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Abstract

We study optimal nonlinear taxation of labor income and linear taxation of capital
income in a life-cycle framework with private information and idiosyncratic risk. We focus
on simple history-independent tax instruments. We first analyze the welfare losses from
this simplification as compared to optimal history-dependent policies. We find very small
losses from restricting the complexity of savings wedges. Eliminating history dependence
of labor wedges leads to larger welfare losses: moving from history dependence to age
dependence yields approximately the same welfare losses as moving from age dependence
to age independence and from nonlinear to linear income taxation. For optimal history-
independent taxes, we provide a novel decomposition into a redistribution and an insurance
component and a generalization of the top tax formula to dynamic environments. Capital
taxation is desirable and yields sizable welfare gains, especially if labor income taxes are

set below their optimal level.
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1 Introduction

This paper characterizes Pareto optimal labor and capital income taxation with heterogenous
individuals in a life cycle framework. Consistent with a large empirical literature, individuals
face idiosyncratic labor income risk[l] Consistent with real world tax policies, we characterize
relatively simple tax policies that only condition on current earnings. The labor income tax
is allowed to be fully nonlinear in the tradition of the seminal approach to optimal taxation
by Mirrlees (1971). The tax on wealth (or equivalently capital income) is constrained to be
linear in the tradition of dynamic Ramsey modelsE] To make the problem theoretically and
computationally tractable, we employ a novel first-order approach for these simple policies in
a dynamic, stochastic environment.

Since the pioneering theoretical work by Mirrlees (1971), a comprehensive literature has
emerged which specializes on characterizing optimal labor income taxation. Recent papers have
shown that labor supply elasticities and the distribution of income/abilities are the key forces
determining optimal nonlinear income tax schedules (Piketty 1997, Diamond 1998, Saez 2001).
A relatively recent literature, often called the New Dynamic Public Finance (NDPF), has
expanded the classical approach and explicitly taken into account dynamics and risk. This has
enabled the literature to make statements about savings distortions (Golosov, Kocherlakota,
and Tsyvinski 2003), as well as to study the implications of idiosyncratic risk over the life cycle
for optimal labor wedges (Golosov, Troshkin, and Tsyvinski 2013, Farhi and Werning 2013).
The NDPF literature has focused on history-dependent labor income taxes, so that taxes paid
on labor income can potentially depend on the whole history of past earnings.

In contrast, we restrict labor income taxation to be history-independent in this paper. This
can be seen as the next logical step after the recent advances in the literature in exploring
optimal taxation in dynamic economies and complements the NDPF' literature and the static
optimal taxation approach. One advantage of such an endeavor is that the instruments we
characterize are within the realm of current tax practices[]

Formally, let y; be the income of an individual in period ¢ (or, equivalently, at age ¢) and 6,
be the productivity in that period. As emphasized by the NDPF literature, in the constrained
optimal allocation, gross income is a function of the whole history of shocks 6" = (64, 6s, ..., 6;)

and these allocations are derived with dynamic mechanism design techniques. Decentral-

"Meghir and Pistaferri (2011) and Jappelli and Pistaferri (2010) provide recent surveys of the empirical
literature.

2See, for example, Conesa, Kitao, and Krueger (2009) and Aiyagari (1995). Whereas labor income is taxed
nonlinearly in most countries of the world, capital is often taxed at a linear rate. This practice is often linked
to arbitrage opportunities in the case of capital. If individual A face a higher marginal tax rate on savings
than individual B, there would be a deal where both could be better of by making individuals B save individual
A’s money. The assumption of linear capital taxes can therefore be grounded on the idea that the government
cannot observe consumption on the individual level and is often made in the public finance literature. See
Hammond (1987) for a more general theoretical discussion of that issue.

3Social insurance and tax practices in most countries typically combine history-dependent and history-
independent elements. For personal income taxes, tax policies are arguably better described as being mostly
history-independent, however, various forms of tax deductions also generate diverse forms of history dependence
in the labor and capital income tax codes.



izing such an allocation typically requires taxes that condition on the history of incomes
vt = (y1, 90, ...,yt)f_f] History-independent labor income taxes, i.e. taxes that condition only
on 7, can in general not implement the desired allocations. Thus, history independence places
additional restrictions on allocations. To the best of our knowledge, no previous paper has so
far investigated and characterized such arguably realistic optimal labor income tax systems in
a dynamic and stochastic Mirrlees environment with a continuous type space.

We show that assuming preferences without income effects on labor supply makes this prob-
lem tractable. If labor income taxes are only a function of current income ¥, the income that
individuals optimally choose in a decentralized economy only depends on their current produc-
tivity 6, and not on accumulated wealth. For the allocation, this implies that income is solely a
function of #; and not of §*. A second advantage of this specification is that the Hessian matrix
of the individual problem has a zero minor diagonal. This makes a first-order approach valid
under a mild monotonicity condition on y,(#;) as in the static Mirrlees model. As we show in
the main body of the paper, these considerations make it possible to solve for optimal nonlinear
labor and linear capital income taxes.

Having spelled out our formal approach, our analysis then proceeds in two broader steps.
We first compare optimal history-independent taxes theoretically and quantitatively to more
complex history-dependent policies but also to simpler linear policies. We provide welfare
comparisons and also study how losses and gains from more complex (or even simpler) policies
are distributed. In the second main part of the paper, we look in detail at the main properties

and characteristics of optimal history-independent taxes.

From History Dependence to Simpler Policies. We start by comparing optimal history
independent taxes theoretically and quantitatively to alternative tax structures. We begin with
the solution to the dynamic mechanism design problem, in which allocations are restricted
only by informational constraints (Golosov, Troshkin, and Tsyvinski 2013, Farhi and Werning
2013). We refer to this solution as the full optimum. We then proceed step by step, imposing
additional constraints on capital and labor wedges in each step and thereby making the resulting
tax system simpler. We theoretically characterize labor and capital wedges for the different
scenarios, fleshing out in detail the implications of each additional restriction on complexity.
Quantitatively, we explore how much welfare is lost at each stage, where our welfare criterion
is Utilitarianism. We also provide a very detailed view on the distributional consequences of
each scheme by looking at the welfare losses and gains across all income groups.

Starting from the full optimum, the first modification is to restrict the savings wedge to be
linear and history-independent, while labor wedges remain history-dependent and nonlinear.
This scenario has not been considered before in the literature and, importantly, it allows us

investigate whether the power to raise welfare in the full optimum is stemming from the so-

4See Kocherlakota (2004) or Werning (2011). For a counterexample, see Albanesi and Sleet (2006) who
show that for the special case of i.i.d. shocks simpler tax instruments suffice. See also our discussion in the
related literature paragraph.



phistication of labor or capital wedges. The aggregate welfare losses from this restriction on
simple capital wedges are very small. Next, we additionally restrict the ability of the planner
to condition labor wedges on past skill shocks or earnings. We use our first-order approach to
derive new formulas for optimal age-dependent income tax schedules and optimal linear savings
taxes. Aggregate welfare losses measured in standard consumption equivalence relative to the
full optimum are now significant, varying between 0.12% for log utility and 0.43% for a CRRA
parameter of three’| This reveals that most of the benefits of the full optimum are explained
by the history dependence and sophistication of the labor wedges and not by nonlinearities and
history dependence in capital wedges.

Next, consistent with the previous steps, we further restrict labor taxes, and constrain them
to depend on current income only. Arguably, many countries have labor tax systems, which
share these features, namely that labor tax burdens are mostly determined by current income
and labor income is taxed at nonlinear rates. Aggregate welfare losses relative to the full opti-
mum vary between 0.23% for log utility and 0.70% with a CRRA parameter of three for optimal
history-independent labor and linear capital taxes. Finally, our last simplification restricts the
labor income tax to be linear and helps to understand the importance of nonlinearities of the
labor income tax schedule. For this case, the aggregate welfare losses compared to the full
optimum range from 0.29% to 1.09%.

Strikingly, one of the main conclusions of these welfare comparisons is that they imply
approximately equal aggregate welfare differences: moving from the full optimum to age-
dependent taxes, from age-dependent to age-independent, and from age-independent to linear
tax rates entails welfare losses in each step that are very similar in size.

In our analysis, we also thoroughly inspect the distributional consequences of sophistication
and simplicity of the different tax schemes by looking at the welfare changes for different initial
income/skill groups. The most salient finding for this distributional perspective is that moving
from an optimal nonlinear tax system to the linear one, leads to very unequally distributed
losses. In the lower tail of the income distribution, the welfare losses from linearity restrictions

can become very large and are around 4%.

Optimal Simple Tax Instruments. In the second main part of the paper, we look in detail
at the main properties and characteristics of optimal history-independent taxes. First, our
framework allows to investigate the interaction between labor and capital taxation, which is
not possible in the static Mirrlees model. This interaction is, in general, also not studied in
a dynamic Mirrlees approach, since both labor and capital wedges are part of the dynamic
mechanism design solution. We examine optimal labor income taxes for a given capital tax
and vice versa. Strikingly, we find that for given labor income taxes, optimal capital tax
rates differ substantially, depending on how labor income taxes are set. This depends on two

mechanisms. First, lower labor income taxes lead to a more concentrated distribution of wealth

SWe compare our results on welfare gains and losses to other relevant papers (Weinzierl 2011, Farhi and
Werning 2013) in the main text.



which increases the redistributive power of capital income taxes. Second, the lower degree
of social insurance through labor income taxation, the stronger the desire to self insure in the
form of precautionary savings and the lower the elasticity of savings w.r.t. capital income taxes.
Conducting the opposing exercise, we find that optimal marginal labor income tax rates are
decreasing in the level of capital taxation, the quantitative effect is very small, however.

Since the pathbreaking paper of Mirrlees (1971) an enormous literature has studied the
static optimal tax problem. A natural question is to what extent the main prescriptions from
the static model carry over to a dynamic model with income risk? First we show that an
important difference to the static (or dynamic deterministic) perspective is that the so called
mechanical effect of taxation — which measures the welfare effect from redistribution — does not
only measure welfare gains from redistribution between ex-ante heterogeneous individuals but
also from social insurance against idiosyncratic wage risk in dynamic economies with incomplete
markets. We derive a decomposition of the mechanical effect into an insurance component and
a redistribution component. The former is independent of redistributive preferences and is
increasing in income risk and risk aversion.

We then put our focus on two influential sets of results, which have proven to be extremely
useful in understanding properties of the optimal static schedules. First, we investigate con-
ditions determining the shape of optimal tax rates, as pioneered by Diamond (1998) for the
static model. Second, we generalize the top tax formula by Saez (2001) to the multi-period

environment, which is valid if the tail of the income distribution is Pareto distributed.

Related Literature. The present paper is related to the NDPF' literature. Particularly, two
recent articles by Golosov, Troshkin, and Tsyvinski (2013) and Farhi and Werning (2013) have
characterized optimal history-dependent labor wedges and to this end made use of new dynamic
first-order approaches to make the problem tractableﬂ In complementary work, Kapicka (2013)
develops a first-order approach for a general Mirrleesian setting with persistent productivity
shocks. These recent important advances are complementary to the present paper because we
show how to make progress for simpler, history independent tax systems under the assumption
of no-income effects. This parallels the contribution by Diamond (1998), who also assumes
no-income effect to gain novel insights into the static Mirrlees model. His formulas are also the
natural comparison for the optimal marginal tax rates formulas that we derive for the dynamic
model. In an earlier contribution to the NDPF, Albanesi and Sleet (2006) show that a relatively
simple labor tax system can implement the second-best in the i.7.d. case: wealth dependent
labor income taxation. By contrast, this paper studies the case of persistent shocksE]

There is a small but growing literature on age-dependent income taxation. Most recent and
related to our work, Weinzierl (2011) and Bastani, Blomquist, and Micheletto (2013) study

6Related to these papers and ours, Pavan, Segal, and Toikka (2013) characterize a first-order approach in
very general, dynamic environments.

7 Jacobs and Schindler (2012) show that in a two-period model with linear labor taxes, a similar role for the
capital tax as in the NDPF-literature arises as capital taxes have the positive effect of boosting labor supply in
the second period.



optimal age-dependent labor income taxationﬁ These papers focus on numerical results and
work with a small discrete type space. Our innovation and contribution to this literature is
that our first-order approach allows to study a continuous-type framework. We are, thus, able
to optimize over a fully nonlinear labor income tax schedule that is well defined for each income
level. We are able to characterize this tax schedule theoretically and numerically connecting our
results precisely to the contributions by Diamond (1998) and Saez (2001) for a static framework
and Golosov, Troshkin, and Tsyvinski (2013) for a NDPF framework.

