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The impossibility of informationally efficient

markets when forecasts are self-defeating

February 17, 2015

Abstract

A policy maker (PM) needs information that only financial market traders know in
order to implement his optimal policy, and traders may aggregate this information
in asset prices. In such a setting, prices can become uninformative, because the PM
reacts to information contained in prices, thereby changing asset values and possibly
punishing traders for revealing the information. I derive a necessary and sufficient
condition for the possibility of fully revealing and accurate prices in large financial
markets. Non-fulfillment of this condition means prices cannot be informationally effi-
cient. The condition is also necessary and sufficient for the existence of fully revealing
REE, and explains results from several applications in the literature. The condition
implies that assets whose values are invertible in the underlying are superior in terms

of information revelation compared to assets whose values are non-invertible.

Keywords: Asymmetric Information, Efficient Market Hypothesis, Endogenous Asset
Values, Forecasts, Rational Expectations Equilibrium, Self-Defeating Prophecy
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1 Introduction

Suppose a large bank might or might not collapse within the next month, and the regulator
wants to bail out if and only if the bank collapses without aid. Suppose further the bank
issued a bond whose payment is due in two months, but which it cannot pay if it collapses.
Unlike the regulator, informed financial market traders know the condition of the bank and
the necessity for a bail out perfectly, and the regulator knows that these traders know, and
so on. The regulator may therefore infer information about the condition of the bank from
the market price of the bond. Suppose, finally, that the bank will in fact collapse without

bail out.

Can traders profit from their information, and how would they invest to do so? If
traders sell bonds, the market price will fall. The regulator infers from the market price
that traders think the bank will collapse,’ and rescues it, therefore falsifying the trader
forecast of a collapsing bank. The bank can therefore honor its financial obligations, but
since traders sold the bond below value they lose money. If, on the other hand, traders buy
bonds, the market price will rise. The regulator infers from the price that traders think
the bank will not collapse, and not rescue it, which leads to bank collapse, the bank cannot

make the bond payments, and traders lose money.

This is one of many possible situations where traders cannot make money off of their
information in the market if they correctly anticipate the policy maker reaction. Although
traders know all fundamentals that influence the asset value, they lose money when they
trade. But if informed traders have no incentive to trade, then their information will not
be incorporated into market prices. And if prices do not reveal the trader information, then
imperfectly informed policy makers (here the regulator) are not able to implement their first
best policy.

The difficulty in the general setting is that a policy maker can react to information
contained in asset prices prices, and his reaction in turn affects asset values. Thus, unlike
standard models in financial economics, asset values are endogenous. This paper provides
a sufficient and necessary condition for the possibility of informative and accurate prices,
i.e., characterizes all situations where prices can be informative and traders do not lose
money by revealing it if a policy maker reacts to prices. The condition puts constraints
on the underlying of the asset as well as policy maker preferences and information, all of
which influence the policy maker reaction to revealing market prices. The condition is also
necessary and sufficient for the existence of fully revealing rational expectations equilibria
and (under some conditions) Perfect Bayesian Nash equilibria in large markets. It therefore
unifies several models considered in the literature, and provides the general reason why a

fully revealing equilibrium does or does not exist.

LClearly, the regulator expectations about how fundamentals of bank health map into prices is endogenous
in equilibrium. In this example, the equilibrium candidate is that traders buy if the bank does not need
rescueing, and sell if it does, which leads to the expectations described.



Similar problems to the above example have been investigated for specific applications
in finance and macroeconomics. For example, the problem applies to monetary policy (e.g.,
Woodford, 1994, Bernanke and Woodford, 1997), bank supervision and management (Birch-
ler and Facchinetti, 2007, Bond et al., 2010), or contingent capital, where the policy maker is
in fact a debt conversion rule (e.g., Prescott, 2012, Sundaresan and Wang, forthcoming). In
general terms, the problem is as follows. A policy or decision maker wants to implement his
optimal policy, which depends on the realization of a state variable 6§ € © that he does not
perfectly know. However, traders in a financial market do know the realization of the state
0, and the policy maker may infer information about it from asset prices. Prices refer to an
asset whose value depends on an outcome/underlying represented by function f(#,7)—bank
solvency in the example—which depends both on the state 6 (bank health absent inter-
vention) and the policy of the policy maker i (bail out or not). Clearly, if prices reveal
something about @, then policy 7 will react to them. This “double endogeneity” (Birchler
and Facchinetti, 2007), i.e., prices react to policy and policy reacts to prices, may preclude
existence of equilibrium, or at least existence of a revealing equilibrium, as in most of the
referenced papers.

