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The unidimensional unfolding model proposed by Coombs (1964) is a tool for scaling
preference data. Here we consider the special case where the sets of subjects and objects are
identical. We get an unidimensional solution of our problem only if the data satisfy a well-
defined structure. Therefore we propose a statistical error model including an algorithm
which allows to construct an unidimensional solution for data with small differences from
this well-dofined structure, too. A new coefficient K4, ( n is the number of subjects
and objects, respectively ) derived from well-known distance measures on permutations
(Kendall's 7, Spearman’s p and Spearman’s footrule f) is used to describe this difference.
The exact distribution of this new coefficient is given for small n ( up to 9) as well as
some asymptotical results ( n — 0 ). Based on these distributions we are able to decide
whether we use our new algorithm for a given dataset or not. We demonstrate our new
approach by a well-known example of Coombs (1964).

Key words: unidimensional unfolding, preference data, permutations Kendall’s 7, Spear-
man’s p and footrule, dependent variables



1 Introduction

In this paper we consider a special case of the unidimensional unfolding
model which has been proposed by Coombs in the early fifties, cf. Coombs
(1964). In this special case the set of objects is identical to the set of subjects
and Coombs has called it nonmetric multidimensional psychological scaling.
We can describe our considered unidimensional unfolding problem in the
following formalistic way:

Consider the situation where a set of n subjects Oy,...,0, is given. Each
of these subjects ranks the remaining & — 1 subjects in decreasing order of
preference. Each subject produces a rank order =; = (7;(1), ..., mi(n)), where
7i(7) is the rank of subject j in the judgement of subject i. Without loss of
generality we assume m;(7) = 1.

In the area of the unfolding model we usually work with I-scales (individual
scales). The I-scale I; of O; is an individual preference ordering of the n
objects with respect to itself. O; is at the top of the I-scale I;. The following
formalistic relation combines these both approaches: If 7;(5) = [ the object
O; has the I-th position on the I-scale I;.

The aim of unidimensional unfolding is to construct an unidimensional, met-
ric scale (J-scale, Joint-scale) where the rank order of the absolute distances
of one object to every other corresponds to I; (i=1,..,n). We want to demon-
strate the unidimensional unfolding problem by an example (cf. Coombs
(1964, p.454-456)):

Example 1:

457 college students of n=6 distinct religions were asked to make out an
I-scale of the five other religions with respect to their own one. The mean
I-scale of all members of each group yields the I-scale of a religion. These six
I-scales are given below.



Table 1: Data of Coombs (1964)

Religion Number | Symbol [-Scale

Catholic 120 A ABCDEF
Episcopalian 38 B BACDEF
Lutheran 57 C CDEBFA
Preshyterian 100 D DEFCBA
Methodist 116 E EDFCBA
Baptist 26 F FEDCBA

An example of a J-scale is given below. For all six religions the unfolding
problem is solved in one dimension. The numerical representation of this
J-scale is not unique, but the order of the ohjects on this metric scale is
it. This J-scale yields e.g. for Lutheran (C) the following rank order which
conforms with Ic: CDEBF A .

Fig.1: (A) J-Scale to the Data of Tab.1

A B C D E F
0.0 23 9.1 136 147 17.0
ID—C| =453
|E-C|=56
|B-C|=638
IF-C|=19
|A—C|=9.1

Coombs (1964) has interpreted this J-scale as a degree of prescribed rituals.
Elementary restrictions are given by the unidimensional unfolding problem:

o All I-scales have to end up with one of two objects.

e The I-scale of one of these two endobjects has to be exact reverse of
that for the other object.



Each I-scale has only an ordinal structure. In our further analysis we do
not assume that the I-scales are derived from an underlying quantitative
scale. Nevertheless we want to regard a distance in an usual conception
[d(O;,O.’)=0, d(O,’,Oj)=d(0j,0,') and d(0;,0; £ d(0;,0x) + d(Ok,Oj)]. In
the example above the distance between A and B (d(A,B)) on the A-I-scale
is not greater than the distance between A and C (d(A,C)). We use the
qualitative nature of the I-scales to construct a qualitative J-scale, i.e. an
order of the given subjects from the left to the right, or vice versa.

