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1 Introduction!

In this paper we develop an estimation theory for a dynamic panel data model with inter-
active fixed effects and sequentially (rather than only strictly) exogenous regressors.” The
model allows for cross sectional dependence, which may stem from two potential sources: (i)
Cross sectional interactions in the form of “spatial” lags in the endogenous variables, exoge-
nous variables, and/or disturbances. The notion of “space” should be interpreted liberally,
and is not confined to geographic space. Importantly, proximity between cross sectional
units is not defined by physical location, but in essence only in terms of some measure of
distance, which could be a measure of social distance. (ii) Cross sectional dependence may
also stem from common shocks, which are accounted for by some underlying o-field, but
are otherwise left unspecified in line with Andrews (2005) and Ahn et al. (2013). However,
in contrast to those papers, and as in Kuersteiner and Prucha (2013), we do not maintain
that the data are conditionally i.i.d. The common shocks may effect all variables, including
the common factors appearing in the interactive fixed effects. Another important feature is
that the weights used in forming the spatial lags are allowed to be stochastic. Our analysis
assumes the availability of data indexed by ¢ = 1,...,n in the cross sectional dimension
and t = 1,...,T in what is typically referred to as the time dimension, although we allow
for a broader interpretation of this index. Our focus is on short panels with 7" fixed.

The classical dynamic panel data literature has generally assumed that the data are
distributed independently and identically in the cross sectional dimension. This included
the data on the exogenous variables, which were predominantly treated as sequentially
exogenous. The assumption of cross sectional independence is satisfied in many settings
where the randomly sampled cross sectional units correspond to individuals, firms, etc.,
and/or decisions are not interdependent. However in many other settings the assumption

may be violated. This includes situations where there are spillovers between units, common
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Zurich, 14th International Workshop of Spatial Econometrics and Statistics 2015, Paris, as well as at sem-
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2Endogenous regressors in addition to spatial lags of the 1.h.s. variable can in principle be accommodated

as well, at the cost of additional notation to separate covariates that can be used as instruments from those

that cannot. We do not explicitly account for this possibility to save on notation.



shocks, or where the cross sectional units refer to counties, states, countries or industries
or generally, in situations where cross-sections are not sampled at random.

A widely used approach to model cross sectional dependence is through common factors;
see, e.g., Phillips and Sul (2003, 2007), Bai and Ng (2006a,b), Pesaran (2006), and Andrews
(2005). Recent contributions to panel data models with interactive fixed effects include
Ahn et al. (2013), Bai (2009, 2013), and Moon and Weidner (2013a,b). This represents an
important class of models, however they are not geared towards modeling cross sectional
interactions.? In addition to general unmodelled cross-sectional dependence stemming from
common shocks, our approach also allows for interactive fixed effects as considered in Holtz-
Eakin et al. (1988) and Ahn et al. (2001, 2013).

In the spatial literature a widely used approach to model spatial interactions is through
spatial lags dating back to Whittle (1954). Those models are often referred to as Cliff-Ord
(1973, 1981) type models. Dynamic panel data models that allow for spatial interactions
in terms of spatial lags have recently been considered by Mutl (2006), and Yu, de Jong
and Lee (2008, 2012), Elhorst (2010), Lee and Yu (2014) and Su and Yang (2014). None
of these papers consider interactive fixed effects and common shocks. In contrast to the
theory developed in this paper, all of those papers assume that the exogenous variables are
strictly exogenous, treat the spatial weights as fixed, do not consider higher order spatial
lags, and postulate homoskedasticity for the basic innovations. The literature on panel data
models, which allows for both cross sectional interactions in terms of spatial lags and for
common shocks, is limited. It includes Chudik and Pesaran (2013), Bai and Li (2013), and
Pesaran and Torsetti (2011). All of these papers assume that both n and T tend to infinity,
and the latter two papers only consider a static setup.

This paper extends the literature on dynamic panel data models in several important
directions by allowing for - possibly higher order - Cliff-Ord type spatial lags in the endoge-
nous and exogenous variables and in the disturbance process, and furthermore by allowing
for common shocks. The latter are left unspecified, in contrast to, e.g. Chudik and Pesaran
(2013). Our specification is fully dynamic by allowing for both lagged dependent variables
and other weakly exogenous and cross-sectionally dependent covariates. An important limi-
tation of the typical specification of Cliff-Ord models is that the spatial interaction matrices

are assumed to be known constants. We relax this constraint by allowing for stochastic data

3 All of these papers assume that both n and T tend to infinity, except for Ahn et al. (2013) and Bai
(2013). Apart from not being geared towards modeling cross sectional interactions, a difference between
the setups considered in the latter two papers to the setup considered in this paper is that in those papers
the observations are modeled as independent in the cross sectional dimension conditional on the common

shocks.



dependent weights. The weights can be endogenous in the sense that they can be correlated
with the disturbances. Data dependent weights are important tools in modelling network
formation and other aspects of social interactions, such as group composition and group
heterogeneity. Added flexibility of our model is achieved by allowing for interactive effects
that can be used to capture outcome and individual specific effects as well as unmodelled
cross-sectional dependence. We exemplify the importance of these extensions to the Cliff-
Ord model with applications to the recent literature on social interaction models of Graham
(2008) and Carrell, Sacerdote and West (2013). We expect this extension to be important
in other applications. An example are models of growth convergence with productivity
spillovers depending on trade shares.

We propose a Generalized Method of Moments (GMM) estimator for our extended class
of dynamic spatial panel models with unobserved common shocks, and establish its asymp-
totic properties. With the data and multiplicative factors allowed to depend on common
shocks, our asymptotic theory needs to accommodate objective functions that are stochastic
in the limit. We present a set of general results that establish the properties of M-estimators
in situations with random limiting objective functions and stochastic estimands. Our analy-
sis builds on the classical M-estimation theory summarized in, e.g., Newey and McFadden
(1994) for the case of i.i.d. data and Gallant and White (1988), White (1994), and Pé&tscher
and Prucha (1997) for the case of non-i.i.d. data. The CLT developed in this paper ex-
tends our earlier results in Kuersteiner and Prucha (2013) to the case of linear-quadratic
moment conditions. Quadratic moments play a key role in identifying cross-sectional inter-
action parameters but pose major challenges in terms of tractability of the weight matrix
which in general depends on hard to estimate cross-sectional sums of moments. We achieve
significant simplifications and tractability by developing a quasi-forward differencing trans-
formation to eliminate interactive effects while ensuring orthogonality of the transformed
moments. This transformation contains the Helmert transformation as a special case. We
also provide general results regarding the variances and covariances of linear quadratic
forms of forward differences.

The paper is organized as follows. Section 2 introduces the model and considers exam-
ples. Section 3 introduces a generalized forward differencing operator to remove interactive
effects and provides general results on the variances and covariances of linear quadratic
forms. Section 4 defines the GMM estimator and discusses identification. Section 5 con-
tains formal assumptions while Section 6 contains the theoretical results establishing as-
ymptotic properties of the estimators. Concluding remarks are given in Section 7. Basic
results regarding stable convergence in distribution as well as all proofs are relegated to the

appendices. A supplementary appendix available separately provides additional details for



the proofs.

2 Model

We consider panel data {yt,xt,zt};‘il defined on a common probability space (2, F, P),
where yr = [Y1ty oo Ynt) s Tt = [24, o, 2hy], and 2z = [2],, ..., 2] denote the vector of the
endogenous variables, and the matrices of k, weakly exogenous and k, strictly exogenous
variables. All variables are allowed to vary with the cross sectional sample size n, although
we suppress this dependence for notational convenience. The specification allows for tem-
poral dynamics in that x;; may include a finite number of time lags of the endogenous
variables.

Our setup allows for fairly general forms of cross-sectional dependence. As in Andrews
(2005) and Kuersteiner and Prucha (2013) we allow in each period ¢ for the regressors and
disturbances (and thus for the dependent variable) to be affected by common shocks, which
are captured by a sigma field, say, C; C F but which is otherwise left unspecified. In the
following let C = C1 V ...V Cr where V denotes the sigma field generated by the union of
two sigma fields. An important special case where common shocks are not present arises
when C; = C = {0, Q}.

Alternatively or concurrently with common shocks we allow for cross sectional depen-
dence from “spatial lags” in the endogenous variables, the exogenous variables and in the
disturbance process. Our specification accommodates higher order spatial lags, as well as
time lags thereof which may be included in the z;;. Spatial lags represent weighted cross
sectional averages, where the weights will typically be reflective of some measure of distance
between units.? We emphasize that distance does not have to be geographic distance, and
could, for example and as illustrated below, be a measure of social distance. The spatial
weights will be summarized by n x n spatial weight matrices denoted as M, = (mp,iji)
and M, = (m,;;;). We do assume that the weights M;; and M, are known or observed
in the data.

In the following &, = [e1y, ...,Em]’ denotes the vector of regression disturbances, u; =
[ty ... unt]' denotes the vector of unobserved idiosyncratic disturbances, and p is an n x 1
vector of unobserved factor loadings or individual specific fixed effects, which may be time
varying through a common unobserved factor f;. The factor f; is assumed to be measurable
with respect to a sigma field C;. Furthermore, let A and p be P respectively ) dimensional

vectors of parameters with typical elements A, and p, and define Ry N\ = 25:1 ApMp ¢

4We note that spatial lags will generally depend on the sample size, which motivates why the variables

are allowed to form triangular arrays.



and R,(p) = I — 222:1 peM, ; for a spatial autoregressive error term or R.(p) = (I +
Z(?:l peM. q’t)_1 for a spatial moving average error term.
The dynamic and cross sectionally dependent panel data model we consider can be

written as
yr = Ri(Nye + a8, + 20, +e0 = Wid + &4, (1)
Ri(per = pfe+u,
where W, = [Myyt, ..., Mpyy, i, 2] and 6 = [N, 5] with 8 = [B], 8.), which are the

parameters of interest. As a normalization we take my, ;i = my it = 0, and fr = 1.

