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Non-Technical Summary 

 
Some quantities on financial markets are unobservable and market participants have to estimate 
them based on the data they observe. One example is the currently expected growth rate of the 
economy over the next period, e.g., the next year. This number is not directly observable and varies 
over time. However, investors can use past data and ‘filter’ their estimate for the growth rate, 
which is then the basis of economic decisions (e.g., consumption, saving, asset allocation). The 
result of this filtering process, however, depends on the initial assumptions made by the investor 
on the dynamics of the growth rate and its relation to observable quantities. Since the true growth 
rate is not observable, the investor can never be sure to actually use the ‘true’ model. In reality 
investors will furthermore be heterogeneous with respect to the assumptions they make, and in 
general no investor will have a model that is exactly equal to the true one. 
 
In this paper we analyze the equilibrium implications for expected returns on a stock and for 
investors’ long-run wealth shares in the economy when their models feature different kinds of 
errors. Investor heterogeneity is represented in a stylized fashion via two investor types, which 
differ in estimation models they rely on. The quantity they have to estimate is the expected growth 
rate of aggregate output, i.e., loosely speaking expected economic growth. 
 
The concrete questions we are tackling in the paper are the following: First, is there a mistake on 
the part of one investor, which is so bad that the investor will (slowly) lose her wealth, no matter 
what kind of error the other investor commits? Second, is there a direct link between the issue of 
‘long-run survival’ (i.e., if an investor does or does not lose all her wealth over time) and asset 
pricing results in the sense of expected stock returns and volatilities?  
 
The answer to the first question is ‘yes’. For example, when one investor assigns substantially too 
much informational value to a signal, which in reality just represents noise (a situation sometimes 
labeled as ‘overconfidence’), she will ultimately lose all her wealth, irrespective of the degree to 
which the other investor assumes, e.g., an incorrect volatility or incorrect long-run mean of the 
expected growth rate of the economy.  
 
The answer to the second question is ‘no’ in the sense that the asset pricing results are basically 
independent from the outcome with respect to long-run survival.  For example, in scenarios when 
the investors are more similar with respect to their long-run share in the economy, return 
volatilities can nevertheless be higher than in cases when they are very different. 
 
The paper provides insights into the link between (imperfect) information processing by investors 
and financial market outcomes. It gives an example for a situation characterized by market 
dynamics, which seem to exhibit features like excess volatility, but when all the elements of the 
economic decision problem are taken into account, prices and returns are perfectly in line with 
investor rationality. 
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1. Introduction

Investor heterogeneity is a key ingredient to modern asset pricing models,

since it can help to mitigate or even solve well-known puzzles, be it by generating

an equity premium close to the value observed in the data in models even with

standard CRRA preferences or by generating a volatility of stock returns which

exceeds the volatility of fundamentals like dividends (see, e.g., Dumas et al. (2009)).

Besides the asset pricing implications of heterogeneity, a second key issue in such

models is the survival of the different investors. As pointed out by Borovicka (2015)

and Easley and Yang (2013) the question whether one or more investors survive is

generally important from a modeling perspective, since we want to know what the

economy looks like in its steady state, i.e., when the initial conditions no longer have

an effect on quantities like expected returns or return volatilities.

In this paper we analyze the implications of heterogeneous beliefs. Our two

investors hold different beliefs about the true dynamics of an unobservable quantity,

which is in our case the expected dividend growth rate. They both use an incorrect

model and thus in our economy ’nobody is perfect’. The distinctive feature of our

setup is that the errors made by the investor can be with respect to rather different

characteristics of the model, so that the magnitude of the errors is not easily and

directly comparable. The first question we analyze is whether and to which degree

errors made by the two investors can offset each other when it comes to survival. The
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second question we are interested in is whether the impact of errors on volatilities

and expected excess returns is additive in a sense, or whether errors of the two

investors can again somehow offset each other.

The classical kind of model mis-specification analyzed, e.g., in Scheinkman and

Xiong (2003) and Dumas et al. (2009) is ’over-confidence’ with respect to a signal

that investors can observe in addition to the dividend flow. In this typical setup

one investor assumes that innovations to the signal are correlated with innovations

to the expected growth rate, whereas the other one correctly assumes that the two

innovations are independent, so that the former will disappear from the economy.

It is intuitively clear that in such a setup only the rational investor will survive,

while the other investor makes consumption and investment decisions which will

drive him out of the economy in the long run. This is one of the key results of

papers like Dumas et al. (2009), Yan (2008), or Kogan et al. (2006). Yan (2008) also

analyzes a model in which both investors can potentially be wrong with respect to

the (constant) long-run growth rate, and shows that this basically puts the investor

with the larger absolute error at a disadvantage.

Given the literature on models where exactly one of the two agents is at a

disadvantage concerning her filtering model or where both investors make the same

kind of mistake, we ask the next natural question: What happens when both in-

vestors use a mis-specified model to draw their inference about the unobservable

expected dividend growth rate, where in the general case the mis-specification will
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be with respect to different parameters? How do these errors trade off against each

other? For example, while one investor might be over-confident, the other one might

assume an incorrect value for the volatility of the expected growth rate process sim-

ilar to the specification in Buraschi et al. (2014). Alternatively, one investor might

be a long-run optimist or pessimist, i.e., she over- or underestimates the long-run

mean of the expected growth rate relative to the true model, while the other investor

incorrectly assumes that the innovation in the dividend is correlated with the inno-

vation in the expected growth rate. The model we are going to analyze in this paper

is completely general in the sense that both the dividend itself and the signal can

be correlated with the expected growth rate process under the true model and/or

under the two investors’ subjective models.

In contrast to the case when only one investor uses an improper filtering model

it is in our setup not a priori clear how different types of errors aggregate to the

overall result. The question is, e.g., whether an error with respect to the correlation

between signal innovations and the expected growth rate is ’more or less severe’

than an improper belief about the long-run mean of the expected growth rate, or,

put differently, what the trade-off is between these two types of errors.

Our metric for survival is the equilibrium expected share of total consumption

an investor retains over longer and longer time horizons. In case this expectation

is increasing we take this as an indication of survival. Note that the expectation is

calculated under the objective measure, since we are interested in the true steady
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state, but not in the investor’s beliefs about this steady state. Under his subjective

measure, an investor always thinks that she will survive. This also explains why

it does not occur to the investor who is using the ’worse’ model that she is at a

disadvantage. Given their respective models, in which they put in a sense infinite

trust, both investors behave optimally and rationally and as long as, technically

speaking, the investors’ subjective probability measures are equivalent,1 they will

not know for sure in finite time who (if any) of them is using the correct or at least

a better model than the respective counterpart. This only becomes clear in the limit

when time goes to infinity leading to long-run survival or extinction, respectively.

To analyze survival we therefore compute the expectation of the consumption

share under the true measure for different horizons into the future to see whether

there is a tendency towards the concentration of consumption on one investor only.

Since in models with preferences exhibiting constant relative risk aversion the si-

multaneous long-run survival of both investors is a knife-edge case, it will basically

always happen that the expected consumption share for one investor moves towards

one, but in case both investors simultaneously commit errors it is a priori not clear

for which one.

The second dimension of our analysis are the asset pricing implications of our

1Two probability measures are called equivalent, when their null sets coincide. In our case this

means that there is no event which has a non-zero probability under one investor’s measure, but a

zero probability under the other’s.
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setup where nobody is perfect. The fundamental question here is whether the fact

that not only one but both investors have an improper filtering model increases or

decreases asset return volatilities and expected excess returns. On the one hand,

the fact that the second investor is no longer perfect obviously diminishes the first

investor’s disadvantage in terms of survival, and the fact that the investors are now

less different with respect to survival might also make asset return volatilities go

down. On the other hand, additional filtering errors mean additional ’noise’ in the

market, so that they might lead to even higher volatilities than before when only

one investor was using an incorrect model. Here we again take the perspective of an

outside observer by computing all the moments under the objective measure, i.e.,

we calculate expected returns and volatilities like a researcher given the time series

of prices generated by our model.

Before going into the details of the model and the analysis, we want to briefly

describe our main findings. In terms of survival it is intuitively clear that there is

’continuity’ in some sense, i.e., starting from a situation where investor i uses the

true model, whereas investor j does not, and moving to case when investor i commits

larger and larger errors, investor i will initially still survive, until a critical value for

her own error is reached. The knife-edge case of equal consumption shares over the

long run is reached, when these errors exactly compensate each other. Afterwards it

will be investor j surviving.

For example, for our parametrization, when investor 2 is overconfident with

5



respect to the signal by assuming a correlation of 0.3 between the signal and the

expected growth rate (whereas the true correlation is zero), then investor 1 would

have to assume an incorrect volatility of the expected growth rate process which

deviates by roughly 1.2 percentage points from its true value of 0.03 in order for

investor 2 to retain a non-zero expected consumption share in the long run. The

more important point here is, however, that there are values for investor 2’s degree of

signal overconfidence, which can no longer be compensated by investor 1’s potentially

incorrect volatility specification. So there are limits to the trade-off of different types

of errors against each other.

Investor 1 may also commit an error with respect to his assumptions about

the drift of the expected growth rate. These kinds of errors seem to be less severe

than overconfidence with respect to the signal. For example, the error committed

by investor 1 with respect to the long-run mean of the expected growth rate must

be substantial relative to the true value to offset investor 2’s erroneous specification

of a non-zero correlation between signal and expected dividend growth. Assuming

again a degree of signal overconfidence of 0.3, investor 1 would have to assume a

long.run expected growth rate of dividends more than twice as high as the true value.

Similarly, albeit to a somewhat lesser degree, errors concerning the speed of mean

reversion in the expected growth rate process must be rather pronounced relative

to the true value to offset a certain degree of signal overconfidence on investor 2’s

part. With this overconfidence again at 0.3, investor 1 would have to mis-specify the
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speed of mean reversion to be roughly 50% higher than the true value.

We can also compare signal overconfidence and dividend overconfidence, i.e.,

situations in which the investor assumes an incorrect correlation between the ex-

pected growth rate and either the signal or the dividend. From a modeling perspec-

tive it is then of interest which of these two kinds of overconfidence is the more

severe one. We find that signal overconfidence is more harmful to the investor than

dividend overconfidence, in the sense that it takes in many cases a larger mistake

of the other investor to offset a given level of signal overconfidence than it takes to

offset the same level of dividend overconfidence.

Concerning the asset pricing implications of our setup the main message is that

there is no simple relationship between the degree to which investors are different

with respect to their long-run expected consumption shares and the asset pricing

results in terms of volatilities and expected excess returns. There are many cases

when a reduction of one investor’s disadvantage in terms of survival due to simulta-

neous model misspecification on the part of the other investor makes stock returns

more and not less volatile. Stated differently, it is the absolute value of each model

mis-specification which matters for asset pricing moments, not the relative size of

the error as compared to the other investor. While there is thus a trade-off between

errors when it comes to survival, the errors basically add up when it comes to asset

pricing moments. This shows that the long-term and the short-term properties of an

asset pricing model cannot deduced from each other in a simple and straightforward
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fashion, but rather represent more or less independent dimensions.