Also studying age dependency as well as standard income taxes, Best and Kleven (2013)
augment the canonical optimal tax framework by incorporating career effects into a two period
model with certainty. By contrast, we place our focus on a risky and dynamic economy, a
standard NDPF framework calibrated to empirical estimates of income risk, but leave out
human capital.ﬂ

This paper is also related to Golosov, Tsyvinski, and Werquin (2014), who study general
dynamic tax reforms and elaborate the welfare gains from the sophistication of the tax code
such as age dependence, history dependence or joint taxation of labor and capital income.
Similar as them, we study the design of taxes in dynamic environments by directly taking into

account individual responses to taxes instead of using mechanism-design techniques.

Structure. This paper is organized as follows. In Section[2], we spell out the formal framework
and briefly explain the calibration. As explained above, in Section [3, we step by step make
the tax system simpler, allowing less degrees of sophistication, starting from the full optimum.
At each step we provide a theoretical discussion and a detailed analysis of the implied welfare
changes. Section {| then explores optimal history-dependent taxes in depth. In Section [5| we

conclude.

2 The Framework

2.1 Environment

We consider a life cycle framework with T" periods where individuals at any point in time ¢ are
characterized by their productivity 8, € © = [0, 0] . Further, we denote the history of shocks
by 6" = (61,0,,...,6;). Flow utility is given by

U(betaet) =U (Ct - Vv (%)) s
t

8Blomquist and Micheletto (2008) is an important earlier paper in this literature.

9Dynamic tax models with human capital are, for example, found in Kapicka and Neira (2013), Findeisen
and Sachs (2013) and Stantcheva (2013). Kapicka (2006) looks at a dynamic deterministic environment with
unobservable human capital and constrains the labor income tax to be history independent in a similar spirit
as in our paper.

10For notational convenience, we assume that the support of #; does not change over time. Allowing for a
moving support would be a straightforward extension.




where we assume U’ > 0,U” < 0, and the Inada condition hm U'(x) = oo, and W', ¥ > 0. ¢
is consumption in period ¢ and y; is gross income in period t and yt captures labor effort.

Abusing notation, we sometimes write the utility function or 1ts derlvatlves as a function of
the history of shocks only, i.e. U(#"), U'(6") and U”(#"). When we present optimal tax formulas,
we denote by e the labor supply elasticity and sometimes suppress the dependence of € on the
current skill type, consistent with the utility functions we use for the simulations, where the
elasticity is constant — see below. As our appendix reveals, the theoretical results are more
general and apply also to utility functions where the elasticity changes with the skill type and
taxes.

The yearly discount factor is denoted by . Importantly, the functional form of U eliminates
income effects on labor supply, while allowing for risk—aversionEr] This assumption is crucial
for the tractability of the dynamic optimal tax problem with simple instruments as we describe
in detail in Section [2.2.3] Eliminating income effects has also proven to be a key simplification
in making progress on the theoretical and computational side in public finance models and
especially in optimal tax problems, see e.g. Diamond (1998).

We assume that agents already differ in the first period. The conditional density function
(cdf) of the initial distribution of productivities is denoted by Fj(f;) and captures the ex-
ante heterogeneity of agents. The reader should think about this heterogeneity as the level
of heterogeneity of individuals at age of roughly 25. In the following periods, productivities
evolve stochastically over time according to a Markov process. The respective cdf is Fy(0;]60;-1).
Denote by h(6") the probability of history 6, i.e. hy(6") = fi(060:-1) fr—1(01-1]6;—2)..... f1(61).
We assume that all conditional density functions are continuously differentiable. Denote by ©*
the set of possible histories in ¢. Further, we denote by f;(6;) the cross-sectional skill distribution
at age t.

2.2 The Planner’s Problem in the Different Scenarios

The preferences of the social planner are described by the set of Pareto weights { fl(el)}ele[e 7
The cumulative Pareto weights are defined by F1 (61) fe f1 61 d6’1 The set of weights are
restricted such that F(f) = 1. Different sets of Pareto weights refer to different points on the
Pareto frontier. The set of weights where fl(ﬁl) = f1(61) V 01, e.g., refers to the Utilitarian
planner. Similar as h,(0"), define Bt(Gt) = [1(0410;-1) fi—1(0:_1|0_2)..... fl(el) to express the
Pareto weight for individuals with history 6?. The planner can shift resources across periods
at interest rate r. We assume (1 4 r) = 1, which does not come at the expense of generality
but simplifies the exposition. We now describe the problems of the different policy scenarios
considered in detail.

1 The empirical literature using detailed micro data sets has typically not rejected a zero income elasticity
on labor supply or found very small effects (see Gruber and Saez (2002) for the US or a recent paper by Kleven
and Schultz (2013) using the universe of Danish tax records).



2.2.1 Full History Dependence

We start by stating the mechanism-design problem that is often referred to as the Dynamic
Mirrlees or the New Dynamic Public Finance Approach. This case has recently been extensively
studied by Farhi and Werning (2013) and Golosov, Troshkin, and Tsyvinski (2013). The purpose
of our presentation of the problem is therefore not novelty but to set an upper bound for welfare
to which we can compare the power of simpler tax instruments.

In this case, the planner assigns consumption-income bundles ¢;(6%), y;(6") V¢ =1,...,T and

Vot € O! that maximize welfare

Zﬂ / v (ctwt) . (ytf”)) Fu(0')do"

t

subject to a resource constraint

T
> F
t=1

and subject to incentive compatibility constraints for each §; € © and each reporting strategy

o(6")
U (01(61) — (%fl))) - ZT:ﬁ“ /tw (U(ct(ﬁt) — (%et))) h.(6")d6" (1)

t

> U (01(0(01)) — (yl( )) + iﬁt 1/@ " ( (c(o(6Y)) — W (%@)) ha(01)d6"

where ©'(6;) is the set of all possible histories in period ¢ that contain #;. Farhi and Werning
(2013) and Golosov, Troshkin and Tsyvinski (2013) have shown how to make this problem
tractable with a dynamic first-order approach that builds on Pavan, Segal, and Toikka (2013),
Kapicka (2013) and others. See Appendix for the Lagrangian and the solution of this

problem. In Section [3.1} we discuss theoretical and quantitative properties of this optimum.

/@t (y£(6") — ce(6")) he(6")dO"

2.2.2 History-Dependent Labor Wedges and Linear Capital Wedges

The set of simple policy instruments that are at the heart of this paper differs from the
full mechanism-design solution as follows: labor income taxes are constrained to be history-
independent and capital taxes are constrained to be history-independent and linear. To better
understand the welfare implications of each of these restrictions, we also consider an interme-
diate case were only the latter restriction applies.

In this intermediate case, the planner solves a problem that only differs from that in Sec-
tion by the following additional restriction:



Vo U0 =(1-1,) /@ U'(6, 0,41)dFr 1 (0,41160,). 2)

Given the linearity constraint for the capital wedge, the planner has to respect an Euler equation
that is adjusted by the linear wedge 7, which itself is also a choice variable of the plannerF_Z]
Golosov and Tsyvinski (2007) study a similar problem and investigate the desirability of a
linear capital distortion in the presence of endogenous private insurance markets and general
equilibrium effects. In Appendix the Lagrangian and the solution of this problem are
stated. In Section [3.2] we discuss theoretical and quantitative properties of this optimum.

2.2.3 History Independence: Age-Dependent and Age-Independent Labor Income

Taxation

We next relax the history dependence of the labor wedge. One consequence is that the labor
wedge can now be directly interpreted as a marginal tax rate on labor income. Our notation in
this section nests age-dependent and age-independent taxation. For the age-independent tax

problem one has to drop the subscript ¢, i.e. write 7 and y instead of 7; and ;.

Individual Problem Given Taxes. FEach period, individuals make a work and savings
decision. Formally, the recursive problem of individuals given age-dependent labor income

taxes {7;},;= . r and a linear capital tax rate 7, reads as:

Vi(0s, ae, {T;}j=t.. 1,7s) = max U (yt —Ti(ye) + (L +7)(1 — 7s)ar — a1 — ¥ (%))

at+1,Yt

+ BEy [Vig1 (Org1, ap1, { T} j=t41,..7, T5)] (3)

where a; = 0 and ap > 0] Based on the assumption on preferences, the following lemma
directly follows.

Lemma 1. The optimal gross income 1, that solves @ 1s independent of assets, the capital
taz rate s and future labor income taxes {T;}j—it1,. 1. It is thus only a function of the current

shock and of the current labor income taz: vy (0, T;).

This greatly simplifies the optimal tax analysis. For the resulting allocation, this implies
that y; is only a function of §; and not of #*. The savings decision of individuals, in contrast,

will depend on all state variables: a;1(0:, ar, {7T;}j=¢. 7, 7s). Recursively inserting, one can also

2In our numerical simulations the problem always was concave in 7.

13We allow agents to borrow up to natural debt limit (see Aiyagari (1994)). There are two differences
to Aiyagari (1994): First, labor supply is endogenous; the minimal amount of future earnings in period s
is ZZ;S y:(6). Second, individuals would actually not even borrow that much as repaying everything and
consuming nothing would yield a negative argument in U (-) because of the disutility of labor. This can never
be optimal as the marginal utility would be infinite whenever the argument in U () is zero under standard inada

conditions. Therefore, in the absence of taxes, the maximal amount of debt is ZtT:s (yt 9 —v (#))



write a;1 (0%, {T;}j=1
A1 (et)

T, Ts), which implies that assets are a function of the history of shocks:

.....

The Social Planner’s Problem. The social planner’s problem reads as:

max / ‘/1((917 07 {7;}]'=1 ..... T, 7-s)dﬁ11 (91)7 (4)
{T'}j:t ..... TTs JO

-----

budget constramt.

MH

1
(1 —i—?" /T yt ‘975 )dFt(et)
1

t

T
+Z 1+r /@ ()0 AT e T (0716 2 R, (5)

t=

.....

is the amount of savings of individuals with history #*~! that optimally follows from .
The presence of constraint makes it difficult to tackle the problem with conventional
Lagrangian or optimal control techniques. We argue next that can be replaced by a set of

first-order conditions for a;,; and y; and a monotonicity condition on ;.

First-Order Approach. In the remainder of this paper, we will suppress the dependence of
assets and gross income on taxes. We will thus write y;(6;) instead of y,(0;, T;) and a;(6'!)

We now want to show how ({3] . can be replaced by two first-order conditions and a monotonic-
ity constraint. The set of first-order conditions for the individual problem are standard.

For the labor supply decision, we have Vt and V6, € O :

g / yt<0t) 1
1= o) = v (U 5 )

For the savings decision, we have V¢t = 1,...,7 — 1 and V&' € ©" :

U’ <yt(€t) = Ti(ye(0r) — @ (67) + (1 = mo)an(0") — ¥ (#))

=(1 - Ts)/ U’ (yt+1(9t+1) — Tio1 (Y1 (0141)) — arga (0, 01 11)
o

Or+1

= man(e) - w (1) )dﬂﬂwef). @



These conditions are only necessary and not sufficient for the agents’ choices to be optimal. Due
to the assumption about preferences, however, the second-order conditions are of particularly
simple form. The derivative of the first-order condition of labor supply with respect to con-
sumption, i.e. the cross derivative of the value function, is zero. By symmetry of the Hessian,
the same holds for the derivative of the Euler equation with respect to labor supply. Thus,
the minor diagonal of the Hessian matrix contains only zeros. For (@ and to represent a
maximum, only the second derivatives of the value function with respect to labor supply and
consumption have to be < 0. For labor supply, a familiar argument from the standard Mirrlees
model implies that this holds if and only i@

yi(6:) = 0. (8)

The second-order condition for savings is always fulfilled due to concavity of the utility function.
Hence, (6) and (7)) represent a maximum whenever y;(6;) > 0. As y;(6;) > 0 even implies global
concavity, @ and represent a global maximum if y;(6;) > 0 holds.

In a final step, we make use of a change of variables and define M (6;) = v:(0;) — T (y:(6;))-
Applying this for @ is still problematic as it contains 7,, however. To tackle this problem, we

make use of the following derivative

dCUR 7;@22)) Y CE)) _ o - iy - v (22 [ - wC0).

Inserting (6] into this derivative yields:

_ _ y(01)
0 <yt((9t) T (y:(0:)) ‘I’< 9 )) _ (yt(Qt)) yt(et)' (9)
00, 0, 02
Thus, @ is equivalent to @ Now, we apply the change of variables M (0;) = v.(60;) — T¢(y:(6)),
which leads to a problem that can be solved with calculus of variation or optimal control:

Proposition 1. Instead of choosing {T;}i—1, 1 and 75 to mazimize subject to (@ and (@),
the planner can also choose {{M;(6;),y:(0:)}o,co, {at(0" 1) bor-1cot-1 him1. 1 and 75 subject to

@), 9. (@) and (§), where y,(6;) — T (y:(6:)) = My(6;).