Note that (1) is a system of n equations describing simultaneous interactions between the
individual units. The weighted averages, say, Ty, ;s = > 5y Mypijtyjt and Egie = D5y My ;51Ejt
model contemporaneous direct cross-sectional interactions in the dependent variables and
the disturbances. Those weighted averages are typically referred to as spatial lags, and the
corresponding parameters are typically referred to as spatial autoregressive parameters.
The specification of spatial lags dates back to Cliff and Ord (1973,1981).° In contrast to
standard specifications of Cliff-Ord type spatial models we do not assume that the weights
are given constants, but allow them to be stochastic. The weights are allowed to be endoge-
nous in that they can depend on pq,...,u, and u;, apart from predetermined variables
and common shocks, and thus can be correlated with the disturbances ;.5 In fact, we do
not impose any particular restrictions on how the weights are generated. This extension is
important for example to model sequential group formation as in Carrell et.al. (2013) or
endogenous network formation as in Goldsmith-Pinkham and Imbens (2013).

For i = 1,..,nlet 22 = (zi1,...,zi7), 2% = [Ti1, ..., Tit], u$ = [wir, ..., Uir), U—ip =
[Wits .o, Wit Wit1t, .- Unt]. We next formulate our main moment conditions for the idio-

syncratic disturbances.

Assumption 1 Let K, be some finite constant (which is taken, w.o.l.o.g., to be greater

then one), and define the sigma fields

_ o o , 0 n . _ o o ,0 n
Bpir=o ({wﬁ, ZJ"“j,t—l’Nj}j:l 7“t,—z> s By =0 <{$jt7zjv“j,t—1= ﬂj}j:1>

®An alternative specification, analogous to specifications considered in Baltagi et al (2008), would be
to model the disturbance process in (1) as e, = ¢f; + v¢, where ¢ and v, follow possibly different spatial
autoregressive processes. Since we are not making any assumptions on the unobserved components p it is
readily seen that the above specification includes this case, provided that the spatial weights do not depend

on t.
In addition to the spatial lags in y; other endogenous variables could be readily included on the r.h.s.

of (1). We do not explicitly list those variables for notational simplicity. In cases where the weights depend
on u;+ contemporaneous spatial lags in the exogenous variables would be separated out of z; and 2z, and

included as additional endogenous variables.



and
Zn:U({Z;» :U“j}?:l)'

For somed>0andallt=1,...,T,1=1,...,n,n>1:
(i) The 2+ § absolute moments of the random variables x;, zit, wi, and p; exist, and the
moments are uniformly bounded by K.

(i) Then the following conditional moment restrictions hold for some constant ¢, > 0:

E [Uz‘t‘Bn,i,t V C] =0, (2)
E [u?t]Bn,i,t Y, C] = O‘?QZZ with O‘%, QZZ > ey, (3)
E [|uit|2+5 Bz V c} < K,. (4)
The variance components v, = (03,...,0%) are assumed to be measurable w.r.t. C. The

vartance components QZZ = g?('yg) are taken to depend on a finite dimensional parameter

vector vy, and are assumed to be measurable w.r.t. Z, V C.

Condition (2) clarifies the distinction between weakly exogenous covariates x;; and
strictly exogenous covariates z;;. The later enter the conditioning set at all leads and lags.
We shall also use the notation Y, = diag(c?) and ¥, = diag(e?). As a normalization
we may, e.g., take U2T =1ornt tr(¥,) = 1. Specifications where o? and @? are non-
stochastic, and specifications where the u;; are conditionally homoskedastic are covered as
special cases.

The reduced form of the model is given by

v = (In—ReN) ' Wid + (In — Re(N) ey, (5)

g = Rip) ' (ufe+w).

Applying a Cochrane-Orcutt type transformation by premultiplying the first equation in
(1) with R,(p) yields
By (p)ye = By (p)Wid + pfi + ue (6)

The first example illustrates the use of both spatial interaction terms and interactive effects

in a social interaction model.

Example 1 (Social Interactions) Graham (2008) considers a linear social interactions
model. Here we analyze a modification of Graham (2008) assuming that we have, as is the
case for the data Graham (2008) analyzes, two measures of academic achievement Yers
where ¢ is the classroom index, r is the individual student in classroom ¢, and t = 1,2

indicates two distinct performance measures. These could be the quantitative and verbal



scores on a standardized test. We use two outcome measures to control for unobserved
and possibly correlated student characteristics. Identification rests on the assumption that
all unobserved, cross-sectionally correlated characteristics affect both outcomes in the same
way, up to an unobserved scale factor which can very with the performance measure. To
the best of our knowledge this is a new identification strategy in the social interactions
literature where disentangling unobserved correlated effects from social interactions is a
major challenge. More specifically, student specific characteristics are modelled using a
common factor structure of the form uert + Kerft where Ker is a student fized effect for
student r in classroom c, f; is a common factor, and the uc+ are idiosyncratic components.
Student fized effects ker are allowed to be arbitrarily correlated between individuals.

Assuming a sample of C classrooms of size n., and a total number of students n = nq +

... + ng, we consider the following version of Graham’s model:”

Yert = acft + (Ucrt + “crft) +p [(nc - 1)71 Z?:Cl,l;gr(uclt + "'fclft)

where a. captures class room level heterogeneity. Organizing the data by class room for each
test t, let Yer = [Yelts s Yenot)'s Uct = [Uelts ey Uenyt] and ke = [Kely .-y Ken,) - Defining
e = (1,...,1)" as a ne x 1 vector, My = (L1, — L) / (ne — 1) where I, is the ne X n,
identity matriz, Graham’s model can be written as Yy = pi fr + (IC + pM(c)) Ut with p’ =
acle+ (I + ,OM(C))HC, or in stacked notation

ye = i fe + (Ln + pM) uy (7)

where yp = [y, - Ypy|, M = diag? (M(C)), up = [Uly, oy tly] and p* = [pf, .. w8 It
is easily seen that model (7) is a special case of what we called the reduced form (5) if we
impose the restrictions § = 0, Ry (A) = 0, = (I, + pM) "' p* and R, (p) = (I, + pM) .
The inverse of I, + pM ezists (in closed form) as long as p # —1 and p # n.— 1. for all c.
Let s. be an indicator variable for small classes, and define z.. = S.. Furthermore, let
i =i(r,c) be a one-to-one mapping and consider the simplified information set By, j(.c)+ =

o({27,uf_1; 1} —1, Ut —i(rc))- Then, consistent with Graham (2008), we assume
E [Urct|Bn,i(r,c),t v C] =0 (8)
and model the conditional variances as

E [u%ct|Bn,i(r,c),t \ C] = U%ng(r,c) (9)

"Unlike Graham we use averages that do not include an individual’s own characteristics to account for
peer interaction effects. This modification is a simple parameter normalization that is convenient for our

purposes. Our identification strategy does not rely on this normalization.



where sz(m) = Q%SC + g?g(l — 8c). We note that both moment restrictions can be relaxed
for purposes of identifying the model. As a normalization we take Q% = 1 and denote
Yo = Q%. (Class room heterogeneity can be captured through the fized effects.) Since
E [y|C] = E [u*|C] fi the common factor fi accounts for different means in scores of the two
tests. These could be due to different levels of difficulty, or different standards in grading.
The assumption that ke is constant across the two tests implies that on average (but not
necessarily individually) higher ability students tend to do better on both tests.

Clearly the above moment conditions are covered as a special case of (2) and (3). We note
that, while remaining within our general framework, the above example can be extended to
accommodate some randomness in the assignment of students to classrooms, assuming that
the selection process is defined by a set of strictly erxogenous variables, and that the ele-
ments of M are measurable w.r.t. the corresponding o-field. The matrix M then provides

a convenient description of the realized network.

The next example is based on Carrell et. al. (2013) with certain simplifications to aid
exposition. It illustrates the use of higher order, and data-dependent spatial lags to model
within-group heterogeneity. By allowing R; () to depend on predetermined outcomes we
can accommodate the fact that, as in Carrell et.al. (2013), group membership is not

exogenous.

Example 2 (Group Level Heterogeneity) With the same notation as in Example 1
let D. be a diagonal matriz of size n. with diagonal elements d;; = 1 if student j is a
high type (for example as measured by SAT scores) and dj; = 0 if student j is a low
type. The test score for test t and class ¢ then is, following Carrell et.al., given by yo =
leaeft + (Al (I —D.) M(C) + )\QDCM(C)) Yet + Uet, o7 in stacked notation

yr = (M My + Ao M) ye + pfe + uy (10)

with My = diagt_, (I = De) M), My = diag_, [DeMy], and p = Vo, .., 1hac].
The implication of the model is that students with high type react differently to average

performance in the class than students with low type. In this example Ry (\) = A\ M1+XoMa,
and R, (p) =1.

Apart from applications to social interactions the model in (1) has a wide range of
potential applications in empirical micro, macro, regional science and urban economics,

geography and health. Our setup contains the standard Cliff-Ord type spatial models as

8For further discussions of the use of Cliff-Ord type spatial models in modeling social interactions see,
e.g., Liu and Lee (2010), Lee et al. (2010), Blume et al. (2011), and Patacchini et al. (2013).



special cases. In the past such models have, for example, been applied in empirical studies
of spatial price competition, growth convergence, real estate prices, financial contagions,
and technology adoption. The next example is in the area of health, and considers the

spread of an infectious disease.

