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Political Competition when Media Create Candidates’ Charisma

Summary
This paper studies the location decisions of political  parties. We propose a game where
agents vote according to ideology and  valence, and media create candidates’ charisma.
The results we obtain show that candidates realize the power of media and therefore
locate themselves at some point between the position and the mediam voter and that  of
the media. However, and more importantly, we further obtain that depending on the
media outlets the voters choose to attend, the equilibrium location of candidates may
differ. Thus, when voters choose among the outlets, candidates may differentiate their
platforms. On the other hand, when voters are exposed to all the outlets in the economy,
candidates tend more to moderate their ideology, in an attempt to get the favor of all the
media. This result suggests that political competition may end in differentiation if voters
only attend to the media that are ideologically close to their convictions. In contrast,
political moderation is more easily reached if voters get information from various
sources and therefore make more balanced judgements.
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�Phq mxgjh jhqhudoo| pruh e| wkh h|h wkdq e| wkh kdqg/ ehfdxvh lw ehorqjv wr hyhu|erg|

wr vhh |rx/ exw wr ihz wr frph lq wrxfk zlwk |rx1 Hyhu| rqh vhhv zkdw |rx dsshdu wr eh/ ihz

uhdoo| nqrz zkdw |rx duh�1

Pdfkldyhool1

� ������������

Wkh ohjhqg vd|v wkdw Kduxq Duudvklg/ wkh juhdw fdoli lq �Wkh Wkrxvdqg dqg Rqh Qljkwv�/ xvhg wr

zdon derxw wkh furzghg vwuhhwv ri Edjgdg dw qljkw/ wr �qg rxw zkhwkhu klv shrsoh oryhg ru kdwhg klp1

Lq grlqj vr/ kh zdv uhdfwlqj wr wkh qhhg ri nqrzlqj zkdw shrsoh wklqn derxw klp1 Qrzdgd|v/ wklv vdph

lpsxovh lv zkdw gulyhv srolwlfldqv wr eh frqfhuqhg zlwk wkhlu lpdjhv lq sxeolf rslqlrq sroov ru lq wkh

phgld1

Wkh fdqglgdwh*v lpdjh lv dq lpsruwdqw dvvhw wkdw xvxdoo| sod|v dq lpsruwdqw uroh lq wkh yrwhu*v ghflvlrq

rq zkrp wr yrwh iru1 Wklv lv vr ehfdxvh shrsoh gr qrw vlpso| edvh wkhlu yrwhv rq lghrorjlfdo dvshfwv/ exw

udwkhu wdnh wkh surihvvlrqdo txdol�fdwlrqv/ krqhvw|/ lqwhjulw| ru fkdulvpd ri wkh fdqglgdwhv lqwr dffrxqw/

zkhq ghflglqj iru zkrp wr fdvw wkhlu yrwhv1 Wklv phdqv wkdw srolwlfldqv vkrxog eh dzduh ri wkhlu sxeolf

lpdjhv/ dqg lq idfw/ wkh| duh1 Wkh frqfhuq ri wkh fdqglgdwhv iru wkhlu sxeolf lpdjhv jrhv edfn wr wkh XV

hohfwlrqv ri 4<69/ zkhq wkh uhsxeolfdq fdqglgdwh/ Odqgrq/ dssrlqwhg d gluhfwru iru sxeolf uhodwlrqv iru

wkh �uvw wlph lq hohfwrudo klvwru|1 Wkh dlp ri wklv gluhfwru zdv reylrxvo| wr lpsuryh wkh sxeolf lpdjh ri

wkh uhsxeolfdq fdqglgdwh/ zklfk wxuqhg rxw qrw wr eh vx!flhqw wr zlq wkh hohfwlrqv/ dv Urrvhyhow zrq

d vhfrqg whup1 Ghvslwh wklv/ lw zdv wkh �uvw vwhs lq wkh r!fldo fduhhu ri fuhdwlqj d sxeolf lpdjh iru d

srolwlfldq1 Dqrwkhu lpsruwdqw uhihuhqfh lq wkh klvwru|/ lv wkh 4<93 �uvw pdwfk0xs rq whohylvlrq/ ehwzhhq

wkh uhsxeolfdq fdqglgdwh/ Ql{rq/ dqg wkh ghprfudw/ Nhqqhg|1 Lq wklv uhjdug/ pdq| srolwlfdo h{shuwv

kdyh vwdwhg wkdw wkh vlfno|0orrnlqj Ql{rq mx{wdsrvhg zlwk wkh kdqgvrph Nhqqhg|/ surylglqj wkh odwwhu

d fuxfldo srlqw zkhq shrsoh frph wr ghflgh iru zkrp wr yrwh1

Wkh lqwhuhvwlqj srlqw lv wkdw lpdjh grhv qrw ghshqg vroho| rq wkh uhdo vnloov ri d fdqglgdwh/ qru hyhq

rq krz sxeolf lpdjh h{shuwv ghflgh wr eulqj klp ehiruh wkh yrwhuv1 Wr d juhdw h{whqg/ lw ghshqgv rq

wkh zd| phgld suhvhqwv klp/4 l1h1 jlylqj pruh h{srvxuh wr rqh fdqglgdwh wkdq wr wkh rwkhu/ surmhfwlqj

wkh srvlwlyh vnloov ri d srolwlfldq zkloh klglqj klv idxowv/ hwf1/ fdq pdnh wkh slfwxuh wkdw yrwhuv kdyh ri

d fdqglgdwh gl�huhqw iurp wkh uhdo rqh ru wkh suhwhqghg rqh1 Lq wklv frqwh{w/ lw lv wkh uhfhqw vwduw ri

Do0Kxuud +Wkh Iuhh Rqh/ lq Hqjolvk,/ wkh qhz Dudelf0odqjxdjh Dphulfdq vdwhoolwh WY fkdqqho/ fxuuhqwo|

ehlqj eurdgfdvw doo ryhu wkh Dude zruog1 Gxeehg dv wkh Dphulfdq dqvzhu wr Do Md}hhud/ Do0Kxuud dlpv

wr eh wkh ylvxdo Yrlfh ri Dphulfd/ dqg vr/ lv wkh qhz dwwhpsw ri wkh Dphulfdq jryhuqphqw wr fkdqjh

4PfFrpev +5335, vwdwhv= �Lq wkh XV/ d gd|0e|0gd| revhuydwlrq ri wkh �qdo wkuhh prqwkv lq wkh 4<<5 dqg 4<<9 suhvlghqwldo

hohfwlrqv irxqg wkdw wkh wrqh ri whohylvlrq qhzv fryhudjh derxw nh| fdpsdljq hyhqwv lq xhqfhg yrwhuv* suhihuhqfhv iru wkh

fdqglgdwhv1 Idyrudeoh fryhudjh ri Uhsxeolfdq fdpsdljq hyhqwv rq irxu qdwlrqdo whohylvlrq qhwzrunv lqfuhdvhg vxssruw iru

wkh Uhsxeolfdq fdqglgdwh�1
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Dude rslqlrqv derxw wkh XV15

Phgld rxwohwv xvxdoo| kdyh xqghuo|lqj srolwlfdo suhihuhqfhv/ zklfk pd| dovr sod| d uroh lq wkh ghflvlrq

ri zkr lv wkhlu idyrulwh fdqglgdwh dqg zkr lv qrw1 Wkhvh lghrorjlfdo suhihuhqfhv pd| wkhuhiruh eh wudqvodwhg

lqwr gl�huhqw ohyhov ri vxssruw iru gl�huhqw fdqglgdwhv1 Lq rwkhu zrugv/ wkh lpdjh ri d fdqglgdwh pd|

gl�hu dfurvv gl�huhqw rxwohwv1 Wkxv/ ohiw0zlqj rxwohwv zloo xvxdoo| surmhfw pxfk ehwwhu slfwxuhv ri ohiw0

zlqj fdqglgdwhv wkdq ri uljkw0zlqj rqhv/ dqg wkh rwkhu zd| urxqg iru wkh uljkw0zlqj phgld1 Khqfh/ wkh

ydohqfh ri d fdqglgdwh d yrwhu zloo shufhlyh zloo vkduso| ghshqg rq wkh phgld rxwohw2v wkh yrwhu lv h{srvhg

wr1 Lq wklv uhvshfw/ zh suhvhqw vrph hylghqfh iru Vsdlq/ zkhuh zh revhuyh krz uhdghuv ri wkuhh gl�huhqw

pdmru qhzvsdshuv kdyh yhu| gl�huhqw shufhswlrqv ri wkh srolwlfdo vlwxdwlrq ri wkh frxqwu|1 Wkh gdwd lv iru

4<<6/ zklfk fruuhvsrqgv wr wkh wklug whup lq r!fh ri wkh Vrfldo Ghprfudwlf sduw|/ SVRH1 Wklv shulrg

zdv fkdudfwhul}hg e| d vhulhv ri vfdqgdov lqyroylqj �qdqfldo dqg rwkhu fruuxsw sudfwlfhv e| wkh jryhuqlqj

sduw|1 Wkh qhzvsdshuv zh frqvlghu duh �Ho Sdðv�/ zklfk lv d fhqwhu0ohiw gdlo|/ �Ho Pxqgr�/ zklfk lv

fhqwhu0uljkw/ dqg �DEF�/ zklfk lv prqdufklvw dqg h{wuhpho| frqvhuydwlyh1

    Tab le  1 : 1R KP KQ PU Q H 4 G CFG T U Q H 6J TG G / CLQ T 0 GY URCRG T U 
5 RCKP �

     N ew s pape r R ead  M os t  F requen t ly

E l P a ís A B C E l M undo

B e lieve  tha t  there  is  m uc h  c o rrup t ion  
in  S pan is h  pub lic  li fe 34% 58% 55%

B e lieve  P S O E  is  m o re  c orrup t  than  
the  o ther pa rt ie s 28% 42% 60%

B e lieve  tha t  F e lipe  G onz á lez  (P rim e 
M in is te r) is  hones t 66% 32% 26%

S ourc e :  G unthe r and  M ughan  (2000).

Dv zh zrxog kdyh h{shfwhg/ wkh uhdghuv ri �Ho Sdðv� kdyh ehwwhu rslqlrqv derxw SVRH wkdq wkh

uhdghuv ri �Ho Pxqgr� ru �DEF�/ zklfk duh pruh fulwlfdo derxw wklv sduw|1 Zh dovr revhuyh wkdw wkh �uvw

uhdghuv kdyh d ehwwhu lpdjh ri Iholsh Jrq}äoh} wkdq wkh uhvw1 Wklv vkrzv krz lpsruwdqw wkh vhohfwlyh

h{srvxuh wr wkh phgld lv lq wkh hydoxdwlrq ri d jryhuqphqw1

\hw/ wkh h{lvwhqfh ri lghrorjlfdo phgld vkrxog qrw kdyh dq| lpsruwdqw h�hfw rq wkh srolwlfdo frp0

shwlwlrq li shrsoh dwwhqghg wr doo wkh phgld1 Lq vxfk d fdvh/ yrwhuv zrxog uhfhlyh d ydulhw| ri rslqlrqv/

zrxog zhljk wkhp dffruglqj wr vrph uxoh/ dqg zrxog irup d sduwlfxodu lpdjh ri wkh fdqglgdwhv* ydohqfhv

edvhg rq doo wkh lqirupdwlrq wkh| kdyh uhfhlyhg1 Krzhyhu/ hpslulfdo hylghqfh vkrzv wkdw shrsoh whqg wr

vhohfw lqirupdwlrq wkdw odujho| frqirupv wr wkhlu rzq sduwlvdq suhihuhqfhv +�vhoi0vhohfwlrq ri dxglhqfh�,16

Wkxv/ qhlwkhu gr ohiw0zlqj yrwhuv sxufkdvh uljkw0zlqj qhzvsdshuv/ qru gr uljkw0zlqj yrwhuv ex| ohiw0zlqj

gdlolhv1 Wkh vdph dujxphqw frxog eh dssolhg wr whohylvlrq ylhzhuv/ dowkrxjk khuh/ zh jxhvv wkdw wklv

vruw ri vhoi vhohfwlrq ri dxglhqfh lv qrw vr h{wuhph1 Wklv dwwhqgdqfh wr gl�huhqw rxwohwv/ wrjhwkhu zlwk

wkh lghrorjlfdo whqghqflhv ri prvw ri wkh phgld/ lpsolhv wkdw wkh lpdjh yrwhuv kdyh ri d fdqglgdwh zloo

5�Ho Sdðv�1 Iheuxdu| 55/ 53371
6Vrph hylghqfh wr wklv uhvshfw lv jlyhq lq Jxqwkhu dqg Pxjkdq +5333,/ sdjh 96> ru lq Kryodqg +4<8<,1
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eh ghwhuplqhg e| wkh rxwohwv wkh yrwhu lv h{srvhg wr/ dqg wkhuhiruh/ pd| eh eldvhg1 Lq rxu prgho/ zh

frqvlghu wklv srvvlelolw| ri �vhoi0vhohfwlrq ri dxglhqfh�/ dv zhoo dv wkh srvvlelolw| ri yrwhuv ehlqj h{srvhg

wr doo wkh phgld/ dqg zh dqdo|}h krz ghhso| rxu uhvxowv ghshqg rq vxfk h{srvxuh/ lq d prgho lq zklfk

srolwlfldqv frpshwh iru yrwhv wkurxjk lghrorj| dqg ydohqfh/ dqg zkhuh ydohqfh lv vhw e| pdvv phgld1

