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$�*HQHUDO�6SDWLDO�$50$�0RGHO��7KHRU\�DQG�$SSOLFDWLRQ
5HQp�YDQ�GHU�.UXN
7LQEHUJHQ�,QVWLWXWH�DQG�9ULMH�8QLYHUVLWHLW�$PVWHUGDP��GHSDUWPHQW�RI�6SDWLDO�(FRQRPLFV
KWWS���ZZZ�UHQHYGNUXN�FRP
$EVWUDFW��,Q�WKLV�SDSHU�WKH�WKHRUHWLFDO�IUDPHZRUN�RI�D�JHQHUDO�VSDWLDO�DXWR�UHJUHVVLYH�PRYLQJ�DYHUDJH
PRGHO� LV�SUHVHQWHG� WRJHWKHU�ZLWK�D�KHGRQLF�SULFLQJ�DSSOLFDWLRQ��7KHUH� LV�D�FORVH� UHODWLRQVKLS�EHWZHHQ
XQLYHUDWH� DXWR�UHJUHVVLYH� DQG� PRYLQJ� DYHUDJH� �$50$�� WLPH� VHULHV� PRGHOV� RQ� WKH� RQH� KDQG� DQG
XQLYHUDWH� VSDWLDO� DXWR�UHJUHVVLYH� DQG� PRYLQJ� DYHUDJH� �6$50$�� PRGHOV� RQ� WKH� RWKHU� KDQG�� 7KH
6$50$�PRGHO�LV�WKH�VSDWLDO�DQDORJXH�RI�WKH�ZHOO�NQRZQ�FODVV�RI�$50$�PRGHOV�WKDW�LV�GHYHORSHG�WR
PRGHO�WLPH�VHULHV�SURFHVVHV��:KLOH�$50$�PRGHOV�UHODWH�REVHUYDWLRQV�LQ�WLPH�XVLQJ�VR�FDOOHG�WLPH�OLQN
PDWULFHV�� LQ� 6$50$�PRGHOV� REVHUYDWLRQV� LQ� VSDFH� DUH� UHODWHG� XVLQJ� VSDWLDO� OLQN�PDWULFHV�� 7KH� LGHD
EHKLQG�ERWK� W\SHV�RI� OLQN�PDWULFHV� LV� WKDW�D�FHUWDLQ�VWUXFWXUH� LV� LPSRVHG�RQ� WKH�GDWD�EHIRUH� WKH�DFWXDO
SDUDPHWHUV� DUH� HVWLPDWHG�� 7KH� DGYDQWDJH� RI� WKH� JHQHUDO� 6$50$� PRGHO� LV� WKDW� WKH� VFDOH� RI� VSDWLDO
SURFHVVHV�FDQ�EH�PRGHOHG�H[SOLFLWO\��D�VHSDUDWH�VSDWLDO�OLQN�SDUDPHWHU�FDQ�EH�HVWLPDWHG�IRU�HDFK��KLJKHU
RUGHU��VSDWLDO�OLQN�
��,QWURGXFWLRQ
,Q� WKLV�SDSHU� WKH� WKHRUHWLFDO� IUDPHZRUN�RI�D�JHQHUDO� VSDWLDO� DXWR�UHJUHVVLYH�PRYLQJ�DYHUDJH�PRGHO� LV� SUHVHQWHG WRJHWKHU� ZLWK� D� KHGRQLF� SULFLQJ� DSSOLFDWLRQ�� 7KHUH� LV� DFORVH� UHODWLRQVKLS� EHWZHHQ� XQLYHUDWH� DXWR�UHJUHVVLYH� DQG� PRYLQJ� DYHUDJH� �$50$�WLPH�VHULHV�PRGHOV�RQ�WKH�RQH�KDQG�DQG�XQLYHUDWH�VSDWLDO�DXWR�UHJUHVVLYH�DQG�PRYLQJDYHUDJH� �6$50$�� PRGHOV� RQ� WKH� RWKHU� KDQG�� 7KH� 6$50$� PRGHO� LV� WKH� VSDWLDODQDORJXH�RI�WKH�ZHOO�NQRZQ�FODVV�RI�$50$�PRGHOV�WKDW�LV�GHYHORSHG� WR�PRGHO�WLPH�VHULHV� SURFHVVHV�� :KLOH� $50$�PRGHOV� UHODWH� REVHUYDWLRQV� LQ� WLPH� XVLQJ� VR�FDOOHGWLPH�OLQN�PDWULFHV��LQ�6$50$�PRGHOV�REVHUYDWLRQV�LQ�VSDFH�DUH�UHODWHG�XVLQJ�VSDWLDOOLQN�PDWULFHV��7KH�LGHD�EHKLQG�ERWK�W\SHV�RI�OLQN�PDWULFHV�LV�WKDW�D�FHUWDLQ�VWUXFWXUH�LVLPSRVHG�RQ�WKH�GDWD�EHIRUH�WKH�DFWXDO�SDUDPHWHUV�DUH�HVWLPDWHG��7KH�DGYDQWDJH�RI�WKHJHQHUDO� 6$50$� PRGHO� LV� WKDW� WKH� VFDOH� RI� VSDWLDO� SURFHVVHV� FDQ� EH� PRGHOHGH[SOLFLWO\��D�VHSDUDWH�VSDWLDO� OLQN�SDUDPHWHU�FDQ�EH�HVWLPDWHG� IRU�HDFK��KLJKHU�RUGHU�VSDWLDO�OLQN�
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7KLV� SDSHU� LV� RUJDQL]HG� DV� IROORZV�� ,Q� VHFWLRQ� �� WKH� XQLYDULDWH� $50$� WLPH� VHULHVPRGHO�LV�IRUPXODWHG�LQ�WHUPV�RI�WLPH�OLQN�PDWULFHV��,Q�VHFWLRQ���WKH�XQLYDULDWH�VSDWLDO6$50$�PRGHO�LV�IRUPXODWHG�XVLQJ�VSDWLDO� OLQN�PDWULFHV��,Q�VHFWLRQ���DQ�H[DPSOH�LVXVHG�WR�FODULI\�VRPH�LVVXHV�UHODWHG�WR�WKH�XVH�RI�VSDWLDO�OLQN�PDWULFHV��,Q�VHFWLRQ���WKHPD[LPXP� OLNHOLKRRG� HVWLPDWLRQ� SURFHGXUH� IRU� WKH� 6$50$�PRGHO� LV� WUHDWHG�� 0RVWWKHRUHWLFDO�UHVXOWV�RQ�WKH�6$50$�PRGHO�DUH�FROOHFWHG�LQ�WKH�DSSHQGL[�RI�WKLV�SDSHU�,Q� VHFWLRQ� �� WKH� VSDWLDO� DXWRFRUUHODWLRQ� IXQFWLRQ� LV� LQWURGXFHG�� ,Q� VHFWLRQ� �� WKHOLNHOLKRRG� UDWLR� WHVW� IRU� �UHVLGXDO�� VSDWLDO� DXWRFRUUHODWLRQ� LQ� WKH� JHQHUDO� 6$50$PRGHO� LV� GHVFULEHG�� ,Q� VHFWLRQ�� ,Q� VHFWLRQ� �� WKH� GDWD� DUH� GHVFULEHG� WKDW� DUH� XVHG� LQVHFWLRQ��� WR� DSSO\� WKH� WKHRUHWLFDO� UHVXOWV� SUHVHQWHG� LQ� WKLV� SDSHU��6HFWLRQ����JLYHV� DVKRUW�VXPPDU\�RI�WKH�PDLQ�UHVXOWV�DQG�ILQGLQJV�
��7KH�XQLYDULDWH�$50$�WLPH�VHULHV�PRGHO
7KH�JHQHUDO�DXWR�UHJUHVVLYH�DQG�PRYLQJ�DYHUDJH��$50$��WLPH�VHULHV�PRGHO� LV�XVHG
WR�GHVFULEH� D�SURFHVV� WKDW� HYROYHV�RYHU� WLPH�� ,Q� WKLV� WLPH� VHULHV� FRQWH[W� YDOXHV� RI� D
YDULDEOH� DW� D� FHUWDLQ� SRLQW� LQ� WLPH� DUH� UHODWHG� WR� SDVW� YDOXHV�� &RQVLGHU� WKH� PRVW
FRPPRQO\�XVHG��OLQHDU��IXQFWLRQDO�IRUP�RI�WKH�$50$�S�T��PRGHO�
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,Q�WKH�HTXDWLRQ�DERYH�S LV�WKH�RUGHU�RI�WKH�DXWR�UHJUHVVLYH�SDUW�DQG�T GHQRWHV�WKH�RUGHU
RI�WKH�PRYLQJ�DYHUDJH�SDUW�RI�WKH�WLPH�VHULHV�
7KH�WLPH�VWUXFWXUH�RI�WKH�$50$�PRGHO�LQ�HTXDWLRQ�����FDQ�HDVLO\�EH�UHYHDOHG�
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,Q�WKLV�HTXDWLRQ�
��� � �
�\\\ W7 �� \
��� `^ � MNLL W7  
��� ®̄­ � �  HOVHZKHUH� �DQG������IRU�� MNL7MW MNL
��� � �
�HHH �� W7 0

