
Anselin, Luc; Moreno, Rosina

Conference Paper

Properties of tests for spatial error components

41st Congress of the European Regional Science Association: "European Regional Development
Issues in the New Millennium and their Impact on Economic Policy", 29 August - 1 September
2001, Zagreb, Croatia
Provided in Cooperation with:
European Regional Science Association (ERSA)

Suggested Citation: Anselin, Luc; Moreno, Rosina (2001) : Properties of tests for spatial error
components, 41st Congress of the European Regional Science Association: "European Regional
Development Issues in the New Millennium and their Impact on Economic Policy", 29 August - 1
September 2001, Zagreb, Croatia, European Regional Science Association (ERSA), Louvain-la-Neuve

This Version is available at:
https://hdl.handle.net/10419/115233

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/115233
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


Propertiesof Testsfor SpatialError Components
�

LUC ANSELIN

RegionalEconomicsApplicationsLaboratory(REAL)
and

Departmentof AgriculturalandConsumerEconomics
Universityof Illinois, Urbana-Champaign

Urbana,IL 61801
USA

anselin@uiuc.edu

ROSINA MORENO

Analisi QuantitativaRegional(AQR)
Departmentof Econometrics,StatisticsandSpanishEconomy

Universityof Barcelona
08034Barcelona

Spain
rmore@eco.ub.es

April 20,2001

Abstract

In spatialeconometrics,thetypical alternative of spatialautocorrelationis ex-
pressedin the form of a spatialautorregressive process. While the bulk of the
literatureis devotedto specificationtestsandestimationmethodsfor this model,
alternativeshave beensuggestedaswell. In this paper, we consideran alterna-
tive that takesthe form of the spatialerror componentsformulationproposedby
KelejianandRobinson(1995).Weconsideranumberof specificationtestsagainst
this alternative, basedon both a maximumlikelihoodframework aswell ason a
generalmethodof momentsestimationapproach.Wecomparetheperformanceof
thesetestsin a seriesof MonteCarlosimulationexperimentsfor a rangeof differ-
entspatiallayoutsandundera numberof differenterrordistributions.
Key Words: spatialeconometrics;specificationtests;spatialerrorcomponents.�
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1 Introduction

A largenumberof diagnosticsfor spatialerrordependencehavebeensuggestedin the
spatialeconometricliterature. Thesecan be broadly categorizedas testsagainstan
unspecifiedalternativeof spatialcorrelation,or testsagainstspecificspatialprocesses.
Examplesof theformerareMoran’s I (Clif f andOrd1981)andtheKelejian-Robinson
test(KelejianandRobinson1992).Examplesof the latteraretestsbasedon themax-
imum likelihoodprinciple,suchasWald (W) tests,likelihoodratio (LR) testsandLa-
grangeMultiplier (LM) tests(for a review, seeAnselinandBera1998,Anselin2001).

Most of the testsagainstspatialerror processeshave beenformulatedfor spatial
autoregressive (SAR) or spatialmoving average(SMA) processesas the alternative.
In a recentpaper, KelejianandRobinson(1995)suggesteda differenttype of spatial
processthatcombinesa location-specificor local errorcomponentwith a regional or
spillovercomponentin whatthey referto asa spatialerror componentprocess.1

Thespatialerrorcomponentsmodelseemsparticularlyappropriatewhentherange
of spatialautocorrelationis constrainedto closeneighbors,andit hasbeenappliedin
studiesof local public finance,suchastherole of spatialspilloversin theproductivity
of infrastructureinvestments(KelejianandRobinson1997).In thispaper, we focuson
thepropertiesof specificationtestsagainstalternativesof thespatialerrorcomponents
form. KelejianandRobinson(1993,1995)suggesttwo testingstrategiesfor this case.
One consistsof an applicationof the original Kelejian-Robinsontest (Kelejian and
Robinson1992),theotherof a testfor thesignificanceof a coefficient in anauxiliary
regression(KelejianandRobinson1993). In Anselin (2001),a LagrangeMultiplier
statisticis outlined.To date,very little is known aboutthepropertiesof thesetests,and
in particularabouttheir performancein situationstypically encounteredin empirical
practice.Theobjective of our paperis to shedsomelight on this issueby examining
thesizeandpowerof thetestsin a numberof MonteCarlosimulationexperiments.

In thenext section,we first review themodelandhighlight someof its properties
relative to otherspecificationsfor spatialerror correlation. We thenoutline four test
statisticsin somedetail. This is followedby a descriptionof thedesignof thesimula-
tion experiments.The resultsarediscussednext, andwe closewith someconcluding
remarksandpracticalrecommendations.

2 The Spatial Error Components Model

The spatialerror componentsmodel (SEC) incorporatesa local anda spillover ele-
mentin thevariance-covariancematrix of theerror termin a linear regressionmodel.
Formally, themodelis

y � Xβ � ε � (1)

with
ε � Wψ � ξ � (2)

1Sucha processshouldnot be confusedwith the traditionalnotion of error componentsin paneldata
analysis,whererandomeffectsyield anerrorvariancethat is decomposedinto a location-specificvariance,
a time-specificvarianceanda remaindervariance.
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wherey is an n by 1 vectorof observationson the dependentvariable,X is a n by
k matrix of observationson the explanatoryvariables,and β is a k by 1 vector of
regressioncoefficients. In theerrorspecification(2), W is a spatialweightsmatrix of
dimensionn by n, ψ is ann by 1 vectorof errorsthat incorporatethespillover across
neighbors,andξ is ann by 1 vectorof location-specificdisturbanceterms.Eachvector
of errorsis assumedto consistof i.i.d. termsandthe two componentsaretakento be
uncorrelated:2

E �ψ ��� 0 � E � ξ ��� 0 (3)

E �ψψ 	
��� σ2
ψ I � E � ξξ 	 ��� σ2

ξ I � (4)

E �ψiξ j ��� 0 ��� i � j  (5)

Giventheuncorrelatednessbetweenthespillovercomponentandthelocation-specific
componentin (5), thecompleteerrorvariance-covariancematrix is obtainedas

E � εε 	 ��� ΩSEC � σ2
ψ WW 	 � σ2

ξ I � (6)

whereσ2
ψ is thevariancecomponentassociatedwith thespatialspillovers,andσ2

ξ is the

usualvarianceterm.Thevariance-covariancematrix (6) is positivedefinitefor σ2
ψ � 0

and σ2
ξ � 0, sinceWW 	 is positive semidefinite. This avoids a singularity problem

associatedwith theSAR process(seeKelejianandRobinson1995,for details).
It is interestingto comparethevariance-covariancestructureof aspatialerrorcom-

ponentsspecificationto thevariance-covariancematrix thatresultsfrom aspatialmov-
ing averageprocessfor theerrors.With

ε � λWξ � ξ � (7)

theerrorvariance-covariancematrix followsas

ΩSMA � σ2
ξ � I � λ �W � W 	�� � λ2WW 	��  (8)

We canrewrite equation(6) as

ΩSEC � σ2
ξ � I � θWW 	�� � (9)

whereθ � σ2
ψ � σ2

ξ is the ratio of the variancesof the two error components.This
variance-covariancematrix is nearly identical to the SMA error variance(8), except
that it lacksthe term in W � W 	 . Note that sinceequation(9) cannotbe obtainedby
imposingparameterconstraintson equation(8) (settingλ to zerowould remove both
spatialtermsin equation8), thetwo specificationsarein factnon-nested.3 Thenature
of theinducedrangeof thenon-zerocovariancesis similarhowever, in thatbothmodels

2Note that the model consideredhereis the specificationpresentedin KelejianandRobinson(1995).
Additional formsof misspecificationmaybeintroducedaswell, in theform of heteroskedasticityin eitherψ
or ξ, or both(providedtheproperidentificationconditionsaresatisfied).Also, higherorderprocessescould
beconsidered.Weleave thesecomplicationsfor futurework.