The approach can also be interpreted as a restricted direct mechanism that is augmented by
a savings choice. Agents report their type 6, and the planner assigns bundles (M;(6;),v.(6;))
— it is a restricted mechanism because the planner cannot make M; and 3, conditional on the
history of shocks.

We provide the Lagrangian and the first-order conditions for this problem in Appendix [B.1]

When solving for optimal policies, we do not incorporate the monotonicity constraint into

1See, e.g., Salanié (2003, p.87 fF).
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the Lagrangian, as is standard practice in the optimal tax literature. In the numerical simula-

tions we ex-post check whether the monotonicity condition is fulfilled or not.

2.3 Calibration and Primitives

There is large literature on the estimation of earnings dynamics over the life cycle — see Meghir
and Pistaferri (2011) and Jappelli and Pistaferri (2010) for recent surveys. For the parameteri-
zation of our model, we use the recent empirical approach taken by Karahan and Ozkan (2013).
In their analysis, they estimate the persistence of permanent shocks as well as the variance of
permanent and transitory income shocks for US workers. Innovatively, and in contrast to most
previous work in this strand of the literature, they allow these parameters to be age-dependent
and to change over the life cycle. They find two structural breaks in how the key parameters
change over the life cycle, giving three age groups, in which income dynamics are governed by
the same risk parameters.

We base our parameterization on their results. Given the estimates of Karahan and Ozkan
(2013) for the evolution of income over the life cycld™”| we simulate millions of labor income
histories. We describe this in more detail in Appendix[C] After having simulated those earnings
histories using a sufficient number of draws, we partition individuals into three age-groups,
namely 24-36, 37-49 and 50-62, which represent periods one, two and three respectively. Last, we
calibrate the cross sectional income distributions for each age group and the respective transition
probabilities. Figure [§in Appendix [C] shows the three cross-sectional income distributions for
each age group. To complete the parametrization of the model, we calibrate all conditional
skill distributions from their income counterparts, as pioneered by Saez (2001)@

We assume that the utility function is of the form

(C_ ( )1?)1—0
Ulc,y,0) = i )

1—p

|l

For the benchmark, we set ¢ = 0.33 (Chetty 2012). Our conclusions from the simulations are
not sensitive to the choice of the labor supply elasticity. We let p vary between 1 (log utility)
and 3. The annual interest rate is 3% so in our simulations, we set 7 = 1.03!3 — 1 and adjust
the discount factor such that S(1+r) = 1.

3 From The Full Optimum to Simpler Policies

We now compare optimal history independent taxes theoretically and quantitatively to more

complex history-dependent policies but also to simpler linear policies. All derivations are del-

15We gratefully acknowledge that they shared some estimates with us that are not directly available from
their paper.

16We back out the skill from the first-order condition of individual labor supply given an approximation of
the current US-tax system, a linear tax rate of 30%.
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egated to the appendix. We provide welfare comparisons using a Utilitarian social welfare
function but also study how losses and gains from more complex (or even simpler) policies
are distributed across different skill groups. We proceed step by step, starting out with the

information-constrained optimum, making policies less sophisticated in each step.

3.1 Full History Dependence

The first case provides the planner with the most sophisticated instruments. The wedges we
characterize are part of the solution to the mechanism design problem, where agents reveal their
type in each period. The cross-sectional properties of optimal history-dependent distortions
have been recently characterized by Golosov, Troshkin, and Tsyvinski (2013). Our formulas
for utility functions without income effects can be seen as special cases of theirs. The purpose
of this section is hence not novelty but to build the benchmark, from which we restrict the

available instruments of the planner step by step. The labor wedge in the full optimum is given

by:
F(pt 9 T
714(6") ( 1) 1 / </ -1 1L )
Tl (2 [ 01, )= ds
1-— 7—[}/’;(91?) 19 etft(€t|0t_1) 0, P 0 ’Yt( )S

U’(Qt){ft(xwt—l) (Ut’(@tl_l ) - g_jgt—l))

Tfjt—l(et_l) 1 +1 719 1 Ofi(w|0; 1)
L—7f, 4 (01) € o F (0 00,4

F t—1 -1
7-Lt—1<9 ) 1 1 1

_ 5 1 = I ) RS 1
1_7—51671(915_1) ( + 5) 011 t_1<0t71)ft(fl7’9t 1) 16t1}d:)3, (10)

where as in Golosov, Troshkin, and Tsyvinski (2013)E

B Tyt yt(gt) yt(et)Ut”(et)
%(9)_‘1’( 0, ) 6, U "

See Golosov, Troshkin, and Tsyvinski (2013) for a detailed theoreticaldiscussion of the labor
wedge in the full optimum. Figure shows the labor wedges in the second period for three
different income histories (10th, 50th and 90th percentile in the earnings distribution when
young). In line with Golosov, Troshkin, and Tsyvinski (2013), wedges are higher for higher
earnings histories. The same is true for optimal savings wedges as illustrated in Figure .

"In Appendix we show how to precisely connect our formula to their formula.
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Figure 1: Wedges in the Full Optimum (Middle-Aged, Conditional on Young Earnings)

3.2 History-Dependent Labor Wedges and Linear Capital Wedges

We now consider the policy scenario stated in Section where only capital wedges are
constrained to be linear and history-independent. The linearity restriction on the capital wedge

has the following implication on optimal labor wedges:

o) T (Gt) ( 1) R ) ( c o )
L—7fi(0")  1—7f(0") U 01 f¢(0¢]6:— 1)/ P /9 (0 ’S)sds

U/(Ht){w (Ape(0 @) (1 = 705 fe(@]0—1) + pue (01, 2) (1 = (1 = 71%) fe(@]0p1))

U0, )

U// (gt—l)

— Bfi(x]0— 1)m

(Apa (071 =7 froa(Br110e—2) + pe1 (0 (A = (1 = 70 fr1(0r-1[0,—2)) }d
(11)

where 1;(0?) is the multiplier on the linear intertemporal wedge constraint (2), Au (6071, 0) =
(0171, 0) — py_1(6'71) is the change in the multiplier for a given history and 77(6?) is labor
wedge formula for the full optimum ((10)), where the autoregressive component from 77(6) is

evaluated at the past labor wedge from the restricted problem now.ﬁ

BFormally:

m“’t):( 1>1ex<zt11>
ey -\t etft(etwtl)/g,,ep /9%(9 5)ds

wwq{ﬁuﬁ”(wwglw‘ﬂﬂlétw)

Tgtﬂ(et_l) 1_’_} 719 1 Of(x|0; 1)
1—7f, (01 € U0 96,4

R t—1 1
-1 (077) 1 1 1
- 14+ - 0 0r— 11— pdz.
e () tlwawwﬂ“t””wu}m
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The labor wedge is equal to the formula from the full optimum plus additional terms (line 2
and 3), capturing the effect of the labor distortion on the linear capital wedge constraint .

We can get a better understanding by looking at the first-order condition for 7%

-1
—Z/ ut(Qt)/ Ul 1 (0", 2)dFy 1 (x|6;,)d6" = 0.
t=1 /0"

Ot 41

Note that u,(0") gives the welfare gain of slightly relaxing the Euler equation in the sense of
letting an individual with history 6" save slightly less. Thus, if p,(0") is positive, this implies
that the planner would like to impose a higher savings wedge on individuals with history 6.
The opposite is true for a negative value of 1;(6"). Intuitively, imposing the same intertemporal
wedge on all individuals forces the planner to restrict some types less than she would like and
some types more than she would like. In the labor wedge formula , the planner takes
into account how the labor wedge relaxes or tightens the Euler constraints. As it turns out,
however, the quantitative implications of these additional terms, however, are relatively small.
Optimal labor wedges are very similar to those in the full optimum, which is why we refrain
from illustrating them in a graph. What differs more strongly are the capital wedges. The
optimal linear capital wedge is 6.4%. In the full optimum, the average capital distortion was
4.6% in period one and 7.6% in period two. Intuitively, the planner now has to compromise by
choosing some average value.

What are the welfare implications of restricting savings wedges to be linear and history-
independent? We find that the implied aggregate welfare losses from this modification are very
moderate; between 0.02% and 0.13% (constant relative risk aversion ranging from 1 to 3) in
consumption equivalents. Also the distributional impact is relatively small, initially high-ability
individuals tend to gain a bit as their savings wedges are in general reduced relative to the full
optimum and the opposite holds for initially low-ability individuals. Like the aggregate losses,
the losses across the skill distribution are very modest. In sum, the welfare consequences of
restricting the complexity of optimal intertemporal wedges are small. In the next step we relax

the sophistication of the labor wedge.

3.3 Age-Dependent Labor Taxation

We now remove history dependence in the labor wedge. The labor income tax can condition on
age t. The capital tax is linear and age-independent, as the savings wedge was in the previous
case. We now present a novel formula for the optimal age-dependent marginal tax rate in

continuous models:

Proposition 2. The optimal age-dependent marginal tax rate on labor income satisfies

Ty (1)
i (e T R (12)
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where the mechanical effect My (6;) is defined as:

M, (0;) = 1+r /@t 1/ AF, (00,1 ) he_1 (0" 1)dO

/ / U6, 0,)dF, (0,0, o1 (6"~ )d0"". (13)
1—|—T‘ ot—1

and
—/ ,ut Gt 1o )U”(Gt 1 g )d@ dgi—t
et-1Jg,

+(1- Tf)/ ut_l(Gt_l)/ U”(@t_l,Qt)dFt(étIGt_l)th_l (14)
ot—1 04

where p(6') is the Lagrangian multiplier on the Euler equation of individuals with history 6
and X is the Lagrangian multiplier on the government budget constraint, i.e. the marginal value
of public funds. In Appendiz [B.1.3, we derive expressions for these multipliers. Further, we
have T, (y:(0)) = 0, and T (y:(0)) = 0 if § < co.

The mechanical effect M,(6;) is similar as in the static model. An important difference is that
it now also captures the insurance motive of taxation. We disentangle the welfare gains from
redistribution and insurance in Section Si(0;) captures the impact of labor income taxes
on the Euler equation constraints . For 7, = 0 this additional term is equal to zero because
the value of the Lagrangian multipliers on the Euler equations is equal to zero. Relaxing or
tightening the Euler equations has no first-order effect on welfare because it does not affect
incentives to supply labor. Only for 7, # 0, relaxing or tightening the Fuler equations has a
first-order impact on welfare through the implied change in capital tax revenue.@

Alternatively, one can derive with tax perturbation methods (Golosov, Tsyvinski, and
Werquin 2014) P In that case, term S(6;) reads as:

Ai i—2 ? Da, i) 1 L
Si(0y) =7, (147r)~ / — I df,h; 1 (07N d6 (15)
=2 ei-1 Jo, aT(yt(et)) a

We briefly sketch this perturbation argument. Consider — starting from the optimal tax
system— an infinitesimal increase of the marginal tax rate A7’ at an infinitesimal income in-
terval with length Ay, (6;) around income level y;(6;). Given that the tax system was optimal,
this should have no first-order effect on welfare. The impact on welfare can be decomposed into
three effects. First, there is a mechanical welfare effect from taking money from all young indi-

viduals with income > y;(6;) is given by M, (0;) x AT'Ay,(6;). It depends on the redistributive

9By contrast, the value of the Lagrangian multipliers on the Euler equations are non-zero also for 7, = 0
in Section In the case of history-dependent labor distortions, relaxing the Euler equations always has a
first-order impact on incentive constraints.

20Gee also Piketty (1997) and Saez (2001) who study the tax perturbation method in a static environment.
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Figure 2: Welfare Changes From Restricting Labor Wedges

preferences, i.e. the Pareto weights, of the planner, the degree of risk aversion as well as on the
share of individuals with income > ,(6;). The planner trades off this mechanical effect against
a loss in tax revenue which is induced by lower labor supply of individuals of type 6;. It can be
shown that this is captured by LS(6;) = —A%@tﬁ(@gﬁ X AT'Ay(6;). Further, a tax
change also changes revenue from the savings tax. This is captured by S;(6;) x AT Ay, (6;).
Note that the summation in the savings term is over the index 7, since a tax change in ¢ might
affect savings in every period of the life cycle. We show in Appendix how S;(6;) can also
be understood as an income effect on savings triggered by changes in labor taxes. The induced
effects on labor supply and savings behavior have no first-order effect on welfare because of the
envelope theorem. Setting LS(6;) + [My(6:) + S(0:)] x AT Ay.(0;) = 0 yields the optimal tax
formula.

% in is quite complex in a stochastic environment.
Using provides a way to analytically capture these effects that we also exploit in our
numerical simulations. In Appendix , we show the equivalence between and for

a three-period economy. Deriving savings responses for the three-period case is already quite

Obtaining expressions for

involved, which shows that using for computational analysis is significantly simpler. For
intuition and interpretation on the other hand, is more suitable. We therefore stick to this
expression in the main text.