The remainder of the paper is organized as follows. The model setup as well as

the filtering equations used by the investors and the equilibrium are given in Section

2. Section 3 gives the results of the numerical analysis for survival and asset pricing.

Section 4 concludes.

2. Model

2.1. Basic setup

We first present the overall setup of the model with a more qualitative discus-

sion of its features. The technical details about the investors’ filtering will follow in

the next subsection.

The exogenous dividend, or aggregate supply, process in the economy Dt fol-

lows the process

dDt

Dt

= µtdt+ σD dWD,t. (1)

The investors furthermore observe a signal s with dynamics

dst = σsdWs,t. (2)

The unobservable drift rate of the dividend process µt is assumed to follow an

Ornstein-Uhlenbeck process:

dµt = κ(µ̄− µt)dt+ σµ (αD dWD,t + αs dWs,t + αµ dWµ,t) (3)
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(WD,Ws,Wµ)′ is a three-dimensional standard Wiener process, i.e., the components

are independent. We assume α2
D + α2

s + α2
µ = 1, so that the quadratic variation of

µ is equal to σ2
µ.2 The parameters αD, αs, and αµ represent the respective correla-

tion between the expected growth rate and the other sources of randomness in the

economy. Under the true model we set αD = αs = 0, i.e., the dynamics of µ are

not correlated with either the dividend or the signal. When we later analyze the

consequences of heterogeneous beliefs, investors can disagree about the information

content of both dividend innovations and the signal.

Since µ is unobservable, investors have to form expectations about it using

the observables D and s. The key fact that will be exploited for the analysis in this

paper is that there is nothing that prevents investors in this economy from assuming

different models for the dynamics of µ in their estimation, as long as the investors’

subjective probability measures are equivalent.3 These differences in beliefs about

the dynamics of the economy can be rather general, i.e., the investors’ subjective

models can differ with respect to any parameter related to the dynamics of µt in (3),

2Note that the condition α2
D + α2

s + α2
µ = 1 implies that the α’s are all less than or equal to 1

in absolute value.
3The subjective probability measures are defined on a filtered probability space where the

filtration is generated by signal and dividend observations. In contrast, the true measure is defined

an a filtered probability space where the filtration is generated by the signal, the dividend, and the

expected growth rate.
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i.e., with respect to κ, µ̄, σµ, and all the correlation coefficients αD, αs, and αµ.4

In particular, investor i = 1, 2 assumes the following dynamics of the economy:

dDt

Dt

= µtdt+ σD dWD,t,i (4)

dµt = κi(µ̄i − µt)dt+ σµ,i (αD,i dWD,t,i + αs,i dWs,t + αµ,i dWµ,t,i) (5)

dst = σsdWs,t, (6)

again with α2
s,i + α2

µ,i + α2
D,i = 1. Note that the Wiener processes WD and Wµ

now carry an index i, since they are given under investor i’s subjective probability

measure Pi, while Ws is assumed to be the same under the true and the subjective

measures.5

Differences between investors’ beliefs and the true model with respect to the

parameters of the process for the conditionally expected growth rate µ have direct

economic interpretations. For example, if investor i assumes αs,i 6= αs = 0, this is

sometimes referred to as ’overconfidence’ (see, e.g., Scheinkman and Xiong (2003)

and Dumas et al. (2009)), since she assigns more informational value to the signal

4The focus of our analysis is on the implications of these heterogeneous beliefs for survival and

asset pricing. We thus take the beliefs of the investors as given and do not look at the reason why

a certain investor type exhibits a certain type of error.
5A comparison with Dumas et al. (2009) shows that we have incorporated a potential correlation

between the signal and the expected growth rate into the dynamics of µ, while Dumas et al. (2009)

assume that the two investors differ in their assumptions about the noise term in dst. In terms of

the dynamics of the filtered estimate for µ, these two formulations are equivalent.
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than it actually has. Analogously, the assumption αD,i 6= αD = 0 means that investor

i considers the dividend to be more informative about the expected growth rate

than it is under the true model. One could interpret αD,i > 0 as some kind of

momentum belief, while the opposite would represent a contrarian attitude, where

in the investor’s opinion higher dividends now would signal lower expected growth

in the future. In our model there is thus a second potential source for overconfidence,

since the investors can not only assign too much information value to the signal, but

also to the dividend.

Assuming a value for the long-run mean of the expected growth rate µ̄i 6= µ̄

represents (long-run) optimism or pessimism, while σµ,i 6= σµ reflects investor i’s sub-

jective beliefs about the degree of uncertainty in µt or, technically speaking, about

how well the expected growth rate can be filtered from the observable quantities.

The case σµ,1 < σµ,2 could therefore be interpreted as investor 1 being an ’expert’,

while investor 2 would be more cautious concerning the ability to filter information

about µ from the observable data and thus be considered a ’layman’.

Finally, investors can also assume κi 6= κ, which is in a sense an assumption

about the overall degree of uncertainty in µ. A very high value for κi means that

investor i assumes there is only little variation in µ, especially over the long term,

since the expected growth rate is always pulled back strongly towards its long-run

mean µ̄i.
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2.2. Filtering

We now turn to the formal representation of how investors form their expec-

tations about the current value of µ, given the data on D and s. As stated above

investors can differ with respect to their assumptions concerning the dynamics of the

expected dividend growth rate µ. Given the dynamics assumed by investor i shown

above in Equations (4) to (6) the standard theory of continuous-time filtering (see

Liptser and Shiryaev (2001)), together with the dividend and signal dynamics from

(1) and (2), implies the following investor-specific process mi (i = 1, 2) for the

estimate of the unobservable expected growth rate:

dmt,i = κi(µ̄i −mt,i)dt+
γt,i + αD,iσDσµ,i

σD
dŴD,t,i + αs,iσµ,idWs,t, (7)

where γt,i denotes the mean squared error of the current estimate, i.e., γt,i ≡

EPi
t [(µt −mt,i)

2]. ŴD,i is the Wiener process driving the dividend innovations as

perceived by investor i, given her current estimate of µt (see below).

Concerning the mean squared error γt,i, Liptser and Shiryaev (2001) show that

it satisfies a Ricatti differential in time t. As usual in the literature (see, e.g., Dumas

et al. (2009) or Buraschi et al. (2014)) we assume that it has already reached its

stationary value γi given by

γi = σ2
D

−(κi +
σµ,iαD,i
σD

)
+

√(
κi +

σµ,iαD,i
σD

)2

+

(
σµ,iαµ,i
σD

)2
 , (8)

so that we can replace γt,i by γi in (7). For the following analysis, we define βi = γi+

αD,iσDσµ,i. The differences in beliefs between the two investors regarding the current
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value of the expected growth rate are labelled gt, with gt ≡ mt,1−mt,2. Furthermore,

the investor-specific estimation error at time t is denoted by gt,i ≡ mt,i − µt.

The focus of our analysis is on the effects of different kinds of misspecification

of the filtering process for investor survival and asset pricing. For these purposes the

dynamics of the economy under the true probability measure P are central.6

From Equation (1) for the dividend dynamics and the fact that the dividend

is observable we get for i = 1, 2

dDt

Dt

= µtdt+ σD dWD,t

≡ mt,i dt+ σD dŴD,t,i, (9)

which implies

dŴD,t,i = dWD,t +
µt −mt,i

σD
dt (10)

as well as

dŴD,t,2 = dŴD,t,1 +
gt
σD

dt. (11)

From this we obtain the dynamics of the change of measure process η ≡ dP2

dP1
between

the investors’ subjective measures as

dηt = −ηt
gt
σD

dŴD,t,1. (12)

6Note that to purely compute the price of the dividend claim and other traded assets we would

not need to look at the true measure. However, we want to look at the asset pricing moments as

seen by an outside observer or econometrician.
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Using Equations (5), (7), and (10) one obtains the following P-dynamics for

the true drift µ, the investor-specific estimates mi, and the change of measure η:

dµt = κ(µ̄− µt)dt+ σµ (αD dWD,t + αs dWs,t + αµ dWµ,t) (13)

dmt,i = κi(µ̄i −mt,i)dt+
βi
σ2
D

(µt −mt,i) dt

+
βi
σD

dWD,t + αs,iσµ,idWs,t (i = 1, 2) (14)

dηt = ηt

[
(mt,1 − µt)(mt,1 −mt,2)

σ2
D

dt+
mt,2 −mt,1

σD
dWD,t

]
. (15)

2.3. Investor Preferences and Consumption Sharing

We assume that investors are equipped with identical CRRA preferences with

coefficient of risk aversion ν ∈ N.7 While in many applications more flexible prefer-

ences like recursive utility are used, CRRA utility still represents a benchmark case

and allows direct comparison of our results to, e.g., Dumas et al. (2009). Formally,

investor i (i = 1, 2) derives utility from her consumption Ct,i according to

u(Ct,i) =
C1−ν
i,t

1− ν
,

7Setting the degree of risk aversion equal to an integer has the advantage that the investor

specific pricing kernel can be computed exactly due to the binomial formula. Bhamra and Uppal

(2014) show that there is a series expansion which allows such a (semi-)closed form also for arbitrary

coefficients of risk aversion. Since we do not estimate model parameters in this paper, we do not

consider it a serious restriction to set risk aversion to an integer value. In our numerical analysis

below we set ν = 3.
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so that the infinite-horizon lifetime utility is given by

∫ ∞
0

e−δt
C1−ν
i,t

1− ν
dt.

2.4. Equilibrium

The dynamic equilibrium in this economy is characterized by a consumption

sharing rule ωt, which we represent as investor 2’s share in aggregate consumption,

i.e., ωt ≡ Ct,2
Ct

. We assume a complete market, and the investors have to agree on the

prices of all traded assets.8 This gives some relation between the individual pricing

kernels and the process η for the change of measure from which we can then derive

the consumption sharing rule. This consumption sharing rule is given as

ωt =

(
ηt
φ2

) 1
ν

(
ηt
φ2

) 1
ν

+
(

1
φ1

) 1
ν

, (16)

where φ1 and φ2 are the Lagrange multipliers for the budget restrictions of investor

1 and 2, respectively, and where η is the change of measure given in Equation (12).9

8Note that we deal with two filtrations in our model, a larger one generated by the signal, the

dividend, and the true expected growth rate, and a smaller one generated by only the signal and

the dividend. By assumption investors only observe events in the smaller filtration, and market

completeness then of course refers to this smaller filtration, since claims on an unobservable quantity

cannot be traded in a meaningful way. Stated differently, the existence of tradable claims on

dividend and signal risk are sufficient for the market to be complete. For a discussion of this issue

see also Basak (2005).
9The proof can be found in Appendix Appendix A.3.
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The consumption sharing rule is the basis for all equilibrium results in the

model. The pricing kernels of investor 1 and 2 are given by

ξ1t = e−δt
(
Ct,1
C0,1

)−ν
= e−δt

(
(1− ωt)Dt

(1− ω0)D0

)−ν
ξ2t = e−δt

(
Ct,2
C0,2

)−ν
= e−δt

(
ωtDt

ω0D0

)−ν
.