The general setting permits identification of the problem common to all of these ap-
plications. The policy maker has preferences that lead him to falsify the forecast implied
by prices if prices are fully revealing, hence the (asset value) forecasting problem is self-
defeating. More specifically, the necessary and sufficient condition for the existence of a
fully revealing rational expectations equilibrium (REE) if the policy maker is uninformed is
that the outcome preferred by the policy maker under full information leads to an invertible
asset value function v(6). If the policy maker receives informative but imperfect signals,
then the condition requires that asset values under full information are such that accurate
asset prices and policy maker signals can jointly reveal the state. Non-fulfillment of the
condition implies that a price function cannot reveal § and price accurately at the same
time.

The setting described here is one where strong informational efficiency of markets (in a
REE sense) may not be possible even under otherwise standard assumptions. The reason
is not informational frictions (e.g., Grossman and Stiglitz, 1980), but the behavior of the

policy maker, who de facto ‘prefers to falsify forecasts.’

2 The model

2.1 Set-up

Consider a financial market with a single riskless asset with rate normalized to 1, and a

single risky asset. Let f(0,i) : © x I — F', be the outcome function (possibly stochastic),



determined by state 6 and policy i, and let a(f(.,.)) : F¥ — A be a function that maps all
outcomes into values of the risky asset, with ©, 1, F, A C R.

The financial market consists of N traders with a common prior q. Every trader j receives
an informative i.i.d. signal s; on the realization of the state variable 6, resulting in signal
vector (si,S2,...). Since different signal vectors can have the same information content,
denote the summary statistic of (s1, Sg,...) by s, and the set of all possible realizations of
the summary statistic by S. The following are three examples of commonly used information

structures for traders with corresponding summary statistic.

Example.

1. Traders receive perfect signals, i.e., s; = 6 for all j, as for example in Bernanke and
Woodford (1997) or Bond et al. (2010). The summary statistic is s = 6.

2. State 0 € {0,1} is binomially distributed, s; € {0,1}, and traders receive imperfect
signals, i.e., 1 > Pr(s; = 1|# = 1) = Pr(s; = 0/# = 0) > 1/2. The summary statistic

iss=>_sj.

3. The state space is the entire real line, § € R, s; ~ N(6,0?), and traders receive

imperfect signals, i.e., 0> > 0. The summary statistic is s = N~ 3" s;.

Let p(s) : 8§ — A be the prediction or price function of expected asset value E¢g[a(f(0,1))|s]
given trader information. For example, f(6,7) may represent the value of a company, while
p(s) is the price of the publicly traded company stock.? The timing of decisions is illustrated
in Figure 1: first, traders determine p(s) via trading, then, observing the price, the policy

maker sets 1.

The policy maker receives an imperfect signal s € S on the realization of 6. In a special
case the PM receives a completely uninformative signal, i.e., |S| = 1, which is identical
to the PM receiving no signal at all. Utility function u represents the rational preference
ordering of the policy maker over outcomes f(6,7). Thus, if trader signals s were known to

the PM, he would choose policy
Z*(S) € arg maXEf,G[u(f(ev Z))|87 S]'

To simplify the exposition, I will assume throughout this paper that ¢* is single-valued.
Results can be straightforwardly extended for the case where the policy maker is indifferent
between several policies leading to different expected outcomes. Define v(s) : S — A, the

expected asset value for outcomes chosen by the policy maker if s were known to the PM,

v(s) = Epgla(f(0,i"(s)))|s].

2Throughout this paper, “traders” may be replaced by “forecasters,” and “prices” may be replaced by
“forecasts,” because the problem applies to all situations where a policy maker reacts to forecasts and
forecasters care about the accuracy of their predictions.
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t=0 t=1 t=2 t=3

T T

Nature: Traders: Policy maker: Outcome f(6,1)
draw 6 € © Observe s;, trade Observe p(s), and payoffs
resulting in p(s)  choose policy ¢ realize

Figure 1: Timeline with traders and policy maker.

In the introductory example v(s) = v(f) is the bond value under full information about
bank health, depending on bank health 6. The objects i*(s) and v(s) are defined assuming
s is common knowledge, even though it is not. The reason is that once prices are fully
revealing (see definition 2 below), then s is known to the PM. Hence, i*(s) and v(s) are
reactions that forward looking traders are going to anticipate if prices are fully revealing.
Given this information structure, policy ¢ cannot be conditioned on s directly, only
on p(s), so the outcome is f(0,i(p(s),s)). Equilibrium (to be formally defined below)
will require policy given beliefs to be optimal. Policy maker behavior, in particular wu, is
common knowledge. For non-triviality, I assume the policy maker needs to know 6 in order

to implement his optimal policy, so he is interested in additional information.

