~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Zeng, Dao-Zhi

Conference Paper

A Migration Model of Capitalists and Residents

39th Congress of the European Regional Science Association: "Regional Cohesion and
Competitiveness in 21st Century Europe”, August 23 - 27, 1999, Dublin, Ireland

Provided in Cooperation with:
European Regional Science Association (ERSA)

Suggested Citation: Zeng, Dao-Zhi (1999) : A Migration Model of Capitalists and Residents, 39th
Congress of the European Regional Science Association: "Regional Cohesion and Competitiveness in
21st Century Europe", August 23 - 27, 1999, Dublin, Ireland, European Regional Science Association
(ERSA), Louvain-la-Neuve

This Version is available at:
https://hdl.handle.net/10419/114347

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/114347
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

A Migration Model Of Capitalists And Residents

Dao-Zhi Zeng*
Faculty of Economics, Kagawa University
Saiwai-cho 2-1, Kagawa 760-8523, Japan

Abstract

The unipole concentration phenomenon is well-known in Japan. Inside Tokyo metropoli-
tan area, there are many capitalists who provide jobs for the residents therefore the residents
enjoy high incomes. However, the congestion lowers the residents’ real utility. It is rational
to let some capitalists and residents move to local regions. By assuming the full mobility of
capitalists and residents, this paper examines their migration. The existence, stability of an
equilibrium and the comparative statics are analyzed. Finally, this paper forms a model of
optimal tax policy to settle the unipole concentration problem.

Keywords: Migration; Resident; Capitalist; Tax; Optimal

JEL classification: R23, R13, R38

1 Introduction

It is well-known that in Japan, the population in Tokyo metropolitan area is very large (the
so-called unipole concentration phenomenon). Inside Tokyo metropolitan area, there are many
capitalists (firms) and residents. The firms provide jobs for the residents therefore the residents
enjoy a high income. However, the heavy congestion in the area lowers the residents utility level.
To induce some residents to move to local areas, through a migration model of all residents in a
country, Chapter 4 of Kaiyama (1993) and Kanemoto (1995) provide an analysis for optimal tax
policy. Their results suggest the central government levy high tax on the residents in crowded
regions, and subsidize the residents in sparse regions. After the possible migration from crowded
regions to sparse regions, all residents enjoy a higher utility finally.

However, another important factor in showing the prosperity of a region, the number of
firms, is not considered in Kaiyama (1993) and Kanemoto (1995), therefore it is difficult for their
models to explain where the residents’ incomes come from. In real life, a national government
collects taxes from both its residents and its firms, the capitalists and residents are close related.
For a resident, the possible income amount strongly depends on the number of firms in his/her
residential area. On the other hand, for a capitalist (firm), the number of potential workers,
which strongly depends on the number of residents, is also an important factor in location.
However, those two kinds of people should be treated differently. For example, capitalists
and residents have different attitudes toward congestion. In a crowded area, residents feel
uncomfortable because of the heavy congestion but firms are happy because the labor cost
should be low due to the rivalry among residents.
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Suppose that both capitalists and residents are fully mobile and move to regions which
best satisfy them, this paper gives an equilibrium analysis, taking account of their migration
simultaneously. Although the idea of “voting with one’s feet” is from Tiebout (1956), our model
is different from Tiebout model in three aspects.

e There are several types of “consumers” in Tiebout model and the “consumers” segregate
themselves into homogeneous communities in an equilibrium. In contrast, our model only
involves two kinds of people: residents and capitalists. They are related to each other and
therefore do not segregate themselves into different regions in an equilibrium.

e Each resident works at a firm in his/her residential region and live on the wage. The income
amount depends on the numbers of capitalists and residents of the residential region. In
contrast, “consumers” in Tiebout model live on dividend income, which is the same in all
regions.

e We are interested in optimal tax policy of the whole country, instead of local public goods.

In Section 2, we illustrate the basic model. To simplify the analysis, here we assume that
each capitalist owns a firm (i.e., each capitalist is the only stockholder of a firm), therefore the
profit of a firm is the income of its capitalist. The government owns all the land. Each resident
is allowed to use an average amount of land free in his/her residential region for living, and a
firm does not need any land. Therefore the land amount in a region is related to the utility
level of residents directly but it is not directly related to the utility level of capitalists. All the
capitalists are homogeneous, in the sense that their preferences, their amounts of money are the
same. All the residents are also homogeneous, in the sense that their preferences, their working
technologies are the same. When residents and firms determine their location, the pure income
after subtracting taxes is an important factor. In Section 3, we show that there exists at least
one migration equilibrium for any tax policy, where all capitalists and residents in any region
do not wish to move to another region. Our result is not implied by the existence of Tiebout
equilibrium, because the utilities of a capitalist and a resident in a region are related to each
other. In Section 4, we analyze the stability of a migration equilibrium. Some more assumptions
are imposed there and we show that the assumptions assure the Hicks’ stability. The result
generalizes the stability result of Kaiyama (1993). To show the rationality of the assumptions,
we give an example satisfying them. In Section 5, we give some comparative statics analyses for
an equilibrium. We conclude that when we increase the tax amount on the capitalists (residents)
in a region, the number of capitalists (residents) in the region decreases, the number of residents
(capitalists) in the region does not increase, the utility level of capitalists (residents) decreases
but the utility level of residents (capitalists) is possibly decreasing or increasing. Since tax policy
is directly related to the net income amounts of capitalists and residents, a government can
control the migration of capitalists and residents by a suitable tax policy. Based on the results
of Sections 3-5, Section 6 forms a model of optimal tax policy. Finally, Section 7 concludes this
paper and provides some topics for future research.

2 Basic model

We consider a country which consists of m regions. Let n’. and n’ respectively denote the number
of capitalists and residents in regions ¢ = 1,...,m, where subscript ¢ stands for capitalist and
subscript r stands for resident. Here we suppose that each capitalist owns a firm, and we
identify a capitalist with his/her firm. Therefore the number of firms in region i is also n’. All



the capitalists are homogeneous, in the sense that they hold the same preferences, the same
amount of capital. All the residents are also homogeneous, in the sense that they hold the same
preferences, the same working technology and others. Hence there are ni/n’ workers in each
firm of region i. For convenience, we allow all the numbers to be ordinary real numbers (they
may not be integers).

Land is an important factor in the study of regional economics. In our model, the congestion
of region 17 is represented by population density, which depends partially on the land square g‘of
this region. We suppose that the government owns all the land, and each resident is allowed
to use an average amount of land free in his/her residential region for living. However, for
simplicity, our model supposes that firms do not use any land, and the only variable input of
firms is labor. Therefore congestion depends on the number of residents, but does not depend
on the number of firms.

As in Kaiyama (1993), we use a variable Q' to denote the uncontrollable region specific
factor (URSF) of region i such as 1ts amenities, its public service scale and level. Here Q' is
independent of the numbers n’, n’, and the land square g* of region 7. A larger Q° represents a
better equipped region.

The government determines a suitable tax policy. A tax policy is represented by the amount
si of tax imposed on each capitalist in region ¢, and the amount sfq of tax imposed on each
resident in region i, where a negative value means a subsidy.