Wr wklv dlp/ zh sursrvh d jdph zkhuh wzr grzqvldq fdqglgdwhv frpshwh iru yrwhv1 Rqh lv ohiw0zlqj

dqg wkh rwkhu uljkw0zlqj1 Fdqglgdwhv fkrrvh srolf| sodwirupv wkdw pd{lpl}h wkhlu yrwh vkduhv1 Wkh| dovr

frpshwh wkurxjk wkh ydohqfh/ zklfk lv hqgrjhqrxvo| ghwhuplqhg lq rxu prgho1 Zh frqvlghu wzr phgld

rxwohwv lq wkh hfrqrp|/ zlwk orfdwlrqv h{rjhqrxvo| jlyhq1 Wkh phgld sxeolvk lqirupdwlrq rq srolwlfldqv/

lq sduwlfxodu/ rq wkhlu fkdulvpd17 Zh dvvxph wkdw dq rxwohw suhihuv wkh fdqglgdwh zlwk wkh lghrorj|

forvhvw wr lwv rzq1 Lw wkhuhiruh suhvhqwv d pxfk ehwwhu slfwxuh ri wklv fdqglgdwh wkdq ri klv rssrqhqw1 Lq

sduwlfxodu/ zh dvvxph wkdw wkh lpdjh ri d srolwlfldq wkdw dq rxwohw surmhfwv lv d phdvxuh ri wkh glvwdqfh

ehwzhhq wkh srvlwlrq ri wkh rxwohw dqg wkdw ri wkh fdqglgdwh1 Jlyhq wklv vwuxfwxuh/ rxu dlp lv wr vwxg|

krz srolwlfldqv frpshwh zkhq wkh fdqglgdwhv* ydohqfhv duh hqgrjhqrxvo| ghwhuplqhg lq wkh prgho1 Pruh

suhflvho|/ zh dqdo|}h srolwlfdo frpshwlwlrq xqghu wzr gl�huhqw vhw0xsv1 Wkh �uvw rqh lv wkh fdvh lq zklfk

yrwhuv duh h{srvhg wr erwk rxwohwv1 Zh frqvlghu wkhp wr eh qrq0vhohfwlyh yrwhuv1 Wkh vhfrqg vhw0xs lv

wkh fdvh lq zklfk yrwhuv duh rqo| h{srvhg wr wkh prvw d!qh phgld1 Zh fdoo wkhp vhohfwlyh yrwhuv1 Rxu

�qglqjv vkrz wkdw/ ghshqglqj rq wkh zd| wkh yrwhuv dwwhqg wr wkh phgld/ wkh htxloleulxp orfdwlrq ri

fdqglgdwhv pd| gl�hu1 Wkxv/ zkhq yrwhuv duh h{srvhg wr erwk rxwohwv/ fdqglgdwhv whqg pruh wr prghudwh

wkhlu sodwirupv/ lq dq dwwhpsw wr zlq wkh idyru ri erwk phgld1 Lq frqwudvw/ zkhq yrwhuv vhohfw dprqj wkh

rxwohwv/ fdqglgdwhv pd| gl�huhqwldwh wkhlu sodwirupv1 Wkh ohvvrq zh gudz iurp wklv/ lv wkdw vlwxdwlrqv lq

zklfk yrwhuv dwwhqg wr wkh rxwohwv wkdw vxlw wkhp ehwwhu pd| uhvxow lq srolwlfdo srodul}dwlrq1 Rq wkh rwkhu

kdqg/ vlwxdwlrqv lq zklfk yrwhuv pdnh pruh edodqfhg mxgjphqwv vkrxog ehwwhu irvwhu srolwlfdo prghudwlrq1

Wklv uhvxow pd| h{sodlq wkh udglfdol}dwlrq ri vrph qdwlrqdolvw sduwlhv lq Vsdlq1 Rxu srlqw lv wkdw wkh

ulvh ri qdwlrqdolvw qhzvsdshuv lq Vsdlq vlqfh wkh ghdwk ri glfwdwru Iudqfr lq 4<:8/ wrjhwkhu zlwk wkh idfw

wkdw wkhvh gdlolhv uhdfk pdlqo| qdwlrqdolvwv/ frxog h{sodlq wkh frqwlqxrxv lqfuhdvh lq wkh frpshwhqflhv

uhtxhvwhg e| qdwlrqdolvw sduwlhv/ dqg pruh sduwlfxoduo|/ lvvxhv olnh wkh frqwuryhuvldo Qdwlrqdolvw Sodq e|

Leduuhw{h +Sulph Plqlvwhu ri wkh Edvtxh Frxqwu|,1 Wkh lqwxlwlrq ehklqg doo wklv lv wkdw li qdwlrqdolvw

yrwhuv uhfhlyh prvw ri wkhlu lqirupdwlrq iurp qdwlrqdolvw vrxufhv/ wkhq qdwlrqdolvw sduwlhv zloo �qg lw hyhq

pruh sur�wdeoh wr udglfdol}h wkhlu sodwirupv/ dv wklv jxdudqwhhv wkhp pruh idyrudeoh fryhudjh iurp vxfk

phgld dqg/ wkhuhiruh/ d kljkhu vxssruw iurp wkh qdwlrqdolvw yrwhuv18

Wkhuh lv olwwoh olwhudwxuh rq wkh uroh ri phgld lq srolwlfv1 Rq wkh rqh kdqg/ Dqglqd Gðd} +5337d,

dqdo|}hv phgld frpshwlwlrq zkhq wkh rxwohwv kdyh hlwkhu hfrqrplf ru srolwlfdo dlpv1 Vkh lqwurgxfhv

7 Lq wkh sdshu/ zh uhihu wr ydohqfh dqg fkdulvpd dv ehlqj htxlydohqw1
8Sìuh} Qlhydv dqg Iudloh +5333,/ lq d vwxg| iru Fdwdorqld iru wkh shulrg 4<;304<<</ �qg wkdw wkh suredelolw| ri yrwlqj

iru qdwlrqdolvw sduwlhv lq jhqhudo hohfwlrqv lv 313: iru shrsoh wkdw rqo| ihho Vsdqlvk/ zkhuhdv lw lv 3196 iru shrsoh wkdw rqo|

ihho Fdwdodq1 Wkh| dovr �qg wkdw wkhvh shufhqwdjhv duh 316: dqg 31;6 uhvshfwlyho|/ zkhq hohfwlrqv duh iru wkh Fdwdodq

jryhuqphqw1 Wklv gdwd vkrzv wkdw wkh pdlq vkduh ri yrwhv ri qdwlrqdolvw sduwlhv lv txlwh zhoo gh�qhg= qdwlrqdolvw shrsoh/

zkdw pd| h{sodlq zk| wkh udglfdol}dwlrq ri wkh qdwlrqdolvw olih1
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wkh lghd wkdw yrwhuv gr fkdqqho krsslqj/ dqg vkrzv krz uhvxowv ghshqg rq wklv dvvxpswlrq1 Dqglqd

Gðd} +5337e, dovr vwxglhv wkh prqlwrulqj uroh ri phgld lq d prgho lq zklfk fdqglgdwhv fdq hlwkhu vljqdo

wkhlu w|shv ru sursrvh xqlqirupdwlyh sodwirupv1 Vkh vkrzv wkdw wkh h{lvwhqfh ri d phgld lqgxvwu| gulyhv

srolwlfldqv wr glvfdug wkh xvh ri srrolqj vwudwhjlhv/ dqg wkdw wklv uhvxow lv pruh olnho| wr rffxu dv wkh qxpehu

ri vzlqj yrwhuv/ ru wkh frpshwlwlrq dprqj wkh phgld/ lqfuhdvhv1 Rq wkh rwkhu kdqg/ Ehvoh| dqg Sudw

+5334, xvh dq dgyhuvh vhohfwlrq prgho wr fdswxuh wkh srvvleoh lq xhqflqj h�hfwv ri d edg w|sh jryhuqphqw

rq wkh phgld lqgxvwu|1 Wkh| hvwdeolvk wkh frqglwlrqv xqghu zklfk phgld sod| qr prqlwrulqj uroh/ vkrzlqj

wkdw wkh kljkhu wkh qxpehu ri phgld rxwohwv lq wkh hfrqrp|/ wkh pruh gl!fxow wkh jryhuqphqw fdq vlohqfh

wkh phgld1 Ilqdoo|/ Vwuùpehuj kdv d vhulhv ri sdshuv +5334, dqg +5337,/ zkhuh kh vwxglhv wkh lq xhqfh

phgld kdyh rq wkh ghwhuplqdwlrq ri srolf| rxwfrphv1 Lq sduwlfxodu/ kh vkrzv wkdw gxh wr wkh lqfuhdvlqj

uhwxuqv wr vfdoh ri wkh phgld lqgxvwu|/ d srolwlfdo eldv dsshduv/ kxuwlqj vpdoo jurxsv ri yrwhuv zkloh

ehqh�wlqj elj jurxsv1 Wklv frxog vrphkrz r�vhw wkh eldv lqwurgxfhg e| lqwhuhvw jurxsv/ zklfk xvxdoo|

idyru wkhvh vpdoo jurxsv/ ohdglqj wr pruh ghvludeoh srolflhv1

Wkh vhfrqg vwudqg ri olwhudwxuh rxu sdshu lv uhodwhg wr/ lv wkdw rq wkh ydohqfh lvvxh1 Prvw ri wklv

olwhudwxuh kdv frqvlghu fdqglgdwhv* ydohqfhv dv vrphwklqj h{rjhqrxvo| jlyhq lq wkh prghov1 Khuh/ zh �qg

wkh sdshuv ri Dudjrqìv dqg Sdoiuh| +5335, dqg Jurvhforvh +4<<<, dprqj rwkhuv/ zklfk vwxg| srolwlfdo

frpshwlwlrq zkhq rqh ri wkh fdqglgdwhv kdv dq jlyhq ydohqfh dgydqwdjh1 Gl�huhqwo|/ Fduuloor dqg Fdv0

wdqkhlud +5335, kdyh hqgrjhql}hg wkh ydohqfh lq d jdph zkhuh fdqglgdwhv fdq lqyhvw frvwo| uhvrxufhv

wkdw lqfuhdvh wkhlu lpdjhv1 Wkh| vkrz wkdw zkhq yrwhuv hlwkhu dozd|v ru qhyhu revhuyh wkh ydohqfh/ wkh

Phgldq Yrwhu Wkhruhp krogv1 Krzhyhu/ iru wkh fdvh ri lpshuihfw revhuydelolw| ri ydohqfh/ sduwlhv pd|

ghyldwh iurp wkh phgldq yrwhu*v eolvv srlqw/ dv dq lpsolflw frpplwphqw wr kljk lqyhvwphqw lq ydohqfh1

Ilqdoo|/ Prrq +5334, sursrvhv d prgho zkhuh wkh ydohqfh lv lqwhusuhwhg dv wkh prqhwdu| uhvrxufhv ri d

fdqglgdwh1 Lq wklv vhw0xs/ kh vkrzv wkdw wkh lqfhqwlyh wr frqyhujh lv juhdwhu iru wkh fdqglgdwh zlwk pruh

uhvrxufhv/ dqg wkdw wzr srolwlfldqv frqyhujh wr wkh phgldq yrwhu rqo| xqghu yhu| olplwhg frqglwlrqv1

Ilqdoo|/ rxu sdshu lv dovr uhodwhg wr wkh vrflr0sv|fkrorjlfdo olwhudwxuh rq pdvv phgld lq xhqfh/ lq wkdw

uhjduglqj wkh vhohfwlyh ehkdylru ri yrwhuv zkhq h{srvhg wr phgld1 Wr wklv uhvshfw/ zh uhplw wkh uhdghu

wr Kryodqg +4<8<, dqg Pxw} dqg Pduwlq +5334, iru d glvfxvvlrq rq wkh pdwwhu1

Lq wkh dqdo|vlv wkdw iroorzv/ zh suhvhqw wkh prgho dqg vrph edvlf lghdv lq Vhfwlrq 51 Lq Vhfwlrq 6/ zh

dqdo|}h wkh fdvh ri qrq0vhohfwlyh yrwhuv/ dqg hvwdeolvk wkh frqglwlrqv xqghu zklfk dq htxloleulxp h{lvwv

lq vxfk d fdvh1 Lq Vhfwlrq 7/ zh ghdo zlwk wkh fdvh ri vhohfwlyh yrwhuv/ dqg vwxg| wkh htxloleulxp h{lvwhqfh

dqg lwv orfdwlrq1 Zh wkhq glvfxvv vrph ri wkh uhvxowv lq Vhfwlrq 81 Ilqdoo|/ Vhfwlrq 9 frqfoxghv1

8
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Wzr grzqvldq fdqglgdwhv frpshwh iru yrwhv1 Wkh ohiw0zlqj fdqglgdwh lv odehoohg O/ dqg wkh uljkw0zlqj

fdqglgdwh U1 Fdqglgdwhv fkrrvh srolf| sodwirupv {w dqg {+ wkdw ehorqj wr wkh srolf| vsdfh [ @ ^3> 4`>

vr wkdw wkh| pd{lpl}h wkhlu yrwh vkduhv1 Wkh| dovr frpshwh wkurxjk wkhlu ydohqfh fkdudfwhulvwlfv/ yw

dqg y+ 5 U= Yrwhuv suhihu d kljk ydohqfh wr d orz ydohqfh fdqglgdwh1 Wkxv/ fhwhulv sdulexv/ wkh juhdwhu

y� lv/ iru m 5 iO>Uj> wkh kljkhu wkh suredelolw| ri fdqglgdwh m zlqqlqj wkh hohfwlrq lv1 Xqolnh wkh srolf|

sodwirupv wkdw duh ghwhuplqhg e| fdqglgdwhv/ ydohqfh fkdudfwhulvwlfv duh vhw e| pdvv phgld1