In Figure [2| we plot the optimal marginal labor income tax rates. Labor income taxes are
lowest for the young. The other tax schedules for the middle and the old lie closer to each
other. Taxes on the middle-aged are higher than on the old for most of the income support,
but the quantitative difference is smaller. What are the underlying economic intuitions for
these results? The first driving force for the pattern of age-dependent taxes is the way how
hazard-rates of the skill distribution differ among age groups. A well known result in optimal

nonlinear taxation is that the hazard rates of the income and skill distributions are both very
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informative statistics for the optimal pattern of marginal tax rates. The higher the ratio 1]7—0F,
the higher are optimal tax rates, ceteris paribus. In the calibration based on age-dependent
income risk processes, these ratios are highest for the middle, lowest for the old, and lie in-
between for the young for most parts of the income support. In addition, in a dynamic and
risky economy, age-dependent taxation has the additional power to provide insurance against
income shocks; we provide a decomposition of the mechanical effect into an insurance and a
redistribution effect in Section 4.2l This insurance motive counteracts the hazard-rate force for
low taxes on the old and explains that taxes on the old are higher than taxes on the young.
Our result that the young should face the lowest taxes is consistent with Weinzierl (2011). He
finds that taxes are highest for the old, whereas in our case they are similar to taxes on the
middle-aged due to offsetting tagging and insurance effects.

The optimal linear tax on the capital stock is now 5.5%, i.e. slightly lower than the optimal
linear capital wedge in restricted optimum in Section In Section [£.I} we explain how the
tax rate on the capital stock in each period can be transformed into an annual tax on capital
income.

The next questions we ask is how much aggregate welfare is lost and who bears what share of
that loss resulting from the restriction of labor wedges to only depend on age and current income
and not on the history of incomes? Depending on risk-aversion, the losses range between 0.12%
and 0.43% of consumption. Figure illustrates the distributional effects. Interestingly, the
welfare changes are U-shaped in initial skill type. What is the intuition for this heterogeneity
in welfare changes? On the one hand, history dependence allows for more redistribution and on
the other hand it allows for more targeted redistribution. Initially high-ability types gain from
simplicity because of the lower overall level of redistribution. Eliminating history dependence
drastically reduces the possibilities of the planner to engage in tagging and tailor labor wedges
to conditional skill distributions. Initially high skilled people therefore face much higher labor
wedges over the life cycle on average with history dependence than without.

Initially low-ability types also profit from simplicity because redistribution is less targeted;
at least for moderate levels of risk-aversion. A lot of redistribution in the full optimum is
being carried out by differential lump sum payments across different histories. Redistribution
in the full optimum is, hence, very targeted. With only age-dependency, redistribution through
differentiated transfers is by definition not possible and higher lump sum transfers always

strongly benefit the initially-low skilled.
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3.4 Age-Independent Labor Taxation

Next we restrict the ability of the planner to condition labor income taxes on age. Optimal
marginal tax rates follow similar forces as in the age-dependent case. For ease of exposition,

we only state the formula in terms of a tax perturbationf|
T'(y(09)) ( 1) I
= (14 - M,(8) + S'(
)\ Z @

T

(16)

where

W /@ Fi10e1)hua (071)d6™, (17)

t

_TIZ 1+r) / /86‘3 deh (671 de (18)
ei-1

In Section [}, we focus in detail on the general properties and shape of age-independent non-

1

linear labor taxes. There, we also derive a result for the optimal top tax rate, if the right tail of
the income distribution is Pareto distributed. As before in the case with age-dependent taxes,

it easy to show that at the bottom:
T'(y(0)) = 0.

Conceptually, the major difference to age dependence is simply that labor supply incentives,
the mechanical effects and the savings effect are averaged across age groups — as a consequence,
optimal tax rates in Figure lie in between the age-dependent rates. The optimal linear
tax rate on the capital stock is 4.7%, hence slightly lower than for optimal age-dependent labor
income taxes.

The aggregate welfare losses from getting rid of age-dependency range from 0.11% to 0.27%.
Remarkably, these losses are very similar as the in the previous simplification. Who wins
and who loses from age independence (as compared to age dependence)? Interestingly, all
individuals except for the lower quintile, lose from the simplification. Moreover, the losses
are increasing in the initial skill level and at the top of the distribution become an order of
magnitude larger than the aggregate Utilitarian losses. What explains this? Age-dependent
taxes are higher for the middle and old aged relative to the young for insurance reasons. In the
age-independent case, taxes are therefore higher for the young than they would be with age-
dependent taxation. This increase in taxes for the young also redistributes from the initially
high skilled to to the initially low skilled, which is why the losses are larger for initially skilled
individuals. In his study on age-dependent taxes, Weinzierl (2011) finds that it is mostly the low

skilled who gain from age-dependent and sophisticated policies. Interestingly, our results here

2lFor a version of the formula in terms of the Lagrangian multipliers on the Euler equation, see Ap-

pendix
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differ slightly in this regard. In line with Weinzierl (2011), we find that age dependence delivers

roughly half of the welfare gains from history dependence over age-independent policies ]

Comparison To Linear Taxes. The last question we want to answer is how nonlinear
history-independent labor taxes compare to a simple flat tax system in the dynamic life cycle
model? The aggregate welfare losses are significant and vary between 0.06% and 0.39%. In
Figure (4] we illustrate the distributional consequences of the linearity restriction, compared to
the optimal nolinear policy. Low ability individuals suffer large welfare losses of 4% and more.
This is because the nonlinear scheme entails much more redistribution through the lump sum
element. There is a break point above the 40th percentile, where individuals actually gain from
linearity, as their tax burdens are brought down by the flat tax. Although these individuals
lose some insurance from the linearity, they still benefit on net terms. Finally, there is another

breakpoint and for very high ability types around the 90th percentile, the change in expected

22The most suitable comparison here is log-utility because Weinzierl (2011) quantitatively studies log-utility.
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p=1 p=15 p=3
History-Dependent Labor Wedges and Linear Capital Wedges - 0.02% - 0.03% - 0.13%

Age-Dependent Labor Taxes -0.12% -0.20% - 0.43%
Age-Independent Labor Taxes -0.23% -0.34% - 0.70%
Linear Labor Taxes -0.29% - 0.48% - 1.09%

Table 1: Utilitarian Welfare Relative to the Full Optimum with Simpler Instruments

lifetime utility decreases with skill level. Very high skilled individuals are better off under
the optimal nonlinear scheme This is because for sufficiently high income levels, the life cycle

tax burden is lower under the linear scheme since optimal nonlinear marginal tax rates are

decreasing, see Figure

3.5 Summary of Welfare Losses from Simplicity

Summing up, the main contribution and goal of Section 3 is to understand the role of simplicity
in the form of history independence relative to more complex tax systems. In particular, we
contribute to and complement the NDPF literature. Table (1] summarizes the results. History
dependence in the capital wedge has small welfare consequences, esp. if risk aversion is moderate
—on average (i.e. simply averaged over the three CRRA scenarios) the welfare loss is only 0.06%,
as can be seem from the first line in the table. For labor wedges, the interesting conclusion
from the aggregate welfare analysis is that each "degree of sophistication" for labor taxes
approximately adds the same welfare benefits: Starting from a linear tax system, nonlinear
taxation adds approximately the same welfare improvements as moving from age-independent
to age-dependent taxation and from age dependence to history dependence. The average welfare
losses relative to the full optimum across the three levels of risk aversion we report are 0.25% for
age dependence, 0.42% for age independence and 0.62% for linear taxes. This implies relative
welfare losses of 0.19% from removing history dependence (0.25%-0.06%), 0.17% from removing
age dependence (0.42%-0.25%), and 0.20% from removing nonlinearities in the labor tax code
(0.62%-0.42%). Including higher levels for p than 3 in the analysis gives similar patterns of
approximately equal welfare differences. The relative losses from linearity, however, become
more important the larger the level of risk aversion.

Our results are consistent with Farhi and Werning (2013), who also relate linear age-
independent policies to the full optimum. Comparing our results with the caveat in mind
that they use different preferences and a different calibration, they find a welfare loss of 0.30%
using log utility for optimal age-independent linear policies, close to our number of 0.29%. As
our results show, however, the welfare losses are strongly increasing in risk aversion, especially
for linear policies. Restricting their analysis to linear labor wedges, Farhi and Werning (2013)
also find that the welfare losses from age independence are about twice as large as under age

dependence. We find a similar result for nonlinear policies when risk aversion is low (p around
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1), however, when risk aversion is larger age-independent taxes gain ground relative to age-
dependent policies. In the broader picture, our analysis contributes to the previous literature
by showing that under age independence, nonlinear income taxes can substantially improve
upon the simple linear schemes. This is potentially important as age dependence may never be

fully realized in real world tax policies.

We also investigate the distributional consequences of simplicity and find that they vary
significantly by scenario. Removing history dependence in labor wedges leads to U-shaped
welfare changes in initial skill type. Initial skill types around the median lose because of
the simplification. Initially high or low skill types may actually gain from this simplification.
Eliminating age dependence leads to welfare losses which are increasing in initial skill type. The
lowest initial skill types gain from this simplification. The reason is that in the age-independent
case, taxes are higher for the young than they would be with age-dependent taxation. This
increase in taxes for the young also redistributes from the initially high skilled to to the initially
low skilled, which is why the losses are larger for initially skilled individuals. Finally, by far
the largest distributional impact comes from restricting labor taxes to be linear. As the linear
schemes offer relatively little redistribution, the low skilled suffer losses which are an order of

magnitude larger than the aggregate losses.

4 A Characterization of Optimal Simple Tax Instruments

In the previous sections we have provided the formal foundations for studying history-in-
dependent tax functions in dynamic stochastic environments and have related it to more com-
plex allocations in terms of welfare.

For policy implications it is of first-order importance to understand the properties of optimal
history-independent taxes. How should governments design history-independent tax schedules?
What is the role of capital taxation if labor income taxes are constrained to condition on
current income only? In this section, we elaborate on these questions in greater detail. In
Section [4.1 we use our approach to study the optimal capital tax rate for some given income
tax function and vice versa. In Section we provide a comprehensive decomposition of the
mechanical effect into a redistribution and an insurance component, where the latter provides
a meaningful lower bound on optimal taxes. In Section 4.3 we show how optimal properties
of history independent labor income taxes relate to the properties of the optimal static income
tax function. One important difference between the static and the dynamic perspective is
the mentioned insurance motive for income taxes in dynamic stochastic environments. We
show that this can lead to either large or small differences in optimal static and dynamic tax

schedules, depending on the social welfare function.

21



4.1 The Interaction Between Capital and Labor Income Taxes

An advantage of our history-independent tax approach is that it also allows to study optimal
capital taxation given some labor income tax schedule and vice versa. Studying this interaction
between capital and labor income taxation is not possible in the static Mirrlees model. This
interaction is, in general, also not studied in a dynamic Mirrlees approach, since both labor

and capital wedges are part of the dynamic mechanism design solution.

4.1.1 Optimal Capital Taxes for Given Labor Taxes

The formula for the optimal linear capital tax rate is given by:

Ipt—1
o 23;2 W‘/‘@til at etfl) [h _1(915 1 f@ U'(o Gt)gl\Ft(Gth 1) h (9t 1)] dot—1
1= > = Jor @07 Cag1r, (01 )y 1 (001)dO

(19)

where (y,1--,(0"") is the elasticity of savings elasticity with respect to (one minus) the tax
rate on capital for individuals of history #*~!. Formula is very general because it holds
irrespective of the choice of the labor income tax schedule. We provide a brief intuitive deriva-
tion. Assume that starting from the optimal capital tax rate, the government slightly increases

it. This small change will mechanically increase government’s revenue in present value terms

by

Z T /@ a0 (0 )de (20)

=2
The tax increase decreases utility of individuals. This impact on the planner’s objective (in

terms of public funds) is given by

T
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It also influences the savings decision of individuals, which has no first-order impact on indi-

vidual utility but on public funds, which is given by:
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Note that for 7, = 0 this effect is of second order indicating that increasing or decreasing 7
from zero has no first-order incentive costs and a non-zero capital tax is desirable whenever
[20)]-=0 + 1)|;=0 # 0. For 7 # 0, however, it holds that # 0. Optimality of 7, then
requires + + = 0, which yields (assuming B(1 4 r) = 1). Developing a novel
dynamic tax reform approach, Golosov, Tsyvinski, and Werquin (2014) look at the welfare
effects of an increase of a linear capital tax rate starting from any given tax system and obtain
a formula similar to . In Appendix we also provide a first-order condition for the
optimal linear capital tax rate in terms of the Lagrangian multiplier functions on the Euler
equations.