Example 3 (Infectious Disease) Let y;; denote the rate of infection with genital herpes

in county i in period t, and consider the following illustrative model:”
Yit = Nt + Yit—10 + Yir_10 + Tty + TtV + gitd + Gig0 + 1uft + €t (11)

where i denotes a vector of sequentially exogenous variables, which may include the rate
of vaccination, g;z denotes a vector of strictly exogenous variables, which may include de-
mographic variables, and Y;;, T3, and g;; denote spatial lags to account for interactions of
the population across counties. Then clearly the above dynamic model is a special case of
the scalar representation of model (1) with xi = [Yit—1,Tj—1,Tits Tit)s Zit = |git, Gi) and

parameter vectors B, = [¢, ¢, , 7] and B, = [(5',3’]’. Now suppose that the spatial weights

of the spatial lag G;; are modelled as m;j = 25:1 ap(1/d;j)P where dij is a distance measure
and the o, are unknown parameters. Then
— P
AGip = A Z?:l mijYjt = szl Ap Z?:l Mp,ijYsjt (12)

with A\p = Aoy, and myi; = (1/d;;)P, and substitution of the expression in (12) into (11)

yields a p-order spatial autoregressive model as considered in (1).

In the above examples the spatial weights do not vary with t. We emphasize that in our
general model we allow for the spatial weights to vary with ¢, and to depend on sequentially
and strictly exogenous variables. As a result, the model can also be applied to situations
where the location decision of a unit is a function of sequentially and strictly exogenous
variables, in that we can allow for the distance between units to vary with ¢ and to depend

on those variables.

3 Forward Differencing and Orthogonality of Linear Quadratic

Forms

In the classical panel literature the Helmert transformation was proposed by Arellano and

Bover (1995) as an alternative forward filter that, unlike differencing, eliminates fixed ef-

9The specification is in line with specifications considered in, e.g., Keeling and Rohani (2008) and Chen
et al. (2014).

10



fects without introducing serial correlation.!’ In this section we introduce an orthogonal
quasi-forward differencing transformation for the more general case where factors f; appear
in the model. Our moment conditions involve both linear and quadratic forms of forward
differenced disturbances. Thus we also present a general result on the variances and covari-
ances of linear quadratic forms, which establishes sufficient conditions for the orthogonality
of both the linear and the quadratic forms.

For ny; = p;ft +uip and t =1,...,T — 1 consider the forward differences

T T
nzt = Zs:t TtsMiss ujt = Zs:t TtsUis
with 7, = [0,...,0,74,...,mp]. Now define the upper triangular 7' — 1 x T matrix

Il = [7),...,7%] and let f = [f1,..., fr]. Then IIf = 0 is a sufficient condition for the
transformation to eliminate the unit specific components such that ujt = 77;2. If in addition
I1X,II' = I then under our assumptions the transformed errors u:; will be uncorrelated
across ¢ and t. The following proposition introduces such a transformation. To emphasize

that the elements of II are functions of the f;’s and o,’s we sometimes write s (f, 7, ).

Proposition 1 (Generalized Helmert Transformation) Let F' = (fis) be a T'— 1 x T quasi
differencing matriz with diagonal elements fiy = 1, fi1+1 = — fi1i/ fi, and all other elements
zero. Let U be an upper triagonal T — 1 x T — 1 matrix such that FX,F' = UU'. Then,
the T — 1 x T matriz I1 = U~LF is upper triagonal and satisfies ILf = 0 and IIL, 11" = I.
Explicit formulas for the elements of Il = 1I(f,~,) are given as

Tt <f7 70) = (m) /Ota
s (f7 ’YU) = —fifs (\/ ¢t+1/¢t) / (¢t+10t0§) for s > t,

s = 0 for s < t.

with ¢, = Zzzt(f7/07)2 For computational purposes observe that ¢, = (f1/0¢)? + ¢riq-

Also note that if 02T =1 as a normalizations, then fr/or = 1.

Proposition 1 is an important result because it gives explicit expressions for the elements
of II. Such expression are crucial from a computational point of view, especially if f; is
estimated as an unobserved parameter of the model. Although we do not adopt this in the
following, for computational purposes it may furthermore be convenient to re-parameterize
the model in terms f = ft/or and oy in place of f; and o;. We note that for f; = 1 and oy =
1 we obtain as a special case the Helmert transformation with 7y = /(T —t)/(T —t + 1)
and s = —/(T —t)/(T —t+1)/(T —t) for s > t.

" Hayakawa (2006) extends the Helmert transformation to systems estimators of panel models by using

arguments based on GLS transformations similar to Hayashi and Sims (1983) and Arellano and Bover (1995).
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We also note that because F'f = 0 any transformation of the form II(f,7,) = U~'F
with FY,F' = UU’ and ¥, = diag(¥,) some positive diagonal matrix removes the in-
teractive effect. An important special case is the transformation with weights 7 (f, 17)
corresponding to X, = I7.

In (1) the disturbance process was specified to depend only on a single factor for sim-
plicity. Now suppose that the disturbance process is generalized to R,(p)e; = plf} +
oo+ uP fF + uy where fF denotes the p-th factor and pP the corresponding vector of fac-
tor loadings. We note that multiple factors can be handled by recursively applying the
above generalized Helmert transformation, yielding a T — P x T transformation matrix
Il = IIp...IIbII; where the matrices 1I, are of dimension (1" — p) x (I' — p + 1), and
L 511 = Ir—yq, TILIL, = Ir—), for p > 1, and I, (IT,_1...IT; f7) = O with f? = [f7,..., f7].
Of course, this in turn implies that IIX,II' = I7_p and [, ..., f] = 0. The elements of
each of the II,, matrices have the same structure as those given in Proposition 1. A more
detailed discussion, including a discussion of a convenient normalization for the factors, is
given in an supplementary appendix.

We next give a general result on the variance covariances of linear quadratic forms based
on forward differenced, but not necessarily orthogonally forward differences, disturbances.
The optimal weight matrix of a GMM estimator based on both linear and quadratic moment
conditions depends on these covariances. Simplifying them as much as possible is critical
to the implementation of the estimator. Our result establishes the conditions under which
such simplifications can be achieved. We also give sufficient conditions for the validity of

linear and quadratic moment conditions.

Proposition 2 ' Let the information sets Br,it, Bnt, Zn be as defined in Section 2.
Furthermore assume that for allt =1,...,T, i =1,...,n, n > 1, Efuy|Bnit VC] = 0,
E [u|Bnii vV C] = 0707 >0, E [u}|Bnit VC| = 3, B [ug|Bpiy V C] = gy, where oy is
finite and measurable w.r.t. C, and 9;, pg3;; and py 4 are finite and measurable w.r.t. Z,VC.
Define ¥, = diag (Q%, s gi) and ¥, = diag (O’%, ey a%). Let Ay = (a;j¢) and By = (biji) be

n x n matrices, and let a; = (a;) and by = (by) be n x 1 vectors, where ajji, bijt, ai, by are

measurable w.r.t. By V C. Let mp = [0,...,0, 74, ..., 7] and v, = [0,...,0, %4, -« Ve
be 1 x T wvectors where mi and v, are measurable w.r.t. C, and consider the forward
. / / .
differences uf = [ufy, ..., ub] and w' = [uf, ... uy] with
+ _ T _ / X _ T _ I
Ugy = D gy Tislis = Tely, and Ujp = Doy Vesthis = Veli-

UFurther details and an explicit proof are given in the Supplementary Appendix B.
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Then

E [ Avul + uf' ai|C] = mo, tr [E (A:3,]C)] (13)
Cov(uy” Ay} + aju;”, u” Byu) + bu; |C) (14)
= (meZom) (Ve ZeV) E [tr(Atngézg)’C] + (m%o7}) B [tr(A¢X,B13,)|C]

+(m X,y E [a;ZgbﬂC] + K1,
Cov(u,” Ayu) + aju;,uf’ Bsul +buf|C) =Ky  forallt > s, (15)

where K1 and Ko are random functionals that depend on az, by, Ay and By. Explicit ex-
pressions for IC1 and Ko are given in the supplementary appendiz. Sufficient conditions
that ensure that E [ugHAtutX + uz“'at|C] = 0 and that K1 = Ko = 0 are that vecp (A;) =
vecp (By) =0, I =T with IIf =0 and IX, 11" = I. Specialized expressions for K1 and Ko

when one or several of these conditions fail are again given in the supplementary appendiz.

First consider the special case where Y, = 0*I. In this case a sufficient condition
for the validity of the moment conditions E [ Asu;* + uf”'a;|C] = 0 is that tr(A¢) = 0.
Consistent with this observation and under cross sectional homoskedasticity, quadratic
moment conditions where only the trace of the weight matrices is assumed to be zero,
have been considered frequently in the spatial literature'?However, tr(A4;) = 0 does not
insure that the linear quadratic forms are uncorrelated across time because the terms Ky
and [y are not necessarily zero, even in the case of orthogonally transformed disturbances,
i.e., II = T and II3,II' = I. This is in contrast to the case of pure linear forms (where
Ay = By = 0). The terms K; and g depend on cross-sectional sums that are potentially
difficult to estimate.

Next consider the case where (possibly) X, # ¢*I. In this case a sufficient condition
for £ [uf’AtutX + u;r’at|C] = 0 is that vecp(A;) = 0. We note that with vecp(A4;) = 0 no
restrictions on E [u?|By 4 V C] are necessary to ensure E [u;” Ay + v/ as|C] = 0. An in-
spection of Ky and K2 shows that strengthening the assumptions to vecp(A;) = vecp(B;) =
0 for all ¢t and using orthogonally transformed disturbances ensures that 1 = Ko = 0, and
thus simplifies the optimal GMM weight matrix. Also note that under this setup the ex-
pressions on the r.h.s. of (14) simplify to E [tr(A:X,(B; + B})%,)|C] + E [a;X,b|C], while
(15) implies that the linear quadratic forms are uncorrelated over time. Another important
implication of Proposition 2 is that under this setup the covariances between linear sample
moments and quadratic sample moments are zero. Expressions for the variance of linear

quadratic forms are obtained as a special case where A; = B; and a; = b;. The results

2Gee, e.g., Kelejian and Prucha (1998,1999), Lee and Liu (2010) and Lee and Yu (2014).
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of Proposition 2 are consistent with some specialized results given in Kelejian and Prucha
(2001, 2010) under the assumption that the coefficients a; and A; in the linear quadratic

forms are non-stochastic.

