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Devwudfw

Lqwhuqhw dxfwlrqv/ vxfk dv wkrvh rq hEd|/ duh nqrzq iru pxowlsoh elgglqj dqg

vqlslqj1 Ex|huv vhqg elgv lq wkh forvlqj vhfrqgv ri dq dxfwlrq/ nqrzlqj wkdw elgv

duulylqj diwhu wkh forvxuh ri wkh dxfwlrq duh qrw frxqwhg1 Wkh| dovr elg vhyhudo

wlphv dw wkh vdph dxfwlrq1 Zh prgho Lqwhuqhw dxfwlrqv dv d g|qdplf pxowl0

xqlw dxfwlrq1 Wklv ohwv xv h{sodlq wkh udwlrqdolw| ri erwk vqlslqj dqg pxowlsoh

elgglqj1 E| vxeplwwlqj pxowlsoh elgv/ ex|huv frruglqdwh ehwzhhq dxfwlrqv/ vr

wkdw doo remhfwv duh �qdoo| vrog dqg qr0rqh kdv wr sd| wrr kljk d sulfh1 Zkhq

elgghuv vxeplw pxowlsoh elgv/ wkh| pljkw elg yhu| odwh lq wkh hqg1

4 Lqwurgxfwlrq

Prvw Lqwhuqhw dxfwlrqv frqvwlwxwh dq lqwhuhvwlqj yduldqw ri d vhfrqg0sulfh vhdohg0elg

dxfwlrq1 Dw hyhu| prphqw ri wkh dxfwlrq d ex|hu zkr kdv vhqw wkh kljkhvw elg lv fkrvhq

dv d whpsrudu| zlqqhu dqg wkh fxuuhqw vwdqglqj sulfh/ htxdo wr wkh kljkhvw elg vxeplwwhg

e| dq| rwkhu ex|hu ru wr wkh plqlpdo sulfh/ lv dqqrxqfhg1 Hyhu| qhz elg wkdw h{fhhgv

wkh fxuuhqw vwdqglqj sulfh dv zhoo dv doo suhylrxv elgv vhqw e| wkh vdph ex|hu lv w|slfdoo|
�
�
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dffhswhg1 Krzhyhu/ elgv vhqw lq wkh odvw prphqwv ri wkh dxfwlrq duh vrphwlphv uhmhfwhg1

Ilqdoo|/ d �{hg hqg wlph lv uhdfkhg1 D ex|hu zkr kdv vxeplwwhg wkh kljkhvw elg zlqv

dq remhfw dqg sd|v wkh fxuuhqw vwdqglqj sulfh1

Vhyhudo hpslulfdo vwxglhv +Edmdul dqg Kruwdfvx +5336,/ Urwk dqg Rfnhqihov +5335, dqg

Zlofr{ +5333,, uhsruw wkdw ex|huv riwhq elg yhu| odwh lq Lqwhuqhw dxfwlrqv1 Wkh hpslulfdo

revhuydwlrq wuljjhuv wkh txhvwlrq derxw wkh qdwxuh ri wkh odvw0plqxwh elgglqj1 Odvw

plqxwh elgglqj frxog eh gh�qhg dv elgglqj rqo| lq wkh odvw plqxwh/ zklfk lv grqh e|

Urwk dqg Rfnhqihov +iruwkfrplqj,/ zkr vkrz wkdw wklv vwudwhj| frxog khos elgghuv lq

dyrlglqj wkh elgglqj zdu lq d vlqjoh0xqlw sulydwh0ydoxh Lqwhuqhw dxfwlrq1 Rq wkh rwkhu

vlgh/ odwh elgglqj frxog eh dovr gh�qhg dv elgglqj djdlq lq wkh odvw plqxwh/ zklfk olhv

lq olqh zlwk wkh dujxphqw ri Edmdul dqg Kruwdfvx +5336,1 Wkh odwwhu dxwkruv dujxh wkdw

lq dq htxloleulxp ex|huv elg �uvw }hur dqg vxeplw wkhlu fuxfldo elgv lq wkh odvw plqxwh

lq d vlqjoh0xqlw frpprq0ydoxh Lqwhuqhw dxfwlrq/ ehfdxvh wkh| gr qrw zdqw wr vkduh wkh

lqirupdwlrq derxw wkh wuxh ydoxh ri wkh remhfw1

Dqrwkhu lqwhuhvwlqj revhuydwlrq pdgh rq Lqwhuqhw vhfrqg0sulfh dxfwlrqv zlwk d �{hg

hqg wlph uhjdugv pxowlsoh elgglqj/ zklfk kdv ehhq uhsruwhg e| Urwk dqg Rfnhqihov

+iruwkfrplqj, dqg Zlofr{ +5333,1 Dv orqj dv wkh wudqvplvvlrq ri d elg lv fhuwdlq dqg

elgglqj lv frvwohvv/ d ex|hu vkrxog eh lqgl�huhqw ehwzhhq vhqglqj pxowlsoh elgv/ vr

wkdw wkh kljkhvw rqh htxdov klv ydoxdwlrq/ dqg elgglqj klv ydoxdwlrq vwudljkw dkhdg lq

d vlqjoh0xqlw sulydwh0ydoxh Lqwhuqhw dxfwlrq1 Zkhq elgglqj lv frvwo|/ d ex|hu vkrxog

suhihu wr plqlpl}h wkh qxpehu ri vxeplwwhg elgv1 Dv Urwk dqg Rfnhqihov +iruwkfrplqj,

dujxh/ lqfuhphqwdo elgglqj pljkw eh hyhq lqwhusuhwhg dv d qdlyh vwudwhj| lq d vlqjoh0xqlw

sulydwh0ydoxh Lqwhuqhw dxfwlrq1

Wkh suhvhqfh ri pxowlsoh elgglqj irvwhuv d txhvwlrq derxw wkh srvvlelolw| ri frruglqdwlrq

ehwzhhq frpshwlqj Lqwhuqhw dxfwlrqv1 Frpshwlwlrq ehwzhhq dxfwlrqv kdv ehhq glvfxvvhg

e| vhyhudo dxwkruv lq wkh olwhudwxuh1 Urwk dqg Rfnhqihov +5335, dujxh wkdw d ghvluh wr

uhwdlq  h{lelolw| wr elg rq dq rwkhu dxfwlrq r�hulqj wkh vdph lwhp lv d srvvleoh qrq0

vwudwhjlf h{sodqdwlrq ri odvw0plqxwh elgglqj1 Edmdul dqg Kruwdfvx vxjjhvw wkdw whvwlqj

wkh uroh ri wkh frpshwlwlrq ehwzhhq dxfwlrqv lq vhoohuv* ehkdylru/ vwxglhg e| PfDihh

+4<<6, dqg Shwhuv dqg Vhyhulqry +4<<:,/ lv dq lqwhuhvwlqj vxemhfw iru wkh ixwxuh uhvhdufk1

Ilqdoo|/ Hoolvrq dqg Ixghqehuj +5335, vkrz wkdw wzr frpshwlqj dqg rwkhuzlvh lghqwlfdo

pdunhwv ru dxfwlrq vlwhv ri gl�huhqw vl}hv fdq frh{lvw lq htxloleulxp1

Wkh wkuhh deryh vwdwhg skhqrphqd/ qdpho| odvw0plqxwh elgglqj/ pxowlsoh elgglqj dqg
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frpshwlwlrq ehwzhhq dxfwlrqv/ prwlydwh wklv vwxg|1 Zh sursrvh d prgho zklfk doorzv

wr vwxg| doo ri wkhvh vlpxowdqhrxvo| dqg vkrz wkdw lq idfw wkhvh skhqrphqd pljkw eh

forvho| uhodwhg1 Zh dujxh wkdw wkh frpshwlwlrq ehwzhhq dxfwlrqv doorzv elgghuv wr dyrlg

d �hufh elgglqj zdu1 Lq sodfh ri wkdw/ sod|huv pljkw frruglqdwh ehwzhhq dxfwlrqv/ vr wkdw

doo remhfwv duh �qdoo| vrog dqg qrerg| kdv wr sd| wrr kljk d sulfh1 Wkh frruglqdwlrq

ehwzhhq dxfwlrqv uhtxluhv pxowlsoh elgglqj1 Pxowlsoh elgglqj uhvxowv lq odvw0plqxwh

elgglqj/ zkhq wkhuh lv qrw hqrxjk wlph wr vxeplw dqrwkhu elg1

Dqrwkhu lqwhuhvwlqj txhvwlrq wkdw lv dqvzhuhg lq wklv sdshu uhjdugv wkh h!flhqf| dqg

sulfh ohyhov lq wzr v|pphwulf vlpxowdqhrxv sulydwh0ydoxh Lqwhuqhw dxfwlrqv1 Zh �qg

wkuhh fodvvhv ri Ed|hvldq Qdvk htxloleuld1 Lq wzr ri wkhp elgglqj vwrsv ehiruh wkh odvw

plqxwh/ vr wkdw doo elgv duh wudqvplwwhg zlwk fhuwdlqw|1 Wklv lv hqrxjk wr dvvxuh h!flhqf|

dqg h{0dqwh htxdo sulfhv lq frpshwlqj dxfwlrqv1 Rqh fodvv ri Ed|hvldq Qdvk htxloleuld

lqyroyhv elgglqj odwh/ vr wkdw vrph elgv duh uhmhfwhg1 Dv d uhvxow/ lw fdq kdsshq wkdw d

elg ri d kljkhvw elgghu lv qrw dffhswhg dqg wkxv kh grhv qrw zlq dq remhfw1 Lw fdq dovr

kdsshq wkdw d sod|hu zlwk wkh orzhvw ydoxdwlrq zlqv dq remhfw1 Zh �qg wkdw wkh odfn ri

wkh h!flhqf| lv dffrpsdqlhg e| wkh gl�huhqfh lq wkh sulfh ohyho lq wkdw sduwlfxodu fodvv

ri htxloleuld1

Wkh sdshu dovr glvfxvvhv krz d ex|hu vkrxog ehkdyh/ zkhq kh lv qrw fhuwdlq zklfk htxl0

oleulxp lv dfwxdoo| sod|hg1 Lq sduwlfxodu/ lw suhvhqwv dq htxloleulxp lq zklfk hdfk ex|hu

dqg hdfk dxfwlrq lv wuhdwhg v|pphwulfdoo|1 Lq wklv htxloleulxp hyhu| ex|hu iroorzv wkh

vwudwhj| zklfk lv frqvwuxfwhg vr wkdw lw frxog eh dovr iroorzhg lq hyhu| rwkhu prqrwrqlf

htxloleulxp suhvhqwhg lq wklv sdshu1 Lq wklv vwudwhj| d ex|hu �uvw elgv dv kh zdv rssrvhg

djdlqvw doo klv rssrqhqwv1 Diwhuzdugv/ kh dgmxvwv klv ehkdylru dffruglqjo| wr wkh dfwxdo

qxpehu ri rssrqhqwv1

Wkh sdshu lv vwuxfwxuhg dv iroorzv1 Wkh qh{w sduw suhvhqwv d wkhruhwlfdo prgho xvhg lq

wkh dqdo|vlv1 Sduw 6 glvfxvvhv srvvleoh v|pphwulf htxloleulxp vwudwhjlhv/ zklfk lqyroyh

pxowlsoh elgglqj1 Sduw 7 frqfhqwudwhv rq dv|pphwulf htxloleulxp vwudwhjlhv zlwk wkh

vshfldo hpskdvlv rq wkh suhvhqfh ri odwh dqg pxowlsoh elgglqj1 Sduw 8 ghvfulehv d srvvleoh

vroxwlrq wr wkh sureohp ri frruglqdwlrq ehwzhhq h{lvwlqj htxloleuld1 Ilqdoo|/ sduw 9

frqfoxghv1
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5 Prgho

Zh sursrvh wkh iroorzlqj prgho ri wkh elgglqj ehkdylru lq frpshwlqj Lqwhuqhw dxfwlrqv1

Wkhuh duh wzr vlpxowdqhrxv vhfrqg0sulfh dxfwlrqv vhoolqj rqh lwhp ri wkh vdph jrrg

