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All-Pay Auctions with Weakly Risk-Averse Buyers

Summary

We use perturbation analysis to study independent private-value all-pay auctions with weakly
risk-averse buyers. We show that under weak risk aversion: 1) Buyers with low values bid
lower and buyers with high values bid higher than they would bid in the risk neutral case. 2)
Buyers with low values bid lower and buyers with high values bid higher than they would bid
in a first-price auction. 3) Buyers' expected utilities in an all-pay auction are lower than in a
first-price auction. 4) The seller's expected payoff in an all-pay auction may be either higher
or lower than in the risk neutral case. 5) The seller's expected payoff in an all-pay auction may

be either higher or lower than in a first-price auction.
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1 Introduction

Auction theory has dealt mostly with risk-neutral buyers, since in this case there is an
explicit expression for the equilibrium bidding strategies that can be used in the analy-
sis. Dealing with risk-averse buyers in auctions, however, is a much more complex task,
since the explicit expressions for equilibrium strategies in auctions with risk averse buyers
cannot be obtained except for very simple models. In order to “overcome” this difficulty,
we consider in this study the case of weakly risk-averse buyers. The presence of a small
parameter (the risk-aversion level) allows us to employ perturbation analysis, one of the
most powerful tools in applied mathematics, to calculate an explicit approximation of the
equilibrium strategies of risk-averse buyers. As we shall see, such approximate solutions
can be very insightful, making the sacrifice of ‘exactness’ worthwhile. In addition, al-
though formally our results are only proved for weak risk-aversion, as is often the case in
perturbation analysis, these results typically remain valid even when risk-aversion is not
small.

Several studies on the classical auction mechanisms (first-price and second-price auc-
tions) with risk-averse buyers have appeared in the literature on auctions with independent

private values. In independent private-value second-price auctions, risk aversion has no



effect on a buyer’s optimal strategy which is to bid her own valuation for the object. In in-
dependent private-value first-price auctions, on the other hand, risk aversion makes buyers
bid more aggressively (see Maskin and Riley (1984)). Thus, since the (risk-neutral) seller
is indifferent to the first-price and second-price auctions when buyers are risk neutral,!
she prefers the first-price auction to the second-price auction when buyers are risk averse.
However, the seller’s preference relations for auction mechanisms with risk-averse buyers
do not imply anything about the buyers’ preference relations for these auctions, since
under risk aversion the combined revenue of the seller and the buyers is not a constant.
Indeed, Matthews (1987) showed that risk averse buyers with constant absolute risk aver-
sion are indifferent to first and second-price auctions, and that buyers prefer the first-price
auction if they have increasing absolute risk aversion and the second price auction if they
have decreasing absolute risk aversion.?

In contrast to the classical auction mechanisms, relatively little is known about risk-
averse buyers in all-pay auctions.®> Therefore, the main purpose of this paper is to study
independent private-value all-pay auctions with risk-averse buyers. As in the first-price

auction, in the all-pay auction the highest bidder wins. However, while in the first-price

!This result is derived from the Revenue Equivalence Theorem (Vickrey (1961), Myerson (1981), and

Riley and Samuelson (1981)).

2This result was generalized first by Monderer and Tennenhltz (2000) to all k-price auctions and later

by Hon-Snir (2001) to the auction mechanisms for which the Revenue Equivalence Theorem holds.

3All-pay auctions with linear cost functions and incomplete information about the buyers’ values
include, among others: Weber (1985), Hillman and Riley (1989), Krishna and Morgan (1997), Kaplan et
al. (2002). All-pay auctions with complete information about the buyers’ values include, among others:

Tullock (1980), Dasgupta (1986), Dixit (1987), Baye et al. (1993, 1996).



auction only the highest bidder pays her bid, in the all-pay auction all the buyers pay
their bids.*

The role of risk aversion is analyzed by comparing the situation where all buyers are risk
neutral (henceforth referred to as the status quo), with the case where buyers are weakly
risk-averse. The paper is organized as follows. In Section 2 we calculate the equilibrium
strategies of weakly risk-averse buyers in first-price auctions. From the expressions of the
equilibrium strategies we can immediately recover the well-known effect of risk aversion
on the equilibrium bids, namely, weakly risk-averse buyers bid more aggressively than
they bid in the status quo.