Each resident in region ¢ works in a firm of region ¢ and gets a gross income ~%. By subtracting
tax s, the resident obtains a net income 7’ = % — st. The residents use their incomes to buy
comp051te good, which includes all consumer goods. We specify the utility function of a resident
in region i as u, (0, d*, Q'), where d’ is the population density in region 7. Let 7 be the remainder
of the profit of a firm in region 4 subtracted by workers’ wages. By further subtracting tax, a
capitalist in region i obtains net income 7’ = % — s’. The capitalists also use their incomes
to buy composite consumer good. We specify the utility function of a capitalist in region ¢ as
ue(nt, Q). Since ¥! and 7! depend on n’ and n’, d' depends on n’ and ¢, we introduce the
following two functions ®. and ®,:

o (n nrasca QZ) - “c(ﬂcaQ ) - UC(’YC - Sc?Q )
o, (n nrag 7ST7QZ) = ur(nradzaQ.) = ur(’Yr - SgﬂadiaQi)'

Summing up the numbers of capitalists, residents and the tax amounts, we introduce vectors
n. = (nl,...,n"), n, = (n},....n"), s, = (s},...,s™), s, = (s},...,s™). As in Tiebout
model, we suppose that all capitalists and residents can move among the regions without any
cost. Hence under tax policy (s.,s,), an equilibrium state (denoted by (n.,n,,s.,s,)) appears
in which the capitalists in all regions share the same utility U.(s.,s,), and the residents in all
regions also share the same utility U, (s, s,). In mathematics, an equilibrium (n., n,,s.,s,) can

be described by the following relations:

(2.1)

( ®.(ni,nt, st Q") =Ued(se,sr),  Visuch that nl >0,
®.(ni,nt,st, Q") < Ud(se,sy),  Visuch that nl =0,
®,(n',ni,g', st, Q") = Up(S¢,8;), Visuch that nl >0, 02)
®,(n',ni,g' 5., Q") < Up(Se,8;), Visuch that nl =0, :
Egl né - N67

\ Egl n:" - Nr

where N, is the number of total capitalists in the country and N, is the total number of total
residents in the country.



3 The existence of an equilibrium

There are some results concerning the existence of a Tiebout equilibrium (for example, Bewley
(1981)). We mentioned in Section 1 that our model is different from Tiebout model because
capitalists and residents are related to each other. We have to provide a proof for the existence
of an equilibrium in our new model.

Theorem 3.1 If utility functions ®. and ®, are continuous with respect to n’. and n’. for all i,
then for any tazx policy (s¢,s,), there exists at least one equilibrium (n},n*, s.,s,).

Proof: Let p. =n’/N,, p. =n’/N,,i=1,...,m. Then

m
Pe= (P, PM), Pr=(pr,....P") €8 Z{(pl,---,pm) Y =1p 20}-
=1

For convenience we denote, for i = 1,...,m,
, = (g, 1y, 8¢, Q') = De(peNe, p Ny, 5, Q1)
®; = &(ng,n5, 9", 57, Q') = @ (PLNe, DL Ny, g 57, QF).
Now define the following mapping 7" : S, X S — Sm X S,
T(pe;Pr) = (T (PerPr)s -+, T (Pes Pr), Ty (Pes Pr)s - - T (Pes Pr))

where
Tci(pcapr) :>‘c<pi+ma‘x{07q)i_ min @Z}), i=1,...,m,
Jj=1,...,m
pL>0
T (pe, Pr) = Ar <p:; + maX{O, @’ — min @2}), i=1,...,m,
Jj=1,...,m
>0
1
>\C = m 9
1+ max{(), ®* —  min Qg}
k=1 j=1,m
pi>0
1
A = - .
1+ maX{O, ®F —  min @g}
k=1 Jj=L,...,m
p>0

Since ®, and @, are continuous functions of n’. and n’, we know that T is a continuous mapping.
By the following lemma, we know that (p},p;) is a fixed point of the mapping T if and only if
nf = (pi'Ne,...,pi™N.), nf = (pi'Ny, ..., pi™N,) s. = (sl,...,s™), s, = (s},...,s™) form an
equilibrium (n}, n?,s.,s,). Since Sy, X Sy, is a nonempty, compact and convex set, by Brouwer’s
fixed-point theorem (Theorem 2.E.2 of Takayama, 1985), such a fixed point always exists, which
concludes our proof. O

Lemma 3.1 Point (p},p;) is a fized point of mapping T if and only if

P (= Do (n¥, nl*, 5L, Q1)) = _max ®I* Y i such that piF > 0, (3.1)
j=1,...m
O (= @, (n'*,nt, ¢', st, Q%)) = _max ®J* Vi such that pi* > 0. (3.2)
j=1,...m



Proof: We first show that
Té(psz:):pi*j Vi:]‘7"'7m (3-3)

if and only if (3.1) holds.
Sufficiency. If (3.1) holds, then for any 4, j such that p2* > 0, p* > 0, we have & = $J*,
Hence
®¥ = min B Vi such that p&* > 0,
j:17"'7m
pi*>0
and
¥ < min  ®IF Vi such that p* = 0.
j:17"'7m

pL >0

Therefore (3.3) holds for any ¢ from the definition of T'.
Necessity. From the definition of T', we know that (3.3) implies

(1= X)p% = X, max{O, d” —  min Qg*}, Vi=1,...,m. (3.4)
7j=1,...m
pie>0

Furthermore, by the definition of A, (3.4) leads to

m
Z maX{O, ¥ — min  ®J* }plc* = maX{O, O —  min @ﬁ*}, (3.5)
k=1 ]:1,,771 ]:laam
pe">0 P >0
Vi=1,...,m.

Since ™, p¥ = 1, we know that p/* > 0 holds for some j. Let I be a region satisfying
o = min I
Jj=1,...m
pL" >0
Then for i = [, the right hand side of (3.5) should be zero. Since p.* > 0 by the definition of /,
we know that the coefficient of p/* in (3.5) should be zero. Therefore

ok <ol VEk=1,...,m. (3.6)
For i such that p2* > 0 we have ®i* > ®"* by the definition of [. Combining with (3.6) we know

C
that for those i, ®2* = ®* holds. Furthermore, since (3.6) holds for all k, we obtain (3.1).
Similarly, we can show that T?(pZ, p}) = p* holds for all i if and only if relation (3.2) holds,

which concludes the proof. a

4 The stability analysis of an equilibrium

In this section, we consider the stability of equilibrium (n., n,,s.,s,). The stability concept for
such kind of equilibrium is first described for a simple case that residents move between 2 regions
in Boadway and Flatters (1982), without strict definition. Kaiyama (1993) then considers the
case that residents move among m regions and gives a sufficient condition for the stability (P.
77), which generalizes the stability conclusion of Boadway and Flatters (1982) (P. 619). Here
we consider the stability of our new model, which is more general than Kaiyama (1993).



4.1 More assumptions

Section 3 shows that, to assure the existence of an equilibrium, ®. and @, are only required
to be continuous with respect to n’ and n’. In order to examine the stability and comparative
statics analysis, in the rest part of this paper, we give more technical assumptions. At first, the
utility functions ®. and ®, are now supposed to be continuously differentiable with respect to
all variables. The following notations will be used:

o 0®.(n%,nk, st Q") o 0. (nk,nk, st Q")
W= on' T an ’
c r
_ 0% (ng .6ty 5, Q) 0%r(ng, g, g°, 81, Q)
i = on' AT on' ’
(& r
where i = 1,...,m, the differentials are valued at the considered equilibrium (n., n,,s.,s,). If

ni =0 (n’. = N,) for some i, then w; and y; are the right (left) derivatives. If n’. = 0 (nl = N,.),
then z; and z; are the right (left) derivatives.