The next two definitions define properties of price functions.

Definition 1. A price function p(s) is accurate if and only if
p(s) =Espla(f(8,i(p(s))))|s] for all s € S.

In words, an accurate price function prices the asset at its expected value for every
signal vector realization; there is no systematic mispricing. This definition of accurate
prices resembles a rational expectations assumption, as will be made clear below. However,
it is important beyond REE, because inaccurate prices imply that the expected asset value
and its price differs, which creates incentives to change investment behavior to exploit the
difference in any rational equilibrium concept.

In this setting, s can only be indirectly revealed via price p = p(s) in combination with
the PM signal s. If the policy maker knows the price function (knows trader behavior), as
he will in any standard equilibrium concept, then s can always be inferred from (p = p(s), s)

if the Bayesian posterior puts a positive probability on at most one s € S.

Definition 2. A price function p(s) and PM signals are jointly fully revealing if and only
of
{t € S : Pr(s =t|p(s) =p,s) >0} <1 Vs,Vp.
According to this definition, prices need not be fully revealing to traders or outsiders,

only to the PM with additional information s. If policy maker signals are uninformative,

i.e., |S| =1, then full revelation reduces to invertibility of the price function in s, because



prices alone have to reveal s. In this case, the information is fully revealed to anybody who
observes the price and knows the price function.?

Finally, we are going to need a definition to characterize the PM signal structures that
allow for full revelation. First, define the full inverse v=!(p), i.e., the set of s € S for which

the expected asset value under full information equals p as

I(p) = {s € S:v(s) =p},

and the set of p for which I(p) contains more than one element as

X = {p € Image(v(s)) : [I(p)| > 1}.

If X is empty, then v(s) is invertible. Any element in X is a price—assuming accurate
prices—for which the price alone does not reveal s.

The following condition states that if v(s) is not invertible, that is, set I(p) contains
more than one element for some p in the image of v(s), then the probability of receiving

any signal s must be zero in all s € I(p) except for at most one.

Condition 1 (Excluding signal structure in case of non-invertibility of v).
| X| >0 = Pr(s|s=t)-Pr(sls=t)=0Vse S, Vi#£t €I(p), Vp € X.

The condition has similarity to what Cabrales et al. (2014) call ‘excluding signal struc-
ture,” but it is not identical, because in their meaning it is sufficient for signals to exclude

one state, whereas here PM signals might have to exclude several.

2.2 The possibility of information revelation via prices

This section asks if a price function p(s) exists which allows for both full revelation and
accurate prices. There is no microfoundation for this price function yet, i.e., the section
does not explain how the price function arises in some specified trading game or equilibrium
concept. This foundation will be provided in subsequent sections. The analysis is separated
in this way to highlight that the impossibility of fully revealing equilibria does not depend
on the microfoundation. Instead, under some conditions it is mathematically impossible to

find a price function that is both fully revealing and accurate.

When is it possible for a price function to reveal s to the policy maker (definition 2) and

3Note that even if full revelation is not possible, say because the PM still puts positive probability on two
states after observing the price, he may still be able to implement his optimal policy if the optimal policy is
identical in both states. Optimal policy without full revelation would not be possible if we imposed a strong
non-triviality assumption on w and f, so that i*(s) # i*(s') Vs # s’ € S, i.e., the PM’s optimal policy is
different in every possible information realization. Since PM preferences depend on the application, I will
focus on the possibility of full revelation in general terms.



price accurately (definition 1) at the same time? Without full revelation, the policy maker
has inferior information and may implement worse policies, and without accurate prices,
traders would lose money, hence might be better off not trading.

Given correct policy maker beliefs about p(s), Theorem 1 shows that it is possible if
and only if condition 1 is satisfied. The result is not specific to an equilibrium concept,
as correct beliefs are fulfilled in all standard concepts (e.g., REE or Perfect Bayesian Nash

equilibrium).

Theorem 1 (possibility of full revelation and accurate prices). Suppose the policy
maker knows p(s) and mazimizes expected utility. Then full revelation and accurate prices

are possible if and only if condition 1 holds.

Proof. Necessity: full revelation by definition implies
{t € S : Pr(s=t|p(s) =p,s) >0} <1Vs,Vp.