Whereas formula ((19)) applies for optimal and suboptimal labor income taxes, its quantitative
implications are sensitive with respect to the labor income tax schedule. On the one hand, the
more progressive the labor income tax function, the less concentrated is wealth, which lowers
the power of capital taxes for redistribution and insurance as captured by the numerator of .
On the other hand, the lower the level of labor income taxation, the less insured individuals
are against labor income risk and the stronger the need for self-insurance through savings. A
strong need for self-insurance implies a lower responsiveness of savings with respect to capital
taxes. Both effects call for higher capital taxation if labor income taxes are lower.

We quantitatively explore this issue and consider the optimal capital tax given (i) the optimal
labor income tax (as in Section [3.4)), (ii) an approximation of the current US labor income tax
scheduld®] (iii) zero labor income taxes and (iv) a very high progressive labor income tax
code which is as in (ii) but marginal tax rates are increased by 50 percentage points at each
point. In terms of the amount of redistribution carried through the labor tax system, scenario
(iv) features the most progressive schedule, followed by the optimal schedule (i), and then the
current schedule (iii) and finally the zero tax case.

Table 2] summarizes the results. We recalculate 7, such that it can be interpreted as an annual
tax rate on capital income, following Farhi, Sleet, Werning, and Yeltekin (2013).@ There are
very large differences across the four scenarios. The optimal tax rate on annual capital income
varies between 3% and 51%. In line with the argumentation from above, the less progressive
the labor income tax schedule the higher the optimal capital tax rate and also the implied

welfare gains from capital taxation.@ Wealth inequality increases if the labor tax code is less

23Here, we use the Gouveia-Strauss specification of Guner, Kaygusuz, and Ventura (2013), who provide
different parametric approximations of the US tax system.

24 As Farhi, Sleet, Werning, and Yeltekin (2013), we calculate the tax on annual capital income as a relative
geometric average Tcr annual according to

(L—75)* (L+r)/T—1
1+7r)YT -1 ’

1-— TCI,annual =

where T = 13 is the number of years per model period and and r = 1.03'3 — 1.

25For brevity, we do not provide comparative statics w.r.t. the CRRA coefficient. A higher CRRA coefficient
increases both, the size and the welfare gain of capital taxation, see also an earlier version of this paper (Findeisen
and Sachs 2014).
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Form of Labor Taxation

Optimal Nonlinear (Mirrlees) Current System Zero Labor Taxes High and Progressive

Optimal Tax Rate on

Annual Capital Income 14.82% 31.28% 51.18% 2.97%
Welfare Gain From
Taxing Capital 0.05% 0.23% 0.83% ~ 0.00%

Table 2: Optimal Capital Tax Rates For Given Labor Tax Systems (Utilitarian Planner, CRRA
Coefficient of 1.5)

redistributive: going from the case with zero labor taxes to the high tax scenario (iv), the
wealth share held by the top 10% of the wealth distribution in the last period increases from
64% to over 80%.

As argued above, a more progressive labor income tax schedule calls for lower capital income
taxation not only because of lower wealth concentration but also because individuals need to
provide less self-insurance through precautionary savings and should therefore be more elastic
w.r.t. capital taxes in their savings decision. To disentangle these effects, we decompose
to see what part of the variation in optimal capital tax rates across the four scenarios is driven
by the the desire to redistribute wealth, captured by the numerator, and behavioral responses,
captured by the denominator. Going from the zero labor tax case to the high tax scenario
(iv), the numerator decreases by a factor around six and the denominator increases by a factor
around three. Wealth inequality and the strength of behavioral responses, hence, both matter
in explaining the variation in optimal capital tax rates and the decomposition results imply a

larger role for the wealth inequality component.

4.1.2 Optimal Labor Income Taxes for Given Capital Taxes

The optimal labor income tax schedule is still described by — the formula holds for any
level of the capital tax rate 7,. The optimal labor income tax schedule is nevertheless influenced
by the degree of capital taxation because the level of the capital tax rate impacts the terms
M;(6;) and ST(#). The higher the capital tax rate, the weaker the desire for redistribution
through labor income taxes as captured by M,(6;). The impact on S'(#) is ambiguous.

Our quantitative exploration reveals that the level of the capital tax rate is relatively unim-
portant for the design of optimal labor income taxes. For example, if we compare the two
extreme cases (i) zero capital taxes and (ii) very high capital taxes of 18% (which was the
highest level in Table , the difference in the optimal labor income tax schedule is relatively
small. The schedules differ by at most two percentage points.

This result strongly contrasts with the finding that the optimal capital tax rate is strongly
influenced by the labor income tax schedule. What is driving this asymmetry? The reason is

that capital taxes hardly influence the redistributive power of labor income taxes. In particular,
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the distribution of labor income which is of key importance for optimal marginal tax rates, is
not affected by the level of capital income taxation. The level of the capital tax only influences
the mechanical effects and the savings effect (I8). However, these forces are of second
order numerically. By contrast, the redistributive power of capital taxes heavily depends on

inequality in savings, which in turn is strongly affected by the labor income tax code.

4.1.3 A Naive Planner: Using a Static Labor Tax Formula

We now look at a planner who ignores the direct impact of labor taxes on savings tax revenue.
In other words, the planner does not take into account the direct effect of capital tax rates on
labor taxes. The planner in this scenario uses the optimal tax formula ) with (| set to
zero. Thus, a government is considered that does not take into account the 1mpact on pubhc
funds through the implied savings responses of individuals. Our simulation reveals that both,
the effects on the optimal tax schedule and on welfare of using this static formula is minuscule.
The welfare loss is only 0.01% in consumption equivalents. This in line with the findings from

Section that the level of the capital tax does hardly influence optimal labor tax rates.

4.2 Disentangling Redistribution and Insurance Motives

We now show how the role of income taxes in a dynamic environment can be cleanly decomposed
into an insurance and a redistribution componentﬁ] Specifically, we decompose the mechanical
effect as defined in Section [3.3] Recall its definition for an increase of the marginal tax rate at

income level y(0):

t— 1 1(pt—1 7 t—1
- [ (Ah e )>dFt<et|et_1>det—1. (23)
et— 1

147t (14 7)1

M, (0) measures the redistributive gain from income taxation in period one. M;(6) with ¢t > 1
captures both, welfare gains of taxation from redistribution between ex-ante heterogeneous
individuals and insurance against idiosyncratic uncertainty in the ¢-th period. Whereas the
gains from redistribution depend on the particular set of Pareto weights, gains from insurance

are independent of the welfare criterion — this is formalized in the next proposition:

Proposition 3. The mechanical effect can be decomposed into two parts:

M(0) = M{(0) + M (0),

26Relatedly, Boadway and Sato (2012) derive a formula for the optimal marginal tax rate in a static setting
with heterogeneity and uncertainty. They also show how their formula addresses the desire to redistribute and
to provide insurance. Their timing is different, however. In their setup, individuals do not perfectly know the
gross income they will earn when making their labor supply decision because gross income will be a function of
labor supply and a stochastic term.
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where

M) = s [ 10 Flbl6) = CUE 0] b6 o (2a)
and
Mo = [ (A&(?) R el l(]lf>8 ))dwt'@t‘l)> < CU(E 0)d8
(25)
and i
CUE=159) = Jy U0 00)dF(60-1)

Sy U(01=2,0,)dF,(6,]0,—1)

It can easily be shown that adding and yields . Whereas depends on the
set of Pareto weights, is independent of the redistributive preferences. In the following we
use an intuitive perturbation argument to show that M!(6) indeed captures the mechanical
insurance value of taxation and MZ£() captures the mechanical impact of taxation on welfare
through redistribution between ex-ante heterogeneous agents.

For this purpose we slightly reinterpret the classical tax perturbation method. For ease of
exposition, we consider the case without capital taxation.ﬂ Assume that 77 (y(0)) is increased
in a way that everyone with income above y(6) now pays one more dollar of labor income taxes.
Then, assume that the additional tax revenue generated by this increase is redistributed in a
lump sum fashion; this lump sum increase has no first-order impact on welfare via the implied

responses of savings behavior@ The uniform lump-sum tax decrease is given by

1— F*(6
A@) = O
21 Ty
where
d 1
1—F(0)=1-F(0)+ > T /@ (1 — Fy(0]0,—1)hy—y (0" 1)dO" " (26)
t=2 -

Individuals with 6; < 6 will enjoy higher period one consumption of A(f), whereas period
one consumption for individuals with 6; > 6 will decrease by 1 — A(f). Whether period ¢
consumption will be increased or decreased depends on the realization of the shock. From a

period t — 1 perspective, the reform of the tax function in period ¢ will provide an insurance

27The presence of a non-zero capital tax 7, has not impact on the decomposition in Proposition [3] however,
the perturbation argument is a bit more involved. In Appendix [B:3] we show how the perturbation argument
differs in that case.

28The reason is that the change in behavior has no first-order impact on individual utilities by the envelope
theorem and that there is no effect on the government budget because wealth taxes are zero. An equivalent
option would be to redistribute the lump sum in the first period. But also in the presence of a savings tax
a slightly related tax reform can be constructed to obtain the decomposition of the mechanical effect. See

Appendix
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value. To obtain an expression for this insurance value, define for each type #'~! a ‘constant
utility term’: B
CU";0) = J U0 0dF(600-)

Jy U(011,6,)dF,(0,]6,-1)

The numerator captures the (expected) utility loss in period ¢ due to the tax increase (absent
the lump-sum tax adjustment). Dividing it by the expected marginal utility in period ¢ says
by how much consumption had to be increased in period ¢, for every possible realization of the
t-period shock, in order to make the individual of type #'~! in expectation equally well of. This
number is smaller than one because (i) the tax increase in period t affects the individual in
period ¢ with probability less than one and because of (ii) risk aversion.

To measure the welfare gain through this insurance role of income taxation, we ask the
following question: If the government could increase the lump-sum transfer in period ¢ by a
different amount for each #'~!-type such that expected period t utilities are unchanged for all
0 '-types (i.e. by CU(0';0) respectively), how much resources could the government save
due to this insurance against income risk? From each individual of type 671, the government
obtains tax revenue of % in present value terms. To hold utility constant for that
individual from a period ¢t — 1 perspective, only Cgﬁf—;j?
present value terms). Adding up and integrating over all histories yields . MUIL(0) reflects

the gains from insurance for individuals in period ¢ — 1 against their period t shocks. This

of resources have to be spent (in

insurance gain is measured in first period resources. The more pronounced labor income risk,
conditional on 671 and the stronger risk aversion, the larger is this insurance effect. It is
simple to show that it is always positive.

Given that the lump-sum transfer in period ¢ is not increased by CU(0*~1;0) for type '~
but by A(6) instead, expected period ¢ utility will not stay constant. Instead expected utility
will be increased by

R0 0) = A(9) — CU0;0)

in monetary terms for individuals of type 0'~1. R(0'1;0) captures the redistributive element
of this tax reform for period t. The government necessarily redistributes between different 6'—!-
types also in period t. We now derive the welfare consequences of this implied redistribution.
Recall that R(6'~!; 0) measures the (possibly negative) expected utility increase of type 6! in
monetary terms. A marginal increase in consumption in period ¢ for individuals of type 61

(and for each realization of the shock 6;) is valued

A
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Figure 5: Insurance and Redistribution Part of Optimal Taxes

by the planner. Thus, aggregating over all types and weighing by R(6'"; 0) yields:
Mo = [ (AT - e (671) J, U0 0)dF (616, 1)
t Jo \ (M)t T
x (CU@:60) — A(6)) do*. o

The last term A(f) can now be ignored because it is independent of #~! and because it is

possible to show that

/ ()\htl(et‘l) he-1(0"71) fgtwet%@)dﬂ(etwt_l)) 1 —
@t—l

(1+r)tt (1+7)t

This follows from the expression for A\ which says that average period one social marginal utility
is equal to \ (see in Appendix and the Euler equations. Combining this with
yields M (6) as defined in (25).

These arguments reveal that indeed measures the welfare effect through redistribution
between ex-ante heterogeneous agents. The CU(0'~';6)-term should be higher for high 6, ;-
types because they are likely to draw a better shock in Period ¢. For redistributive Pareto-
weights (i.e. F(6;) < F(6;) for each 6;) the term MZ(6) should therefore be positive at every
0. If Pareto weights are sufficiently strong in favor of high innate types, the welfare effect from

redistribution can certainly be negative.

Quantitative Illustration of Decomposition. Figure [£.2 illustrates the insurance and
redistribution components of the mechanical effect at the Utilitarian optimum as discussed in
Section . We plot each component added up over all periods: S70_, M,(6), S2_ MZ(6)
and Zle ME(@). By definition, MI() = 0, as in the first period taxes purely redistribute
but do not provide any insurance value. All three functions are hump-shaped. Moreover,

the insurance and redistribution co-move closely across the income distribution. Interestingly,
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the insurance component is slightly bigger than the redistribution component for most of the
income distribution. In the next section, we shed light on how the shape of the mechanical

effect influences the shape of optimal tax rates.

