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auction. We model Internet auction as a dynamic multi-unit auction. This let us explain
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Abstract

Internet auctions, such as those on eBay, are known for multiple bidding and
sniping. Buyers send bids in the closing seconds of an auction, knowing that bids
arriving after the closure of the auction are not counted. They also bid several
times at the same auction. We model Internet auctions as a dynamic multi-
unit auction. This lets us explain the rationality of both sniping and multiple
bidding. By submitting multiple bids, buyers coordinate between auctions, so
that all objects are finally sold and no-one has to pay too high a price. When
bidders submit multiple bids, they might bid very late in the end.

1 Introduction

Most Internet auctions constitute an interesting variant of a second-price sealed-bid
auction. At every moment of the auction a buyer who has sent the highest bid is chosen
as a temporary winner and the current standing price, equal to the highest bid submitted
by any other buyer or to the minimal price, is announced. Every new bid that exceeds

the current standing price as well as all previous bids sent by the same buyer is typically
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accepted. However, bids sent in the last moments of the auction are sometimes rejected.
Finally, a fixed end time is reached. A buyer who has submitted the highest bid wins

an object and pays the current standing price.

Several empirical studies (Bajari and Hortacsu (2003), Roth and Ockenfels (2002) and
Wilcox (2000)) report that buyers often bid very late in Internet auctions. The empirical
observation triggers the question about the nature of the last-minute bidding. Last
minute bidding could be defined as bidding only in the last minute, which is done by
Roth and Ockenfels (forthcoming), who show that this strategy could help bidders in
avoiding the bidding war in a single-unit private-value Internet auction. On the other
side, late bidding could be also defined as bidding again in the last minute, which lies
in line with the argument of Bajari and Hortacsu (2003). The latter authors argue that
in an equilibrium buyers bid first zero and submit their crucial bids in the last minute
in a single-unit common-value Internet auction, because they do not want to share the

information about the true value of the object.

Another interesting observation made on Internet second-price auctions with a fixed
end time regards multiple bidding, which has been reported by Roth and Ockenfels
(forthcoming) and Wilcox (2000). As long as the transmission of a bid is certain and
bidding is costless, a buyer should be indifferent between sending multiple bids, so
that the highest one equals his valuation, and bidding his valuation straight ahead in
a single-unit private-value Internet auction. When bidding is costly, a buyer should
prefer to minimize the number of submitted bids. As Roth and Ockenfels (forthcoming)
argue, incremental bidding might be even interpreted as a naive strategy in a single-unit

private-value Internet auction.

The presence of multiple bidding fosters a question about the possibility of coordination
between competing Internet auctions. Competition between auctions has been discussed
by several authors in the literature. Roth and Ockenfels (2002) argue that a desire to
retain flexibility to bid on an other auction offering the same item is a possible non-
strategic explanation of last-minute bidding. Bajari and Hortacsu suggest that testing
the role of the competition between auctions in sellers’ behavior, studied by McAfee
(1993) and Peters and Severinov (1997), is an interesting subject for the future research.
Finally, Ellison and Fudenberg (2002) show that two competing and otherwise identical

markets or auction sites of different sizes can coexist in equilibrium.

The three above stated phenomena, namely last-minute bidding, multiple bidding and



competition between auctions, motivate this study. We propose a model which allows
to study all of these simultaneously and show that in fact these phenomena might be
closely related. We argue that the competition between auctions allows bidders to avoid
a fierce bidding war. In place of that, players might coordinate between auctions, so that
all objects are finally sold and nobody has to pay too high a price. The coordination
between auctions requires multiple bidding. Multiple bidding results in last-minute

bidding, when there is not enough time to submit another bid.

Another interesting question that is answered in this paper regards the efficiency and
price levels in two symmetric simultaneous private-value Internet auctions. We find
three classes of Bayesian Nash equilibria. In two of them bidding stops before the last
minute, so that all bids are transmitted with certainty. This is enough to assure efficiency
and ex-ante equal prices in competing auctions. One class of Bayesian Nash equilibria
involves bidding late, so that some bids are rejected. As a result, it can happen that a
bid of a highest bidder is not accepted and thus he does not win an object. It can also
happen that a player with the lowest valuation wins an object. We find that the lack of
the efficiency is accompanied by the difference in the price level in that particular class

of equilibria.

The paper also discusses how a buyer should behave, when he is not certain which equi-
librium is actually played. In particular, it presents an equilibrium in which each buyer
and each auction is treated symmetrically. In this equilibrium every buyer follows the
strategy which is constructed so that it could be also followed in every other monotonic
equilibrium presented in this paper. In this strategy a buyer first bids as he was opposed
against all his opponents. Afterwards, he adjusts his behavior accordingly to the actual

number of opponents.

The paper is structured as follows. The next part presents a theoretical model used in
the analysis. Part 3 discusses possible symmetric equilibrium strategies, which involve
multiple bidding. Part 4 concentrates on asymmetric equilibrium strategies with the
special emphasis on the presence of late and multiple bidding. Part 5 describes a possible
solution to the problem of coordination between existing equilibria. Finally, part 6

concludes.