Rewriting,

Pr(s = tlp(s) = p,s) — Lue = 1) - Pripls) = pls = 1) - Prlsls = 1)

If Pr(p(s) = p|s =t) > 0 for exactly one ¢t € S for all p € Image(v(s)), then v(s) is invertible
and the price alone fully reveals s. Hence Ap € Image(v(s)) : |I(p)| > 1, i.e., the antecedent
of condition 1 is false. If the antecedent of condition 1 is true, then Pr(p(s) =pls =1t) >0
for all t € I(p) and p € X. Since there is full revelation, we must have Pr(s|s = t)-Pr(s|s =
t)y=0Vs e SVt £t € I(p),Vp € X, so that Pr(s = t|p(s) = p,s) > 0 for at most one
t € I(p) for each p € X. Thus, condition 1 holds.

Sufficiency: If condition 1 holds, then, taking p(s) = v(s), Pr(s = t|p(s) = p,s) > 0 for
at most one t € S for all p and s. To see this, note that either the antecedent is false, in which
case Pr(p(s) = p|s =) > 0 for exactly one t € S for each p € Image(v(s)), hence the price
alone is fully revealing. Or the antecedent is true, and then Pr(s|s =) - Pr(s|s =¢') =0
whenever Pr(p(s) = p|s =t) - Pr(p(s) = p|s = t') > 0, hence Pr(s = t|p(s) = p,s) > 0 for

exactly one t € §. Therefore, there is full revelation and prices are accurate. O

Corollary 2. Suppose the policy maker knows p(s) and mazimizes expected utility. Then

prices can be fully revealing and accurate if v(s) is invertible.

Thus, full revelation and accurate prices are possible either if v(s) is invertible (for any
PM signal structure), or if v(s) is not invertible but the PM signal structure is excluding
in the sense of condition 1. The requirement on the signal structure is rather strong, as it
requires that any s which is not ruled out by the “price signal” is ruled out by the imperfect
signal of the policy maker. For example, if traders have perfect information (s = ), if 6 € R
and s ~ N(,0?) as in most finance models, then Pr(s|f =t) = ¢ (=) > 0 for all t € R
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and s € S, i.e., condition 1 is not fulfilled. Hence, full revelation with normally distributed
signals is possible if and only if v(6) is invertible, because signals never rule out any state.

Similarly, in the special case where the policy maker does not receive an informative
signal, Pr(s) = Pr(s|s =t) = 1Vt € S, hence invertibility of v(s) is necessary and sufficient

for full revelation and accurate prices, as stated in the following corollary.

Corollary 3. Suppose the policy maker knows p(s), does not receive informative signals
(|S| = 1), and mazximizes expected utility. Then prices can be fully revealing and accurate if

and only if v(s) is invertible.

This simple condition—non-invertibility of the ‘expected asset value given optimal pol-
icy’ function v(s)—explains the general difficulty of finding fully revealing equilibria in this
setting. Prices cannot always reveal s and at the same time be accurate. Thus, traders
might have the incentive to make the forecasts implicit in their trades less revealing (rather
than wrong). Mathematically, the result obtains because a price function cannot at the
same time be invertible (as required by full revelation) and non-invertible (as required by
accuracy if v(s) is non-invertible).

Theorem 1 implies that accurate prices and full revelation are possible if condition 1
holds. Traders simply predict the expected asset value given optimal policy and trade
accordingly so that p(s) = v(s), and the policy maker happily fulfills this forecast. Hence,
condition 1 is also the condition that determines whether the forecasting problem is self-

defeating or self-fulfilling.

2.3 Examples

In all of the aforementioned papers, traders have perfect information about the state variable
6. It can easily be verified that invertibility of v(6) is not fulfilled in these papers, see Figure
2. For example (adapting their notation), in Bernanke and Woodford (1997)’s static model,
v(f) = 0. In Bond et al. (2010) and Prescott (2012), v(6) is at first strictly increasing
in 0, but has a discontinuous downward jump at some threshold 6 (see Figure 2). Hence,
the underlying problem—non-invertibility of v(6)—is the same in all of these papers. But
despite the same problem, preferences of the policy maker differ. In Bernanke and Woodford
(1997), a central bank wants to minimize the variance of inflation f(6,7), and in Bond et al.
(2010) a board of directors wants to maximize firm value f(6,7) minus intervention cost.
In Prescott (2012), the policy is determined by a capital conversion rule. This shows the
problem of full revelation with self-defeating prophecies is not due to specific policy maker
goals.

Despite non-invertibility of v(f) in Bond et al. (2010), they show that full revelation
can occur, exactly because the informative signal of the policy maker—which is uniformly

distributed on a bounded support—rules out all states that are not ruled out by the price.
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0 0

0
(a) Bernanke and Woodford (1997): (b) Bond et al. (2010), Prescott
i*(0) = argmin; Varg(f(0,17)) (2012): intervention below thresh-

old @ increases f(0,1)

Figure 2: Examples for non-invertible asset values at the optimal policy v(#) under full informa-
tion

In the other models, the PM does not receive informative signals, and invertibility of v(6)

alone determines whether full revelation and accurate prices are possible.