Then we can derive from this qualitative J-scale a quantitative one using

o the triangular analysis which yields a (partial) order of all pairwise
distances and

o the Goode-Phillips- or the Chernikowa-algorithm to construct the de-
sired metric scale. By means of one of these algorithms we solve a
system of homogeneous linear inequalities which represent the (par-
tial) order above.

For more details see e.g. Coombs (1964), Phillips (1971), Lehner & Noma
(1980) or Hartung & Elpelt (1984). A discussion about the uniqueness of the
metric representation can be found in these papers, too.

In this paper we consider the problem to find a qualitative J-scale which
represents our given I-scales. Therefore we

e introduce a statistical model for this unfolding problem,
e propose an algorithm to find the 'best’ qualitative J-scale,

e introduce three new coefficients which measure the deviation of the
data from the well-defined unidimensional model structure,

give the exact distribution of these coefficients for small n (up to 9) as
well as some asymptotical results (n — o0).



2 A Statistical Error Model and Two Error
Definitions

We understand the unfolding model as a deterministic one and so we do not
assume that the I-scales are derived from an underlying quantitative scale.
Therefore it is necessary to build an appropriate formalistic model. We can
adapt many suggestions from the theory of the Linear Model but we have to
modify these suggestions with regard to our special problem.

In the following discussion we assume that n I-scales are given. These n
I-scales yield a datamatrix I. Starting from the datamatrix I we want to
construct a J-scale. The use of the triangular analysis together with one
of the algorithms (Goode-Phillips or Chernikowa) mentioned above is only
possible if the given data are errorless. Therefore it is necessary to define (at
least) two kinds of errors which may occur.

Def.1:

An I-scale I; of O; is incompatible with the (unknown) J-scale iff it is not
compatible in the sense of the following definition. An I-scale I; of O; is
compatible with the (unknown) J-scale iff the order of the objects on the
J-scale between O; and each of the endobjects is identical with the order of
these objects on I;. (see example 2).

Def.2:
An intransitive triple is given iff from (at least) three I-scales of the objects
A, B and C the following inequality can be derived:

d(A,B) < d(B,C) < d(A.C) < d(A, B)

(see example 3).
These two kinds of errors are illustrated in the following examples.

Example 2:
Given the following four I-scales:

QW
QLU W
WWwQQ
R N



It is obvious that the unknown J-scale is ABCD or DCBA because the A-
[-scale is the reverse one of the D-I-scale and the two other I-scales end up
- with the object A. But /g is not compatible with these J-scales because on
Ig D is followed by C.

Example 3:
An intransitive tripel is given by

A B C D
B C D A
¢ B A D
D ¢ B A

By means of symmetry the follwing inequalities can be derived from these
I-scales:

I4:d(A,B) <
Ic: d(A,C) < d(C,D)
Ip:d(C,D) < d(B,D)

but
Ig : d(B,D) < d(A, B).

All I-scales from example 3 are compatible to ABCD and the datamatrix
from example 2 contains no intransitive tripel. It is necessary to have only
compatible I-scales to get an unidimensional J-scale. In the case of at least
one incompatible I-scale one has to extent the unidimensional J-scale to a
multidimensional one. Further it is important to have no intransitive triple
- to get a quantitative unidimensional J-scale. The sole existence of an intran-
sitive triple (where all I-scales compatible) does not prevent the existence of
a qualitative unidimensional J-scale. So we can derive Lemma 1 from Def.1
and 2 (without proof).

Lemma 1:

a. Vi=1,...,n: { (compatible I-scales) = (’::;)
b. 3 altogether 2! compatible I-scales.

c. 3 altogether % possible J-scales for n objects.

