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Rationing in IPOs
Summary

We provide a model of bookbuilding in IPOs, in which the issuer can choose to ration
shares. We consider two allocation rules. Under share dispersion, before informed
investors submit their bids, they know that, in the aggregate, winning bidders will
receive only a fraction of their demand. We demonstrate that this mitigates the winner’s
curse, that is, the incentive of bidders to shade their bids. It leads to more aggressive
bidding, to the extent that rationing can be revenue-enhancing. In a parametric example,
we characterize bid and revenue functions, and the optimal degree of rationing. We
show that, when investors’ information is diffuse, maximal rationing is optimal.
Conversely, when their information is concentrated, the seller should not ration shares.
We determine the optimal degree of rationing in a class of credible mechanisms. Our
model reconciles the documented anomaly that higher bidders in IPOs do not
necessarily receive higher allocations.
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1 Introduction

Rationing in IPOs has been extensively documented.! Typically, at the offer price
there is excess demand, and shares are rationed to investors. All investors, both
informed and uninformed are rationed. Although explanations for the rationing of
uninformed investors have been offered,? empirically, we observe that informed in-
vestors are also rationed. This is particularly puzzling, since informed investors sub-
mit price-contingent bids. If an investor submits a bid above the offer price, why don’t
underwriters increase the offer price and completely fill the bids of high bidders?

Empirically, they do not: informed investors who submit high bids in IPOs often
do not receive the full quantity they bid for. For example, Cornelli and Goldreich
(2001a) describe the bookbuilding process and examine the bids and allocations of one
bookrunner in the UK. They find that informed bidders (who they describe as limit
bidders) receive allocations only between 48.2% and 54.2% of their bids. Further,
allocations that are received by limit bidders do not appear to depend on the level of
their bid (contingent on it being higher than the offer price).

Allocations in IPO’s have recently come to the forefront of policy debate.? Is
rationing direct evidence of mispricing? That is, could a seller simply choose a higher
offer price and increase revenue? If the interests of the investment bank and en-
trepreneur differ, how much is the entrepreneur hurt by the investment banker’s
ability to allocate shares? Further, when does the selective allocation of shares af-
fect seller revenue? Given the literature on optimal mechanism design in common
value environments, which allocation mechanisms do we plausibly expect to see and
of those, which are revenue maximal?

The rationing of informed investors is counterintuitive for two reasons. First,
it contradicts the optimal ITPO mechanism of Benveniste and Spindt (1989), who
postulate that, amongst informed bidders, those with higher signals receive their full
allocation before any shares are given to bidders with lower signals. Second, it seems
to contradict profit-maximization on the part of the seller. An IPO often proceeds

by a bookbuilding process, during which a demand curve is generated for the shares

1See, for example, Cornelli and Goldreich (2001a), and the survey paper by Ritter (1998).

20ne argument is that the investment bank needs to reward informed investors to convince them
to yield their information (see Benveniste and Spindt, 1989, for example).

3For example, see Ritter and Welch (2002) for a survey of the academic questions. The SEC
has also recently expressed in this issue (“Harvey Pitt wants people to look at ITPO pricing and
allocations,” Wall Street Journal, Aug 23, 2002).



to be sold.* Yet, faced with this demand curve, the seller frequently chooses a price
below the market-clearing price. Why not choose a higher price, reduce the degree of
rationing, and hence increase revenue?

In this paper, we construct a stylized version of the bookbuilding process for a
common value asset. We consider different allocation rules the seller may use, includ-
ing high bid priority, pro rata rationing, and aggregate rationing with discretionary
allocation. We find that, since the book is private information (known only to the un-
derwriter), pro rata rationing of regular investors (which includes market-clearing as a
special case) is the only credible way of allocating shares. Within this class of credible
mechanisms, it can be optimal to ration, rather than choose a market-clearing price.
Thus, oversubscription and rationing are not prima facie evidence that the issue price
was sub-optimal, and the issuer could have raised more revenue.

We quantify the effects of different allocation schemes in a parametric model. This
allows us to determine the benefits and costs of credibility in commitments made by
the seller in terms of their impact on issuer revenue. We find that high bid priority
(which requires greater commitment on the part of the seller) can yield higher revenue
than pro rata rationing (which is a credible mechanism). However, the magnitude of
the gain in revenue from using high bid priority is small. Further, rationing allows
for discretionary allocations among investors, which may have long-term benefits for
the seller. This suggests that the current debate over discretionary allocations is
misplaced to the extent that seller revenue is not hurt by such allocations.

Rationing shares at the offer price mitigates informed investors’ fear of the winner’s
curse, and may thus increases seller revenue. Our mechanism includes the standard
auction format as a special case. Indeed, our view corresponds to that expressed
by Benveniste and Busaba (1990) and Sherman (2001), that auctions are merely a
special case of book-building.

We show that a commitment to rationing can be revenue-maximizing (i.e., optimal
for the seller) even in a single issue, absent any long-term effects. That is, we provide
conditions under which the rules chosen by an investment banker do not hurt an
entrepreneur, even if their interests diverge. For a specific class of signals, we solve
numerically for the optimal degree of rationing. Thus, within our model, we are able
to characterize the observed dispersion of bids and offer prices, and relate these to

the allocations.

4A survey of international IPO practices is presented in Sherman (2001).



The effects of rationing on revenue are small; even when rationing is sub-optimal
(compared to market clearing), it does not lead to a great loss of revenue. Hence, our
paper does not offer an explanation for the large amounts of underpricing documented
on the first day of trading.® However, our model suggests that rationing is not the
cause of this underpricing: instead, other explanations must be sought.

Since rationing can increase the proceeds of the IPO, “money left on the table”
cannot be estimated by the difference between the offer price and the long-term value
of the asset. The offer price is determined by the bids submitted by investors. We
demonstrate that the observed demand curve depends on the mechanism offered by
the seller: if investors anticipate a different allocation mechanism (in particular, a
different degree of rationing), they will submit different bids. Thus, caution must be
exercised in performing thought experiments of this nature on the demand curve.

Finally, we add to the auction literature in two ways: first, we characterize equi-
libria under commitment to ex ante rationing. We demonstrate that, for a wide class
of allocation distributions, investors make the same bids that would be made given
pro rata rationing, with no discretionary allocation, at the offer price. Further, the
symmetric equilibrium for such allocations is the same as that in the multi-unit auc-
tion of Milgrom (1981). Second, we characterize the equilibrium in the third and high
price common value auction.

The intuition that drives our results is straightforward: changing the degree of
rationing potentially affects both elements of the winner’s curse, the expected con-
sumption value of the asset conditional on winning, and the price which the winner
expects to pay. If informed investors are not rationed, then they only get shares when
they are among the highest bidders. If they win the asset, their ex ante estimate of
the value of the asset is higher than that of any bidder who did not get the asset.
They take this fact into account when they bid; i.e., they reduce their bids to avoid

” By contrast, consider pro rata rationing. Under this scheme,

this “winner’s curse.
an investor can win the asset even when many other investors have higher signals.
This causes every bidder to bid higher than they would in the absence of rationing.
However, if a seller increases the degree of rationing, he selects a bidder with a lower
estimate of the value of the shares. The optimal degree of rationing is determined by
this tradeoff.

While we do not explicitly distinguish between issuers (i.e., firms going public)

SRitter (1998) surveys the underpricing literature across different countries.



and underwriters, it is reasonable to suppose that their interests may diverge.® In-
deed, NASD has recently suggested explicit prohibitions of the preferential allocation
of shares to investors, provided in consideration of future business. This practice,
(called spinning) suggests that investment bankers do provide preferential allocations
to some investors. While not all preferential allocations are necessarily bad, it is
important to recognize that such discretion cannot exist unless there is oversubscrip-
tion. However, we predict that the differences in revenues between oversubscription
and market clearing are small. Thus, even if rationing is sub-optimal, issuers are
not substantially damaged by these idiosyncratic allocations. This view is supported
empirically by Ljungqvist and Wilhelm (2002), who conclude that discretionary allo-
cation does not harm issuers.

In our model, a bookrunner has k units for sale and commits to allocate them
across t bidders at the (¢4 1)* highest bid. In particular, ¢ may be greater than k, in
which case the seller uses an allocation rule. For example, with pro rata rationing, all
winners may be allocated an amount % Under high bid priority, the highest k& bidders
are allocated the asset. Bidders in our model all receive signals about the value of the
asset from the same distribution. They then submit sealed bids for the asset. Thus,
we are considering informed bidders who submit limit bids (in particular, their bid
consists of a price they are willing to pay).

Our model is, of course, a highly stylized description of an IPO process. In the
U.S., an IPO is typically preceded by a “road show,” during which the underwriter
makes presentations to groups of buyers in various cities, and often meets with im-
portant buyers one-on-one (see, for example, Ritter, 1998). During this road show,
the lead investment banker also solicits information from the buyers on quantities
they are interested in buying, and the associated prices at which they are willing
to buy. In this book-building process, effectively “a demand curve is constructed”
(Ritter, 1998). In our model, we interpret the construction of this book or demand
curve as analogous to soliciting sealed bids from potential buyers. To the extent that
a buyer is unaware of the price and quantity pair submitted by another buyer, this
is equivalent to the simultaneous submission of sealed bids.

There are several features about the IPO process that we omit from our model.

6Biais, Boessarts and Rochet (2002) present a model in which institutional investors collude with
bankers against issuers. The recent $100 million settlement between Credit Suisse First Boston and
the SEC supports this view.



First, we fix the demand for each buyer to be a single unit.” Second, we consider a
simultaneous game, in which bidders bid only once. With IPOs, the bookbuilding
process is usually followed by the seller announcing a price at which shares will be
sold. Bidders are then allowed to re-submit quantities they wish to buy at this price.
In other words, they are given a chance to revise their bids, which we do not allow in
our model.?

A seminal theoretical piece on rationing, the winner’s curse, and IPO underpricing
is Rock (1985). Though our model contains both rationing and a winner’s curse, it
is starkly different. In Rock’s model, rationing is ex post (that is, occurs at the
allocation stage in some states of the world), and is therefore an embodiment of the
winner’s curse. There are two states of the world, and rationing is evidenced only
in the good state. In the bad state, there is no rationing: informed bidders reduce
their demand, and uninformed bidders obtain the shares they requested. Hence, in
this state, they are subject to the winner’s curse.

In our model, all bidders are informed and the rationing is ex ante (that is, the
seller chooses a rationing mechanism before any bids are submitted), and thus mit-
igates the winner’s curse. Importantly, the seller commits to an equal degree of
rationing in all states of the world. Ex post rationing hurts Rock’s seller (it leads to
lower revenue); ex ante rationing benefits the seller in our model. Thus, in Rock’s
model ex post rationing is the embodiment of the winner’s curse and generates un-
derpricing while in our model, ex ante rationing mitigates the winner’s curse.

