, then 
F{'; / FP" ~ 0.77, that is F{'; > Ffi"· RI pays more than it receives. An increase 
of v beyond 0. 77, as shown by Table 8, reverses the net effect of reallocation, i.e. 

obj. yeq 
I 

y:eq 
2 

yeq ypr,r 
I 

y:pr,r 
2 

ypr,r 

dev. ? ~ 0.6I% ? ~ 0.61% 
obj. Ui U2 y~q y;q yeq Yr-r Yrr ypr,r 

dev. ? ~ / ~ 0.61% ? ~ 0.61% 

Table 8: Variation of the State's parameter of reallocation v over the range 
[0.7, 1.0]. The standard value of vis 0.72.. The maximum relative deviations 
of the aggregated income terms refer to v = I. 

F{';, < Ffi". The maximum effect on the growth of both regions together is at-
tained at v = 1. In this case, the State transfers all of its resources· to RI. The 
induced losses of R2 are compensated for by the gains of R 1. in. terms of aggregate 
incomes. 

The higher -r1 and r 2 are chosen, the higher will be FP" and the more sensitive is 
the model with respect to variations of v. Be aware that vis fixed for a period of 
15 years. In the worst case, r 1 = -r2 = l, even small differences in the regional 
growth rates of Yt" will have a great net effect on reallocation. 

obj. yeq 
I 

Y.eq 
2 

yeq yPr.r 
I 

Y.pr,r 
2 

ypr,r 
dev. ? ~ 0.85% .? ~ 0.85% 

v 0.95 0.95 
obj. u, U2 y~" y;" yeq yfr,r Yrr ypr.r 
dev. ? ~ 1.18% ~ 0.86% 1.15% ~ 0.85% 

v 0.950 0.925 0.950 0.925 

Table 9: Analogous variation as in Table 8 but using -r1 = r2 = 0.27. 

21 An alternative aim is suggested by the Art. 130b of the Rome Treacy. This objective to even out 
incomes per head has not been investigated. 
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The next table is based on T1 = T2 = 0.27. Notice that it is no longer optimal 
to choose v = 1, provided the aim is to maximize yeq or ypr,r. Although it is a 
realistic approach to set T1 = T2 = 12% and v = 0~12, the best fine tuning of 
transferring resources from Rl to R? would be achieved by T 1 = 0, v = 0 and 
an appropriate small T2 > O~ In this case, Rl pays nothing and .receives all State 
payments. 

obj. yeq 
1 

y;eq 
2 

yeq yPr.r 
1 

y;pr,r 
2 

ypr,r 

dev. 1.52%· ~ 0.91% 1.46% ~ 0.91% 
T2 0.425 0.195 0.375 0.195 

obj. Ui U2 y~q y~q yeq yfr,r ·yr·r yPr.r 
dev. / ~ 1.12% ~ 0.91% 1.17% ~ 0.91% 

T2 0.250 0.195 0.1975 0.195 

Table JO: Results for the case where Rl pays nothing and receives all. 

For T2 = 0.195 the net effect Ffi" - Ff; > 0 is very similar to the case with 
T1 = T2 = 0.27 and v = 0.950 in the preceding Table 9. 

V. List of Parameters and Initial Values 

Initial values of state variables: 

L~du,S = 1500000 

L~aw.S = 4593 700 

Kf = 561100000000 
Bf = 87 000 000 000 
W12 = 120000000000 

L;du,S = 800 000 
L;aw,S = 2472000 

Ki = 211400000000 
Bf = 30 000 000 000 
W21 = 92 00.0 000 000. 

Private expenditures on R&D and public expenditures on education: 

Kfev = 0.0053Kf lfev = 0.001ir (11tev, etev) 
Kfev = 0.0050Kf 1tev = O.OOlir (17~ev, e~ev) 

Bjdu = 0.0045Bf Jjdu = 0.001/j" (11jd", ejd") 

B2du = 0.0045Bi · /~du= 0.001/f" (1/id", e2d") 

Coefficients of factors of production: 

a1 = 19910 + 350t + 5.0010-11 Bf+ 1.610-11 Kf (a10, a11, a12, a13) 

a2 = 14600 + 340t + 1.28 10-10 Bf+ 6.710- 11 Ki (a20, a21, a22, a23) 

k1 = 0.23 + 0.0030t + 1.09 10-13 Bf - 3.5010- 14 Kf (k10, k11, k12, k13) 

k2.= 0.22 + 0.0015t + 5.8210- 13 Bf -1.6510-13 Kf (k20, k21, k22, k2J) 
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bi ~ 1.380 + 0.00081 
b2 = 1.345 + 0.00131 

Regional production functions: 

(b10, b11) 
(b20, b21) 

X1 = [0.75(a1 Hf)P1 + 0.2349(k1 Kf)P1 + 0.0151(b1 Bf)P1 ]
11P1 • 

X2 = [0.77(a2Hi)P2 + 0.2168(k2Ki)P1 + 0.0132(b2Bf)P2] 11P2 

Coefficients of human capital referring to educated and raw labor: 

a~du = 0.85+2.010-10 Bfdu + 1.010-to Ktev 
aid" = 0.85+2.010- 10 B2du + 1.010-10 K~ev 
alaw = 0.84+~.O10-10 Bfdu 

(aedu aedu aedu) 
JO ' II ' 12 

(aedu aedu aedu) 20 ' 21 ' 22 
( alow, al~w) 

a2,0 w = 0.84+2.010- 10 Bidu ( a2.ow' aiiw) 

Human capital: 

Hi = 1.90[0.25(a1d"L1d")-1 + 0.15(alaw Llaw>-ir• 
112 = 1.92[0.25(aidu Lidu)-1 + 0.15(a2.aw L2aw)-1r1 

(A~, qi., w~) 

(Af, qJ2, wi) 

Natural growth rates of labor: 

nfdu = 0.011, nid" = 0.015, nlaw = 0.011, n;aw = 0.01~ 

Parameters of migration: 

r 1=6.0% · 

e~~u = 0.000001 

et."= 100000 
ee1" = 0.025 
e':r = 0.000001 
e~'1w = 100000 

rf = 2.1% 
w1°w = 11500 

+300t 
cfr = 90.5% cf"= 88.0% 
ti= 20.75% r1 = 12.0% 
i12 = 0.03 
Ut = 0.003 hi =0 
uj"' = 0.010 V21 =0 

Reallocation by the state: v = 0. 72 
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e~~u = 0.000002 

e1i" = 180000 
e~" = 0.05 
e';!{ = 0.000002 

e';t = 180000 

r2 =4.5% · ri = 1.8% 
w;,aw = 7000 

+100t 
er= 90.1% c~" = 91.0% 
12 = 19.75% t'2 = 12.0% 
i21=0.008 
U2 = 0.001 . h2 = 0.01 
ui"' = 0.009 V12 = 1.8 
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