+dxfwlrq 4 dqg dxfwlrq 5,
�
dqg wkuhh ulvn0qhxwudo ex|huv +sod|hu 4/ sod|hu 5 dqg sod|hu

6,1 Sod|hu l +l ' �> 2> �, kdv dq lqghshqghqw sulydwh ydoxdwlrq ri rqh +dqg rqo| rqh,

lwhp ri wkh jrrg +y � ,/ zklfk lv lqghshqghqwo| dqg xqlirupo| glvwulexwhg rq wkh lqwhuydo

df> �o1 y � ��� ghqrwhv wkh ydoxdwlrq ri d sod|hu zkr kdv l �	� kljkhvw ydoxdwlrq dqg y 
�� '
iy � > y 
 > y � jqiy � j1

Dw hyhu| vwdjh w Ew ' �> = = = > W � wkh iroorzlqj vxffhvvlyh wkuhh hyhqwv wdnh sodfh=

41 Hdfk dxfwlrq d 5 i�> 2j dqqrxqfhv wkh fxuuhqw vwdqglqj sulfh +s � � ,1

51 Hdfk elgghu l fkrrvhv klv elg e
� � � Ek � � �1

61 Hdfk dxfwlrq d lqglfdwhv doo dfwlyh elgghuv dqg fkrrvhv wkh fxuuhqw zlqqhu +Z � � ,
iurp wkh vhw ri elgghuv zkr vxeplwwhg wkh kljkhvw elg +� � � ,1

zkhuh=

� k � � 5 K � � ghqrwhv wkh dydlodeoh lqirupdwlrq/

� e
� � � Ek � � � G K � � $ U � lv wkh elgglqj ixqfwlrq ri sod|hu l dw dxfwlrq d dw wlph w1 Li

sod|hu l grhv qrw elg dw dxfwlrq d dw w/ e
� � � Ek � � � ' f1 Sod|hu l fdq vxeplw rqo| rqh

elg shu urxqg � +l1h1 e
� � � Ek � � � A f , e

� �
� Ek � � � ' f dqg e

� 
 � Ek � � � A f , e
� � � Ek � � � ' f�/

� Dq dfwlyh elgghu dw dxfwlrq d dw w lv d elgghu zkrvh elg kdv ehhq dffhswhg e| w1

Dw w ? W elg e
� � � Ek � � � lv dffhswhg/ li lw lv kljkhu iurp 4@ ds � � >4@ ��� � de

� ��� E=�oo1 Dw
w ' W d elg lv dffhswhg xqghu wkh vdph frqglwlrq zlwk suredelolw| � 5 Ef> ��1

� � � � htxdov wr wkh kljkhvw elg vxeplwwhg e| w dw dxfwlrq d ru }hur/ li qr elg kdv

ehhq dffhswhg dw dxfwlrq d vr idu1

� Z � � 5 if> �> 2> �j ghqrwhv wkh lghqwlw| ri d fxuuhqw zlqqhu ru 3/ li wkhuh lv qr

fxuuhqw zlqqhu1 Sod|hu l ehfrphv d fxuuhqw zlqqhu/ li +4, kh vxeplwv wkh kljkhvw

elg dw dxfwlrq d dv wkh �uvw rqh ru +5, kh lv udqgrpo| fkrvhq iurp wkh vhw ri sod|huv

zkr kdyh vlpxowdqhrxvo| vxeplwwhg wkh kljkhvw elg dw dxfwlrq d1
�
Wzr dxfwlrqv duh lqwurgxfhg lq rughu wr pdnh wkh prgho vlpsoh dqg vlplodu wr uhdo Lqwhuqhw dxfwlrqv1

Prvw ri uhvxowv hdvlo| jhqhudol}h wr pruh dxfwlrqv1 Doo uhvxowv zrxog krog/ li pxowlsoh dxfwlrqv zhuh

uhsodfhg e| wkh vlqjoh pxowl0xqlw dxfwlrq dqg doo rwkhu uxohv uhpdlqhg wkh vdph1�
Fohduo|/ elgglqj vlpxowdqhrxvo| dw vhyhudo Lqwhuqhw dxfwlrqv lv udwkhu whfkqlfdoo| lpsrvvleoh1
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� Wkh fxuuhqw vwdqglqj sulfh +s � � 5 U � , lqglfdwhv wkh ydoxh ri wkh kljkhvw elg rxw

ri wkh vhw frqwdlqlqj doo dffhswhg elgv dw dxfwlrq d dsduw iurp wkh elg+v, ri wkh

fxuuhqw zlqqhu dw wklv dxfwlrq ru }hur/ li wkh qxpehu ri dfwlyh dw wkdw dxfwlrq grhv

qrw h{fhhg rqh � 1

Diwhu wkh odvw vwdjh d fxuuhqw zlqqhu dw dxfwlrq d ehfrphv d �qdo zlqqhu1 Kh zlqv dq

remhfw dqg sd|v wkh �qdo sulfh +s ������� ,/ zklfk lv fkrvhq rq wkh vdph edvlv dv wkh fxuuhqw
vwdqglqj sulfh1

Wkh xwlolw| ri wkh sod|hu zkr lv dzdughg wzr remhfwv lv jlyhq e|= x � E=� ' y � �s ������� �s 
������ 1
Li sod|hu l lv rqo| d �qdo zlqqhu dw rqh dxfwlrq d 5 i�> 2j/ klv xwlolw| htxdov wr x � E=� '
y � � s � ���!� 1 Ilqdoo|/ d sod|hu zkr grhv qrw zlq dq| remhfw uhfhlyhv d }hur sd|r�1

Frqfoxglqj/ wkh prgho lv txlwh vlplodu wr d vlpxowdqhrxv dvfhqglqj dxfwlrq" 1 Wkhuh

duh wkuhh ex|huv dqg wzr lghqwlfdo remhfwv iru vdoh1 D ex|hu kdv dq xqlw ghpdqg dqg

pd| vxeplw rqh elg shu urxqg1 Wkh qxpehu ri urxqgv lv �qlwh1 Dw wkh odvw urxqg

wudqvplvvlrq ri d elg lv xqfhuwdlq1 Wkh �qdo sulfh lv ghwhuplqhg e| wkh ydoxh ri wkh

kljkhvw elg vxeplwwhg e| d elgghu zkr lv qrw d fxuuhqw zlqqhu dw wklv dxfwlrq1

Iru k � � 5 K � � dq dfwlrq ri sod|hu l dw wlph w lv jlyhq e| [ � � ' ie
� � � Ek � � �j ��#%$���& 
 ' 1 Wkh

vwudwhj| ri wkh sod|hu l lv ghvfulehg e| wkh ixqfwlrq

� � '
k

� �	� Ek �	� � === � �(� Ek �)� �
l

G K �	� � === � K �(� $ [ �	� � ===[ �(�

zklfk iru hyhu| lqirupdwlrq vhw lqglfdwhv wkh ydoxh ri wkh elg wkdw sod|hu l vhqgv dw hdfk

dxfwlrq dw hyhu| vwdjh w ' �> = = = > W= Wkh vhw ri doo srvvleoh vwudwhjlhv ri d sod|hu l lv jlyhq

e| l � 1 Wr vlpsoli| wkh qrwdwlrq zh zloo zulwh � 
�� ' i� � > � 
 > � � jqi� � j1

Dw hdfk vwdjh w d sod|hu l kdv d v|vwhp ri eholhiv � � � / zklfk lqfoxghv wkh glvwulexwlrq

ixqfwlrqv ri wkh ydoxdwlrqv ri wkh rssrqhqwv/ l1h1=

� � � ' i�
*
� � j

* #%$���& 
 & � ' 
+$,�-' ' i�hd{ � {* mk � � oj* #%$��.& 
 & � '�
+$��-'

Dw wkh �uvw vwdjh klv sulru eholhiv vwdwh wkdw wkh ydoxdwlrq ri hdfk ri klv rssrqhqw lv

lqghshqghqwo| gudzq iurp d xqlirup glvwulexwlrq rq ^3/4`/ l1h1 � �	� '
q

{ {

r

1 Diwhu

wkh �uvw vwdjh sulru eholhiv duh xsgdwhg lq d Ed|hvldq vw|oh1 Kdylqj lghqwlfdo lqirupdwlrq/
/
Dv lq wkh fdvh ri uhdo Lqwhuqhw dxfwlrqv10
Vhh Plojurp +5333, iru uhihuhqfh1
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hyhu| sdlu ri sod|huv kdv wkh vdph eholhiv rq wkh wklug sod|huv ydoxdwlrq1 Vlploduo|/ li wzr

sod|huv ehkdyh lq wkh vdph zd|/ wkh wklug sod|hu irupv h{dfwo| wkh vdph eholhiv derxw

hdfk ri wkhp1

D �qdo rxwfrph lv jlyhq e| k �(����� 5 K �(����� / zklfk lqfoxghv wkh lghqwlw| ri d �qdo zlqqhu
dqg wkh ydoxh ri wkh �qdo sulfh dw hdfk dxfwlrq1 K �(����� ghqrwhv d vhw ri doo srvvleoh �qdo
rxwfrphv1 Zh gh�qh dq rxwfrph ixqfwlrq r G l $ K �(����� / zkhuh l ' l � � l 
 � l � 1
Zh zloo xvh wkh frqfhsw ri d Ed|hvldq Qdvk htxloleulxp dqg Shuihfw Ed|hvldq Qdvk

htxloleulxp1 Zh zloo pdlqo| frqfhqwudwh rq sxuh prqrwrqlf Ed|hvldq Qdvk htxloleuld/

zklfk zh gh�qh ehorz1

Gh�qlwlrq 4 Wkh vwudwhj| sur�oh � 1 E=� ' E� 1� E=�> � 1 
�� E=��/ zkhuh � 1� E=� ' ie
� � � E=�j �2#%$��.& 
�'

� #%$��.& 3 3 3 & �+'
/

lv d sxuh prqrwrqlf Ed|hvldq Qdvk htxloleulxp +SPEQH, ri K ' il � >l 
 >l � > rE=�j/ li

lw lv d sxuh Ed|hvldq Qdvk htxloleulxp dqg li iru doo d 5 i�> 2j dqg doo w 5 i�> ===> W j/44�5 6 e � � � E=� A f ru e
� � � E=� ' f1

Ixuwkhupruh/ zh zloo frqfhqwudwh rq wkrvh htxloleuld lq zklfk d fxuuhqw zlqqhu dw rqh

dxfwlrq grhv qrw elg dw wkh rssrvlwh dxfwlrq1 Zh zloo wkxv qrw dqdo|}h vrph xqlqwxlwlyh

htxloleuld 7 dqg irfxv rq pruh qdwxudo rxwfrphv lq wkh xqlw ghpdqg hqylurqphqw1

Ilqdoo|/ h{fhsw iru d ihz uhpdunv/ zh zloo uhvwulfw dwwhqwlrq wr htxloleuld lq zklfk qrerg|

elgv deryh klv ydoxdwlrq1 Zh gr qrw wklqn wkdw wklv lv d uhdoo| vwurqj uhvwulfwlrq1 Xvlqj

wkh zhoo0nqrzq dujxphqw sursrvhg e| Ylfnuh| +4<94,/ rqh fdq hdvlo| vkrz wkdw hdfk

sod|hu zhdno| suhihuv wr elg klv ydoxdwlrq dw wkh rswlpdoo| fkrvhq dxfwlrq dw wkh odvw

vwdjh1 Elgglqj deryh wkh ydoxdwlrq frxog dulvh lq dq htxloleulxp dv d wkuhdw 8 ru zkhq dv
iurp d jlyhq prphqw d elgghu idfhv qr frpshwlwlrq dw wkh dxfwlrq zkhuh kh elgv 9 1 Wkhvh

:
Iru h{dpsoh d Ed|hvldq Qdvk htxloleulxp lq zklfk rqh ex|hu elgv yhu| kljk dw wzr dxfwlrqv dqg

wkh uhvw ri ex|huv gr qrw elg dw doo1;
Iru h{dpsoh/ rqh hdvlo| fkhfnv wkdw iru � � <= d vwudwhj| sur�oh +� < > � = > � > ,/ zkhuh � ? lpsolhv=