Zh frqvlghu wzr phgld rxwohwv/ D dqg E/ zklfk sxeolvk lqirupdwlrq rq srolwlfldqv1 Phgld rxwohwv duh

h{rjhqrxvo| orfdwhg dw d dqg e/ zlwk d/ e 5 ^3> 4`= Rqfh wkh fdqglgdwhv hvwdeolvk wkhlu sodwirupv/ wkh phgld

rxwohwv surmhfw wkh slfwxuhv ri wkh wzr fdqglgdwhv1 Zh dvvxph wkdw dq rxwohw suhihuv wkh fdqglgdwh zlwk

wkh lghrorj| wkdw lv forvhvw wr lwv rzq1 Wkhuhiruh/ lw suhvhqwv d pxfk ehwwhu slfwxuh ri wklv fdqglgdwh wkdq

ri wkh rssrqhqw1 Lq sduwlfxodu/ zh dvvxph wkdw wkh txdolw| ri wkh ydohqfh dq rxwohw jlyhv wr d sduwlfxodu

fdqglgdwh lv d phdvxuh ri wkh glvwdqfh ehwzhhq wkh srvlwlrq ri wkh rxwohw dqg wkdw ri wkh srolwlfldq1 Wkdw

lv wr vd|/

y

�
� @ �+{� � d,5 lv wkh ydohqfh rxwohw D dvvljq wr srolwlfldq m

y

�
� @ �+{� � e,5 lv wkh ydohqfh rxwohw E dvvljq wr srolwlfldq m

zlwk m 5 iO>Uj=

Wkh lghd zh duh prghoolqj lv wkdw wkh ydohqfh wkdw wkh yrwhuv shufhlyh ri wkh fdqglgdwhv grhv qrw

ghshqg rq wkh uhdo vnloov ri wkh srolwlfldqv/ exw udwkhu rq wkh slfwxuhv ri wkhp wkdw wkh phgld surmhfw1

Wklv phdqv wkdw wkh idyru ri wkh phgld lv dv lpsruwdqw dv wkh fdqglgdwh*v lghrorj| lq dwwudfwlqj yrwhv1

Qrwh dovr wkdw lpsolflw lq wklv dssurdfk lv wkh lghd wkdw phgld duh lghrorjlfdo/ dqg dv vxfk duh qrw idlu lq

wkhlu fryhudjhv ri wkh fdqglgdwhv/ exw udwkhu idyru wkh rqh zlwk d forvhu lghrorj|1

Ilqdoo|/ wkhuh lv d frqwlqxxp ri yrwhuv ri phdvxuh rqh1 Yrwhuv kdyh suhihuhqfhv uhjduglqj wkh fdqgl0

gdwhv* srolflhv dqg ydohqfhv1 Khuh/ krzhyhu/ zh fkdudfwhul}h wkhp dffruglqj wr wkhlu srolf| suhihuhqfhv/

�19 Zh dvvxph wkdw � lv glvwulexwhg rq wkh forvhg lqwhuydo }hur0rqh/ dffruglqj wr d jhqhulf glvwulexwlrq

ixqfwlrq I +�,/ zlwk d srvlwlyh ghqvlw| ixqfwlrq i+�,1 Yrwhuv revhuyh fdqglgdwhv* ydohqfhv/ exw gr qrw uhdo0

l}h krz ydohqfhv duh iruphg1 Lq rwkhu zrugv/ yrwhuv duh qrw frqvflrxv ri wkh idfw wkdw phgld*v lghrorjlfdo

suhihuhqfhv pd| sod| d uroh zkhq surmhfwlqj d ehwwhu slfwxuh ri rqh fdqglgdwh wkdq ri wkh rwkhu/ dqg

wkhuhiruh gr qrw glvfrxqw iru lw1 Wkh xwlolw| ri d yrwhu � lq yrwlqj iru fdqglgdwh m> zlwk m 5 iO>Uj> lv

x

�
�+{�> y�, @ �y� � +{� � �,

5

ru vxevwlwxwlqj

x

�
�+{�> d> e, @ ��

�
$+{� � d,5 . +4� $,+{� � e,5

�
� +{� � �,

5 +4,

9Yrwhuv djuhh rq wkh ydohqfh lvvxh/ wkhuhiruh zh fdqqrw edvh wkh rughu rq wklv glphqvlrq1
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zkhuh $ 5 ^3> 4` > lv wkh wlph yrwhu � lv h{srvhg wr phgld D> wkhuhiruh 4� $ lv wkh wlph vkh lv h{srvhg wr

phgld E1 Khuh/ � A 3 lv wkh vdolhqfh ri wkh ydohqfh glphqvlrq/ wkdw lv wr vd|/ wkh sdudphwhu wkdw fdswxuhv

wkh yrwhuv* vhqvlwlylw| wr wkh ydohqfh lvvxh uhodwlyh wr wkh lghrorjlfdo lvvxh1 Qrwh wkdw zkhq � lv }hur zh

duh lq wkh fodvvlfdo grzqvldq prgho/ zkhuh djhqwv edvh wkhlu yrwhv vroho| rq lghrorjlfdo dvshfwv1 Dv �

lqfuhdvhv/ wkh zhljkw ri ydohqfh udlvhv dqg wkh fdqglgdwhv wkhuhiruh wdnh wklv rwkhu zd| ri dwwudfwlqj yrwhv

lqwr dffrxqw1

Lq rxu prgho/ d yrwhu � yrwhv iru O zkhq

�yw � +{w � �,
5
A �y+ � +{+ � �,

5

dqg yrwhv iru U zkhq

�yw � +{w � �,
5
? �y+ � +{+ � �,

5
=

D yrwhu � lv lqgl�huhqw wr yrwlqj iru hlwkhu fdqglgdwh O ru U zkhq

�yw � +{w � �,
5
@ �y+ � +{+ � �,

5
=

Vroylqj iru � zh jhw/

�L @
{w . {+

5
.

�+y+ � yw,

5+{w � {+,
+5,

zklfk gh�qhv wkh h{suhvvlrq iru wkh lqgl�huhqw yrwhu/ ghqrwhg e| �L = Qrwh wkdw lq wkh fdvh lq zklfk zh

gr qrw frqvlghu wkh ydohqfh sureohp/ wkh lqgl�huhqw yrwhu lv orfdwhg dw wkh vdph glvwdqfh iurp erwk O

dqg U1 Lq rxu fdvh/ krzhyhu/ wklv grhv qrw krog/ dv wkhuh lv dqrwkhu lvvxh/ ydohqfh/ wkdw pdwwhuv1

Zh qh{w gh�qh wkh xwlolw| ru sd|r� ri d fdqglgdwh1 Dv phqwlrqhg suhylrxvo|/ fdqglgdwhv vhhn wr

pd{lpl}h wkhlu yrwh vkduhv1 Rqh srvvleoh h{sodqdwlrq iru wklv w|sh ri pd{lpl}lqj ehkdylru lv wkdw/ wkh

odujhu wkh yrwh vkduh ri d sduw| lv/ wkh odujhu lwv lq xhqfh lq wkh sduoldphqw zloo eh/ dqg wkhuhiruh/ wkh

odujhu wkh qxpehu ri mrev lq dqg durxqg wkh jryhuqphqw wkdw wkh sduw| fdq r�hu wr lwv fruh phpehuv

+Jurvvpdq dqg Khospdq +4<<9,,1 Dowhuqdwlyho|/ rqh pd| wklqn wkdw fdqglgdwhv vhhn wr pd{lpl}h wkhlu

yrwh vkduhv ehfdxvh wkh srolf| lpsohphqwhg lv d frqyh{ frpelqdwlrq ri wkh wzr srolflhv sursrvhg/ zkhuh

wkh zhljkwv duh wkh vkduhv ri yrwhv ri hdfk sduw| +Dohvlqd dqg Urvhqwkdo +4<<8,/ dqg Ruwxôr0Ruwðq

+4<<:,,1 Iru zkdwhyhu uhdvrq wkh| pljkw kdyh/ zh dvvxph wkdw wkh sd|r� ri d fdqglgdwh lv klv yrwh vkduh1

Dgglwlrqdoo|/ zh dvvxph wkdw lq wkh fdvh wkh fdqglgdwhv wlh/ hdfk srolwlfldq jhwv rqh kdoi ri wkh yrwhv1

Vxppdul}lqj/

��+{w> {+> d> e, @

;AA?
AA=

I +�L, li {� ? {!

4

5
li {� @ {!

4� I +�L, li {� A {!

zkhuh m> n 5 iO>Uj dqg n 9@ m=

:
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Zh ehjlq e| frqvlghulqj wkh fdvh lq zklfk doo wkh yrwhuv duh h{srvhg wr erwk phgld rxwohwv1 Wklv

phdqv wkdw yrwhuv duh krprjhqhrxv/ lq wkh vhqvh wkdw lqghshqghqwo| ri wkhlu srvlwlrqv/ wkh| dwwhqg wr

wkh wzr phgld rxwohwv lq wkh vdph sursruwlrq ri wlph1 Wkxv/ wkhuh duh qr gl�huhqfhv lq wkh lqirupdwlrq

wkh| uhfhlyh/ exw doo ri wkhp revhuyh wkh vdph qhzv1 Wkh ydohqfh ri wkh wzr fdqglgdwhv wkdw wkh flwl}hqv

shufhlyh gr qrw wkhuhiruh gl�hu iurp rqh yrwhu wr dqrwkhu1

Wkh lqwhuhvw ri wklv vhw0xs lv pruh wkhruhwlfdo wkdq dssolhg/ dv lw grhv qrw �w yhu| zhoo wkh hpslulfdo

hylghqfh1 Wkh uhdvrq lv wkdw yrwhuv xvxdoo| vx�hu iurp frq�updwru| eldv/ dqg wkxv/ fkrrvh wr dwwhqg wr

wkh rxwohwv wkdw ehwwhu �w wkhlu sulru rslqlrqv1 Lw lv wkhuhiruh gl!fxow wkdw doo wkh yrwhuv ri d frxqwu|

uhfhlyh h{dfwo| wkh vdph lqirupdwlrq/ zklfk lv wkh fdvh lq wklv �uvw vhw0xs1 Zh krzhyhu dqdo|}h vxfk d

fdvh dv d ehqfkpdun/ zklfk zloo doorz xv wr frpsduh wkh uhvxowv lq wklv fdvh zlwk wkh �qglqjv ri d vhw0xs

lq zklfk wkh yrwhuv duh vhohfwlyh1

Wkh xwlolw| ri d yrwhu � lq yrwlqj iru m> zlwk m 5 iO>Uj> lv jlyhq e| h{suhvvlrq +4, = Wkdw lv wr vd|/

x

�
�+{�> d> e, @ ��

�
$+{� � d,5 . +4� $,+{� � e,5

�
� +{� � �,

5

zkhuh y� @ �
�
$+{� � d,5 . +4� $, +{� � e,5

�
lv wkh lpdjh wkdw yrwhu � shufhlyhv derxw fdqglgdwh m> jlyhq

wkdw kh uhfhlyhv lqirupdwlrq iurp wkh wzr rxwohwv=

Zh qh{w rewdlq wkh h{suhvvlrq iru wkh lqgl�huhqw yrwhu1 Iurp htxdwlrq +5, > zh nqrz

�L @
{w . {+

5
.

�+y+ � yw,

5+{w � {+,

zlwk

y+ � yw @ +{w � {+, ^$+{w . {+ � 5d, . +4� $, +{w . {+ � 5e,` =

Wkhq/ zh fdq uhzulwh wkh h{suhvvlrq iru wklv yrwhu dv

�L @
{w . {+

5
.

� ^$+{w . {+ � 5d, . +4� $, +{w . {+ � 5e,`

5

ru vlpsoli|lqj/

�L @ {4 . � +{4 � s, +6,

zkhuh {4 @
{w.{+

5
> dqg s @ $d . +4� $, e> zlwk {4> s 5 ^3> 4` = Wkdw lv wr vd|/ {4 lv wkh phdq ri wkh

orfdwlrqv ri wkh wzr fdqglgdwhv/ dqg s wkh phdq ri wkh lqirupdwlrq wkdw wkh yrwhuv uhfhlyh iurp wkh wzr

phgld rxwohwv1 Iurp htxdwlrq +6, zh revhuyh wkdw lghrorj| dqg ydohqfh mrlqwo| ghwhuplqh wkh orfdwlrq ri

wkh lqgl�huhqw yrwhu/ dqg vr/ fdqglgdwhv kdyh wr wdnh dffrxqw ri erwk lvvxhv zkhq ghflglqj wkhlu sodwirupv1

Suhylrxv wr wkh dqdo|vlv ri wkh htxloleulxp orfdwlrq ri fdqglgdwhv/ zh suryh wkh h{lvwhqfh ri wkh

lqgl�huhqw yrwhu1

;
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Wkh h{lvwhqfh ri wklv yrwhu lv qrw dozd|v jxdudqwhhg1 Lqghhg/ wkh lqgl�huhqw yrwhu zloo qrw h{lvw zkhq

hlwkhu doo wkh yrwhuv yrwh iru fdqglgdwh O/ ru doo wkh| yrwh iru fdqglgdwh U1 Khqfh/ rxu �uvw dlp lv wr vhw

xs wkh frqglwlrqv xqghu zklfk �L h{lvwv1 Wklv lv zkdw zh gr qrz1

Sursrvlwlrq 4 Wkhuh lv d xqltxh lqgl�huhqw yrwhu/ zkrvh h{suhvvlrq lv �L @ {4. � +{4 � s, > zkhqhyhu

�s

4 . �

� {4 �
4 . �s

4 . �

= +7,

Lq dq| rwkhu fdvh/ wkhuh lv qr �L vxfk wkdw x
w
�L
+{w> yw, @ x

+
�L
+{+> y+,1

Surri1 Ohw xv vxssrvh {w 9@ {+= Lq vxfk d fdvh/ wkh h{suhvvlrq iru wkh lqgl�huhqw yrwhu lv zhoo gh�qhg1

Zh revhuyh wkdw �L ? 3 / {4 ? s dqg {4 . � +{4 � s, ? 3 / {4 ? s dqg � A

{4
T�{4

/ {4 ? s dqg

{4 ?