In Section 3 we show that the effect of weak risk aversion on the bids in all-pay auctions
is more complex. On one hand, a weakly risk-averse buyer with a low valuation bids less
aggressively than she bids in the status quo. On the other hand, a weakly risk-averse
buyer with a high valuation bids more aggressively than she bids in the status quo. This
behavior can be explained as follows. When a buyer’s value is small, she is most likely
to lose. Therefore, as she becomes more risk averse, she is willing to pay less for the
lottery, that is, she bids less aggressively. On the other hand, when a buyer’s value is
very high, she is afraid of losing the object, therefore, she bids more aggressively. Note
that this a-posteriori intuition suggests that the above result may also hold for substantial
departures from risk neutrality.

In Section 4 we compare all-pay auctions with first-price auctions. Intuitively, one can

4 Applications of all-pay auctions include job-promotions competitions, R&D competitions, political

campaigns, political lobbying, sport competitions, etc.



expect that as in the risk-neutral case, the equilibrium bids of risk averse buyers in all-pay
auctions should be lower than in first-price auctions. We show that, indeed, in all-pay
auctions low types bid less aggressively than they bid in first-price auctions. Surprisingly,
however, high types bid more aggressively in all-pay auctions than they bid in first-price
auctions. As a result, the seller’s expected payoff in an all-pay auction with risk-aversive
buyers is sometimes higher and sometimes lower than in the risk-neutral case.

According to the above comparison of the buyers’ bids in first-price auctions and all-
pay auctions, it is not clear in which auction the (ex-ante) buyer’s expected utility is larger.
Nevertheless, we show that, independent of the distribution of the buyers’ valuations and
the number of buyers, the expected payoff of every buyer in the first-price auction is always
larger than her expected payoff in the all-pay auction. Consequently, a weakly risk-averse
buyer will prefer the first-price auction to the all-pay auction. The dominance of the first-
price auction from the buyers’ point of view can be generalized to any auction mechanism
in which the buyer pays part of her bid whether or not she wins and she pays the rest of
the bid only if she wins. In contrast to the buyers, the seller’s preference relation among
first-price and all-pay auctions is ambiguous. Using our perturbation analysis we calculate
the seller’s expected payoff in all-pay auctions and show that it can be either higher or
lower than in a first-price auction.

In section 5 the results of the perturbation analysis described above are illustrated by
an example with two weakly risk-averse bidders. In this example, we show that even when
the risk-aversion parameter is not small, the agreement between the explicit approxima-

tions obtained by the perturbation analysis and the exact values obtained by numerical



analysis is quite remarkable. This example suggests that, as we have already mentioned
earlier, our results in this paper probably remain valid even when risk-aversion is not

small.

2 First-price auctions

Consider n buyers that compete to acquire a single object in a first-price auction. The
valuation of each buyer for the object v is independently distributed according to a dis-
tribution function F'(v) on the interval [v,7] where v > 0.> Each buyer places a bid b
and the highest buyer wins the object and pays her bid. Each buyer’s utility is given by
the function U(v — b), which is twice continuously differentiable, monotonically increas-
ing, normalized such that U(0) = 0, and satisfies U” < 0 (i.e., risk-averse or risk-neutral
buyers).

Since the equilibrium bid function b(v) is monotonically increasing (Maskin and Riley
(2000)), we can define the equilibrium inverse bid function as v = v(b). The maximization

problem of buyer ¢ with valuation v is given by
mng} =F" Yu(b)U(v —b).

Differentiating with respect to b gives

oV
db

5Tt is assumed that the seller’s valuation is 0.

= (n— )F"*(u()) f(v(b))' (0)U (v = b) = U'(v = b)F"~*(v(b)) = 0.




Therefore,

1 F(u(b) U'(v(b) — b)
n—1f(v(b)) Ulv(b) —b)’

v'(b) = (1)

where f = F' is the density. Since the lowest type v has zero utility, the initial condition

for equation (1) is given by
v(ib=1v)=wv. (2)

Equation (1) is exact in the risk-neutral case, i.e., U(x) = . In that case this equation

can be solved explicitly as follows

DLt () = o — F%(U) / " pnei(s) ds. (3)

There are no such explicit solutions for a general utility function U. Hence, we consider

the case of weak risk aversion, i.e., when U is given by
U(x) =z + cu(x), ek 1. (4)

Thus, € is the risk aversion parameter and ¢ < 1 implies weak risk aversion. Note that
u(0) = 0 and u” < 0.
Under the assumption of weak risk aversion we can use perturbation analysis to obtain

explicit expressions of the equilibrium bid functions in first-price auctions as follows.