3They mayalsodiffer in termsof higherordermoments.
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yield zerocovariancesbeyondthesecondorderneighbors.4 In otherwords,bothSMA
andSECcanbeconsideredasmodelsfor local spatialautocorrelation,asopposedto
the SAR specification,which inducesglobal autocorrelation,including moreremote
neighborsaswell througha distancedecayeffect (for technicaldetails,seeAnselin
andBera1998). Notealsothat this interpretationdiffers from theoriginal suggestion
by KelejianandRobinson(1995),who saw theSECmodelprimarily asanalternative
to aspatialautoregressivespecification(KelejianandRobinson1995,p. 89). Thelatter
is only valid approximatelyandfor very smallvaluesof theautoregressiveparameter,
suchthat higherorder lag termsin the covariancematrix (higherthansecondorder)
canbeignored.Typically, this is not thecase,andthespatialcovarianceinducedby a
SARprocessgoesbeyondthesecondorderneighbors.

3 Test Statistics

For eachof theteststatisticsthatfollow, thenull hypothesisis thatof theclassicregres-
sion modelwith uncorrelatedandhomoskedasticerrors,E � εε 	 ��� σ2I . More specifi-
cally, for theSECmodelin (9), this impliesa constrainton theparametersof theform

H0 : θ � 0 � (10)

or
H0 : σ2

ψ � 0  (11)

We now turn to threedifferent approachesfor testingthis null hypothesisagainsta
spatialerrorcomponentsalternative.

3.1 Kelejian-Robinson Test

Theoriginal KelejianandRobinson(1992)test,hereafterreferredto asKR, doesnot
requirea completespecificationof thegeneratingprocessfor theerrorterm.5 Instead,
thealternative is thatthecovariancebetweentwo neighboringerrortermsis non-zero,
or that

Cov � εi � ε j ��� σi j � zi jγ � (12)

wherezi j is a1 by q vectorof covariates,typically takento beafunctionof theoriginal
explanatoryvariablesat i and j, with i and j as“contiguous” locationsin a general
spatialorderingof theobservations.For example,thezi j couldbeconstructedfrom the
crossproductsof xi andx j . Theq by 1 coefficientvectorγ indicatesthedegreeto which
thecovariatesin z canexplain thenon-zero covariancein (12). Intuitively, theabsence

4Strictly speaking,this remarkpertainsto thesituationwhereW is simplefirst ordercontiguity, but it has
asimilargeneralizationfor otherweightsspecifications.

5The KR test is developedfor a very generalsettingandalsodoesnot requirenormality or linearity.
However, in this paper, we will limit our commentsto the context of a linear regressionmodel. A later
version,presentedin KelejianandRobinson(1998)dealswith asituationwherebothspatialautocorrelation
andadditionalheteroskedasticityarepresent.We do not considerthis alternative hereandfocussolely on
thespatialautocorrelationandheteroskedasticityinducedby theSECmodelassuch.Theheteroskedasticity
follows whenthediagonaltermsin WW � arenot constant,which is typically thecasefor irregular lattices.
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of spatialautocorrelationshouldnotyield asignificantrelationshipbetweenCov � εi � ε j �
andzi j , or, theestimatesfor thecoefficientsγ shouldnotbesignificant.More formally,
theKR testboilsdown to a teston thenull hypothesisH0 : γ � 0 in (12).

The testis implementedby regressinghn cross-productsof ordinaryleastsquares
(OLS)residualsfor neighboringlocations(wheretherearehn suchuniquepairs),Ĉi j �
ei � ej , on matchingcross-productsof explanatoryvariables,zi j � xi � x j . With γ̂ �� Z 	 Z ��� 1Z 	 Ĉ astheOLSestimatesin this regression(whereZ andĈ are,respectively, a
hn by q matrixandhn by 1 vector),thetestis constructedas

KR � γ̂ 	 Z 	 Z γ̂
σ̃4  (13)

In (13),σ̃4 is aconsistentestimatorfor σ4. Underthenull hypothesis,theKR statisticis
asymptoticallydistributedasχ2 � q� , whereq correspondsto thenumberof columnsin
thematrix Z.6 KelejianandRobinson(1992)proposedtwo asymptoticallyequivalent
estimatorsfor σ̃4. In whatfollows,we will useσ̃4 � α̂ ��� Ĉ � Zγ̂ � 	 � Ĉ � Zγ̂ � � hn.

In KelejianandRobinson(1995,p. 89, fn. 16) it is outlinedunderwhatconditions
theKR testcanbeappliedto alternativesof theSECform. In general,theseconditions
aresatisfiedin practicefor spatialweightsbasedon contiguity, wherethe numberof
neighborsfor eachlocationis bounded.For morecomplex weights,they needto be
verifiedin eachindividualcase.

Even thoughthe KR testdoesnot explicitly refer to a spatialweightsmatrix W,
thereis anunderlyingnotionof a “spatialordering.” In KelejianandRobinson(1992),
thisorderingis takento beequivalentto thenotionof firstorderneighbors,whichcorre-
spondsto thenon-zeroelementsin theupper(or lower) triangularpartof a contiguity-
basedspatialweightsmatrix.7 The rationalebehindthe selectionof the i � j pairs is
to identify thosepairsthat correspondto nonzerocovariances(12). While it is often
assumedthatthis is thesameasthenon-zeroelementsof W (i.e., theneighbors),this is
not correct.Most spatialprocessesinducenon-zerocovariancesfor locationpairsbe-
yondthe immediateneighbors(see,for example,the inducedcovariancestructurefor
a spatialmoving averageprocessin equation8). For theSECmodel,non-zerocovari-
ancesarenot presentfor thefirst orderneighbors,but pertainto all non-zeroelements
in theupper(or lower) triangularpartof WW 	 . We thereforebelieve thatconsidering
both first andsecondorderneighborsin the KR testmay yield higherpower. In the
simulationexperiments,we considertwo formsof theKR test:onebasesthepairsi � j
on the non-zeroelementsin W, KRW; the otheron the non-zeroelementsin bothW
andWW 	 , KRWW.8

6For a technicalderivationandthenecessaryregularityconditions,seeKelejianandRobinson(1992).A
slightly differentexpositionis givenin AnselinandBera(1998,pp.268–269).