4.3 Relation To The Seminal Results of The Static Optimal Tax Prob-

lem

We next turn to the question how optimal history-independent taxes compare to the policy
prescriptions of the static model. Diamond (1998) investigates the main drivers of the shape
of optimal tax rates in the static model. We start by comparing the dynamic case to the static
one in the spirit of the Diamond paper. Next, we reinvestigate results for the optimal tax rate

under the limit assumption that the right tail of the income distribution is Pareto distributed.

4.3.1 The Shape of Marginal Tax Rates: Dynamic versus Static

For a static environment, Diamond (1998) investigates conditions, which help to understand
the shape of optimal taxes. In this section, we study the shape of optimal history-independent
tax rates in dynamic environments and compare them to the static model. Recall that age-

independent Pareto optimal marginal labor income tax rates are given by:
T'(y(9)) ( 1) I
— =14+ - M (0) + S (

T\ e Z OO

where f*(0), M,(0) and S?() are defined by , and . Inspired by Diamond (1998),

we decompose our formula into three parts:

T'(w0)
=T 0E] A(y(0)) - B(y(9)) - C(y(0))

where

S Mi(0) + S1(0)

Aoy = (142, Botey = ==t QE S0 e -+

0+(0)

with F*(6) as defined in (26). How does each term contribute to the optimal shape of taxes?

A standard assumption in the literature is to work with a constant elasticity so that A is a

constant. The term C is similar as in the static model and captures the share of individuals
earning more than y(#) over the share of individuals earning y(#) multiplied by their produc-
tivity 6. For the static case, the cross sectional skill distribution is relevant. Here, in a dynamic
lifecycle perspective, it is the ratio of the adjusted lifecycle distribution F*(#) that matters.
The role of F*() for optimal history-independent taxes is therefore equivalent to the role of

the cross-sectional skill distribution for optimal taxes in a static problem.
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Term B differs compared to the static approach for two reasons. First, it is extended by
the savings effect S7() that is not present in the static formula. Second, the mechanical effect
E;il M;(0) does not reflect the welfare effect of taxation through redistribution between ex-

ante different agents only but also social insurance against wage risk — see Section [4.2] For ease
of exposition, we define B;(0) = Z{'T%/f(l;ge) and By(6) = %.

We start by explaining the role of By(#), which measures the effect of the marginal labor
income tax rate on savings tax revenue. Remember from that this depends crucially on
how labor tax rates at a given point change savings behavior. To fix ideas consider the following
scenario: suppose there are only two periods and tax rates at income level y are increased —
this triggers two different kinds of income effects on savings by all agents with income above
y today. First, disposable income today is reduced, which reduces savings. Second, the tax
increases savings because the expected tax burden in the future period is increased. The
sign of By(#) depends on the relative strength of these effects. For our quantitative model —
calibrated to match a realistic life cycle structure — we find that By(6) is positive up to incomes
of about $25,000, so that up to that income level the second effect dominates. Moreover, By(#)
is monotonically decreasing. Taking together the new term B, (6) is a force for higher marginal
tax rates for low incomes, lower marginal tax rates for higher incomes and therefore contributes
to decreasing marginal tax rates over the schedule. Quantitatively however, By(#) is extremely
small in absolute value. When we relate it to B;(#), the term By(f) is almost two orders of
magnitudes smaller on average. This is consistent with the results form Section [1.1.3] where
we found only minuscule differences in the optimal allocation if the savings effects, captured by
By (), are ignored. Whereas the savings term B() does hardly influence the shape of optimal
tax rates, we now illustrate how B;(f) can be very different in the static and the dynamic
context. This crucially depends on the social welfare function and the taste for redistribution

across different ability groups.

The Role of the Social Welfare Function. To discuss the role of the social welfare func-
tion, we start with a case where we choose Pareto weights f; (A1) such that in a static world
with cross sectional cdf F(f) optimal marginal tax rates would be zero and everybody would
consume her income. We refer to this social welfare function as ‘laissez-faire’ Pareto weights.
Figure shows that optimal marginal tax rates in the dynamic context differ dramatically
from the zero tax rates in the static case. This is entirely driven by the insurance value of
taxation in a dynamic setting. Tax rates start at about 25% then fall and finally converge to
a level around 10%.

In Figure [6(b)] we explore what contributes to this U-shape. First, note that in the dynamic
model the C component is convexly decreasing. It becomes clear that the U-shape in the
dynamic case comes from the interaction of C and B. The shape of B actually contributes to

increasing marginal tax rates, but this is offset for low incomes by the decrease in C.
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Figure 7: Utilitarian Pareto Weights

By contrast, for Pareto weights which lead to significant redistribution already in the static
model, the shape of tax rates in the dynamic and static case become much more similar. We
illustrate this for a Utilitarian social welfare function in Figures and . The differences
in optimal tax policies is much smaller. This is intuitive: as is well-known, a Utilitarian social
welfare function in the static context can be interpreted as expected utility maximization before
the ability type is revealed (behind a veil of ignorance). This implies that the static and the
dynamic planner both share a similar desire for redistribution: the B-terms are both concave

and increasingﬂ Taxes are slightly higher in the dynamic case for higher income levels which
is mainly driven by differences in the static and dynamic C-term.

29The B term in the static case is slightly larger here, because marginal utility of the very low skilled is
slightly higher in the static case compared to the dynamic case. This is driven by the fact that wages grow
from the first to the second period so that individuals can smooth consumption and because shocks are not

perfectly persistent, implying that some people are only low skilled for a limited amount of time, allowing them
to self-insure.
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Summing up, the shape and level of labor income tax rates can be very different taking
either a dynamic or a static perspective. The difference is more pronounced when the social
welfare function does not imply a lot of redistribution from a static perspective. Intuitively, in
the dynamic model even without a taste for redistribution, there remains the insurance motive
of taxation. The differences vanish, when the social welfare function already implies a lot of
redistribution from a static perspective. In this section, we illustrated this insight by exploring
‘laissez-faire’ Pareto weights and the Utilitarian case. The intuition is more general, however —
in unreported results, we have also compared other other points on the Pareto frontier, finding

the same patterns.

4.3.2 The Top Tax Rate

We now provide a limit result for the optimal labor tax rate at the top of the income distribution.
With our stochastic multi-period environment, this forms the counterpart to the famous Saez
(2001) formula for the static model. We follow Saez and express the optimal tax formula in
terms of income instead of skill distributions; formally, let e;;—1(y¢|y:—1) denote the conditional
distribution in period ¢t. The standard formula assumes, in line with the data, that the right
tail of the cross-sectional income distribution is Pareto distributed. In the dynamic model
more assumptions are needed. One needs an assumption for the right tail for every conditional
distribution e;;—q(y¢|14—1) in every time period ¢ and for any previous income level ;. Given
assumptions on the value of the Pareto parameter for each conditional distribution, it would
then be possible to derive a top tax rate formula, depending on all Pareto parameters across
the conditional distributions.

In what follows, instead of placing assumptions on every single conditional distribution
et‘t_l(yt]yt,l), we consider a scenario where Pareto parameters differ by age groups only. We
do this for two reasons. First, there is no empirical guidance on how Pareto parameters differ
across different conditional distributions, however, some recent papers have show how these
parameters differ by age groups. Second, it simplifies the exposition while delivering the same
intuition. Formally, we assume that at every age above a high-income threshold y’, earnings
are Pareto distributed with an age-dependent parameter a;. We obtain the following top tax

result for the dynamic economy:

Proposition 4. Assume that welfare weights for top incomes in both periods converge to a
constant W across age groups and elasticities at the top converge to a constant €. Then the
optimal top marginal tax rate above income level y¥ satisfies:

— W\ ST 1 1 <

K (1 - W) P T Ta—1 T S

__ : , (28)
1-— T/ € - Zthl (1+ L

r)t—1 g —1
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where S = 7! Zthg W Jos f;H %’?(Zje;)dﬁh] (0771 d07 =1 JyH captures the fiscal externality

on capital tazes, normalized by the Pareto threshold, and, as stated above the welfare weights

converge: [o f;H BEIU(097, 0)hy_y (0°1) £1(0]0,-1)dOdOI T =W

Proof. Mechanical effects by a small reform of 7 are given by M = S, (y7"—y" )W (1-W),
where y;" is average income above the threshold Labor supply effects are LS = -1 T' —=e€ Zt LY a +r)
Using LS + M + Sy = 0 and e = y_m gives the result. m

t t

The optimal top tax rate is decreasing in the Pareto parameters a;. As in the static model, a
higher a reflects a thinner tail and less inequality driven by the top. Moreover, we see a savings
term S as for the general tax formula discussed in the last section: also the top labor income
tax rate may affect savings behavior, causing a fiscal externality. Relaxing the assumption of
separate Pareto parameters, i.e. assuming a; = a, it is then easy to show that:

T iy <5
1-7 €-a

1-W+

This formula is the famous top tax prescription from Saez, except for the presence of the savings

term S weighted by (11 L)

Y~ the formula collapses to the static one if S = 0. Numerically
1+7r

in line with the results of the previous section, we always have found a very small role of S,
hardly influencing optimal top rates.

Moreover, simple numerical exercises on formula reveal that with heterogeneous Pareto
tails across different distributions, the relatively thicker tails dominate optimal tax rates. Sup-
pose, for example, we take two age groups and that the Pareto parameter of the young a; is
around 3.5 and that of the old as is 1.75 — this corresponds to the numbers found for the US
for the age groups around 25 years (the young) and 50 years (the old) based on administrative
data (Badel and Huggett 2014). Using formula (28), setting r = S = W = 0 for simplicity
and an elasticity parameter of 0.3, would yield an optimal top tax around 61%. In comparison
the optimal tax rate would be around 65.5% if both tails were thick (a; = ay = 1.75) but only
48.8% if both tail were thin (a; = as = 3.5). In this sense, the optimal tax formula allowing
for heterogenous Pareto coefficients, strongly overweighs those distributions with a thicker tail.

This result is robust when we consider more than just two age groups.

5 Conclusion

This paper analyzes Pareto optimal nonlinear taxation of annual labor income as well as linear
taxation of capital in a framework with heterogenous agents whose skills evolve stochastically
over time. By focusing on preferences without income effects on labor supply, we developed a
first-order approach to make this problem tractable for a continuous type space. The paper

can be seen as providing a link between the static optimal taxation literature and dynamic
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public finance models: whereas we explicitly take into account dynamics and idiosyncratic un-
certainty, we optimize over simple tax functions instead of looking at optimal history-dependent
distortions.

We have provided a detailed welfare accounting in order to quantify the welfare losses from
the different modifications as compared to the constrained optimal allocations. We found that
the following restrictions on labor distortions yield welfare losses of similar size: from history
dependence to age dependence, from age dependence to age independence and finally from age
independence to linear (and age-independent) labor income taxes.

We also characterized properties of optimal simple tax schedules, both theoretically and
quantitatively. The most important difference to the static perspective on optimal income
taxation is the additional insurance motive of taxation which provides a meaningful lower
bound on taxation. Further, we have quantitatively shown that capital taxation is desirable
and the level of the optimal capital tax rate is decreasing the degree of progressivity of the
labor income tax schedule.

It is likely that our method to study simple history-independent tax instruments in dynamic
environments can also be applied more broadly in other contextsFE] For example, we have left
out an explicit role for retirement savings and different sources of capital income, potentially
with stochastic returns. Shourideh (2013) investigates such a model with risk-return trade-offs
for different kinds of capital. We have focused on labor supply incentives along the inten-
sive margin and have neglected labor market participation decisions. Jacquet, Lehmann, and
Van der Linden (2013) provide a state of the art treatment of a static Mirrlees model with labor
market participation decisions in addition to intensive labor supply decisions. Incorporating
such realistic features into the life cycle framework with labor income risk and taxation seems
to be a fruitful and promising avenue for future research.

Finally, in future research one would like to combine the analysis of history-dependent and
history-independent instruments. For example, by restricting certain parts of the redistribution
& insurance system to be history independent or by restricting the degree of complexity of

history dependence.

30Tn Findeisen and Sachs (2013), we use this approach to study optimal education-independent income taxes.
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A Derivation of History-Dependent Formulas

A.1 Full Optimum
For the history-dependent problem, define v;(6*) = U (ct(Gt) -V (y‘(gft)>) and I'(vy) = ¢, — ¥ (g—l) Define
Vi(0Y) = U(cy(0F) — ¥ (%) + Z?:tﬂ Bt f@i(gt) (U(Ci(ei) -0 (%)) hi(6%)d0?, where ©%(6?) is the set

of histories at ¢ that contains 6*.