The distinction between ex post and ex ante rationing also distinguishes our work
from Benveniste and Spindt (1989). Biais and Faugeron-Crouzet (2000) demonstrate
that, given a proper choice of parameters, the French mise en vente mechanism repli-
cates the optimal Benveniste-Spindt one. In the Benveniste-Spindt framework, the
underwriter presells some of the issue to informed regular investors. As an incentive
to reveal information, investors with good information are provided the quantity de-
manded by them, and are not rationed. We note that, in our model, we consider
only informed bidders, and hence (unlike Benveniste and Spindt), we provide no pre-
dictions on the relative allocations between informed and uninformed bidders. As

in Rock (1985), uninformed investors are rationed when a large number of informed

"In multi-unit settings, Back and Zender (1993), building on work by Wilson (1979), show that
the uniform price auction has self-enforcing collusive equilibria, leading to lower revenue than dis-
criminatory auctions.

8See footnote 13, however.



investors have good signals. In contrast, in our model, the degree of rationing is
committed to in advance of any bids being received. Hence, this degree of rationing
is constant across states of the world.

While both Benveniste and Spindt (1989) and the model in this paper consider
financial assets to be common value objects, a critical difference is that our investors
receive correlated signals. In Benveniste and Spindt, investors have independent
signals. As we show in this paper, these two different sets of assumptions have very
different implications for seller’s revenue.

Much previous work on IPOs, empirical and theoretical, has focused on the un-
derpricing phenomenon. Short-term underpricing has been extensively documented
across various countries (Ritter, 1998, surveys these studies). We note in passing that
in recent work, Brav and Gompers (1998) argue that long-run underperformance is
“not an TPO effect. Similar size and book-to-market firms which have not issued
equity perform as IPOs.”

However, the presence of underpricing is not surprising; indeed, it should be ex-
pected. Given a liquid secondary market, it is reasonable to consider shares in an
[PO as common value assets. In most common value environments, the price a seller
receives is lower than the full information value of the object, or every seller makes
a loss.? Buyers know that, if they are awarded the good, their information is more
optimistic than that of other investors. Thus, everyone bids less aggressively to avoid
being subject to the “winner’s curse.” This makes underpricing endemic in common
value markets.!? If rationing mitigates the winner’s curse, then it can increase seller
revenue, or, equivalently, decrease the degree of underpricing.

Some previous work in this area (including Krigman, Shaw, and Womack, 1999,
and Loughran and Ritter, 1999) considers the first-day price gain in the secondary
market to be money left on the table. Loughran and Ritter (1999) provide an ex-
planation for this based on prospect theory, relying on the issuer having asymmetric

utility over gains and losses, and a large increase in the reference level of wealth fol-

9Pesendorfer and Swinkels (1997) and Kremer (2000a), document conditions under which the
price converges to the true value of the asset. Briefly, these conditions include both the number of
bidders and the number of shares going to infinity.

10MceAfee, Macmillan and Reny (1989) show that it is possible for sellers to extract full surplus
(eliminate underpricing) if bidders’ signals are correlated. However, their stylized mechanism re-
quires that buyers agree ex ante to buy the asset at a price designated by the seller, even if on
hearing the price, they might not want to trade. This mechanism therefore, bears little resemblance
to real-world institutions.



lowing an IPO. Our model, on the other hand, suggests that it may be misleading to
measure money left on the table by the first-day price gain in the secondary market.
Changing the IPO mechanism will lead agents to revise their bids, and may lead to
lower revenue than currently obtained. In other words, it is misleading to simply look
at the eventual demand curve, and claim that there is money left on the table: the
demand curve itself is constructed from investors playing best responses to a mecha-
nism in place, and changes in that mechanism will inevitably lead to changes in the
demand curve.

Our model draws upon previous work in auction theory, notably Milgrom (1981)
and Pesendorfer and Swinkels (1997). Milgrom considers an auction for a common-
value object, where the seller has ¢ units for sale and each buyer demands one unit.
The ¢ highest bidders are each given one unit, at the (¢4 1) highest bid. Pesendorfer
and Swinkels (1997) show that the ¢-unit auction has a unique symmetric equilibrium
(albeit under conditions that are stronger than those in our paper) and examine
properties of the convergence of the price to the true value of the object. We show
that the equilibria in this model are identical to those in our rationing mechanism.

To the extent that bidders bid one price in our model, the framework is different
from Wilson (1979). In the latter, bidders submit demand functions. We assume
constant marginal valuation for each fractional amount of one unit, or flat demand
curves. Hence, our bidders submit a single price, which may be interpreted as the
amount they are willing to pay for the entire quantity of the good that is for sale.!!

In a model with three agents, independent signals, and almost common values,
Bulow and Klemperer (2001) demonstrate conditions under which rationing is the
optimal mechanism for the seller. The precise condition they identify is that the haz-
ard rate of signals must be decreasing. Under this condition, the optimal mechanism
involves the seller posting a price, at which all three buyers are willing to buy the
good. While this condition is violated in our example with a uniform distribution in
Section 4, Bulow and Klemperer offer an intuition for our results in terms of a game
they introduce called the “Maximum Game.” We comment on this in greater detail
in Section 4.

The rest of this paper is organized as follows. Section 2 outlines our general

1 Other papers that build on Wilson, (1979) and consider models in which bidders submit demand
(or supply) functions include Klemperer and Meyer (1989), Kyle (1989), Back and Zender (1993),
and Kremer (2000b).



model. Section 3 examines some properties of bid and revenue functions in the gen-
eral case. Section 4 discusses a special case of the signal distribution that proves
more tractable and allows for explicit revenue comparisons, and is followed by some

concluding remarks, in Section 5. All proofs are relegated to the Appendix.

2 Model

We model the bidding behavior of informed investors in an IPO. The seller wishes
to sell k£ shares to n > k investors, each of whom demands one share. Follow-
ing Benveniste and Busaba (1996) and Sherman (2001), we model the bookbuilding
mechanism as a generalization of a multi-unit common value auction. In practice,
of course there are many distinctive features of bookbuilding, including information
sharing and gathering.!? However, once bids have been entered in the book, they are
essentially firm.'> We thus view them as sealed bids.

In the bookbuilding mechanism, the seller announces a rationing rule, which has
two components. First, the seller chooses a t, where k£ <t < n. He promises that the
IPO offer price will be equal to the (¢+1) highest bid. If ¢ > k, he further announces
an allocation rule, to divide the shares across the ¢ highest bidders. An investor then
receives a private signal about the value of the asset, and submits a bid for one share.
Finally, based on the book which only he observes, the seller announces an offer price
and the k shares are allocated to investors. Investors’ bids (i.e., the details of the
book) are confidential throughout, and are not released even after the IPO.

Thus, the output of the bookbuilding mechanism is an offer price and a set of
allocations to investors. When ¢ = k, each of the highest k£ bidders is allocated one
share. This effectively represents market-clearing. That is, there is no rationing,
and the allocation received by the winning bidders is 100% of what they requested.
In contrast, for ¢ > k, there is rationing. Each of the ¢ bidders have indicated a
willingness to buy the item at strictly greater than the offer price. Hence, in the
aggregate, potential winners must be rationed, to a degree 1 — %

We distinguish between two allocation rules conditional on an offer price. The

128patt and Srivastava (1991) discuss some of these features, including the communication between
the underwriter and the investors.

13For example, Welch (1999) mentions that “In reality, an institutional investor who backs out
after such informal requests (especially if it is close to the effective date) may not receive shares in
future offerings; consequently, such indications of interest are practically firm.”



first is to allocate one share to each of the k highest bidders, and the second allows

the remaining (¢— k) bidders who also bid above the offer price to receive some shares.

Definition 1 Consider some integer t > k. In a (k,t)-bookbuilding mechanism, the
offer price is set to the (¢ + 1) highest bid. Each bidder who receives a positive
allocation pays this price. Further,

(i) under high bid priority, each of the highest k bidders receives one share, and the
remaining (£ — k) bidders with bids greater than or equal to the offer price receive no
allocation.

(ii) under share dispersion, the k shares are allocated amongst the ¢ highest bidders.
No bidder receives more than her demand (i.e., one share), and, conditional on being
amongst the ¢ highest bidders, the allocation received by an agent is independent of
her bid.

Many allocation rules are consistent with share dispersion, including:

(i) pro rata rationing: each investor in the set of potential winners receives % shares,
(ii) random allocation: the seller randomly chooses k of the t potential winners;
each of these k bidders receives their full demand (one share), and the others receive
nothing.

(iii) discretionary allocation: the seller wishes to reward a set of long-term customers,
investor 1 through i. These customers (preferred investors) receive their full quota
(i.e., one share) if they are in the set of potential winners, and nothing otherwise.
Other winners (regular investors) have their allocations reduced accordingly, either
in pro rata or random fashion.

We show in Section 4, in a parametric model, that high bid priority may yield
higher revenue for the seller than share dispersion. However, as shown below in
Proposition 1, it requires greater commitment on the part of the seller than pro rata
rationing, and is thus less credible. There is then potentially a trade-off between the
two schemes.

The shares have a common value to all investors, V', which is drawn from a uniform
distribution on [ve, vp]. V represents the long-term value of the asset.'* We emphasize
that we do not expect V' to be represented by the price at the end of the first day (or

the first week) of trading in the secondary market.

M Notationally, we use upper case letters denote random variables, and lower case ones to denote
particular realizations of random variables. Thus, v denotes a realization of random variable V.



Investors have private information about the long-term value of the asset. The
information of investor ¢ is represented by a signal, S;. The signals of different in-
vestors are conditionally independent (given V'), but all depend on V' in the following
manner. Each §;, for + = 1,...,n, is independently drawn from the same atomless
distribution G(- | V' = v), with support [v —e¢, v +¢€] for some € > 0. Here, € represents
dispersion of opinion about the value of the asset. We assume that v, — vy > 2¢, so
that informed investors’ beliefs are more precise than the prior over V.

Hence, given V', the height of the conditional signal distribution at any signal, s,
depends only on the position of the signal, relative to the lowest possible value (v —e¢).
Therefore, a higher value of v leads to a shift in the support of the signal distribution,
but the distribution has the same shape, given the support.

Formally,

Assumption 1 (i) G(s | v) is an atomless distribution with support [v — €,v + €],

with density g(s | v).

(ii) For any pairs (s,v) and (5,0), if s —v =35 — 0, then G(s | v) = G(5 | 0).

(1ii) (MLRP): 5((;':,)) > 5((:;“:{) foralls > ', v > v such that s,s' are both in the
|

support of G(- | v) and G(-

)
v') respectively.

Part (ii) of the assumption further implies that g(s | v) = ¢(5 | v) when s —v = §— 0.
Part (iii) is a variant of the Monotone Likelihood Ratio Property.'s

Note that, in our model, € is independent of V. Intuitively, this means that the
dispersion of investors’ opinions over value does not depend on whether V is high
or low. That is, € does not depend on the long-term per share price of the asset.
Empirically, € can be inferred from the range of analyst forecasts over the value of
the asset.!6

We consider one-shot equilibria of the bookbuilding game. In practice, the set
of bidders in an TPO varies from issue to issue. For example, in the 39 issues that
Cornelli and Goldreich (2001a) analyze, only 16.8% bid in at least 10 issues. There
are, therefore, several bidders who rarely participate in more than one deal. These

players will perforce bid as if in the one-shot game. Further, amongst the long-term

5In our model, MLRP cannot hold for all s,s’,v,v" because a particular s can lie outside the
support of G(- | v), and hence have a density of zero.