2.4 Non-existence of fully revealing rational expectations equilib-
ria

This section investigates whether accurate prices and full revelation can be implemented as
a rational expectations equilibrium if every trader only observes his private signal s;. That
is, under which conditions can the financial market aggregate and reveal private information
to the policy maker in equilibrium?

A rational expectations equilibrium in this setting is defined as follows (for a similar
definition in the perfect information case, see Bond et al., 2010), where both functions are

known in equilibrium.

Definition 3. A rational expectations equilibrium consists of
1. A forecasting/price function p(s) = Eygla(f(0,i(p(s))))|s] for all s € S, and

2. an optimal policy function i(p) given knowledge of p(s), i.e.,
i(p) = arg miaXEf,g[u(f(Q, i))|p(s) = p, s].

Condition 1 (REE condition) of definition 3 requires that the price equals the expected
value of the asset given trader information. Condition 2 requires that the policy maker acts
optimally given his beliefs.

It turns out that the same condition that determines the possibility of full revelation and

accurate prices is also necessary and sufficient for the existence of a fully revealing REE.

Corollary 4. A fully revealing rational expectations equilibrium exists if and only if condi-
tion 1 holds.



Proof. Condition 1 of definition 3 implies that the REE has to price accurately (cf. defini-
tion 1). Thus, the result follows from Theorem 1. O

Thus, according to the REE concept, financial markets can both aggregate and reveal
all trader information s, but only if condition 1 holds. Hence, there are situations where
markets cannot be strong form informationally efficient. Even in the most extreme case,
where all traders perfectly know the state of the world (s; = #) and perfectly know PM
behavior, prices cannot reflect fundamental values of the asset if condition 1 fails to hold.
The problem is not an informational one—traders know everything. Instead, accurate prices
and full revelation are mutually exclusive, because the PM prefers policies that undermine
incentives to reveal information via trading, i.e., he “prefers to falsify trader forecasts.”
This result is in strong contrast to the standard case, where asset values are exogeneous and
existence of fully revealing REE is generic (see for example Radner, 1979 or Allen, 1981).

While Corollary 4 explains the non-existence of fully revealing equilibria, the conditions
in Corollary 4 and the following Proposition 5 jointly explain the REE non-existence results
(fully revealing or otherwise) for example in Bernanke and Woodford (1997) or Prescott

(2012), where the outcome f(#,4) changes monotonically in 6.

Proposition 5. Suppose the policy maker does not receive any signals (|S| = 1). If
Efrola(f(0,7))|s] # Efola(f(0',7))|s'] Vs # s’ € S, then there exists no ‘not fully reveal-

ing’ rational expectations equilibrium.

Proof. Suppose there exists a not fully revealing REE. This implies there exist s # s/,
5,8’ € 8, such that p(s) = p(s’). Since the policy maker cannot distinguish the two states,
he will take the same action ¢ for s and s’. But then for at least one of these two states
prices must be inaccurate, since Egla(f(0,7))|s] # Erola(f(0',7))|s'], which contradicts this
being an REE (condition 1 of definition 3). O

The last two results imply that the fully revealing REE is the unique REE if condition
1 holds, the PM is uninformed, and E;g[a(f(6,7))|s] is non-invertible in s.

A very well known problem with the REE concept without noise is that it does not
explain how the information is incorporated into prices (e.g., Dubey et al., 1987). Thus, the
next section investigates whether these rational expectations equilibria are implementable

as Perfect Bayesian Nash equilibria in a typical trading environment.

2.5 Full revelation in Perfect Bayesian Nash equilibria in large

markets

To define the Perfect Bayesian Nash equilibrium (PBNE), we need to specify the trading

environment. The financial market consists of a continuum (of mass 1) of traders with
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utility function over wealth u;, v} > 0, v” < 0, who have a Pareto-optimal monetary w; > 0
and asset endowment z; > 0, with [ z;dj > 0.*

Denote the set of all possible excess demand functions by X. Unlike REE, we have
to specify exactly how prices are set in this trading environment. The following definition
describes a class of tatonnement processes, which rules out an omniscient Walrasian auc-
tioneer, who for every s € S proposes the fully revealing REE price and clears the market
with it. Any price setting algorithm that conditions on demand functions (e.g., market
orders, limit orders, etc.) in determining the price fulfills the definition. Examples include

double auctions or Dutch auctions.

Definition 4. A generic price finding rule ' : XN — R maps all profiles of excess demand

functions © = (x1(p, $1), x2(p, S2), . . .) into a price p*.