7KelejianandRobinson(1992)arguethattheir testdoesnot requirethespecificationof aspatialweights
matrix. This is indeedthecasewhentheweightsarenot simplecontiguityweights.However, in the latter
situation,which is predominantin empiricalpractice,the informationcontainedin W andthe information
usedto constructthe i � j pairsin theKR testis exactly thesame.

8Onecouldarguethata “proper” specificationshouldonly considerthenon-zeroelementsin WW � and
excludethefirst orderneighbors.We keptthelatter in orderto enhancecomparabilitywith theoriginal KR
statistic.
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3.2 GMM-Based Test

A secondtestingstrategy, outlined in KelejianandRobinson(1993) (seealsoKele-
jian andRobinson1997,for an application),is basedon generalmethodof moments
(GMM) estimation.A GMM estimatorfor thevariancecomponentparametersin (6)
canbeobtainedfrom themomentconditionfor thediagonalelementsof thevariance-
covariancematrix ΩSEC,

E � ε2
i ��� σ2

ξ � σ2
ψ �WW 	 � ii � (14)

or, with di ���WW 	 � ii asthediagonalelementsin thematrixWW 	 ,
E � ε2

i ��� σ2
ξ � σ2

ψdi  (15)

With ẽi asthe residualbasedon a consistentestimatorfor the regressionparameters
(suchastheOLS residuals),φ ��� σ2

ξ � σ2
ψ � 	 , andwith a n by 2 matrix of auxiliary vari-

ablesQ � � 1 � di � , aconsistentestimatorfor thevariancecomponentsfollowsas

φ̂ � � Q	 Q� � 1Q	 ẽ2  (16)

A testagainstspatialerrorcomponents,furtherreferredto asKRGMM , is basedon
a t-statisticfor the null hypothesisH0 : σ2

ψ � 0. In practice,this is obtainedfrom the
estimatêσ2

ψ anditsestimatedstandarderrorin theOLSregression(16).9 Dueto thefact
thattheparameterspaceisconstrainedsuchthatσ2

ψ � 0, thet-testmustbeone-sided.In
certainempiricalsituations,it is possiblethatnegativeestimatesareobtainedfor σ̂2

ψ.10

By usinga one-sidedtest,suchvaluesareignored,or, moreprecisely, interpretedas
evidencein favor of thenull hypothesis.11

3.3 Lagrange Multiplier Test

Both the original KR statisticandthe GMM basedtestareasymptoticanddo not re-
quiredistributionalassumptions.Whensuchassumptionsarereasonable(for example,
an assumptionof normality), a maximumlikelihood framework may be usedas the
basisfor inference. A test for spatialerror componentscanthenbe formulatedasa
specialcaseof testingconstraintson the parametersin regressionmodelswith non-
sphericalerrorterms.With thevariance-covariancematrixΩSEC � σ2

ξ � I � θWW 	 � , the
null hypothesisis of theform H0 : θ � 0.

Unlike the standardmaximumlikelihoodcase,this null hypothesisreflectsa true
parametervalueon theboundaryof theparameterspace,sinceθ � σ2

ψ � σ2
ξ � 0. This

doesnotsatisfythebasicregularityconditionsfor ML inferenceandthusprecludesthe
9SeeKelejianandRobinson(1993,1997)for technicaldetailsandderivations.

10For example,Table2, p. 122in KelejianandRobinson(1997)reportsa negative andsignificantσ2
ψ for

their “basic” model.
11An intuitive way to interpretnegative variancecomponentestimatesis to considertheseto bea conse-

quenceof “uncooperative” data,andhenceasnot providing supportfor a modelwith spatialerrorcompo-
nents.
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applicationof WaldorLikelihoodRatiotestswithoutfurthercorrections.12 A Lagrange
Multiplier or RaoScoretesthowever doesnot suffer from this problem. Sucha test
statisticcanbebasedon thegeneralprinciplesfor testingin spatialmodelsoutlinedin
Anselin(1988),andis derivedin Anselin(2001).Thetestonly requirestheresidualsof
anOLSregression.With σ̂2 � e	 e� n astheestimateof errorvariancebasedontheOLS
residualse, T1 � trWW 	 (andtr asthematrix traceoperator),andT2 � trWW 	WW 	 , the
statisticis obtainedas

LMSEC �"! e	WW 	 e
σ̂2 � T1 # 2 � 2 $ T2 � � T1 � 2

n %  (17)

Underthenull hypothesis,this statisticis asymptoticallydistributedasχ2 � 1� .
4 Design of Monte Carlo Experiments

The performanceof the four statisticsoutlinedin sections3.1 to 3.3 (LMSEC, KRW,
KRWW, andKRGMM) is evaluatedin aseriesof MonteCarloexperimentsfor anumber
of differentspatiallayouts,aswell asfor differentunderlyingerrordistributions.They
arealsocomparedto the performanceof the moretraditionalMoran’s I (I ) andLM-
Error (LMERR) statistics.Thesimulationdesignfollows thesamegeneralformatasin
earlierwork suchasAnselinandRey (1991)andAnselinandFlorax(1995).

In total, twelvedifferentspatiallayoutsareconsidered,evenly dividedamongreg-
ular and irregular lattice structures.13 The six regular lattice structuresare 7 by 7
(n � 49),9 by 9 (n � 81),11 by 11 (n � 121),16 by 16 (n � 256),20 by 20 (n � 400)
and32 by 32 (n � 1024).For all these,therook criterionof contiguityis usedto con-
structthespatialweights.Theirregularlayoutsmatchascloselyaspossiblethenumber
of observationsfor theregularlattices,althoughtheir internalconnectednessstructure
will differ. They areobtainedby takingspatialgroupingsof WesternU.S.countiesfor
dimensionsn � 46� 80� 124� 264� 413and1013.14

A summaryof theconnectednesscharacteristicsof thespatialweightsis given in
Table1 in termsof theaveragenumberof neighborsfor eachlocationandthepercent
non-zeroelements,or sparseness.The regular latticesarealways sparser(andwith
fewer neighbors)thantheir irregular counterpartsfor similar samplesize. Sincethe
rookcontiguitycriterionis usedto defineneighbors,onewould expecttheaveragefor

12SeeAnselin (2001) for a moreelaboratetreatment. Also, note that the regularity conditionsfor the
“spatial” modelarenot thesameastheclassicML regularity conditions.Additional constraintsneedto be
imposedto limit the degreeof dependenceandheterogeneityof the underlyingprocess,andusemustbe
madeof triangulararraysto establishconsistency andasymptoticnormality. A technicaltreatmentof these
issuesaswell asthefundamentaltheoremsandlemmascanbefoundin KelejianandPrucha(1998,1999).