The equilibrium stock price St at time t is equal to the present value of all future

dividends paid at times u ≥ t. Using investor i’s pricing kernel leads to the following

expression for St:

St = EPi
t

[∫ ∞
t

e−δ(u−t)Du

(
Cu,i
Ct,i

)−ν
du

]
. (17)

Since the investors agree on the stock price we can compute it under either P1 or P2,

and we choose to take investor 1’s perspective. A key ingredient to the computation

of the stock price are thus the dynamics of the risk factors D, η, m1, and m2 under

investor 1’s measure. For the dividend D and the drift estimate m1 these are given for

i = 1 in Equations (7) and (9), respectively. The process for the change of measure

η is given in (12). For m2 we obtain from (7) (for i = 2) and (11)

dmt,2 =

[
κ2(µ̄2 −mt,2) +

β2(m1 −m2)

σ2
D

]
dt+

β2
σD

dŴD,t,1 + αs,2σµ,2dWs,t.

Given these dynamics, we can determine the joint characteristic function of D and

η. This allows us to calculate the present value of a single future dividend payment,

and the stock price follows from taking the integral of these present values from the

16



current point in time until infinity.10

Analogously to the stock price each investor’s individual wealth is given by the

present value of her consumption stream over time. Denoting investor i’s wealth at

time t by Xt,i this implies

Xt,i = EPi
t

[∫ ∞
t

e−δ(u−t)Cu,i

(
Cu,i
Ct,i

)−ν
du

]
. (18)

In the following, we are interested in the dynamics of the stock price and of wealth,

i.e., in their volatilities and expected excess returns. Given the expression for the

equilibrium stock price the local volatility vector σS ≡ (σS,D, σS,s) of the return on

equity can be computed as the product of the sensitivity matrix with respect to the

risk factors D, η, m1, and m2, and the vector of volatilities of these factors with

respect to the driving Wiener processes ŴD,1 and Ws:

σS =
1

S

(
∂S

∂D
,
∂S

∂η
,
∂S

∂m1

,
∂S

∂m2

)


σDD 0

ηt(mt,2−mt,1)
σD

0

β1/σD αs,1σµ,1

β2/σD αs,2σµ,2


. (19)

The overall return volatility σR of the stock is given by the norm of σS, i.e., it is

equal to
√
σSσ′S.

Finally, the expected excess return is given by the product of the vector σS

and the vector of market prices of risk for the two driving Wiener processes.11 Note

10The details of the computation of the stock price are given in Appendix Appendix A.1.
11The market prices of risk are derived in Appendix Appendix A.5.
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that the market prices of risk can be computed both under the investors’ subjective

measures Pi and under the objective measure P. We are interested in the properties

of expected excess stock returns as they would be observed by an econometrician

analyzing the data generated by our model, i.e., we select the objective measure as

our perspective here.

Again in analogy to the stock price we can compute the volatility vector σXi

of investor i’s wealth as

σXi =
1

Xi

(
∂Xi

∂D
,
∂Xi

∂η
,
∂Xi

∂m1

,
∂Xi

∂m2

)


σDD 0

ηt(mt,2−mt,1)
σD

0

β1/σD αs,1σµ,1

β2/σD αs,2σµ,2


. (20)

The overall volatility of the return on investor i’s wealth is given by
√
σXiσ

′
Xi

, and

the expected excess return on each investor’s wealth under the objective measure P

is obtained by multiplying the volatility vector by the associated market prices of

risk.

An important aspect of a certain parameter combination is whether the model

is meaningful in the sense that it generates a finite stock price. Under investor i’s

subjective measure the growth condition derived in Appendix Appendix A.2 is given

by the inequality

(1− ν)

(
µ̄i −

1

2
σ2
D

)
+

(1− ν)2

2

[
σ2
D +

(
βi
σDκi

)2

+

(
αs,iσµ,i
κi

)2

+
2βi
κi

]
< δ.
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It basically states that the subjective discount rate δ must be large enough so that

the present value of future payments goes to zero when the horizon goes to infinity.

Since both investors assume that they will survive under their respective subjective

model, the growth condition has to hold under both P1 and P2.12

2.5. Survival

The investors make consumption and investment choices according to their

preferences and their current estimate of the growth rate µ. In case only one of the

two investors uses the correct model, while the other one makes improper assump-

tions about the dynamics of the expected growth rate, it is intuitively clear that the

investor with the incorrect model will be at a disadvantage in terms of her utility.

In the long run she will even loose all of her consumption, so that the economy

will become homogeneous again. In our case we have to track how the investors’

consumption shares evolve over time to see which of the two types will eventually

survive.

Borovicka (2015) provides a formal representation of investor survival, and we

follow his terminology here.13 Consider a path ω of the economy which is character-

ized by the realizations of the driving Wiener processes WD, Ws, and Wµ over time.

We say that investor 1 becomes extinct along this path, if the limit for t→∞ of her

12In the quantitative analysis of the model in Section 3, we restrict the discussion to parameter

combinations where the growth conditions are satisfied.
13In particular, see Definition 4 on p. 17 of his paper.
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consumption share goes to zero, i.e., if limt→∞ ω1,t(ω) = 0. If this is not the case, then

investor 1 is said to survive along the path. Furthermore, investor 1 is said to domi-

nate along the path, if her consumption share goes to 1, i.e., if limt→∞ ω1,t(ω) = 1. We

later on focus on the probability of an investor surviving or not. More precisely we say

that investor 1 becomes extinct under the measure P, if P(limt→∞ ω1,t(ω) = 0) = 1,

and accordingly, the investor survives under P, if P(lim supt→∞ ω1,t(ω) > 0) = 1.

Finally, she is said to dominate under P, if P(limt→∞ ω1,t(ω) = 1) = 1.

As discussed in Borovicka (2015) the probabilistic statements about survival

can be made operational via the properties of the drift of an investor’s consumption

share, when she becomes small, i.e., when her consumption share tends to zero. More

precisely, an investor will vanish when the drift of her (log) consumption share is

negative in the limit for the consumption share going to zero.

In our model there is a state variable, and this fact makes things much more

complicated. The drift of the consumption share in general depends on these state

variables, and one thus needs the joint distribution of this drift and the state variable

in the long run to analyze survival. To get the intuition, assume that the drift of

the consumption share ω for a small ω can be positive or negative, depending on

the state variable. Now consider the following two simplified cases. In the first case,

a small consumption share can only occur for those values of the state variable for

which the drift of lnω is positive. In the second case, a small consumption share can

only occur for those values of the state variable for which the drift of lnω is negative.
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While the investor survives in the first case, she becomes extinct in the second one.

It is thus the joint distribution of the consumption share and the state variable

which matters for survival. While the expression for the drift of the consumption

share as ω tends to zero and the long-run distribution of µ are relatively easy to

obtain individually, finding their joint distribution is far from straightforward.

To analyze survival we thus rely on the evolution of consumption share densi-

ties over time, as it is commonly done in the literature (see, e.g., Dumas et al. (2009)

or Easley and Yang (2013)). This has the additional advantage that we also get an

idea of the speed of ’natural selection’ in the market. The most important statistic

in this context will be the investors’ expected consumption shares at future points

in time.

To compute the density of the consumption share and then its expectation

for some future point in time u one first has to find the characteristic function for

the change of measure ηu, since as shown above in (16), the consumption share is

a function of η. We thus first compute HP(m1,m2, µ, η, t, u;χ) ≡ EP
t [ηχu ], which is

assumed to have an exponentially affine-quadratic form, i.e.,

HP(m1,m2, µ, η, t, u;χ) ≡ ηχH̄P(m1,m2, µ, χ; τ)

= ηχ exp

(
A+B1m1 +B2m2 +B3µ+ C11m

2
1 + 2C12m1m2

+ 2C13m1µ+ C22m
2
2 + 2C23m2µ+ C33µ

2

)
(21)

with τ ≡ u− t. The functions A, . . . , C33 all depend on τ and χ and satisfy ordinary
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differential equations derived in Appendix Appendix A.6. The initial condition is

the same for all functions, namely that the function value for τ = 0 is equal to zero.

Given the function HP(m1,m2, µ, η, t, u;χ) the density as of time t of the change of

measure at time u is obtained as

f(ηu;m1,t,m2,t, µt, ηt, t, u) =
1

2π

∫ ∞
−∞

η−iχu HP(m1,t,m2,t, µt, ηt, t, u; iχ)
1

ηu
dχ,

and the expectation of the consumption share ω as a function of η can be computed

as

EP
t (ωu) =

∫ ∞
0

ω(ηu)f(ηu;m1,t,m2,t, µt, ηt, t, u)dηu.

The behavior of this expected consumption share for different values of τ will serve

as our measure for survival in models where both investors exhibit imperfect filtering

models.

3. Quantitative Analysis of the Model

3.1. Survival

Our goal is to analyze situations where both investors suffer from an imperfect

learning mechanism, and the question is whether or not investor 1’s ’mistake’ will

be compensated by investor 2’s problem such that investor 1 will survive in the

long run. We consider situations where an investor assigns too much informational

value to the signal or the dividend by assuming αs,i 6= 0 or αD,i 6= 0 (labeled ’signal

overconfidence’ and ’dividend overconfidence’, respectively), where she exhibits what
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we call a ’long-term growth bias’ by assuming µ̄i 6= µ̄, where she assumes an incorrect

value for the volatility of the expected growth rate process (σµ,i 6= σµ), implying that

she believes the expected growth rate can be more or less precisely estimated than

under the true model, or where she assumes κi 6= κ and thus has a different belief

about the overall variation in the expected growth rate. The parameters under the

objective measure P are given in Table A.1.

We look at the expectation of investor 2’s consumption share ω for horizons of

τ = 50, 200, and 500 years and take the evolution of this variable as an indication

of survival of only one or both of the investors. We present the output in the form

of contour plots, where the contour lines indicate parameter combinations, which all

yield one given expected consumption share for investor 2. So values in the contour

plot below 0.5 indicate parameter combinations where investor 2 looses expected

consumption over time and vice versa. The knife-edge case, where both investors

survive in the long run, is represented by the contour lines representing a value for

the expectation of ω equal to 0.5.