�T
4.�

/ {4 ?

�T
4.�

=

Dqdorjrxvo|/ �L A 4 / {4 A s dqg {4 . � +{4 � s, A 4 / {4 A s dqg � A

4�{4
{4�T

/ {4 A s dqg

{4 A

4.�T
4.�

/ {4 A

4.�T
4.�

=

Wkhuhiruh/ �L 5 ^3> 4`/

�
{4 � s ru � � {4

T�{4

�
dqg

�
{4 � s ru � � 4�{4

{4�T

�
/

�
{4 A s dqg � �

4�{4
{4�T

�
>

ru
�
{4 ? s dqg � �

{4
T�{4

�
> ru +{4 @ s, =

Wkdw lv wr vd|/ �L 5 ^3> 4` li dqg rqo| li

�s

4 . �

� {4 �
4 . �s

4 . �

=

Wr suryh wkh xqltxhqhvv ri �L > qrwh wkdw �L @ {4 . � +{4 � s, lv d vwulfwo| lqfuhdvlqj ixqfwlrq lq {4=

Wkxv/ dq| sdlu +{w> {+, lpsolhv d sduwlfxodu ydoxh ri {4> zklfk lv dvvrfldwhg wr d vlqjoh ydoxh ri �L 1 Wkxv/

wkh xqltxhqhvv ri �L 1

Zh vkdoo qrz looxvwudwh wkh vkduh ri yrwhv ri wkh wzr fdqglgdwhv/ iru dq| vlwxdwlrq {w 9@ {+1 Zh nqrz

wkdw iru wkh fdvh lq zklfk +7, krogv/ wkh lqgl�huhqw yrwhu grhv h{lvw1 Lq vxfk d fdvh/ doo � ? �L yrwh iru

wkh ohiwlvw orfdwhg fdqglgdwh/ dqg doo � A �L gr iru wkh uljkwlvw rqh1 Ohw xv ghqrwh wkh ohiwlvw fdqglgdwh

e| f3 @ dujplq�5iw>+ji{�j/ dqg wkh uljkwlvw rqh e| f4 @ dujpd{�5iw>+ji{�j1 Zh fdq wkhq uhsuhvhqw wkh

vkduh ri yrwhv ri wkh wzr fdqglgdwhv iru wkh fdvhv lq zklfk �L h{lvwv1 Lw frxog eh/ krzhyhu/ wkdw wklv yrwhu

grhv qrw h{lvwv1 Lq vxfk fdvhv/ wkh vkduh ri yrwhv ri wkh wzr fdqglgdwhv lv/ ghvslwh wkh h{lvwhqfh sureohpv/

zhoo gh�qhg1 Wkxv/ lq wkh fdvh {4 ?

T�
4.�

> zh rewdlq �L ? 3> wkhq doo wkh yrwhuv yrwh iru fdqglgdwh f4= Lq

frqwudvw/ lq wkh fdvh {4 A

4.T�
4.�

> zh rewdlq �L A 4> wkxv doo wkh| yrwh iru fdqglgdwh f3= Khqfh/ wkhuh duh

qr sureohpv lq ghwhuplqlqj zkr jdlqv wkh hohfwlrq dqg zkr qrw/ hyhq lq wkh fdvhv lq zklfk �L grhv qrw

h{lvw1

Zh qrz gh�qh wkh svhxgr0lqgl�huhqw yrwhu dv wkh ydoxh ri �L zklfk jlyhv wkh wzr fdqglgdwhv wkh vkduh

ri yrwhv wkdw wkh| jhw/ iru d jlyhq sdlu +{w> {+,1

e
�L +{4, @

;AA?
AA=

3 li {4 ?

T�
4.�

{4 . � +{4 � s, li 4.T�
4.�

� {4 �
T�
4.�

4 li {4 A

4.T�
4.�

=

<



Zh vkdoo qrz uhsuhvhqw wkhvh vkduhv ri yrwhv/

2
RL

m

xx
x

+=

θ

γ
γ

+1

p
γ
γ

+
+

1

1 p 1

1

c0c1

c0

c1

)(ˆ ⋅Iθ

Iljxuh 4= Vkduh ri yrwhv ri wkh wzr fdqglgdwhv/ zkhq {w 9@ {+=

� �����������

Zh qrz fkdudfwhul}h wkh htxloleulxp orfdwlrq ri fdqglgdwhv1

Sursrvlwlrq 5 Li yrwhuv duh qrq0vhohfwlyh/ wkh rqo| htxloleulxp lq sxuh vwudwhjlhv lv {w @ {+ @
�4.�T
4.�

>

zkhuh �4 lv wkh orfdwlrq ri wkh phgldq yrwhu1

Surri1 Zh �uvw suryh wkdw {w ? {+ fdqqrw krog lq htxloleulxp1 Ohw xv frqvlghu vxfk d vlwxdwlrq/ dqg

ohw xv vxssrvh �w+{w> {+, A �++{w> {+,> l1h1 wkh sd|r� ri fdqglgdwh O lv juhdwhu wkdq wkdw ri fdqglgdwh

U1 Lq vxfk d fdvh/ fdqglgdwh U jhwv ohvv wkdq rqh kdoi ri wkh yrwhv/ zkhuhdv li kh ghyldwhv wr {+ @ {w

kh jhwv h{dfwo| rqh kdoi +e| dvvxpswlrq,1 Wkxv/ fdqglgdwh U ghyldwhv1 Dqdorjrxvo|/ ohw xv vxssrvh wkdw

�w+{w> {+, ? �++{w> {+,= Khuh/ lw lv fdqglgdwh O zkr kdv d sur�wdeoh ghyldwlrq1 Wkhq/ wklv vlwxdwlrq fdq

qhlwkhu krog lq htxloleulxp= Ilqdoo|/ ohw xv vxssrvh �w+{w> {+, @ �++{w> {+,= Lq vxfk d fdvh/ wkh lqgl�huhqw

yrwhu h{lvwv/ dqg wkhuhiruh �w+{w> {+, @
4

5
@ I

�e
�L

�
= Wkhq/ e�L @ �4= Ohw xv qrz frqvlghu wkdw fdqglgdwh

O ghyldwhv wr {
3

w 5 +{w> {+, > zlwk wkh qhz lqgl�huhqw yrwhu ehlqj e�3L @ +4 . �,{
3

4 � �s 5 +�4> 4`1 Lq vxfk

d fdvh/ wkh sd|r� ri fdqglgdwh O lv �w+{
3

w> {+, @ I

�e
�

3

L

�
A

4

5
@ �w+{w> {+,> dqg wkxv/ kh �qgv lw vwulfwo|

sur�wdeoh wr ghyldwh1 Khqfh/ {w ? {+ fdqqrw krog lq htxloleulxp1

Dqdorjrxvo|/ zh suryh wkdw qhlwkhu {w A {+ krogv lq htxloleulxp1

Ohw xv �qdoo| frqvlghu wkh fdvh {w @ {+= Lq vxfk d fdvh/ yrwhuv duh lqgl�huhqw wr yrwlqj iru hlwkhu O ru

U= Wkhuhiruh �w+{w> {+, @ �++{w> {+, @
4

5
> e| dvvxpswlrq1

Ohw xv �uvw vxssrvh {w @ {+ ?

�T
4.�

= Lq vxfk d fdvh/ hlwkhu fdqglgdwh kdv d sur�wdeoh ghyldwlrq1 Ohw

xv vxssrvh wkdw fdqglgdwh U ghyldwhv wr {
3

+ 5

�
{w>

�T
4.�

�
= Khuh/ �++{w> {

3

+, @ 4 A �++{w> {+, @
4

5
= Wkxv/

{w @ {+ ?

�T
4.�

fdqqrw rffxu lq htxloleulxp1
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Ohw xv qrz vxssrvh �T.4
4.�

? {w @ {+= Khuh dovr/ hlwkhu fdqglgdwh kdv d sur�wdeoh ghyldwlrq1 Ohw xv

vxssrvh wkdw fdqglgdwh O ghyldwhv wr {3w 5
�
�T.4
4.�

> {+

�
> dqg wkhuhiruh �w+{

3

w> {+, @ 4= Wkxv/ �T.4
4.�

? {w @

{+ fdq qhlwkhu rffxu lq htxloleulxp1

Ohw {w @ {+ 5

k
�T
4.�

>

�T.4
4.�

l
= Zh qrz gh�qh e{4 5

�
�T
4.�

>

�T.4
4.�

�
> dv wkh vlqjoh ydoxh ri {4 vxfk wkdw

e
�L +e{4, @ +4 . �,e{4 � �s @ �4 5 +3> 4, =

Ohw xv �uvw frqvlghu wkh fdvh e{4 ? {w @ {+> dqg ohw xv vxssrvh wkdw fdqglgdwh O ghyldwhv wr {
3

w 5

+e{4> {+, = Lq vxfk d fdvh/ e�3L @ +4 . �,{
3

4 � �s A +4 . �,e{4 � �s @ �4> zlwk {
3

4 @
{3
w
.{+

5
= Wkhuhiruh/

�w+{
3

w> {+, @ I

�e
�

3

L

�
A

4

5
> dqg wkxv fdqglgdwh O �qgv lw vwulfwo| sur�wdeoh wr ghyldwh=

Ohw xv qrz frqvlghu wkh fdvh {w @ {+ ? e{4> dqg ohw xv vxssrvh wkdw fdqglgdwh U ghyldwhv wr {
3

+ 5

+{w> e{4, = Lq vxfk d fdvh/ e�3
L
@ +4.�,{3

4��s ? +4.�,e{4��s @ �4= Wkhq �++{w> {
3

+, @ 4�I

�e
�

3

L

�
A

4

5
>

dqg wkhuhiruh fdqglgdwh U �qgv lw vwulfwo| sur�wdeoh wr ghyldwh=

Ohw xv �qdoo| frqvlghu wkh fdvh {w @ {+ @ e{4=
Ohw xv vxssrvh wkdw fdqglgdwh O ghyldwhv wr {

3

w ? {w @ {+= Lq vxfk d fdvh/ e�3
L
? �4> dqg wkhuhiruh

�w+{
3

w> {+, @ I

�e
�

3

L

�
?

4

5
=

Ohw xv vxssrvh wkdw fdqglgdwh O ghyldwhv wr {
3

w A {w @ {+= Lq vxfk d fdvh/ e�3
L
A �4> dqg wkhuhiruh

�w+{
3

w> {+, @ 4� I

�e
�

3

L

�
?

4

5
=

Dqdorjrxvo|/ zh dqdo|}h wkh ghyldwlrqv ri fdqglgdwh U1

Wkxv/ wkh rqo| htxloleulxp lv {w @ {+ @ e{4> zlwk e{4 5 � �T

4.�
>

4.�T

4.�

�
dqg e{4+4 . �,� �s @ �4= Wkdw

lv wr vd|/ {w @ {+ @ �4.�T

4.�
lv wkh xqltxh htxloleulxp=

Zh revhuyh wkdw fdqglgdwhv gr qrw gl�huhqwldwh lq htxloleulxp/ exw udwkhu orfdwh dw wkh vdph srlqw/

ehlqj wklv srlqw d frqyh{ frpelqdwlrq ri wkh orfdwlrq ri wkh phgldq yrwhu dqg wkdw ri wkh phgld1 Wklv lv vr

ehfdxvh lghrorj| dqg ydohqfh duh lq wklv prgho uhohydqw lvvxhv iru yrwhuv1 Khqfh/ wkh lghd vxppdul}lqj wklv

uhvxow lv wkdw/ wkh idfw wkdw yrwhuv gr qrw glvfulplqdwh zkhq dwwhqglqj wr phgld/ pdnhv wkdw fdqglgdwhv

gr qhlwkhu glvfulplqdwh1 Srolwlfldqv zloo wkhuhiruh zdqw wr prghudwh wkhlu sodwirupv/ lq dq dwwhpsw wr jhw

wkh idyru ri erwk rxwohwv1:

� ��������� ������

Zh qh{w frqvlghu wkh fdvh ri yrwhuv wkdw duh mxvw h{srvhg wr wkhlu forvhvw srvlwlrqhg phgld rxwohw1 Qrwh

wkdw wklv vhw0xs lv rssrvlwh wr wkh suhylrxv rqh/ lq zklfk doo wkh yrwhuv uhfhlyh wkh vdph lqirupdwlrq1 Wkh

lghd zh irupdol}h khuh frxog �w/ iru h{dpsoh/ zlwk qhzvsdshu uhdghuv/ zkr xvxdoo| ex| wkh lghrorjlfdoo|

forvhvw qhzvsdshu/ ru zlwk djhqwv zkr mxvw zdwfk rqh wy fkdqqho ru olvwhq wr rqh udglr vwdwlrq1

Lq vxfk fdvhv/ gl�huhqw yrwhuv pd| shufhlyh gl�huhqw fdqglgdwhv* ydohqfhv1 Wkxv/ wkh xwlolw| ri d

yrwhu � lq yrwlqj iru m> zlwk m 5 iO>Uj> zloo ghshqg rq wkh phgld rxwohw vkh lv h{srvhg wr1 Lq wklv zd|/