13A limited studyof theperformanceof theLM θ statisticwascarriedout in Anselin(2001)for fiveregular
lattice structures,with n & 25� 39� 81� 121and400. The earlier studywas limited to normally distributed
errorsonly, anddid notconsidertheotherteststatistics.To retaincompatibilitywith theresultsfor theother
tests,all simulationswererecomputedfor thecurrentpaper.

14The spatial groupingsare madeup of the countiesin Utah and Nevada for n & 46; Montanaand
Wyomingfor n & 80;Montana,WyomingandIdahofor n & 124(S124);S124plusColorado,Arizona,New
Mexico andUtah for n & 264 (S264);S264plusNevada,California,Oregon andWashingtonfor n & 413
(S413);andS413plusNorthDakota,SouthDakota,Nebraska,Kansas,OklahomaandTexasfor n & 1013.
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theregular latticesto becloseto 4. As thesamplesizegrows, this is indeedthecase,
thelower valuesin thesmallerdatasetsreflectingtheinfluenceof theboundarycells.
The degreeof sparsenessrangesfrom 11.11%for the irregular n � 46 to 0.38%for
the regular32 by 32 lattice. It is importantto keepin mind that in the assessmentof
the propertiesof the teststatistics,samplesizeis not the soledeterminingfactor, but
othercharacteristicsof the“layout” of theobservationsplaya roleaswell. Of thefour
tests,KRGMM may be mostsusceptibleto this, sinceit relieson the variation in the
diagonalelementsof WW 	 , which is muchhigher in the irregular thanin the regular
lattices.Wereit not for boundarylocations,theregular latticestructurewould violate
oneof the basicassumptionsunderlyingKRGMM, namelythat the WW 	ii shouldnot
beconstant.For constantdiagonalelements(e.g.,aswould be thecasefor a weights
matrixbasedon k-nearestneighbors),theauxiliary regression(16)breaksdown.

As in AnselinandFlorax(1995),theregressionpartof themodelis α � βxi,where
α andβ aresetto 1, andthexi areU � 0 � 10� . In orderto minimizetherandomvariation
associatedwith thesimulations,thexi arekeptfixedin all replications.We alsoexper-
imentedwith valuesfor X that incorporatedspatialautocorrelation,but no qualitative
differencein theresultswasfound.

Following thedesignin KelejianandPrucha(1999),threedifferenterrorstructures
areconsidered:a standardnormal,a log-normalanda mixture of two normals. The
two variatesthatmake up themixturearea standardnormalandani.i.d. normalwith
variance100.As in KelejianandPrucha(1999),thelog-normalandmixtureerrorsare
transformedto obtainan overall varianceunderthe null hypothesis(of θ � 0) that is
thesameasfor thestandardnormal.For thelognormal,theerrorvariateis obtainedas

εi ��� exp � νi � � exp � 0  5� � � � exp � 2� � exp � 1� � 0 ' 5 � (18)

whereνi is standardnormal.Themixederrorsareconstructedas

εi � � κiνi �(� 1 � κi � ζi � � � 5  95� 0 ' 5 � (19)

with νi as in (18) and the ζi are independentnormal with meanzero and variance
100. This structureinduces“outliers” beyond what canbe expectedin a singlenor-
mal distribution. The randomvariateκi is an i.i.d. Bernouilly randomvariablewith
Prob � κi � 1��� 0  95.

Underthealternativehypothesis,thespatialerrorcomponentsvariance-covariance
structureis obtainedby applying a Choleski decompositionto the matrix ΩSEC �
σ2

ξ � I � θWW 	 � and transformingthe original uncorrelatedvariates. Threedifferent
valuesfor the parameterθ areconsidered:θ � 1 � 4 and8. As shown in Kelejianand
Robinson(1995),theparameterθ indicatestherelativeimportanceof thespillovervari-
ancecomponentto the location-specificcomponent.Clearly, the larger this variance,
themoreimportantthespatialerrorcomponents.In orderto facilitatetheinterpretation
of theresults,wesetσ2

ξ � 1, suchthatin effectθ � σ2
ψ.15 In Anselin(2001),resultsare

15Underthenull hypothesis,the“fit” of themodelis thereforeroughlythesamebetweenthethreeerror
distributions. The actualfit will vary slightly due to the extra heterogeneityin the mixture distribution.
Underthe alternatives, an additionalsourceof error is addedto σ2

ξ, thusdecreasingthe fit relative to the
modelunderthe null. However, sincewe areprimarily interestedin the relativeperformanceof the tests,
thiswill not affect ouroverall conclusions.
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alsoreportedfor LMSEC usingvaluesfor θ ) 1. Theseresultsarequalitatively similar
to whatis foundin thecurrentpaper, henceto keepthescopeof thestudywithin reason,
suchvalueswerenot consideredhere.Moreover, smallvaluesof θ arenot very mean-
ingful in practice,sincethey induceminimalspatialcovariance.For example,a typical
casecanbe illustratedusingthe contiguitystructurefor the third andfourth observa-
tion from the often usedColumbus dataset in Anselin (1988).16 The corresponding
valueof WW 	34 is 0.125(the two locationshave neighbors2 and5 in common,each
with weight0.25).With σ2

ξ � 1 andθ � 0  01(thesmallestvalueconsideredin Anselin
2001),this yieldsa spatialcovariancebetweenlocations3 and4 of 0.00125,which is
unlikely to affectOLS inferenceto any greatextent.

5 Empirical Results

5.1 Size of the Tests

We first considertheempiricalrejectionfrequenciesunderthenull hypothesis,i.e., in
theabsenceof spatialautocorrelation.Tables2 to 4 provide an initial assessmentfor
a nominalsizeof α � 0  05.17 Therejectionfrequenciescorrespondto thenumberof
timesthenull hypothesisis rejected,usingthe5% critical valueof theasymptoticχ2

1
distribution. Theseresultsarebasedon 10,000replications,which yieldstwo standard
deviation intervalsaroundthenominalrejectionlevelsof 0.0466–0.0534.

For normalerror terms,the idealizedcondition reflectedin Table2, all testsex-
cept KRGMM perform “properly” in the largestsamplesizes,achieving the correct
size(allowing for therandomnessof theexperiment)for the regular latticeswith n �
400 and1024,andfor the largestirregular lattice, with n � 1023. KRGMM is never
within theacceptablerange,andover-rejectsthenull for all spatiallayouts.However,
for theirregular lattices(with greatervariancefor thedi), thedegreeof over-rejection
seemsto decreaseasthesamplesizegrows(or thedegreeof sparsenessincreases).This
mayindicatethattheexamplesconsideredarenot sufficiently largefor theasymptotic
propertiesof theKRGMM testto bereflected.