We will now discuss a number of different scenarios concerning the investors’

filtering errors and analyze the implications for survival. Given our general setup, we

could discuss any pair of misspecified models,14 but we chose to restrict the analysis

14Actually we could also analyze cases when both investors commit errors with respect to more

than one parameter in the model. For reasons of parsimony, however, we opted for the ’cleaner’

setup with only one type of error for each investor.
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to the cases when one of the investors is overconfident, be it with respect to the

signal (αs,i 6= 0) or with respect to the dividend (αD,i 6= 0). All the analyses are

restricted to the parameter combinations which yield a finite stock price, i.e., which

satisfy the growth condition for the stock price.

Figure A.1 shows contour plots of investor 2’s expected consumption share ω,

when investor 2 is overconfident with respect to the signal, and investor 1 uses an

incorrect volatility of expected growth in her filtering model. The situation discussed

in Dumas et al. (2009) with one overconfident and one rational investor, i.e., with

αs,2 = 0.95 and σµ,1 = σµ = 0.03, is one special case of the parameter combinations

analyzed here.

The figure first confirms that in the case where only one investor makes a

mistake the consumption share of this investor will decrease over time. Much more

important, however, it allows us to analyze the trade-off between the two types of

errors considered here. Intuitively, it is clear that the more αs,2 deviates from the true

value of zero, the more σµ,1 has to deviate from the true value of 0.03 for investor

2’s expected consumption share to remain at or above 0.5. The contour lines for

ω = 0.5 give the combinations of parameters for the knife-edge case in which both

investors survive.

One might expect that there is always a threshold for the other investor’s

model misspecification which allows investor 2 to survive. The key conclusion that

we can draw from the graphs in Figure A.1 is, however, that a too high degree
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of investor 2’s overconfidence (beyond approximately 0.5 in absolute value for our

parameterization), can no longer be compensated by a deviation of σµ,1 from its true

value. The stock price growth condition imposes an upper bound of approximately

0.04 on σµ,1, which means that there are no admissible models with a higher value

for this parameter. This implies that investor 2 will finally face a zero expected

consumption share when she uses a model with αs,2 too large in absolute value.

Finally, the contour plot is symmetric with respect to the line represented by αs,2 =

0, so that the sign of αs,2 does not matter.

Switching perspective, the question is of course also whether a too high devia-

tion of σµ,1 from the true value σµ can be compensated by a sufficiently large signal

overconfidence of investor 2. Figure A.1 shows that this is indeed the case for all

values of σµ,1 for which the growth condition is met. We can always find a value

of αs,2 for which the expected consumption share of investor 2 drops below 0.5 and

the expected consumption share of investor 1 is thus above 0.5. In terms of survival,

signal overconfidence is thus a worse model misspecification than being an expert

(σµ1 < σµ) or a laymen (σµ1 > σµ).

Figure A.2 analyzes the trade-off between signal overconfidence and optimism

or pessimism concerning the long-run expected growth rate of dividends. Again,

signal overconfidence of investor 2 is the much more severe mistake. The area where

investor 2 retains an expected consumption share of 50 percent or more over the long

term is rather narrow and the slope of the line separating the two survival regions
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is rather flat in the direction of µ̄1. Even if investor 1 also commits an error by

being overly optimistic or pessimistic, this error has to be substantial to let investor

2 survive. For example, an absolute value of αs,2 greater than around 0.25 means

that investor 1 would have to assume a value of µ̄1 outside the range shown in our

graphs for investor 2 to survive, i.e., either assume a negative long-run mean of the

expected growth rate or a value more than twice the true one.

Nevertheless, the important difference of this case compared to the situation

when investor 1 had misspecified σµ is that there would (at least in principle) always

be a value of µ̄1 that would give investor 2 an expected consumption share of 0.5 or

greater by plugging in values for µ̄1 to the left and the right of the interval shown

in the figure.

Next, Figure A.3 compares signal overconfidence of investor 2 to incorrect

assumptions of investor 1 about the mean-reversion speed κ1. The growth condition

now implies a lower bound on the viable values of κ1. The structural form of the

contour lines is very similar to the one for the previous case when µ̄1 was not equal

to the true value. In particular, the contour lines in the direction of κ1 are rather

flat. It thus needs a high value of κ1 to compensate a given value αs,2 of signal

overconfidence.

It is also of interest to compare the two forms of overconfidence in our model
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directly. Figure A.4 shows the contour plots for the case αD,1 6= 0 and αs,2 6= 0.15

The results confirm that signal overconfidence is a severe mistake even compared to

dividend overconfidence. If the absolute values of αD,1 and αs,2 coincide, the investors

assume the same overall level of correlation between (unobservable) innovations in

the expected growth rate and either dividend innovations or signal innovations.

Despite the apparently same amount of model misspecification, the figure shows

that it will always be investor 2 who is driven out of the market in the long run,

i.e., the investor who is overconfident with respect to the information content of the

signal.

Finally, Figure A.5 gives the contour plot for dividend overconfidence on the

part of investor 2 (αD2 6= 0) and investor 1 being a ’laymen’ or an ’expert’ (σµ1 6= σµ).

A comparison with Figure A.1 allows to assess the difference between the case ana-

lyzed here and the case of signal overconfidence presented in Figure A.1. Analogous

to the case of signal overconfidence there is a critical value for αD,2 (here it is around

−0.55), below which there is no σµ,1 for which investor 2 would survive in the long

run. Unlike in the first case, however, where the contour lines for an expectation of

ω equal to 0.5 are very close to being symmetric around the line given by αs,2 = 0

15In our numerical analysis we restrict αD to be greater than or equal to −0.5 (see Table A.1).

The reason for this restriction is that positive dividend innovations per se always induce an upward

revision in the estimate for the expected growth rate, while a negative value for αD implies just

the opposite, and we want to exclude cases where this opposing force becomes too strong.
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in Figure A.1, survival is no longer symmetric around the true model with αD = 0.

Being erroneously ’contrarian’ with αD,1 < 0, i.e., believing in a model where higher

dividend innovations today signal lower expected growth rates in the future, seems

much worse than believing in ’momentum’, i.e., using a model with αD,1 > 0. For

example, when αD,2 = 0.4, investor 2 will survive for any value of σµ,1 less than

approximately 0.02, while for αD,2 = −0.4 this will only happen when investor 1

assumes a volatility of the expected growth rate process below roughly 0.016.

Furthermore, the slope of the lines for the knife edge case are now much steeper

in σµ,1-direction than in the case of signal overconfidence. This implies that it is

actually a more severe problem for investor 1 to misspecify the volatility of the

expected growth rate process when investor 2 is overconfident with respect to the

dividend than when she assigns too much information value to the signal. As we can

see in the graphs in Figure A.5 moving away from the true value of σµ,1 = 0.03 means

that investor 2 can misspecify αD,2 by more than she was ’allowed’ to misspecify αs,2

to retain an expected consumption share of at least 0.5. In positive αD,2-direction

the line is even steeper, in line with the previously described asymmetry. One reason

for dividend overconfidence being less severe a mistake than signal overconfidence

can be seen in the fact that dividend innovations are per se informative about the

expected growth rate, since Equation (7) shows that even with αD,i = αs,i = 0

the perceived dividend innovation has a positive impact on the change in m, in

contrast to the signal, which in itself does not contain any information under the
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true model. An incorrect value of αs,2 thus implies that signal innovations are in a

sense overweighted in a more pronounced fashion than dividend innovations are for

an equally large value of αD,2.

3.2. Asset Pricing Implications

In terms of the asset pricing implications of the model we are interested in

volatilities and expected excess returns for both the aggregate stock market and

individual investor wealth. The expressions for the volatilities of the stock return

and the return on the individual wealth levels are given in Equations (19) and (20).

The expected excess returns are obtained by multiplying these volatilities by the

market prices of risk shown in Appendix Appendix A.5.

The original effect of introducing an overconfident investor into the standard

model as in, e.g., Dumas et al. (2009) was to increase the expected equity return

and the volatility of stock returns which also brought the model closer to empirically

observed values. The more fundamental question in our model now is how the intro-

duction of a second imperfect investor impacts the asset pricing moments. Starting

from the point where only one investor has an imperfect learning model the fact

that also the second investor commits an error makes the two investors in a sense

more similar. As we had seen in the previous section, there is indeed a trade-off

between various mistakes when it comes to survival, and the question is whether

this is also true for asset pricing. While these arguments point towards a smaller
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impact on asset prices when nobody is perfect than when only one investor uses an

incorrect learning model, the additional mistake of the second investor makes the

process of price formation in a sense deviate even further from the process if both

investors would be right. This shows that one ultimately has to compute expected

excess returns and volatilities explicitly to see the overall effect of the setup where

’nobody is perfect’.

We go through the scenarios in the same sequence as in the section on survival.

Figure A.6 shows the results for αs,2 and σµ,1 being different from the respective true

values. Both volatilities and expected excess returns are increasing in the absolute

value of αs,2, i.e., in the signal overconfidence of investor 2. They are decreasing

in σµ,1 for small and medium values of σµ,1 and can start to increase again for

high values of σµ,1, but stay below the volatility for σµ,1 = σµ. Stated differently,

volatilities and expected excess returns are the larger the more investor 1 considers

herself an expert.

The striking observation, however, is that asset pricing moments behave quite

differently than expected consumption shares. In particular, when it comes to asset

pricing, there is nothing special about those parameter combinations for which both

investors maintain an average consumption share of 0.5 and are thus most similar

in terms of survival. As an example, take the situation where σµ,1 is rather low and

look at the expected excess return on the stock for varying αs,2. Now going from

low to high values for this parameter we see that the volatilities of stock returns
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and both investors’ individual wealth levels first become smaller, before they reach

a minimum around αs,2 = 0 and then start to increase again. In terms of expected

consumption shares and survival (see Figure A.1), however, we see starting from

low values of αs,2 the investors first become more similar with respect to expected

consumption shares, since the first knife edge case is reached for αs,2 around −0.45.

Increasing αs,2 further beyond this point makes investors more different in terms of

survival, but volatilities still decrease until αs,2 ≈ 0. The situation for positive αs,2

is basically symmetric, but with opposite signs.

Figure A.7, A.8, and A.9 present the results for the cases where investor 2 is still

overconfident concerning the signal, while investor 1 makes a mistake concerning the

average expected growth rate, the mean-reversion speed of the expected growth rate,

or is overconfident concerning the dividend. In all cases, volatilities and expected

excess returns are basically a U-shaped function of αs,2 for any given value of investor

1’s parameter.

There are differences between the scenarios, however, concerning the shape

of the return volatility surfaces for a given value of αs,2, going in the direction of

increasing values for investor 1’s respective parameter. The volatilities stay more

or less constant in µ̄1 (Figure A.7), while they strongly increase in κ1 (Figure A.8)

and decrease in αD,1 (Figure A.9). A comparison with the behavior of expected con-

sumption shares again emphasizes that knowing the properties of the model with

respect to the investors’ consumption shares does not allow a conclusion concerning
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its asset pricing characteristics. While Figure A.3 showed that the value of κ1 hardly

played a role for the expected distribution of aggregate consumption across the two

investors, κ1 has a pronounced impact on return volatilities. They range from values

as low as 0.02 for low values of κ1 and αs,2 around zero to approximately 0.06 for

high values of κ1. On the other hand return volatilities are hardly sensitive to µ̄1,

just like expected consumption shares, given a certain value for αs,2. Finally, both

expected consumption shares and volatilities are sensitive to dividend overconfidence

αD,1, with the impact on volatilities being larger than the impact on expected con-

sumption shares. The effects for expected excess returns are very similar to those

for volatilities, since the risk premium is obtained by simply multiplying volatilities

by the market price of risk under the true measure.