Note that price p* = I'(x) need not be a market clearing price, since a market clearing
price need not exist for all profiles of excess demand functions . However, the following

definition requires market clearing in equilibrium.

Definition 5. A Perfect Bayesian Nash equilibrium (PBNE) in this game requires

i. an expected utility maximizing excess demand function x;(p, s;) given x_; for all traders
jatt=1,

i1. market clearing in the financial market at t = 1, i.e., a price function p(s) = I'(x)

generated by a generic price finding rule, such that
/xj(p* =p(s),s;)dj =0 Vs € S,

ii1. policy maker beliefs ju(t|p*) = Pr(s = t|p* = p(s), ), D ieq u(t|p* = p(s),s) = 1, about
financial market behavior, derived by Bayes’ rule whenever possible,

iv. and an expected utility mazimizing policy i(s, p*, u) € I for the policy maker at t = 2.

Beliefs p refer to the financial market as a whole, represented by the market clearing
price p*, rather than to actions of individual traders. This is a realistic way to model
the interaction, as a policy maker usually cannot track investments of specific traders in
anonymous markets, especially not in large markets as considered here. The price function
p(s) is known in equilibrium via Bayes’ rule. There is no need to specify off equilibrium
path beliefs, because no trader can influence the price alone, i.e., the price with a single

deviation can never be off the equilibrium path.

4The continuum assumption implies that individual traders cannot move the price. Results will differ
with finitely many traders, because in such a strategic setting any single trader can change the message sent
to the policy maker by changing the investment strategy. A market with finitely many (“big”) traders is
beyond the scope of this paper.
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The following proposition distinguishes two cases: All traders receive the same signal,
which includes the perfect information case s; = 6 or any other information structure with
perfectly correlated signals (i.), and the case where not all traders receive the same signal
(7i.). The crucial difference is that information in (i.) does not have to be aggregated, since
all traders hold the same information. In (éi.), on the other hand, information is dispersed,

and its aggregate is more informative than any single piece.

Proposition 6. i. If there is a continuum of traders and trader signals are perfectly cor-
related (s; = ¢ Vg, s = ¢), then a fully revealing PBNE exists if and only if condition 1
18 fulfilled.

1. If there is a continuum of traders and trader signals are drawn independently, then there

exists no fully revealing PBNE.

Proof. . Necessity: if a fully revealing PBNE exists, it implies that p(s; = s) = v(s; =
s). Suppose not (p(s) # v(s)), then given market clearing there exists at least one trader
who can profit by deviating from the candidate strategy x; to ; > x; if v(s) > p(s) or to
z; < z;if v(s) < p(s), since v(s) is the expected value of the asset given full revelation,
and the deviation in a continuum does not change prices. Thus, full revelation implies
either that v(s) is invertible, so that p(s) perfectly reveals the state, or that p(s)

together with PM signal s always reveals the state, i.e., condition 1 holds.

Sufficiency: Define T;(p, s) > 0 as j’s best response to v(s) > p and z;(p,s) < 0 as j’s
best response to v(s) < p. If condition 1 holds, then the following strategy for all j
forms a fully revealing PBNE:

Ti(p,s) >0 if v(s)

J

>p
rj(p,8) = z:(p,s) <0 ifwv(s)<p
0 ifv(s)=p

Clearly, market clearing occurs iff p = v(s) for all s € S. Due to condition 1, either
v(s) and therefore the equilibrium price function is fully revealing, or equilibrium prices
together with PM signals s are fully revealing. There is no profitable deviation, since
x; best responds to mispricing by going long if p < v(s) and short if p > v(s). At
p = v(s), no deviation changes the payoff, since individual traders cannot influence the
price and the asset is priced at its expected value. The PM obtains his first best given

all available information, so he has no incentive to deviate either.

iti. Suppose there is a fully revealing equilibrium with price function p(s). Since it is an

equilibrium, we must have
P =Espla(f(0,i(p™" (p"))))lp~" (p")] for all p* = p(s),
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otherwise market clearing implies there exists at least one trader who can profit by
deviating at some price. The no-trade theorem (e.g., Milgrom and Stokey, 1982) implies
that the risk averse traders respond with z; = 0. But then the profile of excess demand
functions and thus ['(x) are independent of s, and since p(s) = I'(x) in equilibrium, so

is p(s), which contradicts this being a fully revealing equilibrium. O

Thus, if traders hold the same information, then condition 1 determines the possibility
of full revelation in both major equilibrium concepts used in financial economics, REE and
PBNE, in large markets. However, if traders have differential information, then the fully
revealing REE equilibrium is not implementable as PBNE using a generic price finding rule,
as is well known in financial economics Vives (2010). Thus, this is a problem with fully
revealing REE in general, and not with this setting in particular.