For the smallerdatasets,the resultsare lessencouragingand highlight the dif-
ferencesbetweenregularandirregular lattices.For example,KRW over-rejectsin the
regularlatticesfor n ) 400,but is within theacceptablerangefor all irregularsamples.
In contrast,KRWW under-rejectsin all but the threemostsparsesettings. A similar
patternis foundfor LMSEC. Thetwo traditionaltestsshow like resultsasfoundin the
earlierstudiesby AnselinandRey (1991)andAnselinandFlorax (1995). Moran’s I
is within the acceptablerangefor all but onecase(regular n � 121), andLMERR is
within therangefor all regularlattices,but under-rejectsin all but thelargestirregular
situations.

A lognormalerrordistribution(Table3) affectsthesepropertiessignificantly. Only
16The data used are not the ones reported in the book, but the ones available from http://www.-

spacestat.com.Thereareslight differencesin the orderingof the observationsbetweenthe two that may
causeconfusion.

17A completeset of resultsis available from the authors. To conserve space,only selectedtablesare
includedhere.
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in a few instancesdo the rejectionlevels fall within the properrange,but without a
clearpattern.18 Even the threeteststhatdo not rely on normality (KRW, KRWW and
KRGMM) do not have thepropersizefor thesamplesizesconsidered.Both KRW and
KRWW tendto over-rejectandKRGMM showsrathererraticresults,not suggestingany
type of convergencewith growing samplesizes. Again, in accordancewith earlier
findings,bothMoran’s I andLMERR seriouslyunder-rejectin thiscase.

A mixture error distribution (Table4) similarly affects the size of the four tests
againstspatialerror components.The Moran’s I andLMERR arelessinfluenced,re-
jecting within the acceptablerangefor the larger datasets,especiallyfor the regu-
lar lattices. LMSEC is clearly unreliableunderthe null in this case,yielding a high
degreeof over-rejection,particularly for the irregular lattices,andeven in the large
samples.Suprisingly, thethree“robust” testsaresimilarly affected,with considerable
over-rejectionby KRGMM, but someweakevidenceof a convergencetowards0.05for
thetwo KR tests.

A morecompletepictureof theextentto which theteststatisticsfollow theasymp-
totic distribution underthe null in the simulatedsamplesis providedby the recently
introducedP valueplotsandP valuediscrepancyplots of DavidsonandMacKinnon
(1998).Figure1 showstheempiricaldistributionfunctionof thep-valuesfor theall six
testsplottedagainsttheirnominalsizes,for thesmallestsamplesize(n � 46)andunder
normality. In orderto focusattentionon the Type I errorstypically usedin practice,
we limited the x-axis to p * 0  12.19 Onewould want this plot to follow a 45 degree
line, sincethe p-valuesaredistributeduniformly between0 and1. Discrepanciesfrom
the 45 degreeline suggestan empirical distribution that differs from the theoretical
(asymptotic)oneusedto establishthecritical values.Figure1 illustratestheworstcase
for thenormalerrordistribution,with thesmallestsampleanddensestspatialweights.
Clearly, Moran’s I is considerablyabovethe45degreeline andKRWW is considerably
below. Neitherof theseteststatisticsseemsto follow the “theoretical” null distribu-
tion well. This is not surprisingfor Moran’s I , sincepreviouswork hasshown thatthis
statisticrequiresmediumto largesamplesbeforeit startsto approximateits asymptotic
properties.The otherstatisticsin Figure1 aremoreor lessparallelto the 45 degree
line, althoughboth KRGMM andLMSEC crossthis line (going from over-rejectionto
under-rejection,andviceversa).20

We take a closerlook at thedifferencesbetweenthe theoreticaldistribution of p-
valuesandits empiricalcounterpartfor the four SECteststatisticsin theP valuedis-
crepancy plotsin Figures2 to 5. ThePvaluediscrepancy plotshighlightthedifferences
betweentheempiricaldistribution functionandthe45 degreeline in theP valueplot
andareparticularlyusefulto compareteststatisticsthatperformsimilarly. Thecom-
parisonis over therangeof relevantcritical values,ratherthanfor a singlevalue,asin
Tables2 to 4, althoughourprimaryinterestcenterson thebehavior neartheorigin (for
small p-values).We thereforetruncatedthegraphsat p � 0  12.

Figures2 and3 comparethe teststatisticsfor the two largestsamplesizes(irreg-
ular andregular)undernormality. For all statistics,thediscrepancy is smallerfor the

18For example,LMSEC is acceptablein theregular latticesfor n & 81� 121and1024,but only for n & 46
in theirregular lattice,wheretherejectionfrequency increaseswith samplesize.

19Graphswith thefull rangeof p-valuesfor thex-axisareavailablefrom theauthors
20LMSEC crossestheline for valuesof p outsidetherangereportedhere.
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regular lattice than for the irregular one,againillustrating the importanceof spatial
characteristicsof thedatabeyondsimplesamplesize.TheKRGMM testdoesnot show
any indicationof aparallelpattern,althoughslightly lesssofor n � 1024.For LMSEC,
thesituationis slightly better, althoughfor theirregularcasethereis still considerable
discrepancy. The two KR testsaremoreor lessparallelto thehorizontalline for this
samplesize.Whentheerrortermis notnormal,theresultsaremuchlessattractive. As
illustratedin Figure4 for thelognormaldistributionin anirregularlatticewith n � 413,
bothLMSEC andKRGMM show considerablediscrepancies,with the latteryielding an
erraticpattern.For thecorrespondingregular lattice(not shown here),theerraticpat-
tern for KRGMM remains,but LMSEC hasbecomemore or lessparallel. While the
KR testsalsoshow somediscrepancy from the asymptoticdistribution, this is much
lessthe casethan for the otherstatistics. Finally, in Figure5, we illustratehow the
strangepatternfor KRGMM persistsin themixednormalcaseaswell, while theother
statisticsaremoreor lessparallelto thehorizontalline, with relatively minor discrep-
ancies.Overall, thefigureswouldsuggestthatthestatedasymptoticdistributionunder
thenull is not achievedin theabsenceof normality, or for thesamplesizesconsidered
here.While this is somewhatdisturbing,it is muchlessof a problemfor thesmallest
p-values,which areof interestin appliedwork. Here,somesizeadjustmentmay be
necessaryto reflectthecorrectTypeI error.

5.2 Power of the Tests

Thepowerof thesix teststatisticsis comparedfor anominalsizeof 0.05andfor three
valuesof thevarianceratio θ, asillustratedin Tables5 to 7.21 A numberof interesting
patternscanbe distinguished.First, andsomewhat surprisingly, the LMSEC statistic
dominatesall othersandachieveshigh powerevenin moderatelysizedsamples,espe-
cially in theregularlattices.For example,it is theonly statisticthatrejectsin morethan
80%of thecasesfor all valuesof θ whenn � 400.22 Theclosestcompetitoris KRWW,
which alsoachieves90%rejectionlevelsin moderatelysizedsamples,for alternatives
with θ � 4. The surprisingelementis that this performanceis virtually unaffected
by theerrordistribution andLMSEC retainsits high power even in the lognormaland
mixednormalcases.