:Fdqglgdwhv zdqw wr uhdfk frqvhqvxv ehwzhhq yrwhuv dqg phgld rxwohwv1 Wklv lv khuh wkh lghd ri prghudwlrq/ zkhuh zh

gr qrw phdq wkdw fdqglgdwhv orfdwh dw wkh fhqwhu ri wkh lghrorjlfdo vsdfh/ exw udwkhu wkdw dlp wr dfklhyh djuhhphqw ehwzhhq

wkh lghrorj| ri wkh phgldq yrwhu dqg wkdw ri wkh phgld1
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x

�
�
+{�> d, @ ��+{� � d,5 � +{� � �,5 zkhq � dwwhqgv wr phgld D

x

�
�
+{�> e, @ ��+{� � e,5 � +{� � �,5 zkhq � dwwhqgv wr phgld E

x

�

�
+{�> d> e, @ ��

�
$+{� � d,5 . +4� $,+{� � e,5

�
� +{� � �,5 zkhq � dwwhqgv wr D dqg E

Jlyhq wkdw wkh yrwhuv dwwhqg wr wkhlu forvhvw srvlwlrqhg phgld rxwohw/ dqg jlyhq d sduwlfxodu d> e 5 ^3> 4`/

wkrvh yrwhuv wr wkh ohiw ri @.M
5

zloo dwwhqg wr rxwohw D +uhvs1 E,/ li d ? e +uhvs1 e ? d,1 Dqdorjrxvo|/ wkrvh

yrwhuv wr wkh uljkw ri @.M
5

zloo dwwhqg wr rxwohw E +uhvs1 D,/ li d ? e +uhvs1 e ? d,1 Ilqdoo|/ wkrvh yrwhuv

dw @.M
5

zloo dwwhqg wr erwk rxwohwv1; Zh ixuwkhu dvvxph wkdw lq wkh fdvh d @ e> wkh yrwhuv dwwhqg wr hdfk

phgld rqh kdoi ri wkhlu wlphv1<

Iroorzlqj wkh vfkhgxoh zh xvhg lq wkh fdvh ri qrq0vhohfwlyh yrwhuv/ zh rewdlq wkh h{suhvvlrq iru wkh

lqgl�huhqw yrwhu1 Iurp htxdwlrq +6, > zh nqrz

�L @ {4 . � +{4 � s,

zkhuh s lv qrz gl�huhqw ghshqglqj rq wkh orfdwlrq ri wkh lqgl�huhqw yrwhu1 Wkxv/ lq wkh fdvh wkh lqgl�huhqw

yrwhu lv wr ohiw ri @.M
5
> zh kdyh

�L @ {4 . � +{4 � s3,

zlwk s3 @ plqid> ej=

Rq wkh rwkhu kdqg/ lq wkh fdvh wkh lqgl�huhqw yrwhu lv wr uljkw ri @.M
5
> zh kdyh

�L @ {4 . � +{4 � s4,

zlwk s4 @ pd{id> ej=

Ilqdoo|/ lw fdq eh wkdw wkh lqgl�huhqw yrwhu lv dovr wkh lqgl�huhqw uhdghu1 Lq vxfk d fdvh/ �L @
@.M
5

@ s>

wkhuhiruh

�L @ {4

zkdw rffxuv zkhq fdqglgdwhv dqg phgld rxwohwv orfdwh v|pphwulfdoo| derxw wkh lqgl�huhqw yrwhu1

Khuh dovr/ zh vwxg| wkh frqglwlrqv iru wkh h{lvwhqfh ri wkh lqgl�huhqw yrwhu1 Wkh dqdo|vlv lv qrz d

elw pruh frpsoh{/ dv wkh glvfrqwlqxlw| lq wkh zd| wkh ylhzhuv dwwhqg wr wkh wzr phgld rxwohwv hqwdlov

dgglwlrqdo sureohpv iru wkh h{lvwhqfh ri �L 1

� ��������� 	�� ���������� �� ��� ���������� �����

Zh shuirup wkh dqdo|vlv mxvw iru wkh fdvh d 9@ e= Wkh uhdvrq lv wkdw zkhqhyhu d @ e> wkh yrwhuv ehkdyh

dv li wkh| zhuh qrq0vhohfwlyh1 Lq idfw/ wkh| duh qrq0vhohfwlyh ehfdxvh vhohfwlqj ru qrw grhv qrw lpso| d

gl�huhqfh1 Khqfh/ zh uhplw wkh uhdghu wr wkh dqdo|vlv fduulhg rxw lq wkh suhylrxv vhfwlrq/ dv lw gluhfwo|

dssolhv khuh1

;Khuh zh dvvxph wkdw wkh| vshqg rqh kdoi ri wkhlu wlphv dwwhqglqj wr hdfk phgld/ wkdw lv wr vd|/ / '
�

2
1

<Ru/ htxlydohqwo| lq whupv ri uhvxowv/ rqh kdoi ri wkh yrwhuv dwwhqg wr hdfk rxwohw1
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Ohw xv wkhq jr lqwr wkh fdvh d 9@ e= Lq vxfk d fdvh/ wkh lqgl�huhqw yrwhu h{lvwv zkhq hlwkhu �L 5
�
3> @.M

5

�
>

�L @
@.M
5
> ru �L 5

�
@.M
5
> 4
�
= Zh revhuyh wkdw �L @

@.M
5

rffxuv zlwk suredelolw| }hur/ dqg wkxv/ zh fdq vnls

wkh dqdo|vlv ri wklv fdvh dv lw zloo qrw fkdqjh wkh rxwfrph ri wkh hohfwlrq1 Zh wkhq irfxv rq wkh rwkhu

wzr fdvhv/ iru zklfk zh qh{w hvwdeolvk wkh frqglwlrqv xqghu zklfk �L h{lvwv1

Sursrvlwlrq 6 Wkhuh lv d xqltxh lqgl�huhqw yrwhu/ zkrvh h{suhvvlrq lv

+l, hlwkhu �L @ {4 . � +{4 � s3, > zkhqhyhu

�s3

4 . �

� {4 �
s. �s3

4 . �

> +8,

+ll, ru �L @ {4 . � +{4 � s4, > zkhqhyhu

s. �s4

4 . �

� {4 �
4 . �s4

4 . �

= +9,

Lq dq| rwkhu fdvh/ wkhuh lv qr �L vxfk wkdw xw
�L
+{w> yw, @ x

+
�L
+{+> y+,=

Surri1 Ohw xv vxssrvh {w 9@ {+1

Ohw xv vwduw dqdo|}lqj srlqw +l,/ lq zklfk wkh lqgl�huhqw yrwhu dwwhqgv wr wkh ohiwlvw orfdwhg phgld

rxwohw1 Wklv rffxuv zkhq �L 5 ^3> s` =

Lq vxfk d fdvh/ �L ? 3/ {4 ?

�T3
4.�

> dqg �L A s/ {4 A

T.�T3
4.�

= Wkxv/ �L 5 ^3> s`/ �T3
4.�

� {4 �
T.�T3
4.�

=

Dqdorjrxvo|/ zh dqdo|}h srlqw +ll,/ lq zklfk wkh lqgl�huhqw yrwhu dwwhqgv wr wkh uljkwlvw orfdwhg phgld

rxwohw1 Wklv rffxuv zkhq �L 5 ^s> 4` =

Lq vxfk d fdvh/ �L ? s/ {4 ?

T.�T4
4.�

> dqg �L A 4/ {4 A

4.�T4
4.�

= Wkxv/ �L 5 ^s> 4` / T.�T4
4.�

� {4 �

4.�T4
4.�

=

Wr suryh wkh xqltxhqhvv ri �L > qrwh wkdw erwk/ �L @ {4 . � +{4 � s3, dqg �L @ {4 . � +{4 � s4, duh

vwulfwo| lqfuhdvlqj ixqfwlrqv lq {4= Dgglwlrqdoo|/ qrwh dovr wkdw

�s3

4 . �

?

s. �s3

4 . �

?

s. �s4

4 . �

?

4 . �s4

4 . �

vlqfh d 9@ e> dqg wkhq s 5 +3> 4,= Wkxv/ dq| sdlu +{w> {+, lpsolhv d sduwlfxodu ydoxh ri {4> zklfk lv

dvvrfldwhg wr d vlqjoh ydoxh ri �L 1 Khqfh/ wkh xqltxhqhvv ri �L =

Zh vkdoo qrz looxvwudwh wkh vkduh ri yrwhv ri wkh wzr fdqglgdwhv/ iru dq| vlwxdwlrq {w 9@ {+= Zh nqrz

wkdw wkh lqgl�huhqw yrwhu/ li h{lvwv/ lv xqltxh1 Wkxv/ doo � ? �L yrwh iru wkh ohiwlvw fdqglgdwh/ dqg doo � A �L

gr iru wkh uljkwlvw rqh1 Zh kdyh wkhuhiruh d fohdu uhsuhvhqwdwlrq ri wkh yrwh vkduhv iru wkh fdvhv lq zklfk

�L h{lvwv1 Lw frxog eh/ krzhyhu/ wkdw wkh lqgl�huhqw yrwhu grhv qrw h{lvw1 Lq vxfk fdvhv/ dqg ghvslwh wkh

h{lvwhqfh sureohpv/ wkh vkduh ri yrwhv ri wkh wzr fdqglgdwhv lv zhoo gh�qhg1 Wkxv/ lq wkh fdvh �L ?
�T3
4.�

>

doo wkh yrwhuv yrwh iru fdqglgdwh f4= Dgglwlrqdoo|/ lq wkh fdvh �L A
4.�T4
4.�

> doo wkh| yrwh iru fdqglgdwh f3=
43

Ilqdoo|/ lq wkh fdvh �L 5

k
T.�T3
4.�

>

T.�T4
4.�

l
> doo � ? s yrwh iru f3 dqg doo � A s yrwh iru f4= Khqfh/ wkhuh duh

qr sureohpv lq ghwhuplqlqj wkh yrwh vkduhv/ hyhq lq wkh fdvhv lq zklfk �L grhv qrw h{lvw1

43Dv suhylrxvo|/ zh ghqrwh Sf ' @h}4�?�Mtwc+�t%��c dqg S� ' @h}4@ �Mtwc+�t%���
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Zh vkdoo qrz gh�qh wkh svhxgr0lqgl�huhqw yrwhu dv wkh ydoxh ri �L zklfk jlyhv wkh wzr fdqglgdwhv wkh

vkduh ri yrwhv wkdw wkh| uhdoo| jhw/ iru d jlyhq sdlu +{w> {+,1

e
�L +{4, @

;AAAAAAAA?
AAAAAAAA=

3 li {4 ?

�T3
4.�

{4 . � +{4 � s3, li �T3
4.�

� {4 �
T.�T3
4.�

s li T.�T3
4.�

� {4 �
T.�T4
4.�

{4 . � +{4 � s4, li T.�T4
4.�

� {4 �
4.�T4
4.�

4 li {4 A

4.�T4
4.�

=

Zh vkdoo qrz uhsuhvhqw wkhvh vkduhv ri yrwhv/

2
RL

m

xx
x

+=

θ

γ
γ

+1
0p

γ
γ

+
+
1

1 1p 1

1

c0c1

c0

c1 )(ˆ ⋅Iθ
c1

c1

c0

c0

γ
γ

+
+

1
0pp

γ
γ

+
+

1
1pp

c0

c1

p
0p

p

1p

c1

Iljxuh 5= Vkduh ri yrwhv ri wkh wzr fdqglgdwhv/ zkhq {w 9@ {+=

� �����������

Zh qh{w dqdo|}h wkh htxloleuld wkdw dulvh iru wkh jdph lq zklfk wkh yrwhuv vhohfw ehwzhhq wkh rxwohwv

dqg pd| wkhuhiruh kdyh gl�huhqw shufhswlrqv derxw wkh fdqglgdwhv* ydohqfhv1 Uhphpehu wkdw zh kdyh

wzr gl�huhqw vhw0xsv/ ghshqglqj rq wkh orfdwlrq ri wkh phgld rxwohwv1 Wkh �uvw vhw0xs lv zkhq wkh wzr

phgld rxwohwv orfdwh dw wkh vdph srlqw/ d @ e= Wkh vhfrqg rqh lv zkhq wkh wzr phgld gl�huhqwldwh/ d 9@ e=

Ohw xv �uvw frqvlghu wkdw erwk phgld rxwohwv orfdwh dw d @ e1 Wkh htxloleulxp orfdwlrq iru fdqglgdwhv

lq vxfk d fdvh lv wkh vdph dv wkh rqh zh rewdlqhg lq wkh fdvh ri qrq vhohfwlyh yrwhuv/ zlwk $ @ 4

5
1 Wkxv/

zh uhplw wkh uhdghu wr Sursrvlwlrq 5 lq Vhfwlrq 61

Zh wkhq frqvlghu wkh fdvh lq zklfk d 9@ e= Khuh/ zh vkrz wkdw wkhuh duh htxloleuld lq zklfk wkh

fdqglgdwhv orfdwh dw wkh vdph srlqw/ dv zhoo dv htxloleuld lq zklfk wkh fdqglgdwhv gl�huhqwldwh1 Wkh odvw

uhvxow ghvhuyhv pruh dwwhqwlrq/ dv wkh h{lvwhqfh ri htxloleuld lq zklfk wkh fdqglgdwhv gr qrw sursrvh wkh

vdph sodwirup lv qrw wkh fodvvlfdo uhvxow lq d grzqvldq prgho1 Wkh gl�huhqwldwlrq lv khuh gxh wr wkh

47



idfw wkdw wkh yrwhuv vhohfw ehwzhhq rxwohwv1 Wkxv/ wkh idfw wkdw yrwhuv uhfhlyh doo wkh lqirupdwlrq iurp

rqh rxwohw pdnhv srolwlfldqv ehlqj rqo| frqfhuqhg zlwk wkdw phgld1 Lq rwkhu zrugv/ wkdw ohiw0zlqj +uhvs1

uljkw0zlqj, yrwhuv uhfhlyh doo wkh lqirupdwlrq iurp wkh ohiwlvw +uhvs1 uljkwlvw, phgld/ pdnhv fdqglgdwh O