4 Moment Conditions and GMM Estimator

For clarity we denote the true parameters of interest and the true auxiliary parameters as

0o = (65, P, f3)" and g = (., 76.) - Using (6) we define
’LL?—(QQ, 70) = Zg:t Tts (f07 70) Us = Zg:t Tts (f07 VJ)Es(pO) [yS - WS&O] ) (16)

with the weights (., .) of the forward differencing operation defined by Proposition 1.
Note that this operation removes the unobserved individual effects even if v, # (. Our

estimators utilize both linear and quadratic moment conditions based on

uwfy(60,7) = So(v,) ™2 (60,7,)- (17)

Considering moment conditions based on ujt(ﬂg,*y) is sufficiently general to cover initial
estimators with ¥, = It and ¥, = [,,. Quadratic moment conditions are often required to
identify parameters associated with spatial lags in the disturbance process and may further
increase the efficiency of estimators due to spatial correlation in the data generating process.
Quadratic moment conditions have been exploited routinely in the spatial literature. They
can be motivated by inspecting the score of the log-likelihood function of spatial models; see,
e.g., Anselin (1988, p. 64) for the score of a spatial ARAR(1,1) model. Quadratic moment
conditions were introduced by Kelejian and Prucha (1998,1999) for GMM estimation of a
cross sectional spatial ARAR(1,1) model, and have more recently been used in the context
of panel data; see, e.g., Kapoor, Kelejian and Prucha (2007), Lee and Yu (2014).

Let hiys = (hl;) be some 1 X p; vector of instruments, where the instruments are measur-
able w.r.t. By, ;VC. Also, consider the n x 1 vectors hj = (h},)i=1,... n,, then by Assumption

1 and Proposition 2 we have the following linear moment conditions for t =1,...,7 — 1,
htl,u*—’—t (007 ’7)

E : =F
hi*"us; (00, 7)

Z hétuiﬁ(%ﬁ)] =0 (18)

i=1

with u;, (60,7) = u; (60,7,)/0i(7,)- For the quadratic moment conditions, let a;;; = (af; )
be a 1 x ¢; vector of weights, where the weights are measurable w.r.t. B, ;VC. Also consider

the n x n matrices A} = (afj7t)i7j:17..,,n such that by Assumption 1 and Proposition 2, and
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imposing the constraint that a;; ¢ = 0 one obtains the following quadratic moment conditions
fort=1,..., 7 —1,

Uy (‘90, 7) At Uyt (‘907 7) n n
E : =E > > ajuly(60,7)ul,(00,7)| =0.  (19)

;=1 j=1
u*+t(007 ’Y)/Agt Ui}(eo, ’Y) ' ’

The requirement that a;; = 0 is generally needed for (19) to hold, unless Yo, = Ip.
W.o.l.o.g. we also maintain that a;;; = a;; .
By allowing for subvectors of hj; and a;j; to be zero and by setting ¢; = p, the above

moment conditions can be stacked and written more compactly as
Emy(0o,y) = 0, with (20)

mt(eﬂa 'Y) = _1/2 Z hztu*zt 907 7 +n ~i/2 Z Z azy tu*zt 007 ) jjt(907 7)'

=1 j=1

It is worth noting that the formulation in (20) allows for nontrivial linear combinations
of (18) and (19) in addition to simply stacking both sets of moments. The particular
form of (20) is motivated by a need to minimize cross-sectional and temporal correlations
between empirical moments. Proposition 2 shows that only a very judicious choice of
moment conditions, moment weights A; and forward differences I leads to a moment vector
covariance matrix that can be estimated reasonably easily.

Let 0 = (&', 0/, f') and v = (v’g, ’yf,), denote some vector of parameters, let p = 23:11 Dt

and define the p x 1 normalized stacked sample moment vector corresponding to (20) as

mn<97 7) = [m1(67 7)/7 s 7mT—1(97fY),:| . (21)
For some estimator 7,, of the auxiliary parameters v and a p x p moment weights matrix
Z,, the GMM estimator for 0y is defined as

01 (3,) = ars gmin 0~ 75,(0,7, ) 20700, 9,) (22)
0€8,

where the parameter space Oy is defined in more detail in Section 5. The parameter 7 is a
nuisance parameter that can either be fixed at an a priori value or estimated in a first step.

For the practical implementation of én choices of the instruments h;; and weights a;j;
need to be made. Clearly z, and z; are available as possible instruments. However, when
the spatial weights are measurable w.r.t. B,; V C, then taking guidance from the spatial
literature the instrument vector h;; may not only contain zf, and z;, but also spatial lags
thereof. One motivation for this is that for classical spatial autoregressive models the

conditional mean of the explanatory variables can be expressed as a linear combination
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of the exogenous regressors and spatial lags thereof, including higher order spatial lags.
Again, when the spatial weights are measurable w.r.t. B,; V C, then taking guidance
from the spatial literature possible choices for the matrices A} = (aj;;) include the spatial
weight matrices up to period ¢ and powers thereof (with the diagonal elements set to zero).
With endogenous weights, in the sense that the weights also depend on contemporaneous
idiosyncratic disturbances, possible candidates for A can be based on projections of the
weights onto B, ; VC, or can be constructed from spatial weight matrices up to period ¢ —1.
We note that the case where the spatial weights are measurable w.r.t. B,V C already
covers situations where endogeneity only stems from the spatial weights being dependent
on the unit specific effects.

For specific models the construction of a linear quadratic criterion function that iden-
tifies the parameters of interest requires a careful analysis. This is illustrated with the

following example.

Example 1 (Social Interactions, Cont.) We illustrate the identification of the parame-
ters 0o = (pg, fo,1) in the social interaction model (setting foo = 1 as a normalization).
For identification we can exploit the availability of at least two outcome measures in the
form of scores from different tests. We also exploit the fact that scores are typically mea-
sured as positive integers. Utilizing Proposition 1 with T = 2 set w11 = m11(f1,7,) = v,
T2 = m12(f1,7,) = —f1v, with v = v(f1,7,) = 1/\/fio3 + 0} and v, = (02,03), and let
Yo(7,) = diagq_, [(;SEIC] with ¢? = 02 sc+ (1 —s.) and v, = 03. Consistent with (17) define

wH(0,7) = T11(f1,70) Zo(70) 2yt (p) + T12(f1.70) B (v,) 25 (p) -

with yf (p) = (I + pM) Yy, and consider the moment vector

—1/2 uj1(9077),1n

m(0,7) =n
ufy (00, %) Aufy (00, 7)

(23)
with A = M. Let the parameter space for 0 and v = (02,03, 0%) be a subset of (—1, K,) x
[—K, K] and [K~1, K], respectively, with K, = min.n./2—1 > 0 and for some 0 < K < 00
sufficiently large. Given the conditions on the first and second moments of the uj; and the
maintained assumptions it can be shown that E [m (0,7)] = 0 if and only if 0 = 0y for all

admissible ~.'3

We note that E[m (0g,v)] = 0 follows immediately from Proposition 2.
Identification of fo1 can be established from an inspection of the linear moment condition.
Identification of the social interaction parameter py can be established via an analysis of the

quadratic moment condition.

13 A proof is given in the auxiliary appendix in Proposition D.1.
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A formal analysis of the identifiability of Og is given in the auxiliary appendiz; see Proposi-
tion D.1. In fact, this analysis shows that Oy can be identified even if we relax our restric-
tions on the idiosyncratic errors and allow for those errors to be correlated between tests
(but not between individuals). We emphasize further that no restrictions on p (other than
the fact that p does not depend on t) are needed to identify py. Also, the analysis in the
appendiz shows that neither knowledge of nor restrictions on heteroskedasticity in t and 1
are necessary for the identification of 0. Thus initial estimates of 0y can be obtained with
Yo=1Ir and ¥, = I,,.

5 Formal Assumptions

In the following we state the set of assumptions which we employ, in addition to Assumption
1, in establishing the consistency and limiting distribution of our GMM estimator. We first
postulate a set of assumptions regarding the instruments h;; and weights a;j;. Let { denote

1/s

some some random variable, then |||, = (E'[|€]°])/® denotes the s-norm of £ for s > 1.

Assumption 2 Let § > 0, and let Ky, K, and Ky denote finite constants (which are
taken, w.o.l.0.g., to be greater then one and do not vary with any of the indices and n),
then the following conditions hold fort =1,...,T andi=1,...,n:

(1) The elements of the 1 x p; vector of instruments hit = [Riyt)r=1,...p, are measurable w.r.t.
By V C. Furthermore, ||hirt||2+6 < Kj, < oo for some § > 0.

(it) The elements of the 1 x py vector of weights a;j; = [aijrt] are measurable w.r.t.

T:17""pt

Bn: Vv C. Furthermore, a;y = 0 and a;; = ajig, and 27:1 laijri] < Ko < 00, and
n

> i1 lairilly, s < Ko < 00.

(iii) The factors fy, with fr = 1 as a normalization, are measurable w.r.t. C and satisfy

|fi] < Ky.

In the case where the a;j.; are non-stochastic ||a;jr ¢/, = |aijr¢|. The next assumption
summarizes the assumed convergence behavior of sample moments of h;; and a;j;. The
assumption allows for the observations to be cross sectionally normalized by g;, where g,

may differ from g ;.

Assumption 3 Let the elements of X, = diagl;(0?) be measurable w.r.t. Z,V C with
0<cy < g? < C¢ < 00. The following holds fort=1,...,T —1:

n 9 n o on 2 2
_ 0, - Qo,i 9o,
ot [ St [ CON G R
=1 (2 (2 ]

i=1 j=1

C
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where the elements of thlg and Vy%, are finite a.s. and measurable w.r.t. C, and

2 2
h _1 QO _1 QO QO,'
‘/t,n,g < Z> , zt —> V;f ,0? ‘/t(,ln,g Z Z ( l) <_J> a“zj tal] t _) ‘/t ,0°

=1 j=1 'Q]

The matriz V, = diagl ' (V; ,) with V; , = thfg +2V%, is a.s. positive definite.