2 Model

We propose the following model of the bidding behavior in competing Internet auctions.
There are two simultaneous second-price auctions selling one item of the same good
(auction 1 and auction 2)! and three risk-neutral buyers (player 1, player 2 and player
3). Player i (: = 1,2,3) has an independent private valuation of one (and only one)
item of the good (v;), which is independently and uniformly distributed on the interval

[0,1]. v denotes the valuation of a player who has ¢'" highest valuation and v_; =

{v1, v2, vsP\{vi}-

At every stage t (t =1,...,T) the following successive three events take place:
1. Each auction a € {1,2} announces the current standing price (pa)-
2. Each bidder i chooses his bid b, (/).

3. Each auction a indicates all active bidders and chooses the current winner (W)
from the set of bidders who submitted the highest bid (Aat).

where:
e h; € H;; denotes the available information,

o bl (hiyt) : Hy — R, is the bidding function of player i at auction a at time t. If
player ¢ does not bid at auction a at t, b%,(hi) = 0. Player ¢ can submit only one
bid per round? (i.e. b:,(hy) > 0 = b}, (hi;) = 0 and bh,(hit) > 0 = b, (hy) = 0),

e An active bidder at auction a at t is a bidder whose bid has been accepted by t.
At t < T bid b’,(hi) is accepted, if it is higher from max[p,;, maxy;[b’, (.)]]. At
t =T a bid is accepted under the same condition with probability o € (0, 1).

e )\, equals to the highest bid submitted by ¢ at auction a or zero, if no bid has

been accepted at auction a so far.

e W, € {0,1,2,3} denotes the identity of a current winner or 0, if there is no
current winner. Player ¢ becomes a current winner, if (1) he submits the highest
bid at auction a as the first one or (2) he is randomly chosen from the set of players

who have simultaneously submitted the highest bid at auction a.

I Two auctions are introduced in order to make the model simple and similar to real Internet auctions.
Most of results easily generalize to more auctions. All results would hold, if multiple auctions were

replaced by the single multi-unit auction and all other rules remained the same.
2Clearly, bidding simultaneously at several Internet auctions is rather technically impossible.



e The current standing price (pa: € Ry) indicates the value of the highest bid out
of the set containing all accepted bids at auction a apart from the bid(s) of the
current winner at this auction or zero, if the number of active at that auction does

not exceed one®.

After the last stage a current winner at auction a becomes a final winner. He wins an
object and pays the final price (par41), which is chosen on the same basis as the current

standing price.

The utility of the player who is awarded two objects is given by: u;(.) = v;—pir41—pari-
If player i is only a final winner at one auction a € {1,2}, his utility equals to u;(.) =

v; — Par+1- Finally, a player who does not win any object receives a zero payoff.

Concluding, the model is quite similar to a simultaneous ascending auction!. There
are three buyers and two identical objects for sale. A buyer has an unit demand and
may submit one bid per round. The number of rounds is finite. At the last round
transmission of a bid is uncertain. The final price is determined by the value of the

highest bid submitted by a bidder who is not a current winner at this auction.

For hy € Hy an action of player ¢ at time ¢ is given by Xi = {bl;(hit)} e (12y- The
strategy of the player ¢ is described by the function

0; = O'il(hil) UiT(hiT) cHy x ..o x Hip — X x .. Xir

which for every information set indicates the value of the bid that player ¢ sends at each
auction at every staget = 1,...,T. The set of all possible strategies of a player 7 is given

by ;. To simplify the notation we will write o _; = {01, 02, 03}\{0:}.

At each stage t a player ¢ has a system of beliefs u,,, which includes the distribution

functions of the valuations of the opponents, i.e.:

Wi = {Mgt}je{1,2,3}—{i} = {Pr[:p > xj|hit]}je{1,2,3}f{i}

At the first stage his prior beliefs state that the valuation of each of his opponent is
independently drawn from a uniform distribution on [0,1], i.e. u; = { xr x } After

the first stage prior beliefs are updated in a Bayesian style. Having identical information,

3 As in the case of real Internet auctions.
4See Milgrom (2000) for reference.



every pair of players has the same beliefs on the third players valuation. Similarly, if two
players behave in the same way, the third player forms exactly the same beliefs about

each of them.

A final outcome is given by h;ry1 € H;7,1, which includes the identity of a final winner
and the value of the final price at each auction. H;7,1 denotes a set of all possible final
outcomes. We define an outcome function o : Q — H;7q1, where 2 = 1 X {25 X 3.
We will use the concept of a Bayesian Nash equilibrium and Perfect Bayesian Nash
equilibrium. We will mainly concentrate on pure monotonic Bayesian Nash equilibria,

which we define below.

Definition 1 The strategy profile o*(.) = (07(.), 0 ;(.)), where o} (.) = {b,(.)} aefr2y
tef{1,..., T}

is a pure monotonic Bayesian Nash equilibrium (PMBNE) of I' = {1,9,Q3,0(.)}, if
it is a pure Bayesian Nash equilibrium and if for all a € {1,2} and all t € {1,...,T},
%bgt(.) >0 orb,(.)=0.

Furthermore, we will concentrate on those equilibria in which a current winner at one
auction does not bid at the opposite auction. We will thus not analyze some unintuitive

equilibria® and focus on more natural outcomes in the unit demand environment.