Proposition 1 The symmetric equilibrium bid function in a first-price auction with weakly

risk-averse buyers is given by

b¥*!(v) = by (v) + eby™ (v) + O(e?), (5)



where b (v) is the risk-neutral equilibrium strategy (3),

~1 brif(v) w(v)st(b) — b)
1st — anl 1st 1., 1st - - N
) = i | O O e K
and v (b) is the inverse function of (3).
Proof: See Appendix A.
The expression for b1*!(v) can be rewritten as follows.
Corollary 1
1 v
b (v) = u(v — by (v)) — Frifo) /U F"H(s)u'(s = by (s)) ds. (7)

Proof. See Appendix B.

The “payoft” for the lengthy calculations which are needed to derive the explicit ex-
pression of the equilibrium bids in Proposition 1, is that it enables us to analyze the role
of weak risk aversion in first-price auctions and to derive some conclusions which, when
derived directly from the differential equation model (1), requires considerably more work.

The first consequence that we can obtain immediately from (6) is®

Corollary 2 In a first-price auction the equilibrium bid of every weakly risk-averse buyer

with type v s larger than the equilibrium bid of a risk-neutral buyer with type v.

Proof. By the mean value theorem

u'(vp, (b) = b) — % =u"(GO)GE), 0= Gb) < G(b) <vpp(h) —b.

™m

6This result was established by Maskin and Riley (1984) for the general case (i.e., without the as-

sumption of a weak risk-aversion).



Thus, we can rewrite (6) as

_ byt (v)
0 =y [ ORO) WG 0)R0) ] db

Since u" < 0, it follows that b}*'(v) > 0 for all v. [
An immediate consequence of Corollary 2 is that the seller’s expected revenue is higher
in the case of risk aversion than in the risk-neutral case. Indeed, we have the following

result:

Proposition 2 The seller’s expected payoff in a first-price auction with weakly risk-averse

buyers is given by is given by

6 = Raten [ [ / O s ) (%—uwff(b)—w) db] f(0) dv

+0(£?) (8)

= R, +en /U F" 1(v) [f(v)u(v — b5 () — (1 — F(v))u'(v — b}nff(v))] dv + O(g?),

v

1st

2S5(b) is the inverse

where R,, is the expected seller’s revenue in the risk-neutral case and v

function of (3).

Proof. Let

R —n / b PP () £(0) do (9)

be the seller’s expected revenue in a first-price auction. Substituting (5) in (9) gives

RS = p / ' (brn + 1) F* 1 (v) f(v) dv + O(£?) = Ry + 21 / ﬁ b E" ™ (v) f(v) dv+ O(e?).

v



Substitution of (6) completes the proof of the first equality. Substitution of (7) and

integration by parts leads to the second equality. [

We now use the explicit expression obtained in Proposition 1 to analyze the effect of

weak risk aversion on the buyers’ ex-ante utility.

Proposition 3 The weakly risk-averse buyer’s (ez-ante) payoff in a first-price auction is

given by

VI e) = Vip + ¢ /U F" 1 (0)(1 — F(v)u' (v — b (v)) dv + O(?),

v

where V., = ff F"Yv) (v — b4 (v)) f(v) dv is the (ex-ante) expected payoff in the risk-

neutral case.

Proof: See Appendix C. []

Proposition 3 implies that when u > 0, namely, the utility function of a weakly risk-
averse type is larger than her utility function in the risk-neutral case, then the expected
payoff of a weakly risk-averse type is not necessarily larger than her expected utility in

the risk-neutral case.” To see that, let us consider the case where n = 2, F(v) = v,

v € [0,1], u(xr) = 2°(1 — ), and 0 < 3 < 1. Then, b,(v) = v/2, u > 0 and u" < 0. From

"Note that u' can be either positive or negative, since in either case U = z + eu is monotonically

increasing.

10



Proposition 3 we have that

U F'" 1 (0)(1 — F(0))u' (v — by (v)) dv

v(1 —v) (ﬁ <g)ﬂ1 —(B+1) (%)ﬂ> dv

—e(1— % —4p)
5(B+1)(B+2)(B+3)

We can see that although u > 0, V**(¢) < V,,, when 0 < 3 < /5 — 2.