+uhvs1 U, ehlqj dzduh mxvw ri wkh ohiwlvw +uhvs1 uljkwlvw, phgld1 Lq frqwudvw/ li yrwhuv uhfhlyh lqirupdwlrq

iurp wkh wzr rxwohwv/ fdqglgdwhv vkrxog qrw irujhw derxw wkhlu slfwxuhv lq wkh rwkhu phgld1 Lq vxfk d

fdvh/ srolwlfldqv zrxog �qg lw sur�wdeoh wr prghudwh wkhlu olqhv/ lq dq dwwhpsw wr dlp wkh djuhhphqw ri

erwk phgld1 Wkh iroorzlqj sursrvlwlrq irupdol}hv wkhvh lghdv1

Sursrvlwlrq 7 Vxssrvh d 9@ e= Wkhq/

+l, Li �4 ?
@.M
5
> wkh rqo| htxloleulxp lv {w @ {+ @ �4.�T3

4.�
=

+ll, Li �4 A
@.M
5
> wkh rqo| htxloleulxp lv {w @ {+ @ �4.�T4

4.�
=

+lll, Li �4 @ @.M
5
> wkh sdluv +{w> {+, vxfk wkdw {w> {+ 5

k
�4.�T3
4.�

>

�4.�T4
4.�

l
> duh wkh rqo| htxloleuld1

Surri1 Zh �uvw vkrz wkdw {w 9@ {+ dqg �w+{w> {+, 9@ �++{w> {+,> fdqqrw krog lq htxloleulxp1 Wkh

uhdvrq lv wkdw wkh fdqglgdwh zlwk ohvv yrwhv kdv dq lqfhqwlyh wr ghyldwh dqg orfdwh dw {w @ {+> zkhuh kh

jhwv e| dvvxpswlrq rqh kdoi ri wkh yrwhv1 Wkxv/ vxfk d vlwxdwlrq fdqqrw krog lq htxloleulxp1

Ohw xv wkhq frqvlghu d k|srwkhwlfdo htxloleulxp lq zklfk {w 9@ {+ dqg �w+{w> {+, @ �++{w> {+, @
4

5
=

Zlwkrxw orvh ri jhqhudolw|/ ohw xv dvvxph {w ? {+=

Ohw xv vxssrvh {4 ?

�T3
4.�

= Lq vxfk d fdvh/ �w+{w> {+, @ 3= Wkxv/ wklv vlwxdwlrq fdqqrw krog lq

htxloleulxp/ dv fdqglgdwh O zrxog �qg lw vwulfwo| sur�wdeoh wr ghyldwh dqg orfdwh dw {w @ {+1

Dqdorjrxvo|/ {4 A

4.�T4
4.�

> fdq qhlwkhu krog lq htxloleulxp1

Ohw xv qrz vxssrvh �T3
4.�

� {4 ?

T.�T3
4.�

= Lq vxfk d fdvh/ e�L @ +4 . �,{4 � �s3> zlwk �w+{w> {+, @

I

�e
�L

�
@ 4

5
> wkhuhiruh e�L @ �4= Ohw xv vxssrvh wkdw fdqglgdwh O ghyldwhv wr {

3

w 5 +{w> {+, > zlwk {
3

4 @

{
3

w
.{+

5
dqg �T3

4.�
? {

3

4 ?

T.�T3
4.�

= Lq vxfk d fdvh/ e�3
L
@ +4 . �,{3

4 � �s3 A �4 dqg wkhuhiruh �w+{
3

w> {+, @

I

�e
�

3

L

�
A

4

5
= Lw lv wkhuhiruh qrw srvvleoh dq htxloleulxp lq zklfk �T3

4.�
� {4 ?

T.�T3
4.�

1

Dqdorjrxvo|/ zh suryh wkdw T.�T4
4.�

? {4 �
4.�T4
4.�

qhlwkhu krogv lq htxloleulxp1

Ohw xv wkhq frqvlghu T.�T3
4.�

� {4 �
T.�T4
4.�

> zlwk e�L @ s= Lq vxfk d fdvh/ �w+{w> {+, @ I

�e
�L

�
@ I +s, @

4

5
> dqg wkhuhiruh s @ �4=

Ohw xv vxssrvh T.�T4
4.�

? {+= Khuh/ fdqglgdwh O frxog ghyldwh wr {
3

w 5

�
T.�T4
4.�

> {+

�
/ zlwk e�3

L
@ plqi+4.

�,{3

4 � �s4> 4j A s @ �4> lq zklfk fdvh �w+{
3

w> {+, @ I

�e
�

3

L

�
A

4

5
= Khqfh/ {+ A

s.�T4
4.�

fdqqrw rffxu lq

htxloleulxp1

Dqdorjrxvo|/ ohw xv vxssrvh {w ?

T.�T3
4.�

= Khuh/ fdqglgdwh U frxog ghyldwh wr {
3

+ 5

�
{w>

T.�T3
4.�

�
/ zlwk

e
�

3

L
@ pd{i+4 . �,{3

4 � �s3> 3j ? s @ �4> lq zklfk fdvh �++{w> {
3

+, @ 4� I

�e
�

3

L

�
A

4

5
= Khqfh/ {w ?

T.�T3
4.�

fdq qhlwkhu rffxu lq htxloleulxp1

Wkxv/ zh kdyh vkrzq wkdw lq wkh fdvh wkhuh lv dq htxloleulxp ri wkh vruw {w 9@ {+> lw pxvw eh vxfk

wkdw T.�T3
4.�

� {w ? {4 ? {+ �
T.�T4
4.�

/ zlwk s @ {4= Zh qh{w vkrz wkdw wklv frq�jxudwlrq frqvwlwxwhv dq

htxloleulxp1
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Ohw xv frqvlghu wkdw fdqglgdwh O ghyldwhv wr {
3

w ? {w= Lq vxfk d fdvh/ e�3
L
� s @ �4> wkhuhiruh

�w+{
3

w> {+, @ I

�e
�

3

L

�
� 4

5
= Wkxv/ fdqglgdwh O grhv qrw �qg lw vwulfwo| sur�wdeoh wr ghyldwh1

Ohw xv frqvlghu wkdw fdqglgdwh O ghyldwhv wr {
3

w 5 +{w> {+, = Lq vxfk d fdvh/ e�3
L
@ s @ �4> wkhuhiruh

�w+{
3

w> {+, @ I

�e
�

3

L

�
@ 4

5
= Wkxv/ fdqglgdwh O grhv qhlwkhu �qg lw vwulfwo| sur�wdeoh wr ghyldwh1

Ohw xv frqvlghu wkdw fdqglgdwh O ghyldwhv wr {
3

w @ {+= Lq vxfk d fdvh/ �w+{
3

w> {+, @
4

5
e| dvvxpswlrq=

Wkxv/ fdqglgdwh O grhv qrw �qg lw vwulfwo| sur�wdeoh wr ghyldwh1

Ilqdoo|/ ohw xv frqvlghu wkdw fdqglgdwh O ghyldwhv wr {
3

w A {+= Lq vxfk d fdvh/ e�3
L
� s @ �4> wkhuhiruh

�w+{
3

w> {+, @ 4� I

�e
�

3

L

�
�

4

5
= Wkxv/ fdqglgdwh O grhv qhlwkhu �qg lw vwulfwo| sur�wdeoh wr ghyldwh1

Zh qrz frqvlghu d k|srwkhwlfdo htxloleulxp lq zklfk {w @ {+= Lq vxfk d fdvh/ �w+{w> {+, @ �++{w> {+, @

4

5
e| dvvxpswlrq1

Ohw xv �uvw vxssrvh {w @ {+ ?

T.�T3
4.�

> dqg �4 � s= Lq vxfk d fdvh/ hlwkhu ri wkh wzr fdqglgdwhv

kdv d sur�wdeoh ghyldwlrq1 Ohw xv vxssrvh wkdw fdqglgdwh U ghyldwhv wr {
3

+ 5

�
{w>

T.�T3
4.�

�
> zlwk e

�

3

L
@

pd{i+4 . �,{3

4 � �s3> 3j ? s � �4= Khuh/ �++{w> {
3

+, @ 4� I

�e
�

3

L

�
A

4

5
= Wkxv/ s � �4 fdqqrw rffxu lq

htxloleulxp1

Ohw xv qrz vxssrvh {w @ {+ ?

T.�T3
4.�

> dqg s A �4= Ohw e{4 5 � �T3
4.�

>

T.�T3
4.�

�
> eh wkh vlqjoh ydoxh ri {4

vxfk wkdw e�L +e{4, @ +4 . �,e{4 � �s3 @ �4 5 +3> 4, = Wkhuh duh wkuhh srvvlelolwlhv1

Lq wkh �uvw fdvh/ e{4 ? {w @ {+> hlwkhu ri wkh wzr fdqglgdwhv kdv d sur�wdeoh ghyldwlrq1 Ohw xv vxssrvh

wkdw fdqglgdwh O ghyldwhv wr {
3

w 5 +e{4> {+, = Lq vxfk d fdvh/ e�3
L
@ +4.�,{3

4��s3 A +4.�,e{4��s3 @ �4>

wkhuhiruh �w+{
3

w> {+, @ I

�e
�

3

L

�
A

4

5
=

Lq wkh vhfrqg fdvh/ {w @ {+ ? e{4> hlwkhu ri wkh wzr fdqglgdwhv kdv dovr d sur�wdeoh ghyldwlrq1

Ohw xv vxssrvh wkdw fdqglgdwh U ghyldwhv wr {
3

+ 5 +{w> e{4, = Lq vxfk d fdvh/ e�3
L
@ +4 . �,{3

4 � �s3 ?

+4 . �,e{4 � �s3 @ �4> wkhuhiruh �++{w> {
3

+, @ 4� I

�e
�

3

L

�
A

4

5
=

Zh qrz vkrz wkdw wkh wklug fdvh/ {w @ {+ @ e{4> frqvwlwxwhv dq htxloleulxp1

Ohw xv vxssrvh wkdw fdqglgdwh O ghyldwhv wr {3

w ? {w @ {+ @ e{4= Lq vxfk d fdvh/ e�3L ? +4.�,e{4��s3 @

�4= Wkxv/ �w+{
3

w> {+, @ I

�e
�

3

L

�
?

4

5
=

Ohw xv vxssrvh wkdw fdqglgdwh O ghyldwhv wr {3

w A {w @ {+ @ e{4= Lq vxfk d fdvh/ e�3L A +4.�,e{4��s3 @

�4= Wkxv/ �w+{
3

w> {+, @ 4� I
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3

L
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4

5
=

Zh kdyh vkrzq wkdw fdqglgdwh O grhv qrw kdyh d sur�wdeoh ghyldwlrq/ zkdw dovr krogv iru fdqglgdwh

U1 Wkxv/ wkhuh lv dq htxloleulxp vxfk wkdw {w @ {+ @ e{4> zlwk e{4 5 � �T3
4.�

>

T.�T3
4.�

�
> +4.�,e{4��s3 @ �4

dqg s A �4= Wkdw lv wr vd|/ wkhuh lv dq htxloleulxp {w @ {+ @ �4.�T3
4.�

> zlwk �4 ? s=

Dqdorjrxvo|/ zh suryh wkdw wkhuh lv dq htxloleulxp {w @ {+ @ �4.�T4
4.�

> zlwk �4 A s=

Ilqdoo|/ zh frqvlghu wkrvh vlwxdwlrqv vxfk wkdw {w @ {+ 5

k
T.�T3
4.�

>

T.�T4
4.�

l
=

Ohw xv vxssrvh s ? �4= Lq vxfk d fdvh/ hlwkhu ri wkh wzr fdqglgdwhv kdv d sur�wdeoh ghyldwlrq1 Ohw

xv vxssrvh wkdw fdqglgdwh U ghyldwhv wr {
3

+ 5

�
{w>

T.�T4
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/ zlwk e
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Ohw xv qrz vxssrvh s A �4= Lq vxfk d fdvh/ hlwkhu ri wkh wzr fdqglgdwhv kdv dovr d sur�wdeoh ghyldwlrq1
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Ohw xv vxssrvh wkdw fdqglgdwh O ghyldwhv wr {
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w 5
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Zh qrz vkrz wkdw {w @ {+ 5
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T.�T3
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>

T.�T4
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l
> zlwk s @ �4 frqvwlwxwhv dq htxloleulxp1