If z; = y; = 0 holds constantly for all 4, the utilities of capitalists and residents are inde-
pendent of each other. Those two kinds of people can be treated as two types of customers in
Tiebout model. If furthermore N, = 0, then our model degenerates into Kaiyama’s model.

The following assumption (4.1) is popularly used in literature, which says that each people
will be more happy with a larger net income, and each resident will be happy by mitigation of
congestion. (4.1) needs no extra explanation.

Ou Ouy Ouy
- >0, — >0, — <0. 4.1
o T onk T od = )
By (4.1) and (2.1), we have
0o, Ou, 00, ou,
- =—-——<0, —=-——7—<0. 4.2
dsi  om - osi . oml 42)

Relation (4.2) says that the utilities of a capitalist and a resident decrease if their tax amounts
increase.
The following two assumptions need more explanations.

w; < 0,2, >0,y;, >0,2; <0, Vi=12...,m, (4.3)
wizj —xiy; > 0, and w;z; — x;y; > 0, Vi, j=1,...,m. (4.4)

Assumption (4.3) says that when the number n’ of capitalists in region 4 increases, the utility
level of capitalists in region i decreases but the utility level of residents in region 7 does not
decrease. Similarly, when the number n’ of residents in region i increases, the utility level of
residents in region 7 decreases but the utility level of capitalists in region 7 does not decrease.
As an intuitive explanation of this assumption, when the number of residents increases, a com-
petition in the worker market decreases the labor cost of firms and capitalists enjoy a higher
utility. On the other hand, when the number of capitalists increases, it becomes easier for a
resident to find a good job and hence residents enjoy a higher utility. Now we use Figure 1 to
explain the condition (4.4). Figure 1 illustrates the situation that a resident, named R, moves
from region i to region j. Since n’. decreases by 1, the utility level U? of residents remaining in
region 7 increases by |z;| directly. At the same time, the utility level of capitalists in region i
decreases by |z;|, which can be recovered by letting |z;/w;| capitalists of region i emigrate. Due
to the decrease of n’, U! decreases by |y;||z;/w;|. The latter half of condition (4.4) says that the



total increase of U} is || — |yi||zi/w;| > 0. Hence, the residents remaining in region i do not
prefer moving after R. On the other hand, let us speculate how much will R benefit from the
move. R’s move directly decreases the utility level of residents in region j by |z;|. The |z;/w;]|
capitalists emigrating from region 7 move to regions other than . In the case best to R, all the
|z;/w;| capitalists move to region j and U/ increases by |y;||z;/w;|. The former part of (4.4)
says that the total increase of U} is |y;||zi/w;| — |zj| < 0. Therefore R does not benefit from the
move. Figure 1 intuitively explains that no residents prefer moving therefore the equilibrium is
stable. In this section we theoretically show that the equilibrium is actually stable in the Hicks
sense.

O 1 resident moves T
region ¢ > on j

> regi

U increases |z;] U! decreases |z;|
U/ increases totally
Zi italist t
- | capitalists move ou
A
|1 w; 2j] <0

U! increases totally |z;| — |y >0

Zi
Wi

Figure 1: Explanation of (4.4)

We give a comment on assumptions (4.3) and (4.4). The relations are only required to be
valid at the considered equilibrium, instead of being valid constantly. Therefore, for example,
our model does not preclude the case that ®. is a concave function of ni, hence w; is positive
when n’ is small but it becomes negative when n’ is large.

4.2 Stability

Here we give another mathematical description for the migration of capitalists and residents.
In each region, a capitalist (resident) compares the current utility level with the average utility



level of all regions. If the current utility level is lower, the capitalist (resident) moves to another
region with higher utility level. Therefore, we revise (2.2) as follows.

(0= ®.(nl,nl, sk, Q) — % S ®e(ni,nk, st Q)
0=®,(n,nk,g"s5,Q") — =57 @ (ni,nk g% st, Q)

% 0_(}( ne, 'r'7 c)Q) ngltbc(né’ni’sz)Qi)

k 1 m i i i g0 O (45)
Ozér(nc’nr’g )Ser )_Ezi:1 @r(nc,nr,g 757-)Q)

0=@c(n~" nt s, QM) — L 2L @e(nd, g, 5L, QF)
\ Ozér(nznil :‘nfl,gm 1) ;‘n 1,Qm 1) 5221 (Pr(nmnr’gi?‘sf"’@i)’

,n
where n* and n! in ®.(n*, n™, s7, Q™) and @, (n*,n", g™, s, Q™) are not independent vari-
ables. They satisfy

m—1 ) m—1 )
P =N.— Y ni, n'=N.—> ni (4.6)
i=1 1=1

For convenience, we denote the right hand side of (4.5) as ¥¥(n,, n,.) and ¥¥(n,, n,) respectively.
That is,

1 & Sy
2 el o1, Q)

1 Ul S
\I/];('n,c,nr) = (I)T(nlgan]:agkasran) - E Zéc(néan;aglaséa QZ)

\Ijlg(ncanr):q) ( ra can

Furthermore, for ¢, =1,...,m — 1, ¢ # j, we denote

oVl (m — Dw; +wy, ov’, _—wjtwn

Gij = 5— = y Gij = ;
on', m oni m

b — ov, (m—1z;+zpn 5 VL -zt

i — - = y ] — - y
on. m 7 oni, m (4.8)

w0 m=Dyityn 0% Yt ym

(1) anzc m I 1) 8”0 m )

g — 8\11; _ (m—1)zi + 2z, g — ov? _ =%zt 2m

0 8n; m ) i — (9’1%« m )

where i, =1,...,m — 1, i # j. The relations are from (4.6) and (4.7).

Hicks (1946) gives the following specification of stability on exchange economy (see also
Negishi, 1962). A rise of the price of any commodity above the equilibrium must be accompanied
by an excess supply of that commodity, and a fall below the equilibrium by an excess demand,
so that a force is generated to bring the changed price back to equilibrium. This behavior must
hold regardless of the state of other markets, i.e., whether or not other prices are unchanged or
adjusted so as to maintain equilibrium in the relevant markets. For our migration problem, if we
take the numbers of capitalists and residents as prices of goods, the stability can be defined in a
similar way. That is, an equilibrium is stable if the equilibrium is not destroyed when a capitalist
or a resident migrates from one region to another. Specifically, when a capitalist (resident) in
region ¢ migrates to another region, and either

1. the numbers of capitalists or residents in other regions do not change,



2. one number of capitalists or residents in a region is adjusted to maintain the equilibrium,

3. two numbers of capitalists or residents in one or more regions are adjusted to maintain
the equilibrium,

4. similarly to the above cases, several numbers of capitalists or residents in several regions
are adjusted to maintain the equilibrium,

then some capitalists (residents) are willing to migrate to region 7. As in Hicks (1946), to
investigate the stability of equilibrium (4.5), we use the following 2(m — 1) x 2(m — 1) Jacobian
matrix.

aiy bir -0 an biy - arm bim—1
c11 diy - cig dig 0 Clm—t1 dim—1
ak1 bpr Gk bk 0 Qkm—1 bkm—1 (4.9)
k1 dgr 0 Crk dig - Chm—t Ak m—1 ’
am-11 bmo11 - m—1k bm—ik 0 Gmoim1 bmoimt
Cm=1,1 Am-11 "+ Cm—1k Gdm—1k " Cm—1,m—1 dm—1m—1

where agj, bz‘j, Cij and dz‘j are defined by (48)

According to Hicks (1946), the equilibrium is stable if and only if the signs of the principal
minors of (4.9) are alternatively negative and positive.