VISt(e) _ ‘/rn ~ ¢

1
= £

c\l@\

3 All-pay auctions

Consider n buyers that compete to acquire a single object in an all-pay auction. The
valuation of each buyer for the object v is independently distributed according to a distri-
bution function F'(v) on the interval [v,7]. Each buyer submits a bid b and pays her bid
regardless of whether she wins or not, but only the highest buyer wins the object. The

maximization problem of buyer ¢ with valuation v is given by
mng} =F" Hud)U(v —b) + (1 — F™ Y(w(b)))U(-b).

Differentiating with respect to b gives

IV
b

= (n=DF" *w(0)f(w®)')U( —b) — U(-b)]

—F" LY (w(0)[U' (v — ) — U'(—b)] — U'(—b) = 0.

Therefore, the inverse bid function satisfies the ordinary differential equation

F®)IU (0~ b) ~ U'(=b)
(= DS @)U —b) - U(-)]
. U'(-b)

(0= VP20 @)U~ b) - U0

11

v'(b) =

(10)



with the initial condition v(0) = v. As with first-price auctions, equation (10) is exact in

the risk-neutral case U(z) = z. In that case it can be solved explicitly and yields

vl (v) = vF"(v) — /v F"1(s) ds. (11)

There are no such explicit solutions for a general utility function U. As before, however,
we can use perturbation analysis to obtain an explicit solution for the case of weak risk

aversion.

Proposition 4 The symmetric equilibrium bid function in an all-pay auction with weakly

risk-averse buyers is given by
b (v) = b (v) + b (v) + O(e?),
where ¥ (v) is the equilibrium bid in the risk-neutral case (11), and

() = u(=bi(v) + F" 7 (v) |u(v — bl (v) — u(=bi(v)) (12)

— /U FH(s)u'(s — bll(s)) ds.

v

Proof. See Appendix D. []
We can use the expression for b!!(v) to show that risk aversion affects low type buyers to

bid less aggressively.

Corollary 3 In an all-pay auction the equilibrium bid of a weakly risk-averse buyer with

low type v is smaller than the equilibrium bid of a risk-neutral buyer with type v.

12



Proof. We prove this result by showing that b!!(v) < 0 if v is sufficiently close to v.

To see that, we first note that from (11) it follows that

(brn)'(v) = (n = 1JoF""(v) f (v). (13)

Differentiating b2!!(v) in (12) and using (13) yields
(B (v) = (n = DF"(0) f(0)S(v),
where
S(v) = —v |F* (0)u' (v = 0y) + (1= F*7 (0)u'(=bip) | + (v — b)) — u(=bpy).

In order to complete the proof it is sufficient to show that S(v) < 0 if v is sufficiently close

to v. Indeed, in this case,
S() & —vu'(=b) + u(v — b)) — w(=by) = —v [t (=bpy) — u' ()],

where € (—=byp,v — by). Since x > —by,, the concavity of wu implies that u'(—b,,) —
u'(z) > 0. [
The following result shows that risk aversion affects high type buyers and low type buyers

quite differently.

Corollary 4 In an all-pay auction, the equilibrium bid of a weakly risk-averse buyer with

high type v is higher than the equilibrium bid of a risk-neutral buyer with type v.

Proof. From Corollary 2 we have that b}*'(v) > 0. In addition, in Proposition 8 we
show that b3 (7) > b1 (7). Therefore, b2!'(7) > 0. 1

13



Because of the complex way that risk-aversion affects the equilibrium bids, it is not clear
whether, overall, it leads to an increase or a decrease in the seller’s expected revenue. In
order to address this issue, we use the explicit expression obtained in Proposition 4 to

approximate the corresponding seller’s expected revenue:

Proposition 5 In an all-pay auction with weakly risk-averse buyers, the seller’s expected

revenue 1s given by

R = R, + (14)

F (w)ulo — B) + (1~ F (@) a5 () | £(0) do

v

—/ Fr= (w) (1 — F(v)u' (v — b (v)) dv} +0(e?),
where R,, is the expected revenue in the risk-neutral case.

Proof. See Appendix E.

Example 1 Consider n = 2 risk averse players with distribution functions F(v) = v* in

[0, 1], such that u(x) = —z?%. Substitution in (14) and integrating gives that

(2 —a)a?

RM = R,, + ¢AR + O(é? AR = .
+eAR+O(€), 2+5a+3a?) (a+2)

Depending on the value of a, AR can be either positive or negative. Hence, we conclude
that risk-aversion can lead to an increase, as well as to a decrease, of the seller’s expected

revenue in all-pay auctions.

We now use the explicit expression obtained in Proposition 4 to analyze the effect of weak
risk aversion on the buyers’ ex-ante utility.