For the case where g; = g, ; we will use in the following the simplified notation V; , VA,
Vi and V for the matrices defined in the above assumption. The spatial weights matrices,
the spatial lag matrices Ri(\) and R,(p), and the parameters are assumed to satisfy the

following assumption.

Assumption 4 (i) The elements of the spatial weights matrices My and M, are ob-
served. (ii) All diagonal elements of My and M, are zero. (iii) Ano € Oy, ppo € O,
Bno € Op, fno € Of and v, 5 € ©, where ©y CRY, ©, CRP, O5 C RF=TF @y C RT!
and ©, C RP* are open and bounded. Furthermore, Ano — A, Ppo — Pss Bno — B
Jno = far Yno — Vs a8 — 00 with \x € Oy, p, € ), B, € Op, fu € Of, 7, € O,
and where f. and v, are C-measurable. (iii) For some compact sets ©,, Og, O, and
O = [—K, K] we have ©) C ©,, O35 C 85, 6, C 9, and Oy C Oy. (iv) The matrices
R(\) and By(p) are defined for A € ©,, p € ©, and nonsingular for A € ©, p € ©,.

The GMM estimator is optimized over the set ) = O, x O3 x O p X €] 7- We observe, as
will be discussed in more detail below, that under the above assumptions the sample moment
vector Ty, (6,7y) given in (21), and thus the objective function of the GMM estimator, are
well defined for all 6§ € ©,.

The next assumption postulates a basic smoothness condition for the cross sectional
variance components and states basic assumptions regarding the convergence behavior of
the sample moments. (The first part of the assumption also ensures that the measurability
conditions and boundedness conditions of Assumption 3 are maintained over the entire

parameter space.)

Assumption 5 (i) The cross sectional variances components g?('yg) are differentiable

and satisfy the measurability conditions and boundedness conditions of Assumption 8 for
0 € Oy,

(i) For t <1 < s let Cs be an x n matriz of the form Y, TRy (p), T(OR(p)/0p,, TALY,

R_(p)TAIYR(p), or R, (p) YTATY(OR,(p)/Op,), where Y is an n x n positive diagonal

MYWe implicitly assume that all derivatives are well defined on an open set containing the optimization

space.
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matriz with elements which are uniformly bounded and measurable w.r.t. Z,V C. Then for

p € ©, the probability limits (n — oo) of

n~th Csys, nth, CW,, n~ty,CW,

(24)
n_lVV;CSyS, n_lyg—csya‘a n_lwa—CsWsa

exist for r = 1,...,p, and the probability limits are measurable w.r.t. C, continuous in p,

and bounded in absolute value, where the bound does not depend on p.

We note that typically those probability limits will coincide with the probability limits
of the corresponding expectations w.r.t. to C, e.g.,

plim n_lh;7tCSys = plim £ [n_lh;,7tCsy5]C] .

n—oo n—oo
For autoregressive disturbance processes R_(p) = I — 22221 pgM. ;- In this case we have
ET(p),TA;TEs (p) = ZQ:O Z;CJQ:O pqpqu,TTA;TMp,s with Po = —1 and MO,T = MO,S = I’
and furthermore OR,(p)/9p, = M, ;. Observing that the parameter space ©,, is compact it
is readily seen that for Assumption 5 to hold it suffices to consider matrices Cy of the form
T, TAIY, TA{YM,, ,, or M;’TTAQ’TMP’S,
The following assumption guarantees that the moment conditions identify the parameter

and we can suppress p from the assumption.

0. To cover initial estimators for 6y our setup allows both for situations where the estimator
for fp is based on a consistent or an inconsistent estimator of the auxiliary parameters 7.
In the following let 7,, L 5, with YVn € ©4 and 7, € O, denote a particular estimator and
its limit. For consistent estimators of the auxiliary parameters 4, = 7,, and for inconsistent
estimators 7, # «,. The latter covers the case where in the computation of the first stage
estimator for 0y all auxiliary parameters are set equal to some fixed values, i.e., the case

where 7,, = v, = 7.

Assumption 6 Let §y, p,, fx, 7. be as defined in Assumption 4, let 0, = (8., pl, fL)', and
let 5, 2 5, with 7, € ©, and 7, € O, where 7, is C-measurable. Furthermore, for 0 € B,
let m() = plim,, . n~ /%M, (0,7,) and G(#) = plim,,_, ., On~Y?m,,(0,~,)/00.'> Then the
following is assumed to hold:

(i) O is identifiable unique in the sense that m(0,) =0 a.s. and for every e > 0,

lnt 0)|| >0 a.s. -
oco, Lo ey IMON >0 as o

"Lemma A.5 establishes the existence of the limit of the moment vector m(#) and the limit of the
derivatives of the moment vector G(). To keep our notation simple, we have suppressed the dependence of

m(6) on 7,. The limiting matrix G(0) is only considered at 7, = ~,.
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(i) SUPgco, H”_I/an (0,%,) — m(@)H =0p (1) for 4, L, V-
(iii) SUPpee, “871*1/2%” 0,%,,) /06 — G(@)H =op (1) for#, 2, Ve, and

plim &n =2, (0,,7,,) /07 = 0

n—oo

for 0, 2.6, and i 2 V-

We furthermore maintain the following assumptions regarding the moment weighting

matrix of our GMM estimator.

. = P o= - . . ‘
Assumption 7 Suppose =, = = , where = is C-measurable with a.s. finite elements, and

= is positive definite a.s.

For autoregressive disturbance processes where R,(p) = I — 22221 pgM., ; our specifi-
cation allows for the true autoregressive parameters to be arbitrarily close to a singular
point.'6  Technically we distinguish between the parameter space and the optimization
space, which defines the estimator. Since our specification of the moment vector does not
rely on Ry(\)~! or R,(p)~" it remains well defined even for parameter values where R;(\)
and R,(p) are singular. Thus for autoregressive processes we can specify the optimization
space to be a compact set Oy = O, X O3 x O, x O containing the parameter space, with-
out restricting the class of admissible models. We note that given that fr = 1 the weights
s = ms(f,7,) of the Generalized Helmert transformation defined in Proposition 1 are
well defined on © x ©.,. At the same time we note that when R,(p) parametrizes a spatial
moving average process or is a of a more general form, it may not be well defined on the
boundaries of an open parameter space ©,. In such cases it is necessary to shrink the set

O, sufficiently such that R,(p) exists on © p.”

6 Asymptotic Properties of the GMM Estimator

6.1 Consistency

Consider a sequence of estimators of the auxiliary parameters 7, 2 .. The objec-

tive function of the GMM estimator 6, (7,,) defined in (22) is then given by R, (f) =

n " 77,(0,7,) Znin(6,7,). Correspondingly consider the “limiting” objective function

1 This is in contrast to some of the recent panel data literature; see, e.g., Lee and Yu (2014).
" An example is R(p) = (In — plala/n)~" and ©, = (—1,1). Then, R(p) is not defined for p = 1. In
this case, we choose € >0, ©, = (—1,1 —¢) and 9,= [-1,1—¢].
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R(6) = m(0)Zm(0) with m(d) = plim —1/25

ally stochastic in the presence of common factors it follows that R(6) and the minimizer

n n(0,7,). Because m(f) and E are gener-

n—00
0. are also generally stochastic. Consistency proofs need to account for the randomness in
R(6) and 6. The results given in this section build, in particular, on Gallant and White
(1988), White (1984), Newey and McFadden (1994), Pétscher and Prucha (1997, ch 3).18
The following proposition holds for general criterion functions R,, : 2 x 0y — R and R :
Q2 x0Oy — R, the finite sample objective function and the corresponding “limiting” objective
function, respectively. They include, but are not limited to the particular specification of R,
and R for our GMM estimator given above. The notation emphasizes that R is a random
function. Furthermore 6, = gn(w) and 0, = 0,(w) are the “minimizers” of R, (w, ) and
R(w, 0), where both 5,1 and 0, are implicitly assumed to be well defined random variables.
For the following we also adopt the convention that the variables in any sequence, that
is claimed to converge in probability, are measurable. We now have the following general

module for proving consistency.

Proposition 3 (i) Suppose that the minimizer 0, = 6.(w) of R(w, 0) is identifiably unique
in the sense that for every € > 0, infrpeg,.j9-0,>c) R(w,0) — R(w,0(w)) > 0 a.s. (i)
Suppose furthermore that supgeg, |Rn(w,0) — R(w,0)] — 0 a.s. [i.p.] asn — oco. Then
for any sequence 0, such that eventually Ry (w,0,(w)) = infgeo, Rn(w,d) holds, we have

~

0n,— 0. a.s. [i.p.] asn — oo.

We note that for the above proposition compactness of O, is not needed. The definition
of identifiable uniqueness adopted in the above proposition extends the notion of identifiable
uniqueness to stochastic limiting functions and stochastic minimizers. In case the limiting
objective function is non-stochastic it reduces to the usual definition of identification.

Assumptions 6(i) and 7 are crucial in establishing that 6, is identifiable unique in the

sense of Proposition 3. We therefore have the following consistency result.

Theorem 1 (Consistency) Suppose Assumptions 1-7 hold for some estimator of the auz-

iliary parameters 7, 2 .. Then 0, (3,,) — 0o 2> 0 as n — oco.

Remark 1 Assumptions 6(iii) is not required by the above theorem. We note that the
theorem covers the case where %, = 7, and 7, s a consistent estimator of the auxiliary

parameters, as well as the case where 7, = 74, = 74 for all n. The latter case is relevant

18The latter reference also provides citations to the earlier fundamental contributions to the consistency
proof of M-estimators in the statistics literature. We would like to thank Benedikt Pétscher for very helpful
discussions on extending the notion of identifiable uniqueness to stochastic analogue functions, and the

propositions presented in this section.
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for first stage estimators that are based on arbitrarily fived variance parameters. For vy, an
obvious choice is 7, = 1r. For v, convenient choices depend on the specifics of the model.