The next theorem says that assumptions (4.3) and (4.4) assure the stability.

Theorem 4.1 If (4.3) and (4.4) hold at an equilibrium (n¢, Ny, Sc, Sp), then this equilibrium is
stable.

Proof: The conclusion holds according to Lemmas A.4 and A.5 in the Appendix. O

We give two comments on Theorem 4.1. First, as stated in Section 4.1, our model is a
generalization of Kaiyama’s model. When N, = 0, z; = 0 and y; = 0 for all 4, (4.3) and (4.4)
degenerate to z; < 0. Therefore Theorem 4.1 generalizes the stability conclusion of Kaiyama
(1993) (P. 77), which itself generalizes the stability result of Boadway and Flatters (1982) (P.
619). Second, if (4.3) and (4.4) are valid constantly, then Theorems 3.1 and 4.1 ensure the
existence of a stable equilibrium.

Now we explain why Hicks’ definition of stability is used here. Historically, Hicks’ stabil-
ity is the first one and it has been replaced by Samuelson (1941, 1942), who argues that the
stability problem should be specified with a dynamic adjustment process. However, very few
useful propositions are derived from Samuelson’s criteria (P. 11 of Arrow and Hahn, 1971), and
Hicksian condition has been proved to be useful in comparative statics. Furthermore, the Hick-
sian condition is necessary if the dynamic process is stable regardless of the value of speeds of
adjustment (Metzler, 1945).

4.3 An example

We here give an example which satisfies all the conditions of (4.3) and (4.4).



Example: Consider the case of a country consisting of m symmetric regions, in the sense
that ¢’ = gand Q* = Q foralli = 1,...,m. Let f(n,Q) be the production function of each firm
in a region, where n is the number of workers in this firm. Hence the gross profit of a firm in
region i is f(n%/n’, Q). Suppose that the production function is twice differentiable with respect
to n, and satisfies

& f(n,Q)
- on?

Therefore the marginal productivity f; = df(n,Q)/0n decreases. All residents get incomes by
working. Each resident’s wage <, is the marginal productivity fi, and the net income is

fuin = <0. (4.10)

m= sk = A Q) — s
C

Notice that the land squre in region 4 is ¢, the population density is d* = n’/g’. Here, since
a capitalist in region ¢ may not be a resident of region 7, and we assume that firms do not use
any land, therefore we do not count the number of firms (capitalists) when we calculate the
population density. In this way, the utility of a resident in region i is

By (kg5 Q) = s 8, Q) = s (1155, Q) = 51,22, Q). (111)
C
The net income of a capitalist in region ¢ is the gross profit subtracted by the amount of
wages and tax:

n; ny . 1 i
—. Q) — Wfl(n_g’Q) — Sc-

)
]
nC c

Me =" —se = (-5, Q) — v — st = f(
The utility level of a capitalist in region 7 becomes

¢ (n nrvscaQ) - UC(T/C? Q) = uC(f(%aQ) fl(n_:7Q) - Si? Q) (412)

Since all regions are symmetric, we know that there is a symmetric equilibrium in which
nt. = Ny./m, nl, = N./m, s. = s) and s. = sJ for all 4,j = 1,...,m. We show that (4.3) and
the latter half of (4.4) hold constantly and the former part of (4.3) holds at this equilibrium
therefore this symmetric equilibrium is stable by Theorem 4.1. At first, from (4.12), we have
the following relations for all region 1.

Rt AL R
= e g (2 2l
=i (- gtk
= —%xi <0, (4.13)

where the inequalities are from (4.1) and (4.10). Furthermore, by (4.11),

0P, B if ( Q) 3ur(m,d’ Q) iaur(ni,di, Q)
oni — mi’tpi on. gt od’

z; =
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au?‘ (771"5 dz Q)

<_f11(ni’Q) 87]7« ) Z:L -, 1,
00, Our o, ', Q)
h= G = G O
= nl< fll(_:’Q)w> <_n_lzz, 'L':]_,”"m
n un ont. n,

hold, where the inequalities are from (4.1) and (4.10). Since fi; < 0, du,./Ont > 0, we know
y; > 0 by the last equality. From the last inequality, we have
ni
zi<——fyi<0, Vi=1,...,m. (4.14)
n

r

By combing (4.13) and (4.14) we obtain
wizi > xiy; VYi=1,...,m. (4.15)

By (4.13) again, we know that relations w;/z; = —n%/n’ = —nf/nl = w;/z; hold for any two
regions ¢ and j at the symmetric equilibrium. Therefore

wi Yy wi Y5 T
WiZj — TjYj = TiZj <— — —> = J?iZj( - | = —(’ijj — :L‘jyj) > 0,
Tz Tj 2z zj

where the last inequality is because of (4.15).

5 Comparative statics analysis

The previous two sections consider the existence and stability of an equilibrium. This section
examines how an equilibrium changes when the numbers of total capitalists and residents and
the tax policy change.

We suppose that all the assumptions in Section 4 hold, therefore the considered equilibrium
is stable. Furthermore, for convenience, here we assume that n’ > 0 and n% > 0 for all region
1, and that the size of land, the URSF of each region ¢ do not change. Therefore only four
equalities remains in (2.2). By calculating the total differentiation of the four equations, we
obtain (5.1).

( . . o

widny, + xidn!. — dU, = — (')Zdz i=1,...,m,
; ; D,

yidn!, + zidn, — dU, = — gldl i=1,...,m,

72“: . (5.1)
dn; = dN,,

i=1

m .

> dn} = dN,.

\ l:1

We treat the above 2m + 2 formulas as equations of 2m + 2 variables dn’, dn’, dU,, dU,..
For convenience, we introduce the following notation for the coeﬁiments in (5.1).

A(wla"'awm;$17"'7$m;y17"'7ym;zla"'7zm)
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w1 0 = 0 -1 0
0 Wm 0 Tm —1 0
|l wn 0 21 0 0 -1
0 Ym 0 Zm 0 —1
1 1 0 0 0 0
0 0 1 1 0 0
m m m w.z. —_ x.y.
7 7
= [T(wizt = zy) D> J ! >0,
=1 i=1j=1 (wizi — ziyi) (wjzj — T5y;)

where the inequality is from (4.4). Therefore (5.1) has a unique solution for any ds’, ds’, dN.
and dN,,t1=1,...,m

5.1 The impact of N, and N, on U, and U,

Theorem 5.1 By increasing the number N, of total capitalists, the utility level U, of capitalists
decreases but the utility level U, of residents does not decrease. Similarly, by increasing the
number N, of total residents, the utility U, of residents decreases but the utility U, of capitalists
does not decrease.