A secondfinding is theweakpower of theKRGMM approach.It consistentlyrates
lowestandnever rejectsmuchmorethan25% of the casesfor lognormalandmixed
errors,evenwhenθ � 8. In thenormalcase,performanceis slightly moreacceptable,
but only for largeθ andin the two largestirregulardatasets.It is possiblethatmuch
largersamplesizesmayberequiredbeforetheasymptoticpropertiesof this testareob-
tained,(especiallyin thenon-normalcase),but theevidencein thesamplesconsidered
herewould suggestthatthis statisticis not appropriatefor smallto medium-sizeddata

21The rejectionfrequenciesarebasedon 1,000replications.For somecases,we experimentedwith in-
creasingthenumberof replicationsto 10,000.However, this increasedprecisiondid notaffect thequalitative
resultsandrelative rankingof theteststatistics.In orderto conserve computingtime,weperformedthesim-
ulationsfor 1,000replications.

22For comparisonpurposes,it maybeusefulto repeattheresultsgivenin Anselin(2001)for n & 4000and
valuesof θ lessthan1. With thevaluesof θ in parentheses,therejectionfrequencieswere: 0.0477(0.01),
0.0739(0.05),0.0982(0.10),0.2372(0.25),0.5188(0.50),and0.7587(0.75).
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sets.
A third characteristicis the superiorityof the KRWW over the KRW form of the

statistic,acrossthe board. This contrastswith what we found underthe null, where
KRWW tendedto under-reject,suggestingpossiblythe needfor an adjustmentto its
nominalsize. It indicatesthat, at leastin termsof power, thereis a positive payoff
whenthe“proper” rangeof interactionfor thealternative is takeninto account.

Finally, the “classical” Moran’s I andLMERR statisticsshow somepower against
thespatialerrorcomponentsalternative,althoughthis is ratherweakandonly appears
for thevery largeirregular latticesandwith θ � 4. Their performanceis very similar
andslightly dominatesthatof KRW.

We closewith a brief investigationof the complex interrelationshipbetweentest
power, thecharacteristicsof thespatiallayoutandthepropertiesof the error termby
meansof a simple responsesurfaceregression. In Table8 we show the resultsof a
regressionof the rejectionfrequencieson thesizeof thesample(n), thepercentnon-
zeroelements(DENSE) to capturethe effect of sparsenessof the layout, the valueof
θ, indicatorvariablesfor thelognormalerrordistribution(LOG) andfor themixednor-
mal error distribution (M IX), aswell asan indicatorfor irregular lattices(IRREG).23

Theresultsareremarkablyconsistentacrossthesix teststatistics.As suggestedby the
interpretationof theTables6 and7, thereis no significanteffect of theerrordistribu-
tion.24 In termsof the relative valuesof the coefficients,it is interestingto notethat
the largestchangesin rejectionwith θ areobtainedfor LMSEC, followed by KRWW,
but clearlydominatingtheothers.Similarly, therelativeeffect of sparsenessis greater
for the LMSEC than for KRWW, with a considerablemargin. This suggeststhat the
denserthespatialweightsmatrix (higher% non-zeroelements),thelower is thepower
of the tests,except for KRGMM , wherethis variableis not significant. The rolesare
reversedin termsof theeffect of samplesize,wherethelargestcoefficient is obtained
by KRWW. Therole of latticestructureis interestingaswell. All but LMSEC obtaina
stronglysignificantpositive coefficient, pointing to higherpower in irregular lattices,
but for the latter the effect is only marginally significant. Overall, the resultsof the
surfaceresponseregressionconfirm the superiorityof the LMSEC andKRWW statis-
tics in termsof theway in which theassociatedrejectionfrequencieschangewith the
characteristicsof interest.

6 Conclusion

In this paper, we reviewed andcomparedsix teststatisticsagainstalternativesof the
spatialerrorcomponentsform. This representsthefirst extensive studyof this partic-
ular spatialprocessmodel.Overall,we foundthat thenew LMSEC statisticperformed
remarkablywell, especiallyin termsof powerandevenin situationsnotcoveredby its
normalityassumption.Similarly, theKRWW variantof theKelejian-Robinsonstatistic,
which wassuggestedin this paperto accountfor secondorderneighbors,performed

23The resultsarefor an OLS regressionwith heteroskedastic-robust standarderrors. The rejectionfre-
quenciesweresubjectto a logistic transformationto ensurethatpredictedvalueswerein theproperrange.

24Confirmingourearlierinterpretationof thetables,thereis only suchaneffect for KRGMM .
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well. Both thesestatisticssuggestthemselvesasusefuldiagnosticsfor empiricalprac-
tice. A lesssatisfactory finding was that the easyto implementKRGMM procedure
performedvery poorly in thesamplesconsideredhere,andmay indeedrequire“very
large” samplesbeforeit canbeusedreliably. TheMoran’s I andLMERR statisticswere
shown to havesomelimited poweragainstspatialerrorcomponentalternatives,but not
sufficiently to warranttheir useinsteadof themorespecializeddiagnostics.

A few cautionaryremarksarein orderaswell, however. Theresultsunderthenull
hypothesisillustratehow theasymptoticcritical valuesmaybea poorguidein empir-
ical practicewhenno spatialerror componentsproblemis present. In particularthe
KRGMM testlikely requiresvery largesamples(larger thantheonesconsideredhere)
beforeit approachesits theoreticalsize, while the LMSEC performsvery poorly for
lognormalerrors(andto a lesserdegreefor mixednormalerrors).Of thesix teststatis-
tics considered,the traditionalMoran’s I andLMERR remainthe mostreliablewhen
it comesto rejectingthenull hypothesiswhenit shouldnot berejected.Interestingly,
thetwo originalKR testsdonotshow substantiallygreaterrobustnessto non-normality
thantheotherstatistics.

Finally, thedegreeof generalityof theresultsreportedhereis of courselimited by
thedesignstakeninto accountin thesimulations.While otherparametercombinations
andmorecomplex errorstructurescouldbeconsidered,theselectionusednevertheless
providesausefulinsightinto thetradeoffs involvedin theapplicationof thesediagnos-
ticsandinto their relativepower. In particular, it clearlyrevealsthatteststatisticswith
attractive theoreticalbut asymptoticpropertiesdo not necessarilyperformacceptably
in realisticsamples.Theoryaloneis insufficient to guideus in this respectandmuch
remainsto bedoneto acquirefurtherexperimentalandempiricalevidence.
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Table1: ConnectednessCharacteristicsof SpatialWeights
RegularLattices IrregularLattices

n Avg. Linksa Sparsenessb n Avg. Linksa Sparsenessb

49 3.43 7.14 46 5.00 11.11

81 3.56 4.44 80 5.08 6.42

121 3.64 3.03 124 5.29 4.30

256 3.75 1.47 264 5.53 2.10

400 3.80 0.95 413 5.56 1.35

1024 3.88 0.38 1023 5.52 0.54
a Averagenumberof neighborsfor eachlocation.
b Percentnon-zerolinks.