41 gr qrw elg ehiruh W dqg elg y ? dw dxfwlrq d @ pd{il � 4> 4j dw W / li qr0rqh hovh elgv ehiruh W /

51 elg 5 dw dxfwlrq d @ pd{il�4> 4j dw w.4/ li ; @ ACB <ED =.F = Z @.G 9@ l dqg sod|hu m 9@ 6 elgv dw w ? W �4/

61 elg 5 dw dxfwlrq d @ l dw w . 4/ li ; @ AHB <�D =.F = Z @.G 9@ l dqg sod|hu 6 elgv dw w ? W � 4/

71 elg 5 dw dxfwlrq d dw W / li qr0rqh elgv ehiruh W � 4 dqg |rxu rssrqhqw elgv dw dxfwlrq d dw W � 4/

lv d Ed|hvldq Qdvk htxloleulxp1I
Iru h{dpsoh/ rqh hdvlo| vkrzv wkdw d vwudwhj| sur�oh +� < > � = > � > ,/ zkhuh � < @ � = lpsolhv wkdw sod|hu

4 +5, elgv y < +y = , dw dxfwlrq 4 dw w @ 4 dqg grhv qrw elg dq| pruh dqg zkhuh � > lpsolhv wkdw sod|hu
6 elgv 4 dw dxfwlrq 5 dw w @ 4 dqg grhv qrw elg dq| pruh/ lv d Ed|hvldq Qdvk htxloleulxp1 Dqrwkhu

h{dpsoh lv surylghg lq ohppd 51



:

gr qrw vhhp wr eh uhdolvwlf htxloleuld dqg wkhuhiruh zh doorz rxuvhoyhv qrw wr dqdo|}h

wkhp lq d juhdw ghwdlo1

6 V|pphwulf elgghuv

Lq wklv vhfwlrq zh zloo vwxg| srvvleoh v|pphwulf prqrwrqlf htxloleulxp vwudwhjlhv1 Lq

wklv w|sh ri vwudwhj| sod|huv �uvw whvw wkh rughulqj ri wkhlu ydoxdwlrqv1 Lq rughu wr gr vr/

wkh| elg dffruglqj wr wkh vdph prqrwrqlf elgglqj ixqfwlrq dw rqh sduwlfxodu dxfwlrq1

Diwhuzdugv/ wkh zlqqhu ri wkh whvw vwd|v dw wkh vdph dxfwlrq dqg orvhuv vzlwfk wr wkh

rwkhu dxfwlrq1 Ehorz/ zh zloo vhh wkdw wkhuh h{lvwv dq htxloleulxp ri wklv w|sh1

Lw lv hdv| wr lpdjlqh wkdw li d sod|hu l +l ' �> 2> �, elgv wrr kljk wrr hduo|/ kh pd| zlq

dq remhfw dw d uhodwlyho| kljk sulfh1 Li kh elgv wrr orz ru wrr odwh/ kh pd| orrvh klv

odvw fkdqfh wr zlq dq remhfw1 Wkhuhiruh/ kh udwkhu suhihuv wr elg �uvw ohvv djjuhvvlyho|

dqg diwhu vrph wlph wr vhqg klv fuxfldo elg1 Lq idfw hyhu| rwkhu sod|hu kdv wkh vdph

suhihuhqfhv1 Khqfh/ zh fdq iru d prphqw dvvxph wkdw doo ex|huv �uvw elg dffruglqj

wr wkh vdph vwulfwo| lqfuhdvlqj ixqfwlrq iEy � � dw wkh vdph dxfwlrq d 5 i�> 2j1 Diwhu

grlqj vr/ wkh| ohduq wkh rughulqj ri wkhlu ydoxdwlrqv1 Wkh fxuuhqw zlqqhu/ vd| sod|hu

4/ nqrzv wkdw kh kdv wkh kljkhvw ydoxdwlrq dqg wkdw kh zloo kdyh wr ex| dq remhfw dw

sulfh iEy J)K.L �/ li qr0rqh ryhuelgv klp1 Khqfh/ kh zrxog olnh wr pdnh rwkhuv vzlwfk wr wkh

rssrvlwh dxfwlrq1 Kh fdq dfklhyh wklv jrdo e| elgglqj klv ydoxdwlrq +ru pruh, dw dxfwlrq

d1 Zkhq kh grhv vr/ rwkhu sod|huv uhdol}h wkdw wkhuh lv qr srlqw lq elgglqj lq dxfwlrq d

dq| pruh1 Pruhryhu/ wkh| vhh wkdw wkh fxuuhqw vwdqglqj sulfh vwloo htxdov wr 3 dw dxfwlrq

e 5 i�> 2jqidj1 Khqfh/ wkh| lqghhg uhdoorfdwh wr dxfwlrq e1 Rqfh wkh| duh wkhuh/ wkh

�hufh elgglqj zdu gulyhv wkh ydoxhv ri wkhlu elgv wr wkhlu ydoxdwlrqv1

Vlploduo| dv lq d wzr0vwdjh vhtxhqwldo dxfwlrq zlwkrxw glvfrxqwlqj/ zklfk zdv �uvw dq0

do|}hg e| Ylfnuh| +4<94,/ lq dq htxloleulxp wkh h{shfwhg sulfh dw rqh dxfwlrq +iEy J)K.L �,
vkrxog eh htxdo wr wkh h{shfwhg sulfh dw wkh rwkhu dxfwlrq +y J(M�L ,/ l1h1=

HdiEy J(K�L �o ' Hdy J M L o +4,

ru jlyhq rxu dvvxpswlrq ri xqlirup glvwulexwlrq=

S

N
]

O
iEy � �y � E� � y � � gy � ' �

N
]

O
y � E� � y � � K gy � +5,



;

Vlpsoh fdofxodwlrq |lhogv wr=

iEy � � ' �

2
y � +6,

Ohppd 5 vxppdul}hv wkh uhvxow1

Ohppd 5 Vxssrvh wkdw W � �1 Wdnh 	w 5 i�> ===> W � 2j/ 7w 5 i	w n �> ===> W � �j dqg

Yw 5 i	w n �> ===> W � �j1 Ohw d 5 i�> 2jqiej dqg e 5 i�> 2jqidj1 Gh�qh 	� � dv iroorzv=

41 dw 	w elg
N
K y � dw dxfwlrq d/

51 dw 7w elg e � � Ey � � � y � dw dxfwlrq d/ li |rx duh d fxuuhqw zlqqhu dw dxfwlrq d/

61 dw Yw elg y � dw dxfwlrq e/ li |rx duh qrw d fxuuhqw zlqqhu dw dxfwlrq d/

71 rwkhuzlvh gr qrw elg1

Wkhq/ +	� N > 	� K > 	� M , lv d Ed|hvldq Qdvk htxloleulxp1

Surri1 Vxssrvh wkdw hdfk sod|hu m 9' l iroorzv 	� * 1 Ixuwkhupruh/ dvvxph iru d prphqw
wkdw sod|hu l kdv iroorzhg 	� � xs wr 	w n �1 Wkhq/ dw 	w n � kh nqrzv zkhwkhu kh kdv wkh

kljkhvw ydoxdwlrq1 Li wkdw lv wkh fdvh/ rwkhu sod|huv zloo qrw elg dw dxfwlrq d dq| pruh

dqg kh zloo uhpdlq d fxuuhqw zlqqhu wkhuh1 Khqfh/ kh zhdno| suhihuv wr iroorz 	� � wloo wkh
hqg ri wkh jdph1

Li sod|hu l grhv qrw ehfrph d fxuuhqw zlqqhu dw dxfwlrq d dw 	w/ d elg kljkhu wkdq klv

ydoxdwlrq zloo eh vxeplwwhg dw dxfwlrq d1 Wkhuhiruh/ kh lv zhdno| ehwwhu r�/ zkhq kh

elgv klv ydoxdwlrq dw dxfwlrq e ehiruh wkh odvw vwdjh1 Rqfh kh grhv vr/ klv h{shfwhg

sd|r� fdqqrw eh ixuwkhu lqfuhdvhg1 Wkdw*v zk|/ lq d Ed|hvldq Qdvk htxloleulxp kh dovr

iroorzv 	� � wloo wkh hqg ri wkh jdph1

Frqfoxglqj/ zkhq d sod|hu l +l ' �> 2> �, iroorzv 	� � wloo 	wn� dqg hdfk sod|hu m 9' l iroorzv

	� * gxulqj wkh zkroh jdph/ wkhq sod|hu l zloo iroorz 	� � wloo wkh hqg ri wkh jdph1

Qrz/ vxssrvh wkdw dv iurp 	w n � sod|hu l iroorzv 	� � dqg wkdw hdfk sod|hu m 9' l iroorzv

	� * gxulqj wkh zkroh jdph1 Wkhq/ d v|pphwulf Ed|hvldq Qdvk htxloleulxp h{lvwv li +5,

krogv1 Vroylqj +5, |lhogv +6,1 Wkhuhiruh/ lq d Ed|hvldq Qdvk htxloleulxp sod|hu l iroorzv

	� � dw w 5 i�> ===> 	wj1

Frqfoxglqj/ zh kdyh vkrzq wkdw dw hyhu| w 5 i�> ===> W j d sod|hu l iroorzv 	� � / li kh nqrzv
wkdw hyhu|erg| hovh sod|v 	� � 1 Khqfh/ +	� N > 	� K > 	� M , lv d Ed|hvldq Qdvk htxloleulxp1
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Fohduo|/ wkh deryh htxloleulxp frxog eh prgl�hg wr rewdlq rwkhu htxloleulxp1 Iru h{0

dpsoh/ rqh frxog fkdqjh wkh wlplqj/ vzlwfk lghqwlwlhv ri dxfwlrqv ru dgg vrph luuhohydqw

elgv dqg vwloo vxvwdlq wkh vdph htxloleulxp rxwfrph1 Lq doo wkhvh htxloleuld wkh kljkhvw

ydoxh elgghu dqg wkh vhfrqg kljkhvw ydoxh elgghu duh hdfk dzdughg dq remhfw dw wkh sulfhN
K y J(K.L dqg y J(M�L uhvshfwlyho|1 Ilqdo sulfhv duh h{0dqwh htxdo/ l1h1 Hdy J M�L o ' H

� N
K y J(K�L

�

' f=2D1

Wkh h{shfwhg sd|r� ri hdfk ex|hu l lv jlyhq e|=

2

]

5�P

O
]

5�Q

O
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y � �
�

2
y K

�

gy M gy K n 2

]

N
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O Ey � � y M � gy M gy K ' y
K� E� � y � �

�
+7,

zkhuh wkh �uvw whup fruuhvsrqgv wr wkh hyhqw lq zklfk sod|hu l zlqv dq remhfw dw wkh

sulfh ri iEy J(K�L � dw dxfwlrq d dqg wkh vhfrqg whup lv uhodwhg wr wkh hyhqw lq zklfk sod|hu

l orrvhv dw dxfwlrq d dqg zlqv dq remhfw dw wkh sulfh ri y J M L dw dxfwlrq e1 Fruroodu| 6

vxppdul}hv wkh deryh uhpdunv1

Fruroodu| 6 Dq htxloleulxp suhvhqwhg lq ohppd 5 ohdgv wr dq h!flhqw rxwfrph lq zklfk

�qdo sulfhv duh h{0dqwh jlyhq e| Hdy J M�L o ' H
� N
K y J(K.L

�

' f=2D1 Wkh h{shfwhg sd|r� ri hdfk

sod|hu l lv jlyhq e|
N
M y

K� E� � y � �1

Zh kdyh vhhq wkdw lq dq htxloleulxp wkh fuxfldo elgglqj wdnhv sodfh ehiruh wkh odvw vwdjh1