Finally, except for a few remarks, we will restrict attention to equilibria in which nobody
bids above his valuation. We do not think that this is a really strong restriction. Using
the well-known argument proposed by Vickrey (1961), one can easily show that each
player weakly prefers to bid his valuation at the optimally chosen auction at the last
stage. Bidding above the valuation could arise in an equilibrium as a threat® or when as

from a given moment a bidder faces no competition at the auction where he bids’. These

®For example a Bayesian Nash equilibrium in which one buyer bids very high at two auctions and

the rest of buyers do not bid at all.
6For example, one easily checks that for o > % a strategy profile (01,09, 03), where o; implies:

1. do not bid before T and bid v; at auction a = max{: — 1,1} at T, if no-one else bids before T,

2. bid 2 at auction a = max{i—1,1} at t +1, if Voeq1 2y : Wae # ¢ and player j # 3 bids at t < T —1,
3. bid 2 at auction a =i at t + 1, if Voeq1 2y : War # ¢ and player 3 bids at t < T — 1,

4. bid 2 at auction a at T, if no-one bids before T'— 1 and your opponent bids at auction a at T'— 1,

is a Bayesian Nash equilibrium.
"For example, one easily shows that a strategy profile (¢1, 02, 03), where o1 = o5 implies that player

1 (2) bids vy (v2) at auction 1 at t = 1 and does not bid any more and where o3 implies that player
3 bids oo at auction 2 at ¢ = 1 and does not bid any more, is a Bayesian Nash equilibrium. Another

example is provided in lemma 2.



do not seem to be realistic equilibria and therefore we allow ourselves not to analyze

them in a great detail.

3 Symmetric bidders

In this section we will study possible symmetric monotonic equilibrium strategies. In
this type of strategy players first test the ordering of their valuations. In order to do so,
they bid according to the same monotonic bidding function at one particular auction.
Afterwards, the winner of the test stays at the same auction and losers switch to the

other auction. Below, we will see that there exists an equilibrium of this type.

It is easy to imagine that if a player i (i = 1,2, 3) bids too high too early, he may win
an object at a relatively high price. If he bids too low or too late, he may loose his
last chance to win an object. Therefore, he rather prefers to bid first less aggressively
and after some time to send his crucial bid. In fact every other player has the same
preferences. Hence, we can for a moment assume that all buyers first bid according
to the same strictly increasing function f(v;) at the same auction a € {1,2}. After
doing so, they learn the ordering of their valuations. The current winner, say player
1, knows that he has the highest valuation and that he will have to buy an object at
price f(v(2)), if no-one overbids him. Hence, he would like to make others switch to the
opposite auction. He can achieve this goal by bidding his valuation (or more) at auction
a. When he does so, other players realize that there is no point in bidding in auction a
any more. Moreover, they see that the current standing price still equals to 0 at auction
b € {1,2}\{a}. Hence, they indeed reallocate to auction b. Once they are there, the

fierce bidding war drives the values of their bids to their valuations.

Similarly as in a two-stage sequential auction without discounting, which was first an-
alyzed by Vickrey (1961), in an equilibrium the expected price at one auction (f(v(2)))

should be equal to the expected price at the other auction (v(s)), i.e.:

Elf(v@e)] = Elva)] (1)

or given our assumption of uniform distribution:

1 1

6/f(vi)vi (1 —v;)dv; = 3/1)1- (1 —v;)*dv; (2)

0 0



Simple calculation yields to:

() = v ®)

Lemma 2 summarizes the result.

Lemma 2 Suppose that T > 3. Taket € {1,...T =2}, t € {t +1,...,T — 1} and
te{t+1,..,T—1}. Leta € {1,20\{b} and b € {1,2}\{a}. Define &; as follows:

1. att bid %’Ui at auction a,
2. att bid by (v;) > vy at auction a, if you are a current winner at auction a,

3. att bid v; at auction b, if you are not a current winner at auction a,

4. otherwise do not bid.
Then, (G1,02,03) is a Bayesian Nash equilibrium.

Proof. Suppose that each player j # i follows &;. Furthermore, assume for a moment
that player i has followed &; up to ¢ + 1. Then, at ¢ + 1 he knows whether he has the
highest valuation. If that is the case, other players will not bid at auction a any more
and he will remain a current winner there. Hence, he weakly prefers to follow &; till the
end of the game.

If player 7 does not become a current winner at auction a at ¢, a bid higher than his
valuation will be submitted at auction a. Therefore, he is weakly better off, when he
bids his valuation at auction b before the last stage. Once he does so, his expected
payoff cannot be further increased. That’s why, in a Bayesian Nash equilibrium he also
follows &; till the end of the game.

Concluding, when a player i (i = 1,2, 3) follows &; till £4- 1 and each player j # i follows
0; during the whole game, then player ¢ will follow ¢; till the end of the game.

Now, suppose that as from  + 1 player i follows &; and that each player j # i follows
6 during the whole game. Then, a symmetric Bayesian Nash equilibrium exists if (2)
holds. Solving (2) yields (3). Therefore, in a Bayesian Nash equilibrium player i follows
6;att e {l,..,t}.

Concluding, we have shown that at every ¢t € {1, ..., T} a player ¢ follows 6;, if he knows

that everybody else plays ;. Hence, (61,02, 3) is a Bayesian Nash equilibrium. m



Clearly, the above equilibrium could be modified to obtain other equilibrium. For ex-
ample, one could change the timing, switch identities of auctions or add some irrelevant
bids and still sustain the same equilibrium outcome. In all these equilibria the highest
value bidder and the second highest value bidder are each awarded an object at the price
%’U(g) and v(3) respectively. Final prices are ex-ante equal, i.e. Efvg)] = F [%v(g)} = 0.25.