14



Proposition 6 The weakly risk averse buyer’s (ex-ante) expected payoff in an all-pay

auction 1s given by

Vil =V, +¢ /U F' ) (1 — F())u'(v — b (v)) dv + O(£?),

v

where V,,, is the (ex-ante) expected payoff in the risk-neutral case.

Proof: See Appendix F. [
Similarly to the case of first-price auctions, it can be shown that if u > 0, the expected
payoff of a weakly risk-averse buyer is not necessarily higher than her expected utility in

the risk-neutral case.

4 First-price auctions versus all-pay auctions

One way to gain insight into all-pay auctions is to compare them with first-price auctions.
Since in an all-pay auction a buyer pays her bid whether or not she wins and in a first-price
auction she pays only if she wins, it seems natural to expect that buyers will be more
careful (i.e., have lower bids) in all-pay auctions than in first-price auctions. Indeed, it
is well known that the bid of a risk-neutral buyer in an all-pay auction is smaller than
her bid in a first-price auction and we can expect this relation to be even stronger for
risk-averse buyers. However, as we show in Peopositions 7 and 8, the relation of bids in

first-price and all-pay auctions with risk-averse buyers is not so simple.

Proposition 7 The equilibrium bid of a weakly risk-averse buyer with low type v in an

15



all-pay auction is smaller than her bid in a first-price auction, that s,
vl (v) < b (v) for 0<v—-v<1.

Proof. It is well known that in the risk-neutral case for every type v, b2l (v) < bl (v).
In addition, from Corollary 2 and Corollary 3 we have that for v sufficiently close to v,
bist(v) > 0 and bl(v) < 0. O

On the other hand,

Proposition 8 The equilibrium bid of a weakly risk-averse buyer with high type v in an

all-pay auction is larger than in a first-price auction. In particular,
ball(ﬁ) > bISt(’l_}).

Proof: Since b3 (7) = bl (v), it is sufficient to show that b3'(7) > b1 (7). From (7)

and (12),

b () — b (v) = — / F"~(v) [U'(v — 0 (v) —u'(v = by (v) | dv.

v
In addition, since b2 (v) > b(v) for all v, by the concavity of u we have that u'(v —
b (v)) < /(v —bLt(v)). Hence, the result follows. [

We thus conclude that there is no dominance relation among the bids in first-price and
all-pay auctions. Nevertheless, first-price auctions dominate all-pay auctions from the

buyer’s point of view:

Proposition 9 The (ex-ante) expected payoff of every buyer in the first-price auction is
larger than her (ex-ante) expected payoff in the all-pay auction.

16



Proof. By the Revenue Equivalence Theorem, the expected payoff of a risk-neutral
buyer with valuation v is the same in first-price auctions and all-pay auctions. Thus, we
obtain that the difference between her expected payoffs in these auctions in the case where

all types are weakly risk-averse is

plst _ all e/U F" ' (0)(1 = F(0)) (/' (v = b3 (v)) — u'(v — b (v)) + O(€”).

v

Since v — blst(v) < v — b¥l(v) for all v and since u is concave, then /(v — bLsf(v)) >
u' (v — b (v)) and therefore V1t — Vall > (.01

We now show that there is no simple dominance of the seller’s expected revenue. We have
seen in Example 1 that when a > 2 risk-aversion lowers the seller’s expected revenue in
all-pay auctions. Since risk-aversion always increase the revenue in first-price auction, the
case a > 2 is an example where, due to weak risk-aversion, R'' > R The following

example shows that the opposite is also possible.

Example 2 Consider n = 2 risk averse players with distribution functions F(v) = v in

[0, 1], such that u(x) = —x3. Substitution in (8) and integrating gives that

1
Ist _ 2
R*"=R,, +e—40 + O(€%).

Substitution in (14) and integrating gives that
all 2 2
R*™ = Ryp +e— + O(€).

35

Therefore, in this case, due to weak risk-aversion, R < R,

17
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Figure 1: Bids of risk-averse buyers (solid lines) and their explicit approximations (dotted

lines) in first-price and all-pay auctions.