To solve the unidimensional unfolding problem by means of triangular analy-
sis together with the Goode-Phillips- or Chernikowa-algorithm it is necessary
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that no intransitive triple and no incompatible I-scale exist, but we want to
scale (slighty) non-errorless data, too. Therefore we allow that some subjects
make a small mistake at the construction of their I-scales. If the ’sum of such
mistakes’ for the whole set of subjects is not too big we suppose that the true
J-scale is more likely an unidimensional than a multidimensional one. Now
our problem is

e to find the 'hest’ J-scale and

¢ to determine whether the deviations from an unidimensional scale are
too great.

Without loss of generality we can describe the objects on the J-scale by the
order 1,...,N. So we propose the following statistical error model.

Statistical error model:’

with

I; the true I-scale (derived from the true. but unknown J-scale),
I; the observed I-scale,

T permgtation which transmits f; into [;,
P(li=L)=(n-1)""

This model is very similar to the model by van Blokland-Vogelesand (1985)
but she has studied the case where the set of subjects and the set of objects
are non-identical. Therefore she has no pioblem with a depende ace-structure
between the different I-scales. We consider this dependence-structure later
in detail.

The best (qualitative) J-scale is defined as that J-scale for which the observed

I-scales I; have minimal distance to the true I-scales I;(i = 1, ..., n). For each

J-scale and for each subject O; we have a set v; = {vi1,...,0i4,}, i = (’;‘:11),

of compatible I-scales and we choose that v;; which solves
d(I;,v,‘,k) = mkin .

d should be an appropriate distance measure on these I-scales or on the per-
mutations of the numbers 1, ..., n, respectively. There exist several proposals
to measure these distances. We consider the following three:
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o Kendall’s r,
e Spearman’s p,

e Spearman’s footrule f.

It is possible to use or to consider also other distance measures like the Ham-
ming, Ulam or Cayley distance. A brief survey about these distance measures
and their properties can be found in Chritchlow (1985) or Diaconis(1988). If
we understand an I-scale as a special presentation of a permutation of the
numbers 1,...,n it is much easier to analyze our minimizing problem using
the permutation notation mentioned in the introduction. If we consider two
I-scales and denote them by = and o we can write the three different distance
measures as

T = #{sign{r(r)— 7(s)} # sign{a(r) —o(s)}} (r,s=1,...,n)

= minimal numbers of transpositions to transform = into o ,
n

p o= Y (x(r)—a(r)?,

r=1

fo= Y lx(r)—o(r)]
r=1

These measures are not normalized. Usually they are used in their normalized
versions which we will denote by 7, 5 and f. The normalization of  is done

using the transformation
27

()

because 0 is the minimal value of 7 and (?} is the maximal value and so 7
2

F=1-

lies in the interval [-1,1]. For j and f we use analoguous transformations
regarding that p has a range from 0 to ’—‘3—3"-71 and f a range from 0 to -"23 for

2_
even n and to 2 L for odd n.

Lemma 2:
The distances measures 7, f and p’ := ,/p are right-invariant metrics, i.e.
they fulfill: :

dir,0) > d(x,x)=0,

-1



d(o,7),
dir,o) < d(r,k)+d(x,0),

dirok.cok).

.

—

A
Q
Il

=

A

2
I

3 The ’best’ J-Scale

To find the 'best’ (qualitative) J-scale we have to solve the following steps:

¢ to find the I-scales which are compatible (to the J-scale) and which have
minimal distances in the sum to the observed I-scales forall: = 1,..,n

o to ensure that the datamatrix [ contains no intransitive triple.

For the first step we have to solve the minimizing problem for each i men-
tioned above
d(I;,vip) = m}jn ,

where v; = {viy,...,vig }, i = ( ), is the set of compatible I-scales. Then
we have to calculate a coefficient

n

Rdn = Zd(],',v;'k) .
i=1
The 'best’ (qualitative) J-scale is that J-scale where k4, is minimal. At last
we have to proof that the datamatrix I contains no intransitive triple. If (at
least) one intransitive triple exists exchange one of the involved I-scales with
the second best compatible one and repeat the second step and calculate 4,
once more.