The expected payoff of each buyer i is given by:

/ / ( -——Ug) dvgdvs + 2 / / ; — vg) dvgdvy — @ (@)

where the first term corresponds to the event in which player ¢ wins an object at the
price of f(v(2)) at auction a and the second term is related to the event in which player
i looses at auction @ and wins an object at the price of v at auction b. Corollary 3

summarizes the above remarks.

Corollary 3 An equilibrium presented in lemma 2 leads to an efficient outcome in which
final prices are ex-ante given by Elvs)| = E [%’U(Q)] = 0.25. The expected payoff of each
player i is given by v (3 — v;).

We have seen that in an equilibrium the crucial bidding takes place before the last stage.
One could ask whether there exists an equilibrium in which players reallocate exactly
at the last stage. We will see that the answer to this question is negative, because it is
not possible to balance simultaneously the following two forces. First, in an equilibrium
players should honestly bid according to some strictly increasing bidding function g(.)
and later appropriately reallocate. Second, in an equilibrium a player should not be
willing to deviate by bidding his valuation at the opposite auction (to the one he is

supposed to bid) directly at 7' — 1. Lemma 4 formally presents the result.
Lemma 4 A strategy profile (61,09, 73), where ; is given by:
1. att <T —1 do not bid

2. at T —1 bid g(v;) at auction a,

3. at T bid v; at auction a, if you are a current winner at auction a and at auction

b, otherwise,

with a € {1,2}\{b} and b € {1,2}\{a}, is not a Bayesian Nash equilibrium.
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Proof. Without loss of generality assume that player 2 and player 3 play according to
09 and 73 respectively. Suppose that player 1 follows 1. and 3. of 6; and at T — 1 bids
g(y) > g(v1) at auction a. Assume also for a moment that vy < v3. Then, if y > v3
player 1 wins an object at auction a at price g(v3). He always wins at auction b, if his
bid is accepted and v; > vy. He also wins an object at auction b, when only his bid is

accepted there. Hence, his expected payoff is given by:

Yy w3 1 v 1 w3
Qy,v1) = //(Ul—g(vg))dvgdvg—i-a//(vl—avg)dvgdvg—i-oz//(1—@)U1dv2dvg (5)
0 0 y 0 y v

Due to symmetry his expected payoff also equals to Q(y, v1), when vy > v3. Hence, if

(61,09,03) is a Bayesian Nash equilibrium, then arg max€(y,v;) = v, which is true
y€[vr,00)

if; 2w) = 0 or equivalently if: 1 (v (v (2+ a? —2a)—2g(v1))) < 0. After

Yy —v; 2
rewriting and applying the symmetry argument, one finds:

9(v) > i (2+0” — 20) (6)

Now, without loss of generality assume that everybody has already bid according to g(v;)
satisfying (6) and that player 1 has won. Note that if player 2 knew that his valuation
was not the highest, he could profitably deviate by bidding v at auction b at T'—1. Then,
his expected payoff would increase from E[a(Pr[vy > vs](ve—avs)+Prve < vs](1—a)vs)]
to E[Pr[vs > vs](ve — avs) + Privs < vs](1 — a)vs]. Clearly, the same can be stated for
player 3. Therefore, in order to arrive at a contradiction, it is enough to show that
player 1 could also profitably deviate by bidding v, at auction b at T'— 1, knowing that
his valuation is the highest. In order to check it we first derive the lower bound of the
final price at auction a :

E [g(v(g))] > % (2 +a?— 204) E [v(g)] = i (2 +a?— 2a) (7)

Now, we derive the expected final price at auction b:

aElos] = 5 (8)

Since (8) is less then (7) for Ya € (0, 1), player 1 is also willing to deviate. Hence, we

have arrived at a contradiction. m

At that moment one could ask whether there are also other possible symmetric monotonic
strategy profile which involve serious bidding at the last stage. There are two possibil-

ities. Firstly, the above presented strategy profile could be modified, so that the final
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outcome is not affected. For example, one could add some bids below g(.) before 7" — 1.
Clearly, the argument of the above lemma could be used to prove that the newly obtained

strategy profile is not an equilibrium.

Secondly, all bidders could bid only at the last stage at some auction a. This also cannot
be an equilibrium, as one of them would have incentives to deviate by bidding at auction

b at the last stage.

All in all, the serious bidding has to take place before the last stage. As long as no-one
bids above his valuation, everyone has a chance to win the object and thus has incentives
to participate in the game. Therefore, in most cases symmetric monotonic strategy
profile leads to the efficient outcome. The resulting final outcome might be inefficient,
if some player wins two objects. This might happen only when a current winner at one
auction bids at the opposite auction. If there exists a symmetric monotonic equilibrium
in which a current winner at one auction never bids at the opposite auction and no-one
bids above his valuation, it has to be efficient. If it is efficient, it has to lead to the
he same expected final price by the Revenue Equivalence Theorem®. The next theorem

summarizes the latest observations.
Theorem 5 Suppose that T > 3. Then, every symmetric PMBNE in which:

1. no-one bids above his valuation,

2. a current winner at one auction never bids at the opposite auction,

always leads to the efficient outcome with the final prices ex-ante equal to Elv(s)] = 0.25.

For T =2 equilibrium of this type does not exist.