In many situations the first stage estimator will be based on the choice Q?(ﬁ/g) =1.

6.2 Central Limit Theorem

In the following we establish the limiting distribution of the sample moment vector 7, =
My (90,70’0,7 g) defined by (21), evaluated at the true parameters, except possible for the
specification of the cross sectional variance components sz. In particular, the results allow
for the leading cases g? = Q%,z‘ and g? = 1. Observe from (20) that the subvectors of m,, are

given by

— _—1/2x"n pr o+ —1/25 N 1 ok
mt(90>’70,a>7@)—” /Zizlhitu*it+n /Zizlzjzlaij,t“*itu*jtv

26)
T (
ujz‘t = Ujit(eo»%,m 7@) = Zs:t Tts (fO?fyO,a) uis/@i,

We derive the limiting distribution of m, by showing that it can be represented as a sum
of martingale differences to which the CLT of Kuersteiner and Prucha (2013, Theorem 1)
can be applied. In fact, we not only establish convergence in distribution of 7,, but we

19 This allows us to accommodate

establish C-stable convergence in distribution of m,.
random norming which is needed because our criterion function may converge to mixed
normal limiting distributions. The result allows us to establish the joint limiting distribution
for (M, A) for any matrix valued random variable A that is C measurable. Establishing
joint limits is a requirement for the continuous mapping theorem to apply and thus critical
for the asymptotic analysis of estimators and test statistics.

The CLT for the sample moment vector T, given below establishes V,,, defined in
Assumption 3, as the limiting variance covariance matrix. The form of V, is consistent
with the results on the variance covariances of linear quadratic forms given in Proposition
2, after specializing those results to the case of orthogonally transformed disturbances, and
symmetric weight matrices with zero diagonal elements. We emphasize that due to (i)
employing an orthogonal transformation of the disturbances to eliminate the unit specific
effects and (ii) considering matrices with zero diagonal elements in forming the quadratic
moment conditions, all correlations across time are zero. An inspection of Proposition 2
also shows that the expressions for the variances and covariances are much more complex

for non-orthogonal transformations, and that the use of matrices with non-zero diagonal

9See Renyi (1963), Aldous and Eagleson (1978), Hall and Heyde (1980) and Kuersteiner and Prucha

(2013) for a definitions and discussion of C-stable convergence.
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elements in forming the quadratic moment conditions can introduce components which may

be difficult to estimate.

Theorem 2 Let the transformation matriz Il = I1(fo,v0,,) be as defined in Proposition 1,
and suppose Assumptions 1-3 hold with ¢? = Q%(*yg) and V, = diagtT:_l1 (Vi) and Vy, =
Vi 25,
(i) Then

_ d

M (00, 70,01 70) = V26 (C-stably), (27)

where & ~ N (0, 1), and § and C (and thus § and V,) are independent.
(ii) Let A be some ps X p matriz that is C measurable with finite elements and rank p. a.s.,
then

Am, & (AV,A) 2, (28)

where &, ~ N (0,1,,), and &, and C (and thus &, and AV,A’) are independent.

Theorem 2 can be of interest in itself as a CLT for vectors of linear quadratic forms of
transformed innovations. As a special case the theorem also covers linear quadratic forms
in the original innovations: for fr = opr =1, fy = 0 for t < T and ¢? = g%’i we have
uf;y = uit/(00400,). The result generalizes Theorem 2 in Kuersteiner and Prucha (2013).
We emphasize that our result differs from existing results on CLTs for quadratic forms in
various respects:?’ First it considers linear quadratic forms in a panel framework. To the
best of our knowledge, other results only consider single indexed variables. As stressed in
Kuersteiner and Prucha (2013) the widely used CLT for martingale differences by Hall and
Heyde (1980) is not generally compatible with a panel data situation. Second, Theorem
2 allows for the presence of common factors which can be handled, because Theorem 2
establishes convergence in distribution C-stably. Third, the theorem covers orthogonally

transformed variables, and demonstrates how these transformations very significantly sim-

plify the correlation structure between the linear quadratic forms.

6.3 Limiting Distribution

The next theorem establishes basic properties for the limiting distribution of the GMM
estimator én(’yn) when 7,, is a consistent estimator of the auxiliary parameters so that 7,, —
Yno = 0 and 7,0 = 7, Let Gu(0,7) = 9n~1/2m,(0,7)/90 and G(0) = plim,, o, Gn(0,7,)

20See, e.g., Atchad and Cattaneo (2012), Doukhan et al. (1996), Gao and Yongmiao (2007), Giraitis and
Taqqu (1998), and Kelejian and Prucha (2001) for recent contributions. To the best of our knowledge the
result is also not covered in the literature on U-statistics; see, e.g., Korolyuk and Borovskich (1994) for a

review.
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as defined in Assumption 6. In deriving the limiting distribution of 6,(5,) we establish
that G(0) exists, and that G(0) is C-measurable for all § € O, and continuous in 6.
Let G = G(6.) and observe that G is C-measurable, since 6, is C-measurable in light of

Assumption 4.

Theorem 3 (Asymptotic Distribution). Suppose Assumptions 1-7 holds for 7y = 7,, with
Yn = Vno = O,(n=1?) and o? = Qai = 03(70,,), and that G has full column rank a.s. Then,
(1)

n1/2<én (%) = Onyp) A \111/2§*, as n — 00,

where &, is independent of C (and hence of V), £, ~ N(0, I,,) and
U = (G'ZG)'G'EVEG(G'EG) . (29)

(ii) Suppose B is some q X pg matriz that is C measurable with finite elements and rank q
a.s., then
Bn'? (0, () = Ono) = (BUB))'/%,.,

where &, ~ N (0,1;), and &,, and C (and thus &,, and BUYB') are independent.

The matrix V is defined in Assumption 3. Since g? = Qai the expression simplifies to
V = diag/_' (V' +2V}®) with V; = V}* + 2V%, where n=' "0 | E[hl,hy|C] £ V' and
n~1y" Z?:l E [a;j’taij’t’ C} %, Vo, In light of Assumption 3 a consistent estimator of V'
is
Vo = dingl 5! (Vih +2V1%) (30)
where V;t]fn =n" 30 B, Vitn = nt Y Z?:l az; 1 it
For efficiency, conditional on C, we select Z = V!, in which case ¥ = [G’ V_IG]_I.
The corresponding feasible efficient GMM estimator is then obtained by choosing =, =

V~lyielding

0,, = arg min 7, (6, 3,V m,(00,7,,). (31)
=0

Clearly 17(;)1 Ly-lip light of Assumption 3, with V! being C-measurable with a.s. finite
elements, and with V! positive definite a.s. Furthermore, from the proof of Theorem 3,
Gn(0n,7,) & G where G is C-measurable with a.s. finite 1elements, and with full column
rank a.s., we have that ¥,, = [G;L (O, 3,) Vi LG (O, ’?n)} is a consistent estimator for U.

Let R be a g x py full row rank matrix and r a ¢ x 1 vector, and consider the Wald

statistic
2

T, = H (R\ilnR’) 2 aRd, — )

(32)
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to test the null hypothesis Hy : R0, o = r against the alternative H; : Rf, o # r. The next
theorem shows that T}, is distributed asymptotically chi-square, even if ¥ is allowed to be

random due to the presence of common factors represented by C.
Theorem 4 Suppose the assumptions of Theorem 8 hold. Then
G2 /00 — On0) > €, ~ N(0,1,,).

Furthermore

P (Tn > X?Ll,a) — «

where Xg,l—a is the 1 — a quantile of the chi-square distribution with q degrees of freedom.

As remarked above, an initial consistent GMM estimator #,, can be obtained by choosing

[1]:

» =1 and 4 = 1, or equivalently by using the identity matrices as estimators for >, and

™

0

7 Conclusion

In this paper we develop an estimation theory for a panel data model with interactive effects
that permits for the data generating process to be (time) dynamic, and cross sectionally
dependent. Cross sectional dependence may stem from “Cliff-Ord type spatial” interac-
tions as well as from common shocks. The model allows for spatial interactions in the
endogenous variables, exogenous variables, and/or disturbances. The spatial interaction
matrices are themselves allowed to be endogenously determined. The model also allows for
heteroskedasticity in the time and cross sectional dimensions. In addition, our theory also
accommodates regressors that are only sequentially (rather than strictly) exogenous.

The paper considers a class of GMM estimators based on linear and quadratic moment
conditions and forward differenced data. It provides results on the consistency and the
limiting distribution of the estimators. The paper first develops a quasi-forward differencing
transformation, which eliminates the interactive effects while ensuring orthogonality of
the transformed moments. This transformation contains the Helmert transformation as a
special case. The paper also gives general results regarding the variances and covariances
of linear quadratic forms of forward differences. Due to the presence of common factors
the limiting distribution of the GMM estimator is nonstandard as a multivariate mixture
normal, which leads to the need for random norming. Despite of this it is shown that
corresponding Wald test statistics have the usual y2-distribution.

The estimation theory developed here is expected to be useful for analyzing a wide range

of data in micro economics, including social interactions, as well as in macro economics.