Rqh frxog dvn zkhwkhu wkhuh h{lvwv dq htxloleulxp lq zklfk sod|huv uhdoorfdwh h{dfwo|

dw wkh odvw vwdjh1 Zh zloo vhh wkdw wkh dqvzhu wr wklv txhvwlrq lv qhjdwlyh/ ehfdxvh lw lv

qrw srvvleoh wr edodqfh vlpxowdqhrxvo| wkh iroorzlqj wzr irufhv1 Iluvw/ lq dq htxloleulxp

sod|huv vkrxog krqhvwo| elg dffruglqj wr vrph vwulfwo| lqfuhdvlqj elgglqj ixqfwlrq jE=�

dqg odwhu dssursuldwho| uhdoorfdwh1 Vhfrqg/ lq dq htxloleulxp d sod|hu vkrxog qrw eh

zloolqj wr ghyldwh e| elgglqj klv ydoxdwlrq dw wkh rssrvlwh dxfwlrq +wr wkh rqh kh lv

vxssrvhg wr elg, gluhfwo| dw W � �1 Ohppd 7 irupdoo| suhvhqwv wkh uhvxow1

Ohppd 7 D vwudwhj| sur�oh +�� N > �� K > �� M ,/ zkhuh �� � lv jlyhq e|=

41 dw w ? W � � gr qrw elg

51 dw W � � elg jEy � � dw dxfwlrq d/

61 dw W elg y � dw dxfwlrq d/ li |rx duh d fxuuhqw zlqqhu dw dxfwlrq d dqg dw dxfwlrq

e/ rwkhuzlvh/

zlwk d 5 i�> 2jqiej dqg e 5 i�> 2jqidj/ lv qrw d Ed|hvldq Qdvk htxloleulxp1
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Surri1 Zlwkrxw orvv ri jhqhudolw| dvvxph wkdw sod|hu 5 dqg sod|hu 6 sod| dffruglqj wr

�� K dqg �� M uhvshfwlyho|1 Vxssrvh wkdw sod|hu 4 iroorzv 41 dqg 61 ri �� N dqg dw W � � elgv

jE|� � jEy N � dw dxfwlrq d1 Dvvxph dovr iru d prphqw wkdw y K ? y M 1 Wkhq/ li | A y M
sod|hu 4 zlqv dq remhfw dw dxfwlrq d dw sulfh jEy M �1 Kh dozd|v zlqv dw dxfwlrq e/ li klv

elg lv dffhswhg dqg y N A y K 1 Kh dovr zlqv dq remhfw dw dxfwlrq e/ zkhq rqo| klv elg lv

dffhswhg wkhuh1 Khqfh/ klv h{shfwhg sd|r� lv jlyhq e|=

lE|> y N � �

R
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O
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Gxh wr v|pphwu| klv h{shfwhg sd|r� dovr htxdov wr lE|> y N �/ zkhq y K A y M 1 Khqfh/ li
+�� N > �� K > �� M , lv d Ed|hvldq Qdvk htxloleulxp/ wkhq @h}4@ RVUXW 5�T & YZL lE|> y N � ' y N / zklfk lv wuxh

li=
42[ J R & 5�T LR

�

�

� R�\ 5�P ' f ru htxlydohqwo| li=
N
K Ey N Ey N E2 n �

K
� 2�� � 2jEy N ��� � f1 Diwhu

uhzulwlqj dqg dsso|lqj wkh v|pphwu| dujxphqw/ rqh �qgv=

jEy � � �
�

2
y �

�

2 n �
K

� 2�
�

+9,

Qrz/ zlwkrxw orvv ri jhqhudolw| dvvxph wkdw hyhu|erg| kdv douhdg| elg dffruglqj wr jEy � �
vdwlvi|lqj +9, dqg wkdw sod|hu 4 kdv zrq1 Qrwh wkdw li sod|hu 5 nqhz wkdw klv ydoxdwlrq

zdv qrw wkh kljkhvw/ kh frxog sur�wdeo| ghyldwh e| elgglqj y K dw dxfwlrq e dw W ��1 Wkhq/

klv h{shfwhg sd|r� zrxog lqfuhdvh iurp Hd�E�hdy K A y M oEy K ��y M �n�hdy K ? y M oE����y K �o
wr Hd�hdy K A y M oEy K � �y M � n �hdy K ? y M oE� � ��y K o1 Fohduo|/ wkh vdph fdq eh vwdwhg iru

sod|hu 61 Wkhuhiruh/ lq rughu wr duulyh dw d frqwudglfwlrq/ lw lv hqrxjk wr vkrz wkdw

sod|hu 4 frxog dovr sur�wdeo| ghyldwh e| elgglqj y N dw dxfwlrq e dw W � �/ nqrzlqj wkdw

klv ydoxdwlrq lv wkh kljkhvw1 Lq rughu wr fkhfn lw zh �uvw ghulyh wkh orzhu erxqg ri wkh

�qdo sulfh dw dxfwlrq d G

H
�

jEy J(K.L �
�

�
�

2

�

2 n �
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2 n �
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+:,

Qrz/ zh ghulyh wkh h{shfwhg �qdo sulfh dw dxfwlrq e=

�Hdy J M L o ' �

e
+;,

Vlqfh +;, lv ohvv wkhq +:, iru ;� 5 Ef> ��/ sod|hu 4 lv dovr zloolqj wr ghyldwh1 Khqfh/ zh

kdyh duulyhg dw d frqwudglfwlrq1

Dw wkdw prphqw rqh frxog dvn zkhwkhu wkhuh duh dovr rwkhu srvvleoh v|pphwulf prqrwrqlf

vwudwhj| sur�oh zklfk lqyroyh vhulrxv elgglqj dw wkh odvw vwdjh1 Wkhuh duh wzr srvvlelo0

lwlhv1 Iluvwo|/ wkh deryh suhvhqwhg vwudwhj| sur�oh frxog eh prgl�hg/ vr wkdw wkh �qdo
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rxwfrph lv qrw d�hfwhg1 Iru h{dpsoh/ rqh frxog dgg vrph elgv ehorz jE=� ehiruh W � �1

Fohduo|/ wkh dujxphqw ri wkh deryh ohppd frxog eh xvhg wr suryh wkdw wkh qhzo| rewdlqhg

vwudwhj| sur�oh lv qrw dq htxloleulxp1

Vhfrqgo|/ doo elgghuv frxog elg rqo| dw wkh odvw vwdjh dw vrph dxfwlrq d1 Wklv dovr fdqqrw

eh dq htxloleulxp/ dv rqh ri wkhp zrxog kdyh lqfhqwlyhv wr ghyldwh e| elgglqj dw dxfwlrq

e dw wkh odvw vwdjh1

Doo lq doo/ wkh vhulrxv elgglqj kdv wr wdnh sodfh ehiruh wkh odvw vwdjh1 Dv orqj dv qr0rqh

elgv deryh klv ydoxdwlrq/ hyhu|rqh kdv d fkdqfh wr zlq wkh remhfw dqg wkxv kdv lqfhqwlyhv

wr sduwlflsdwh lq wkh jdph1 Wkhuhiruh/ lq prvw fdvhv v|pphwulf prqrwrqlf vwudwhj|

sur�oh ohdgv wr wkh h!flhqw rxwfrph1 Wkh uhvxowlqj �qdo rxwfrph pljkw eh lqh!flhqw/

li vrph sod|hu zlqv wzr remhfwv1 Wklv pljkw kdsshq rqo| zkhq d fxuuhqw zlqqhu dw rqh

dxfwlrq elgv dw wkh rssrvlwh dxfwlrq1 Li wkhuh h{lvwv d v|pphwulf prqrwrqlf htxloleulxp

lq zklfk d fxuuhqw zlqqhu dw rqh dxfwlrq qhyhu elgv dw wkh rssrvlwh dxfwlrq dqg qr0rqh

elgv deryh klv ydoxdwlrq/ lw kdv wr eh h!flhqw1 Li lw lv h!flhqw/ lw kdv wr ohdg wr wkh

kh vdph h{shfwhg �qdo sulfh e| wkh Uhyhqxh Htxlydohqfh Wkhruhp] 1 Wkh qh{w wkhruhp
vxppdul}hv wkh odwhvw revhuydwlrqv1

Wkhruhp 8 Vxssrvh wkdw W � �1 Wkhq/ hyhu| v|pphwulf SPEQH lq zklfk=

41 qr0rqh elgv deryh klv ydoxdwlrq/

51 d fxuuhqw zlqqhu dw rqh dxfwlrq qhyhu elgv dw wkh rssrvlwh dxfwlrq/

dozd|v ohdgv wr wkh h!flhqw rxwfrph zlwk wkh �qdo sulfhv h{0dqwh htxdo wr Hdy J M�L o ' f=2D1

Iru W ' 2 htxloleulxp ri wklv w|sh grhv qrw h{lvw1

Surri1 Vxssrvh wkdw W � �1 Wkhq/ dffruglqj wr ohppd 5 wkhuh h{lvwv v|pphwulf

SPEQH wkdw ohdgv wr wkh h!flhqw htxloleulxp rxwfrph lq zklfk h{shfwhg �qdo sulfhv

duh jlyhq e| Hdy J(M�L o ' f=2D1 Qrz/ revhuyh wkdw zkhq qr0rqh elgv deryh klv ydoxdwlrq/

hyhu|rqh kdv lqfhqwlyhv wr sduwlflsdwh lq wkh dxfwlrq1 Ixuwkhupruh/ wkh vlpsoh orjlf dqg

ohppd 7 lpso| wkdw sod|huv vsolw ehwzhhq dxfwlrqv ehiruh wkh odvw vwdjh1 Vlqfh doo elgv

duh dffhswhg/ qr sod|hu pljkw zlq wzr remhfwv/ wkh uhdoorfdwlrq ehwzhhq dxfwlrqv wdnhv

sodfh ehiruh W dqg doo fuxfldo elgglqj ixqfwlrqv duh vwulfwo| lqfuhdvlqj/ kljkhvw ydoxh

sod|hu dqg vhfrqg kljkhvw ydoxh sod|hu pxvw eh hdfk dzdughg dq remhfw/ zklfk phdqv

wkdw wkh uhvxowlqj rxwfrph lv h!flhqw1 Li lw lv h!flhqw/ wkh Uhyhqxh Htxlydohqfh Wkhruhp
^
Vhh Nulvkqd +5335, iru uhihuhqfh1
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lpsolhv wkdw lw vkrxog lqyroyh wkh vdph h{shfwhg sulfhv dv dq htxloleulxp suhvhqwhg lq

ohppd 51

Vxssrvh wkdw W ' 21 Wkhq/ lq d v|pphwulf prqrwrqlf htxloleulxp doo sod|huv vkrxog

�uvw elg dffruglqj wr wkh vdph vwulfwo| lqfuhdvlqj elgglqj ixqfwlrq1 Vxssrvh wkh| gr

vr1 Diwhuzdugv/ wkh| kdyh wzr srvvlelolwlhv1 Iluvw/ wkh| pd| vsuhdg ehwzhhq dxfwlrqv1

Vhfrqg/ wkh| pd| elg dw wkh vdph dxfwlrq1 Wkh �uvw rswlrq lv uxohg rxw e| wkh vdph

dujxphqw dv lq wkh fdvh ri W � �1 Wkh vhfrqg rqh lv dovr qrw srvvleoh/ dv rqh ri sod|huv

zrxog eh ehwwhu ri/ li kh vzlwfkhg wr wkh rwkhu dxfwlrq1 Khqfh/ d v|pphwulf SPEQH

grhv qrw h{lvw1

Frqfoxglqj/ zh kdyh glvfxvvhg wkh srvvleoh v|pphwulf vwudwhjlhv wkdw sod|huv frxog

xvh1 Zh vdz wkdw xqghu vrph frqglwlrqv wkhuh h{lvwv rqo| rqh w|sh ri htxloleulxp1 Lq

wklv htxloleulxp sod|huv whvw wkh rughulqj ri wkhlu ydoxdwlrqv dqg vsolw ehwzhhq dxfwlrqv

dffruglqj wr wklv rughulqj ehiruh wkh odvw vwdjh1 Dv d uhvxow/ wkh| vxeplw pxowlsoh elgv1

Wkh| pljkw elg dw wkh odvw vwdjh/ exw doo fuxfldo elgv duulyh ehiruh wkdw prphqw1 Wkh