16 Analyst forecasts have been used to proxy for the dispersion of beliefs over asset values in
the accounting literature; see, for example, Ajinkya, Atiase, and Gift (1991), and the subsequent
literature.
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players, absent explicit collusion, there may not be a knowledge of which bidders
are participating in which transaction. Since long-term bidders also pick and choose
transactions, the usual punishments seen in repeated games are difficult to enforce.
Hence, we consider equilibria of the one-shot game amongst investors, and ignore
repeated game effects in bidding. Note, however, that the underwriter, being a long-

term player, may be interested in maintaining a reputation.

2.1 Detectable Deviations by the Seller

Benveniste and Spindt (1989) provide an optimal mechanism for IPOs when investors’
signals are independent. Since we have correlated signals, their mechanism does not
apply. The optimal mechanism with our signal structure is exhibited by McAfee,
MacMillan, and Reny (1989), who demonstrate that it is possible for the seller to
extract the full surplus from buyers.!” Their mechanism includes a strong individual
rationality constraint on the buyers. A seller must have the ability to potentially
inflict large punishments on the buyers if they reject the offer.

Such mechanisms are not observed in practice, partly because the seller’s ability
to penalize the buyers is limited. We therefore consider mechanisms in which no
buyer can be forced to accept the asset at a price higher than her bid. Further, we
assume the seller can commit to choosing a price that is equal to one of the received
bids (without necessarily committing to the (¢ + 1)* bid). Such a commitment, of
course, is required in any auction process, be it private or common values.'®

After the IPO, the seller announces the issue price and informs each investor of
her allocation. For each investor, the contents of the book remain unknown, as do
allocations awarded to other investors. Potentially, the seller could deviate from the
announced pricing rule, and choose a higher bid to be the price.

Some allocation rules allow the seller to credibly demonstrate that he has not

I"In particular, the seller asks a subset of buyers to reveal their signal, and then makes a take-
it-or-leave-it offer to some subset of the remaining buyers. In equilibrium, the second set of buyers
accepts this offer.

BFor example, consider a first-price private values auction. Suppose bidders bid as if the seller
had committed to selling at the first-price. A seller for whom this commitment was not binding
could invert the bidding function to determine the value of the object to the highest bidder, and
make a take-it-or-leave-it offer to the bidder at that value. Similarly, in the second-price auction,
a seller could make a take-it-or-leave-it offer at a price equal to the winner’s bid. Of course, such
ex post violations of an implicit commitment change the bid functions in equilibrium. Our point is
that every auction mechanism requires such commitment.
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cheated in this manner. Suppose the seller deviates from his announced scheme of
setting the offer price equal to the (¢t + 1)* bid. The only incentive compatible
deviation is to choose a higher bid as the offer price (since choosing a lower bid leads

19 We say a deviation of this nature is detectable if there is an

to lower revenues).
investor who can determine, from her allocation alone, that the issuer must have
deviated from the announced pricing scheme. In particular, since the book is private
throughout, deviations can only be detected by an investor based on her own bid and
allocation, and the announced offer price.

Let b(;y denote the i*" highest bid, with by 1) representing the (¢4 1)* highest bid.

Definition 2 Suppose the seller announces that he will price at b(1), but instead
offers the IPO at b, where t < t. The pricing deviation is detectable if, for some
investor ¢, the actual allocation is not feasible, given ¢, the announced IPO price, and

her own bid.

Of the allocation schemes discussed, pro rata rationing has the appealing property
that it represents a credible commitment on the part of the seller: deviations are
detectable. Conversely, under high bid priority, we show that the seller could choose
the (k +1)* highest bid to set the price, instead of the (¢ + 1) highest one, and not
be detected.

Proposition 1 Pricing deviations by the seller are:
(i) always detectable under pro rata rationing with no discretionary allocation, and
sometimes with discretionary allocation

(ii) are not detectable under high bid priority or random allocation.

Besides credibility, there are other advantages to pro rata rationing. Many ex-
changes have requirements on the distribution of shares across investors.?? Thus, one
of the goals of an IPO must be to generate a dispersed shareholder base. It has also

been suggested that share dispersion per se increases the value of a firm.?! In addi-

9Gince underwriters are typically paid a constant proportion of revenues from the transaction,
we assume here the seller’s goal is to maximize revenue.

20For example, the NYSE requires at least 500 holders of round lots, while the NASD requires
400.

21Booth and Chua (1996) consider a model in which dispersed ownership increases secondary
market liquidity and hence the value of the firm.
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tion, Brennan and Franks (1996) argue that rationing is used because current owners
want to reduce the block size of new shareholders.

Markets which exhibit pro rata rationing, include Singapore (Koh and Walter,
1989), Israel (Amihud, Hauser and Kirsh, 2002), and the UK (Levis, 1990). Ljungqvist
and Wilhelm (2002) describe the allocation methods used in the UK, Germany, France
and the US. In Germany, the June 7, 2000, guidelines promulgated by the Federal
Ministry of Finance tries to rule out “subjective” criteria for allocating shares to re-
tail investors. It recommends that issuers draw lots, allocate pro rata either within
certain order sizes or across the whole offer, or allocate according to time priority or
some other “objective” criteria. One of the mechanisms adopted in France, the offre
a prix ferme, has pro rata allocations at a fixed price. Further, the current legal trou-
bles of Salomon, Smith Barney over preferential allocation of shares in IPOs?? would
appear to enhance the appeal of pro rata rationing, with no discretionary allocation,
in the US.

2.2 Equilibrium in the Bookbuilding Mechanism

Next, we consider symmetric equilibria of the mechanism under the two classes of
allocation rules: high bid priority and share dispersion. As observed in Proposition 1,
the allocation rules under either high bid priority or share dispersion (except for pro
rata rationing) allow the seller to deviate and charge a higher price than announced,
without being detected by the investors. To evaluate the tradeoff between the revenue
raised by an allocation rule under ideal conditions and the credibility of the seller’s
commitment, we assume from now on that the seller can commit to charging a price
equal to the (¢ + 1)* highest bid.

In many cases, the equilibrium in the absence of such commitment is clear. Con-
sider high bid priority, for example. Once the bids have been received, in the absence
of commitment the seller should charge a price equal to the (k+1)" highest bid. Since
the investors anticipate this, they bid exactly as they would if t = k.22 In principle,
the ability to commit to the (¢ + 1)% highest bid should yield greater revenue to the
seller. However, as we show in a parametric model in Section 4, the gain in revenue

is small.

22Gee, for example, “Ex-Broker Says Salomon Gave IPOs to CEOs to Win Business,” Wall Street
Journal, July 18, 2002.
23The bidding function identified in Proposition 4 below therefore applies to this case, with t = k.
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Given an allocation rule, a bidder observes her own signal s, and chooses a bid.
We consider a symmetric Bayesian-Nash equilibrium, in which all bidders choose the
same bid function, and a bidder with signal s bids b(s). It is natural to consider
equilibria in which b(-) is strictly increasing in s; that is, bidders with higher signals
submit higher bids.

For high bid priority, in the general case, we demonstrate that the bid function
must satisfy a particular restriction. In Section 4, in a parametric model, we use this
restriction to derive the bid function.

Let Yj,, be a random variable representing the 5 highest order statistic of bidders’

signals, where n signals are drawn. Hence, Y;, > Y11, forally=1,...,n - 1.

Proposition 2 Suppose b(-) is a symmetric equilibrium of the (k,t)-bookbuilding
mechanism with high bid priority, and b(-) is strictly increasing in s. Then, for each

S,

Eb(Yin1) | Yena =5 = EV[S =Y =s] (1)

Condition (1) highlights the two elements of the winner’s curse. The right-hand-
side is the expected consumption value to the marginal bidder who wins and is exactly
tied with one other bidder. In that circumstance, the left-hand-side reflects how much
this bidder expects to pay for the asset.

Next, we turn to share dispersion. We show that the equilibrium bids (and, by
implication, seller revenue) do not depend on the particular allocation rule used,
provided it satisfies the property that the allocations are independent of the actual
bids of agents who bid more than the offer price. The intuition is that, conditional on
being amongst the ¢ highest bids, the allocation rule exposes each agent to a lottery.
If the agent does not have one of the t highest bids, she gets zero allocation, with
no access to the lottery. As long as the probability of receiving an allocation in the
lottery is independent of the bids of any agent in the set of potential winners, the

behavior of a risk-neutral agent will be unaffected.

Proposition 3 Consider any two allocation rules that satisfy share dispersion. These

rules result in the same set of equilibria.
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Proposition 3 implies that, under commitment, all allocation rules that satisfy
share dispersion are equivalent (in terms of bids and revenues) to the pro rata ra-
tioning rule with no discretionary allocation, though each of these implies a very
different set of final allocations. Thus, if a seller allocates shares in a way that ben-
efits clients with whom he has a long term relationship, this is not to the detriment
of the issuer. We note again, in this class of allocation rules, pro rata rationing of
regular investors is special, in that the seller’s commitment is credible.

Seller discretion over the eventual allocations is absent under high bid priority.
In particular, in the latter mechanism, the underwriter does not have any means of
differentially rewarding preferred investors. To the extent that rewarding preferred
investors contributes any benefits in the long-term, this would be another reason to
prefer share dispersion over high bid priority.2*

Now, suppose t = k. In this case, the allocations under high bid priority and share
dispersion are identical: each of the ¢ highest bidders gets her full demand (one unit).
The bookbuilding mechanism in this case is, therefore, equivalent to a common value
auction with ¢ units in which each bidder demands one unit, and winning bidders all
pay the (¢ + 1)** highest price. This auction was first analyzed by Milgrom (1981).
We refer to this as the t—unit auction.

We show that the set of equilibria when the seller has k shares for sale, and
rations across ¢t > k investors, is identical to the corresponding set when the seller
actually sells ¢ shares with no rationing. For a fixed ¢, in either of these mechanisms,
a winning bidder has the same information: she knows she has one of the ¢ highest
signals. Hence, her bids in the two mechanisms are the same.

The symmetric equilibrium of the ¢-unit common-value auction was characterized
by Milgrom (1981). Without loss of generality, consider the behavior of bidder 1. As
Milgrom (1981) shows, bidder 1, with signal s, bids as if her signal is equal to the
t'" highest (or pivotal) signal amongst the remaining (n — 1) bidders. This is the
price at which she is indifferent between winning and losing the asset. In a symmetric

equilibrium, all bidders choose this strategy.

Proposition 4 For a (k,t)-bookbuilding mechanism under share dispersion

(i) the set of equilibria is equivalent to the set of equilibria in the t—unit auction.