25



Our theory is general in nature. Future work will examine specific models and estimators
in more detail. The exact specification of instruments and the estimation of nuisance

parameters are best handled on a case by case basis.
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A Appendix: Proofs

A.1 Martingale Difference Representation

To establish a martingale difference representation of the sample moment vector m, =

Mn(00,70,057,) defined by (21) and (26) we employ the following sub-o-fields of F (i =

)
1 fn,izc»'({ ]1,2‘],#]} {Ugl} )
Fasi =0 ({a2 ﬂ,u]} L) ve, o

fn,(T—l)n-}—i =0 <{ Ty 25, U ]T 1 H‘j} {uJT} >

with Foo = C. Let A = (\],...,A\7_1) € RP be a fixed vector with A'A = 1. Us-
ing the Cramer-Wold device and utilizing (26) consider N'm, = S; + S with S =
nT V2T S Mgy and Sy = a2 3T STIONN, Dot gty Where wfy, =
wiy )0 = (00,i/0;) [u i/ 00 J with u, /Qoz = Uzt(aoa’Yo o)/ 00 = Zstt Tts (fO»’Yo,a) [UZS/QO,'L']'
Since g, and p; satisfies the same measurability properties as hj; and a;j;, and since
0<ch < Q(QM, Q% < Cf < 0o, we can w.o.l.o.g. set 09, = 0; = 1 and implicitly absorb these

terms into hj; and a;j;. Then

Sy =n"12 die ZtT 11 )‘/h;t Zu t TtuUiu, = Zt 1 D ie CitUit, (A.2)
with
Cit — Z )\,Shgsﬂ'st (A3)

and where we set Ay = 0. Note that ¢;; only depends on h;s with s <t and 7, and thus
is measurable w.r.t. BV C. This implies that c;; is measurable w.r.t. F, ;_1),4; and

BtV C. Next, observe that

So= 3 Y 2 <Z§;11 WirtjiCija + Ygmt e UitujsCij,ts) (A.4)
with
Cijts = 27— 1 )\g- Qi rTrsTrt (A5)

for s <t. Observe that c;j+s = cjits and c;5,10 = 0 per our convention on summation, and
that c;j+s only depends on a;j for 7 < s <¢. Thus ¢;;45 is measurable w.r.t. B, sV C. This
implies that c;;¢s is measurable w.r.t. 7, (s_1),4; and B, ;s V C. By Equations (A.2) and
(A.4) it follows that X7, = S.7" ! X, , with X,,; =0 and, for t =1,...,T,i=1,...,n,

Xn,(tfl)n+i+l = n71/2uit <Czt +2 (ZJ 1 Cij Uit + Z] 1 Zs 1 Cijg, tsu]s>> (AG)
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where A\ = 0. Given the judicious construction of the random variables X, , and the infor-
mation sets Fp, , with v = (t—1)n+i+1 we see that F, ,—1 C Fp, p, Xnv is Fp p-measurable,
and that E [ X, ,|Fnp-1] = E [Xm(t_l)nﬂ-ﬂ].7-"”7(,5_1)”“] = 0 in light of Assumption 1 and
observing that 7, (—1)p4+; € Bn,itVC. This establishes that { X, ,, Fno, 1 <v <Tn+1,n > 1}

is a martingale difference array.?!

A.2 Lemmas

Lemma A.1 Suppose Assumptions 1 - 8 hold with Qg,i = g? =1, and let ¢y and c;js be
as defined in (A.3) and (A.5) with s = 745 (fo,70,,). Then the following bounds hold for
some constant K with 1 < K < o0

(i) E [Jea®""| < K,

(1) 27 leijus) < K,

(i) for g > 1, Yy legasl? < K,

(iv) for 1 <q<2+6, 330 lleijusll, < K

(v) for 1 <q <246, E [|ua|? | Fo—1ynti) <K,

(vi) for s <t,1<q <240, E[D" |uis|?|cijuas| |Bn,s VC] < K,

(vit) for s <t, 1 <q <2438, E[(>°" |uis| |cijs|)? |Bns VC] < K.

Proof. See supplementary appendix “Proofs of Lemmas”. m

Lemma A.2 Suppose Assumptions 1 - 8 hold with Q%yi = g? =1, and let ¢y and cjjts be as
2

defined in (A.3) and (A.5) with w5 = mys (fo,’yo 0). Let ggtl) = czgt, (2) _ 4 (Z;le Cij,tt%’t) ,
2
) =4 (Zs 120 Cz'j,tsujs> c o) = ey S it S ) = dey '] i1 CijitsUjs

- t—1
and gz(t) =8 Zj=1 Cij ttUjt Zs:l Z?:l Cil tsUls-
Define the limits

n n

(1) = plimn~! ZE zt‘c] y St @ = th 200 T ! ZZE [C?jvttyc] ’
n—o0 i=1 =1 _]Z].
—pllmz40'08 1ZZE ]zts’C

Lt =1 j=1
Then for m =1,2,3,
ntyr, Cz(:n) £>§Em) as n — oo.
Furthermore, n™ 37 1§(4) 50, YL 100 i 1§zt — 0 and n™' 3T 1§(6) — 0 as

n — Q.

21 As to potential alternative selections of the information sets, we note that defining Fo(t=1ynti =
Bt V C yields information sets that are not adaptive, and defining 7y, (t1—1)n4i = 0 { (x?l, zj, ,uj);,l:l} vC

would violate the condition that X, . is Fn,.-measurable.
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Proof. See supplementary appendix. m

The next lemma will be useful for, e.g., establishing the consistency of variance co-

variance matrix estimators. We consider general (not necessarily criterion) functions R, :

Qx0y—Rand R:Q x0y — R.

Lemma A.3 Suppose R(w,0) is a.s. uniformly continuous on Oy, where Oy is a subset of

RP¢, suppose Oy, and 0 are random vectors with On—s 0, a.s. [i.p.], and

sup |Rp(w,0) — R(w,0)] — 0 a.s.[i.p.] as n — oo, (A.7)
96@0
then
Rn(wﬁn) — R(w,0x) — 0 a.s.[i.p.] as n — oo. (A.8)

Proof. See Supplementary Appendix. m

The next lemma is useful in establishing uniform convergence of the objective function
of the GMM estimator from uniform convergence of the sample moments. In the following
proposition m,, : Q@ X Qy — R™ and m : Q x Oy — R™ should be viewed as the sample

moment vector and the corresponding “limiting” moment vector.

Lemma A.4 Suppose Oy is compact, m(w,0) C K C RPm for all § € ©y a.s. with K

compact, and

sup ||my(w,0) — m(w,0)|| — 0 a.s.[i.p.] as n — oo. (A.9)
06@9

Furthermore, let =, and = be p,, X p, real valued random matrices, and suppose that

—_

E,—Z—0 a.s. [i.p.] where Z is finite a.s.. Then

sup [my(w,0) Zpmy (w, 0) — m(w, §) Em(w, 0)| — 0 a.s.fi.p.] as n — oc. (A.10)
96@9

Proof. See Supplementary Appendix. =

Lemma A.5 Suppose Assumptions 1- 5 hold, and let 7,, 2 Yy with 7, € ©4 and 7, € O,
where 7, is C-measurable. Then

(i) m(0) = plim,,_, o n~/?*m,(0,7,) exists for each 0 € Oy,with m : Q x Oy — K where K
a compact subset of RP, m(6) is C-measurable for each 6§ € ©.

(ii) G(0) = plim,, . On~Y?m,,(0,~,)/00 exists and is finite for each 6 € ©,, G(0) is

C-measurable for each 0 € O, and G(0) is uniformly continuous on ©y.

Proof. See Supplementary Appendix. m
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A.3 Main Results

Proof of Proposition 1. Given the explicit expressions for the elements of II the claims

22.

of the proposition can be readily verified by straight forward calculations.

Proof of Proposition 2. The proof of the proposition uses methodology similar to
that used in establishing (A.12) below in the proof of Theorem 2. Explicit derivations are
available in the supplementary appendix. m

Proof of Proposition 3. An inspection of the proof of, e.g., Lemma 3.1 in P&tscher
and Prucha (1997) shows that the proof of the a.s. version of their Lemma 3.1 goes through
even if the “limiting” objective functions R,, and the minimizers f3, are allowed to be
random, and the identifiable uniqueness assumption (3.1) is only assumed to holds a.s..
The convergence i.p. version of the proposition follows again from a standard subsequence
argument. Consequently Proposition 3 is seen to hold as a special case of the generalized
Lemma 3.1 in Potscher and Prucha (1997). =

Proof of Theorem 1. R, (8) = n 'm0, (6,7,) (0, 7,) and R (6) = m(8)'Zm (6).
We use Proposition 3 to prove the theorem. Under the maintained assumptions, 6, is
identifiable unique in the sense of Condition (i) of Proposition 3. This is seen to hold in
light of Condition (25) of Assumption 6, and by observing that R (6,) = m(6.)'ZEm (6.) =0
and

R(0) = m(0)'Zm(0) = Amin () [m(0)]?,

with Apin (£) > 0 a.s. by Assumption 7. To verify Condition (ii) of Proposition 3 we
employ Lemma A.4. By Lemma A.5 we have m(0) € K, where K is compact, and m(6) is
C-measurable. By Assumption 6 we have

gsequ Hnil/zmn 0,7,) — m(9)” = op(1).

—_

Furthermore, observe that by Assumptions 7 we have =,— Z = o0p(1) where = is C-
measurable and finite a.s. Having verified all assumptions of Lemma A.4 it follows from
that Lemma that also Condition (ii) of Proposition 3, i.e.,

sup [|Rn (0) — R (0)[| = 0p(1),
00,

holds. Having verified both conditions of Proposition 3 it follows from that proposition
that 6, (3,,) — 0« = 0 and consequently 6,, (7,,) — Ono —> 0 as n — co. ®
Proof of Theorem 2. To derive the limiting distribution we apply the martingale

difference central limit theorem (MD-CLT) developed in Kuersteiner and Prucha (2013),

22 A constructive proof, which allowed us to find the explicit expressions for the elements of II, is signifi-

cantly more involved and available on request.

30



which is given as Theorem 1 in that paper. To apply the MD-CLT we verify that the
o0

assumptions maintained by the theorem hold here. Observe that Fy = ﬂ Fno = C and
n=1

Fno € Fp for each n and E [ X, 1|Fp,0] = 0 where X, , is defined in (A.6). In the proof

of Theorem 2 of Kuersteiner and Prucha (2013) it is shown that the following conditions

are sufficient for conditions (14)-(16) there, postulated by the MD-CLT, to hold:

kn
S E [\Xn,vﬁﬂ 0, (A.11)
v=1
kn
V7L2kn = ZE [X?z,v|~7:n,vfl} 2 7727 (A.12)
v=1
Ky 145/2
sup B {qu’;tf] =sup E (ZE [X?l,v|.7-"n7v_1}> < 00. (A.13)
" " v=1

with k, = Tn + 1. In the following we verify (A.11)-(A.13) with 7% = vy = X'V A, for any
A € R? such that N\ = 1.