5 Concluding remarks

The results of the perturbation analysis are illustrated with the following example. Con-
sider two bidders where each bidder’s valuation is distributed on [0, 1] according to the dis-
tribution function F(v) = v®. Assume that each bidder’s utility function is U(z) = z—ez?.
From Proposition 1 we have that the equilibrium bid function in the first-price auction is

given by

blst(v) _ « o

_1+av+5(1+a)2(2+a)v2+0(52). (15)

Similarly, from Proposition 4 we have that the equilibrium bid function in the all-pay

auction is given by

pll(y) = 4 1+ __ % 2ta & 242 O(2). 16
(v) T+ o’ +e ot +1+av + O(e7) (16)

18



In Figure 1 we compare the approximations (15) and (16) with the exact bid functions
(i.e., the numerical solutions of equations (1) and (10), respectively), for the case o = 1
(i.e., uniform distribution). At € = 0.25, the approximations are almost indistinguishable
from the exact bids. Although when € = 0.5 the risk-aversion parameter is not small,® the
agreement between the explicit approximations and the exact values is quite remarkable.
Such a good agreement was also observed in numerous other comparisons that we carried
out with different distribution functions and utility functions.

In Figure 2 we compare the (exact) bid functions in the risk-averse and the risk-neutral
cases. As predicted by the perturbation analysis, under risk aversion the bids increase for
all types in first-price auctions, whereas in all-pay auctions risk aversion lowers the bids
of the low types but increases the bids of the high-types. In addition, under risk aversion
the low types bid less aggressively in all-pay auctions than in first-price auctions, but the
high types bids more aggressively in all-pay auctions than in first-price auctions.

A natural question is whether in the case of weak-risk aversion one cannot simply ap-
proximate the bidding functions using the risk-neutral expressions. In other words, when
¢ is small, is there an advantage for the approximation b*!(v;€) ~ b3 (v) + eb?!(v) over
the continuous approximation b (v; €) ~ b3 (v; e = 0) = b2l'(v)? The answer to this ques-
tion is that the accuracy of the first approximation is O(e?), whereas that of the second
approximation is only O(e). Therefore, the first approximation is significantly more ac-
curate when € is moderately small (but not negligible). Indeed, comparison of Figures 1

and 2 shows that the (exact) bids in the risk-averse case are well-approximated with the

8In fact, e = 0.5 is the largest possible value of € for which U = 2 — ex? is monotonically increasing.
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bids

explicit approximation that we derived, but are not well-approximated with the bids in

the risk-neutral case.

€=0.25

0.6
0.5}
0.4¢}
03| first-price _~~ -

0.2y

0.1

0.8

bids

067

0.5¢1

047

03¢

0.2y

0.1

e=0.5

0.2 0.4 0.6

0.8

Figure 2: Bids of risk-averse buyers (solid lines) and of risk-neutral buyers (dashed lines)

in first-price and all-pay auctions.

A Proof of Proposition 1

We need the following Lemma,

9

Lemma 1 Let v(b) be the inverse bid function in a first-price auction, which satisfies the

conditions of Proposition 1. Then, v(b)

inverse function of (3) and

!

_ Urn(b) ’ n—1 v ul v o o

- Fn—l (Urn

9For clarity, we drop the superscripts 1st and all from the proofs.
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w(Vpn (b) — b)
Vrn (D) — b

= () + cv1(b) + O(e?), where vy, (b) is the

db. (17)




In addition, we note that if we differentiate with respect to e, the identity v = v(b(v;¢); )

and set ¢ = 0, we get that
V1 (brn (v)) + gy (bra (0))b1 (v) = 0. (18)

Substitution of v; from (17) and v/, in (18) completes the proof of Proposition 1.

A.1 Proof of Lemma 1

Substituting (4) in (1) yields

v(b)) 1+ eu' (v(b) — b)
)f(v(b)) (v(b) — b+ cu(v(b) — b))

(19)

We can write the equilibrium bid as v(b) = v,,(b) + evy(b) + O(?), where v,.,(b) is the
inverse function of the risk-neural equilibrium strategy in first-price auctions (3). Note

that, for clarity, we suppress the superscript 1st. We first note that when ¢ < 1,
Fu®) = F(vm(b) +evi(b)F (v,4(0)) + O(£?), (20)
f®) = fom®) +evi(d)f (vra(b) + O(?),
cu(v(d) —b) = eu(ve(b) —b) +O(?),
eu/(v(b) —b) = eu'(vpn(b) — b) + O(?).