Ohw xv vxssrvh wkdw fdqglgdwh O ghyldwhv wr {
3

w ? {w @ {+= Lq vxfk d fdvh/ e�3
L
� s @ �4= Wkhq/

�w+{
3

w> {+, @ I

�e
�

3

L
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=

Ohw xv vxssrvh wkdw fdqglgdwh O ghyldwhv wr {w @ {+ ? {
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w= Lq vxfk d fdvh/ e�3
L
� s @ �4= Wkhq/
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L
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Khqfh/ wkhuh lv dq htxloleulxp {w @ {+ 5

k
�4.�T3
4.�

>

�4.�T4
4.�

l
zlwk s @ �4=

Iurp Sursrvlwlrq 7 zh ohduq wkdw lq wkh fdvh �4 9@
@.M
5
> l1h1/ zkhq wkh wzr phgld rxwohwv duh orfdwhg

lq vxfk d zd| wkdw wkh phgldq yrwhu rqo| dwwhqgv wr rqh rxwohw/ erwk fdqglgdwhv orfdwh wkhpvhoyhv dw

wkh vdph srlqw/ zklfk lv d frqyh{ frpelqdwlrq ri wkh orfdwlrq ri wkh phgldq yrwhu dqg wkdw ri wkh

prvw srsxodu rxwohw1 Lq frqwudvw/ lq wkh fdvh �4 @ @.M
5
> l1h1/ zkhq wkh phgldq yrwhu lv h{srvhg wr erwk

phgld rxwohwv/ wkh fdqglgdwhv pd| zhoo orfdwh dw wkh vdph srlqw ru gl�huhqwldwh lq htxloleulxp1 Pruh

suhflvho|/ zlwk uhvshfw wr wkh odwwhu fdvh/ zh revhuyh wkdw wkhuh duh htxloleuld lq zklfk wkh fdqglgdwhv

orfdwh v|pphwulfdoo| derxw wkh fhqwhu/ l1h1/ wkh phgldq yrwhu/ dv zhoo dv htxloleuld lq zklfk wkh fdqglgdwhv

gr qrw srvlwlrq lq vxfk d zd|1 Wkdw lv wr vd|/ lw lv srvvleoh wkdw wkhuh h{lvwv dq htxloleulxp lq zklfk

rqh fdqglgdwh sursrvhv d pruh prghudwh sodwirup wkdq wkh rwkhu/ dqg ghvslwh wklv/ wkh| wlh1 Zh ixuwkhu

revhuyh wkdw lq wkh fdvh ri �4 @ @.M
5
> wkh wzr phgld rxwohwv srodul}h wkhlu lghrorjlhv pruh wkdq wkh

fdqglgdwhv gl�huhqwldwh wkhlu sodwirupv1

Wr vxppdul}h wkhq/ zkhqhyhu rqh rxwohw lv pruh srsxodu wkdq wkh rwkhu/ wkh fdqglgdwhv gr qrw

gl�huhqwldwh exw udwkhu orfdwh dw wkh vdph srlqw/ zlwk wkh dlp ri jhwwlqj wkh vxssruw ri wkh prvw srsxodu

phgld rxwohw1 Rq wkh rwkhu kdqg/ zkhqhyhu hdfk phgld rxwohw kdv rqh kdoi ri wkh dxglhqfh/ wkh fdqglgdwhv

pd| �qg lw sur�wdeoh wr orfdwh dw dq| srlqw lq wkh lqwhuydo
k
�4.�T3
4.�

>

�4.�T4
4.�

l
> dv erwk phgld kdyh qrz

wkh vdph dxglhqfh dqg wkxv/ wkh vxssruw ri dq| rxwohw lv htxdoo| lpsruwdqw1

Ilqdoo|/ wkh uhdghu vkrxog dovr qrwh wkdw doo wkh htxloleuld lq wkh fdvh �4 @ @.M
5
> duh zhdn Qdvk

Htxloleuld1 Wklv phdqv wkdw li d fdqglgdwh ghyldwhv wr vrph rwkhu orfdwlrq lq wkh lqwhuydo
k
�4.�T3
4.�

>

�4.�T4
4.�

l
/

wkh qhz vlwxdwlrq zloo dovr eh dq htxloleulxp1 Zh jxhvv wkdw wklv pljkw h{sodlq zk| plqru fkdqjhv lq d

fdqglgdwh*v sodwirup iurp rqh hohfwlrq wr dqrwkhu grhv qrw lpso| dq| juhdw gl�huhqfh lq hohfwlrq rxwfrphv1

Ru lq rwkhu zrugv/ wkh yrwh vkduh ri fdqglgdwhv grhv qrw fkdqjh zkhq wkhlu sodwirupv gr1

 !���������

Ehiruh frqfoxglqj/ zh zrxog olnh wr vwuhvv vrph dvshfwv wkdw zh wklqn ghvhuyh pruh dwwhqwlrq1

� Wkh uhvxowv zh suhvhqw lq Sursrvlwlrq 5 dqg 7 duh pxfk pruh jhqhudo wkdq zkdw kdv ehhq vkrzq1 Lq

idfw/ wkhvh uhvxowv krog zkhqhyhu wkh xwlolw| ixqfwlrq ri wkh yrwhuv lv vxfk wkdw zh fdq zulwh wkh h{suhvvlrq

iru wkh lqgl�huhqw yrwhu dv d ixqfwlrq ri {4> zlwk �L+{4, ehlqj d prqrwrqh lqfuhdvlqj ixqfwlrq lq {4=

4:



Lq vxfk fdvhv/ wkh dujxphqwv lq wkh surri ri erwk Sursrvlwlrqv dsso|/ dqg wkxv/ zh fdq jhqhudol}h wkhvh

uhvxowv wr dq| rwkhu ixqfwlrq vdwlvi|lqj wkh vshfl�hg uhtxluhphqwv1 Zlwk uhvshfw wr wklv/ zh jxhvv wkdw

dq| frqfdyh xwlolw| ixqfwlrq iru wkh yrwhuv frxog eh h{suhvvhg lq vxfk d zd|1 Zh gr qrw/ krzhyhu/ kdyh

dq| surri iru wklv/ exw zh wklqn lw zrxog eh dq lqwhuhvwlqj dqdo|vlv iru ixwxuh uhvhdufk1

� Wkh uhvxow +lll, ri Sursrvlwlrq 7/ lq zklfk wkh fdqglgdwhv pd| gl�huhqwldwh wkhlu sodwirupv/ lv qrw

dq h{fhswlrqdo uhvxow gxh wr wkh sduwlfxodu zd| lq zklfk wkh yrwhuv h{srvh wkhpvhoyhv wr wkh phgld1 Wklv

uhvxow/ krzhyhu/ fdq eh rewdlqhg iurp dq| prgho lq zklfk d vhw ri yrwhuv/ ri srvlwlyh phdvxuh/ dwwhqgv

wr rqh rxwohw/ dqg dqrwkhu vhw dwwhqgv wr wkh rwkhu phgld1 Wkxv/ zkhqhyhu � 5 ^s� %> s. %` zlwk % A 3>

h{srvh wkhpvhoyhv wr erwk phgld/ dqg wkh uhvw ri wkh yrwhuv vroho| dwwhqg wr wkhlu forvhvw phgld rxwohw/

lw lv srvvleoh wkdw fdqglgdwhv gl�huhqwldwh wkhlu sodwirupv lq htxloleulxp1 Lq vxfk d fdvh/ zh rewdlq wkdw

zkhqhyhu �4 @ s . % ru �4 @ s � %> fdqglgdwhv pd| gl�huhqwldwh lq htxloleulxp1 Wklv phdqv wkdw iru

fdqglgdwhv wr �qg lw sur�wdeoh wr sursrvh gl�huhqw srolflhv/ rqh phgld rxwohw pxvw eh pruh srsxodu wkdq

wkh rwkhu/ l1h1/ rqh ri wkh rxwohwv pxvw uhdfk pruh wkdq �iw| shu fhqw ri wkh yrwhuv1 Lq vxfk d fdvh/ zh pd|

kdyh dq htxloleulxp lq zklfk wkh fdqglgdwhv gl�huhqwldwh1 Lq frqwudvw/ li rqo| wkh yrwhu zkr lv htxlglvwdqw

iurp wkh wzr rxwohwv dwwhqg wr erwk phgld/ wkh fdqglgdwhv pd| gl�huhqwldwh rqo| zkhq �4 @ s> l1h1/ zkhq

wkh wzr rxwohwv duh htxdoo| srsxodu1 Ilqdoo|/ ohw xv frqvlghu d vhw0xs lq zklfk doo wkh yrwhuv duh h{srvhg

wr erwk phgld rxwohwv/ hyhq li lq gl�huhqw sursruwlrqv1 Lq vxfk d fdvh/ wkh rqo| htxloleulxp wkdw h{lvwv

lpsolhv wkdw wkh fdqglgdwhv orfdwh dw wkh vdph srlqw1 Khqfh/ zh revhuyh wkdw wkh sodwirup gl�huhqwldwlrq

uhvxow uhtxluhv wkdw d qxpehu ri yrwhuv/ ri srvlwlyh phdvxuh/ uhfhlyh doo wkhlu lqirupdwlrq iurp mxvw rqh

phgld1 Wklv lv wkh fdvh/ iru h{dpsoh/ ri d prgho lq zklfk wkh h{wuhph yrwhuv vx�hu iurp frq�updwru|

eldv/ dqg wkxv/ rqo| dwwhqg wr wkhlu forvhvw orfdwhg phgld rxwohw1

� Ilqdoo|/ zh eulh | glvfxvv wkh uhvxow lq zklfk wkh fdqglgdwhv gl�huhqwldwh wkhlu sodwirupv/ zklfk

pljkw zhoo eh wkh prvw lqwhuhvwlqj uhvxow suhvhqwhg lq wklv sdshu1 Zh gr vr ehfdxvh wkh gl�huhqwldwlrq

rxwfrph lv rewdlqhg lq wklv prgho zkhq �4 @ @.M
5
> zklfk kdv }hur phdvxuh uhodwlyh wr wkh vhw ri sdudp0

hwhuv1 Wkxv/ lq rughu wr kljkoljkw wklv uhvxow wkdw rwkhuzlvh zrxog qrw eh yhu| olnho| lq htxloleulxp/ zh

pdnh dq ryhuylhz ri wkh vsdwldo prghov wkdw kdyh ehhq sursrvhg lq wkh olwhudwxuh/ lq zklfk wkh htxloleulxp

lpsolhv wkdw wkh djhqwv orfdwh v|pphwulfdoo| derxw wkh phgldq djhqw1 Lq wklv zd|/ zh sursrvh d qxpehu

ri vlwxdwlrqv lq zklfk �4 @ @.M
5
> zlwk d 9@ e> zrxog eh wkh htxloleulxp/ dqg vr/ zh vwuhvv wkh uhvxow lq

zklfk wkh fdqglgdwhv srodul}h wkhlu orfdwlrqv1

Wkh vhplqdo Krwhoolqj +4<5<, prgho hvwdeolvkhv wkh edvhv iru wkh wkhru| ri vsdwldo frpshwlwlrq/ lq

zklfk lw lv zhoo nqrzq wkdw wkh �upv orfdwh dw wkh vdph srlqw lq htxloleulxp rqo| zkhq wkh| frpshwh

iru sur�wv dqg zh uhvwulfw wkh dqdo|vlv wr qrq0sulfh frpshwlwlrq1 Lq dq| rwkhu fdvh/ gl�huhqwldwlrq ri

orfdwlrqv fdq eh rewdlqhg dv wkh htxloleulxp rxwfrph1 G*Dvsuhprqw hw do1/ +4<:<, vkrz wkdw zh frxog

jhw wkh rssrvlwh uhvxow wr wkh rqh sursrvhg e| Krwhoolqj zlwk d yhu| vpdoo fkdqjh lq wkh vhplqdo prgho/

qdpho| e| vzlwfklqj iurp olqhdu wr txdgudwlf wudqvsruwdwlrq frvwv1 Lq vxfk d fdvh/ wkh Krwhoolqj prgho

lq zklfk wzr �upv fkrrvh �uvw/ zkhuh wr orfdwh/ dqg wkhq/ wkh sulfh wr fkdujh iru wkhlu surgxfwv/ hqgv xs

lq d srodul}dwlrq ri wkh �upv* orfdwlrqv1 Wklv lv wkh fdvh zkhq wkh djhqwv duh glvwulexwhg dffruglqj wr d
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xqlirup glvwulexwlrq ixqfwlrq lq d olqhdu pdunhw dqg wkh wudqvsruwdwlrq frvwv duh txdgudwlf1

Wklv vruw ri vwuxfwxuh fdq eh hdvlo| dssolhg wr d prgho lq zklfk wzr qhzvsdshuv frpshwh lq lghrorj|

dqg sulfh/ l1h1/ lq wkh lghrorj| wkh| glvsod| lq wkhlu qhzv/ dqg lq wkh vwuhhw sulfh ri wkhlu qhzvsdshu1

Vfkxo} dqg Zhlpdqq +4<;<, frqvlghu d prgho lq zklfk wzr qhzvsdshuv frpshwh lq wkhvh wzr yduldeohv/

dqg vkrz wkdw qhzvsdshuv srodul}h wkhlu lghrorjlfdo rulhqwdwlrqv lq htxloleulxp/ vxfk orfdwlrqv ehlqj

v|pphwulf derxw wkh phgldq uhdghu144 Jdev}hzlf} hw do1/ +5334, sursrvh wkh vdph vruw ri prgho/ exw

wkh| dgg d wklug vwdjh lq zklfk qhzvsdshu hglwruv kdyh wr ghflgh rq wkh dgyhuwlvlqj wdul�1 Wkh| vkrz

wkdw wkh �qdo vwdjh frpsohwho| xsvhwv wkh deryh suhglfwlrq/ lqgxflqj wkh vriwhqlqj ri wkh qhzvsdshuv*

srolwlfdo rslqlrqv iru wkh fdvhv lq zklfk uhdghuv* srolwlfdo suhihuhqfhv duh zhdn ru dgyhuwlvlqj hduqlqjv duh

kljk1 Rwkhuzlvh/ qhzvsdshu hglwruv fkrrvh gl�huhqw lghrorjlhv1

Rq wkh rwkhu kdqg/ Dqglqd Gðd} +5337d, dqdo|}hv d prgho lq zklfk wzr wy vwdwlrqv frpshwh iru

srolwlfdo lq xhqfh/ hlwkhu uhlqiruflqj ylhzhuv lq wkhlu sulru rslqlrqv/ ru prgli|lqj wkhlu rslqlrqv1 Vkh

vkrzv wkdw lq wkh fdvh ri ylhzhuv ehlqj xqlirupo| glvwulexwhg/ dqg ehlqj h{srvhg h{foxvlyho| wr wkh rxwohw

wkdw lv forvhvw wr wkhlu lghrorjlfdo srvlwlrq/ wkh orfdwlrq ri wkh wy vwdwlrqv lq htxloleulxp lv v|pphwulf

derxw wkh fhqwhu1 Wklv lv d sduwlfxodu fdvh ri d pruh jhqhudo uhvxow/ zklfk krogv zkhqhyhu �upv dlp

wr plqlpl}h wkh glvwdqfh ehwzhhq wkhlu orfdwlrqv dqg wkdw ri wkhlu ex|huv1 Lq Dqglqd Gðd} +5337d,/ wr

uhlqirufh ylhzhuv lq wkhlu sulru dwwlwxghv phdqv/ iru phgld rxwohwv/ wr plqlpl}h wkhlu glvwdqfh iurp wkh

ylhzhuv1 Khqfh wkh uhvxow1 Wklv htxloleulxp rxwfrph fdq eh rewdlqhg/ krzhyhu/ lq dq| prgho lq zklfk