�qdo sulfhv duh h{0dqwh htxdo dw wzr frpshwlqj dxfwlrqv1

7 Frpshwlwruv dqg sulylohjhg elgghuv

Lq wkh suhylrxv vhfwlrq zh kdyh glvfxvvhg v|pphwulf vwudwhjlhv1 Lw lv lqwhuhvwlqj wr

yhuli| zkhwkhu wkhuh h{lvwv d Ed|hvldq Qdvk htxloleulxp lq zklfk rqo| wzr sod|huv xvh

wkh vdph prqrwrqlf sxuh vwudwhj|1 Lq wklv w|sh ri d vwudwhj| sur�oh iru vrph h{rjhqrxv

uhdvrq rqh ri sod|huv lv %sulylohjhg% dqg elgv klv ydoxdwlrq dw vrph dxfwlrq e 5 i�> 2j

ehiruh wkh odvw vwdjh1 Wzr rwkhu sod|huv duh %frpshwlwruv% dqg �jkw iru dq remhfw dw

wkh rssrvlwh dxfwlrq1 Wkh| gr vr e| elgglqj dffruglqj wr wkh vdph vwulfwo| lqfuhdvlqj

elgglqj ixqfwlrq iE=�1 Diwhuzdugv/ wkh rqh zkr zlqv vwd|v dw wkdw dxfwlrq dqg elgv

klv ydoxdwlrq wkhuh/ zkloh wkh orrvhu vzlwfk wr wkh dxfwlrq rffxslhg e| wkh %sulylohjhg%

sod|hu dqg dovr elgv klv ydoxdwlrq wkhuh1

Wkh ehkdylru ri wkh %sulylohjhg% sod|hu lv uhdvrqdeoh/ dv lw dvvxuhv wkdw kh elgv djdlqvw

orzhu0ydoxh sod|hu dqg pd{lpl}hv wkh suredelolw| ri zlqqlqj dq remhfw dw wkh sulfh zklfk

grhv qrw h{fhhg klv ydoxdwlrq1 Wkh udwlrqdo ri wkh uhdoorfdwlrq ri %frpshwlwruv% lv wkh

vdph dv lq wkh suhylrxv vhfwlrq1 Dv wkh qh{w ohppd vkrzv wkh rswlpdo iE=� h{lvwv/ hyhq

li sod|huv uhdoorfdwh dw wkh odvw vwdjh1

Ohppd 9 Wdnh d 5 i�> 2jqiej dqg e 5 i�> 2jqidj1 Gh�qh �� � dv iroorzv=
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41 dw w 5 i�> = = = > W � 2j gr qrw elg/

51 dw W � � elg iEy � � ' y � � f=D�y
K� dw dxfwlrq d/

61 dw W elg y �

+d, dw dxfwlrq d/ li |rx ehfrph d fxuuhqw zlqqhu dw dxfwlrq d dw W � �/

+e, dw dxfwlrq e/ li |rx gr qrw ehfrph d fxuuhqw zlqqhu dw dxfwlrq d dw W � �/

dqg 7� M dv iroorzv=

41 dw w 5 i�> = = = > W � 2j ^ iW j gr qrw elg/

51 dw W � � elg y M dw dxfwlrq e/

Wkhq/ E�� N > �� K > 7� M � lv d Ed|hvldq Qdvk htxloleulxp1

Surri1 Zlwkrxw orvv ri jhqhudolw| vxssrvh wkdw sod|hu 4 dqg sod|hu 5 sod| dffruglqj

wr �� N dqg �� K uhvshfwlyho|1 Wkhq/ sod|hu 6 fohduo| suhihuv wr elg ehiruh W wr dyrlg wkh

ulvn ri klv elg ehlqj uhmhfwhg1 Ehvlghv/ kh nqrzv wkdw wkh kljkhvw elg vxeplwwhg e| klv

rssrqhqwv dw dxfwlrq d +E�� ��iE4@ dy N > y K o�n�4@ dy N > y K o� lv kljkhu wkdq wkh kljkhvw
elg vxeplwwhg e| klv rssrqhqwv dw dxfwlrq e +E�� ��fn�4�?dy N > y K o,1 Khqfh/ kh suhihuv
wr elg dw dxfwlrq e1 Ilqdoo|/ klv h{shfwhg sd|r� fdqqrw eh ixuwkhu lqfuhdvhg1 Dv d uhvxow/

kh iroorzv 7� M 1
Qrz/ zlwkrxw orvv ri jhqhudolw| dvvxph wkdw sod|hu 5 dqg sod|hu 6 sod| dffruglqj wr �� K
dqg 7� M uhvshfwlyho|1 Wkhq/ li sod|hu 4 zlqv dw dxfwlrq d/ kh h{shfwv wr sd| Hdy K �f=D�y

KK o1
Li kh zlqv dw dxfwlrq e/ kh h{shfwv wr sd| Hdy M o= Vlqfh Hdy M o ' Hdy K o/ kh suhihuv wr elg
dw dxfwlrq d �uvw1

Qrz/ dvvxph wkdw sod|hu 6 dqg sod|hu 5 iroorz 7� M dqg �� K uhvshfwlyho| dqg wkdw sod|hu 4

iroorzv 41 dqg 61 ri �� N dqg dw W � � elgv iE|� dw dxfwlrq d1 Wkhq/ dq h{shfwhg sd|r�

ri sod|hu 4 lv jlyhq e|=

R
U

O Ey N � iEy K ��gy K n
N
U

R

5 T
U

O �Ey N � y M �gy M gy K +<,

Diwhu vroylqj �uvw rughu frqglwlrq dqg dsso|lqj wkh htxloleulxp frqglwlrq | ' y N / rqh
rewdlqv=

iEy N � ' y N � f=D�y
KN +43,
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Rqh hdvlo| fkhfnv wkdw wkh vhfrqg rughu frqglwlrq lv vdwlv�hg1 Khqfh/ sod|hu 4 iroorzv 51

ri �� N 1
Qrz/ zlwkrxw orvv ri jhqhudolw| vxssrvh wkdw sod|hu 5 dqg sod|hu 6 sod| dffruglqj wr �� K
dqg 7� M uhvshfwlyho|1 Ixuwkhupruh/ dvvxph wkdw sod|hu 4 iroorzv 41 dqg 51 ri �� N 1 Wkhq/ li
kh orrvhv dw W ��/ sod|hu 4 kdv rqo| d fkdqfh wr zlq dq remhfw dw dxfwlrq e1 Pd{lpl}lqj

d suredelolw| ri zlqqlqj dq remhfw dw d sulfh qrw kljkhu iurp klv ydoxdwlrq/ kh wkxv elgv

y � dw dxfwlrq e dw W 1 Khqfh/ kh iroorzv 61 +e, ri �� N 1 Li kh zlqv dw W � �/ kh zdqwv wr

glvfrxudjh rwkhuv iurp elgglqj dw dxfwlrq d dw W dqg wkxv kh elgv y � dw dxfwlrq d dw

W 1 Dv d uhvxow/ kh iroorzv 61 +d, ri �� N 1 Ixuwkhupruh/ qrwh wkdw sod|hu 4 fdqqrw lqfuhdvh
klv h{shfwhg sd|r� e| ghyldwlqj iurp 4 ri �� N 1 Khqfh/ sod|hu 4 sod|v �� N / li sod|hu 5 dqg
sod|hu 6 iroorz �� K dqg 7� M uhvshfwlyho|1
Ilqdoo|/ qrwh wkdw gxh wr v|pphwu| sod|hu 5 iroorzv �� K / li sod|hu 4 dqg sod|hu 6 iroorz

�� N dqg 7� M uhvshfwlyho|1

Rqh vkrxog qrwh wkdw dowkrxjk d sod|hu zlwk wkh kljkhvw ydoxdwlrq lv dozd|v dzdughg

dq remhfw/ wkh �qdo rxwfrph ri wkh htxloleulxp suhvhqwhg lq ohppd : grhv qrw qhhg wr

eh h!flhqw1 Lw lv lqh!flhqw/ li wkh sod|hu zkr kdv wkh vhfrqg kljkhvw ydoxdwlrq lv qrw

oxfn| hqrxjk wr kdyh klv elg dffhswhg dw wkh odvw vwdjh/ zklfk kdsshqv zlwk suredelolw|N
M E� � ��1 Wkhuhiruh/ d sod|hu zlwk wkh orzhvw ydoxh zlqv dq remhfw dw }hur sulfh zlwk

suredelolw|
N
M E� � �� dqg sod|hu zlwk wkh vhfrqg kljkhvw ydoxh zlqv dq remhfw zlwk

suredelolw|
KM E� � ��1

Wkh gl�huhqfh lq h{shfwhg �qdo sulfhv lv revhuyhg1 H{shfwhg sulfh dprxqwv wr= Hd�y J M L o '
f=2D� dw rqh dxfwlrq dqg wr=

Hdy � � f=D�y
K� my � ? y* o ' 2

N
U

O Ey � � f=D�y
K� �E� � y � �gy � ' e � �

�2
+44,

dw wkh rwkhu dxfwlrq1 Lw lv lqwhuhvwlqj wr qrwh wkdw dw rqh dxfwlrq wkh h{shfwhg sulfh lv

orzhu wkdq wkh h{shfwhg sulfh lq htxloleulxp suhvhqwhg lq ohppd 5/ zklfk dprxqwv wrN_ 1 Phdqzkloh/ wkh rssrvlwh uhodwlrq frxog eh lqglfdwhg iru wkh rwkhu dxfwlrq1 Khqfh/

lw lv qrw reylrxv zklfk htxloleulxp d vhoohu zkr r�huv rqo| rqh jrrg vkrxog suhihu1 Rq

wkh rwkhu vlgh/ lw vkrxog eh hpskdvl}hg wkdw wkh vxp ri wzr h{shfwhg sulfhv E
N` � n

N
M � lv

vwulfwo| orzhu wkdq wkh vxp ri wzr h{shfwhg sulfhv uhvxowlqj iurp htxloleulxp suhvhqwhg

lq ohppd 5 E
N
K �1 Khqfh/ d vhoohu zkr r�huv wzr xqlwv dw wzr vlqjoh dxfwlrqv vkrxog

glvfrxudjh elgghuv iurp wkh odvw0plqxwh elgglqj1

Lw lv dovr lqwhuhvwlqj wr ghulyh wkh h{shfwhg sd|r� ri d ex|hu1 Lq wkh htxloleulxp suhvhqwhg
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lq ohppd 9 wkh h{shfwhg sd|r� ri wkh %frpshwlwru% lv jlyhq e|=

5 P
U

O Ey � � y K n f=D�y
KK �gy K n

N
U

5�P
5 P
U

O �Ey � � y M �gy M gy K ' y
K� E�E� n �� � 2�y � �

S
+45,

Vlqfh +7, lv vwulfwo| kljkhu wkdq +45, iru hyhu| y � A f/ d %frpshwlwru% lv lq d zruvh

srvlwlrq lq dq htxloleulxp suhvhqwhg lq ohppd 9 wkdq lq dq htxloleulxp suhvhqwhg lq

ohppd 51

Phdqzkloh/ dq h{shfwhg sd|r� ri wkh %sulylohjhg% sod|hu htxdov wr=

2

5�P
U

O Ey � � �y M � E� � y M � gy M n2

N
U

5�P E� � �� y � E� � y M � gy M ' y � E��y
K� n ��y � n �E� � ���

�

+46,

zklfk lv vwulfwo| kljkhu wkdq +7, iru hyhu| y � A f1 Khqfh/ d %sulylohjhg% sod|hu lv

lq d sulylohjhg srvlwlrq lq dq htxloleulxp suhvhqwhg lq ohppd 91 Ixuwkhupruh/ zkloh

vzlwfklqj iurp dq htxloleulxp suhvhqwhg lq ohppd 5 wr wkh rqh suhvhqwhg lq ohppd 9

kh jdlqv pruh wkdq hdfk frpshwlwru orrvhv/ dv wkh gl�huhqfh ehwzhhq +7, dqg +45, lv

vwulfwo| orzhu wkdq wkh gl�huhqfh ehwzhhq +46, dqg +7,1

Wkh qh{w fruroodu| vxppdul}hv wkh odwhvw revhuydwlrqv1

Fruroodu| : Dq htxloleulxp suhvhqwhg lq ohppd 9 ohdgv wr wkh rxwfrph zklfk grhv qrw

qhhg wr eh h!flhqw1 H{shfwhg �qdo sulfhv duh jlyhq e| f=2D� dqg
NN K Ee � ��1 D %sulyl0

ohjhg% sod|hu hduqv pruh wkdq lq htxloleulxp suhvhqwhg lq ohppd 51 Rq wkh frqwudu|/ d