The selection of a compatible I-scale in the first step is not always unique.
In these cases it is necessary to pursue all solutions using these different
compatible I-scales. Also it is possible to exchange the two steps but some
empirical studies have shown that it is better to execute the first step before
the second one. If an I-scalc is compatible it rarely belongs to an intransitive
triple. We illustrate this comment by an example. :

Example 4: :
Given the following observed I-scale /g and the correspondmg J-scale (de—
termined by the remaining three I-scales):

8
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J-Scale A B C D
I-Scale B D A C

In the case of d = r the best compatible I-scales Ig — each of them with
two transpositions —are BACDand BC D A.

Frequency Distributions

We have introduced the statistical model to measure and to judge the de-
viation from an unidimensional scale. To rate the size of this deviation we
need the exact distribution of x4,. Therefore we have to calculate the exact
frequency distribution of

(L) = min{r(L,viq)e - m(lioves,)}
pni(li) min{p(l;,vi1). -, p(li,vry,)}
fn.i(li) = min{f(’i-"i.l)-'"ﬂf(]iv'vr.l.)}

which is the frequency distribution corresponding to our minimizing problem.
Analogously we can define Jn_,-(l',-), which is the normalized version of dy :(I;)
where d is 7,p or f. Here the minimum function converts to a maximum
function:

czn,,-(I;) = ma:t{J(I,-,v,-,l),---,ci(],-,v,.;,)}.

Obviously exists for O; and O, only one compatible I-scale. Here is the
frequency distribution identical to the usual frequency distribution of 7, p or
f. For more details see Kendall (1970). We have calculated these frequency
distributions for all considered coefficients in the range of n = 3,...,9 and

r=1,..., ["2-—'1'—1] Because of symmetry the distributions of dn'[m;_;]_,_l, oo ydnn

can be ignored. In Fig.2-5 graphs of the frequency distributions of d,; for
distinct combinations of n and 7 are shown. We use the symbols ¢, r and f
to mark the points of the different line graphs. Detailed tables for 7,; can
be found in Ostermann(1987,1988).



Fig.3: Frequency Distributions of 753, ps.3 and fs,g

10

4
3
‘2
A
|
.0 L 1 ! i | |
-1.60 -.60 -0 .20 .60 1,60
Fig.2: Frequency Distributions of #5,4.p-  and fsa
0.50
0.40
0.30 i
0.2
0.10
0.0 | ! L ! | |
1.4 -0.60 4.4 8.0 0.6 1.68



=

B.15 [
.10
0.9
0.60 i
-1.09 0,58 B.60 o

Fig.4: Frequency Distributions of 744. g, and f,

0.30

0.20

8.8

anw — b bad

| ]
-1.80 -0.60 48 a0 0.6

Fig.5: Frequency Distributions of 795, 9.5 and f'g.,-',
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Comment
The following remarks to the figures above scem necessary:

We use the graphs of d instead of d because all graphs then lic in the
interval [—1,1].

All graphs are a little bit biased hecause we have not rescaled using
an appropriate scale parameter. For the determination of such scale
parameters see Kendall (1970) or Diaconis (1988).

The graphs of ¥ tend more to a normal curve than the graphs of 5, but
both are symmetric.

The graphs of f are non-symmetric and at -1 they do not tend to
zero. The coeflicient f has no well-defined properties. These defects
are already described in Deuchler (191 1).

We get the impression that for fixed i > 2 and increasing n the graphs
equal more and more the graph of / = 1. We have seen this phenomenon
when preparing more of such graphs on our computer screen. In the
discussion about asymptotical results we consolidate this impression.

In a second step we now have to calculate the frequency distribution of

Kin = Y_d([ivik) .
=1

Let H(kq.,) denote the absolute frequency distribution of K4,,. K4.x(j) means
_that x4, has the value j. d,; is defined analogously. It holds:

H(kan(j)) = Y [T H(dnilii))
=1

with .
=i Ji =0, maz(dn;) .
1=1
Obviously
minkg, =0 and max kg, = Z max(dy ;)
i=1



"y

is satisfied. In the tables 2-4 selected quantils for different n in the case of
our three considered distance measures are shown. We restrict these tables
to the 5%, 1% and 0.1% quantils.