Again, a comparison of signal overconfidence and dividend overconfidence is

of interest to assess how much it matters for asset pricing moments what the source

of an investor’s overconfidence actually is. We first consider the case where investor

1 considers herself an expert (σµ,1 < σµ) or a layman (σµ1 > σµ), while investor 2 is

overconfident with respect to the signal (Figure A.6) or the dividend (Figure A.10).

The implications for asset pricing moments are very different. While volatilities are

increasing in the absolute value of signal overconfidence αs,2, they are a decreasing

function of dividend overconfidence αD,2.

In the next step we compare the implications of signal overconfidence and

dividend overconfidence directly. Figure A.9 shows volatilities and expected excess
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returns for the case αs,2 6= 0 and αD,1 6= 0. Again, volatilities are increasing in

the absolute value of signal overconfidence, while they are decreasing in dividend

overconfidence. Furthermore, the impact of αD,1 on volatilities is larger than the

impact of an equally large αs,1. The correlations between expected consumption

growth and dividends on volatilities is thus larger than the impact of its correlation

with signals. Overall we thus see that it makes a big difference in terms of the model

output whether the investor assigns too much informational value to the dividend

or to a completely exogenous signal.

The most important conclusion from the analysis here is thus that the fact that

investors are more similar in terms of survival or that even both survive (in the knife

edge case) implies basically nothing about volatilities and expected returns. In this

sense short-term asset pricing results are ’independent’ of the long-term properties

of the model.

4. Conclusion

In this paper we have analyzed an economy with heterogeneous investors. They

differ in their assumptions on the true dynamics of the (unobservable) expected

dividend growth rate and thus use different estimates which result from filtering

this expected growth rate from observable data. The special feature of our model

compared to the rest of the literature is that actually both investors use models

which do no coincide with the true one. We propose a rather general setup in which

33



the investors can disagree about any parameter of the latent process for the expected

growth rate and analyze the implications of this ’nobody-is-perfect’ setup for survival

and asset pricing.

While it is clear that in terms of survival the disadvantage of the first investor

with an imperfect learning model decreases when also the second investor commits

an error, it is not clear what the trade-off between different mistakes is. E.g., is it

more severe to use a misspecified correlation between the signal and the dividend

than to use an improper volatility of the expected growth rate process? We investi-

gate a number of different combinations of the types of errors committed by the two

investors. One of the most striking results is that there are errors on the part of one

investor which cannot be compensated by the other investor’s deficiency. More pre-

cisely, with one investor’s signal overconfidence exceeding a certain threshold, there

is no degree of misspecification in the volatility of the expected growth rate process

which could offset this disadvantage. We can conclude from this that in a certain

sense over-confidence is a more severe problem than other forms of misspecified

filtering models.

Investor survival represents a very long-term view on a model. It is also of

interest how the presence of heterogeneous investors with different kinds of misspec-

ified filtering models affects the asset pricing outcomes in terms of expected returns

and volatilities of the aggregate stock market and individual investor wealth. The

main finding here is that the two dimensions of the model, asset pricing and survival,
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are in a sense independent. In scenarios when the investors are more similar with

respect to their expected consumption shares volatilities can nevertheless be higher

than in cases when investors are very different, i.e., when the expected consumption

shares deviate significantly from an equal distribution across investors. Asset pricing

moments are by no means monotonous in investor similarity with respect to long

run survival, and the implications of a model for asset pricing moments and survival

basically have to be analyzed separately from each other.

35



References

Basak, S., 2005. Asset pricing with heterogeneous beliefs. Journal of Banking and

Finance 29, 2849–2881.

Bhamra, H.S., Uppal, R., 2014. Asset prices with heterogeneity in preferences and

beliefs. Review of Financial Studies 27, 519–580.

Borovicka, J., 2015. Survival and long-run dynamics with heterogeneous beliefs

under recursive preferences. Working Paper.

Buraschi, A., Trojani, F., Vedolin, A., 2014. When uncertainty blows in the orchard:

Comovement and equilibrium volatility risk premia. Journal of Finance 69, 101–

137.

Dumas, B., Kurshev, A., Uppal, R., 2009. Equilibrium portfolio strategies in the

presence of sentiment risk and excess volatility. Journal of Finance 64, 579–629.

Easley, D., Yang, L., 2013. Loss aversion, survival and asset prices. Working Paper.

Kogan, L., Ross, S., Wang, J., Westerfield, M., 2006. The price impact and survival

of irrational traders. Journal of Finance 61, 195–229.

Liptser, R., Shiryaev, A.N., 2001. Statistics of Random Processes II. Applications.

Springer Verlag, Berlin.

Scheinkman, J., Xiong, W., 2003. Overconfidence and speculative bubbles. Journal

of Political Economy 111, 1183–1219.

36



Yan, H., 2008. Natural selection in financial markets: Does it work? Management

Science 54, 1935–1950.

37



Appendix A. Appendix

Appendix A.1. Equilibrium Stock Price

Since the investors agree on the stock price, we are free to choose under which

measure we want to compute the expectation of future discounted dividends, and

we adopt investor 1’s perspective. The key element in the expression for the stock

price is the present value of a single future dividend payment, i.e., the expression

E1
t

[
e−β(u−t)

(
Cu,1
Ct,1

)ν−1
Du

]
= E1

t

[
e−β(u−t)

(
(1− ωu)Du

(1− ωt)Dt

)ν−1
Du

]
.

Since the consumption sharing rule depends on the change of measure as shown in

Equation (16), we need the joint moment generating function of future dividends

and future measure changes. Let this function be represented as

E1
t [Dε

uη
χ
u ] = Dε

t · η
χ
t ·H(ε, χ; t, u,mt,1,mt,2)

≡ Dε
t · η

χ
t ·Hm(ε; t, u,m1,t) ·Hg(ε, χ; t, u,mt,1,mt,2)

with Hm(·) as the moment generating function for future dividends16 , i.e.,

Dε
tH

m(ε; t, u,m1,t) = E1
t [Dε

u] .

One can find Hm by direct integration. Under investor 1’s subjective probability

measure her own filtered estimate for the expected growth rate and the dividend

evolve according to

dDt

Dt

= mt,1dt+ σDdŴD,t,1

dmt,1 = κ1(µ̄1 −mt,1)dt+
β1
σD

dŴD,t,1 + αs,1σµ,1dWs,t.

16Hm(·) andHg(·) are of course functions of all the parameters governing the subjective evolution

of m1 and the dividend process. However, to keep notation to a minimum we will most of the time

suppress all the arguments.
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This implies

lnDu = lnDt +

∫ u

t

(
mv,1 −

1

2
σ2
D

)
dv + σD

∫ u

t

dŴD,v,1.

and

mv,1 = e−κ1(v−t)(mt,1−µ̄1)+µ̄1+
β1
σD

∫ v

t

e−κ1(v−u)dŴD,u,1+αs,1σµ,1

∫ v

t

e−κ1(v−u)dWs,u.

From this we obtain, using Fubini’s theorem,∫ u

t

mv,1dv =
1

κ1

(
1− e−κ1(u−t)

)
(mt,1 − µ̄1) + µ̄1(u− t)

+
β1
σD

∫ u

t

1

κ1

(
1− e−κ1(u−v)

)
dŴD,v,1 + αs,1σµ,1

∫ u

t

1

κ1

(
1− e−κ1(u−v)

)
dŴs,v.

This yields

EP1

t [lnDu] = lnDt +
1

κ1

(
1− e−κ1(u−t)

)
(mt,1 − µ̄i) + µ̄1(u− t)−

1

2
σ2
D(u− t)

and

varP
1

t [lnDu] = σ2
D(u− t) +

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]∫ u

t

[
1

κ1

(
1− e−κ1(u−v)

)]2
dv

+ 2β1

∫ u

t

[
1

κ1

(
1− e−κ1(u−v)

)]
dv

= σ2
D(u− t)

+

[(
β1
σDκ1

)2

+

(
αs,1σµ,1
κ1

)2
][

(u− t)−
2
(
1− e−κ1(u−t)

)
κ1

+

(
1− e−2κ1(u−t)

)
2κ1

]

+
2β1
κ1

[
(u− t)− 1− e−κ1(u−t)

κ1

]
.

Due to the lognormality of Du we finally obtain

E1
t [Dε

u] =

(
εE1

t [lnDu] +
1

2
ε2var1t [lnDu]

)
. (Appendix A.1)

We make the usual exponentially affine-quadratic guess for the function Hg:

Hg(m1,m2, χ; t, u) ≡ exp
(
K + L1m1 + L2m2 +M11m

2
1 + 2M12m1m2 +M22m

2
2

)
,
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where K, . . . ,M22 are functions of τ ≡ u − t, ε, and χ with boundary conditions

K(0) = L1(0) = . . . = M22(0) = 0.

Note that, under investor 1’s subjective measure, investor 2’s estimate has

dynamics

dmt,2 =

[
κ2(µ̄2 −mt,2) +

β2(m1 −m2)

σ2
D

]
dt+

β2
σD

dŴD,t,1 + αs,2σµ,2dWs,t.

As indicated in Dumas et al. (2009) and Buraschi et al. (2014) the partial

differential equation for the joint moment generating function presented above con-

tains the partial differential equation for Hm, so that the terms related to Hm can

be cancelled. After plugging in the exponentially affine-quadratic guess we obtain

the equation

0 = (L1 + 2M11m1 + 2M12m2)κ1(µ̄1 −m1)

+ (L2 + 2M12m1 + 2M22m2)

[
κ2(µ̄2 −m2) +

β2(m1 −m2)

σ2D

]
+

1

2
χ(χ− 1)

(
m1 −m2

σD

)2

+
1

2

[
2M11 +

2(1− e−κ1τ )

κ1
(L1 + 2M11m1 + 2M12m2) + (L1 + 2M11m1 + 2M12m2)

2

]
×

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]

+
1

2

[
2M22 + (L2 + 2M12m1 + 2M22m2)

2
] [( β2

σD

)2

+ (αs,2σµ,2)
2

]
+ε(L1 + 2M11m1 + 2M12m2)β1 + ε(L2 + 2M12m1 + 2M22m2)β2 + εχ(m2 −m1)

+

[
2M12 +

(
1− e−κ1τ

κ1
+ L1 + 2M11m1 + 2M12m2

)
(L2 + 2M12m1 + 2M22m2)

]
×
[
β1β2
σ2D

+ (αs,1σµ,1) (αs,2σµ,2)

]
+ χ

(
1− e−κ1τ

κ1
+ L1 + 2M11m1 + 2M12m2

)
β1(m2 −m1)

σ2D

+ χ (L2 + 2M12m1 + 2M22m2)
β2(m2 −m1)

σ2D

− ∂K

∂τ
− ∂L1

∂τ
m1 −

∂L2

∂τ
m2 −

∂M11

∂τ
m2

1 − 2
∂M12

∂τ
m1m2 −

∂M22

∂τ
m2

2
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Now collect terms in m2
1, m

2
2, m1m2, m1, M2, and constants. For the terms in m2

1

this yields

∂M11

∂τ
= −2κ1M11

+2M12
β2
σ2
D

+
1

2σ2
D

χ(χ− 1)

+2M2
11

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]

+2M2
12

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]

+4M11M12

[
β1β2
σ2
D

+ (αs,1σµ,1) (αs,2σµ,2)

]
− 2χM11

β1
σ2
D

− 2χM12
β2
σ2
D

.