7KH� PDWUL[� 7L UHSUHVHQWV� WKH� UHODWLRQV� EHWZHHQ� DOO� WLPH� VHULHV� REVHUYDWLRQV� LQ� WKHVDPSOH�DQG�FDQ�WKHUHIRUH�EH�FDOOHG�D� WLPH�OLQN�PDWUL[��7KH�NH\�UROH�RI� WKH�WLPH�OLQN
PDWULFHV�LV�WR�LPSRVH�VRPH�VWUXFWXUH�RQ�WKH�WLPH�XQLWV�WKDW�LV�QHFHVVDU\�WR�HVWLPDWH�WKH
PRGHO�� )RU� H[DPSOH�� WKH� ILUVW� RUGHU� WLPH� OLQN� PDWUL[� 7� UHODWHV� WLPH� XQLWV� WKDW� DUHFORVHVW� LQ� WHUPV� RI� WLPH�� ,Q� JHQHUDO�� WKH� S�WK� RUGHU� WLPH� OLQN�PDWUL[�7S UHODWHV� WLPHXQLWV� WKDW�DUH�S VWHSV�DZD\� LQ� WLPH�VSDFH��1RWH� WKDW�7L  � �7��L DQG� WKDW�7L HTXDOV� WKH]HUR�PDWUL[�LI�L !�7��ZKHUH�7�����LV�WKH�WRWDO�QXPEHU�RI�WLPH�VHULHV�REVHUYDWLRQV��7KLV
LV�WKH�UHDVRQ�ZK\�WKH�FRQGLWLRQ�PD[^S�T`���7 LV�XVXDOO\�LPSRVHG�
,Q�RUGHU�WR�LOOXPLQDWH�WKH�QRWDWLRQ�XVHG�DERYH�D�VSHFLDO�FDVH�RI�WKH�$50$�PRGHO� LV
SUHVHQWHG�KHUH�DV�DQ�H[DPSOH�
([DPSOH��WKH�XQLYDULDWH�$5�S��WLPH�VHULHV�PRGHO
7KH�$5�S��WLPH�VHULHV�PRGHO�LV�XVXDOO\�H[SUHVVHG�DV�
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7KLV�HTXDWLRQ�FDQ�DOVR�EH�H[SUHVVHG�LQ�WHUPV�RI�WLPH�OLQN�PDWULFHV��DVVXPLQJ�7 !��S��
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:KDW� WKLV� H[DPSOH� VKRZV� LV� WKDW� WLPH� OLQN�PDWULFHV� LPSRVH� D� VWUXFWXUH� RQ� WKH� WLPHVHULHV�REVHUYDWLRQV��7KLV�VWUXFWXUH�GRHV�QRW�VHHP�WR�EH�HQWLUHO\�DUELWUDU\��)RU�H[DPSOH�LW� VHHPV� UHDVRQDEOH� WR� DVVXPH� WKDW� \� LV� LQIOXHQFHG� E\� \��L DQG� QRW� WKH� RWKHU� ZD\DURXQG��0RUHRYHU�� RQH� SUHVXSSRVHV� WKDW� WKH� LPSDFW� RI� \� RQ� \��L LV� WKH� VDPH� DV� WKHHIIHFW� RI� \�� RQ� \���L�� QDPHO\�T L�� ,Q� RWKHU�ZRUGV�� LQ� WKH� VWDQGDUG�$50$�PRGHO� WKHSDUDPHWHUV�DUH�DVVXPHG�WR�EH�FRQVWDQW�RYHU�WLPH��7KLV�DVVXPSWLRQ�DULVHV�IURP�WKH�IDFWWKDW��E\�GHILQLWLRQ��WKH�WLPH�SHULRG�EHWZHHQ� W� ����DQG�W� ������L HTXDOV�WKH�WLPH�ODJEHWZHHQ�W� ����DQG�W� ������L�
,Q�WKH�QH[W�VHFWLRQ�WKH�OLQN�PDWUL[�FRQFHSW�LQWURGXFHG�LQ�WKLV�VHFWLRQ�LV�JHQHUDOL]HG�LQRUGHU� WR� EH� DEOH� WR� FRQVWUXFW� D� QHZ� FODVV� RI�$50$�PRGHOV��ZKLFK� FDQ� EH� XVHG� WRGHVFULEH�VSDWLDO�SURFHVVHV�
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��7KH�XQLYDULDWH�VSDWLDO�$50$�PRGHO
7KH�VSDWLDO�DQDORJXH�RI�WKH�WLPH�OLQN�PDWUL[�LQWURGXFHG�LQ�WKH�SUHYLRXV�VHFWLRQ�LV�WKH
VSDWLDO� OLQN� PDWUL[�� 7KH� JHQHUDO� XQLYDULDWH� VSDWLDO� DXWR�UHJUHVVLYH� PRYLQJ� DYHUDJH�
6$50$�S�T���PRGHO�FDQ�EH�IRUPXODWHG�DV�IROORZV�

��� °°̄
°°®
­

� 
� ¦¦  �00
0

T
L LL

S
L LL

6
6

�
�D
T \\

1RWH�WKDW� WKH�GLVWXUEDQFH VWUXFWXUH�RI� WKH�VSDWLDO�$50$�PRGHO� LV�GLIIHUHQW�IURP�WKH
RQH�XVHG�LQ�WLPH VHULHV�$50$�PRGHOV� ,Q�HTXDWLRQ�����

���� `^ � MNLL V6  
���� ®̄­ � HOVHZKHUH� QHLJKERUVRUGHU�WK�DUHDQGXQLWVVSDWLDOLI�� LNMV MNL
���� � �
�PPP �� W7 �

7KH�PDWUL[�6L HQFORVHV�WKH�UHODWLRQV�EHWZHHQ�DOO�VSDWLDO�REVHUYDWLRQV�LQ�WKH�VDPSOH��6�LV� WKH� ILUVW� RUGHU� VSDWLDO� OLQN� PDWUL[� WKDW� LV� FRPPRQO\� XVHG� LQ� VSDWLDO� OLWHUDWXUH�� ,W
GHILQHV�WKH�ILUVW�RUGHU�VSDWLDO�UHODWLRQ�EHWZHHQ�DGMDFHQW�VSDWLDO�XQLWV��6' LV�WKH�KLJKHVWRUGHU� VSDWLDO� OLQN�PDWUL[�� L�H�� LW� UHSUHVHQWV� WKH� KLJKHVW� RUGHU� VSDWLDO� FRQWLJXLW\��1RWH
WKDW�LW�LV�XVXDOO\�QRW�WKH�FDVH�WKDW�6L  ��6��L DQG�WKDW�6L HTXDOV�WKH�]HUR�PDWUL[�LI�L !�'�ZKHUH�' LV� WKH�GLDPHWHU�RI� WKH�JUDSK�GHSLFWLQJ�DOO� VSDWLDO� UHODWLRQV� �VHH� ILJXUH����� ,W
VHHPV�XVHIXO�WR�FKRRVH�S DQG�T VXFK�WKDW�WKDW�PD[^S�T`�d '�
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7KH�DGYDQWDJH�RI� WKH�6$50$�PRGHO� LV� WKDW� WKH� RUGHU�RI� FRQWLJXLW\ RI� VSDWLDO� XQLWV
FDQ�EH�PRGHOHG�H[SOLFLWO\��D�VHSDUDWH�VSDWLDO�OLQN�SDUDPHWHU�FDQ�EH�HVWLPDWHG�IRU�HDFK
�KLJKHU�RUGHU��VSDWLDO�OLQN� 7KH�IROORZLQJ�VHFWLRQ�JLYHV�DQ�LGHD�RI�KRZ�WR�FRQVWUXFW�D
6$50$�PRGHO�XVLQJ�VSDWLDO�GDWD�� ,W� DOVR� WUHDWV� VRPH�GLIIHUHQFHV�EHWZHHQ� WLPH� OLQN
DQG�VSDWLDO�OLQN�PDWULFHV�
��6SDWLDO�OLQN�PDWULFHV
$QVHOLQ�DQG�6PLUQRY��������XVH�D�VLPSOH�H[DPSOH�RI�VSDWLDO�GHSHQGHQFH��ZKLFK�FDQ
EH�UHSUHVHQWHG�E\�WKH�IROORZLQJ�JUDSK�

)LJXUH����JUDSK�UHSUHVHQWLQJ�WKH�GHSHQGHQFH�EHWZHHQ�VSDWLDO�XQLWV�
6RPH�RI�WKH�VSDWLDO�XQLWV�LQ�WKH�JUDSK�KDYH�D�GLUHFW�FRQQHFWLRQ�LQ�VSDFH��ZKLOH�RWKHU
VSDWLDO�XQLWV�DUH�RQO\�UHODWHG�LQGLUHFWO\��)RU�H[DPSOH��RQH�FRXOG�WKLQN�RI�FLWLHV�WKDW�FDQ
EH� OLQNHG�E\�PHDQV�RI� LQIUDVWUXFWXUH�RU� FRXQWULHV� WKDW�PD\� RU�PD\� QRW� KDYH� FHUWDLQ
VRFLR�FXOWXUDO�UHODWLRQV�
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(TXDWLRQV� ����� DQG� ����� FDQ� QRZ� EH� XVHG� WR� FRQVWUXFW� WKH� VSDWLDO� OLQN� PDWULFHV
FRUUHVSRQGLQJ�WR�WKH�VSDWLDO�UHODWLRQV�GHSLFWHG�LQ�ILJXUH���

����
»»»
»»»
¼

º

«««
«««
¬

ª

»»»
»»»
¼

º

«««
«««
¬

ª

»»»
»»»
¼

º

«««
«««
¬

ª
   

������ ������ ������ ������ ������ ������

������ ������ ������ ������ ������ ������

������ ������ ������ ������ ������ ������
��� 666

7KLV� H[DPSOH� VKRZV� VRPH� RI� WKH� NH\� GLIIHUHQFHV� EHWZHHQ� WLPH� OLQN� PDWULFHV� DQG
VSDWLDO�OLQN�PDWULFHV�

)LUVW��ZKLOH�HYHU\�URZ�LQ�D�WLPH�OLQN�PDWUL[�UHODWHV�D�VLQJOH�REVHUYDWLRQ�LQ�WLPH�WR
RQO\�RQH�SDVW�REVHUYDWLRQ�� WKLV�RQH�WR�RQH�UHODWLRQ�LV�QRW�QHFHVVDULO\�SUHVHQW�ZKHQ�LW
FRPHV�WR�VSDWLDO�OLQN�PDWULFHV��)RU�H[DPSOH��WKH�ILUVW�RUGHU�VSDWLDO�OLQN�PDWUL[�UHODWHV
VSDWLDO�XQLW���WR�VSDWLDO�XQLWV�������DQG����7KH�WKLUG�RUGHU�VSDWLDO�OLQN�PDWUL[��KRZHYHU�
GRHV�QRW�UHODWH�VSDWLDO�XQLW���WR�DQ\�RWKHU�VSDWLDO�XQLW�

6HFRQG��LQ�FRQWUDVW�ZLWK�WLPH�VHULHV�SURFHVVHV�LW�LV�XVXDOO\�WKH�FDVH�WKDW�GLVWDQFHV
EHWZHHQ�QHLJKERULQJ�VSDWLDO�XQLWV�DUH�QRW�FRQVWDQW�RYHU�VSDFH��7KLV�FDQ�EH�D�VRXUFH�RI
VHULRXV�PRGHOOLQJ�SUREOHPV�LI�VSDWLDO�XQLWV�DUH�FOXVWHUHG��L�H��LI�VRPH�VSDWLDO�XQLWV�DUH
FORVH� WR�HDFK�RWKHU�DQG� LI�RWKHUV�DUH�PRUH� UHPRWH��$�VLPSOH�DOWHUQDWLYH�ZRXOG�EH� WR
UHSODFH�HTXDWLRQ������E\�WKH�IROORZLQJ�HTXDWLRQ�

���� ®̄­ � HOVHZKHUH� QHLJKERUVRUGHU�WK�DUHDQGXQLWVVSDWLDOLI�� �� LNMGIV NMMNL

ZKHUH� I�GM�N�� GHQRWHV� D� IXQFWLRQ� I���� RI� GM�N�� WKH� �(XFOLGLDQ�� GLVWDQFH� EHWZHHQ� VSDWLDOXQLWV�M�DQG�N��)RU�H[DPSOH��3DFH�DQG�*LOOH\��������XVH�QRUPDOL]HG�ZHLJKWV�EDVHG�RQ
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WKH�GLVWDQFH�EHWZHHQ�VSDWLDO�XQLWV��+RZHYHU��WKH�SUREOHP�ZLWK�WKLV�DG�KRF VROXWLRQ�LV
WKDW� HVWLPDWLRQ� UHVXOWV� ZLOO� FUXFLDOO\� GHSHQG� RQ� WKH� VSHFLILFDWLRQ� RI� WKH� GLVWDQFH
IXQFWLRQ�I����
,Q� WKH� DSSOLFDWLRQ� WKDW� LV� WUHDWHG� ODWHU� RQ� LQ� WKLV� SDSHU� WKH� VSDWLDO� OLQN�PDWULFHV� DUH
FRQVWUXFWHG� DV� IROORZV�� LQ� WKH� ILUVW� VWDJH� WKH�(XFOLGLDQ� GLVWDQFHV� EHWZHHQ� DOO� VSDWLDO
XQLWV� DUH� FDOFXODWHG� DQG� VRUWHG� DVFHQGLQJ�� ,Q� WKH� VHFRQG� VWHS� WKH� FDOFXODWLRQ� RI� DOO
VSDWLDO�OLQN�PDWULFHV�LV�EDVHG�RQ�WKH�IROORZLQJ�UXOH��VL�MN  ���LI�UDQN�GM�N  �L��DQG�VL�MN  ��LQ�DOO�RWKHU�FDVHV��,Q�RWKHU�ZRUGV��WKH�L�WK�RUGHU�VSDWLDO�OLQN�PDWUL[�UHODWHV�HDFK�VSDWLDO
XQLW�WR�WKH�VSDWLDO�XQLW�WKDW�LV�QXPEHU� L RQ�WKH�VRUWHG�OLVW�RI�DOO�GLVWDQFHV�EHWZHHQ�WKH
VSDWLDO�XQLW�XQGHU�FRQVLGHUDWLRQ�DQG�HDFK�RWKHU�VSDWLDO�XQLW�
,Q� WKH� QH[W� VHFWLRQ� WKH� PD[LPXP� OLNHOLKRRG� HVWLPDWLRQ� SURFHGXUH� RI� WKH� VSDWLDO
$50$�PRGHO�LV�GHVFULEHG�
��7KH�PD[LPXP�OLNHOLKRRG�HVWLPDWLRQ�SURFHGXUH�IRU�WKH�6$50$�PRGHO
,Q�WKH�DSSHQGL[�RI�WKLV�SDSHU�WKH�JHQHUDO�VSDWLDO�$50$�PRGHO� LV�GHVFULEHG�WRJHWKHU
ZLWK�D�GHULYDWLRQ�RI� WKH�HOHPHQWV� LQ� WKH� LQIRUPDWLRQ�PDWUL[�� ,Q� WKLV�VHFWLRQ�D�VSHFLDO
FDVH�RI�WKH�6$50$�PRGHO�GHVFULEHG�LQ�HTXDWLRQ��$����LV�FRQVLGHUG��,W�LV�DVVXPHG�WKDW
:  �V�,Q��8QGHU�WKLV�UHVWULFWLRQ�WKH�ORJ�OLNHOLKRRG�IXQFWLRQ�LQ�HTXDWLRQ��$����EHFRPHV�
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0D[LPL]DWLRQ� RI� WKH� ORJ� OLNHOLKRRG� IXQFWLRQ� LQ� HTXDWLRQ� ����� \LHOGV� WKH� PD[LPXPOLNHOLKRRG�HVWLPDWHV�IRU�EE DQG�V��
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6XEVWLWXWLRQ�RI�WKH�HVWLPDWHV�IRU�EE DQG�V� LQWR�WKH�ORJ�OLNHOLKRRG�IXQFWLRQ������UHVXOWVLQ�D�FRQFHQWUDWHG�OLNHOLKRRG�RI�WKH�IROORZLQJ�IRUP�
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7KH�HVWLPDWLRQ�SURFHVV�RI�WKH�6$50$�PRGHO�FDQ�SURFHHG�DFFRUGLQJ�WR�WKH�IROORZLQJDOJRULWKP�

�ÖDQGÖFRPSXWH�ÖDQGÖJLYHQ��� PHW�LVFULWHULRQ�HFRQYHUJHQFFHUWDLQ�DXQOHVV�VWHS�ZLWK�SURFHHG�� �ÖDQGÖ\LHOGV�����HTXDWLRQ�LQ�GHILQHG�_�PD[LPL]H�WKDW�DQGILQG�� �Ö\LHOGV�����DQG����HTXDWLRQVXVLQJHVWLPDWH�� �Ö\LHOGV�����HTXDWLRQ�XVLQJHVWLPDWH�� �DQGIRU��YDOXHVVWDUWLQJVRPHFKRRVH��
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1RWH� WKDW� VWHS� �� LQ� WKLV� HVWLPDWLRQ� DOJRULWKP� QHFHVVLWDWHV� WKH� XVH� RI� D� QRQOLQHDURSWLPL]DWLRQ�URXWLQH�
,Q�PDQ\�DSSOLFDWLRQV�WKHUH�DUH�QR�D�SULRUL UHDVRQV�WR�FKRRVH�D�SDUWLFXODU�VSHFLILFDWLRQ
RI�WKH�6$50$�PRGHO��&RQVHTXHQWO\��WR�D�ODUJH�H[WHQW�WKH�GDWD�ZLOO�GHWHUPLQH�ZKLFK
PRGHO�LV�DSSURSULDWH��,Q�WKH�QH[W�VHFWLRQ�WKH�VSDWLDO�DQDORJXH�RI�WKH�WLPH�VHULHV�VDPSOH
DXWRFRUUHODWLRQ�FRHIILFLHQW�LV�LQWURGXFHG�
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��7KH�VSDWLDO�DXWRFRUUHODWLRQ�IXQFWLRQ,Q�WLPH�VHULHV�DQDO\VLV��EHIRUH�HVWLPDWLQJ�DQ\�PRGHO�LW�LV�FRPPRQ�WR�HVWLPDWH��SDUWLDO�
DXWRFRUUHODWLRQ� FRHIILFLHQWV�� 2IWHQ� WKLV� JLYHV� VRPH� LGHD� DERXW� ZKLFK� PRGHO
VSHFLILFDWLRQ� PLJKW� EH� FRUUHFW�� 7KH� WLPH� VHULHV� VDPSOH� DXWRFRUUHODWLRQ� IXQFWLRQ
GHVFULEHV�WKH�HVWLPDWHG�FRUUHODWLRQ�EHWZHHQ�\W DQG�LWV�ODJ�\W�O DV�D�IXQFWLRQ�RI�O��7KH�O�WK�RUGHU�VDPSOH�DXWRFRUUHODWLRQ�FRHIILFLHQW�LV�GHILQHG�DV�
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7KH�O�WK�RUGHU�VDPSOH VSDWLDO�DXWRFRUUHODWLRQ�FRHIILFLHQW�FDQ�EH�GHILQHG�DV�
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7KH�VDPSOH�VSDWLDO�DXWRFRUUHODWLRQ�FRHIILFLHQWV�FDQ�EH�XVHG�WR�FRQVWUXFW�VDPSOH�SDUWLDOVSDWLDO� DXWRFRUUHODWLRQ� FRHIILFLHQWV� XVLQJ� D� UHFXUVLYH� IRUPXOD� GXH� WR�'XUELQ� �������7KLV�FRHIILFLHQW�PHDVXUHV�WKH�VWUHQJWK�RI�WKH� O�WK�RUGHU�VSDWLDO�DXWRFRUUHODWLRQ�DPRQJSDLUV� RI� VSDWLDO� XQLWV�ZKLOH� DFFRXQWLQJ� IRU� �L�H��� UHPRYLQJ� WKH� HIIHFWV� RI�� DOO� VSDWLDODXWRFRUUHODWLRQV�EHORZ�VSDWLDO�RUGHU�O�
1RWH� WKDW� WKH� TXDGUDWLF� IRUP� RQ� WKH� ULJKW� KDQG� VLGH� RI� HTXDWLRQ� ����� LV� MXVW� DPXOWLSOLFDWLRQ�RI�D�FRQVWDQW�DQG� WKH�EDVLF� IRUP�RI�0RUDQ
V� ������� , WHVW� VWDWLVWLF� IRUVSDWLDO�DXWRFRUUHODWLRQ�WKDW�VSHFLILHV�WKH�YDULDWLRQ�RI�\ DURXQG�LWV�PHDQ�



��

,W�LV�SRVVLEOH�WR�VLPXODWH�WKH�WKHRUHWLFDO�VSDWLDO�DXWRFRUUHODWLRQ�FRHIILFLHQWV�RI�D�VLPSOH
6$50$�PRGHO�XVLQJ�WKH�IROORZLQJ�HTXDWLRQ�

���� ��0 0 �� �� �®̄­   %$%$ \\

,W�LV�HDV\�WR�VLPXODWH�VSDWLDO�GDWD�ZLWK�HTXDWLRQ������E\�VLPSO\�JHQHUDWLQJ�D�YHFWRU�PPRI� LQGHSHQGHQW� VWDQGDUG� QRUPDOO\� GLVWULEXWHG� GLVWXUEDQFHV� IRU� D� JLYHQ� VHW� RI� VSDWLDOOLQN�PDWULFHV�DQG�SDUDPHWHU�YHFWRUV�DD DQG�GG��7KH� VLPXODWHG�YHFWRU�\ FDQ� LQ� WXUQ�EHLQVHUWHG� LQWR� HTXDWLRQ� ����� WR� FDOFXODWH� WKH� WKHRUHWLFDO� VSDWLDO� DXWRFRUUHODWLRQFRHIILFLHQWV�
��7KH�OLNHOLKRRG�UDWLR�WHVW�IRU�UHVLGXDO�VSDWLDO�DXWRFRUUHODWLRQ,W�LV�SRVVLEOH�WR�WHVW�IRU�WKH�SUHVHQFH�RI�UHVLGXDO�VSDWLDO�DXWRFRUUHODWLRQ�LQ�WKH�6$50$PRGHO� GHVFULEHG� LQ� VHFWLRQ� ��� ,Q� WKLV� VHFWLRQ� WKH� OLNHOLKRRG� UDWLR� WHVW� LV� GHVFULEHG�6WDUWLQJ�IURP�WKH�ORJ�OLNHOLKRRG�IXQFWLRQ�RI�WKH�PRGHO
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RQH�FDQ�LPSRVH�UHVWULFWLRQV�XQGHU�WKH�QXOO�K\SRWKHVLV�
)RU�H[DPSOH��WKH�QXOO�K\SRWKHVLV�+���GG  �� FDQ�EH�WHVWHG�DJDLQVW�WKH�DOWHUQDWLYHK\SRWKHVLV�+���GG z ���L�H��%  �,Q��ZKLFK�\LHOGV�

���� � � �OQ��OQ�����
����OQ��� ��� $Q;$;$�Q/ ������ VV ��� \\\
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7KH�OLNHOLKRRG�UDWLR�WHVW�IRU�UHVLGXDO�VSDWLDO�DXWRFRUUHODWLRQ�LV�EDVHG�RQ�WKH�GLIIHUHQFHEHWZHHQ�HTXDWLRQV������DQG�������7KH�FRHIILFLHQWV�LQ�WKH�ORJ�OLNHOLKRRG�IXQFWLRQV�FDQEH�UHSODFHG�E\�WKHLU�PD[LPXP�OLNHOLKRRG�HVWLPDWHV��\LHOGLQJ�WKH�IROORZLQJ�OLNHOLKRRGUDWLR�WHVW�VWDWLVWLF�
���� ��a�OQ���@ÖOQ��Ö>OQ��@���>� ���������� G%Q///5 FVVG �� � �� \\

$QDORJXH�� LW� LV�SRVVLEOH� WR� WHVW� WKH�QXOO�K\SRWKHVLV�+���DD  �� DJDLQVW� WKH� DOWHUQDWLYHK\SRWKHVLV�+���DD z ���L�H��$  �,Q��ZKLFK�\LHOGV�WKH�IROORZLQJ�WHVW�VWDWLVWLF�
���� ��a�OQ���@ÖOQ��Ö>OQ� �������� G$Q/5 FVVD �� 