Proof: Let ds’ = ds’. = dN, =0 in (5.1). By Cramer’s formula, we have

0 S W 0 e T 0 0
1 1 0 0 dN. 0
0 0 1 1 0 0
dU, = :
A(wl,... yWmsLly ey Tmy Y1y oy Yms 21y - - - ,Zm)
Therefore
8Uc . El 1 ’lUlZl xlyl <0
= m 2; @ ’
8Nc i=1 W;iZ; —TiY; Zl 1 wrz—T1Y;
_xm Y __w
lel w2 — XY Zl 1wz —xy
where the inequality is from (4.3)—(4.4).
Similarly,
m 2
ou, 2t wyz —L1Y;
ON. - m 2 T < 0,
r ‘ ElTnl wlz,—alclyl _El 1 wzzll Y ‘
_Elzl W21 —T1Y; El 1 wizZ—x1Y;
m Y
6U,« _ Elzl w2 — Ty > 0,

m.o_ 2 T
3Nc ‘ Zl:l Wz —T 1Y Zl L wizi—ay; ‘
Y

— m._o_ YL _w
2i=1 w2 —TY] it L wzj—zyy;
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m Xy
aUC Zl:l Wiz —x1Y1

aN,

m.o & _ __ T
El:l W2 —X 1YL Zl 1 wm Ty
_\mo .y
El:l W2 —X Y1 El L wizi—zy, 901?/!

Od

Many developing countries exert themselves to the utmost to attract foreign capitalists. The
above result shows that this may increase the utility of citizens in the countries.

5.2 The Impact of tax policy on n’ and n!

In China, as a step of economic reform, the Shenzhen city in Guangdong province had a special
tax policy (reduction or exemption tax policy in several years for several kinds of firms in the
city). As a result, many capitalists and residents have been moving to Shenzhen city and the
population of this city increases rapidly. Now we give a theoretical support for this phenomenon.

Theorem 5.2 By increasing taz s’ on the capitalists in region i, number nl decreases and
number n’. does not increase. Number n¥ of another region k increases if and only if

2 m TR —T[Z
t I=1 wizi—ayy
—y; m o WzE—TRY
t I=1"wizj—ayy

<0, (5.2)

and number nk of region k increases if and only if

2 m We2 =T Y

t I=1 w2 —ayy

) YW =YW
—Yi El 1

Wiz —I1Yr

> 0. (5.3)

Similarly, by increasing taz s. on residents in region i, number nl. decreases and number n!, does
not increase. Number nlg of another region k increases if and only if

. m o TR —T2g
Li 2= w2 —T1Y|

. m Wz —TEY|
Wi El:l w2 —T1Y;

>0, (5.4)

and number nk of region k increases if and only if

T Zm WE2—T 1Yk
? wiz =Ty | () (5 5)
—w; Y YW —Y Wk : :
t I=1 wiz -y

Proof: Here we only show the case of i = 1, k = m and that tax s! increases. (Other cases can
be proved in a similar way.) To examine the change of number n! of capitalists in region 1, we
have the following expressions from (5.1).

—0%./0st 0 -~ 0 =z O -~ 0 -1 0

0 ws - 0 0 x -~ 0 —1 0

0 0 Wm0 0 r, —1 0

0 0 0 zi 0 0 0 -1

0 Y2 0 0 2 0 0 -1

0 0 -+ Ym 0 0 - zn 0 -1

0 1 -~ 1 0 0 -~ 0 0 0

on, 0 0 - 0 1 1 -~ 1 0 0
88% A(wla"' yWmy Ly ooy Tmy Y1y -+ o5 Yms 215 - - - 7zm)
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0P, ( 1 xm 2 m m Wiy 21y —T1y Yy )
7 |=> 1, —L— _ _
9sL “1 \ 21 2 Wiz —T1Y; + le—? 252—2 (wiy 21y =21 Y1, ) (Wiy 215 —T15 Y1)

m.o 2 _ __ T
El:l W2 — XY El—l W2 —X Y|

(w121 - $1y1)

_ W _wr
Zl:l W2 —T Y| ZZ*I W2 —T 1Y
< 0,

where the inequality is from (4.2)—(4.4). Therefore number n! decreases. To examine the change
of number n! of residents in region 1, from (5.1), we have

wi 0 -~ 0 —0%/0sf 0 -~ 0 -1 0
0 wy --- 0 0 g -+ 0 =1 0
0 0 Wi 0 0 Tm —1 0
Y1 0 0 0 0 0 0 -1
0 vy 0 0 z2 0 0 -1
0 0 - ym 0 0 + zm 0 -1
1 | 1 0 o - 0 0 0
on} 0 0 - 0 0 1 -~ 1 0 0
68}: A(wla"' s Wms L1y Tmy Yty 5 Yms 21,0 0 ,Zm)
Lol m m Wiy 21y — L1 Yl L m y )
_ 0s§ Y1 (le:2 2= (Wi 21 =1 Y1y )(Wip 215 —T1, Y1) T EZZQ wyzi—a1yY)
o m.o oz )
_ 21 wiz— Ty -2t w1z —T1Y)
(wrz1 — T1Y1) —ym Y1 Som _wp
I=1 wyz—myy; I=1 wiz—myy,

< 0,

where the inequality is from (4.2)—(4.4). Hence the number of residents in region 1 does not
increase.

To consider the change of number n]"* of region k = m, we use the following expression from
(5.1):

wy - 0 —0®./0sL x -+ 0 0 -1 0

0 Win—1 0 0 Tm-1 0 =1 0

0 0 0 0 0 Tm —1 0

Y1 0 0 z1 0 0 0 -1

0 Ym—1 0 0 Zm—1 0 0 -1

0 0 0 0o .- 0 Zm 0 -1

1 1 0 0 0 0 0 0

ong* 0 0 0 1 1 1 0 0

88% A(U)la"' yWmy Ly w5 Tmy Y1y - o5 Yms 21, - - - 7zm)

21 m  TmZ—T[Zm
0%, 2i=1 w2 =Ty

w121 —T1Y1
Y1

dsl m - WiZm —Tmy

T wizi—x =1 "wzj—<
= 5 E—T——— (5.6)
(W Zm — ZmYm) l:n% w2 —T1Y; I=1 Wiz =Ty
1 wp
=1 wiz—ay El—l W21 —X1Y|
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From (4.2)-(4.4), (5.6) is positive if and only if (5.2) holds. Finally, to examine the change of
number n]" of region k = m, we use the following expression from (5.1).

wy -0 0 21 -~ 0 —9%./0st -1 0
0 - wmp-1 0 0 - Tm- 0 -1 0
o - 0 Wy 0 - 0 0 -1 0
Y1 0 0 Z1 0 0 0 -1
0 Ym—1 0 0 Zm—1 0 0 -1
0 0 Yym 0O 0 0 0 -1
1 1 1 0 0 0 0 0
on," 0 0 0 1 1 0 0 0
682 A(U)l,"' sy Wms Ty s Tmy Y1y s Ymi3 21y 00 ,Zm)
21 Em Wm 2 —T1Ym
0P, w121 —T1Y1 =1 WZ—2x1Y;
05l Y m  YmWi—YiWm
w121 —T1Y1 I~y Wiz —T 1Y (5 7)
Zm 2] _ Em T .
(w P ) I=1 wyz—ay I=1 wyzj—ay
mem mYm) | s Uy s wy
I=1 wyz—ay, I=1 wiz—ay,
By (4.2)-(4.4), (5.7) is positive if and only if (5.3) holds. 0

Theorem 5.2 tells us that, if s’ (s?) is increased, some capitalists (residents) of region i move
out. However, it does not mean that the capitalists (residents) in all other regions increase. Now
we give an explanation of condition (5.4), which can be rewritten as follows.