To see why the REE cannot be implemented in the trading game as PBNE, consider the
case where the asset return a(f(0,7)) is stochastic even under full revelation (say, because
f is stochastic). Suppose a PBNE implements the fully revealing REE, then the price
of the risky asset equals its expectation. But since traders are strictly risk averse, they
strictly prefer the riskless asset with the same return. Thus, traders demand no assets in
the equilibrium, but then the private information of traders cannot be incorporated into
prices to make them fully revealing, which would require the demand function to change

with the realization of the private information.

2.6 Asset design and selection

The results of the previous sections state that accurate and fully revealing prices, and
the existence of fully revealing equilibria, require an invertible v(s) function. From an asset
design or asset selection point of view, we can ask what kind of asset supports full revelation.
Formally, assuming the same underlying outcome f(6,4) for the asset,® differences in assets
are captured by the asset payoff function a(.), the function that maps the underlying f(6, )
into an asset value. For example, the function may be continuous or invertible, or it might

be discontinuous and non-invertible, such as an Arrow security:

s =T
0,i)) =
W 6:9) 0 if f(8,i) < T,

for some threshold value 7" € R. Such asset payoff functions can be observed for example
with credit default swaps, which have positive value if and only if the debtor solvency f(6,1)
is below a certain threshold that does not allow him to repay his debt. Bonds arguably also

have this structure; they have positive value if and only if the issuing entity can repay.

5 Another implication of the previous sections is clearly that if there are several outcomes to choose as
underlying of the asset, then the one whose expectation is invertible in s under full information is preferable
in terms of information revelation.
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Moreover, prediction markets (e.g., Wolfers and Zitzewitz, 2004, Siemroth, 2014) often use
this payoff function with so called ‘winner take all’ securities.

The following proposition shows that invertible asset payoff functions are never worse,
but may be better suited to promote fully revealing prices than non-invertible ones. This
is because a non-invertible asset payoff function may ‘bunch’ several states in a single asset
value, thereby making it impossible to infer the state from the asset value, i.e., precluding
invertibility of v(s). Denote the set of all invertible functions a : F' — A by A and the set

of non-invertible functions by A’ .

Proposition 7. Any invertible function a € A is weakly preferable to a non-invertible
function o’ € A’ in terms of promoting full revelation and accurate prices. That is, if a non-
invertible a’ € A’ leads to full revelation and accurate prices, then so does any invertible
a €A, and a € A sometimes leads to full revelation and accurate prices while ' € A’ does

not, all else equal.

Proof. Define v(s,a) :=Egla(f(6,7*(s)))|s]. We need to show that there is no pair s # s’
such that v(s,d’) # v(s',a’) but v(s,a) = v(s’,a), i.e., whenever a pair of states is revealed
solely via prices under a’ € A’, then it must also be revealed solely by prices under all a € A.

Formally,
v(s,d') #£v(s',d) = v(s,a) #v(s,a) Va € A. (1)

If this condition holds, then it implies that a function a € A can never be worse in terms of
information revelation than some non-invertible a’ € A’, since the same states are revealed
via prices, and if there are some states that are revealed via PM signals under @, then they
will also be revealed under a. That is, if (1) holds, then if condition 1 holds under «’, it will

also hold under a.

To show (1) holds, note that for any non-invertible o’ € A’,

Eyrola’(f(6,1"(s)))|s] # Eygla'(f(0,i"(s")))]s]
= Eypo(f(0,0°(s))ls] # Erolf(0,4(s))|5].

Moreover, because A is the set of invertible functions,

Erolf(0,i"(s))|s] # Ez[f(6,i"(s"))|5']
— Erola(f(0,1"(s)))ls] # Erpla(f(0,i°(s))|s'] Va € A,

Combining (2) and (3) results in (1).

We still need to show that a € A sometimes allows for full revelation and accurate prices
while it would not with o’ € A’. This immediately follows from the fact that invertibility of
a is necessary for invertibility of v(s), but not sufficient. And according to Corollary 2, full

revelation and accurate prices are possible if v(s) is invertible. ]
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Consequently, in this setting, we would expect assets with invertible asset payoff function
a € A to be more informative, all else equal, compared to assets with non-invertible asset
payoff function. Proposition 7 thus provides an empirical implication of the theory, which
can be tested with prices for assets that have the same underlying (f(6,7)) but different

payoff functions.