24Gee, for example, Sherman (2000) on benefits to the seller and Stoughton and Zechner (1998)
on benefits to the issuer.
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(i) there is a symmetric equilibrium in which a bidder with signal s chooses a bidding

function

b(s;t) = E[V|S=Yn1=s5]

3 Bids and Revenue Under Share Dispersion

Under share dispersion, we have a closed form expression for the bid function, as
given by part (ii) of Proposition 4. By contrast, under high bid priority, we have only
an implicit bid function in Proposition 2. In this section, we examine the equilibrium
bid function under share dispersion, and in particular demonstrate how it depends
on the level of rationing. We further determine the revenue earned by the seller. We

return to high bid priority in a parametric model, in Section 4.

3.1 Bids

Recall that, under share dispersion, a bidder bids the expected value of the asset,
conditional on her signal being equal to the pivotal signal, or the #** highest of the
remaining (n — 1) signals. In Proposition 5 below, we demonstrate that the bid
function can be represented as the signal plus an adjustment term. Significantly, the
adjustment term is constant over a range of signals, rendering the bid function linear
in this range. To demonstrate this, we first characterize the inference problem (over
V') of a bidder, given her own signal.

Let (v | s) be a bidder’s posterior distribution over V', given her own signal s.

Notice that the support of this posterior distribution depends on the signal.

Lemma 1 Given a signal s, the support of ju, the agent’s posterior belief over V', has
range

(i) s+€—v; < 2€if s € [vg— €07+ €)

(ii) 2€ if s € [vg + €, vy — €]

(1ii) vi, — s+ € < 2€ if s € (v, — €, v, + €.

Therefore, if signals are very low (i.e., within € of v,) or very high (i.e., within
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e of vy), the support of the posterior is truncated to a range less than 2e, because
agents know that the lowest and highest values of V' are v, and v, respectively. For all
other signals, the posterior has support 2e. We term such signals interior signals. An
important implication of this is that, when signals are in the interior, the distribution
of the posterior is the same relative to the support (in the same sense that G(s | v)
depends only on (s —v)).

We now proceed to show that the bid functions are linear in signal for interior
signals, regardless of the actual distribution G(s | v). In doing this, we use the fact
that the inference problem for interior signals is independent of the actual value of
the signal. Below, we define an inference problem over “pseudo-signals” that helps
determine the bid function for interior signals.

First, consider the usual inference problem faced by a bidder in this environment:
given her own signal s, and the rules of the mechanism, she wishes to determine the
expected value of V. Let v(s) = max(vy, s — €), and 0(s) = min(vp, s + €). Thus,
v(s) and 9(s) are the possible bounds of V', given a signal s. Since u(v | s) represents
the posterior distribution over V', given a signal s, the corresponding density is then

defined as du(v | s) = %
v(s)

Therefore, to infer the value of V', given her own signal, a bidder must determine
the relative probability that each possible v could have generated that signal. From
assumption 1, this probability depends only on s — v, and not on the individual values
of s or v. Thus, agents’ beliefs over v can be re-expressed as beliefs over (s — v). In
particular, what is important is the distance between s and the lowest possible signal
that can be drawn for a particular v; that is, v — €.

Hence, we define a pseudo-signal, x = s — (v —€) = s + € — v. Notice that x
has support [0, 2¢], and is increasing in s and decreasing in v. For a fixed value of
v, instead of thinking about a sample of signals being independently drawn from
[ — €, v+ €], we can equivalently interpret this as a sample of values of = drawn from
[0, 2¢].

Notice that, when v is fixed, z will have the same distribution as s. Let H(-) denote
the distribution of x, with A(-) the density. From assumption 1, the distributions of
the order statistics of the pseudo-signals will match those of the actual signals.

The standard inference problem for an investor in this mechanism is: given her
own signal, s, she does not know the true value v. This inference depends on her

beliefs over other agents’ signals. With our transformation, we can equivalently think
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of an agent observing her s, and not knowing her pseudo-signal x. In turn, her
inference of x will depend on her beliefs over other agents’ pseudo-signals.
Define

z(s) = s+e—1v(s)
z(s) = s+e—u(s).

Since o(s) > v(s), it follows that z(s) < Z(s). These represent the lowest (z(s)) and
highest (Z(s)) possible values of a pseudo-signal x, given a signal s (recall that v is
unknown to the investors).

Consider a particular pseudo-signal, X. Let x denote the realization of X, and
let Z;,,—1 denote the highest of the remaining (n — 1) pseudo-signals. Next, when
z(s) < Z(s), define

i) yH ()™= (1 = H{(y))™"h(y)*dy
SIS H ()2 (1 = h(y))=h(y)2dy

If z(s) = z(s), let § = z(s).

Conditional on winning in a (k,t)-bookbuilding mechanism, an agent does not
know her own x, but does know that it is equal to Z;,_1, that is, the ¢ highest of
the remaining (n— 1) pseudo-signals. She evaluates her expectation of z, conditioning

on this information. This expectation is denoted by §.2°

Proposition 5 Consider the (k,t)-bookbuilding mechanism with share dispersion.
For all s, b(s;t) = s +€—d(s,n,t,¢€).

The term 6(s, n,t, €) is readily interpreted as an adjustment for the winner’s curse.
That is, it compensates for a bidder having received a signal that is equal to the ¢
highest of the remaining signals. By definition, it depends on H(-) (and hence G(-))
for all signal values.

When signals are in the interior, the support of z is [0, 2¢], and is independent of
s. Thus, (+) is independent of s and this implies that, for signals in this range, the

bid function is linear, with a slope of 1.

Z5Recall that the density of the t** highest order statistic of a sample of n independent draws is
. n! - _
given by v(y) = Gt HW)" 11 = H(y))' "' h(y).
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Corollary 5.1 If s € vy + €, v, — €], then, under share dispersion, the bid function

is linear in s. In particular, b(s;t) = s + € — d(n,t,€).

In other words, regardless of the shape of G(-), the bid function over interior signals
is linear, and takes the form of the signal plus a constant (which may be positive or
negative). Further, a change in ¢ leads to a parallel shift of the bid function. Since
this holds regardless of the shape of G(- | v), this considerably simplifies the revenue
function when all signals lie in this range.

Note that the winner’s curse adjustment, §(-), may be greater or less than e. As
mentioned earlier, the signals vy — € and v, + € are fully revealing (in the former, the
true value must be v, with the latter, it must be vy). For all other signals, 6(-) is
greater than e for small values of ¢, and less than € for large values of £. Hence, when
t is low, bidders bid less than their signal, and, when ¢ is high, they bid more than
their signal.

For a fixed k, the bid function, b(s;#) is strictly increasing in ¢.26 Since ¢ is directly
related to the degree of rationing (which is 1 — %), the bid function therefore increases
with rationing. Intuitively, a higher value of ¢ implies that a bidder may win the
object even if he did not receive the highest signal. Thus, the “winner’s curse” is
mitigated: conditional on winning, a bidder in the (k,t)-bookbuilding mechanism
knows only that her signal was among the ¢ highest. Hence, the greater the degree of
rationing in the mechanism, the more aggressive each bidder is.

The implications of this are that there is a benefit to the seller from rationing:
bidders bid more aggressively. There is, of course, the obvious cost of choosing a
lower ranked bid to set the offer price. We show later that, under some conditions,

the seller can increase her revenue by rationing.

Proposition 6 In the (k,t)-bookbuilding mechanism with share dispersion, bid func-
tions are strictly increasing in the degree of rationing. That is, for all s € (vy—€, vy +
€), and allt =1,...,n —2, b(s;t 4+ 1) > b(s; t).

Therefore, even when the number of shares being sold is held fixed, the equilibrium
bids contained in the book will vary with the seller’s commitment to rationing. Thus,

inferences drawn from the book must condition on the degree of rationing.

26Except, of course, for the extreme signal values, vy — € and vy, + €. At these values, which occur
with zero probability, the true value of the asset is known with certainty.
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What can we infer from realized bids (i.e., the book)? We show that, for low
t, bidders shade their bids, in the sense of bidding less than the conditional value
of the asset, given their signal. However, for high ¢, they increment their bids, by
bidding more than this conditional asset value. This effect, therefore, must be taken
into account in inferring bidders’ beliefs on the conditional value of the asset from an

observed book.

Proposition 7 Consider the (k,t)-bookbuilding mechanism with share dispersion.
For all s € (vg—e, vy, +¢), there exists a t(s) such that, fort < t(s), b(s;t) < E(V | s),
and for t > t(s), b(s;t) > E(V | 5).

In Section 4, in a parametric model, we characterize the dispersion of bids sub-
mitted to the book and the dispersion of bids that receive positive allocations, and

tie these to the degree of rationing.

3.2 Revenue

We next examine the effect of rationing on revenue. As the degree of rationing
increases, the seller is awarding the good at the bid of a bidder with a lower signal.
Thus, the seller trades off the increase in the bid function against the fact that he is
awarding it to a lower order statistic.

To illustrate this, we first characterize the revenue of the seller. Let R(v;t) denote
the seller’s expected revenue in the (k,¢)-bookbuilding mechanism, conditional on
the event V' = v. In the (k,t)-bookbuilding mechanism, the seller earns the expected
(t + 1)™ highest bid, with n signal draws. That is, R(v;t) = E [0(Yi1; ) |V =v].

The seller in our model is uninformed, and earns an ex ante revenue of R(t) =
Jorr R(v; t)dv in the (k,t)-bookbuilding mechanism. The seller’s goal in our model is
to choose an optimal ¢; i.e., the ¢ that maximizes R(t). Market-clearing corresponds
to choosing t = 1, whereas higher values of ¢ imply rationing.

A necessary condition for seller revenue, I%(t), to increase in t (over any range of
t) is that R(v;t) be increasing in ¢ for some ¢ and some v. Hence, we focus initially
on R(v;t).

When signals are in the interior, the bid function is linear in s. When V €
[ve + 2€, v, — 2¢€], all signals will be interior. Hence, it follows immediately that the

revenue function is linear in v over this range.
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Proposition 8 Consider the (k,t)-bookbuilding mechanism with share dispersion.
Suppose v € [vy + 2¢, v, — 2¢|. Then, for allt=1,...,n—1,
R(v;t) = v+ E[Zi11,) — 0(n, t,€).

This form of the revenue function illustrates the tradeoff for the seller. For each
value of V' in the relevant range, increasing t leads to a lower winner’s curse, and
hence a lower last term in the expression for R(v;t). As mentioned before, this term
proxies for the extent of the winner’s curse. However, it also leads to a reduced order
statistic being used to set the price of the item, which is captured by the E(Z;;1,)
term.

The linear revenue function allows us to determine when rationing increases rev-
enue. Indeed, the seller compares the increase in revenue (in going from a (k,t)-
to a (k,t)-bookbuilding mechanism) obtained as a result of the increase in the bid
functions to the decrease in revenue as a result of choosing the (£ + 1)* bid to set
the price of the item, rather than the (¢ + 1) one. The left-hand side of equation 2

below is the increase in revenue and the right-hand side is the decrease.