To handle , we apply a first-order approach (Golosov, Troshkin, and Tsyvinski 2013, Farhi and Werning
2013), which yields the following envelope conditions:

oV (0:=1,6,)

Ofty1(011)
a6, db;

00

=U, ‘I/Iyt( ) +4 Vit1 (9t71,9t,9t+1)

Ot
We assume that the second order conditions are fulfilled in the following. For a discussion of sufficient-conditions
for the first-order approach to be valid, see Golosov, Troshkin, and Tsyvinski (2013). Setting up a Lagrangian
and applying integration by parts yields

ot

_ t—1 t t\ nt t t\ nt \I/'yt() t

(9{ Eﬂ /vtﬁ dh@ )do* — E/nte V:(6")do" — E/ Ut 9 df
T

0 0
_Z/ n:(6%)8 Vi1 (60%,0,41) %d&tﬂ
t

Ot41

“Z = 1/ (yt (0°) = T(ve(6")) + @ (ytém)) h(6")de",

t

'ut(et yt

where 1;(0?) is the Lagrangian multiplier for the envelope condition for history #¢. The first-order condition for

v (0%) reads as

~ 1 1
t—1 t t—
B h(@)f)\FUt,(et an (69)Bt H £i(0:16: 1)
=741
— 0
777t Z 9] Bt j2JIrL f]+1 H fz 9 |91 1 (29)
= =12

Applying this first-order condition also for period ¢ — 1, solving for n;_;(6*~!), inserting into and using
BR =1 yields

1 1 1 Oft 1 1
)\Rf—l h(ot) <Ut/ ) - U{) *77 - Ni— 1689 - *771‘% +5ft77t 17— 192571 =0 (30)

Solving this differential equation, we obtain:

m(6)) = /:exp </:7(s)ids) {/\Rtllh(ﬁt‘l,x) (U;(etll,x) - Ut/l(lgtl)>

Ofi(]0:—1)
06,1

1
+ i1 — Bfe(z|0—1)me—1ve— . }dm.
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Next, it is easy to show that the first-order condition for y;(0?) yields

@) (), 1) _U@me)
D (1 + 6) A oh(er) (31)

We obtain

25+ s Lo (02

1/t 1 t—1 1 1
e ){ARHW 2 g5~ o)
+ 5%—1% - 5ft($|9t—1)77t—1%—19t11}dx. (32)

Using for period t — 1, solving for 7;_1(6*~!) and inserting yields:

= () agm f, o ([ 030)
U'(fﬂ){ft(xwtl) (=5 ~ 7=

1
N TLt—1 <1+1> 0, 1 Ofi(x|0i—1)

1-— TLt—1 S Ut/—l 89t,1
Tre 1\ ! 1 1
SR (1 + ) 01— fr(2|0;_1)ye 17— pdx (33)
=701 € i1 0r—1

after some slight simplifications.

A.1.1 Relation to the Previous Literature

In this appendix we show how to transform our formula into that of Golosov, Troshkin, and Tsyvinski (2013).

For this purpose, define A\;(6%) (equivalent to Aj):

om0 1 AN it fi(0i0i1)
A(0°) = 1 —72:(6%) U'(6Y) (1 + E) ft(04160:—1)0:v: (0 )97 + W

Using this definition, we can rewrite as:

% = (1 + i) WM /:eXp </9”‘ 7(8)2d8> U'(0") fi(2]0;-1) (M - )\tl(etl))

-1 0 T
TLi—1 1 01 1 1 / </ 1 ) Of(x]0i—1)
+—— (14 - ex s)=ds | =L dx
1 =7 ( €> 6r 1:0060-1) Ui, (05 1) Jo, "0\ 183 90—

which is the expression of Golosov, Troshkin, and Tsyvinski (2013) for GHH preferences at the beginning of their

Appendix A4. To obtain an expression for \;(#*), one has to use the transversality condition, i.e. n;(#*~1,6) =0
and solve for \;(6?).
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A.2 Linear Capital Wedges

The problem is only slightly altered as compared to Appendix in that has to be considered as well. The

Lagrangian now reads as:

0")
t—1 t\ nt t t t \I/’yt( t
max /3 g 8 / ve (0 dh 0")db" — g / (09 V,(6")do" — g / OHU{ 72 do

v (60%),y:(0Y),

0 0
_Z/ 7775 et ﬂ/ VYtJrl 9 9t+1) ft-i-alé t+1)d9t+1

“Z = 1/ (yt — T (v (60%) + (ytéft))>h(9t)d6t

(0 (—U{(9t) + (=) £+1(9t»x)dFt+1(xl9t)> :

0141

The FOC for v;(0") now reads as

t

g - ARtl 1U;<19t> SR CRE VR CIL

=1 i=j11
— 0
- Z oyt it T £
_ .7 i=j+2
U// U//
—ut<9t>7+ut (B =TT fi =0 (34)
t t

Applying this first-order condition also for period ¢ — 1, solving for 1, ,(6*~1), inserting into and using
BR =1 yields

1 (1 1 of, 1 1
0= At h(®) (U;_1 - Ut> = mea Bl — ey + By —

U// U//

U” U/
(9t)7t + 1 (0 1)(1_75) ! ft /Bft( pe—1 (0 I)Ut ) + 2 (0" 2) (1 - )Ut/_iftl). (35)

Solving the differential equation, we obtain:

”“@*:Af“p<4é”$i“){ARiﬂhwtax)C%wiﬁx>‘L14@“w>

Ofi(x]0;— 1 U U
+ 5%4% = Bfe(@|0r—1)m—17— 9 + (07, )ﬁ, — -1 (0" B+ ) (1 — T)ﬁft
i1 _ ! 7

+u2wt%M1+wu—rﬁ;1ﬁl)}m

1"

U/
t—1
+5ft< pe—1(0 )Ut )

It is easy to show that also holds in this case. Further using the same algebraic manipulations as from

to yields:
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245 s Lo 02

1/t L 1 1 1
U(“{ARt e )(Ut'(etl,x)‘cf;l(etl))

Te—1 t—1 he—1(0"1) O fy(x]0i—1)
ABT 0 -
lth 1 Ut71 39t_1
Ti—1 1 ht,l(ﬁt_l) 1
A 01—~ 0, P
1—Tt 1 ( ) B Uf’ ) ft(fU| t 1)% 19t_1
=1 . —1 uy
+ e (0 )7 pe—1(0°7)(1 — ) ft

U// U//
+ﬁft( pe—1(0" 1)U + pe—o (0" 2)( )Ut,lft1> }dﬂC
t—1 t—1

B History-Independent Taxes

B.1 Lagrangian, First-Order Conditions and Multipliers
B.1.1 The Lagrangian

Here, we state Lagrangian for the problem as stated in Proposition The age-independent counterpart is

basically equivalent; the subscript ¢ would have to dropped for y;, M; and 7.

T
L= ;B‘H /@ U(Mt(et) — ag41(0Y)

+ (1= T) (L +7r)a (07 — @ (ytéet)> )Btwt)d@t

t

T
1
+)\Zm/t 1/ yt 9f 91)"‘77;(1-‘- )a,t(et*l)dFt(Qt\Gt_l)ht_l(ﬂtfl)detfl
+ Z/ ,ut Gt

B+

(S]

(Mt(Gt) — a1 (0) + (L= 7)1+ r)ay(0°7) — @ <ytéft)>)

U’ <Mt+1(9t+1) — ap12(0°,0141)

(=)Lt P (6 — U (“gf’”) )dFtwmwt) a6

Mt 9t) (%(91)

+Z/ — [ ))de Z/ (%9?)) yt@(ft)det

(M (0,)—w (£i0n)
Partially integrating [g 7:(6;) (b )aet( L )dHt yields

@ (300 - w (52 ) - @) (310~ w (M) = [ o) (a0 v (1)) aoe

which can then be replaced yielding
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T
L=>y pt /@ U(Mt(et) — a1 (0Y)

(1= )L+ r)ay(8 ) — @ (yf)) )Et(at)dat

+>\ 1/ /yf 9t Gt)+7'(1+7’)at(9t 1)dFt(0t|0f 1)ht 1(6t l)dﬂt 1
1+Tt ot-1

+;/@

— B+ 1)1 = T41) /@ U’ <Mt+1(9t+1) — ap42(0", 0111)

(Mt(ﬂt) — e (09 + (1= 7)1+ r)a(07) - ¥ (ytéft)))

+ (1 — Tt+1)(1 + T)at+1(9t) - v (yt-f—;t(fj-‘r1)> >dFt(0t+1|0t)] d9t

—Z/m@t (Mtet) w(yte ))d&t Z/ (0,)0 ( t))yt(gtft)det.
0 - (52) i (4 (52).

B.1.2 First-Order Conditions

The derivatives with respect to the endpoint conditions yield V¢ : 7:(6) = n:(6) = 0 (equivalently, n(6) = n(8) =

0 for the age-independent case). The first-order conditions read as

oL _ A s—1 s—1
3M.;(9g) - (1+’I”)571 /9571 fs(95|9571)h571(9 )d@

4t / U/ (0°1,0,) £, (0,051 Vo1 (6°1)d6*~
esfl

+/ us(93—1795)U//(9s—1,Gs)des—l
©@s—1
S(1=) [ a0 U0 0 0ul0 )0
Qs—1
—1,(05) = 0. (36)

For the age-independent case, one basically would have the summation over t = 1 to T for the first two lines,
the summation over t = 1 to T'— 1 for the third line, the summation over ¢ = 2 to T for the fourth line (apart
form dropping subscripts for y., My, n;,m¢). The same argument applies for the first-order condition for gross

income
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oL o A s—1 s—1
o) T T o PO a0
ys(0s)

. 1 ~
_ 68*1/(\)‘71 U/(9571,08)\Ij/ <9> ?fs(65|03—1)h5—1(9371)d9571
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0, 0,
—B(L+r)(1—7) /@ U 0w (y;ges)) ENRUNSYTES

— 1 (0:)¥' <yég)> é —1s(6s) <\If’ (;,é@)) % + 0" (yég)> ysé?) =0. (37)

The following first-order conditions are equivalent in both cases (apart form dropping subscripts for y:, Mz, n;,nt):

aL: A S s 11 (ns
B (69) (L rymt e07) = s OV (7)

()28 4 ) (6°) / U (6%, 041 )AF s 11 (8s1]65)

o
+ (]- - 7_)6(1 + T)stl(057l)Uﬂ (05) fs(95|9571)
+ (1 =7)(1+7) /@ pst1(0°,0541)U" (6°,0541)d0s11 = 0. (38)

T
0L sy~ A [ el Dhua(e o
—Zﬁt_l(l—f—r)/ at(Ht_l)/ U/ (01, 0,)dF, (0,60, )1 (0'~1)d0" 1
ot-1 (€]
at(ﬁt_l)/ut(et_l,Ht)U”(Gt_l,Bt)thth_l
(C]
#B0EA =) [ a0 [ U a6 dE 618, ds !
ot-1 ®
T
+ZB(1+T)/ ut_l(atfl)/ U001, 0,)dF(0:]0;_1)do"* = 0. (39)
t=2 ot ©

B.1.3 Multiplier Functions

First, we derive an expression for the marginal value of public funds A. Using the transversality condition
ns(0) = 0 yields:

1
X
f@sfl fs (gswsfl)hsfl(es_l)dgs_l

{Bs_l /9571 U/(es_lves)fs(93|9571)h371(98_1)d98_1

A= (1+7)"1

+/ MS(98—1795)U//(93—1,es)des—l
@s—1

—(1—1y) /@S_1 us1(95_1)U”(95_1795)f5(95|951)d05_1} (40)

43



for the age-dependent case. For the age-independent case it reads as

1

A= 1+4r)t %
1( ) f@sfl fs(0s]05-1)hs—1 (65— 1)dOs—1

S

{53_1 /9571 U/(es_lves)fs(es|9571)B571(98_1)d98_1

T

=+ / Ius(es—l) HS)U”(QS_l, es)des—l
Qs—1
—(1- TS)/ s (0~ HU" (0571, 95)f5(93|951)d83_1} (41)
@s—1

We next derive expressions for the Lagrangian multiplier function(s) on the envelope condition(s). For the
age-dependent case, use to obtain

A (N
s ag = 71 Ns—1 S\Tsl¥s— 5 ! .
000 = g o, A0
0
-5 / / U'(Rs(6°7",05))dFs (051051 )hs 1 (6°7)d0
@sfl 95

]
— / / s (0°71,0)U" (R (6571, 0,))dA,do* !
es-1 J0,

0
+ B4 — TS)/ us_l(oS*l)/ U (Ra(6°=L,0,))dF, (6.0, _1)d0"~". (42)
@371 s
For the age-independent case, it reads as
T A 9
= E P 0 t—1\ jpt—1
77(0) - t=1 (1 + ’I")t_1 /@t—l /9 dFt(9|9t71)ht—1(6‘ )d9

T 9
-2 8 / / U'(0'", 0,)dFy(010,-1)hy—y (0'~")do" !
t=1 et Je

T 0
_ Z/ / ’ut(atfly é)U/,(9t717 é)déd9t71
t=1/0"1 /8
T 9 ~ ~
+Z(1—73)/ m_l(eH)/ U0, B)dF,(6]6,_,)do'. (43)
t=1 o1 0

Next, we derive an expression for j;(6%). The notation refers to the age-dependent and the age-independent

case are equivalent. Use to obtain, with SOC(6*) being the second-order condition for savings from the
individuals problem:

Tt Th(0°7) + (1= ) B+ 1) s (0°7 U (0°) f5(0:105-1)
SOC,(6%)
(L =7)(1+7) o pst1(0°,0551)U" (6%, 0541)dOs 41
" SOC,(6%) ~ (44)

s (08) =

Therefore, we define some terms that make notation less burdensome:
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(1 =7)U" (0°) f:(0s0s—1)
SOC,

B,(6°) =

1—-7)Q+r)U"(6°,054+1)

08(95798+1): SOC. 5

then, we can rewrite (44)) as

13(6°) = AL(6°) + Bo(0°)paes (6°) + / Cal0 B )t (6%, B ) By
e

Or, more concretely for s =T — 2:

pr—2(077%) =Ar_2(077%) + Br_o (0" ?)ur—3(67?)