%frpshwlwru% hduqv ohvv1

Ohppd 9 glvfxvvhv dq htxloleulxp zklfk lqyroyhv elgglqj dw wkh odvw vwdjh1 Dv zh zloo

vhh wkhuh h{lvwv d vlplodu htxloleulxp/ zkhuh elgglqj vwrsv ehiruh wkh odvw vwdjh1

Ohppd ; Wdnh d 5 i�> 2jqiej dqg e 5 i�> 2jqidj1 Gh�qh Y� � e|=

41 dw w 5 i�> = = = > W � �j gr qrw elg/

51 dw W � 2 elg jEy � � ' y � � f=Dy
K� dw dxfwlrq d/

61 dw W � � elg y �

+d, dw dxfwlrq d/ li |rx ehfrph d fxuuhqw zlqqhu dw dxfwlrq d dw W � 2/
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+e, dw dxfwlrq e/ li |rx gr qrw ehfrph d fxuuhqw zlqqhu dw dxfwlrq d dw W � 2/

dqg 7� M e|=

41 dw w 5 i�> = = = > W � 2j ^ iW j gr qrw elg dw dxfwlrq d dqg elg e
�
� � y M dw dxfwlrq e/

51 dw W � � elg y M dw dxfwlrq e/

Wkhq/ Y� ' EY� N > Y� K > 7� M � lv d Ed|hvldq Qdvk htxloleulxp1

Surri1 Wkh surri lv rewdlqhg e| lqvhuwlqj � ' � dqg fkdqjlqj wkh wlplqj lq wkh surri

ri ohppd 91

Lw lv lqwhuhvwlqj wr lqglfdwh khuh wkdw dq htxloleulxp suhvhqwhg lq ohppd ; dozd|v uhvxowv

lq dq h!flhqw rxwfrph1 Li vr/ Uhyhqxh Htxlydohqfh Wkhruhp lpsolhv wkdw wkh uhvxowlqj

sulfhv vkrxog eh h{dfwo| wkh vdph dv lq ohppd 51

Fruroodu| < Dq htxloleulxp suhvhqwhg lq ohppd ; h{0dqwh ohdgv wr wkh vdph rxwfrph dv

dq htxloleulxp suhvhqwhg lq ohppd 51 Dv d uhvxow/ wkh| erwk jxdudqwhh wkh vdph h{shfwhg

sd|r� wr hdfk sod|hu1

Zh kdyh glvfxvvhg wzr srvvleoh Ed|hvldq Qdvk htxloleuld lq zklfk h{dfwo| wzr sod|0

huv iroorz wkh vdph sxuh prqrwrqlf vwudwhj|1 Zh frxog fohduo| prgli| rqh ri wkhp

+h1j1 fkdqjh wkh wlplqj, lq rughu wr �qg dqrwkhu htxloleulxp1 Wklv lv krzhyhu qrw vr

lqwhuhvwlqj1 Ilqglqj frpsohwho| rwkhu w|sh ri htxloleulxp lv pruh dsshdolqj1

Wkhuh lv rqh lqwhuhvwlqj fdqglgdwh iru d SPEQH lq zklfk wzr sod|huv xvh wkh vdph

vwudwhj|1 Lq sduwlfxodu/ lw lv lqwuljxlqj zkhwkhu wkhuh h{lvwv dq htxloleulxp lq zklfk doo

sod|huv zdlw zlwk elgglqj xqwlo wkh odvw vwdjh1 Lw wxuqv rxw wkdw dv orqj dv sod|huv gr

qrw elg deryh wkhlu ydoxdwlrqv/ wklv grhv qrw kdsshq lq dq htxloleulxp a 1

Ohppd 43 D vwudwhj| sur�oh +	� N > 	� K > 	� M , lq zklfk hdfk sod|hu zdlwv zlwk elgglqj xqwlo

wkh odvw vwdjh dqg qhyhu elgv deryh klv ydoxdwlrq lv qrw d sxuh Ed|hvldq Qdvk htxloleulxp1

Surri1 Vxssrvh wkdw +	� N > 	� K > 	� M , lv d Ed|hvldq Qdvk htxloleulxp1 Wkhq/ 	� � pxvw lpso|
wkdw sod|hu l elgv y � dw W 1 Wklv lv ehfdxvh elgglqj ohvv rqo| ghfuhdvhv d fkdqfh iru d

sur�wdeoh wudqvdfwlrq dqg elgglqj pruh lv qrw doorzhg1 Ixuwkhupruh/ lw fdqqrw kdsshq

wkdw doo wkuhh elgghuv elg dw wkh vdph dxfwlrq/ dv rqh ri wkhp zrxog eh ehwwhu r�/ li
b
Rwkhuzlvh/ dv irrwqrwh 9 vkrzv iru � � cd dq htxloleulxp ri wklv w|sh h{lvwv1
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kh ghyldwhg dqg elg klv ydoxdwlrq dw wkh rssrvlwh dxfwlrq dw wkh odvw vwdjh1 Khqfh/ wzr

sod|huv kdyh wr elg wkhlu ydoxdwlrqv wrjhwkhu dw rqh dxfwlrq dqg wkh wklug rqh kdv wr

elg klv ydoxdwlrq dw wkh rssrvlwh dxfwlrq1 Wdnh d sod|hu zkr lv qrw wkh rqo| elgghu

dw dxfwlrq d1 Zlwkrxw orvv ri jhqhudolw| dvvxph wkdw lw lv sod|hu 6 dqg wkdw kh elgv

djdlqvw sod|hu 4 dw dxfwlrq �1 Vxssrvh wkdw kh ghyldwhv dqg elgv dw dxfwlrq � ehiruh W 1

Qrwh wkdw rwkhu sod|huv zloo qrw nqrz wkh ydoxh ri klv elg wkhq1 Wkhuhiruh/ diwhu vhhlqj

wkh ghyldwlrq/ wkh| fdq edvh wkhlu ghflvlrq derxw sxqlvklqj klp rqo| rq wkh sxuh idfw

wkdw klv elg zdv dffhswhg1 Wkh| frxog wu| wr sxqlvk klp e| elgglqj wkhlu ydoxdwlrqv dw

dxfwlrq 41 Wklv zrxog qrw khduw sod|hu 6/ dv kh frxog vhw 	e N �fe N yhu| forvh wr 3 dqg elg

klv ydoxdwlrq dw dxfwlrq 5 dw W 1 Khqfh/ zh qhhg wr orrn dw rwkhu srvvleoh uhdfwlrqv wr

wkh rssrqhqw*v ghyldwlrq1 Wkhuh duh wkuhh rwkhu srvvlelolwlhv= qrerg| elgv dw dxfwlrq

4 djdlq> sod|hu 4 elgv y N dw dxfwlrq 4 dw dqg sod|hu 5 elgv y K dw dxfwlrq 5 dqg �qdoo|

sod|hu 4 elgv y N dw dxfwlrq 5 dw dqg sod|hu 5 elgv y K dw dxfwlrq 41 Lq wkh �uvw wzr fdvhv

sod|hu 6 lv douhdg| ehwwhu r�/ zkhq kh elgv klv ydoxdwlrq dw dxfwlrq 4 dw W � � lqvwhdg

ri zdlwlqj zlwk elgglqj iru wkh odvw vwdjh1 Wkhq/ klv elg lv dffhswhg zlwk fhuwdlqw| dqg

wkh h{shfwhg sulfh kh sd|v lq fdvh ri zlqqlqj grhv qrw lqfuhdvh1 Lq fdvh 4 lw lv hyhq

orzhu/ dv lw htxdov wr }hur1 Lq fdvh 6 klv ghyldwlrq zrxog ghfuhdvh klv h{shfwhg sd|r�

rqo| li H gCh�i%jXk dy K o A H gCh�i%jXk dy N o1 Krzhyhu/ wkh odwwhu fdqqrw eh wuxh/ dv sod|hu 6 kdv

h{dfwo| wkh vdph lqirupdwlrq derxw erwk ri klv rssrqhqwv +wkdw wkh| kdyh qrw elg vr

idu, dqg wkhuhiruh lw pxvw eh wkdw H gCh�i%jXk dy K o ' H gCh�i%jXk dy N o1 Khqfh/ zh kdyh duulyhg dw d

frqwudglfwlrq1

Qrz/ rqh frxog dvn zkhwkhu vrphrqh frxog glvwlqjxlvk dqrwkhu fdqglgdwh iru d SPEQH

lq zklfk qr0rqh elgv deryh klv ydoxdwlrq1 Zh kdyh douhdg| vhhq wzr srvvlelolwlhv vr idu1

Lq wkh �uvw wzr sod|huv whvw wkh rughulqj ri wkhlu ydoxdwlrqv ehiruh W � �/ vr wkdw wkh|

kdyh wlph wr vsolw ehwzhhq dxfwlrqv ehiruh W 1 Lq wkh vhfrqg wkh| uhdoorfdwh h{dfwo| dw W 1

Lq erwk d orrvhu ri wkh whvw elgv klv ydoxdwlrq dw wkh rssrvlwh dxfwlrq1 Wkhuh grhv qrw

h{lvw rwkhu srvvlelolw|/ vlqfh kh grhv qrw nqrz krz klv ydoxdwlrq uhodwhv wr wkh ydoxdwlrq

ri wkh wklug sod|hu1 Kh fdqqrw elg dw dxfwlrq d djdlq/ dv qr0rqh zrxog kdyh lqfhqwlyhv

wr zlq dw dxfwlrq d wkhq1 Wkh vdph dssolhv wr wkh wklug sod|hu1 Ixuwkhupruh/ dv ohppd

43 vkrzv doo sod|huv fdqqrw zdlw zlwk elgglqj iru wkh odvw vwdjh1 Ilqdoo|/ vlqfh zh gr

qrw dqdo|}h vwudwhj| sur�oh wkdw doorzv d fxuuhqw zlqqhu dw rqh dxfwlrq wr elg dw wkh

rwkhu dxfwlrq/ hdfk sod|hu kdv d fkdqfh wr zlq dw prvw rqh remhfw1 Dv d uhvxow/ rqh

fdq glvwlqjxlvk rqo| wzr srvvleoh htxloleulxp rxwfrphv1 Wkh �uvw fruuhvsrqgv wr wkh

vwudwhj| sur�oh suhvhqwhg lq ohppd ; dqg wkh vhfrqg wr wkh rqh lqglfdwhg lq ohppd 91

Zh vwdwh lw irupdoo| lq wkh qh{w wkhruhp1
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Wkhruhp 44 Vxssrvh wkdw W � �1 Wkhq/ rqh ri wzr ehorz suhvhqwhg rxwfrphv dulvhv

lq d SPEQH lq zklfk h{dfwo| wzr sod|huv iroorz wkh vdph vwudwhj|/ qrerg| elgv deryh

klv ydoxdwlrq dqg d fxuuhqw zlqqhu dw rqh dxfwlrq qhyhu elgv dw wkh rssrvlwh dxfwlrq=