Proof. Suppose that T" > 3. Then, according to lemma 2 there exists symmetric
PMBNE that leads to the efficient equilibrium outcome in which expected final prices
are given by E[v(s)] = 0.25. Now, observe that when no-one bids above his valuation,
everyone has incentives to participate in the auction. Furthermore, the simple logic and
lemma 4 imply that players split between auctions before the last stage. Since all bids
are accepted, no player might win two objects, the reallocation between auctions takes
place before T" and all crucial bidding functions are strictly increasing, highest value
player and second highest value player must be each awarded an object, which means

that the resulting outcome is efficient. If it is efficient, the Revenue Equivalence Theorem

8See Krishna (2002) for reference.
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implies that it should involve the same expected prices as an equilibrium presented in
lemma 2.

Suppose that 7" = 2. Then, in a symmetric monotonic equilibrium all players should
first bid according to the same strictly increasing bidding function. Suppose they do
so. Afterwards, they have two possibilities. First, they may spread between auctions.
Second, they may bid at the same auction. The first option is ruled out by the same
argument as in the case of T' > 3. The second one is also not possible, as one of players
would be better of, if he switched to the other auction. Hence, a symmetric PMBNE

does not exist. m

Concluding, we have discussed the possible symmetric strategies that players could
use. We saw that under some conditions there exists only one type of equilibrium. In
this equilibrium players test the ordering of their valuations and split between auctions
according to this ordering before the last stage. As a result, they submit multiple bids.
They might bid at the last stage, but all crucial bids arrive before that moment. The

final prices are ex-ante equal at two competing auctions.

4 Competitors and privileged bidders

In the previous section we have discussed symmetric strategies. It is interesting to
verify whether there exists a Bayesian Nash equilibrium in which only two players use
the same monotonic pure strategy. In this type of a strategy profile for some exogenous
reason one of players is "privileged" and bids his valuation at some auction b € {1,2}
before the last stage. Two other players are "competitors" and fight for an object at
the opposite auction. They do so by bidding according to the same strictly increasing
bidding function f(.). Afterwards, the one who wins stays at that auction and bids
his valuation there, while the looser switch to the auction occupied by the "privileged"

player and also bids his valuation there.

The behavior of the "privileged" player is reasonable, as it assures that he bids against
lower-value player and maximizes the probability of winning an object at the price which
does not exceed his valuation. The rational of the reallocation of "competitors" is the
same as in the previous section. As the next lemma shows the optimal f(.) exists, even

if players reallocate at the last stage.

Lemma 6 Take a € {1,2}\{b} and b € {1,2}\{a}. Define &, as follows:
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1. atte{l,...,T — 2} do not bid,

2. atT —1 bid f(v;) = v; — 0.5av? at auction a,

3. atT bid (4

(a) at auction a, if you become a current winner at auction a at T — 1,

(b) at auction b, if you do not become a current winner at auction a at T — 1,

and o3 as follows:
1. atte{l,...., T =2y U{T} do not bid,
2. atT — 1 bid v3 at auction b,
Then, (61,059,03) is a Bayesian Nash equilibrium.

Proof. Without loss of generality suppose that player 1 and player 2 play according
to 01 and &9 respectively. Then, player 3 clearly prefers to bid before T' to avoid the
risk of his bid being rejected. Besides, he knows that the highest bid submitted by his
opponents at auction a ((1— «)f(max[v, vo]) + @ max[vy, vo]) is higher than the highest
bid submitted by his opponents at auction b ((1 — )0+ amin|vy, v2]). Hence, he prefers
to bid at auction b. Finally, his expected payoff cannot be further increased. As a result,
he follows 73.

Now, without loss of generality assume that player 2 and player 3 play according to &
and &3 respectively. Then, if player 1 wins at auction a, he expects to pay E[vy—0.5av3].
If he wins at auction b, he expects to pay E|vs]. Since E[vs] = E]uvs], he prefers to bid
at auction a first.

Now, assume that player 3 and player 2 follow o3 and 5 respectively and that player 1
follows 1. and 3. of 67 and at T'— 1 bids f(y) at auction a. Then, an expected payoff
of player 1 is given by:

1 vy

(v1 — f(va))dva + [ { a(vy — v3)dvzdus 9)

ot—

After solving first order condition and applying the equilibrium condition y = vy, one

obtains:

f(v1) = vy — 0.5a07 (10)
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One easily checks that the second order condition is satisfied. Hence, player 1 follows 2.
of 71.

Now, without loss of generality suppose that player 2 and player 3 play according to &5
and 3 respectively. Furthermore, assume that player 1 follows 1. and 2. of ;. Then, if
he looses at T'— 1, player 1 has only a chance to win an object at auction b. Maximizing
a probability of winning an object at a price not higher from his valuation, he thus bids
v; at auction b at 7. Hence, he follows 3. (b) of ;. If he wins at 7" — 1, he wants to
discourage others from bidding at auction a at 7" and thus he bids v; at auction a at
T. As a result, he follows 3. (a) of ;. Furthermore, note that player 1 cannot increase
his expected payoff by deviating from 1 of 6;. Hence, player 1 plays 71, if player 2 and
player 3 follow 62 and &3 respectively.

Finally, note that due to symmetry player 2 follows 79, if player 1 and player 3 follow

o1 and o3 respectively. m

One should note that although a player with the highest valuation is always awarded
an object, the final outcome of the equilibrium presented in lemma 7 does not need to
be efficient. It is inefficient, if the player who has the second highest valuation is not
lucky enough to have his bid accepted at the last stage, which happens with probability
%(1 — «). Therefore, a player with the lowest value wins an object at zero price with
probability %(1 — «a) and player with the second highest value wins an object with
probability 2(1 — «).