Table 2: Selected Quantils of &, ,

n a=005 a=00l «=0.001

3 0 0 0
4 1 0 0
3 3 | 3
6 15 12 9
T 30 25 21
S 32 16 40
9 82 [B) 67

Table 3: Selected Quantils of «,,

n a=005 a=0.01 «=0.001

3 0 0 0
4 .2 0 0
53 12 8 4
6 46 30 20
7 92 T4 56
8 * x *
9 % * *

13



Table 4: Selected Quantils of &y,

n a=005 a=00l a=0.001
4
3 0 0 0
4 2 0 0
5 S 6 2
6 22 18 14
T 42 38 32
8 70 6 56
9 * = *
4 Examples

By means of the algorithm mentioned above is it always possible to solve
the unidimensional unfolding problem. But does it makes sense for all data
situations ? We want to discuss this question by a first example.

Example
Given four objects and their I-scales which yield the datamatrix I:
A B C D
B D A C
¢ A D B
D C B A

Applying our algorithm in the case of d = 7 we get the results of Tab.5.

V-]

&
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Tab.5: Number of used transpositions of A, B, C and D
for all possible J-scales

J-scale | Ty 4 TyB Tac TuD | Kra

ABCD
ABDC
ACBD
ACDB
ADBC
ADCB
BACD
BADC
BCAD
BDAC
CABD
CBAD

OOV r— O WINWrMFE~O
0O O W H NN O — = Ot
N — O O = O W o It
WYV -0 — O~ Q00

We need at least three transpositions to get a datamatrix where all I-scales
are compatible to one J-scale and where we have no intransitive tripel. How
good does our new datamatrix represent our empirical matrix I ? If we com-
pare our result .4 = 3 to the corresponding value of tahle 2 we see that
kr4 = 3 is greater than the 5%-quantil which is 1. In the case of 4 objects
using 7 as distance measure it is only acceptable to use unidimensional un-

folding if we need one transposition at most. For the data of this example a
" multidimensional approach is more appropriate.

As a second example for demonstrating our new algorithm we use the data
of Coombs (1964, p.456-462).

15



Example
Given the following six I-scales which vield the datamatrix /o:

MmO QW
DO =TD
ISR EL RO RO Rw)
SRS NG Rwih Moy
[So RN B B
= OQOmaQw

This matrix o violates the two elementar restrictions:
e Ir does not end up with C or E.

e The I-scale Ig is not the reverse one of I¢.

Using our new algorithm we get the results of the tables 6a and 6b for the
potential J-scales CAFBDE and CAFDBE. respectively.

Tab.6a: Results for the data of Coombs
J-scale: CAFDBE

Observed Selected, Value of
I-scale compatible 7g; pei fe.
I-scale
ACDBFE ACFDBE 2 S 4
BDEAFC BDEFAC 1 2 2
CAFDBE CAFDBE 0 0 0
DBFEAC DBFEAC 0 0 0
EBDFAC EBDFAC 1 2 2
FDACBE 4 14 6
FDCEBA { FDBEAC 1 14 6
FDBACE 4 16 3

16
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Tab.6b: Results for the data of Coombs

J-scale: CAFBDE
Observed Selected, Value of
I-scale compatible 7s; pe; fo.
[-scale

ACDBFE ACFBDE 3 8 4
BDEAFC BDEFAC 1 2 2
CAFDBE CAFBDE I 2 2
DBFEAC DBFEAC 0 0 0
EBDFAC EDBFAC 0 0 0
FDCEBA FBDACE 5 20 S

The selection of a compatible I-scale I'r at the J-scale CAFDBE is not unique.
Therefore we have to pursue three solutions. The values of xy¢ are K, =
8,k,6 = 26 or 28 and ks6 = 14 or 16 in the case of the J-scale CAFDBE.
In the case of CAFBDE they are £, = 10,1, = 32 and ks = 16. So we
decide for CAFDBE independent of our distance measure. The values of k46
correspond to a quantil lower than 0.01.