Corollary 8.1 Suppose v € [vg + 2¢,v, — 2¢]. Then, for any t,t = 1,...,n — 1,
R(v;t) > R(v;t) if and only if

6(n,t,e) —d(n,t,€) > ElZi1,] — ElZi,) (2)

Hence, when V' € [vy + 2¢,v;, — 2¢], the comparison of R(v;t) and R(v;t) is inde-
pendent of the actual value of V' in this range. That is, if (2) holds for some ¢,#, then
R(v;t) > R(v;t) for all V € [vg + 2¢, vy, — 2¢]. This condition is easy to check for any
distribution.

While (2) is a necessary condition for higher degrees of rationing to yield higher
revenue, clearly there are values of € (given v, and v,,) such that it is also a sufficient
condition. In particular, if (2) holds and € is small relative to v;, — vy, then ex ante
revenue must be increasing in the degree of rationing.

Suppose (2) holds for some distribution G and some ¢ > k, so that R(v;t) >
R(v;t) for all V' € [vp + 2€,v, — 2¢]. In the corner regions, V € [vs, v, + 2¢), and
V € (vn — 2¢,v3), we may have R(v;t) < R(v;t) over some range. However, the
difference, R(v;t) — R(v;t) is bounded. Hence, it follows that, if € is small enough
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relative to (v, —vg), then R(f) > R(t). In other words, if the signal is relatively precise,
relative to the prior over V', seller’s ex ante revenue increases when the higher degree
of rationing, , is chosen. In the next section, we demonstrate that R(v;t) is increasing
in ¢ for interior values of v when the signal distribution is diffuse enough.

Under share dispersion, therefore, we can think of the seller choosing an optimal ¢,
to maximize revenue. Since pro rata rationing of regular investors is credible for any ¢,

this amounts to choosing an optimal mechanism in this class of credible mechanisms.

4 Parametric Model

While theory illustrates the tradeoffs between commitment and revenue maximiza-
tion, it is useful to get a sense of the magnitude of these effects. This is important
for policy questions. For example, we show in a parametric model in this section
that share dispersion involves at most a small revenue loss, relative to the optimal
rationing mechanism. Since discretionary allocations are one form of share dispersion,
this suggests that, in terms of the revenues raised by the issuing firms, the current
debate over discretionary allocations is a red herring.

To determine the magnitudes of these effects, we present a parametric model of
signal distributions that has the uniform as a special case. We explicitly solve for the
equilibrium bid functions under high bid priority and share dispersion. This allows us
to compare seller revenue under the two schemes. We further compare this revenue
to the revenue with no rationing, that is, under market-clearing. Interestingly, the
bid functions in the latter case are those that would obtain if buyers believed that
sellers would cheat, i.e., report a higher bid (in particular, the (k + 1)* bid) as the
equilibrium TPO price. Thus, the difference in revenue between market clearing and
rationing, can also be interpreted as the cost of a lack of a credible commitment on
behalf of the seller.

These comparative statics are holding a ¢, fixed. From the tradeoff explored in
the previous section, it is clear that the specific choice of ¢ depends on the signal
distribution. Thus, we solve for the optimal ¢ as a function of the signal distribution.
We find that for diffuse signal distributions, that is if there is uncertainty about the
underlying value of the asset (as there might be in the IPO of a new industry), then
a high degree of rationing is optimal. However, for signal distributions which are less

diffuse, i.e., for firms for which there is less uncertainty about the cash flows, rationing
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becomes less attractive.

From the tradeoff explored in the previous section, it is clear that the specific
choice of t depends on the signal distribution. To explore this further, and to provide
some economic intuition on this tradeoff, we consider a class of signal distributions
that has the uniform as a special case.

For this class of distributions, we determine the bid and revenue functions under
share dispersion, and exhibit the bid function under high bid priority. We show
that high bid priority yields higher revenues to the seller. Given the advantages of
pro rata rationing mentioned earlier, we numerically solve for the optimal ¢, given
a signal distribution. We then provide comparative statics on the book, and show
how allocations change with the exogenous variables in our model. This allows us to
compute endogenous bid ranges, which generates empirical predictions.

We assume that the signal distribution is uniform, with an extra parameter that

allows for strict convexity of the distribution function.

Assumption 2 For s € [v —€,v + €], and some ¢ > 1,

s—v+e\© c /s—v+e\“!
G(s|v):<726 ), and g(s|v):2—6 <726 ) )

When ¢ = 1, this distribution reduces to the uniform. It is strictly convex for
¢ > 1. Increases in ¢ thus represent first-order stochastic shifts in the underlying
density function. For all ¢ > 1, this distribution satisfies Assumption 1 (MLRP).

Figure 1 plots the density and distribution functions for different values of c.

When ¢ = 1, signals are most diffuse; that is, all signals in the range are equally
likely. As ¢ becomes large, the distribution becomes more concentrated. Indeed, as
¢ — 00, the signal distribution converges to a point mass at v + .

Observe that, when ¢ is large and t is low, there is potentially a large winner’s
curse. Consider, for example, the case of ¢ = 2 and ¢t = 1. If a bidder wins, since
the distribution function is steep at high s, her signal is likely to be further away
from other bidder’s signals than if ¢ were, say, 1. Hence, for low values of ¢, bidders
should shade their bids (relative to their signals) more for higher values of ¢. When ¢
is high, the reverse logic holds: there is a probability that some bidders have higher

signals, and, when the distribution function is steep, other bidder’s signals can be
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significantly higher than that of the winning bidder. This intuition will be reflected

in the equilibrium bid functions.

Recall that signals in the range [v; + €, v, — €] are interior signals. We first derive

the bid function under share dispersion and high bid priority for interior signals.

In doing this, we assume that, under high bid priority, the seller can commit to
allocating the good to the k highest bidders at the (¢ + 1)** price. We find that the
bid function under high bid priority is (weakly) higher than the bid function under

share dispersion. Since we analyze share dispersion extensively, we refer to the bid

function in that regime as b(-), with b"(-) denoting the bid function under high bid

priority.
Define

pu(n, k)

A(n, k, t)

Proposition 9 Suppose s € (v, + €, vy, — €]. Consider the (k,t)-bookbuilding mecha-

nism.

(i) The equilibrium bid functions under share dispersion and high bid priority are
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(respectively)

b(s;t) = s—e+2eu(n,t)
V"(s;t) = s—e+2eA(n, k,t)u(n, k).

(ii) V" (s;t) = b(s;t) when ¢ =1, and b"(s;t) > b(s;t) for ¢ > 1.

In particular, therefore, the bid functions under high bid priority and share dis-
persion are identical (given a (k,t)) when signals are uniform; that is, when the signal
distribution is diffuse. As the signal dispersion becomes more concentrated, the bid
function for high bid priority becomes greater.

Now, consider the comparative effects of these two allocation schemes on the
revenue earned by the seller. Suppose the seller announces a t. Under either scheme,
the (¢ + 1)** bid is chosen as the price. Suppose ¢ > 1. Since b"(s) > b(s) for any
interior s, if an interior v is drawn, the revenue earned by the seller is correspondingly
greater under high bid priority. If ¢ = 1, then either allocation scheme results in the
same revenue. In particular, there is no loss of revenue from allocating pro rata across
the ¢ highest bidders, instead of giving the asset to the k highest bidders.

Since we have a closed form expression for the bid function under share dispersion,

for completeness, we provide this bid function for signals in the corners as well. Define

t—1 xc(n—i—y) (1 _ ZL‘C)i
¢(x,y) = Z t—1

i=0 j:i(n_j —?J)'

2!

Lemma 2 Suppose s & [vy—e€,v+¢€]. Then, the equilibrium bid function under share
dispersion s given by
b(s;t) =s+e—0d(s,n,t,€), where

Cornelli and Goldreich (2001a; Table III, page 2349) document that, in their data,
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(i) there are an average of 38.9 limit bids and 9.1 step bids?” per issue, (ii) the average
rationing across limit and step bids is approximately 50% (Table III), (iii) 21.5% of
limit bids and 9.8% of step bids are allocated no shares, since the prices are below
the offer price (page 2343) and (iv) the mean IPO offer price is $23.6 (Table I).

For our numeric example, therefore, we assume n = 50. Consider the effects of
pro rata rationing, with no discretionary allocation.?® Since approximately 20% of all
bidders get no shares, and the rationing is about 50%, we use ¢t = 40 and k = % = 20.
Thus, t = 20 represents the case of 100% allocation, and ¢ = 40 the case of 50%
allocation. We further use v, = 10, v, = 40, and € = 5.

Figure 2 plots the bid functions under share dispersion for the case of ¢ = 1.5
when t = 20 and ¢ = 40. The vertical difference between the two functions represents

the difference in the winner’s curse adjustment between the two levels of ¢.
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35
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Figure 2: Bid functions for ¢ = 1.5, t =20, t = 40

While it is immediate that b(s;t) is increasing in ¢, the extent of the increase
depends on ¢. For ¢ = 1, increasing ¢ has a large effect on bids. As ¢ gets large,
changing t has a smaller effect on bid functions. The t that we expect to observe in
IPO deals is the ¢ that maximizes seller revenue.

We analyze the effects of changing the degree of rationing on the revenue of the

seller, under share dispersion. We choose to examine share dispersion rather than

2TThese are the two kinds of bids that are price-contingent in their study.
28Recall that the bid function, for all investors, is the same with or without discretionary allocation.
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high bid priority because, as discussed in Section 2, it requires less commitment on
the part of the issuer. Further, we have a closed form expression for the bid function
in the corners as well as the interior. The qualitative effects of rationing on revenue
are similar under high bid priority or share dispersion, so the intuition gleaned under
share dispersion carries over to high bid priority.

We start with the revenue of the seller, for a given value of v and ¢, R(v;t).
Analytically, we restrict attention to interior values of v. We first determine the
revenue function in this range, and then derive a condition under which R(v;t+1) >
R(v;t) (that is, rationing yields higher revenue than market-clearing). Subsequently,
we examine both R(v;t) and the ex ante revenue, R(t) = Syl R(v; t)dv in the context

of our numeric example.

Proposition 10 Suppose v is in the interior; that is, v € [v, + 2¢,v, — 2¢|. Then,
under share dispersion,

(i) R(USt):U_QG{Ht b ]__—H m}

(i) R(v;t+ 1) > R(v;t) if and only if

n—t—14+1\ 2n—j-1 L
(TS I

n—t =0 M o=+

When G(- | v) is uniform, the bid and revenue functions simplify considerably. As
shown by Harstad and Bordley (1996), the bid function for interior signals reduces to
a function of the ratio %, and the revenue function for interior values of v is clearly

increasing in t.

Corollary 10.1 Suppose ¢ = 1. Then under share dispersion,
) ) 2t
(i) for s € [ug+€,vn — €], b(s;t) = s+ €(Z = 1).