41 kljkhvw ydoxh sod|hu dqg vhfrqg kljkhvw ydoxh sod|hu duh hdfk dzdughg dq remhfw/

wkh �qdo sulfhv duh h{0dqwh jlyhq e| f=2D=

51 kljkhvw ydoxh sod|hu dozd|v zlqv dq remhfw> vhfrqg kljkhvw ydoxh elgghu zlqv dq

remhfw zlwk suredelolw|
KM E� � �� dqg wkh orzhvw ydoxh elgghu zlqv dq remhfw zlwk

suredelolw|
N
M E����/ h{shfwhg �qdo sulfhv duh h{0dqwh jlyhq e| f=2D� dqg

NN K Ee���1

Vxssrvh wkdw W@51 Wkhq/ rxwfrph 5 lv wkh rqo| srvvleoh rxwfrph zklfk dulvhv lq d

SPEQH lq zklfk h{dfwo| wzr sod|huv iroorz wkh vdph vwudwhj|1

Surri1 Xvlqj ohppd 9 dqg ohppd ; rqh vkrzv wkdw rxwfrph 4 dqg rxwfrph 5 dulvh

lq d SPEQH lq zklfk h{dfwo| wzr sod|huv iroorz wkh vdph vwudwhj|/ qr0rqh elgv deryh

wkh ydoxdwlrq dqg d fxuuhqw zlqqhu dw rqh dxfwlrq qhyhu elgv dw wkh rssrvlwh dxfwlrq1

Iroorzlqj wkh dujxphqw ehklqg ohppd ;/ rqh hdv| �qgv wkdw rxwfrph 4 lv srvvleoh rqo|

zkhq W A 21 E| frqwudvw/ ohppd 9 vkrzv wkdw rxwfrph 5 lv srvvleoh iru W ' 21 Qrwh

wkdw zlwk prqrwrqlf elgglqj ixqfwlrqv htxloleulxp rxwfrph rwkhu doorfdwlrq uxoh fdq eh

rqo| rewdlqhg zkhq sod|huv zdlw zlwk elgglqj iru wkh odvw vwdjh/ zklfk lv h{foxghg e|

ohppd 431 Khqfh/ hyhu| htxloleulxp kdv wr ohdg wr dq doorfdwlrq dv lq rxwfrph 4 ru dq

rxwfrph 51 Li vr/ wkh Uhyhqxh Htxlydohqfh Wkhruhp lpsolhv wkdw dovr h{shfwhg sulfhv

kdyh wr eh wkh vdph1

Frqfoxglqj wkhuh duh wzr w|shv ri htxloleuld= rqh suhvhqwhg lq ohppd 9 dqg rqh lqglfdwhg

lq ohppd ;1 Lq erwk htxloleuld wzr sod|huv whvw wkh rughulqj ri wkhlu ydoxdwlrqv dqg

uhdoorfdwh dffruglqj wr lw1 Wkhuhiruh/ pxowlsoh elgglqj frxog eh �mxvwl�hg�1 Ixuwkhupruh/

rqh frxog prgli| dq htxloleulxp suhvhqwhg lq ohppd 9/ vr wkdw lw frxog kdsshq wkdw d

vlqjoh elgghu vxeplwv pxowlsoh elgv dw rqh dxfwlrq/ zklfk kdv ehhq hpslulfdoo| revhuyhg

e| Urwk dqg Rfnhqihov +5333,1

Zh kdyh dovr vkrzq wkdw lq dq htxloleulxp d ex|hu grhv qrw zdlw zlwk elgglqj iru wkh

odvw vwdjh1 Zh gr qrw krzhyhu fodlp wkdw odvw0plqxwh elgglqj lv luudwlrqdo1 Rq wkh

frqwudu|/ dv ohppd 9 vkrzv odwh elgglqj frxog dulvh lq dq htxloleulxp1 Lq sduwlfxodu/ d

sod|hu pljkw elg dw vrph dxfwlrq iru wkh �uvw wlph dw wkh odvw0plqxwh/ zkhq kh orrvhv

dw wkh rwkhu dxfwlrq dw wkh vhfrqg0odvw plqxwh1 Pruhryhu/ d sod|hu pljkw elg lq wkh

odvw0plqxwh lq rughu wr glvfrxudjh rwkhuv iurp elgglqj dw wkh dxfwlrq zkhuh kh lv dfwlyh1
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8 V|pphwulf dxfwlrqv

Lq wkh frpsdulvrq ri v|pphwulf dqg dv|pphwulf htxloleuld/ v|pphwulf htxloleulxp

vkrxog eh suhihuuhg/ ehfdxvh wkhuh lv qr uhdo uhdvrq wr sulylohjh rqh ri sod|huv1 Vlploduo|/

wkhuh lv qr jrrg uhdvrq wr wuhdw frpshwlqj Lqwhuqhw dxfwlrqv gl�huhqwo|1 Wkhuhiruh/ zh

kdyh ghflghg wr suhvhqw wkh odvw htxloleulxp lq zklfk erwk sod|huv dqg dxfwlrqv duh

wuhdwhg lq wkh vdph zd|1

Wkhruhp 45 Vxssrvh W � e1 Gh�qh zkhuh � � dv iroorzv=

41 Dw w ' � elg
N
K y � dw wkh udqgrpo| fkrvhq dxfwlrq/

51 Li ehiruh w ? W �2 qr0rqh zdv dfwlyh/ elg
N
K y � dw wkh udqgrpo| fkrvhq dxfwlrq dw w/

61 Li ehiruh w ? W � 2 +W � �, qr0rqh zdv dfwlyh ru |rxu elg zdv qrw dffhswhg/

vrphrqh hovh kdv elg dqg |rxu rssrqhqwv duh qrw dfwlyh dw wkh vdph dxfwlrq/ dw w

elg y � �
N
K y

K� +y � �
N
K �y

K� , dw wkh dxfwlrq zlwk wkh vpdoohvw qxpehu ri dffhswhg elgv

ru li erwk dxfwlrq kdyh dffhswhg wkh vdph dprxqw ri elgv/ fkrrvh rqh ri wkhp dw

udqgrp/

71 Li dw w � W � � erwk |rxu rssrqhqwv zhuh dfwlyh dw vrph dxfwlrq d 5 i�> 2j

+d, dqg |rx zrq wkhuh/ elg y � dw dxfwlrq d dw w n �/

+e, dqg |rx glg qrw zlq wkhuh/ elg y � dw dxfwlrq e 5 i�> 2j � idj dw w n �/

81 Li dw w ? W � � |rx dqg rqo| rqh ri |rxu rssrqhqwv duh dfwlyh dw vrph dxfwlrq d

dqg |rx kdyh qrw elg y � �
N
K y

K� dw dxfwlrq d ehiruh/ lqfuhdvh |rxu elg wr y � �
N
K y

K� /

91 Li ehiruh w |rx douhdg| elg y � �
N
K y

K� ru y � �
N
K �y

K� dw dxfwlrq d/

+d, wkh rwkhu sod|hu dfwlyh dw dxfwlrq d kdv uhylvhg klv elg dqg |rx kdyh zrq/ elg

y � dw dxfwlrq d dw w/

+e, dqg |rx kdyh orvw/ elg y � dw dxfwlrq e dw w/

:1 Li dw W � 2 |rx duh vwloo wkh rqo| elgghu dw dxfwlrq d dqg wkhuh lv rqo| rqh dfwlyh

elgghu dw dxfwlrq e/ elg y � �
N
K �y

K� dw dxfwlrq d dw W � �/

;1 Li ehiruh W |rxu elg zdv qrw dffhswhg/ elg y � dw wkh dxfwlrq zlwk wkh vpdoohvw qxpehu

ri dffhswhg elgv dw W /
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<1 Li dw W |rx duh d fxuuhqw zlqqhu dw vrph dxfwlrq d/ elg y � dw dxfwlrq d1

431 Rwkhuzlvh/ gr qrw elg1

Wkhq/ E� N > � K > � M � lv d shuihfw Ed|hvldq Qdvk htxloleulxp1

Surri1 Vxssrvh wkdw sod|hu 5 dqg sod|hu 6 iroorz � K dqg � M uhvshfwlyho|1
Wdnh w ' W 1 Vxssrvh wkdw sod|hu 4 lv d fxuuhqw zlqqhu dw vrph dxfwlrq d1 Li vr/ kh

zhdno| suhihuv wr elg y N dw dxfwlrq d/ dv lqglfdwhg lq srlqw <1 ri � N 1
Vxssrvh qrz wkdw sod|hu 4 lv qrw d fxuuhqw zlqqhu1 Wkhq/ wzr wklqjv frxog kdyh kds0

shqhg1 +4, Kh nqrzv wkdw kh kdv qr fkdqfh wr zlq dq remhfw dw dq| ri wzr dydlodeoh

dxfwlrqv1 +5, Kh nqrzv wkdw kh kdv d fkdqfh wr zlq dq remhfw dw vrph dxfwlrq1 Lq +4, kh

lv fohduo| lqgl�huhqw ehwzhhq elgglqj dq| srvlwlyh ydoxh dqg qrw elgglqj dw doo1 Khqfh/

lq dq htxloleulxp kh iroorzv � N 1 Lq +5, kh zhdno| suhihuv wr elg y N dw wkh dxfwlrq zkhuh

kh kdv wkh fkdqfh wr zlq1 Qrwh wkdw li wkhuh lv vxfk dq dxfwlrq lw lv dq dxfwlrq zlwk wkh

vpdoohvw qxpehu ri vxeplwwhg elgv1 Khqfh/ lq dq htxloleulxp kh iroorzv � N 1
Wdnh w � W � �1 Wkhq/ iroorzlqj wkh dujxphqw ri ohppd 5/ ohppd 9 dqg ohppd ;/

rqh vkrzv wkdw xvlqj � N sod|hu 4 frruglqdwhv ehwzhhq wkuhh fodvvhv ri Ed|hvldq Qdvk

htxloleuld1 Zklfkhyhu klvwru| kh idfhv/ kh �qdoo| uhdfkhv rqh ri wkuhh dydlodeoh htxloleuld1

Qrwh wkdw wkh Uhyhqxh Htxlydohqfh Wkhruhp lpsolhv wkdw lq dq h!flhqw rxwfrph sod|hu l

fdqqrw uhdfk kljkhu sd|r� wkdq wkh rqh kh rewdlqv zkloh iroorzlqj � N 1 Wkxv/ wkh srvvleoh
ghyldwlrq zrxog kdyh wr lqyroyh elgglqj dw wkh odvw vwdjh ru lqfuhdvlqj wkh suredelolw| ri

zlqqlqj wzr remhfwv1 Li vr/ lw zrxog qrw eh dffrpsdqlhg e| dq lqfuhdvh lq wkh h{shfwhg

sd|r�1 Wkhuhiruh/ iru dq| klvwru| wkh sur�wdeoh ghyldwlrq grhv qrw h{lvw1

Wkh deryh suhvhqwhg htxloleulxp lv frqvwuxfwhg vr wkdw d sod|hu frruglqdwhv ehwzhhq

htxloleuld suhvhqwhg lq wkh suhylrxv vhfwlrqv ri wklv sdshu1 Zkhq wzr rwkhu sod|huv

iroorz vrph rwkhu htxloleulxp vwudwhjlhv gh�qhg lq vhfwlrqv 5 dqg 6 ri wklv sdshu/ d

jlyhq sod|hu pd| vwloo iroorz � � / dv gh�qhg deryh/ dqg dq htxloleulxp lv vxvwdlqhg1

Ixuwkhupruh/ wkh deryh wkhruhp qlfho| vkrzv wkdw dw wkh ehjlqqlqj ri dq dxfwlrq d

elgghu grhv qrw qhhg wr nqrz wkh qxpehu ri klv rssrqhqwv1 Lw lv hqrxjk zkhq kh

elgv �uvw uhodwlyho| orz dqg odwhu rq zkhqhyhu kh ohduqv derxw wkh h{lvwhqfh ri d qhz

rssrqhqw/ kh lqfuhdvhv klv elg1 Khqfh/ pxowlsoh elgglqj frxog eh dovr h{sodlqhg e| wkh

idfw wkdw lq Lqwhuqhw dxfwlrqv ex|huv gr qrw qhfhvvdulo| nqrz iurp wkh ehjlqqlqj wkh

ydoxh ri wkh ghpdqg1
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Rq wkh rwkhu vlgh/ hpslulfdo vwxglhv vkrz wkdw wkh vl}h ri pxowlsoh elgglqj ghfuhdvhv zlwk

wkh h{shulhqfh1 Wklv vhhpv wr eh qdwxudo lq ylhz ri rxu uhvxowv1 D pruh h{shulhqfhg

elgghu pljkw nqrz ehwwhu krz pdq| shrsoh duh lqwhuhvwhg lq ex|lqj d sduwlfxodu remhfw

dqg wkxv klv rswlpdo elgglqj vwudwhj| uhtxluhv ohvv dgmxvwphqw vwhsv1

9 Frqfoxvlrqv

Wkhruhwlfdo prghov ri Lqwhuqhw dxfwlrqv kdyh irfxvhg rq dxfwlrqv wkdw gr qrw frpshwh

zlwk hdfk rwkhu1 Dv lw riwhq kdsshqv wkdw lghqwlfdo jrrgv duh dxfwlrqhg vlpxowdqhrxvo|

dw vhyhudo Lqwhuqhw dxfwlrqv/ zh kdyh ghflghg wr dqdo|}h wkh hqylurqphqw ri frpshwlqj