��'DWD�GHVFULSWLRQ
+DUULVRQ�DQG�5XELQIHOG��������DSSO\�RUGLQDU\�OHDVW�VTXDUHV�HVWLPDWLRQ�WR�DQDO\]H�WKHGHPDQG� IRU� FOHDQ� DLU� XVLQJ� KRXVLQJ� PDUNHW� GDWD� IURP� WKH� %RVWRQ� 6WDQGDUG0HWURSROLWDQ�6WDWLVWLFDO�$UHD�LQ�������7KH�GHSHQGHQW�YDULDEOH�LQ�WKH�KHGRQLF�HTXDWLRQLV�WKH�PHGLDQ�YDOXH�RI�RZQHU�RFFXSLHG�KRXVHV�LQ�HDFK�RI�WKH�����FHQVXV�WUDFWV��7KHUHDUH����QRQ�FRQVWDQW�LQGHSHQGHQW�YDULDEOHV�3DFH�DQG�*LOOH\��������DGG�WKH�ORFDWLRQ�RI�HDFK�WUDFW�LQ�ODWLWXGH�DQG�ORQJLWXGHRXW� RI� WKH� ����� FHQVXV� WR� WKLV� GDWD� VHW� DQG� XVH� D� WZR�GLPHQVLRQDO� JULG� VHDUFK� WRHVWLPDWH�D�6$50$������PRGHO��L�H��D�VSDWLDO�PRYLQJ�DYHUDJH�PRGHO�RI�RUGHU�RQH�
,Q� WKH� QH[W� VHFWLRQ� D� FODVV� RI�PRUH� JHQHUDO� 6$50$�PRGHOV� LV� HVWLPDWHG� XVLQJ� WKH+DUULVRQ�DQG�5XELQIHOG�GDWD��

� 7KH�6$50$�PRGHOV�DUH�HVWLPDWHG�XVLQJ�D� VOLJKWO\�PRGLILHG�YHUVLRQ�RI� WKH�(FRQRPHWULFV�7RROER[GHYHORSHG�E\�-��3��/H6DJH��ZKLFK�LV�GRZQORDGDEOH�IUHH�RI�FKDQJH�DW�LQWHUQHW�SDJH�KWWS���ZZZ�VSDWLDO�HFRQRPHWULFV�FRP���<RX�FDQ�GRZQORDG� WKH�SURJUDP� ILOHV� DQG�GDWD�QHFHVVDU\� WR�HVWLPDWH� VRPH�RI� WKHPRGHOV�LQ�WKLV�SDSHU�DW�KWWS���ZZZ�UHQHYGNUXN�FRP�



��

��$SSOLFDWLRQ��$�KHGRQLF�6$50$�PRGHO
,Q�WKLV�VHFWLRQ�WKH�WKHRUHWLFDO�6$50$�PRGHO�LQWURGXFHG�LQ�VHFWLRQ���ZLOO�EH�HVWLPDWHG
XVLQJ�WKH�GDWD�GHVFULEHG�LQ�WKH�SUHYLRXV�VHFWLRQ��+RZHYHU��ILUVW�VRPH�DWWHQWLRQ�LV�SDLG
WR� WKH� VSDWLDO� DXWRFRUUHODWLRQ� FRHIILFLHQWV� LQ� RUGHU� WR� VHH�ZKLFK�PRGHO� VSHFLILFDWLRQ
PLJKW�EH�FRUUHFW�
)LJXUH� �� GHSLFWV� WKH� VDPSOH� �SDUWLDO�� VSDWLDO� DXWRFRUUHODWLRQ� FRHIILFLHQWV�� ZKLFK� DUH
FDOFXODWHG�XS�WR�DQG�LQFOXGLQJ�RUGHU�WHQ�XVLQJ�HTXDWLRQ������

)LJXUH����6RPH�VDPSOH��SDUWLDO��VSDWLDO�DXWRFRUUHODWLRQ�FRHIILFLHQWV�RI�WKH�ORJRI�WKH�PHGLDQ�KRXVLQJ�SULFHV�LQ�WKH�%RVWRQ�FHQVXV�WUDFWV�
7KH�ILJXUH�DERYH�VKRZV�WKDW�WKH�ILUVW�RUGHU�VDPSOH�VSDWLDO�DXWRFRUUHODWLRQ�FRHIILFLHQW
LV�TXLWH�KLJK��7KH�KLJKHU�RUGHU�VSDWLDO�DXWRFRUUHODWLRQ�FRHIILFLHQWV�GHFUHDVH�JUDGXDOO\�
7KH�ILUVW�RUGHU� VDPSOH�SDUWLDO� VSDWLDO� DXWRFRUUHODWLRQ�FRHIILFLHQW�E\�GHILQLWLRQ�HTXDOV
WKH�VDPSOH�VSDWLDO�DXWRFRUUHODWLRQ�FRHIILFLHQW��7KH�KLJKHU�RUGHU�VDPSOH�SDUWLDO�VSDWLDO
DXWRFRUUHODWLRQ�FRHIILFLHQWV�FRQYHUJH�UDWKHU�IDVW�WRZDUGV�]HUR�IRU�VXFFHVVLYHO\�KLJKHU
VSDWLDO�ODJV�
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2UGHU�RI�VSDWLDO�DXWRFRUUHODWLRQ

&RHII
LFLHQW

6DPSOH�VSDWLDO�DXWRFRUUHODWLRQ�FRHIILFLHQW6DPSOH�SDUWLDO�VSDWLDO�DXWRFRUUHODWLRQ�FRHIILFLHQW



��

,W� LV� SRVVLEOH� WR� VLPXODWH� WKH� WKHRUHWLFDO� VSDWLDO� DXWRFRUUHODWLRQ� FRHIILFLHQWV� RI
6$50$������� PRGHOV XVLQJ�HTXDWLRQ�������7DEOH���FRQWDLQV� WKH�SDUDPHWHU�YHFWRUV
RI�D�VHOHFWLRQ�RI�WKHVH�PRGHOV��7KH�ILUVW�PRGHO�VKRZV�JUDGXDOO\�GHFUHDVLQJ�SDUDPHWHU
YDOXHV�� ZKHUHDV� WKH� WKLUG� PRGHO� LV� FKDUDFWHUL]HG� E\� OHVV� VSDWLDO� GHSHQGHQFH�� 7KH
IRXUWK�DQG�ILIWK�PRGHO�ERWK�FRQWDLQ�D�ILUVW�RUGHU�VSDWLDO�OLQN�SDUDPHWHU�WKDW�LV�FORVH�WR
RQH�� L�H�� WKH� VSDWLDO� XQLW� URRW� FDVH�� )LJXUH� �� SUHVHQWV� DOO� WKH� WKHRUHWLFDO� VSDWLDO
DXWRFRUUHODWLRQ�FRHIILFLHQWV�IRU�HDFK�PRGHO�EDVHG�RQ�RQH�DQG�WKH�VDPH�UDQGRP�GUDZ
RI�PP�
7DEOH����7KH�SDUDPHWHU�YHFWRUV�RI���WKHRUHWLFDO�6$50$��������PRGHOV�PRGHO�� PRGHO�� PRGHO�� PRGHO�� PRGHO��RUGHU DD UU DD UU DD UU DD UU DD UU� ���� ���� ���� ���� ���� ���� ���� ����� ����� ����� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����� ���� ���� ���� ���� ���� ���� ���� ���� ���� ����� ���� ���� ���� ���� � � ���� ���� ���� ����� ���� ���� ���� ���� � � ���� ���� ���� ����� ���� ���� � � � � ���� ���� ���� ����� ���� ���� � � � � ���� ���� ���� ����� ���� ���� � � � � ���� ���� ���� ����� ���� ���� � � � � ���� ���� ���� ������ ���� ���� � � � � ���� ���� ���� ����

)LJXUH����7KH�WKHRUHWLFDO�VSDWLDO�DXWRFRUUHODWLRQ�FRHIILFLHQWV�IRU�WKH�ILYH6$50$��������PRGHOV�GHVFULEHG�LQ�WDEOH���
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2UGHU�RI�FRQWLJXLW\

9DOXH

6$50$��������PRGHO��6$50$��������PRGHO��6$50$��������PRGHO��6$50$��������PRGHO��6$50$��������PRGHO��
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)LJXUH� �� VKRZV� WKDW� LW� LV� GLIILFXOW� WR� FKRRVH� EHWZHHQ� GLIIHUHQW� W\SHV� RI� 6$50$
PRGHOV�ZKHQ� FRPSDULQJ� ERWK� WKH� VDPSOH� DQG� WKH� WKHRUHWLFDO� VSDWLDO� DXWRFRUUHODWLRQ
FRHIILFLHQWV��0RUHRYHU��LW�VHHPV�GLIILFXOW�WR�GHWHFW�VSDWLDO�XQLW�URRWV��2QH�ZD\�RXW�LV�WR
HVWLPDWH�GLIIHUHQW�NLQGV�RI�6$50$�PRGHOV�
7DEOH���VKRZV�WKH�HVWLPDWLRQ�UHVXOWV�RI�IRXU�W\SHV�RI�6$50$�PRGHOV��DV�GHVFULEHG�LQ
VHFWLRQ��� DORQJ�ZLWK�WKH�HVWLPDWHV�RI�WKH�FODVVLFDO�OLQHDU�UHJUHVVLRQ�PRGHO�
7DEOH����7KH�HVWLPDWHV�RI���6$50$�PRGHOV�DQG�WKH�FODVVLFDO�OLQHDU�UHJUHVVLRQ�PRGHO�2/6 6$50$����� 6$50$����� 6$50$����� 6$50$�����,QGHSHQGHQW�YDULDEOHV SDU W�VWDW SDU W�VWDW SDU W�VWDW SDU W�VWDW SDU W�VWDWFRQVWDQW ���� ����� ���� ����� ���� ���� ���� ����� ���� �����FULPH ����� ����� ����� ����� ����� ����� ����� ����� ����� �����]RQLQJ ���� ���� ���� ���� ���� ���� ���� ���� ���� ����DPRXQW�RI�LQGXVWULDO�ODQG ���� ���� ���� ���� ���� ���� ���� ���� ���� ����FRQWLJXLW\�RI�WKH�&KDUOHV�ULYHU ���� ���� ���� ���� ���� ���� ����� ����� ����� ������QLWURXV�R[LGH�FRQFHQWUDWLRQ�� ����� ����� ����� ����� ����� ����� ����� ����� ����� ������QXPEHU�RI�URRPV�� ���� ���� ���� ���� ���� ���� ���� ����� ���� ����DJH ���� ���� ���� ����� ���� ����� ���� ����� ���� �����GLVWDQFH�WR�WKH�FHQWHU�RI�%RVWRQ ����� ����� ����� ����� ����� ����� ����� ����� ����� �����DFFHVVLELOLW\ ���� ���� ���� ���� ���� ���� ���� ���� ���� ����WD[�EXUGHQ ���� ����� ���� ����� ���� ���� ���� ����� ���� �����SXSLOV�WR�WHDFKHUV ����� ����� ����� ����� ����� ����� ����� ����� ����� �����UDFH ���� ���� ���� ���� ���� ���� ���� ���� ���� ����SURS��RI�ORZHU�VWDWXV�LQGLYLGXDOV ������ ������ ������ ������ ������ ������ ������ ������ ������ ������2/6 6$50$����� 6$50$����� 6$50$����� 6$50$�����6$50$�3DUDPHWHUV SDU W�VWDW SDU W�VWDW SDU W�VWDW SDU W�VWDW SDU W�VWDWDD� � � ���� ���� ���� ���� � � ���� ����DD� � � � � ���� ���� � � ���� ����DD� � � � � ���� ���� � � ���� ����DD� � � � � ���� ���� � � ���� ����GG� � � ���� ���� � � ���� ���� ���� ����GG� � � � � � � ���� ���� ���� ����GG� � � � � � � ���� ���� ���� ����GG� � � � � � � ���� ���� ���� ����2WKHU�VWDWLVWLFV 2/6 6$50$����� 6$50$����� 6$50$����� 6$50$�����QXPEHU�RI�REVHUYDWLRQV ��� ��� ��� ��� ���QXPEHU�RI�YDULDEOHV �� �� �� �� ��QXPEHU�RI�LWHUDWLRQV � �� ��� �� ���PD[LPXP�ORJ�OLNHOLKRRG�YDOXH ������ ������ ������ ������ ������VV� ���� ���� ���� ���� ����5� ���� ���� ���� ���� ����DGMXVWHG�5� ���� ���� ���� ���� ����
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)URP�WDEOH���LW�DSSHDUV�WKDW�WKH�KLJKHU�RUGHU�6$50$�PRGHOV�SHUIRUP�UHODWLYHO\�JRRG�
WKH� �DGMXVWHG��5��YDOXHV� DUH�KLJKHU� DV�ZHOO� DV� WKH�PD[LPXP� ORJ� OLNHOLKRRG� IXQFWLRQ
YDOXHV��0RUHRYHU��PRVW�6$50$�SDUDPHWHU�HVWLPDWHV�DUH�VLJQLILFDQWO\�GLIIHUHQW�IURP
]HUR��5HPDUNDEO\�� WKH�HVWLPDWHG�12[ �SROOXWLRQ��SDUDPHWHU�EHFRPHV�OHVV�QHJDWLYH� LIPRUH�VSDWLDO�OLQNV�DUH�LQFOXGHG�LQ�WKH�PRGHO�
,W�LV�SRVVLEOH�WR�WHVW�WKH�6$50$������PRGHO�DJDLQVW�HLWKHU�WKH�6$50$������PRGHO�RU
WKH�6$50$������PRGHO��)LUVW�� WKH� OLNHOLKRRG�UDWLR� WHVW�VWDWLVWLF�FRUUHVSRQGLQJ� WR� WKH
QXOO� K\SRWKHVLV�+���GG  �� DJDLQVW� WKH� DOWHUQDWLYH� K\SRWKHVLV�+���GG z � HTXDOV� �����
ZKLOH�WKH�FULWLFDO�YDOXH�RI�WKH��F�����GLVWULEXWLRQ�DW�D�FULWLFDO�YDOXH�RI����LV�HTXDO� WR
����� 6HFRQG�� WKH� OLNHOLKRRG� UDWLR WHVW� VWDWLVWLF� FRUUHVSRQGLQJ� WR� WKH� QXOO� K\SRWKHVLV
+���DD  �� DJDLQVW�WKH�DOWHUQDWLYH�K\SRWKHVLV�+���DD z � HTXDOV�������7KLV�PHDQV�WKDW�WKH
6$50$������ PRGHO� LV� QRW� VLJQLILFDQWO\� SHUIRUPLQJ EHWWHU� WKDQ� WKH� 6$50$�����
PRGHO�
���&RQFOXVLRQ
7KH�DGYDQWDJH�RI�WKH�JHQHUDO�6$50$�PRGHO�LV�WKDW�WKH�RUGHU�RI�FRQWLJXLW\�RI�VSDWLDO
XQLWV�FDQ�EH�PRGHOHG�H[SOLFLWO\��D�VHSDUDWH�VSDWLDO�OLQN�SDUDPHWHU�FDQ�EH�HVWLPDWHG�IRU
HDFK�VSDWLDO�OLQN� ,Q�WKLV�SDSHU�WKH�HOHPHQWV�LQ�WKH�LQIRUPDWLRQ�PDWUL[�FRUUHVSRQGLQJ�WR
WKH�6$50$�PRGHO�DUH�GHULYHG�DQG�WKH PD[LPXP�OLNHOLKRRG�HVWLPDWLRQ�SURFHGXUH�IRU
WKH�6$50$�PRGHO�LV�WUHDWHG��7KH�VSDWLDO�DXWRFRUUHODWLRQ�IXQFWLRQ�GRHV�QRW�VHHP�WR�EH
DV�SURPLVLQJ� DV� D� WRRO� IRU� WKH� VHOHFWLRQ�RI� WKH� VXLWDEOH� VSDWLDO�PRGHO� LQ� FRPSDULVRQ
ZLWK�WKH�OLNHOLKRRG�UDWLR�WHVW�IRU��UHVLGXDO��VSDWLDO�DXWRFRUUHODWLRQ� 7KH�KHGRQLF�SULFLQJ
PRGHO� HVWLPDWLRQ� UHVXOWV� VKRZ� WKH� VXSHULRULW\� RI� WKH� JHQHUDO� VSDWLDO� $50$�PRGHO
RYHU�RWKHU��VSDWLDO��OLQHDU�PRGHOV�
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/LWHUDWXUH
$QVHOLQ��/��������6SDWLDO�HFRQRPHWULFV��PHWKRGV�DQG�PRGHOV��.OXZHU�$FDGHPLF