(ii) for v € vy + 2€,v, — 2€], R(vit) = v — ie((q?;f))

Hence, when G(- | v) is uniform, R(v;t + 1) > R(v;t) for allt = 1,...,n — 2.
Therefore, in this case, the optimal ¢ in the share dispersion class of mechanisms is
t = (n —1). That is, the seller should choose maximal rationing when ¢ = 1.

Note that the above comparison of revenues for different ¢ assumes a given v in the

interior of possible values; that is, v € [vp + 2¢, vy, — 2€]. As argued before, if rationing
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leads to higher revenue for all v in this region, and if € is small relative to (v, — vp),
this implies that ex ante revenue R(t) is also higher for the seller with rationing.

Next, we consider the effects of rationing when V' is in the corners; that is, V <
vg+e€or V > v, —e. For v in this range, there is positive probability that the signals
will lie outside the interior segment, so that the linear bid function no longer applies.
In this case, an analytical examination of the change in revenue due to rationing is
difficult. Instead, we numerically evaluate the effects of rationing.

Figure 3 below provides the difference in revenues, under share dispersion, in
going from ¢ = 20 to t = 40 for all values of v (including the corners) in our numeric

example.
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Figure 3: Revenue difference between ¢ = 40 and ¢ = 20, for ¢ = 1.

Note that, as v approaches v,, rationing loses its luster, and leads to lower revenue.
From the seller’s point of view, the benefit to rationing is that, by mitigating the win-
ners’ curse, it induces bidders to bid more aggressively. This effect is at its strongest
when a bidder’s posterior over v is diffuse, given his own signal. In our context, since
the prior over v is diffuse, a diffuse signal distribution translates to a diffuse posterior
over v. In general, as v approaches v, or v, the posterior becomes more concentrated
(at least, its support shrinks in size), potentially reducing the benefits of rationing.

Given a value of ¢, the seller chooses an optimal degree of rationing to maximize
ex ante revenue R(t) = Jort R(v;t)dv. The optimal level of rationing depends on c.

Specifically, as shown above, maximal rationing (t = n — 1) is optimal when ¢ = 1.
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As c increases, the optimal level of rationing decreases,?® and when c is large, market-
clearing (¢ = k) is optimal.
We first demonstrate analytically, for interior values of v, that market-clearing is

optimal when ¢ becomes large enough.

Proposition 11 Under share dispersion, for v € [vy+2€, v, —2¢€], there exists a ¢ > 1

such that, for ¢ > ¢, market-clearing is preferable to rationing.

Since analytic results on the corners are difficult to obtain, we use our numeric
example to compute the optimal allocation proportion when the seller maximizes ex

ante revenue, R(t) = Jor R(v;t)dv. Figure 4 demonstrates the results.
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Figure 4: Optimal Allocation Percentage as ¢ changes

This suggests that the oversubscription in IPOs of firms in new industries (where
investor beliefs are diffuse) should be high.

Bulow and Klemperer (2001) offer an intuition for this result in terms of the
“Maximum Game,” a game in which the common consumption value to all agents
depends only on the maximum of all signals.>® If the signal distribution is uniform,
the signal range (the maximum minus the minimum signal) is a sufficient statistic for

all other properties of the distribution, including the mean, which, in our parametric

29Gince t must be an integer, this decrease is in steps, rather than continuous.
30We are grateful to Paul Klemperer for bringing this to our attention.
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model, is the expected consumption value given all signals. Selling to the lowest
signal bidder is not optimal, and eliminating this bidder recovers the intuition of the
Maximum Game. In our model, as ¢ approaches 1 from above, the model more closely
resembles a Maximum Game, and hence maximal rationing is optimal.

Armed with an optimal ¢ for each ¢, we can determine the endogenous distribution
of bids in the book. In particular, we can compute the maximum and minimum bids
(and hence the range), and the offer price (and thus the range of bids that received
a positive allocation). This leads to some empirical predictions linking the degree of
rationing with observed properties of bids.

We emphasize that these comparative statics predictions assume all else held con-
stant; in particular, €, n, k, and [vg,v,]. The optimal value of ¢ is endogenously
determined given these parameters and c.

First, note that the range of bids received (the maximum bid minus the minimum
bid) declines with ¢.*! Hence, this range should be directly related to the degree of
rationing; i.e., inversely related to the allocation percentage across IPO deals.

Second, the observed range of bids that receive a positive allocation (i.e., the max-
imum bid minus the offer price) also declines with ¢ (since ¢ declines with ¢). Hence,
this range should also be inversely related to the degree of rationing (or alternatively,
positively related to the aggregate allocation percentage).

Under what circumstances would we expect ¢ to change in a predictable manner?
Consider a sequence of IPOs of firms in the same industry. One would expect infor-
mation on the first firm to be diffuse. Since information about other firms is likely
to be correlated, as more firms go public, information should become more precise.3?
Thus, we would expect ¢ to increase with each subsequent IPO.

The same comparative static holds when comparing IPOs to seasoned equity of-
ferings (SEOs). If a firm has been publicly traded for a length of time, information
about it is more precise, and hence ¢ should be larger. Indeed, Cornelli and Goldreich
(2001b) find some support for this view. They find that, in their sample, the average
elasticity of demand for SEOs is much larger than the average elasticity of demand
for IPOs. This average elasticity measures the proportion of bids within 1% of the

offer price, and hence proxies for the precision in the information of bidders.

31This is straightforwardly determined as the difference between the maximum and minimum
order statistics.
32 Alti (2002) suggests that such an information structure should be a feature of observed IPOs.
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Given a book with many price-contingent bids for a single IPO deal, the param-
eters ¢ and € can be structurally estimated. From this, signals can then be inferred
from bids, and hence a more accurate measure of the true value of the asset (which

depends on all signals) can be generated.

4.1 Underpricing

We conclude this section with a comment on underpricing. If we assume that the
price of the asset in the secondary market is equal to v, then the difference v — R(v; t)
represents the level of underpricing for a given v.

In general, we expect this to be positive, so that rationing will not remove un-
derpricing. Some underpricing is inevitable given that this is a common value item.
Suppose, for example, ¢ = 1. Suppose further that v € [v, + 2¢, v, — 2¢]. In the (k, t)-
bookbuilding mechanism with share dispersion, we have R(v;t) = v — 2¢ (n&—fl))
Hence, underpricing is on the order of 2¢ (n&—jfl)) Therefore, underpricing decreases
with rationing (as t increases), and is at its highest when ¢ = k.

Suppose ¢ = 1. Within our numeric example, choosing t = n — 1 instead of t = k
leads to an increase in ex ante revenue from 24.89 to 24.99, or 0.42%. This difference
increases when k falls. For example, if £ = 10, it is 0.57%. These numbers are valid
under either share dispersion or high bid priority, since the bid function is equivalent
under the two schemes when ¢ = 1.

Conversely, suppose ¢ = 2. As shown above in our numeric example, it is optimal
to have no rationing under share dispersion. Suppose, instead, the seller chooses a pro
rata allocation rule with a rationing level of 50% (i.e., the seller chooses ¢ = 40). How
much revenue does he lose? We compute the expected loss of revenue to be 0.12% of
the optimal revenue. In other words, even if the goal of discretionary allocation is to
reward long-term investors, the loss in revenue in the current transaction as a result
of rationing is small.

The range of ¢ over which high bid priority is optimal is different than the corre-
sponding range for share dispersion. In particular, we expect this range to be larger
(since the bids under high bid priority are greater than those under share dispersion,
for a fixed t). A result similar to Proposition 11 holds. In the particular example
above, if ¢ = 2, if t is fixed at 40, high bid priority leads to a gain in revenue of 0.4%

over share dispersion.
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These numbers are all an order of magnitude smaller than observed levels of
short-term underpricing.?® Cornelli and Goldreich (2001a), for example, show that
the average underpricing in their sample, relative to the first secondary market price,
is 3.7% (page 2340); Ritter (1998) estimates it to be 15.8% over a sample of U.S. IPOs.
Our model suggests that explanations for underpricing do not lie in the rationing that
is also observed in IPOs. Indeed, this rationing is either revenue-enhancing, or, at
worst, leads to a small loss of revenue for the seller.

In an empirical study, Kandel, Sarig and Wohl (1999) find that underpricing
persists in [PO issuances in Israel, where the IPO mechanism is a uniform-price
auction. This lends support to the theory that underpricing is inevitable given the
presence of the winner’s curse (unless a mechanism along the lines of the full surplus
extraction one of McAfee, McMillan and Reny (1989) is used). While we do not
have any estimates on whether the rationing seen in US IPOs leads to greater or
lower underpricing compared to market-clearing, a simple resort to market-clearing

is unlikely to remove underpricing.

5 Conclusion

In this paper, we provide a model of rationing in IPOs. We demonstrate that the bids
of the agents depend on the rationing rule: higher rationing mitigates the winner’s
curse, and leads to higher bids. This effect is beneficial to the seller; the cost of the
rationing is that the bidder who sets the price has a lower signal.

We consider the case of a uniform prior over true value, and show that rationing
leads to higher revenue than market-clearing when the signal distribution is diffuse
enough. In other words, when an agent’s posterior over V', conditional on his signal,
is diffuse, there is a large winner’s curse. In such cases, mitigating the winner’s curse
has a relatively significant impact on bids, and outweighs the effect of choosing a
lower order bid to set the price. Conversely, when agents’ signals are precise, the
latter effect dominates, and increasing the degree of rationing leads to lower revenue.

This effect is in contrast to the earlier literature on rationing and the winner’s
curse, such as Rock (1986) and Benveniste and Spindt (1989). In this earlier work,

33This is in keeping with empirical tests of other models of the winner’s curse. For example,
Levis (1990) conducts a test of the Rock (1986) model and reports that actual levels of underpricing
significantly exceed those estimated from the model.
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rationing embodies the winner’s curse, and hurts seller revenue. In our model, even
within a one-shot game, rationing can be revenue-enhancing.

We consider two allocation rules, high bid priority and share dispersion. Pro rata
rationing, a special case of share dispersion, is credible on the part of the seller, in
that deviations in pricing are detectable by investors. High bid priority and random
allocation, require a stronger commitment. We find that, conditional on this com-
mitment, high bid priority yields higher revenues than share dispersion. However,
in numeric terms, the gains in revenue are small. The implication of this is that
discretionary allocation, which necessarily involves rationing, has a minimal effect on
seller revenue.

In the class of share dispersion allocation rules, our model allows allocations to
vary widely across the set of winning bidders. Indeed, our results depend only on
the aggregate rationing level chosen by the issuer, not on individual rationing across
investors. This is also in contrast to Benveniste and Spindt (1989), whose model
implies that investors with high bids should have their demands filled before investors
with low bids receive any shares. The empirical literature suggests that departures
from this latter paradigm are common (see, for example Cornelli and Goldreich,
2001a).