�upv dlp wr plqlpl}h vxfk d glvwdqfh1 Dqrwkhu fdvh lq zklfk phgld rxwohwv zrxog kdyh vxfk dq dlp

lv lq wkh fdvh ri wzr qhzvsdshuv zkr nqrz wkdw uhdghuv rqo| ex| d qhzvsdshu li lw lv vx!flhqwo| forvh

wr wkhlu rzq lghrorj|1 Lq vxfk d fdvh/ wkh qhzvsdshu hglwruv zrxog zdqw wr glvsod| wkh lghrorj| wkdw

dwwudfwv wkh kljkhvw qxpehu ri uhdghuv1 Wr looxvwudwh wklv lghd/ ohw xv frqvlghu wzr qhzvsdshuv/ D dqg

E/ wkdw fkrrvh orfdwlrqv d/ e 5 ^3> 4` uhvshfwlyho|1 Ohw xv dovr vxssrvh wkdw uhdghuv/ zkr rqo| ex| rqh

qhzvsdshu/ duh glvwulexwhg dffruglqj wr d xqlirup glvwulexwlrq ixqfwlrq/ dqg wkdw wkrvh uhdghuv orfdwhg

ixuwkhu wkdq 4

7
glvwdqfh iurp hlwkhu gdlo| gr qrw ex| dq| suhvv1 Lq vxfk d fdvh/ qhlwkhu qhzvsdshu �qgv

lw rswlpdo wr orfdwh dw d @ e @ 4

5
> vlqfh dq| pryhphqw ri rqh gdlo| wrzdugv hlwkhu h{wuhph jlyhv lw d

juhdwhu qxpehu ri uhdghuv1 Wr looxvwudwh wklv/ ohw xv vxssrvh wkdw qhzvsdshu D pryhv wr srvlwlrq 4

7
= Lq

vxfk d fdvh/ qhzvsdshu D vhoov wr doo ri wkh uhdghuv iurp 3 wr 4

7
/ dqg dovr wr doo wkh shrsoh ehwzhhq D dqg

E zkr duh forvhu wr D1 Dv E kdv qrw pryhg/ lw jdlqv doo ri wkh uhdghuv ehwzhhq 6

;
dqg 6

7
= Qhzvsdshu E/

krzhyhu/ kdv d sur�wdeoh ghyldwlrq/ dv e| orfdwlqj dw 6

7
lw vhoov wr doo ri wkh uhdghuv ehwzhhq 4

5
dqg 6

7
= Wkh

xqltxh htxloleulxp lv wkhuhiruh
�
d� @ 4

7
> e� @ 6

7

�
> zlwk @�.M�

5
@ �4=

44Wkh| uhvwulfw wkhlu dqdo|vlv wr wkh vwxg| ri v|pphwulf htxloleuld/ dqg vr wkhlu uhvxowv duh dozd|v v|pphwulf derxw wkh

phgldq ylhzhu/ zklfk lv �

2
dv wkh| dvvxph d xqlirup glvwulexwlrq ixqfwlrq1

4<
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Wkh dlp ri wklv sdshu lv wr dqdo|}h srolwlfdo frpshwlwlrq lq d prgho lq zklfk yrwhuv yrwh dffruglqj

wr lghrorj| dqg ydohqfh/ dqg ydohqfh lv vhw e| wkh phgld1 E| vr grlqj/ zh frqwulexwh wr wkh hphujlqj

olwhudwxuh rq wkh ydohqfh lvvxh/ zklfk frqvlghuv wkh lpsruwdqfh wkdw lpdjh h�hfwv kdyh rq yrwhuv1 Prvw ri

wkh sdshuv lq wklv olwhudwxuh frqvlghu ydohqfh dv vrphwklqj h{rjhqrxvo| jlyhq lq wkh prghov1 Zh/ krzhyhu/

jr ixuwkhu e| sursrvlqj d prgho lq zklfk/ dv zhoo dv hqgrjhql}lqj wkh ydohqfh/ zh pdnh lw ghshqghqw

rq zkdw wkh phgld vd|1 Wkh uhdvrq iru wklv lv wkdw hpslulfdo hylghqfh vkrzv wkdw shrsoh fuhdwh wkh

slfwxuhv ri wkh srolwlfldqv edvhg rq wkh lqirupdwlrq wkh| uhfhlyh/ zklfk pdlqo| frphv iurp wkh phgld1 Lq

PfFrpev*v zrugv= �Wr d frqvlghudeoh ghjuhh/ wkh qhzv phgld olwhudoo| fuhdwh lq rxu khdgv wkh slfwxuhv

ri pdq| sxeolf lvvxhv111 Jrlqj eh|rqg sxeolf lvvxhv/ wkhuh lv dovr jrrg hylghqfh wkdw qhzv fryhudjh

lq xhqfhv wkh slfwxuhv wkdw shrsoh kdyh ri wkh fdqglgdwhv y|lqj iru srolwlfdo r!fh�1

Lq wklv sdshu/ zh vwxg| srolwlfdo frpshwlwlrq xqghu wzr gl�huhqw vhw0xsv1 Iluvw/ zh frqvlghu wkh fdvh

ri yrwhuv zkr duh h{srvhg wr wkh wzr phgld rxwohwv ri wkh hfrqrp|1 Vhfrqg/ zh dqdo|}h wkh fdvh ri yrwhuv

zkr duh mxvw h{srvhg wr wkh lghrorjlfdoo| forvhvw phgld1 Wkh uhvxowv zh rewdlq vwdwh wkdw fdqglgdwhv

uhdol}h wkh srzhu ri phgld/ dqg wkhuhiruh orfdwh dw vrph srlqw ehwzhhq wkh srvlwlrq ri wkh phgldq yrwhu

dqg wkdw ri wkh phgld1 Wkh suhflvh orfdwlrq/ krzhyhu/ ghshqgv rq wkh zd| wkh yrwhuv dwwhqg wr wkh phgld1

Khqfh/ lq wkh fdvh ri yrwhuv ehlqj h{srvhg wr erwk rxwohwv/ fdqglgdwhv whqg wr prghudwh wkhlu sodwirupv/

lq dq dwwhpsw wr jhw wkh idyru ri erwk phgld1 Rq wkh rwkhu kdqg/ lq wkh fdvh ri yrwhuv vhohfwlqj ehwzhhq

wkh rxwohwv/ fdqglgdwhv pd| gl�huhqwldwh1 Wkh uhdvrq iru wklv lv wkdw lq vxfk d fdvh/ hqmr|lqj wkh or|dow|

ri rqh rxwohw/ pd| eh pruh lpsruwdqw wkdq phuho| kdylqj jrrg uhodwlrqv zlwk erwk1

Wkh ohvvrq zh gudz lv wkhuhiruh wkdw srolwlfdo frpshwlwlrq pd| hqg xs lq srodul}dwlrq li yrwhuv vx�hu

iurp frq�updwru| eldv dqg wkhuhiruh vroho| dwwhqg wr wkh lghrorjlfdoo| forvhvw phgld1 Lq frqwudvw/ srolwlfdo

prghudwlrq lv hdvlo| uhdfkhg li yrwhuv jhw lqirupdwlrq iurp ydulrxv vrxufhv dqg wkhuhiruh pdnh pruh

edodqfhg mxgjphqwv1

#�$�������

^4` Dohvlqd/ D1 dqg K1 Urvhqwkdo ^4<<8`1 Sduwlvdq Srolwlfv/ Glylghg Jryhuqphqw/ dqg wkh Hfrqrp|1

Fdpeulgjh Xqlyhuvlw| Suhvv1 Qhz \run1

^5` Dqglqd Gld}/ D1 ^5337d`1 �Phgld Frpshwlwlrq= Dxglhqfh yv1 Srolwlfdo Lq xhqfh�1 Zrunlqj Sdshu/

533604</ LYLH1

^6` Dqglqd Gld}/ D1 ^5337e`1 �Dv|pphwulf Lqirupdwlrq dqg Hohfwrudo Fdpsdljqv= Wkh Prqlwrulqj Uroh

ri Phgld�1 Plphr/ Xqlyhuvlgdg gh Dolfdqwh1

^7` Dudjrqìv/ H1 dqg W1U1 Sdoiuh| ^5335`1 �Pl{hg Htxloleulxp lq d Grzqvldq Prgho zlwk d Idyruhg

Fdqglgdwh�1 Mrxuqdo ri Hfrqrplf Wkhru|/ 436/ 4/ 46404941
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^8` Ehvoh|/ W1 dqg D1 Sudw ^5334`1 �Kdqgfx�v iru wkh Judeelqj KdqgB Phgld Fdswxuh dqg Jryhuqphqw

Dffrxqwdelolw|�1 Plphr/ OVH1

^9` Fduuloor/ M1G1 dqg P1 Fdvwdqkhlud ^5335`1 �Srodul}dwlrq ri Sduwlhv dqg Hqgrjhqrxv Ydohqfh�1 Plphr/

Froxpeld Exvlqhvv Vfkrro1

^:` G*Dvsuhprqw/ F1/ M1M1 Jdev}hzlf} dqg M1I1 Wklvvh ^4<:<`1 �Rq Krwwholqj*v cVwdelolw| lq Frpshwl0

wlrq�*1 Hfrqrphwulfd/ 7:/ 8/ 4478044831

^;` Jdev}hzlf}/ M1M1/ G1 Odxvvho dqg Q1 Vrqqdf ^5334`1 �Suhvv Dgyhuwlvlqj dqg wkh Dvfhqw ri wkh cShqvìh

Xqltxh�*1 Hxurshdq Hfrqrplf Uhylhz/ 78/ 97409841

^<` Jurvvhforvh/ W1 ^4<<<` �Fkdudfwhu/ Fkdulvpd/ dqg Fdqglgdwh Orfdwlrq= Grzqvldq Prghov Zkhq Rqh

Fdqglgdwh Kdv d Ydohqfh Dgydqwdjh�1 Plphr/ Vwdqirug Xqlyhuvlw|1

^43` Jurvvpdq/ J1P1 dqg H1 Khospdq ^4<<9`1 �Hohfwrudo Frpshwlwlrq dqg Vshfldo Lqwhuhvw Srolwlfv�1

Uhylhz ri Hfrqrplf Vwxglhv/ 96/ 59805;91

^44` Jxqwkhu/ U1 dqg D1 Pxjkdq ^5333`1 Ghprfudf| dqg wkh Phgld= D frpsdudwlyh Shuvshfwlyh1 Fdp0

eulgjh Xqlyhuvlw| Suhvv1

^45` Krwhoolqj/ K1 ^4<5<`1 �Vwdelolw| lq Frpshwlwlrq�1 Wkh Hfrqrplf Mrxuqdo/ 6</ 7408:1

^46` Kryodqg/ F1L1 ^4<8<`1 �Uhfrqflolqj Frq lfwlqj Uhvxowv Ghulyhg iurp H{shulphqwdo dqg Vxuyh| Vwxglhv

ri Dwwlwxgh Fkdqjh�1 Wkh Dphulfdq Sv|fkrorjlvw/ 47/ ;04:1

^47` Pdfkldyhool Q1 ^4<<5`1 Wkh Sulqfh1 Qhz \run= Gryhu Sxeolfdwlrqv1

^48` PfFrpev/ P1 ^4<<:`1 �Exloglqj Frqvhqvxv= Wkh Qhzv Phgld*v Djhqgd Vhwwlqj Urohv�1 Srolwlfdo

Frppxqlfdwlrq/ 47/ 76607761 Wd|oru dqg Iudqflv Hglwlrqv1

^49` PfFrpev/ P1 ^5335`1 �Wkh Djhqgd0Vhwwlqj Uroh ri wkh Pdvv Phgld lq wkh Vkdslqj ri Sxeolf Rslq0

lrq�1 Plphr/ Xqlyhuvlw| ri Wh{dv dw Dxvwlq1

^4:` Prrq/ Z1 ^5334`1 �Srvlwlrq yhuvxv Ydohqfh= D Irupdo Wkhru| ri Uhvrxufh0Frqvwudlqhg Hohfwrudo

Frpshwlwlrq�1 Plphr Xqlyhuvlw| ri Fdoliruqld1

^4;` Pxôr} Dorqvr/ D1 ^4<;<`1 Sroðwlfd | Qxhyd Frpxqlfdflöq= Ho Lpsdfwr gh orv Phglrv hq od Ylgd

Sroðwlfd1 Ixqghvfr1

^4<` Pxw}/ G1F1 dqg S1V1 Pduwlq ^5334`1 �Idflolwdwlqj Frppxqlfdwlrq dfurvv Olqhv ri Srolwlfdo Gl�huhqfh=

Wkh Uroh ri Pdvv Phgld�1 Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ <8/ 4/ <:04471
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