2.7 Summary

If all traders have perfect information about the realization of the state variable 6, then a
single condition explains why prices can or cannot be informative in equilibrium. If condition
1 is not fulfilled, then policy maker and traders cannot both get what they want: either
prices are not fully revealing, so the PM cannot always implement his preferred policy. Or
there is mispricing, which implies that traders lose money. If the condition holds, then the
goals of traders and policy maker are not mutually exclusive, and full revelation can be an
equilibrium outcome. This result holds beyond a specific equilibrium concept such as REE.
It generalizes several models from the literature (e.g., Bernanke and Woodford, 1997 and
Bond et al., 2010) and explains why their no equilibrium or no fully revealing equilibrium
results occur.

The condition states that the expected value of the asset under full information (i.e., after
revelation) v(f) has to be invertible in the state variable 6, or if it is not, then the PM has
to receive informative signals which allow him to rule out all states that are not ruled out by
the asset price. Hence, the condition demands a lot from the signal structure of the policy
maker if v(f) is non-invertible, as the PM’s posterior always has to put zero probability
on any state that is consistent with the asset price but one. Normally distributed signals,
for example, do not satisfy this condition, whereas uniformly distributed signals might (see
Bond et al., 2010 for an example).

If traders receive differential information, then the financial market’s purpose is not only
to communicate trader information, but also to aggregate it. In the absence of noise, this
can be achieved in a rational expectations equilibrium if condition 1 is fulfilled. But the
fully revealing REE outcome is not implementable as Perfect Bayesian Nash equilibrium
of a well-specified trading game. Thus, in applications, the possibility of full revelation of

trader information in financial markets will depend on the choice of equilibrium concept.

3 Conclusion

This paper presents a general model where traders have information which a policy maker
needs in order to implement his optimal policy. Traders may reveal their information via
trading in asset prices, but since policy influences asset values, they may not have an

incentive to do so. For example, there may be situations where buying the asset raises
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the asset price, which communicates information to the policy maker and leads to a policy
that reduces asset values. In short, the asset value forecast implicit in asset prices may be

a self-defeating prophecy, because the policy maker falsifies it.

I derive a necessary and sufficient condition for the possibility of fully revealing and
accurate prices. If prices fulfill only one of these two properties, then either the policy
maker does not learn from traders what he needs to know for optimal policy making, or
assets are mispriced, which implies traders have an incentive to invest differently (or not at
all). Indeed, reflecting this, the condition is also necessary and sufficient for the existence

of fully revealing rational expectations equilibria.

If the policy maker does not receive informative signals on the realization of the state
variable, then the necessary and sufficient condition for the possibility of accurate and fully
revealing prices is very simple. It requires the asset values given the optimal policy for
the policy maker (v(6)) to be invertible in the trader information. Intuitively, since traders
know policy maker preferences, they can anticipate which policy he is going to implement
once he knows the trader information. The invertibility condition ensures that prices can
equal fundamental values of the asset and at the same time reveal trader information. Thus,
traders can just set a price that equals the asset value at the optimal policy, and the policy
maker indeed sets this policy—a self-fulfilling prophecy. If the invertibility condition is
not fulfilled, then the policy maker would implement a policy that leads to mispricing for
some realizations of the trader information if prices were fully revealing, and this is exactly
the situation where traders lose money. Hence, the invertibility condition characterizes all

situations where full revelation and accurate pricing are consistent with each other.

If the policy maker receives informative (but imperfect) signals, then the invertibility
condition is still sufficient—after all, prices alone can reveal the state—but not necessary
any more. In this case, the new necessary and sufficient condition broadly states that if
asset values given the optimal policy for the policy maker are not invertible in the trader
information, then the informative but imperfect information of the policy maker has to
rule out all possible realizations of trader information but one which are consistent with
asset prices. This condition is very demanding on the signal structure of the policy maker.
Normally distributed signals, for example, do not fulfill this requirement, since these put
positive density on every state on the real line. Hence, if the policy maker receives normally
distributed signals, which never rule out any state, then invertibility of v(#) is necessary
and sufficient for prices to be fully revealing and accurate.

Using these results, I show that assets whose value is invertible in the underlying are
weakly more favorable to full revelation in this setting. This means that if there are two
kinds of assets with the same underlying (say, the value of a firm), then the asset whose
value always changes monotonically with a change in the value of the firm should be more
informative than the asset whose value is not. Non-invertible assets include those whose

value depends on threshold values, such as the Arrow securities used in prediction markets.

16



In the setting described here, the impossibility of fully revealing prices in case condition
1 fails to hold is not due informational frictions—traders know the realization of the state
variable and policy maker behavior perfectly. Rather, strong informational efficiency is
impossible, because the policy maker reacts to the forecasts implicit in asset prices and

falsifies them.
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