Rationing affects the allocation of the good in the primary market. In a pure
common value case, which we consider, it should have no effect on the secondary
market (in fact, there should be no trade in the secondary market, by the Milgrom
and Stokey, 1982, no-trade theorem). However, if the value of the asset to an agent
includes a private component, the allocation in the primary market will, in general,
affect volume and value in the secondary market. Such a model is an avenue for

further research.

6 Appendix: Proofs

Proof of Proposition 1

(i) First, consider pro rata rationing with no discretionary allocation. Under this
scheme, if b; > b1y, then the prescribed allocation is a; = % Suppose the seller
deviates by choosing an offer price b(t~+1) > b41)- Then, some bidder ¢ with b; €
(b(t+1), b(i11)) receives no shares. Hence, the k shares are distributed over fewer in-

vestors, so some investor must receive more than % shares, and can detect the devia-
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tion.

Next, consider pro rata rationing with discretionary allocation. One outcome is
that there are no preferred investors amongst the ¢ highest bidders, in which case
the above argument applies, and deviations are detectable. Hence, it suffices to
demonstrate one example under which a deviation is not detectable. Suppose all the
j highest bidders, where j < k are preferred investors. The seller allocates j shares
to the j preferred investors. The (¢ — j) regular investors who have the remaining
bids above b1y should all receive ]Z%J] shares. Consider the following deviation: the
seller allocates % shares to these bidders. The seller can then set a price equal to the
(j + (k — j) +1)" highest bid, where j+ (k —j)f +1 < j+(k—j) ;5 +1=1+1.
For a suitable choice of ¢, k, 7, this is an integer, providing an example of a deviation

that goes undetected.

(ii) Consider high bid priority. Suppose the investor deviates, and issues the IPO at
br+1) > bu41)- Then, an investor receives 1 share if her bid is above the IPO price,
and has no way to determine how many bids below her are also above the IPO price.
Investors who bid below the IPO price receive zero shares, which is their prescribed
allocation. Hence, this deviation is not detectable.

Finally, consider random allocation. As under high bid priority, the seller could
deviate and charge a price equal to by1) > b41). Again, investors who receive a
share merely know that they bid above the offer price, and had a positive probability
of receiving a share. Investors who bid below the offer price receive nothing, which is

their prescribed allocation. [

Proof of Proposition 2
Suppose b(+) is a symmetric equilibrium with a strictly increasing bid function.
Then, under high bid priority, bidder 1 obtains the good if and only if S; > Yk,n,1.34

Suppose bidder 1 receives a signal S; = s, for which
E[b(Y;ynfl) | 51 = Yk,nfl = S] > E[V | Sl = Yk,nfl = S].

If Yyn—1 = s, bidder 1 wins the good with positive probability. In this case, the
expected value of the good is given by the RHS, and the expected price by the LHS.

341f S; = Y} —1, bidder 1 obtains the good with positive probability; note that, since G(s | v) is
atomless, this is a zero probability event.
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Since the expected price exceeds the expected value, bidder 1 can improve her payoff
by reducing her bid to some b < b(s). Hence, b(-) cannot be an equilibrium.

Suppose now that
E[b(y;ﬁ,n—l) | Sl = Yk,n—l = S] < E[V | Sl = Yk,n—l = S].

Then, if Y, ,,_1 = s, bidder 1 can improve her payoff by increasing her bid to some
b> b(s), since the expected price is less than the expected value of the asset. Hence,

b(-) cannot be an equilibrium. =

Proof of Proposition 3

Let v; define an allocation rule faced by agent ¢ under share dispersion, conditional
on i having one of the ¢ highest bids (that is, being in the set of potential winners).
v; can be a function of any variable observed by the seller (including, for example,
the identity of agent i or some other agent j), except the bid of any agent.

Formally, v; is a probability distribution over [0, 1], where 0 is the minimum num-
ber of shares agent i can receive, and 1 (her demand) the maximum. The allocation
rule has the property that agent i faces the probability distribution v; if her bid is
among the ¢ highest bids, and receives 0 shares otherwise.

Consider agent ¢’s payoff when she is in the set of winners. Since all allocations

pay the (¢ + 1)% highest bid, this payoff is represented as
1
/ E[V —bi | Si = 5, by > byy1] Prob(b; > byyy) dug
0

The expectation of V' is with respect to the agent’s posterior distribution over V.
Applying Fubini’s theorem to interchange the two expectations, and noting that v; is

independent of all bids, this expected payoff can be written as

1

E[V = bir | Si = 5, bi > byss] Prob(b; > bypr) / dv,
0

=0 B[V — b1 | Si =5, bj > bypq] Prob(b; > biy1),

where 7; is the mean of v;.
Now, 7; is a constant unaffected by agent i’s signal, her bid, or the bids of any
other agent. Hence, if all agents have the same bidding strategies across the two

rationing rules, the optimal strategy of agent 7 too must be the same. Therefore, if
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the bidding functions {b;(-)}?, constitute an equilibrium under one rationing rule,
they must also comprise an equilibrium under any other rationing rule that satisfies
Definition 1. -

Proof of Proposition 4
(i) Consider the decision faced by agent 1 in the (k,t)-bookbuilding mechanism with
share dispersion. Let bo,...,b, denote the bids of the other (n — 1) agents, in de-

creasing order. Then, agent 1 chooses a bid b; that maximizes
vy E(V = b1 | S1 =5, by > byy1) Prob(by > byp),

where 7; is the rationing rule faced by her, conditional on being among the ¢ highest
bidders.
Next, consider a t-unit auction. In this auction, bidder 1 chooses a bid b; to

maximize
E(V - bt+1 | Sl = S, b1 Z bt+1) PI"Ob(bl Z bt+1).

That is, the payoffs differ only by a multiplicative constant, ;. This term is
independent of any signals or bids. Clearly, the set of maximizers is the same in
either case. Hence, the best response correspondences of the two mechanisms are

identical, as are their equilibria.

(i) Milgrom (1981) demonstrates that the ¢-unit auction has a symmetric equilibrium
with b(s;t) as defined. From (i) above, it follows that this is also an equilibrium of

the (k,t)-bookbuilding mechanism under share dispersion. "

Proof of Lemma 1

Immediate. m

Proof of Proposition 5

Let v(s) and o(s) be the possible bounds of v, given a signal s. Since V' is uniformly
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distributed over [vy, vy, under share dispersion we have

f;((ss)) vG(s [ 0)" L= G(s | v)! (s | v)*dv
JEEG(s | 0) T 1 - G(s | v)lg(s | v)de

§—

b(s;t)

We perform the following change of variables. Let the pseudo-signal, x, be defined
as x = s—(v—e). Then, v = s+e—x, and dv = —dz. Finally, let Z(s) = s—(v(s) —e¢),
and z(s) = s — (9(s) — €). Then, when z(s) < Z(s),

= E) s+ e—a)H(a)" (1 - H(x) h(x)?da
b(s;t) = o) — -
— Jzs) H(@)" 711 — H(z))" *h(z)?dx

JE (s + € — ) H(x)" (1 — H(x))" Th(r)da
J20) H(x)yt-1(1 — H () h(x)2da
2w H ()" (1 — H(x))" g (w)?da

bsit) = s+e— 2
Jatsy H(@)" 711 = H(2))'" h(z)*dw

z

= s+e—0(s,n,t e€).

The two cases when z(s) = Z(s) occur when s = vy, — € or vy, + €, the lowest and
highest possible signals. When s = v, —¢€, § =0, and when s = v, +¢€, § = 2¢. Hence,

the bid function reduces to b(s;t) = s+ € — 2§ in these cases as well. ]

Proof of Corollary 5.1

Suppose s € [vy + €, v, — €]. Then, z(s) = 2¢ and Z(s) = 0. In particular, both of
these are independent of s. Therefore, d, as defined in equation (2), does not depend
on s. Hence, the bid function reduces to b(s;t) = s + € — §(n, , €), which is linear in

S. |

Proof of Proposition 6

Consider the signal S;, and some ¢ > t. By the definition of order statistics,
the distribution of Yz, is first-order stochastically dominated by the distribution
of Y;,41. Hence, the joint distribution of ¥j, ., and S is first-order stochastically
dominated by the joint distribution of Y; 4, and S;.

Now, the equilibrium bid in the (k, ¢)-bookbuilding mechanism with share disper-

sion is b(s;t) = E[V | Yiu41 = S1 = s. It follows immediately that this is increasing
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in . n

Proof of Proposition 7
Recall that Y7 ,,_; denotes the highest order statistic out of the signals of the (n—1)
bidders except bidder 1, and Y,,_; ,,_; denotes the lowest order statistic amongst these

signals. Now,

EV ]S =s = Prob(Y1<s)E{E[V|Si=5Y,1<s] +
Prob(Y; > s) E[V | S1 =5 | Yipo1 > 5] }
Since E[V | Sy =5,Y1,1 <s] < E[V |S;=35,Y1,-1 > s], it follows that
E[V|51:8] > E[V|51:S,Yi7n_1§8]
Similarly, it is straightforward to show that E[V | S; =s| < E[V | S1 =5, Y, 1,1 >
s].
Hence, for ¢t = 1, b(s;t) < E[V | s], and for t = n — 1, b(s;t) > E[V | s]. Since
b(s;t) is increasing in ¢, it follows that there exists a #(s) € {1,...,n — 1} such that

b(s;t) < E[V | s] for t < t(s), and b(s;t) > E[v | s] for t > #(s). "

Proof of Proposition 8
When v € [v, + 2¢, v, — 2¢€], all observed signals will lie in [vy + €, v;, — €]. Hence,
z(s) = 2e and Z(s) = 0, so that each bidder bids b(s;t) = s + € — §(n,t,€). We have

R(U; t) = EYt+1,n\v b(S; t) = EYt+1,n|v (8 +e— 5(”7 t 6))
By, . w(s+¢€) —d(n,te).

Noting that x = s — (v — €), we have s + ¢ = v + x. Therefore,

R('U; t) = EZt+l,n (U + :L‘) o 5(”7 L 6) =v+ E(Zt+1,n) o 5(”? t, 6)'

Proof of Corollary 8.1

Immediate. ]
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Proof of Proposition 9

The following two integration facts are used in this proof and the next two ones.
Let «, 3 be real-valued, with @ > —1, and v > 0 be an integer. Then, repeated
integration by parts yields

ﬁz a+1+zﬁ(1 _ xﬁ)’yfi

/xa(l—xﬁ)mx — 273 (4)

= (v =) Tl +1+j5)
1 !57
/0 291 — 2%)de = —. (5)

H}:o(a +1+3508)

where A in equation (4) is a constant of integration.

(i) Equilibrium under share dispersion:
Now, consider the bid function under share dispersion, b(-). This bid function is
exhibited in Proposition 5; what remains is to evaluate (s, n, t, €).
When G(s|v) = (s’z—“:“)c, the distribution of x = s — (v —€) is H(z) = (1)6.
Hence, h(z) = & (i

c—1
Now, when z(s) < Z(s),

Ji) wH (@)Y (1 = H(x))" 'h()*da
ffc((:)) H(z)»t=1(1 — H(z))!="h(z)?dx

Z|

d(s,n,te) =

Counsider the denominator first. We have

/;(S) H(z)" (1 = H(2))  h(z)?de = (5-)? /j(S) (2/26) " (1 (2/2¢))" de.