The difference in expected final prices is observed. Expected price amounts to: Elawvs)] =
0.25a at one auction and to:

4— «
12

Elv; — 0.5a02|v; < v;] = 2 [(v; — 0.5a07) (1 — v;)dv; =

oO—

(11)

at the other auction. It is interesting to note that at one auction the expected price is
lower than the expected price in equilibrium presented in lemma 2, which amounts to
i. Meanwhile, the opposite relation could be indicated for the other auction. Hence,
it is not obvious which equilibrium a seller who offers only one good should prefer. On
the other side, it should be emphasized that the sum of two expected prices (%a + %) is
strictly lower than the sum of two expected prices resulting from equilibrium presented
in lemma 2 (3). Hence, a seller who offers two units at two single auctions should

discourage bidders from the last-minute bidding.

It is also interesting to derive the expected payoff of a buyer. In the equilibrium presented
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in lemma 6 the expected payoff of the "competitor" is given by:

v; 1 v 2(3(1 — 200
{(vi — vy + 0.5a03)dvs + [ { a(v; — v3)dvgdvy = v 3L+ Z) avi) (12)

Since (4) is strictly higher than (12) for every v; > 0, a "competitor" is in a worse
position in an equilibrium presented in lemma 6 than in an equilibrium presented in

lemma 2.

Meanwhile, an expected payoff of the "privileged" player equals to:

y L i (—aw? ; 1 —
2](Ui_av3)(1_U3)d03+2f(1—04)2}i(1—U3)d1)3:U( a“z+30‘;’ +3(1 —a))
0 i

(13)

which is strictly higher than (4) for every v; > 0. Hence, a "privileged" player is
in a privileged position in an equilibrium presented in lemma 6. Furthermore, while
switching from an equilibrium presented in lemma 2 to the one presented in lemma 6
he gains more than each competitor looses, as the difference between (4) and (12) is

strictly lower than the difference between (13) and (4).
The next corollary summarizes the latest observations.

Corollary 7 An equilibrium presented in lemma 6 leads to the outcome which does not
need to be efficient. Expected final prices are given by 0.25a and 1—12(4 — ). A "privi-
leged" player earns more than in equilibrium presented in lemma 2. On the contrary, a

"competitor"” earns less.

Lemma 6 discusses an equilibrium which involves bidding at the last stage. As we will

see there exists a similar equilibrium, where bidding stops before the last stage.
Lemma 8 Tuake a € {1,2}\{b} and b € {1,2}\{a}. Define &; by:

1. atte{1,...,T — 3} do not bid,

2. at T — 2 bid g(v;) = v; — 0.50? at auction a,

3. atT — 1 bid v;

(a) at auction a, if you become a current winner at auction a at T — 2,
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(b) at auction b, if you do not become a current winner at auction a atT — 2,
and o3 by:
1oatte{l,..., T =2y U{T} do not bid at auction a and bid by, < v3 at auction b,

2. atT — 1 bid vs at auction b,
Then, & = (01,02,03) is a Bayesian Nash equilibrium.

Proof. The proof is obtained by inserting & = 1 and changing the timing in the proof

of lemma 6. m

It is interesting to indicate here that an equilibrium presented in lemma 8 always results
in an efficient outcome. If so, Revenue Equivalence Theorem implies that the resulting

prices should be exactly the same as in lemma 2.

Corollary 9 An equilibrium presented in lemma 8 ex-ante leads to the same outcome as
an equilibrium presented in lemma 2. As a result, they both guarantee the same expected

payoff to each player.

We have discussed two possible Bayesian Nash equilibria in which exactly two play-
ers follow the same pure monotonic strategy. We could clearly modify one of them
(e.g. change the timing) in order to find another equilibrium. This is however not so

interesting. Finding completely other type of equilibrium is more appealing.

There is one interesting candidate for a PMBNE in which two players use the same
strategy. In particular, it is intriguing whether there exists an equilibrium in which all
players wait with bidding until the last stage. It turns out that as long as players do

not bid above their valuations, this does not happen in an equilibrium®.

Lemma 10 A strategy profile (61, 2,03) in which each player waits with bidding until

the last stage and never bids above his valuation is not a pure Bayesian Nash equilibrium.

Proof. Suppose that (61, d2,03) is a Bayesian Nash equilibrium. Then, &; must imply
that player ¢ bids v; at T. This is because bidding less only decreases a chance for a
profitable transaction and bidding more is not allowed. Furthermore, it cannot happen

that all three bidders bid at the same auction, as one of them would be better off, if