Substituting v(b) = v,,,(b) + cvy(b) + O(?) and (20) in (19) and expanding in a power

series in € gives,

Oy = (L ).
1+ eu/ (v, (b) — b) v1(b) + u(vpp (D) — b) )
o () —b (1 —€ o (b) = b > + O(e7).
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By construction, the equation for the O(1) terms is identical to the risk-neutral case and

thus, automatically satisfied. The equation for the O(e) terms is

1 F(um(b) [v'(0rn(b) =) vi(b) + uvrm(b) —b)

S T ) [ on® -5 (o) b7
1 Y F(0,(0)) f' (0 (D)) 1 1 Y 1
TR 2 () R T O R R C O )
subject to the initial condition v, (v) = 0. This equation can be rewritten as
(01)" (b) + v1(b)A(b) = D(b),
where
_ 1 F(vyn () [ (vrn (b)) F (v (b))
A0 = 7007 (( Fo) (1)+ 100 (07~ 7)
F(v,.,,(b w(Vpp(b) — b ' (v (D) — b
p0) = e o )
The solution of this equation is
n(b) = el A (o VA D(x)e—fi’”f‘dx> , (21)

where C'is a constant and b,,, = b,,,(7) = 0 — [ F*"!(s)ds is the maximal bid in the
risk-neutral case, which is obtained from (3). It can be verified that

F(0)F (v, (b f F"Y(s)ds
Fora(®)) [0 Fri(s)ds

b
efb’l‘TLA —

Therefore l1m el 4 = co. We thus conclude that €' = ff" D(x)e” J"" A dz. Therefore

—H}

_ F(vra (D)) ’ n-1(, o (v oy u(vrn(b) — )
" D ) [ (e =) { @) =0 == =s | ©
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The proof is completed since in the risk-neutral case we have from (1) that v, (b) =

(nfl()”;("v(rbz)(b)) UM(;)_()), which combined with (3) gives that

! F" (v,,(D))
Ura (D) = : 22
v (n = 1) f (v (8)) [0 Fr=i(s) ds (22)

B Proof of Corollary 1

Making the change of variables s = v,.,(b) in (6) gives,

B 1 U1, \u(s = b (s)) dbpy(s)
hlv) = F”—il(v)/2 F*(s) s — by () ds ds =

1 RN B dbm(s)s
Fmy | T s o) S

dbm( )

Substituting =(n—-1) f(”)) (v —bn(v)), see (1), in the first integral and integrating

by parts gives

_ - "2(5) f(v)u(s — byn(s 3—71 ’ L) (5 — by (s dbyn(3)
b= ey | PO = bl ds = g [ s b))
= u(v—>by,(v)) — ﬁ/ F" 1(s)u' (5 — bpn(s)) <1 — db:;;(s)> ds
1 ! n—1 ! ; dbrn(s)
_FTI(U)/E F'(s)u(s — bpn(s)) I ds

1

= U,(U — bm(v)) — Fn_l(v) /U Fn—l(s)u/(s . bm(s)) ds.

C Proof of Proposition 3

By (4), Vst = f; F=Yv) [v — b(v) + eul(v — b(v))] f(v)dv. If we substitute b(v) =

brn(v) + b1 (v) + O(£?) and expand in a power series in € we get that

VIt — VIt oG 4 O(c2), G — / F" ) [=bi (v) + u(v — by ()] f(v) dv
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Substituting by (v) from (6) yields

. /_ { ( /:mm Fr 0y (B)) [u'(vm(b) - %] db) (23)

+F"Hw)u(v — bm(v))}f(v) dv.
In order to simplify the expression for G' we first note that

A= /Uwu) Y {_%] g Pt

brn(v)
+

- u(vrn(b) - b) /w Fnl(vrn(b))ﬁdb

- v

/me(u) </Ub F’"Ll(vrn(é‘))#dg ! (0, (b) — b) [0 (b) — 1] db.

s)—s

From (3) we have that in a first-price auction

L ()
Urn(b) —b fvm(b) F”fl(S) dS.

v

Using this relation and (22), we have that

ds

’ n—1 1 _ ’ n—1 F"(vrn(s))
/UF (U’"”(s))mds_/vF (Um(s))f;”(s)w—l(x)dx

= / (n — I)FR_Q(UM(5))f(vrn(5))vin(5) ds = Fn_l(vrn(b))-

v

Substituting this relation in the expression for A gives,

brn(v)
A= —u(v— b, (v))F" ' (v) + / F™" (0, (b)) (Vpn (b) — b) [0, (b) — 1] db.

v
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Substituting this relation in (23), we have

- [ ([ P = bl as) roya

— </UU F 1 (s)u' (s — byn(s), d8> F(v)

v brn (V)
G = / ( / F"-1<vm<b>>u'<vm<b>—b)v;nw)db) F(v) dv

_ / FP(0)(1 = F(0))u! (v — byn(v)) do.