For the mixed terms m1m2 we obtain

∂M12

∂τ
= −M12κ1

−M12

(
κ2 +

β2
σ2
D

)
+M22

β2
σ2
D

− 1

2
χ(χ− 1)

1

σ2
D

+2M11M12

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]

+2M12M22

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]

+2 (M11M22 +M12M12)

[
β1β2
σ2
D

+ (αs,1σµ,1) (αs,2σµ,2)

]
+ χ (M11 −M12)

β1
σ2
D

+ χ (M12 −M22)
β2
σ2
D

,
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and for terms in m2
2 the ordinary differential equation reads

∂M22

∂τ
= −2M22

(
κ2 +

β2
σ2
D

)
+

1

2
χ(χ− 1)

1

σ2
D

+2M2
12

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]

+2M2
22

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]

+4M12M22

[
β1β2
σ2
D

+ (αs,1σµ,1) (αs,2σµ,2)

]
+ 2χM12

β1
σ2
D

+ 2χM22
β2
σ2
D

.

Now define the matrix M as

M =

 M11 M12

M12 M11


and the matrices V , U , and N as

V =

 −(κ1 + χ β1
σ2
D

)
(1− χ) β2

σ2
D

χ β1
σ2
D

−
(
κ2 + β2

σ2
D

)
+ χ β2

σ2
D



U =
1

2σ2
D

 χ(χ− 1) −χ(χ− 1)

−χ(χ− 1) χ(χ− 1)



N = −2

 (
β1
σD

)2
+ (αs,1σµ,1)

2 β1β2
σ2
D

+ (αs,1σµ,1) (αs,2σµ,2)

β1β2
σ2
D

+ (αs,1σµ,1) (αs,2σµ,2)
(
β2
σD

)2
+ (αs,2σµ,2)

2

 .

The M satisfies the matrix Ricatti equation

∂M

∂τ
= VM +MV ′ + U −MNM (Appendix A.2)
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Moving on to the linear terms, we get for m1

∂L1

∂τ
= −κ1L1 + 2M11κ1µ̄1

+ 2M12κ2µ̄2 + L2
β2
σ2
D

+

(
2(1− e−κ1τ )

κ1
M11 + 2M11L1

)[(
β1
σD

)2

+ (αs,1σµ,1)
2

]

+2M12L2

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+2εβ1M11 + 2εβ2M12 − εχ

+

(
2M12

1− e−κ1τ

κ1
+ 2M11L2 + 2M12L1

)[
β1β2
σ2
D

+ (αs,1σµ,1) (αs,2σµ,2)

]
− χ

(
1− e−κ1τ

κ1
+ L1

)
β1
σ2
D

− χL2
β2
σ2
D

.

Similarly, for m2

∂L2

∂τ
= 2M12κ1µ̄1

+ 2M22κ2µ̄2 − L2

(
κ2 +

β2
σ2
D

)
+

(
2(1− e−κ1τ )

κ1
M12 + 2M12L1

)[(
β1
σD

)2

+ (αs,1σµ,1)
2

]

+2M22L2

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+2εβ1M12 + 2εβ2M22 + εχ

+

(
2M22

1− e−κ1τ

κ1
+ 2M12L2 + 2M22L1

)[
β1β2
σ2
D

+ (αs,1σµ,1) (αs,2σµ,2)

]
+ χ

(
1− e−κ1τ

κ1
+ L1

)
β1
σ2
D

+ χL2
β2
σ2
D

.

Define the vector L ≡ (L1, L2)
′. Then L satisfies the ordinary differential
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equation
∂L

∂τ
= 2Mb+ (V −MN)L+ a (Appendix A.3)

with boundary condition L(0) = 0 and

a ≡

 −χ(ε+ 1−e−κ1τ
κ1

β1
σ2
D

)
χ
(
ε+ 1−e−κ1τ

κ1

β1
σ2
D

)


b ≡

 κ1µ̄1 + εβ1 + 1−e−κ1τ
κ1

[(
β1
σD

)2
+ (αs,1σµ,1)

2

]
κ2µ̄2 + εβ2 + 1−e−κ1τ

κ1

[
β1β2
σ2
D

+ (αs,1σµ,1) (αs,2σµ,2)
]
 .

Finally, for the constant terms we obtain the differential equation

∂K

∂τ
= L′b− 1

4
L′NL− 1

2
trace(MN). (Appendix A.4)

We solve the differential equations (Appendix A.2) and (Appendix A.3) numeri-

cally using standard solvers like ode45 in MATLAB and then numerical integrate

(Appendix A.4).

Given the functionsHm andHg the equilibrium stock price St can be computed

as

St = DtE
P1

[∫ ∞
t

e−δ(u−t)Du

(
Cu,1
Ct,1

)−ν
du

]

= Dt

∫ ∞
t

e−δ(u−t)ω(ηt)
νHm(1− ν; t, u,m1,t)

ν∑
j=0

 ν

j

(1− ω(ηt)

ω(ηt)

)j
Hg

(
1− ν, j

ν
; t, u,mt,1,mt,2

)
du.

Appendix A.2. Growth Condition for the Stock Price

Under the assumption that investor i survives and thus consumes the total

dividend in the long-run, the growth condition holds (and the stock price will not

explode), when the subjective expectation of discounted future dividends remains

finite:

EPi
t

[∫ ∞
t

Du
ξiu
ξit
du

]
<∞
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with ξi as investor i’s pricing kernel. Under CRRA preferences the pricing kernel is

given by the ratio of marginal utilities, i.e., ξit = e−δt
(
Dt
D0

)−ν
, so that the condition

becomes

EPi
t

[∫ ∞
t

e−δ(u−t)D1−ν
u Dν

t du

]
<∞.

The expectation follows from Equation (Appendix A.1) with ε ≡ 1− ν. The critical

terms for the growth condition to hold are the terms in the exponential which are

in u− t. Restricting these terms yields the growth condition for investor i = 1, 2:

(1− ν)

(
µ̄i −

1

2
σ2
D

)
+

(1− ν)2

2

[(
σD +

βi
κiσD

)2

+

(
αs,iσµ,i
κi

)2
]
< δ.

(Appendix A.5)

For the model to be well-defined, condition (Appendix A.5) has to hold for investors

1 and 2. Otherwise, we exclude the respective parameter combination from further

consideration.

Appendix A.3. Consumption Sharing Rule

Proposition 1 (Consumption Sharing Rule) Investor 2’s consumption share

ωt ≡ Ct,2
Ct

is given by

ωt =

(
ηt
φ2

) 1
ν

(
ηt
φ2

) 1
ν

+
(

1
φ1

) 1
ν

,

where φ1 and φ2 are the Lagrange multipliers for the budget restrictions of investor

1 and 2, respectively, and where η is the Radon-Nikodym-derivative η = dP2

dP1
.

To see this, note first that the optimality conditions for the investors’ consumption

are given as

e−δtC−νt,1 = φ1ξt,1

e−ρtC−νt,2 = φ2ξt,2
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where φ1 and φ2 are the Lagrange multipliers for the budget restriction and where

ξi is investor i’s stochastic discount factor. Taking the ratio of the two expressions

gives

C−νt,1 = C−νt,2
φ1

φ2

ηt,

which can be solved for Ct,2, yielding

Ct,2 = Ct,1

(
φ1

φ2

ηt

) 1
ν

.

Together the two investors have to consume aggregate endowment, so that

Ct,1

[
1 +

(
φ1

φ2

ηt

) 1
ν

]
= Ct

which, together with Ct,1/Ct ≡ 1− ωt, yields the proposition.

Appendix A.4. Dynamics of Consumption

Proposition 2 (Consumption dynamics) The dynamics of the investors’ indi-

vidual consumption levels are given by

dCt,1
Ct,1

=

[
mt,1 +

ωt
ν

(
1 + ν − 2(1− ωt)

2ν

g2t
σ2
D

+ gt

)]
dt+

(
σD +

ωt
ν

gt
σD

)
dŴD,t,1

dC2

C2

=

[
mt,2 +

1− ωt
ν

(
1 + ν − 2ωt

2ν

g2t
σ2
D

− gt
)]

dt+

(
σD −

1− ωt
ν

gt
σD

)
dŴD,t,2.

The partial derivatives of ω with respect to η are

∂ω

∂η
= (1− ω)ω

1

νη

and
∂2ω

∂η2
= (1− ω)ω2

1− ν − 2ω

ν2η2
.

Together with the dynamics of ω given by

dωt =
(1− ωt)ωt

ν

[
1− ν − 2ωt

2ν

g2t
σ2
D

dt− gt
σD

dŴD,t,1

]
=

(1− ωt)ωt
ν

[(
1− 2ωt

2ν

g2t
σ2
D

+
gt(gt,1 + gt,2)

2σ2
D

)
dt− gt

σD
dWD,t

]
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one obtains dynamics of investor 2’s consumption

dCt,2
Ct,2

=
dωt
ωt

+
dCt
Ct

+
dωt
ωt

dCt
Ct

=

[
mt,2 +

1− ωt
ν

(
1 + ν − 2ωt

2ν

g2t
σ2
D

− gt
)]

dt+

(
σD −

1− ωt
ν

gt
σD

)
dŴD,t,2

=

[
µt +

1− ωt
ν

(
1− 2ωt

2ν

g2t
σ2
D

+
1

2

(gt,1 − gt,2)(gt,1 + gt,2)

σ2
D

− gt
)]

dt

+

(
σD −

1− ωt
γ

gt
σD

)
dWD,t.

Appendix A.5. Risk-free rate and market prices of risk

Proposition 3 (Risk-free rate and market prices of risk) The risk-free rate

is

rt = δ + ν((1− ωt)mt,1 + ωtmt,2) + (1− ωt)ωt
ν − 1

2ν

g2t
σ2
D

− 0.5ν(ν + 1)σ2
D.