9Otherwise, as footnote 6 shows for a > % an equilibrium of this type exists.
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he deviated and bid his valuation at the opposite auction at the last stage. Hence, two
players have to bid their valuations together at one auction and the third one has to
bid his valuation at the opposite auction. Take a player who is not the only bidder
at auction a. Without loss of generality assume that it is player 3 and that he bids
against player 1 at auction 1. Suppose that he deviates and bids at auction 1 before 7'
Note that other players will not know the value of his bid then. Therefore, after seeing
the deviation, they can base their decision about punishing him only on the pure fact
that his bid was accepted. They could try to punish him by bidding their valuations at
auction 1. This would not heart player 3, as he could set l;lT—l very close to 0 and bid
his valuation at auction 2 at 7. Hence, we need to look at other possible reactions to
the opponent’s deviation. There are three other possibilities: nobody bids at auction
1 again; player 1 bids v; at auction 1 at and player 2 bids vy at auction 2 and finally
player 1 bids v; at auction 2 at and player 2 bids v, at auction 1. In the first two cases
player 3 is already better off, when he bids his valuation at auction 1 at 7" — 1 instead
of waiting with bidding for the last stage. Then, his bid is accepted with certainty and
the expected price he pays in case of winning does not increase. In case 1 it is even
lower, as it equals to zero. In case 3 his deviation would decrease his expected payoff
only if E#sm-1[uy] > E*sm-1[v;]. However, the latter cannot be true, as player 3 has
exactly the same information about both of his opponents (that they have not bid so
far) and therefore it must be that E#s7-1[vy] = EF3t-1[y;]. Hence, we have arrived at a

contradiction. m

Now, one could ask whether someone could distinguish another candidate for a PMBNE
in which no-one bids above his valuation. We have already seen two possibilities so far.
In the first two players test the ordering of their valuations before 7' — 1, so that they
have time to split between auctions before T'. In the second they reallocate exactly at 7.
In both a looser of the test bids his valuation at the opposite auction. There does not
exist other possibility, since he does not know how his valuation relates to the valuation
of the third player. He cannot bid at auction a again, as no-one would have incentives
to win at auction a then. The same applies to the third player. Furthermore, as lemma
10 shows all players cannot wait with bidding for the last stage. Finally, since we do
not analyze strategy profile that allows a current winner at one auction to bid at the
other auction, each player has a chance to win at most one object. As a result, one
can distinguish only two possible equilibrium outcomes. The first corresponds to the
strategy profile presented in lemma 8 and the second to the one indicated in lemma 6.

We state it formally in the next theorem.
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Theorem 11 Suppose that T > 3. Then, one of two below presented outcomes arises
in a PMBNE in which exactly two players follow the same strategy, nobody bids above

his valuation and a current winner at one auction never bids at the opposite auction:

1. highest value player and second highest value player are each awarded an object,

the final prices are ex-ante given by 0.25.

2. highest value player always wins an object; second highest value bidder wins an
object with probability %(1 — «a) and the lowest value bidder wins an object with

probability %(1 — ), expected final prices are ex-ante given by 0.25c and 35(4— ).

Suppose that T=2. Then, outcome 2 is the only possible outcome which arises in a

PMBNE in which exactly two players follow the same strategy.

Proof. Using lemma 6 and lemma 8 one shows that outcome 1 and outcome 2 arise
in a PMBNE in which exactly two players follow the same strategy, no-one bids above
the valuation and a current winner at one auction never bids at the opposite auction.
Following the argument behind lemma 8, one easy finds that outcome 1 is possible only
when T > 2. By contrast, lemma 6 shows that outcome 2 is possible for T' = 2. Note
that with monotonic bidding functions equilibrium outcome other allocation rule can be
only obtained when players wait with bidding for the last stage, which is excluded by
lemma 10. Hence, every equilibrium has to lead to an allocation as in outcome 1 or an
outcome 2. If so, the Revenue Equivalence Theorem implies that also expected prices

have to be the same. m

Concluding there are two types of equilibria: one presented in lemma 6 and one indicated
in lemma 8. In both equilibria two players test the ordering of their valuations and
reallocate according to it. Therefore, multiple bidding could be ”justified”. Furthermore,
one could modify an equilibrium presented in lemma 6, so that it could happen that a
single bidder submits multiple bids at one auction, which has been empirically observed

by Roth and Ockenfels (2000).

We have also shown that in an equilibrium a buyer does not wait with bidding for the
last stage. We do not however claim that last-minute bidding is irrational. On the
contrary, as lemma 6 shows late bidding could arise in an equilibrium. In particular, a
player might bid at some auction for the first time at the last-minute, when he looses
at the other auction at the second-last minute. Moreover, a player might bid in the

last-minute in order to discourage others from bidding at the auction where he is active.
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5 Symmetric auctions

In the comparison of symmetric and asymmetric equilibria, symmetric equilibrium
should be preferred, because there is no real reason to privilege one of players. Similarly,
there is no good reason to treat competing Internet auctions differently. Therefore, we
have decided to present the last equilibrium in which both players and auctions are

treated in the same way.
Theorem 12 Suppose T' > 4. Define where o; as follows:

1. Att=1 bid %vi at the randomly chosen auction,
2. If before t < 'T'—2 no-one was active, bid %Ui at the randomly chosen auction at t,

3. If before t < T —2 (T — 1) no-one was active or your bid was not accepted,
someone else has bid and your opponents are not active at the same auction, at t
bid v; — 307 (v; — 3awv?) at the auction with the smallest number of accepted bids
or if both auction have accepted the same amount of bids, choose one of them at

random,

4. If at t < T — 1 both your opponents were active at some auction a € {1,2}

(a) and you won there, bid v; at auction a att+ 1,

(b) and you did not win there, bid v; at auction b € {1,2} —{a} att+1,

5 If att <T — 1 you and only one of your opponents are active at some auction a

%U? at auction a before, increase your bid to v; — 0?2,

and you have not bid v; — 2

6. If before t you already bid v; — %vf or v; — %avf at auction a,
(a) the other player active at auction a has revised his bid and you have won, bid

v; at auction a at t,

(b) and you have lost, bid v; at auction b at t,

7. If at T — 2 you are still the only bidder at auction a and there is only one active

bidder at auction b, bid v; — %owf at auction a at T — 1,

8. If before T' your bid was not accepted, bid v; at the auction with the smallest number
of accepted bids at T,
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9. If at T you are a current winner at some auction a, bid v; at auction a.