Table2: EmpiricalRejectionFrequenciesunderH0, Normala

n LMSEC KRW KRWW KRGMM I LMERR

49 0.0366 0.0685 0.0390 0.0613 0.0504 0.0494

81 0.0425 0.0595 0.0407 0.0662 0.0521 0.0508

121 0.0413 0.0578 0.0391 0.0614 0.0540 0.0515

256 0.0444 0.0536 0.0445 0.0646 0.0523 0.0508

400 0.0499 0.0504 0.0489 0.0604 0.0484 0.0472

1024 0.0484 0.0509 0.0479 0.0613 0.0492 0.0492

46 0.0247 0.0482 0.0254 0.0701 0.0498 0.0382

80 0.0317 0.0484 0.0339 0.0622 0.0485 0.0460

124 0.0367 0.0469 0.0341 0.0607 0.0484 0.0438

264 0.0466 0.0476 0.0399 0.0619 0.0511 0.0488

413 0.0452 0.0465 0.0446 0.0602 0.0470 0.0460

1023 0.0480 0.0496 0.0506 0.0553 0.0487 0.0486
a α & 0 + 05; 10,000replications
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Table3: EmpiricalRejectionFrequenciesunderH0, Lognormala

n LMSEC KRW KRWW KRGMM I LMERR

49 0.0441 0.0892 0.0784 0.0788 0.0348 0.0287

81 0.0472 0.0823 0.0763 0.0659 0.0363 0.0313

121 0.0502 0.0834 0.0721 0.0570 0.0365 0.0336

256 0.0592 0.0767 0.0686 0.0606 0.0402 0.0373

400 0.0610 0.0704 0.0625 0.0660 0.0399 0.0383

1024 0.0472 0.0847 0.0517 0.0812 0.0439 0.0425

46 0.0477 0.0727 0.0620 0.0900 0.0321 0.0238

80 0.0718 0.0817 0.0642 0.0700 0.0350 0.0278

124 0.0923 0.0744 0.0612 0.0600 0.0349 0.0281

264 0.1361 0.0734 0.0707 0.0674 0.0429 0.0430

413 0.1852 0.0689 0.0632 0.0550 0.0402 0.0381

1023 0.1561 0.0731 0.0572 0.0454 0.0412 0.0414
a α & 0 + 05; 10,000replications

Table4: EmpiricalRejectionFrequenciesunderH0, Mixturea

n LMSEC KRW KRWW KRGMM I LMERR

49 0.0538 0.0737 0.0649 0.0826 0.0275 0.0264

81 0.0626 0.0628 0.0625 0.0631 0.0340 0.0327

121 0.0711 0.0579 0.0602 0.0569 0.0389 0.0376

256 0.0769 0.0575 0.0595 0.0652 0.0484 0.0476

400 0.0761 0.0512 0.0518 0.0636 0.0498 0.0486

1024 0.0721 0.0541 0.0524 0.0701 0.0514 0.0507

46 0.0614 0.0694 0.0604 0.0906 0.0273 0.0228

80 0.0989 0.0614 0.0574 0.0684 0.0314 0.0284

124 0.1308 0.0601 0.0534 0.0636 0.0351 0.0336

264 0.1615 0.0554 0.0571 0.0641 0.0434 0.0423

413 0.2210 0.0516 0.0526 0.0600 0.0443 0.0445

1023 0.1873 0.0394 0.0432 0.0685 0.0494 0.0499
a α & 0 + 05; 10,000replications
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Table5: EmpiricalRejectionFrequenciesunderH1, NormalErrorsa

n θ LMSEC KRW KRWW KRGMM I LMERR

49 1 0.172 0.134 0.093 0.107 0.110 0.107

4 0.599 0.236 0.256 0.171 0.225 0.210

8 0.828 0.298 0.407 0.241 0.261 0.262

81 1 0.265 0.123 0.135 0.108 0.127 0.119

4 0.825 0.233 0.421 0.203 0.245 0.240

8 0.967 0.291 0.607 0.242 0.293 0.289

121 1 0.373 0.119 0.168 0.108 0.125 0.129

4 0.963 0.255 0.632 0.243 0.222 0.231

8 0.995 0.312 0.817 0.280 0.303 0.301

256 1 0.663 0.136 0.324 0.108 0.127 0.127

4 1.000 0.238 0.934 0.280 0.244 0.238

8 1.000 0.329 0.991 0.364 0.318 0.318

400 1 0.822 0.108 0.504 0.135 0.105 0.107

4 1.000 0.267 0.990 0.305 0.254 0.250

8 1.000 0.329 0.997 0.414 0.312 0.306

1024 1 0.996 0.121 0.877 0.158 0.148 0.145

4 1.000 0.265 1.000 0.425 0.256 0.252

8 1.000 0.320 1.000 0.518 0.325 0.327

46 1 0.141 0.095 0.076 0.131 0.116 0.090

4 0.448 0.249 0.287 0.278 0.287 0.240

8 0.608 0.353 0.433 0.367 0.421 0.360

80 1 0.195 0.114 0.119 0.140 0.142 0.104

4 0.664 0.377 0.483 0.322 0.429 0.377

8 0.878 0.531 0.701 0.488 0.603 0.546

124 1 0.280 0.174 0.177 0.141 0.200 0.162

4 0.849 0.482 0.656 0.352 0.604 0.549

8 0.972 0.699 0.856 0.506 0.775 0.734

264 1 0.526 0.223 0.337 0.190 0.307 0.268

4 0.992 0.765 0.922 0.519 0.842 0.826

8 1.000 0.925 0.993 0.742 0.950 0.946

413 1 0.762 0.290 0.486 0.373 0.381 0.354

4 1.000 0.884 0.993 0.790 0.914 0.905

8 1.000 0.988 1.000 0.906 0.990 0.987

1023 1 0.976 0.523 0.842 0.335 0.657 0.644

4 1.000 0.998 1.000 0.848 0.999 0.999

8 1.000 1.000 1.000 0.956 1.000 1.000
a α & 0 + 05; 1,000replications
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Table6: EmpiricalRejectionFrequenciesunderH1, LognormalErrorsa