v

D Proof of Proposition 4

Similarly to the first-price auction, we can write the equilibrium bid as v(b) = v, (b) +
ev1(b) + O(g?), where v,,,(b) is the inverse function of the risk-neural equilibrium strategy
in all-pay auctions (11). Note that, for clarity, we drop the superscript all. We first note

that when ¢ < 1,

F(v(b)) = F(vm)+eviF (vm) + O(e?),

f®) = fom) +evif(vm) + O,

Uv(b) =b) =U(=b) = v(b) +elu(v(b) — b) — u(-b)]
= (D) + e[o1(D) + u(vrn(b) —b) — u(=b)] + O(e?),

U'v(b) —b) = U'(=b) = efu'(v(b) —b) —u'(=b)] = e[t (v,5,(b) — b) — u/(=b)] + O(?).

Substitution in (10) and expanding in ¢, the equation for the O(1) is identical to the
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risk-neutral case and thus, automatically satisfied. The equation for the O(e) terms is

Wb = F(urn (b)) [/ (vrn (b) — b) — w'(=)] u'(=b)
1 (n = 1) f(vrn(0))vrn(b) (n = 1) F" 20 (b)) f (0rn (0))rn (D)
N (n = 2)vi(b) B v (vrn (b))
(n = DF* (0 (0))orn(0) (0= 1) F™2(0y0(0)) (070 (b)) vrn (b)

[01(b) + u(vrn(b) — b) — u(-b)]
(n = 1) F=2(vpn (b)) f (0rn (b)) 07, (b)°

subject to v1(0) = 0. Since, by (10),

, B 1

) = T (o 0) F o 0o () =)
the equation for v](b) can be rewritten as

v1(b) + v1(b)B(b) = G(b) (25)

where

Uy (0)  f (v (D)) f (v (D)

B(b) - |:Urn(b) + f(vrn(b)) Urn(b) + (7’1, - 2)F(Urn(b))vrn(b):|

and

G(b)zv;n@{ - [uwm(b)—b)—u(—b)] (1 — 1) (01 (5)) (o (D))l (8) (26)

+ F" (b)) (u'(vm(b) —b) — u’(—b)) + u’(—b)}.

The solution of (25) is given by

by = el <01 / Gla)e 1B dx))

where b,,, = b,,, (7). It is easy to verify that (see (24))

_ ’
efbbT"B: Urn(b) .



Thus, asb — 0, v, (b) — v and el B 3 0. Therefore it follows that C, = fo_”’ G(z)e” 2B g

and thus,

01 (8) = vl (b) / G(a),/tl (1) di.

Since by (v) = —vy /vl (b) (see (18)) we get that

brn (V)
nw) == [ G/ (o) .

Substitution of G' from (26) gives
brn (V)
o) = [ { [uwm(b) . u(—b>] (F" (0pn(8))

—F" 1 (0,,(D)) (u'(vm(b) —b) — u'(—b)) — u'(—b)} db.

A few more technical calculations completes the proof.

E Proof of Proposition 5

The seller’s revenue is given by R*! = n [ b(s) f(s) ds. Substituting b = b,,, + b, + O(e?),

we have

Rl _ n/v (b + £b1) f(s)ds + O(c2) = n/v ben f(s)ds —l—en/v by f(s)ds + O(e?)

— Rm+sn/U by f(s)ds+ O(g?).

Substituting by from (12) yields

/U bif(s)ds = /U(l P () u(—ben (0)) F (1) dv+/v Fr =L (w)u(o — ben (0)) F(0) do

v

_/ V s~ b)) ds] f(v) do.

v
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Integrating by parts the double integral gives

/ U e s = ben() dS} FO) o= [ E ) = F) 0~ b)) e

v

Therefore, the result follows.

F Proof of Proposition 6

In the case of weak risk aversion, the ex-ante expected utility for the buyers in equilibrium

is given by

il / ” {Fnl(m b(w) + e {F’"‘l(v) (u(v — b)) — u(~b(v))) + U<—”(“>)] }f (v) dv.

v

Using the relation b(v) = by, (v) + by (v) + O(e), we have

il = yal _ / {b1(0) = [F"7'(0) (w(v = bra(v)) = u(=byn(v))) + u(=bpm ()] } f(v) dv + O(?).

Substituting (12) in the last equation and rearranging yields the result.
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