T +xp + 2 Z Wiz — Tith + 2 Z el el > 0, (5.8)
wizp — T1Yp w2z — T1yYi
=1,....,m =1,....,m
1,14k 1,14k

The preceding three items of (5.8) are nonnegative hence it is quite possible that (5.8) is true.
However, in the case that m > 2 and

T; ]

<

Vi=1,...,m,l#i,k, (5.9)

wj wy

(5.8) may fail to hold. From Figure 1, we know that |z;/w;| is the number of capitalists emigrate
from region % to recover the original capitalists’ utility level when one resident emigrates from
region i. Intuitively, first some residents emigrate from region i to region I because s’ increases
for some [. Since (5.9) says that |z;/w;| is small, few capitalists emigrate from region i. However,
since |z;/wy| is large by (5.9), many capitalists immigrate to region [. Therefore it happens that
the number of capitalists in region k decreases. Other conditions (5.2), (5.3) and (5.5) can be
explained in a similar way.

5.3 The impact of tax policy on U, and U,

From the conclusions of Section 5.2, we know that when tax s’ on capitalists in region i increases,
number n’c decreases and number nf, does not increase. Now we show that U, decreases but U,
possibly decreases and also possibly increases. Similarly, when we increase tax s&. on residents
in region 7, the utility level U, possibly decreases and also possibly increases.
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Theorem 5.3 By increasing taz s’ on capitalists of region i, the utility level U, of capitalists
decreases. Furthermore, the utility level U, of residents increases if and only if

o~ 2l — YiZ
= Wiz — Ty

By increasing taz si. on residents in region i, the utility level U, of residents decreases. Further-
more, the utility level U, of capitalists increases if and only if

n w; T — T;Wy
I=1 w2z — T1yYp

Proof: Let ds] = dQ’ = dN. = dN, = 0 for all j, and furthermore ds! = 0 for all j # 7. Then
from (5.1) we have

wp - 0 -+ 0 =z -+ 0 -~ 0 0 0
0 -+ w -~ 0 0 - x - 0 —(0®:/0sl)dsi 0
0 - 0 - wn 0 - 0 - 2, 0 0
gy - 0 -+ 0 oz - 0 - 0 0 -1
0 Yi 0 0 zi 0 0 -1
0  ym O -+ 0 - 2z, 0 -1
I | 1 0O --- 0 - 0 0 0
0 -~ 0 - 0 1 - 1 - 1 0 0
dU, =
AWy ey Wi Ty e e e s Ty YLy e v ey Y 21y -+ s Zm)
Therefore
0P, Wiz —T1Yi
8Uc . 9s?, El 1 wyzj—zy; <0
i m 21 - T ’
Os; (wizi — Tiyi) 2=1 w2 —T1Y; it w2 —T1Y;
i 21 iYi —ym 173 S W
I=1 wyz—ay; I=1 wyz—ay,

where the inequality if from (4.2)—(4.4).
Similarly, we have
0P, N 2iY1—YiZl

ou, dst, =1 wiz—ayy; (5.10)
st s 2] —ym, o —a | '
c =1 w;zj—xy; =1 wizj—ay
(wizi - fEi?/i) = yi E _wp
=1 wiz—ayy; =1 wyzj—ay

3413‘?« m Wi —T;W|
oU, o 05l El:l w2 —T Y] (5 11)
st B S e Yk ot ’ '
OV =1l wiz—r1y; wm 1Y
(wiz1 — T391) = ) Sm
I=1 wizj—azyy I=1 wiz—xy; fL‘lyl
0P, "M Wiz —Tiy;
oU, . 9s?, Zl:l w2 — Ty <0
Ost m.o oz oz :
r (wizi — Tiy;) 2= w2 —TY| -t w2 —T1Y;
i 24 iYi)| s Y1 S _wr
I=1 wiz—ay I=1 wyzj—ay
From the above expressions, the conclusions of this theorem hold evidently. O

The following two corollaries explain the conditions in Theorem 5.3.
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Corollary 5.1 There exists at least one region i, such that when s’ increases, U, decreases and
U, does not increase; There ezists at least one region j, such that when s] increases, U, decreases
and U, does not increase.

Proof: Let ¢ and j be the region satisfying

][ 1 R Y B
Zi I=1,...m| 2] Wj I=1,...m| Wy
Then it is easy to check that AU, /ds. < 0 and dU./ds) < 0 by (5.10) and (5.11). O

Corollary 5.2 By increasing s in region i satisfying (5.12), U, decreases but U, increases; By
increasing s). in region j satisfying (5.13), U, decreases but U, increases.

il = min |2| < max |4 (5.12)
Z; I=1,...m| 2] I=1,...m| 2]

ZT;j .

= min |~“| < max |~ (5.13)
Wj I=1,...m|wy I=1,...m|wy

The above two corollaries tell us that if the government needs more tax, increasing taxes s’
and s/ is better than increasing other taxes until

T

wi

Ty

wy

2]

(5.14)

, min
l

mlin

= mlax

= mé&x

2l

To explain (5.14), we use Figure 1 again. The ratio |z;/w;| can be explained as the sensitivity
of capitalists’ migration to residents’ migration. Therefore the latter part of (5.14) says that
the sensitivity in any region is the same. The former part of (5.14)can be explained in a similar
way.

6 A model for optimal tax policy

The net income, which is the gross income subtracted by tax, is an important factor for capitalists
and residents to locate. Therefore the government can control the migration by a suitable tax
policy. We suppose that the total numbers N, and N, of capitalists and residents in the country
are fixed and the government seeks to maximize the welfare of its own residents and capitalists.
By introducing weights o and 3, we model the objective function of the government as follows.

U(SC7 S’f‘) = aNCUC(SC7 S’f‘) + BN’I‘UT(SC7 ST‘)'

The weights «, # are nonnegative and o + § = 1. A tax policy which levies a person more
tax than his/her income is considered to be infeasible. Therefore we suppose that s’ <+’ and
sk <~} for all region 4. By tax policy (s, s,), the government should obtain total tax T, which
is equal to the total expenditure of the whole country, including the national defense fee, the
education fee, etc. The optimal tax policy can de described as a solution to the following optimal
problem.

max aN.U.(s.,s;) + BN, U,(sc,s;)
m . . . .
2:(71’032C +n.s.) =T

=1 .
S.t. s <

(6.1)
sfn < fyf;.
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To find the optimal solution of (6.1), we now introduce the following Lagrange function.

L(sasra)\o Aes Ar)
aU (sc,sr) +>\0<Zns + nist) )Z)\l<8 —76>+Z>\Z<i 'y,i,>,

where X%, Ao = (AL,...,A™) > 0 and A, = (AL,...,\™) > 0 are parameters. At first, we
calculate the partial differentiates of L with respects to s’ and s. for alli =1,...,m.

OL oU.. U, Ui g Bn] :
88@ aNe—— a z a ( 2:: Zc 8 )) +)\c’ (6'2)
oL OU. oU, i g joni :
95l = aNe- ; + BN:— ; + A < 2:: ; as;)> + AL, (6.3)

Since the total numbers of capitalists and residents are fixed, we have

i j i j
ong Z onl ony Z oni
¢ = <, L= a5
0st, ‘ 0Ost, 0st, 0Ost,
]:1""’m .7 17 7
J#i J#
on', _ Z onl on'. _ Z on/.
dst. st st dst.
7j=1,...m j=1,...m
J#F J#

Therefore (6.2) and (6.3) can be reformed as follows.

oL oU, BU onl ; onl

a—sg: Naz a (n +Z c)asg—i_(si_sr)asé))"i_)‘lca

oL oU, 6U onl N ;

it = AN+ BN G 0 (i +]21 — )G+ (L= sG] + AL
1=1,...,m.