Using the triangular analysis and the Goode-Phillips-algorithm we get the fol-
lowing three unidimensional solutions (Fig.6) which correspond to our three
different compatible I-scales Ir. We have to compare these three differ-
ent unidimensional solutions to a twodimensional solution of Coombs (1964,
p.462) in Fig.7. If we project the twodimensional solution onto its C E-line
we get a unidimensional one which is very similar to our three unidimen-
sional ones. So it makes no difference which representation we use — an
one- or a two-dimensional representation of the given dataset. We prefer the
one-dimensional representation which has a simplier interpretation.

17



Fig.6: Three Unidimensional Solutions
Solution with Ir = FDACBE

‘d

C A F D B E )

0.0 4.76 47.62 69.05 80.95 100.0 ;
Solution with Ir = FDBEAC )

C A F D B E

0.0 20.75 62.26 77.35  84.90 100.0
Solution with /r = FDBACE

C A F D B E

0.0 11.86 35.38 57.61 . 72.86 100.0

Fig.7: Twodimensional Solution of Coombs
(Copy of Coombs (1964))

On
Oto
O]w]
O
Ot

o0

(2N



5 Asymptotical Results

In Tab.7 we have listed the first central moments of the frequency distribu-
tions of d,,; (in dependence of n). which can be found in Diaconis (1988).

Tab.7: The First Two Central Moments

d| E(dsy) Var(d,,) = c*dy,)

(2) n(n=1)(2n+3)
T T2 72

n3=n nzgn-l!!n+l!2
p 3

36

A= (n41)(2n247)

3 45

For n — oo the result of the usual normalization

d — E(d)

o(d)

can be treated as an unit normal random variable. (Here a possible continuity
correction is not considered.) Now we can formulate the following theorem.

Theorem 1:
For fixed ¢ € {1,...,n} holds:

lim E(f.:)=0.

n—in fty
Proof:

d=7 Let 7 be fixed and v; = {vi,,..., vy} be the set of compatible I-scales.
Vk,l € {1,...,1;} holds

T(vik,vig) € O(n)

19



and so (using the attributes of right-invariant metrics)
E(r,,) 2 E(rg) 2 E(n,,) = E(O(n)) .
Therefore
0= E(fu,) € Elfi) < E(f,) + E(O(n)
because o?(1) € O(n3).

d=p Itiso?(p) € O(n®) and the maximal value of p between two compatibles
[-scales is an element of O(n?).

d=f Tt is o%(f) € O(n®) and the maximal value of f between two compati-
bles I-scales is an element of O(n).

Using the same arguments we formulate Theorem 2.

Theorem 2:
a)
nl-l-no]o Range(d,;) =2 for fixed i.
b)
nan;o F; , = ®(z) forfixedand
- ?_77(77—1) :
Ti = Tnit g Mm+5 )
Pri = bni-(n=1)F

L
n 2

- - p (B :
Jai = S (16(n+1)(‘2n2+7)

The normalization of d}, ; is derived from the results of Tab.7 . So we treat
the function d}, ; as an unit normal random variable.

Finally we transfer the results of the theorems 1 and 2 to the coefficient xq4,5,.

20



-

-t

Theorem 3:

Let

1 2K
Kgn = —|1-— ——24n ). scale factor,
Toon max(dn,1)

where the scale factor is the corresponding factor of theorem 2. Then it holds
a)
lim E(s;.)=0,

=0 n.t

lim Fi. = ®(x) .

n—x na

6 Conclusion

In this paper we have proposed a statistical error model including an al-
gorithm for solving the unidimensional unfolding problem for slighty non-
errorless data, too. By means of the exact distribution of a new coefficient
it is possible to check whether it makes sense to use this algorithm because
now the unidimensional unfolding problem can be solved for all data. These
check shall prevent misuse of our new algorithr..

Some asymptotical results are given. They support that our model is em-
bedded in a solid theory because the asymptotic distribution of our new
coefficient tends to a normal curve. In an example we have shown that now
it is possible to scale data in one dimension where Coombs (1964) had to
scale these data in two dimensions.
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