Z(s) s i ) ¢ [z(s)/2e (n—t41-2) s
[ H@ 0 HE@) )= [ Ty gy ()

a(s) 2€ Ja(s)/2¢
Note further that, when v € [vp + €, v, — €], we have %i) =0 and %i) = 1. Hence,
using (5),
z(s) 2 t—1)! L
[ o0 ey e = & o P
z(s) 2¢ [IZpcn—t+j+1—2)
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In a similar manner, the numerator reduces to

2(s) z(s)/2¢ c(n— -1 c\t—
/x(s) eH ()" (1 — H(z))"'h(z)2de = ¢ fg((s))//;g ye=tH1=1) (1 — ye)ildy  (8)
B 2 (t=1)ct!

[T, —o cln—t+j+1)
Since both numerator and denominator are independent of s, we have

Hn—t+j+1-1

d(n,t = 2 = 2 t

Hence, the bid function under share dispersion is
b(s;t) = s—e+ 2€ u(n,t).

Equilibrium under high bid priority:
Step 1: Solving equation (1).

We solve equation (1) (in the statement of Proposition 2) to find 4", and then show
that this function represents an equilibrium (equation (1) provides only a necessary
condition that b" must satisfy).

Now, the RHS of (1) is given by b(s; k). Consider the LHS. Conjecture a linear
equilibrium, with 0"(s;t) = s + « (where a may be positive or negative). Then,
Eb(Yin-1) | Yen1=8=EYin1|Yin1=5 +a

Recall that Z;,,_; represents the ¢ highest pseudo-signal, from a sample of (n—1)
draws from the distribution H. Since x = s —v+¢, we have E(Y;,,—1 | Yino1 =5,V =
v) =v—€e+E(Zin1 | Zkn1 = x). We evaluate this expression first, and then return
to the bid function.

The conditional density of Z;,_1, given Zy,_, is

—k—=1)! H n—t—1 H - H t—k—1 h
hi(z | Zgpr =) = (n ) (2) [H (z) z)] (2)
’ n—t—1!(t—k—1)! H(z)n—k-1
Let I = % Then, E[Zin-1 | Zip-1 = x] = [§ zhi(z | z,v)dz

= W 2—66 /OIZ (z/QG)C(nftfl) ((z/2€)° — (Z/QG)C)t—k—l (2/26)671 I
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= o ey 2 [y (1= (o))

Substitute y = £, so that dz = xdy. Then,

ElZin1| Zipr =] = ch/ yer=b y©) Ry

t—k—l) t—k—1
=6 te(n—t+L47)

= cl'x =(s—v+e€) An,t, k)
where the second equation follows from (5). Hence, E[Y; 1 | Yin—1 = s,V = 0] =
v—e+As—v+e)=(1—-XN)(v—¢€)+ As.

Since s and (Y3 -1, *, Yn—1,-1) are independent, E[Y; 1 | Yipno1 =5,V =0] =
E[Y;gn 1|Y}cn 1—51 SV_U]35 Hence

E[Y;:,nq | Yk,nq = S] = E{E[Y;,nq | Yk,nq =5 = S] | V= U}
= 1=NEV|Yin1=S1=5]—¢€)+As
= (1—=AN)(s—4d(s,n,k,e)) +As=s5— (1 = A)d(s,n, k,e).

This yields the LHS of (1). Putting the two sides together,
— (L =X)d(s,n, k,e) +a=s+e—0d(s,n,k,e), or, «a=¢e—A(s,n,k,e).
For s € [vg+ €, v, — €], §(s,n, k,€) = 2eu(n, k), as defined. Hence,
V'i(s;t) = s+e—2eXn,k,t)p(n,t).

Step 2: No profitable deviation.

By construction, b" satisfies the necessary condition for a symmetric equilibrium;
it remains to show that there are no profitable deviations. Suppose all agents other
than agent 1 are bidding according to b"(-). Suppose agent 1 with signal s; bids
b > b"(sy). Then, if b(Yi,_1) > b"(s1), or if b(Yi,n_1) < b, there is no difference to
the payoff of agent 1. However, if b(Y,,_1) € (b"(s1),b), then agent 1 wins with the
bid b, but not with the bid b (s,).

In this latter case, it must be that Y}, > s. Suppose Y;,_1 = y > s. Let

35n particular, the support of the posterior over V is unchanged if S; = Yy ,,—1 = s.
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p(s,y) = E[V | Yeno1 = y,S1 = s]. From above, E[Y; 1 | Yipno1 = 4,5 = 5| =
(1 = X)(p(s,y) — €) + Ay. Hence, in this case, agent 1 expects to pay

E[bh(y;f,n—l) | Sl = SaYk,n—l = y] = b(ED/t,n—l | Sl =S, Y}c,n—l = y])
= (1 =M(p(s,y) —€) + Ay +e—vé(n, k,e)
= (1 =N(p(s,y) —€) + Ay +e—d(n,t,e)

Further, if y > s, then p(s,y) < p(y,y) = y+e—3d(n,t,€). Hence, the consumption
value of the asset, conditional on winning when Y} ,,_; = y instead of s, increases by
p(s,y) — p(s,s) < y —s. However, the expected bid increases by (1 — \)(p(s,y) —
p(s,s)) + Ay —s) > p(s,y) — p(s, s). Hence, in expectation bidder 1 loses money by
bidding b instead of b"(sq).

A similar argument shows that bidder 1 loses money by bidding b < b(s).

(ii) Given the forms of b, b", b"(s) > b(s) at some s € [v; + €, v, — €] if and only if

Ao R)an, k) < (1)
e P I T Sy
L on—j Lon—j+1-12
Il =7 < 1l =7~
j=k+1 T I T j=kt1 T
. Cip1ol
Now, the j% term on the LHS is =17, and the 4™ term on the RHS is nn]:;il
) 1 ¢
Further, nﬁ;il < ";J_tilc if and only if
. . o1 , 1
(n=jn-j+1) < (n—j+)n-j+l--)
. . . . 1 1
(n=gn—j+1) < (n=j—j+1)+- -,

which is true for all ¢ > 1. Further, for ¢ = 1, the LHS and RHS are equal.
Hence, for all ¢ > 1, the LHS is (term-by-term, and hence overall) strictly less
than the RHS. Therefore, for all ¢ > 1, b"(s) > b(s) for interior signals, and for ¢ =1,

the two functions coincide. m
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Proof of Lemma 2

Under share dispersion, the denominator and numerator of § are given by equa-
tions (7) and (8) in the Proof of Proposition 9.

Consider the denominator first. Let A(z) denote the value of the integral
Jyem=tH1=3) (1 — ) t=Ldy evaluated at z. Using equation (4), we have v = ¢(n — ¢ +
1— %), sothat a+1=¢(n—t+1-— %), B =c¢, and v =t — 1. Hence, ignoring the

constant of integration A,

t—1 (t—1)! Cizc(n—t—l—l—l—i—%)(l _ zc)t_l_i

)‘(Z) = Z(t—l—i)! ]

jzoc(n—t+1+j—%)

?— 1)L e — ) (f—1)! 1
- ¢ ) Z;Z' Hﬁ-_%(n(—j—)%) = c ) ¢(Z’E)'
Hence,
z(s) o o , . ) . ,
/M H(2)" M1 = H(@) th(@)de = (t=1)! () {6(2(s), -) = dla(s), )}

Next, consider the numerator. Let A(z) denote the integral the integral [ y<—t+1=¢) (1—

y°)t='dy, evaluated at z. Repeating the above steps, we have

i) = U200

C

Hence,

¢(7(s)/2€,0) — p(a(s)/2¢,0)

ook = 2 ()26, 1) = pla(s)/26, 1)

Finally, note that (i) z(s) = 0 for x < v, + ¢, (ii) z(s) = 2¢ for x > vy — ¢, and
(iii) ¢(0,y) = 0 for all y. Now, the statement of the Lemma follows. ]

Proof of Proposition 10
(i) When v € [vy + 2¢€, v, — 2¢], we have s € [vy + €, v, — €]. From Proposition 9, for

signals in this range, under share dispersion

S(n,te) = 2 tf[l <i>

j=0 n—1y
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Next, consider E[Z,,]. For s in this range, we have

BlZisnl (n+_'w [ e (0= H ) ()
- ﬁ [ @20 (= (af20))' (o/26)

Substitute y = 3, and dzx = 2edy, to get

n! 2¢ ¢
E[Z41,] m—t—1h / ye" =D (1 — y°)tdy
n! 2e ¢ t et 5 ﬁ n—j
= . = € Y
(n—t—1t! \ Thsgn—t+5+1) i (n—j+1)

where the second equality applies equation (5), and the last step follows from H;ZO(n—
t+j+¢)==o(n—Jj+ )

Substitute the expressions for d(s,n,t,€) and EZ;, into the revenue function in
Proposition 8, and the statement of part (i) follows.
(ii) Consider condition (2) from part (ii) of Proposition 8, when m = ¢+ 1. The
left-hand side is

5(nt,e) —8(n,t +1,6) = %ﬁ(l'f%)_ge ﬁ(i‘j

On the right-hand side, we have

n—j n—j
E\Ziin) — ElZiyon] = 2€ —— — 2€ —_—
ivial =BlWaal = e Ly =2 G
n—t—1 L on—j
= 2e - T H — T
n—t—142) iZgn—7+;
1 L on—j
= 2e ;
C(?’L—t—l—k%)};[()n—]-i-%
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Hence, R(v;t + 1) > R(v;t) if and only if

Proof of Corollary 10.1

(i) Substitute ¢ = 1 in the expression for the bid function under share dispersion in
Proposition 9 when s € [v, + ¢€,v, — €]. This yields d(n,t,€) = 2¢ [I}_{ (”—;_;Ll) =
2¢ (=) = 2¢ (1 — ). Hence, b(s;t) = s+€e—2¢e(1 — Z) =5+ (2 - 1).

(ii) Substitute ¢ = 1 in the expression for R(v;t) in Proposition 10, part (i). "

Proof of Proposition 11
Consider condition (3) for revenue comparison under share dispersion, expressed
in Proposition 10 (ii). Reversing that inequality, we have R(v;t) > R(v;t + 1) if and

only if
n—t—1+1\ "2n—j—1 L
( n—t )H n— < Hn—'—l—l
7=0 J =0 JTe

For market-clearing to be optimal, this inequality must hold for all £ > k. Consider
¢ — 0. In the limit, the condition reduces to ”;—:1 < 1, which clearly holds for all
t > k. Since both sides of the inequality are continuous in ¢, it follows that there
exists a ¢ such that the condition holds for all ¢ > k and all ¢ > ¢. Finally, since

maximal rationing is optimal at ¢ = 1, it must be that ¢ > 1. [
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