By Kuhn-Tucker condition of optimization theory, we know that for an optimal solution
(s¥,s?) of (6.1), there exist suitable parameter \%*, \* and \* such that

( aL( C’ T"AO*’Az’)\:)
=0
Ost
DL (s}, 55, A0 A2, A0
=0
Jst.

’;*<’yé:>>\’é*:0
<l A =0
=l = A >0
[ s == A >0

W W W »
QSN S,

Since OU,./0st, OU,[dst, OU. /s, OU, [0st, Onl/dst, Oni/dst, Onl/dst and Onl/0st can be
calculated from the results in Section 5, the optimal tax policy can be obtained from equations
(6.4) and constraint (6.1).
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7 Concluding remarks

This paper considers a new migration model, which includes residents and capitalists. After a
model description in Section 2, we prove that at least one equilibrium exists in Section 3, in
which there is no more migration of capitalists and residents. In Section 4, we impose some
assumptions to assure the Hicks’ stability of an equilibrium. Section 5 gives some comparative
statics analyses. In Section 6, we provide a model for optimal tax policy.

In our model, the capitalists are supposed to be homogeneous and every firm is invested by
one capitalist only. If a large firm can be treated as a composition of several small firms, then
our model works more generally. For the convenience of model analysis, this paper recognizes a
capitalist as a people or stockholder. However, it may be better to think of it as a representative
of unit capital, or stock itself, which explains why it does not affect congestion directly.

The model in this paper does not involve any local public goods in explicit form. However,
the URSF @’ of each region i actually represents the level of local public goods there. Suppose
that from the viewpoint of the local government in region 4, it is rational to levy tax #. on each
capitalist there and tax t. on each resident there. Then our model still works by replacing tax
amount s’ by si + ti, and amount s’ by s’ + t..

We give two future research topics. First, this research suppose that residents are free
to migrate among regions. In China, to avoid congestion, the registered permanent residence
system is enforced. In this way, migration of residents is restricted. However, as a fact, the
congestion in Beijing and Shanghai remains severe. It is important to extend our model and
results to include the migration cost. Second, the stability conditions in Section 4 are sufficient
but not necessary. It is important to examine the stability when either w; or z; is, or both are
positive at the considered equilibrium.
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Appendix

We prove Theorem 4.1 here by several lemmas. First, we show that we can give the following
assumption without loss of generality:

WiTm — Tiwm <0, 1=1,...,m, (A.1)

where all the w; and z; are valued at the considered equilibrium. If z; = 0 for all 7, then (A.1)
holds evidently. If z; # 0 for some ¢, we can rename the regions so that

W, wy

— = max —,

Tm i=1,..,m Ti
;70

which implies (A.1).

Lemma A. 1 For integers k = 2,...,m — 1, the following results for 2k x 2k matrices hold.

Al(evk) +B1(€vk) = (AQ)
€Wy 0 Wm T W  Tm 0 €ELm Wm Tm Wm T
€Ym 0 Ym 2Zm " Ym Zm 0 €Zm Ym 2Zm 0 Ym  Em
0 —T1 w2 T2 . 0 0 — w1 0 w2 T2 s 0 0
0 -2z y2 22 -+ 0 O |4 -»n O y2 2z -+ 0 0 |>o,
0 —x1 0 0 Wi Tk —wq 0 0 0 W Tk
0 -z O 0 Yk Zk -y 0 0 0 Yr 2k
A2(€17€27k) +B2(€17€27k) = (A3)
€1W1 0 Wm Tm Wm Tm 0 €1T1 W Tm Wm T
€291 0 Ym Zm Ym Zm €221 Ym Zm Ym Zm
0 —I1 w2 T2 0 0 —w1 0 w2 ) 0 0
0 —2Z1 Y2 zZ9 0 0 + —Y1 0 Y2 z9 0 0 Z 0,
0 —I1 0 0 W T —w1 0 0 0 Wi T
0 -z 0 0 Yk 2k -1 0 0 0 Yk Rk
A5(k) + By (k) = (A4)
ot e 0 wm Tm Wi T
yﬁm + wl(ry:;:flfrl) 0 Ym  Zm Ym  Zm
—T1 w2 T2 0 0
0 —21 29 0 0 +
0 —x1 0 W Tk
0 —21 0 Ye 2k
0 Lm 4 Z1Um Wy Tm Wy  Ton
m MWek41
0 Zﬁm + mrynmwi;_?ﬁm Ym Zm Ym 2Zm
—w1 0 ws T2 0 0
- 0 Y2 22 0 0 [>0,
—w 0 0 0 W Tk
—Y1 0 0 0 Yk 2k

21




where €, €1 and €2 are positive numbers.

Proof: We introduce notation A(e, k,j) by letting all the elements, except 25 — 1 and 2j rows,
in the second column of A;(e, k) be zero, and notation B(e, k,j) by letting all the elements,
except 25 — 1 and 2j rows, in the first column of By (e, k) be 0, where j = 2,... k.

ew, 0 s Wy Ty o Wy T
€Ym 0 t Ym Bme 0 Ym Zm
. 0 —r1r wj :Ej s 0 0
A(G, ka]) = 0 . . 0 0
_zl .. y] z] ...
0 0 .- 0 0 - wp xf
0 0 e 0 0 - Yy 2
’LUjZl—yjl'l ijEl—l'jZl k
ew w
= m Tmiz ey T M,y (w2t — z1y)
w;jZ1—T1Y; 2;T1—21T; 1<l i),
€Ym  Pm, s T Um -
W;j 25 —T;Y;j wjzj—TjY; | 1=2
0 em - Wy Tm - Wy Tm
0 €m - Ym Zm " Ym  Pm
B(e,k, j) = —wq 0 wj T 0 0
6? ?.7 - 0 i 0 0
—Y Yi 7
0 0o --- 0 0 - wp xp
0 0 --- 0 0 - yp 2
w1Zj—TjY1 Y1w; —Yj w1 e k
= w{zj—xj-y{ ylguj]—wfy; e H(wlzl - xlyl)'
Maw;z;—a;y; M wjzj—a;y; moi=2
For these two determinants, it holds that
b
Ale, k, j) + Ble, k, j)
k
Wiz —Yix1 +wiz; — T w x
e e I b § (B
WjZj = TjYj Ym  Zm |25
k

wiz1 — Ty1) + (w125 — T1Y;
= 6( ! ’ _ ) ( _ _] ) (Wi zm — TmYm) H(wlzl — TY1)
WjZzj = LjYj =2
20,
where the last inequality is from (4.4).
By a basic property of determinants, it holds that

k k

Ai(e k) = ZA(e,k,j), Bi(e, k) = ZB(e,k,j).
=2 =2

Therefore we have proven (A.2). Similarly we can prove that

As(€r,€2,k) + Ba(er, €2, k)
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= wjzj — TjYj i1

k
_ (Z €1 (wjzm — xjym) + EZ(UJij — (L‘myj)> H(wlzl — J?lyl)
>0,

As3(k) + Bs(k)
_ (2’3 i1 (0, — j0m) 0 (07— mmym)) [Tf (w2 — 2iy1)