n θ LMSEC KRW KRWW KRGMM I LMERR

49 1 0.164 0.138 0.086 0.077 0.075 0.076

4 0.563 0.248 0.243 0.104 0.189 0.190

8 0.799 0.333 0.362 0.160 0.230 0.224

81 1 0.248 0.157 0.092 0.078 0.090 0.085

4 0.821 0.257 0.356 0.092 0.203 0.202

8 0.968 0.318 0.569 0.129 0.280 0.282

121 1 0.324 0.143 0.162 0.063 0.090 0.094

4 0.969 0.277 0.575 0.094 0.211 0.210

8 0.998 0.329 0.782 0.112 0.249 0.256

256 1 0.620 0.159 0.297 0.069 0.103 0.114

4 0.999 0.266 0.905 0.114 0.214 0.212

8 1.000 0.361 0.976 0.142 0.294 0.294

400 1 0.835 0.135 0.465 0.075 0.107 0.112

4 1.000 0.268 0.980 0.132 0.214 0.211

8 1.000 0.341 0.998 0.173 0.292 0.291

1024 1 0.998 0.152 0.909 0.095 0.117 0.114

4 1.000 0.260 1.000 0.161 0.228 0.230

8 1.000 0.350 1.000 0.172 0.307 0.306

46 1 0.129 0.105 0.098 0.104 0.084 0.061

4 0.418 0.262 0.296 0.156 0.268 0.218

8 0.553 0.364 0.414 0.203 0.416 0.357

80 1 0.196 0.135 0.137 0.079 0.130 0.092

4 0.621 0.352 0.496 0.136 0.403 0.345

8 0.806 0.506 0.666 0.189 0.542 0.483

124 1 0.285 0.142 0.170 0.078 0.174 0.138

4 0.796 0.498 0.670 0.131 0.570 0.520

8 0.914 0.663 0.841 0.188 0.718 0.667

264 1 0.497 0.196 0.365 0.091 0.282 0.258

4 0.950 0.767 0.918 0.140 0.812 0.786

8 0.994 0.897 0.979 0.218 0.935 0.924

413 1 0.615 0.268 0.543 0.088 0.362 0.331

4 0.988 0.895 0.993 0.192 0.910 0.905

8 1.000 0.973 0.996 0.270 0.973 0.971

1023 1 0.915 0.554 0.902 0.091 0.627 0.604

4 1.000 0.998 1.000 0.197 0.999 0.997

8 1.000 1.000 1.000 0.275 1.000 1.000
a α & 0 + 05; 1,000replications
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Table7: EmpiricalRejectionFrequenciesunderH1, MixedNormalErrorsa

n θ LMSEC KRW KRWW KRGMM I LMERR

49 1 0.152 0.134 0.109 0.074 0.087 0.077

4 0.575 0.248 0.245 0.131 0.137 0.143

8 0.798 0.298 0.321 0.169 0.197 0.192

81 1 0.269 0.115 0.157 0.070 0.077 0.076

4 0.814 0.235 0.418 0.082 0.156 0.157

8 0.956 0.277 0.525 0.099 0.199 0.202

121 1 0.352 0.139 0.209 0.064 0.078 0.078

4 0.934 0.250 0.566 0.088 0.176 0.175

8 0.988 0.313 0.748 0.098 0.225 0.223

256 1 0.625 0.125 0.396 0.067 0.102 0.098

4 0.994 0.262 0.858 0.117 0.191 0.194

8 1.000 0.331 0.952 0.106 0.231 0.235

400 1 0.817 0.113 0.542 0.086 0.105 0.102

4 0.999 0.269 0.954 0.112 0.229 0.224

8 1.000 0.360 0.985 0.142 0.282 0.273

1024 1 0.995 0.134 0.867 0.083 0.105 0.104

4 1.000 0.259 1.000 0.137 0.218 0.220

8 1.000 0.350 1.000 0.173 0.295 0.294

46 1 0.147 0.136 0.126 0.109 0.086 0.057

4 0.391 0.295 0.330 0.165 0.283 0.218

8 0.551 0.393 0.453 0.181 0.397 0.345

80 1 0.229 0.144 0.193 0.097 0.132 0.090

4 0.580 0.391 0.507 0.108 0.404 0.353

8 0.744 0.515 0.640 0.163 0.543 0.487

124 1 0.298 0.187 0.254 0.081 0.177 0.144

4 0.759 0.559 0.689 0.128 0.592 0.542

8 0.896 0.676 0.802 0.156 0.715 0.682

264 1 0.479 0.265 0.410 0.092 0.266 0.234

4 0.940 0.765 0.889 0.128 0.817 0.800

8 0.988 0.905 0.966 0.160 0.932 0.927

413 1 0.598 0.383 0.571 0.105 0.365 0.338

4 0.986 0.878 0.970 0.151 0.899 0.888

8 1.000 0.946 0.998 0.211 0.960 0.956

1023 1 0.890 0.574 0.838 0.099 0.668 0.645

4 1.000 0.979 1.000 0.177 0.994 0.994

8 1.000 0.998 1.000 0.253 1.000 1.000
a α & 0 + 05; 1,000replications
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Table8: ResponseSurfaceRegressionsa

VARIABLEb LMSEC KRW KRWW KRGMM I LMERR

CONSTANT 1.329 -2.650 -1.502 -1.812 -2.794 -2.768

(0.506) (0.047) (0.324) (0.164) (0.437) (0.442)

0.009 0.000 0.000 0.000 0.000 0.000

n 0.00337 0.00165 0.00498 0.00069 0.00184 0.00182

(0.00054) (0.00072) (0.00060) (0.00025) (0.00074) (0.00074)

0.000 0.022 0.000 0.005 0.013 0.014

DENSE -0.452 -0.165 -0.284 -0.022 -0.190 -0.206

(0.063) (0.039) (0.048) (0.021) (0.039) (0.039)

0.000 0.000 0.000 0.310 0.000 0.000

θ 0.628 0.319 0.529 0.159 0.330 0.335

(0.041) (0.043) (0.038) (0.018) (0.042) (0.043)

0.000 0.000 0.000 0.000 0.000 0.000

LOG -0.355 0.029 -0.155 -1.269 -0.192 -0.207

(0.329) (0.3113) (0.277) (0.137) (0.301) (0.302)

0.281 0.926 0.576 0.000 0.524 0.493

M IX -0.581 -0.079 -0.247 -1.349 -0.312 -0.313

(0.315) (0.274) (0.275) (0.141) (0.287) (0.294)

0.065 0.772 0.368 0.000 0.276 0.287

IRREG -0.516 2.171 0.631 0.639 2.724 2.557

(0.253) (0.251) (0.237) (0.109) (0.254) (0.257)

0.041 0.000 0.008 0.000 0.000 0.000

R2 0.844 0.667 0.867 0.755 0.722 0.712
a α & 0 + 05; 1,000replications;OLSregressionwith heteroskedasticity-robuststandarderrors.
b Estimatedstandarderrorsin parentheses;probabilityof null coefficient.
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Figure1: P ValuePlot,Normal,n � 46
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Figure2: P ValueDiscrepancy Plot,Normal,n � 1023
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Figure3: P ValueDiscrepancy Plot,Normal,n � 1024
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Figure4: P ValueDiscrepancy Plot,Lognormal,n � 413
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Figure5: P ValueDiscrepancy Plot,MixedNormal,n � 81