3XEOLVKHUV��'RUGUHFKW�
$QVHOLQ��/�DQG�2��6PLUQRY���������(IILFLHQW�DOJRULWKPV�IRU�FRQVWUXFWLQJ�SURSHU

KLJKHU�RUGHU�VSDWLDO�ODJ�RSHUDWRUV���-RXUQDO�RI�5HJLRQDO�6FLHQFH ���������'XUELQ��-���������7KH�ILWWLQJ�RI�WLPH�VHULHV�PRGHOV���5HYXH�GH�O
,QVWLWXW�,QWHUQDWLRQDOGH�6WDWLVWLTXH �����������+DUULVRQ��'���DQG�'��/��5XELQIHOG���������+HGRQLF�KRXVLQJ�SULFHV�DQG�WKH�GHPDQGIRU�FOHDQ�DLU���-RXUQDO�RI�(QYLURQPHQWDO�(FRQRPLFV�DQG�0DQDJHPHQW ���������0RUDQ��3��$��3���������7KH�LQWHUSUHWDWLRQ�RI�VWDWLVWLFDO�PDSV���-RXUQDO�RI�WKH�5R\DO6WDWLVWLFDO�6RFLHW\�% �����������3DFH��5��.HOOH\��DQG�2�:��*LOOH\���������8VLQJ�WKH�VSDWLDO�FRQILJXUDWLRQ�RI�WKH�GDWDWR�LPSURYH�HVWLPDWLRQ���-RXUQDO�RI�WKH�5HDO�(VWDWH�)LQDQFH�DQG�(FRQRPLFV���������������
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$SSHQGL[��WKH�6$50$�PRGHO
,Q� WKLV� DSSHQGL[� WKH� JHQHUDO� VSDWLDO� $50$� PRGHO� LV� GHVFULEHG�� 0RUHRYHU�� WKHHOHPHQWV�LQ�WKH�LQIRUPDWLRQ�PDWUL[�DUH�GHULYHG��7KH�QRWDWLRQ�XVHG�KHUH�FORVHO\�IROORZV$QVHOLQ��������SS��������DQG��������ZKR�VSHFLILHV�WKH�6$50$������PRGHO�
&RQVLGHU�WKH�JHQHUDO�6$50$�PRGHO�
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:KHUH�$ LV�Q u Q��% LV�Q u Q��; LV Q u �G� ��P��DQG�EE LV��G� ��P��u ��
7KH�PRGHO�LQ�HTXDWLRQ��$����FDQ�EH�UHZULWWHQ�XVLQJ��$����DV�

���� ®̄­  � �0 0�% ;$\
6LQFH�: LV�GLDJRQDO��WKHUH�H[LVWV�D�YHFWRU�QQ RI�KRPRVNHGDVWLF�UDQGRP�GLVWXUEDQFHV�
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(TXDWLRQ��$����JLYHV�WKH�IROORZLQJ�UHVXOW�
���� � � $%�;$%IJ Q ����� `
��H[S^������� ��� :� ww�: YY�� \\\

7KH�OLNHOLKRRG�IXQFWLRQ�LV�WKXV�GHILQHG�DV�
�$��� � � �OQ��OQ��OQ���
���OQ��� $%�Q/ ��:��� ���\

7KH�ILUVW�RUGHU�DQG�VHFRQG�RUGHU�FRQGLWLRQV�FDQ�QRZ�EH�GHULYHG��,Q�WXUQ��WKH�HOHPHQWVRI�WKH�LQIRUPDWLRQ�PDWUL[�FDQ�EH�GHWHUPLQHG��
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