For the verification of Condition (A.11) let ¢ = 244, 1/¢+1/p = land v = (t—1)n+i+1.
Observe that using inequality (1.4.4) in Bierens (1994) we have

q
~1
29(T + 1) S
| Xpol? < —fll+6/2) luit)? < Jeie|? + Z]cz'j,ttfl/p]cz'j,ttfl/q\u;t’
j=1
t—1 n 1
3 D L Lesjas Y sl
s=1 \j=1
such that by Holder’s inequality
-1 Py
20(T + 1)1 <
| Xnol? < AT 1)1 |wit|? q leil? + |cij el |cijel |wje|?
170/2
n j=1 j=1
t—1 n a/p n
+ D leijus] D leias sl
s=1 \j=1 j=1

Consequently, recalling from Section A.1 that c;; and c;jts are measurable w.r.t. 7, (4 1)n44
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it follows that

—1 Py
29(T + 1)9 <
E|Xnol! [Frp-1] < WE[|uit|q|fn,(t—l)n+i] leatl T+ D leiael | D leijul el
=1 j=1

/

t—1 n a
2| 2 lewss]

s=1 \j=1

P
n
Z |cijies| |ugs|?
j=1

20(T + 1)1 L&
—ioz K |Cit\q+Kq/p2; > leigas fujs|®
s= 7j=1

where we have used bounds in Lemma A.1(ii),(v) to establish the last inequality. Employing

Lemma A.1(i) and (vi) we have

E [’Xn,v’q] = E[E [‘Xn,v‘q ‘}—n,vfln
20(T + 1)1 L[
< —amn K\F el T+ KPS Elleijsl [ugs]]
s=1 \j=1

29T + 1)4 1

—mﬂﬁ—K<K+TKW ).
Consequently, recalling that k, =1Tn + 1,
kn ois kn o5 22+6(71+_1)3+5l(2 5
ZE [|Xn,v| * } < ZE [E [‘Xn,v‘ + ’fn,v—lﬂ < 52 <1 +TK1+ ) — 0,

n

v=1 v=1

which verifies condition (A.11).
To verify (A.12) with n? = vy = 'V X we first calculate

b [szz,v‘]:n,v—l} =L [XZ,(tfl)n+i+l‘fn,(t—l)n-&-i .

Recall from Section A.l that the 9(2)71- and p; are absorbed into h;; and a;j;, and thus by
Assumption 1 we have F [u?t|fn7(t,1)n+i] = ‘7(2),15- Furthermore, recalling that c;; and c¢;j¢s

are measurable w.r.t. F, ;_1)n4;-we have

E [Xg,v’}—n,vfl] E [XZ,(t—l)nﬂ‘Jrl’}—n,(t—l)nﬂ}

t—1 n

1—1
-1 _2
= N 0y Cit+2g cijﬂujt—i-QE E CijtsUjs
Jj=1

s=1 j=1
6

2 -1 (m)

= Oouh E:git
m=1
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where the ggtm ) are defined in Lemma A.2. Thus

kn 6 T n
=S EBX2 | Fn1] = Y SRty G (A.14)
v=1

m=1 t=1 =1

(m)

Given the probability limits of n=! Yoy, form=1,...,6 derived in Lemma A.2 we
have
kn 6 T n
=S EX2 | Fuua] = Y Y ot S B
v=1 m=1 t=1 i=1
with
T
n? Za()t(§t)+§§)+c(3>—713111;10<200tn 1ZE lt\C)
t=1 -
+5£1;n0 2200tn_lzlzlE Utt|c +4ZUOtZO'OS _lzlzlE JztS|C
i=1 j i=1j

Recall that for t = 1,...,T we have ¢;; = Z LA Ty = ZT Y\ W, 7. where the last

T 1T T 1T

equality holds since 7+ = 0 for 7 > ¢. Thus

T n n T-1
2 2 l

E O-O,UE Ciu = E O—OUE E )‘ ufTrtUE )\T ZTT(-TU/

u=1 i=1 i=1 t=1
n T-1T-1 n T-1
§ : / BN / 2 :2 :

= )\ )\Th” 7Tt2070'7r7—) = ’Lt)\t

=1 t=1 7=1 i=1 t=1

observing that m X0 o7 = Zle a%,uwmﬂm and 11X ,I1" = I'p_4.
Recall further that for t = 1,...,T, s < t, we have ¢jjs = Z )\' Mot =

T ZjT

ZT L\ a! mrsTr+ Where the last equality holds since 7,; = 0 for 7 > s. Thus, by straight

T Z]T

forward algebra,

T n
E E E E E _ E 2 2 § : 2
2 UO t Czy tt +4 UO t UO )8 7, Jts — 2 UO7tUO,s Cji7t8

t,j=1 ,=1 t,s=1 ,5=1

— n
= 2 Z Z Ara ZJt s l]s (Wtzoﬂwls)2 =2 Z Z )‘;fa;j,taij,t)\ta

t,s=114,j=1 t=1 4,j=1

observing again that II¥g ,II' = Ir_;. From this we see that

n? = phmZ)\' _1ZE Zt!C +2n~ 1ZE l]taz]t‘c] At

n—oo ,_ 7] -1
= i A [vth + 21/,;1} A=AV,
t=1
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which establishes that indeed V.2 L2 = NV
Finally, we verify Condition (A.13). Analogously as in the verification of Condition
(A.11) observe that using the triangle inequality

. 2
AT +1)? —
ol < A w2 e (S el el
j=1
t—1 n 2
TS Jeisl lesgas 2 ugsl
s=1 \j=1
and by subsequently applying Holder’s inequality we have
AT +1)2 Uk Uk
[ Xnol® < %!uzfﬁ el + | D leiael | D leijanl lugil?
j=1 j=1

t—1 n n
Y AD leigsh | D leiusl s | ¢
j=1

s=1 \j=1

Consequently in light of Lemma A.1 (ii) and (v)

E [|Xn,'u|2 |fn,v71}

AT 4 1)2 =
< D g P B ] fel + K3 g e
j=1
t—1 n
+KZZ leijts| |ugs]”
s=1 j=1
4(T+1)2K2 ) i—1 ) t—1 n )
< T el Dol bl + 53 b e
j= s=1j=
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In light of the above inequality

249
E V]
. 146/2
S [ STEHEN)
v=1
5 k i1 n 1+4/2
22+5 (T + 1)2+(5K2+ n
< 1072 E Z |Czt’ +Z’C7«J tt] |uyt| +ZZ|CU ts| ’%8’
v=1 s=1 j5=1
146/2
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where we have used repeatedly inequality (1.4.3) in Bierens(1994). By Lemma A.1 (i) we
have F [[cit]Hé} < K. Applying Holder’s inequality with ¢ =1+ §/2 and 1/p+1/q = 1,
and utilizing Lemma A.1 (ii)-(vi) we have:

. 1+46/2 ., 1+46/27
E [ leijusl lugsl? =E || Y leijesl P leijas ' sl
j=1 J=1
[/ ap s N ]
< E D leiasl > el lugs ) | <KYPYE [!Cij,tsl Jujs[ 0| < KMFalp
=1 =1 j=1 ;

. 145/2
and by the same arguments E (Z;;ll |Cijiet| ]ujt\2> } < K't4/P. Consequently, ob-
serving that ¢/p =9/2 and k,/n <T + 1,

nkn

- 35/222+5(T + 1)2+5K2+5l<:f/23T1+5/2l-anH‘W
= nl+d/2
< 31+5/222+5(T_|_ 1)4+25K3+35/2 < 00

[V2+5

which verifies condition (A.13). Consequently it follows from Kuersteiner and Prucha (2013,
Theorem 1) that N7, = S22 X, 4, n€y (C-stably), where £, and C are independent.
Applying the Cramer-Wold device - see, e.g., Kuersteiner and Prucha (2013, Proposition
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A.2) it follows further that m, <, V1/2¢ (C-stably) where ¢ ~ N(0,1,) and ¢ and C are
independent.

Recall that in establishing the martingale difference representation of \'m, we have
absorbed g ;/0; into hi; and a;j;. The expression for V, given in Assumption 3 is obtained
upon reversing this absorption. m

Proof of Theorem 3. The proof follows from standard arguments. Details are given
in the supplementary appendix. m

Proof of Theorem 4. As remarked in the text, ‘7”_1 2, V-1 with V-1 being C-
measurable with a.s. finite elements, and with V! positive definite a.s. Furthermore, as
established in the proof of Theorem 3, Gy (0, 5,,) <> G where G is C-measurable with a.s. fi-
nite elements, and with full column rank a.s. Thus ¥,, = <Gn(9n, '?n)’V/n_lGn(@n, '?n)> A
U = (G'VIG)7L. Tt now follows from part (i) of Theorem 3 that

n2(0, — 0,0) L W2, (A.15)

where ¢, is independent of C (and hence of ¥), & ~ N(0,1,,). In light of (A.15), the
consistency of ¥,,, and given that R has full row rank ¢ it follows furthermore that under
Hy

L N—1/2 . L N—1/2 .
<R\I/R’) nY (R, — 1) = (R\I/R’) R (n1/2(9n - emo))
= (RUR) PR (0120, — 0,0)) + 0p(1).
Since B = (R\IJR’)71/2 R is C-measurable and BUB = I it then follows from part (ii) of

Theorem 3 that )
~ —1/2 ~
(R\IIR’) nY(RY, — 1) S ¢, (A.16)

where &,, ~ N (0,1;). Hence, in light of the continuous mapping theorem, 7}, converges
in distribution to a chi-square random variable with ¢ degrees of freedom. The claim that
\ilﬁl/z\/ﬁ(én —6n0) <, &, is seen to hold as a special case of (A.16) with R = I and r = 0.
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