Lqwhuqhw dxfwlrqv1 Zh kdyh lqyhvwljdwhg wkh uroh ri wkh frpshwlwlrq ehwzhhq dxfwlrqv lq

odvw0plqxwh elgglqj dqg pxowlsoh elgglqj e| phdqv ri d vlpsoh prgho ri wzr frpshwlqj

vhfrqg0sulfh dxfwlrqv zlwk d �{hg hqg wlph dqg wkuhh ulvn qhxwudo ex|huv1 Rxu uhvxowv

vkrz wkdw idflqj d srvvlelolw| ri zlqqlqj wkh vdph remhfw dw wzr vhsdudwh dxfwlrqv/ d

ex|hu pljkw eh zloolqj wr frruglqdwh ehwzhhq dxfwlrqv/ vr wkdw wkh �qdo sulfhv duh qrw

wrr kljk dqg doo remhfwv duh vrog1 Lq rughu wr gr vr kh pljkw whvw zkhwkhu kh kdv wkh

kljkhvw ydoxdwlrq/ zklfk hqdeohv ixuwkhu dssursuldwh uhdoorfdwlrq1 Wkdw ehkdylru uhvxowv

lq pxowlsoh elgglqj zklfk vrphwlphv dovr fdxvhv odvw0plqxwh elgglqj1 Ehorz/ zh glvfxvv

wkh udwlrqdolw| ri odvw0plqxwh elgglqj dqg pxowlsoh elgglqj lq pruh ghwdlov1

Odvw0plqxwh elgglqj lv txlwh frqwuryhuvldo1 Rxu prgho vkrzv wkdw lq dq htxloleulxp/ qrw

hyhu| sod|hu fdq zdlw zlwk elgglqj iru wkh odvw vwdjh1 Pruhryhu/ zh fodlp wkdw d foxh ri

wkh sureohp olhv lq wkh gh�qlwlrq ri odvw0plqxwh elgglqj1 Hpslulfdo vwxglhv uhsruw wkdw

elgv frqfhqwudwh dw wkh hqg ri wkh dxfwlrq1 Wkh| krzhyhu gr qrw fodlp wkdw odwh elgghuv

kdyh qrw elg ehiruh1 Rxu prgho vkrzv wkdw d ex|hu pljkw elg dw rqh dxfwlrq lq wkh

odvw plqxwh iru wkh �uvw wlph/ li kh orrvhv dw wkh frqfxuuhqw dxfwlrq lq wkh vhfrqg0odvw

plqxwh1 Pruhryhu/ kh pljkw elg odwh wr glvfrxudjh rwkhuv iurp elgglqj dw %klv% dxfwlrq1

Rxu sdshu dovr udwlrqdol}hv pxowlsoh elgglqj lq Lqwhuqhw dxfwlrqv1 Zh vkrz wkdw lq dq

htxloleulxp sod|huv pljkw elg �uvw ohvv djjuhvvlyho| dqg diwhuzdugv wkh zlqqhu elgv klv

ydoxdwlrq dw wkh vdph dxfwlrq dqg wkh orrvhu+v, elg+v, wkh ydoxdwlrq dw wkh rssrvlwh

dxfwlrq1 Zkhq ex|huv gr qrw nqrz h{dfwo| wkh vl}h ri wkh ghpdqg dw d jlyhq dxfwlrq/

wkh| vxeplw pruh elgv1 Li sod|huv duh fhuwdlq derxw wkh qxpehu ri rssrqhqwv wkh| idfh

lq d jlyhq dxfwlrq/ wkh| w|slfdoo| vhqg iurp 4 wr 5 elgv1 Wklv fruuhvsrqgv wr wkh ohyho ri

pxowlsoh elgglqj uhsruwhg e| Zlofr{ +5333,/ zkr lqglfdwhg wkdw dw dyhudjh 41805 elgv duh

vxeplwwhg e| d ex|hu1 Ixuwkhupruh/ zh kdyh dovr glvfxvvhg wkdw d sod|hu zkr vxeplwv



55

pxowlsoh elgv pljkw hyhq wxuq rxw wr eh wkh rqo| vxffhvvixo elgghu1 Wklv mxvwl�hv wkh

revhuydwlrq pdgh e| Urwk dqg Rfnhqihov +5333, rq d vlqjoh pxowlsoh elgghu1

Zh kdyh dovr glvfxvvhg wkdw li doo fuxfldo elgv duh vhqw ehiruh wkh odvw0plqxwh/ frpshwlqj

Lqwhuqhw dxfwlrqv duh h!flhqw dqg vkrxog hqg zlwk wkh vdph sulfhv1 Rwkhuzlvh/ zkhq

vrph elgv duh vhqw lq wkh odvw plqxwh/ lqh!flhqflhv dqg sulfhv* gl�huhqfhv pljkw rffxu1

Zh gr qrw dujxh wkdw wkh htxloleulxp fodvvhv zh irxqg duh xqltxh1 Zh duh deoh krz0

hyhu wr fodlp wkdw li rwkhu w|sh ri htxloleulxp h{lvwv/ lw lv hlwkhu kljko| dv|pphwulf ru

xqlwxlwlyh1

Zh dovr uhdol}h wkdw rxu prgho vlpsol�hv uhdolw| dqg wkxv frxog eh ixuwkhu h{whqghg1

Ehvlgh vrph reylrxv lpsuryhphqwv olnh lqfuhdvlqj qxpehu ri ex|huv dqg vhoohuv/ rqh

frxog iroorz wkh uhpdun pdgh e| Edmdul dqg Kruwdfvx +5336, dqg lqwurgxfh xqfhuwdlqw|

lq wkh qxpehu ri elgghuv1 Pruhryhu/ iroorzlqj wkh glvfxvvlrq ri PfDihh +4<<6, dqg

Shwhuv dqg Vhyhulqry +4<<<,/ rqh frxog sursrvh d pruh frpsoh{ dssurdfk zkhuh vhoohuv

dovr pd{lpl}h wkhlu h{shfwhg sd|r� zkloh vhwwlqj uhvhuyh sulfhv1

Uhihuhqfhv

^4` Dulho|/ G1/ D1 Rfnhqihov dqg D1 Urwk +5335,/ �Dq H{shulphqwdo Dqdo|vlv ri Hqglqj

Uxohv lq Lqwhuqhw Dxfwlrqv�1 Zrunlqj Sdshu/ Kduydug Exvlqhvv Vfkrro

^5` Dyhu|/ F1 +4<<;,/ %Vwudwhjlf Mxps Elgglqj lq Hqjolvk Dxfwlrqv%/ Uhylhz ri Hfr0

qrplf Vwxglhv/ 98/ 4;80543

^6` Edmdul/ S1 dqg D1 Kruwdfvx +5336,/ �Zlqqhu*v Frxuvh/ Uhvhuyh Sulfh dqg Hqgrjh0

qrxv Hqwu|= Hpslulfdo Lqvljkwv iurp hEd| dxfwlrqv�/ Udqg Mrxuqdo ri Hfrqrplfv/

67+5,/ 65<088

^7` Euxvfr/ V1 dqg J1 Orsrpr +5335,/ %Frooxvlrq yld Vljqdoolqj lq Vlpxowdqhrxv Dv0

fhqglqj Elg Dxfwlrqv zlwk Khwhurjhqrxv Remhfwv/ zlwk dqg zlwkrxw Frpsohphq0

wdulwlhv%/ Uhylhz ri Hfrqrplf Vwxglhv/ 9</ 73:0769

^8` Fudpwrq/ S1 dqg M1 D1 Vfkzduw} +5333,/ %Frooxvlyh Elgglqj= Ohvvrqv iurp wkh IFF

Vshfwuxp Dxfwlrqv%/ Mrxuqdo ri Uhjxodwru| Hfrqrplfv/ 4:/ 6/ 55<0585

^9` Hoolvrq/ J1 dqg G1 Ixghqehuj +5335,/ %Frpshwlqj Dxfwlrqv%/ Glvfxvvlrq Sdshu/

Kduydug Xqlyhuvlw|
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^:` Nulvkqd/ Y1 +5335,/ �Dxfwlrq Wkhru|�/ Dfdghplf Suhvv1

^;` Oxfnlqj0Uhloh|/ G1 +5333,/ �Dxfwlrqv rq wkh Lqwhuqhw= Zkdw*v ehlqj Dxfwlrqhg/ dqg

KrzB�/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ 7;/ 55:0585

^<` Oxfnlqj0Uhloh|/ G1 +5333,/ �Ylfnuh| Dxfwlrqv lq Sudfwlfh= Iurp Qlqhwhhqwk Fhq0

wxu| Sklodwho| wr Wzhqw|0�uvw Fhqwxu| H0frpphufh�/ Mrxuqdo ri Hfrqrplf Shu0

vshfwlyhv/ 47+6,/ 4;604<5

^43` Pdv0Frohoo/ D1/ P1G1Zklqvwrq dqg M1J1Juhhq +4<<8,/ �Plfurhfrqrplf Wkhru|�/

R{irug Xqlyhuvlw| Suhvv

^44` PfDihh/ U1Suhvwrq1 +4<<6,/ �Phfkdqlvp Ghvljq e| frpshwlqj vhoohuv�/ Hfrqrphw0

ulfd/ 94/ 45;4046451

^45` Plojurp/ S1 +5333,/ �Sxwwlqj Dxfwlrq Wkhru| wr Zrun= Wkh Vlpxowdqhrxv Dvfhqg0

lqj Dxfwlrq/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ 43;/ 57805:5

^46` Rfnhqihov/ D1 dqg D1H1Urwk +5335,/ �Wkh Wlplqj ri Elgv lq Lqwhuqhw Dxfwlrqv=

Pdunhw Ghvljq/ Elgghu Ehkdylru/ dqg Duwl�fldo Djhqwv/� DL Pdjd}lqh/ :<0;;1

^47` Shwhuv/ P1 dqg V1 Vhyhulqry1 +4<<:,/ �Frpshwlwlrq dprqj Vhoohuv Zkr R�hu Dxf0

wlrqv Lqvwhdg ri Sulfhv�/ Mrxuqdo ri Hfrqrplf Wkhru|/ :8/ 47404:<1

^48` Shwhuv/ P1 dqg V1 Vhyhulqry1 +5335,/ %Lqwhuqhw Dxfwlrqv zlwk Pdq| Wudghuv%/ plphr

^49` Urwk/ D1H1 dqg D1 Rfnhqihov +5333,/ %Odvw Plqxwh Elgglqj dqg wkh Uxohv iru Hqglqj

Vhfrqg0Sulfh Dxfwlrqv= Wkhru| dqg Hylghqfh iurp d qdwxudo h{shulphqw rq wkh

Lqwhuqhw%/ QEHU Zrunlqj Sdshu1

^4:` Urwk/ D1H1 dqg D1 Rfnhqihov +5335,/ �Odvw0Plqxwh Elgglqj dqg wkh Uxohv iru Hqg0

lqj Vhfrqg0Sulfh Dxfwlrqv= Hylghqfh iurp hEd| dqg Dpd}rq rq wkh Lqwhuqhw1�/

Dphulfdq Hfrqrplf Uhylhz/ <5+7,/ 43<604436
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