10. Otherwise, do not bid.
Then, (01,09,03) is a perfect Bayesian Nash equilibrium.

Proof. Suppose that player 2 and player 3 follow o5 and o3 respectively.

Take t = T. Suppose that player 1 is a current winner at some auction a. If so, he
weakly prefers to bid v; at auction a, as indicated in point 9. of o;.

Suppose now that player 1 is not a current winner. Then, two things could have hap-
pened. (1) He knows that he has no chance to win an object at any of two available
auctions. (2) He knows that he has a chance to win an object at some auction. In (1) he
is clearly indifferent between bidding any positive value and not bidding at all. Hence,
in an equilibrium he follows 1. In (2) he weakly prefers to bid v; at the auction where
he has the chance to win. Note that if there is such an auction it is an auction with the
smallest number of submitted bids. Hence, in an equilibrium he follows 7.

Take t < T — 1. Then, following the argument of lemma 2, lemma 6 and lemma &,
one shows that using o player 1 coordinates between three classes of Bayesian Nash
equilibria. Whichever history he faces, he finally reaches one of three available equilibria.
Note that the Revenue Equivalence Theorem implies that in an efficient outcome player 4
cannot reach higher payoff than the one he obtains while following 1. Thus, the possible
deviation would have to involve bidding at the last stage or increasing the probability of
winning two objects. If so, it would not be accompanied by an increase in the expected

payoff. Therefore, for any history the profitable deviation does not exist. m

The above presented equilibrium is constructed so that a player coordinates between
equilibria presented in the previous sections of this paper. When two other players
follow some other equilibrium strategies defined in sections 2 and 3 of this paper, a

given player may still follow o;, as defined above, and an equilibrium is sustained.

Furthermore, the above theorem nicely shows that at the beginning of an auction a
bidder does not need to know the number of his opponents. It is enough when he
bids first relatively low and later on whenever he learns about the existence of a new
opponent, he increases his bid. Hence, multiple bidding could be also explained by the
fact that in Internet auctions buyers do not necessarily know from the beginning the

value of the demand.
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On the other side, empirical studies show that the size of multiple bidding decreases with
the experience. This seems to be natural in view of our results. A more experienced
bidder might know better how many people are interested in buying a particular object

and thus his optimal bidding strategy requires less adjustment steps.

6 Conclusions

Theoretical models of Internet auctions have focused on auctions that do not compete
with each other. As it often happens that identical goods are auctioned simultaneously
at several Internet auctions, we have decided to analyze the environment of competing
Internet auctions. We have investigated the role of the competition between auctions in
last-minute bidding and multiple bidding by means of a simple model of two competing
second-price auctions with a fixed end time and three risk neutral buyers. Our results
show that facing a possibility of winning the same object at two separate auctions, a
buyer might be willing to coordinate between auctions, so that the final prices are not
too high and all objects are sold. In order to do so he might test whether he has the
highest valuation, which enables further appropriate reallocation. That behavior results
in multiple bidding which sometimes also causes last-minute bidding. Below, we discuss

the rationality of last-minute bidding and multiple bidding in more details.

Last-minute bidding is quite controversial. Our model shows that in an equilibrium, not
every player can wait with bidding for the last stage. Moreover, we claim that a clue of
the problem lies in the definition of last-minute bidding. Empirical studies report that
bids concentrate at the end of the auction. They however do not claim that late bidders
have not bid before. Our model shows that a buyer might bid at one auction in the
last minute for the first time, if he looses at the concurrent auction in the second-last

minute. Moreover, he might bid late to discourage others from bidding at "his" auction.

Our paper also rationalizes multiple bidding in Internet auctions. We show that in an
equilibrium players might bid first less aggressively and afterwards the winner bids his
valuation at the same auction and the looser(s) bid(s) the valuation at the opposite
auction. When buyers do not know exactly the size of the demand at a given auction,
they submit more bids. If players are certain about the number of opponents they face
in a given auction, they typically send from 1 to 2 bids. This corresponds to the level of
multiple bidding reported by Wilcox (2000), who indicated that at average 1.5-2 bids are

submitted by a buyer. Furthermore, we have also discussed that a player who submits
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multiple bids might even turn out to be the only successful bidder. This justifies the
observation made by Roth and Ockenfels (2000) on a single multiple bidder.

We have also discussed that if all crucial bids are sent before the last-minute, competing
Internet auctions are efficient and should end with the same prices. Otherwise, when

some bids are sent in the last minute, inefficiencies and prices’ differences might occur.

We do not argue that the equilibrium classes we found are unique. We are able how-
ever to claim that if other type of equilibrium exists, it is either highly asymmetric or

unituitive.

We also realize that our model simplifies reality and thus could be further extended.
Beside some obvious improvements like increasing number of buyers and sellers, one
could follow the remark made by Bajari and Hortacsu (2003) and introduce uncertainty
in the number of bidders. Moreover, following the discussion of McAfee (1993) and
Peters and Severinov (1999), one could propose a more complex approach where sellers

also maximize their expected payoff while setting reserve prices.
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