The market prices of dividend risk as perceived by investor 1 and 2 are

λt,1 = νσD + ωt
gt
σD

λt,2 = νσD − (1− ωt)
gt
σD

.

The market prices of dividend risk under the true measure is

λ̄t = νσD −
(1− ωt)gt,1 + ωt,2gt,2

σD
.

Investor 1’s stochastic discount factor is given as

ξt,1 = e−δt
(
Ct,1
C0,1

)−ν
with dynamics

dξt,1
ξt,1

= −δdt− ν dCt,1
Ct,1

+
1

2
ν(ν + 1)

(
dCt,1
Ct,1

)2

.
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Plugging in the consumption dynamics derived in Appendix Appendix A.4 one ob-

tains

dξt,1
ξt,1

= −δdt− ν
[
mt,1 +

ωt
ν

(
1 + ν − 2(1− ωt)

2ν

g2t
σ2
D

+ gt

)]
dt− ν

(
σD +

ωt
ν

gt
σD

)
dŴD,t,1

+ 0.5ν(ν + 1)

(
σD +

ωt
ν

gt
σD

)2

dt

= −
[
δ + ν((1− ωt)mt,1 + ωtmt,2) + (1− ωt)ωt

ν − 1

2ν

g2t
σ2
D

− 0.5ν(ν + 1)σ2
D

]
dt

−
(
νσD + ωt

gt
σD

)
dŴD,t,1.

From this we obtain the risk-free rate r (on which the investors agree) and the

subjective market price of risk λ1 as perceived by investor 1:

rt = δ + ν((1− ωt)mt,1 + ωtmt,2) + (1− ωt)ωt
ν − 1

2ν

g2t
σ2
D

− 0.5ν(ν + 1)σ2
D

λt,1 = νσD + ωt
gt
σD

.

Going through the analogous computations for investor 2 one finds

λt,2 = νσD − (1− ωt)
gt
σD

.

Under the true measure the stochastic discount factor is

ξt = ξt,1
dPt,1
dPt

,

where the change of measure is given by

d
dPt,1
dPt

=
dPt,1
dPt

gt,1
σD

dWD,t

so that

dξt
ξt

=
dξt,1
ξt,1

+
ddPt,1
dPt

dPt,1
dPt

+
dξt,1
ξt,1
·
ddPt,1
dPt

dPt,1
dPt

= −rtdt−
(
νσD −

(1− ωt)gt,1 + ωtgt,2
σD

)
dWD,t
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Appendix A.6. Characteristic Function of Consumption Share

The true model is given in Equations (1) to (2). The dynamics of the investors’

estimates of the expected growth rate and of the change of measure under the true mea-

sure P are shown in Equations (14) to (15). Together with the guess for the function

HP(m1,m2, µ, t, u;χ) from (21) this implies the following partial differential equation

0 = −
(
∂A

∂τ
+
∂B1

∂τ
m1 +

∂B2

∂τ
m2 +

∂B3

∂τ
µ

+
∂C11

∂τ
m2

1 + 2
∂C12

∂τ
m1m2 + 2

∂C13

∂τ
m1µ+

∂C22

∂τ
m2

2 + 2
∂C23

∂τ
m2µ+

∂C33

∂τ
µ2

)
+ [B1 + 2(C11m1 + C12m2 + C13µ)]

[
κ1(µ̄1 −m1) +

(
β1
σ2
D

)
(µ−m1)

]
+ [B2 + 2(C12m1 + C22m2 + C23µ)]

[
κ2(µ̄2 −m2) +

(
β2
σ2
D

)
(µ−m2)

]
+ [B3 + 2(C13m1 + C23m2 + C33µ)]κ(µ̄− µ)

+ χ
(m1 − µ)(m1 −m2)

σ2
D

+
1

2

{
2C11 + [B1 + 2(C11m1 + C12m2 + C13µ)]

2
}[( β1

σD

)2

+ (αs,1σµ,1)2

]

+
1

2

{
2C22 + [B2 + 2(C12m1 + C22m2 + C23µ)]

2
}[( β2

σD

)2

+ (αs,2σµ,2)2

]

+
1

2

{
2C33 + [B3 + 2(C13m1 + C23m2 + C33µ)]

2
}
σ2
µ

+
1

2
χ(χ− 1)

(
m1 −m2

σD

)2

+ χ [B1 + 2(C11m1 + C12m2 + C13µ)]
β1(m2 −m1)

σ2
D

+ χ [B2 + 2(C12m1 + C22m2 + C23µ)]
β2(m2 −m1)

σ2
D

+ χ [B3 + 2(C13m1 + C23m2 + C33µ)]αDσµ
m2 −m1

σD

+ {2C12 + [B1 + 2(C11m1 + C12m2 + C13µ)] [B2 + 2(C12m1 + C22m2 + C23µ)]}

×
[
β1β2
σ2
D

+ αs,1αs,2σµ,1σµ,2

]
+ {2C13 + [B1 + 2(C11m1 + C12m2 + C13µ)] [B3 + 2(C13m1 + C23m2 + C33µ)]}

×
[
β1
σD

αDσµ + αsαs,1σµσµ,1

]
+ {2C23 + [B2 + 2(C12m1 + C22m2 + C23µ)] [B3 + 2(C13m1 + C23m2 + C33µ)]}

×
[
β2
σD

αDσµ + αsαs,2σµσµ,2

]
,

where βi ≡ γi + αD,iσDσµ,i.
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To obtain a solution, collect squared and linear terms in the state variables m1,

m2, and µ as well as the constants. Collecting terms in m2
1 yields the ordinary differential

equation

∂C11

∂τ
= −2

(
κ1 +

β1
σ2D

)
C11 +

χ

σ2D
+ 2C2

11

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]

+ 2C2
12

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+ 2C2

13σ
2
µ +

χ(χ− 1)

2σ2D

− 2χC11
β1
σ2D
− 2χC12

β2
σ2D
− 2χC13

αDσµ
σD

+ 4C11C12

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 4C11C13

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 4C12C13

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
Analogously we obtain for terms in m2

2

∂C22

∂τ
= −2

(
κ2 +

β2
σ2D

)
C22 + 2C2

12

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]

+ 2C2
22

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+ 2C2

23σ
2
µ +

χ(χ− 1)

2σ2D

+ 2χC12
β1
σ2D

+ 2χC22
β2
σ2D

+ 2χC23
αDσµ
σ2D

+ 4C12C22

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 4C12C23

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 4C22C23

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
.

For terms in µ2 the equation becomes

∂C33

∂τ
= 2C13

β1
σ2D

+ 2C23
β2
σ2D
− 2C33κ

+ 2C2
13

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]
+ 2C2

23

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+ 2C2

33σ
2
µ

+ 4C13C23

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 4C13C33

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 4C23C33

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
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For the mixed terms in m1m2 we obtain

2
∂C12

∂τ
= −2

(
κ1 +

β1
σ2D

)
C12 − 2

(
κ2 +

β2
σ2D

)
C12 −

χ

σ2D

+ 4C11C12

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]
+ 4C12C22

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+ 4C13C23σ

2
µ

− χ(χ− 1)

σ2D

+ 2χC11
β1
σ2D
− 2χC12

β1
σ2D

+ 2χC12
β2
σ2D
− 2χC22

β2
σ2D

+ 2χC13
αDσµ
σD

− 2χC23
αDσµ
σD

+ 4C11C22

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 4C2

12

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 4C11C23

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 4C12C13

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 4C12C23

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
+ 4C22C13

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
,

while for terms in m1µ we get

2
∂C13

∂τ
= 2

β1
σ2D

C11 − 2

(
κ1 +

β1
σ2D

)
C13 − 2C13κ−

χ

σ2D

+ 4C11C13

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]
+ 4C12C23

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+ 4C13C33σ

2
µ

− 2χC13
β1
σ2D
− 2χC23

β2
σ2D
− 2χC33

αDσµ
σD

+ 4C11C23

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 4C13C12

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 4C11C33

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 4C2

13

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 4C12C33

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
+ 4C23C13

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
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For the terms containing the product m2µ the differential equation reads as follows:

2
∂C23

∂τ
= 2

β1
σ2D

C12 + 2
β2
σ2D

C22 − 2

(
κ2 +

β2
σ2D

)
C23 − 2κC23 +

χ

σ2D

+ 4C12C13

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]
+ 4C22C23

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+ 4C23C33σ

2
µ

+ 2χC13
β1
σ2D

+ 2χC23
β2
σ2D

+ 2χC33
αDσµ
σD

+ 4C12C23

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 4C13C22

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 4C12C33

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 4C13C23

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 4C22C33

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
+ 4C2

23

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
.

From terms linear in m1, m2, and µ one obtains the following three equations

∂B1

∂τ
= −

(
κ1 +

β1
σ2D

)
B1 + 2C11κ1µ̄1 + 2C12κ2µ̄2 + 2C13κµ̄

+ 2B1C11

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]
+ 2B2C12

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+ 2B3C13σ

2
µ

− χB1
β1
σ2D
− χB2

β2
σ2D
− χB3

αDσµ
σD

+ 2B1C12

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 2B2C11

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 2B1C13

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 2B3C11

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 2B2C13

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
+ 2B3C12

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
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∂B2

∂τ
= 2C12κ1µ̄1 −

(
κ2 +

β2
σ2D

)
B2 + 2C22κ2µ̄2 + 2C23κµ̄

+ 2B1C12

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]
+ 2B2C22

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+ 2B3C23σ

2
µ

+ χB1
β1
σ2D

+ χB2
β2
σ2D

+ χB3
αDσµ
σD

+ 2B1C22

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 2B2C12

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 2B1C23

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 2B3C12

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 2B2C23

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
+ 2B3C22

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]

∂B3

∂τ
= B1

β1
σ2D

+B2
β2
σ2D
−B3κ

+ 2C13κ1µ̄1 + 2C23κ2µ̄2 + 2C33κµ̄

+ 2B1C13

[(
β1
σD

)2

+ (αs,1σµ,1)
2

]
+ 2B2C23

[(
β2
σD

)2

+ (αs,2σµ,2)
2

]
+ 2B3C33σ

2
µ

+ 2B1C23

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 2B2C13

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 2B1C33

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 2B3C13

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 2B2C33

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
+ 2B3C23

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
Finally, for the constant terms one gets

∂A

∂τ
= B1κ1µ̄1 +B2κ2µ̄2 +B3κµ̄

+

(
1

2
B2

1 + C11

)[(
β1
σD

)2

+ (αs,1σµ,1)
2

]
+

(
1

2
B2

2 + C22

)[(
β2
σD

)2

+ (αs,2σµ,2)
2

]