=2 Wjzj — TjYj Mwk+1
k k
w1z — 21y5) + (wjz1 — Ty
+ Z (w17 )+ (g ! )(wmzm — TmYm) H(wlzl — Y1)
= m(wjzj — xy;) 1=2
>0,
where the last inequality uses (A.1). O
Lemma A. 2 For integers k =2,...,m — 1, the following 2k x 2k determinant is positive.
0 0 Wm Tm e Wm Tm
—w1 —I1 w2 T2 T 0 0
C(k‘) = —U -2 Y2 22 T 0 0 > 0. (AS)
—w; —x1 O 0 - wr x
—y1 =z 0 0 oy oz
Proof: By calculation, we have
01 02 Wm Tm c Wm Tm
03 04 Ym Zm " Ym 2Zm
0 0 w9 9 e 0 0 k
Cky=0 0 w2z - 00 = (5,0 — 6203) [ [ (wizt — zmn),
- : S : : 1=2
0O 0 0 0 Wy Tk
0 0 0 0 Yk Zk

where

k k
5. = w Z wi1z; — TiY1 g Z Yy1w; — Yy;wn
- m m
j=2 Wjzj — LjYj j=2 Wjzj — TjYj

k k
T1Z; — X521 Wiz — 1Y,
0o = wp, E J J + T J J

=2 Wi%j — TjY; =2 Wi%j — TjYj
k k
5y =y Z w1z; — TjY1 1y Z Yy1w; — y;wn
— Ym m
=2 Wi%j — TjYj =2 Wi — TjY;
k k
T1Z; — X521 wjzl —xlyj
R Db ) D
=2 W;z; — T5Yj =2 Wiz — T45Yj
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Note that

0104 — 0203

where the last inequality is from (4.4). By (4.4) again we obtain the conclusion.

Lemma A. 3 For integersk =2,...

Dy (k) =

= (wmzm - xmym)

— Yjwn

k k k
(Z Wj21 — T1Yj w1z — Tyt Yyrw;

i Wi% T Yy i Wik T LY (o Wi

— Ty 5 WiE

- :szl
—ZjYj

k
Wa 2i —
= (WmZm — TmYm)(W121 — 21Y1) Z Z 72
J1=2 jo=2 (Wi 2j, = €1 Y5:) (W)s Zj, = T2 Yjo)
k k w. z- R
= (WmZm — TmYm)(W121 — 21Y1) Z Z J172
§1=2 jo=2 (wjl Zj1 — Tjy yjl)(wjz Zjy szyjz)

>0,

Proof: By decomposition of the two determinants, we have

D(k) =

D, (k)

As(m —k,m — k, k) + Ba(m — k,m — k, k) + C(k)

k
k)? >0
wzzl - l‘lyl ’

I=1

(m—kw (m—Kkz1 wWn Tm - Wn Ty
(m—Fkyr (m—kz21 Ym 2m " Ym Zm
—wy —x1 wy xz - 0 0
—Y -2 y2 22 - 00 15
—wq —x1 0 0 - wr x
—hn —Zz1 0 0 - yr 2
m—k—1Dw;, (Mm—-k—1x1 Wpn Tm -+ Wy Tn
(m — k)1 (m —k)z1 Ym  Zm ' Ym  Zm
—wy —z we x2 -+ 0 0
—Y1 —21 Yo 29 - 0 0
—wy -1 0 0 . Wi Tk
_yl —21 0 0 P yk Zk

> 0.

:A2(m—k—1,m—k,k:)+B2(m—k:—1 m—k,k)+ C(k)

+(m —k—1)( H (wizi — zyy) > 0.
=1

a

,m—1, the following two 2k x 2k determinants are positive.

(A.6)

Here As, By and C' are defined by (A.3) and (A.5), and the inequality is from Lemmas A.1 and

A.2 and (4.4).
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Lemma A. 4 For integers k =1,2,...,m — 1, the following determinant is positive.

air by a2 b2 -+ ap b

cii din ci2 dig -+ cip dig

azr bar azx b - agp  bik
BE(k) =| do1 co2 dag -+ Cop dig >0,

arr b1 agz bro - apr bik

ck1 dpr cpr dia - cgp o dig

where a;j, b;j, cij and d;; are defined by (4.8).

Proof: At first, when k = 1,

(m—Dwitwm (Mm—1)z1+Tm

E(l) - (m71%1+ym (mflsgﬁrzm >0
m m

holds evidently by use of (4.4). Then consider the case of kK = 2,...,m — 1. According to some
basic properties of determinants, we have

(m=k)witwm (Mm=k)z14+2m w

W Tm Wn  Tm
(m—k%ﬁym (m—ky;I‘FZm ﬁ i ﬁ i
m m m m m m
—w1 —I w9 xT9 0 0
E(k) = —1 —21 Y2 22 0 0
—wq —x1 0 0 - wp g
—Y1 —21 0 0 - Yk 2
1 1
= WD(k) + W(Al(lak) + B1(1,k))
m—k
+ (P (e = o) + (w12 — 310m)
1 k
+W(wm2m - wmym)> lH(wlZz — z1Y1)
=2
> 0,
where Ay, By and D are defined by (A.2) and (A.6), the last inequality is from Lemmas A.1-A.3
and (4.4). O
Next, we consider the principal minors of odd size.
Lemma A. 5 For integer k=0,1,...,m — 2, the following determinant is negative.
ai b11 ap bz -0 a b1 ai i1
ci diq c12 dia -+ cip dig C1,k+1
asn b21 ass by - ag bk ag ki1
21 doy C22 dyp -+ Cop dg €2,k+1
F(k) = : <0,
ak1 bi1 ak2 bra -+ apk bk Ak f+1
Ck1 dg1 Ck2 dr2 o+ Crk ik Ck k41
k1,1 b1l Gkt12 bkyi2 o0 Gk bkiik Gkl
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where a;j, b;j, cij and d;; are defined by (4.8).

Proof: When k£ = 0, the result holds from (4.3). The case of £ = 1 can be shown in a way
similar to the following case of kK > 2. When k > 2, we have the following result by basic
properties of determinants:

(m=k-—Dwitwm (M=k=1)214Tm  Wwm Tm Wm  Tm W
(m—k%1+ym (m_k%l+zm ﬁ ; ﬁ ; Ym Ir,7LJ1e+1
m m m m m m m
—wy —I wy T2 0 0 0
—Y1 —-z1 y2 22 -+ 0 0 0
F(k) = . . ; o i . . = wi1 F1(k),
—w —x1 0 0 wr Tk 0
- —-z1 0 0 Yk 2k 0
—wq —X1 0 0 s 0 0 Wk41
where F} (k) is the following determinant.
(m—k—1)w + Wm W1 W (m—k—1)z1 4+ Zm T1Wm Wm  Tm Wm  Tm
m m MWe41 m m MWek41 m m m m
Doy g g O tiens) (B oz Sbin)  dn iw L Zm
— W1 —I w2 o 0 0
—Y1 —21 Y2 29 0 0
—wy —I 0 0 wr  Tg
! —z1 0 0 - yr 2
By further decomposition of determinant Fj(k), we have
D (k
Ak = P a0+ Bk
+{ (w1 + Wiy 1) (Wi 2m = TYm) + (M = k)wm (w121 — 2191) = Yer1 (T1Wm — Trwr)
Mm2Wr41
k
m— k) (wmz1 — 2my1) + (m —k — 1) (w12, — 21
+( ) (W, my1) Tr(Lz ) (w1 2m Ym) H(wlzl — zy)
=2
> 0,

where A3, B3, D; are defined by (A.4) and (A.7), and the inequality is from conditions (4.3),
(4.4), (A.1) and Lemmas A.1, A.3. By (4.3) again, we obtain F'(k) < 0. O
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