+

(
1

2
B2

3 + C33

)
σ2µ

+ 2C12

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+B1B2

[
β1β2
σ2D

+ αs,1αs,2σµ,1σµ,2

]
+ 2C13

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+B1B3

[
β1αDσµ
σD

+ αsαs,1σµσµ,1

]
+ 2C23

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
+B2B3

[
β2αDσµ
σD

+ αsαs,2σµσµ,2

]
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Now collect the functions C11, . . . , C33 in the matrix C with

C =


C11 C12 C13

C12 C22 C23

C12 C23 C33


and define the matrices P , Q, R as follows:

P =


−
(
κ1 + β1

σ2
D

)
− χ β1

σ2
D

−χ β2
σ2
D

−χαDσµσD

χ β1
σ2
D

−
(
κ2 + β2

σ2
D

)
+ χ β2

σ2
D

χ
αDσµ
σD

β1
σ2
D

β2
σ2
D

−κ



Q =
1

2σ2D


χ(χ+ 1) −χ2 −χ

−χ2 χ(χ− 1) χ

−χ χ 0



R = −2


(
β1
σD

)2
+ (αs,1σµ,1)

2 β1β2
σ2
D

+ αs,1αs,2σµ,1σµ,2
β1αDσµ
σD

+ αsαs,1σµσµ,1

β1β2
σ2
D

+ αs,1αs,2σµ,1σµ,2

(
β2
σD

)2
+ (αs,2σµ,2)

2 β2αDσµ
σD

+ αsαs,2σµσµ,2

β1αDσµ
σD

+ αsαs,1σµσµ,1
β2αDσµ
σD

+ αsαs,2σµσµ,2 σ2µ


Then the matrix-valued function C satisfy the matrix Ricatti differential equation

∂C

∂τ
= PC + CP ′ +Q− CRC (Appendix A.6)

with initial condition C(0) = 0. The solution to this equation can be characterized via

matrix exponentials, but we solve (Appendix A.6) numerically. Next define the vector

θ = (κ1µ̄1, κ2µ̄2, κµ̄)′. Then the vector-valued function B ≡ (B1, B2, B3)
′ satisfies the

ordinary differential equation

∂B

∂τ
= 2Cθ + (P − CR)B, (Appendix A.7)

again with initial condition B(0) = 0. We solve this equation numerically using a standard

MATLAB solver for ordinary differential equations. Finally, the function A satisfies

∂A

∂τ
= B′θ +

1

2
trace

[
(BB′ + 2C)R̃

]
where R̃ = −1

2R and A(0) = 0. This equation can be solved by numerically integrating

the expression on the right-hand side, since the functions B and C have been commuted

in the previous steps.
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True parameters for dividend and growth rate processes

Volatility of dividend growth rate σD 0.13

Volatility in the mean reversion process of dividend growth rate σµ 0.015

Long run mean of dividend growth rate µ̄ 0.015

Speed of mean reversion κ 0.2

Local correlation between signal and expected dividend growth αs 0

Local correlation between dividend and expected dividend growth αD 0

Basic parameter ranges in numerical analysis (before check of growth condition)

Local correlation between signal and expected dividend growth αs ∈ [−0.99; 0.99]

Local correlation between dividend and expected dividend growth αD ∈ [−0.5; 0.5]

Volatility in the mean reversion process of dividend growth rate σµ ∈ [0.005; 0.055]

Long run mean of dividend growth rate µ̄ ∈ [0; 0.03]

Speed of mean reversion κ ∈ [0.1; 0.3]

Parameters for investors

Relative risk aversion of both groups ν 3

Ratio between both investors’ initial wealth levels 1

Subjective discount rate δ 0.1

State variables

Change between subjective measures at time 0 η0 1

Initial estimation errors at time 0 m0,1, m0,2 0

Table A.1: Values for Parameters and State Variables

The table shows the values for parameters and state variables used in the numerical

analysis of our model. The true parameter values are taken from Dumas et al. (2009).
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Figure A.1: Expected Consumption Shares for Combinations of σµ,1 and αs,2

The plots show the contour lines for investor 2’s expected consumption share ω after 50,

200, and 500 years. σµ,1 is the volatility of the process for the expected growth rate µ as

assumed by investor 1. αs,2 is the correlation assumed by investor 2 between signal inno-

vations and innovations in µ. The expected consumption share is computed as described

in Appendix Appendix A.6. The parameters are shown in Table A.1. The plot ranges are

restricted to the combinations of σµ,1 and αs,2 satisfying the growth condition for the stock

price in Equation Appendix A.5.
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Figure A.2: Expected Consumption Shares for Combinations of µ̄1 and αs,2

The plots show the contour lines for investor 2’s expected consumption share ω after

50, 200, and 500 years. µ̄1 is long-run mean of the expected growth rate µ as assumed

by investor 1. αs,2 is the correlation assumed by investor 2 between signal innovations

and innovations in µ. The expected consumption share is computed as described in Ap-

pendix Appendix A.6. The parameters are shown in Table A.1. The plot ranges are re-

stricted to the combinations of µ̄1 and αs,2 satisfying the growth condition for the stock

price in Equation Appendix A.5.
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Figure A.3: Expected Consumption Shares for Combinations of κ1 and αs,2

The plots show the contour lines for investor 2’s expected consumption share ω after

50, 200, and 500 years. κ1 is the speed of mean reversion for the expected growth rate

process assumed by investor 1. αs,2 is the correlation assumed by investor 2 between

signal innovations and innovations in µ. The expected consumption share is computed as

described in Appendix Appendix A.6. The parameters are shown in Table A.1. The plot

ranges are restricted to the combinations of κ1 and αs,2 satisfying the growth condition

for the stock price in Equation Appendix A.5.
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Figure A.4: Expected Consumption Shares for Combinations of αD,1 and αs,2

The plots show the contour lines for investor 2’s expected consumption share ω after

50, 200, and 500 years. αD,1 is the correlation assumed by investor 1 between dividend

innovations and innovations to the expected growth rate µ. αs,2 is the correlation assumed

by investor 2 between signal innovations and innovations in µ. The expected consumption

share is computed as described in Appendix Appendix A.6. The parameters are shown in

Table A.1. The plot ranges are restricted to the combinations of αD,1 and αs,2 satisfying

the growth condition for the stock price in Equation Appendix A.5.
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Figure A.5: Expected Consumption Shares for Combinations of σµ,1 and αD,2

The plots show the contour lines for investor 2’s expected consumption share ω after

50, 200, and 500 years. σµ, 1 is the volatility of the process for the expected growth

rate µ as assumed by investor 1. αD,2 is the correlation assumed by investor 2 between

dividend innovations and innovations in µ. The expected consumption share is computed

as described in Appendix Appendix A.6. The parameters are shown in Table A.1. The plot

ranges are restricted to the combinations of σµ,1 and αD,2 satisfying the growth condition

for the stock price in Equation Appendix A.5.

60



0.01

0.02

0.03

−0.5

0

0.5

0

0.05

0.1

0.15

0.2

σµ,1

Volatility Stock Price

αs,2

0.01

0.02

0.03

−0.5

0

0.5

0

0.05

0.1

0.15

0.2

σµ,1

Volatility Wealth Investor 1

αs,2

0.01

0.02

0.03

−0.5

0

0.5

0

0.05

0.1

0.15

0.2

σµ,1

Volatility Wealth Investor 2

αs,2

0.01

0.02

0.03

−0.5

0

0.5

−0.01

0

0.01

0.02

0.03

0.04

0.05

σµ,1

Expected Excess Return Stock

αs,2

0.01

0.02

0.03

−0.5

0

0.5

−0.02

0

0.02

0.04

0.06

σµ,1

Expected Excess Return Wealth Investor 1

αs,2

0.01

0.02

0.03

−0.5

0

0.5

−0.01

0

0.01

0.02

0.03

0.04

0.05

σµ,1

Expected Excess Return Wealth Investor 2

αs,2

Figure A.6: Asset Pricing Moments for Combinations of σµ,1 and αs,2

The plots show the expected excess return and the return volatility of the stock (corre-

sponding to aggregate wealth) and the two investors’ respective individual wealth levels.

σµ,1 is the volatility of the process for the expected growth rate µ as assumed by investor 1.

αs,2 is the correlation assumed by investor 2 between signal innovations and innovations in

µ. The expected consumption share is computed as described in Appendix Appendix A.6.

The parameters are shown in Table A.1. The plot ranges are restricted to the combinations

of σµ,1 and αs,2 satisfying the growth condition for the stock price in Equation Appendix

A.5.
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Figure A.7: Asset Pricing Moments for Combinations of µ̄1 and αs,2

The plots show the expected excess return and the return volatility of the stock (corre-

sponding to aggregate wealth) and the two investors’ respective individual wealth levels.

µ̄1 is long-run mean of the expected growth rate µ as assumed by investor 1. αs,2 is the

correlation assumed by investor 2 between signal innovations and innovations in µ. The

expected consumption share is computed as described in Appendix Appendix A.6. The

parameters are shown in Table A.1. The plot ranges are restricted to the combinations of

µ̄1 and αs,2 satisfying the growth condition for the stock price in Equation Appendix A.5.
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Figure A.8: Asset Pricing Moments for Combinations of κ1 and αs,2

The plots show the expected excess return and the return volatility of the stock (corre-

sponding to aggregate wealth) and the two investors’ respective individual wealth levels. κ1

is the speed of mean reversion for the expected growth rate process assumed by investor 1.

αs,2 is the correlation assumed by investor 2 between signal innovations and innovations in

µ. The expected consumption share is computed as described in Appendix Appendix A.6.

The parameters are shown in Table A.1. The plot ranges are restricted to the combinations

of κ1 and αs,2 satisfying the growth condition for the stock price in Equation Appendix

A.5.
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Figure A.9: Asset Pricing Moments for Combinations of αD,1 and αs,2

The plots show the expected excess return and the return volatility of the stock (corre-

sponding to aggregate wealth) and the two investors’ respective individual wealth levels.

αD,1 is the correlation assumed by investor 1 between dividend innovations and innova-

tions to the expected growth rate µ. αs,2 is the correlation assumed by investor 2 between

signal innovations and innovations in µ. The expected consumption share is computed as

described in Appendix Appendix A.6. The parameters are shown in Table A.1. The plot

ranges are restricted to the combinations of αD,1 and αs,2 satisfying the growth condition

for the stock price in Equation Appendix A.5.
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Figure A.10: Asset Pricing Moments for Combinations of σµ,1 and αD,2

The plots show the expected excess return and the return volatility of the stock (corre-

sponding to aggregate wealth) and the two investors’ respective individual wealth levels.

σµ,1 is the volatility of the process for the expected growth rate µ as assumed by investor

1. αD,2 is the correlation assumed by investor 2 between dividend innovations and inno-

vations in µ. The expected consumption share is computed as described in Appendix Ap-

pendix A.6. The parameters are shown in Table A.1. The plot ranges are restricted to

the combinations of σµ,1 and αD,2 satisfying the growth condition for the stock price in

Equation Appendix A.5.
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