—2
+/ Cr—o(07 2,07 1) ur—1 (072,07 _1)d07_1.
e

For s =T — 1, we get:

pr—1 (071 =Ar_1 (077" + Br_1 (07 ) pr—2(072).
Now insert into . Omitting arguments, this yields:

_ Ar o+ Broopr 3+ [o Or 2Ar 1dfr 4
1— [o Cr—o(07=2,07_1)Br_1(67—1)d0r 1
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Now insert this into pp_3
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e
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Now insert this into up_4

pr—a =Ar_4+ Br_apr_s
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Rewrite to obtain
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01 _2
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Finally, calculate up_5, after which the pattern should become clear.
-1

-1
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©

pr—5 = 1*/ Cr_sBr_4
o
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e (€] -, Cr—3Br_2
© 1-Jo Cr—2Br_1d07_1

Now define
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Using this definition, we can write pur_5 as
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Ar_3+tfe CT—3
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Dr_3

AT—4+f9T73 Cr_4
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Ap_5+ Br_spr—6 + [o Cr—s
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It now turns out helpful to make another definition:
od

i Agy
Asi3t+fe Cst3 “D.ra

Agro+[g Csyo D.is

D2

Es :/ OSAs+1 f@ Os+1
e Dsyq

Then we can write ur—_s5 as
_Ar s+ Brspr¢+ Ers

HT—5 Dr_s

In genereal, we thus obtain:
o As + Bsﬂs—l + Es

s D,

For the second period, we obtain

46

(51)

(52)



Ao+ Bopy + Eo

53
H2 D, ( )
and get
A+ B4
e el 4
5} D, (54)

Now we can recursively calculate all other u; for t =2,....T.
In equation one can see that the uq(61) = 0 if savings taxes are zero. Recursive calculation reveals that

all y; are equal to zero.

B.2 Labor Income Taxes

B.2.1 Labor Income Tax Formula

Dividing by ¥’ 9% and adding yields a formula for the age-dependent marginal tax rate:

T(ye(0) 1s(0:)
= T (s(6.) (1 ’ s(fw) N br0s Jors Fu(Balbu 1) et (05 1) dB* 1

Dividing the age-independent equivalent to by ¥’ % and adding the age-independent equivalent to

yields a formula for the age-independent marginal tax rate:

_TwO) (L n(6)
L=T'w®) <1 " €<9>) NS e S Jo Fe(6il6i—1 )y (60 1)d6 1 0

(55)

B.2.2 Relation Between p-Formula and Savings Tax Effect formula in a Three-

Period Economy

We now derive the savings responses in 7' = 3 period economy.

Formulas for Savings Responses We now derive a formula for the savings responses due to an
increase of the marginal tax rate T3 (y2(62)).

- 2
To get a formula for the savings responses m—d,a(& Baz(01
2

;/2(92)) and sz)z)) is not simple because the savings
choices are made at different points in time (and for different shock realizations). Further, these savings choices
at different points in time are interlinked with each other. The way we proceed is the following: We look at
agents with certain histories as agents that decide independently from each other. E.g., we look at the savings
adjustment of an agent with history 62 = (01, 62) who ignores that his savings change will also change savings
behavior of agents of type 61, i.e. himself one period ago. We will then, in a second step, ask how type 6; will
react to the savings change of type #2. But of course this reaction of type #; will cause a reaction of type 62
again and so on and so forth. This will thus lead to an infinite adjustment of savings in all periods. As we show
now, thinking about this like that can yield formulas for change of equilibrium savings behavior. We therefore
proceed step by step and look at the adjustments in the first round of this game between the agents at different
points in time, then at the second round and so on and so forth.

First Round Effects: In period 2, individuals with income higher than ys(f3) will change savings as their
net income is decreased. The formula for this savings change can be obtained by implicitly differentiating the

respective Euler equation:

U// (82)

rp2y — .~ \" )
a3(9 )* 5062(92)7

(57)
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where SOC;(0) is the second-order condition for savings of an agent with history . But also individuals in
period one will react to the small tax reform. The increase in taxes tomorrow will make them save more today.

To obtain the respective formula, implicitly differentiate the respective Euler equation and obtain:

B(L+7)(1—7) ff U"(81,82)dF>(B261)

Ai(01) = SOC, (61)

(58)

Note that both of these tax changes are of hypothetical nature as they are computed as if the savings
decisions were not interlinked. However, they are connected and thus and will trigger second-round
effects.

Second Round Effects: The savings adjustment of period 2, , will make individuals in period 1 adjust

savings:

BL+7)(1—7) [ U"(81,05)a} (61, 02)dF2(0]01)
SOC (61)

Ax(01) = . (59)

The first round savings adjustment in period 1, captured by , will trigger savings adjustments in period
2 for all 05:

U”(91, 92)(1 + 7")(1 — T)A1(91)
SOC,(6?)

= (01, 02) (1 +7)(1 — 7) A1 (). (60)

Third Round Effects: The savings adjustment of period 2 will now trigger savings adjustments in
period 1
B(1+7)%(1 —7)? f(_) U (61,02)a%A1(01)dF5(02]61)
SOC (61)
where A3(61) is defined such that the equal sign holds.
The savings adjustment of period 1 will now trigger savings adjustments in period 2

= A1(61)As(61), (61)

ag(91792)(1 +’I“)<1 —T)A2(91>. (62)

Fourth Round Effects: The savings adjustment of period 2 will now trigger savings adjustments in
period 1

(1 + 7")(1 — 7)2 f@ U”(91792)agA2(91)dF2(92|01)
SOC(6,)

The savings adjustment of period 1 will now trigger savings adjustments in period 2

= As(61)A3(61) (63)

aé(@l,ﬁg)(l +7’)(1 7T)A1(01)A3(91) (64)

One could now repeat this until infinity. It is easy to show that savings responses in period 2 for all types

with income lower than ys(62) add up to

Daz(62)

02 (0] =dy(1+7)(1—7)(Ar + A2) > Aj. (65)

=0

and for all types with income higher than ys(63) add up to

daz(6°)

200 = dy+ay(1+7)(1—7)(A1 + Az) Y AS. (66)

=0
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Further, period 1 savings adjust according to:

daz(61) _ - i
T8y — A 2 A (67)

=0

Relation to p-formulas To show the relationship between the p-formula and the one with savings-tax
effects, we have to show that

0
*// pa(01,02)U" (01, 62)d02d6,
e Jo,

0
B0+ =) [ @) [ U601, 0)dF @l (63)

02

which is the term appearing in the optimal tax formula in Appendix is equal to

=0

1{\:7, /@ <(A1(01) + A2<91)) ZA3<91)7> dFl (91) + T(]_<|>AT)2 (ag + ag(l + 7")(1 — T)(Al =+ Ag) ZA%) .

Using and evaluating for T = 3, yields

(1-7) [g Ta 2dF2(02]601) f1(01) FL(00)T
PRI i -« me—
p1(b1) = 1— (—7)2(147)2 [o, alU" (01,05)dF5(02]01)

1

and then inserting into (53)), yields

. U” (91, 92) f2(92\01) A h2(02)7'
u2(91?02) - :[1“1(01)/6(1 - T)(l + T) SOCQ + 1 + r SOCQ (69)
Inserting these two terms into yields
u” 91,02 ~
dF 021601)dFy (0
1+r/ /9 s0c, aPRIhdR )
0 " 0
~ U" (6,6 ~

+5(1+7~)(1f7)/ m(el)/ U" (01, 0) g U0, 62) dF,(050,)d0; (70)

o 0o SOC,

1+7”/ / a3 91,62)dF2 92|61)dF1 91)

+ A8 +r)(1—7 / (Z/V)/e %C”fﬁ(l—l—ag)sz(éﬂﬂ)dFﬂ@l)

+AB8(1+r)(1—1)

. 7 / 0 Uﬂ(elaé2) / N
/@ ((1 _T)§A3> (/H angg(ozwl)) /6 o0 (1 a3 dF(@alen)dF () (71)

Using the definitions of A; and As, this can be rewritten as
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].-i-?"// a3 91,92 dF2(92|91)dF1(91)

+AT/ <ZA3 (61) ) (A1(61) + As(61))dF1(61)

+AT/ <ZA3 (61) ) (Ay( 01)+A2(01))/(1fT)ag(el,Gg)dF2(92|91)dF1(91) (72)

i=0 ©

which completes the proof. The formulas for the optimal marginal labor income tax rates in period 1 and 2
read as:

T(0) (1
=T ) \z

and in period 3 it reads as

T3 (y3(03)) 1 1
1= T3 (y3(63)) (5 " 1) O3 [p2 f3(03]02)h2(6%)d6?

\ P 7 i o
A / / AFy (05]62)ha (67)d6% — 32 / / U (02, G5)d 3 (5310 ) o (67) 6>
(1+7)% Jo2 Jo, 02 J o,

03

0
+(1-71) /0 M2(92)/ U”(@z,ég)dF3(9~3|02)d92]

Using the definition of 1 and po from above, one can show that the ‘u-terms’ in these optimal tax formulas
reflect the fiscal externalities from the savings adjustment.

B.2.3 Income Effect on Savings

Consider the savings effect for history-independent taxes, defined by:

L da; (0771
O)=7>_(1+7)~ 2/ / 9a, (0" ") d9hj N
j=2 i1 6Ty

We can now define income effects, similar to Saez (2001) for labor income or Golosov, Tsyvinski, and Werquin
(2014) for savings and labor income.

Ipi—1 - 3%( it )

If we write the average income effect as [g;_, fe 8;7{?]9)) dfh;_1(6771)d6I= = pl(0)(1 — 71), we obtain:

T
S0 = 1 S+ 0)
j=2

S
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Two important aspects make ﬁJI- (0) different from a standard income effect in a static model. First, with age-
independent taxation a change in labor taxes for some income level affects an individual’s income (potentially)
in multiple periods. With age-dependent taxation n/(¢’~1,0)(1 — 7l) = % has opposing signs for all
savings decisions decided upon before/in the time period of the tax increase (j < t) and all periods after the
tax increase (j > t). In both the age-dependent and the age-independent case, the sign of ST(#) and S/ (9) is
hence ambiguous. Second with idiosyncratic uncertainty changes in taxes also affect the riskiness of the income

stream and hence the need for precautionary savings.

B.3 Decomposition of the Mechanical Effect in the Presence of Cap-
ital Taxes

In this appendix we show that the decomposition of the mechanical effect as derived in Section [£.2] also holds
in the presence of a non-zero capital tax rate 7. Again, we consider a reform, where the marginal tax rate for
individuals with income y(6) is increased such that all individuals with income y > y(6) will pay exactly one more
dollar of income taxes. Besides the labor supply effect on welfare, this affects welfare by Zthl M, (0) + S1(0).
We now slightly reinterpret the tax perturbation to intuitively derive that the effect on welfare can also be
written as EtT:l ME() + ML(0) + ST(0), where M (0) is as defined in and ME(0) is as defined in .

For the reinterpretation, we assume that the additional labor income tax revenue A(6) is then redistributed
lump-sum.

In the presence of a non-zero capital tax 75, one also has to take into account that the increase in the lump
sum element by A(6) (as defined in (4.2)) causes savings responses that affect welfare. Formally this effect on

welfare through the change in the Euler equations is given by:

T-1
5*(0) —A(e){ Z / / e (01, 0,)U" (011, 6,)d6,dot
et—1
T
-y (1=7) /’7 ,ut_l(ét1)/@U”(9tI,Ht)dFt(9t|9t_1)d9t1}. (73)

Equations and can be derived in the same way as in the main text. However, now we do not have
MP*(0) = ME(9) but instead 3°;_, MF*(0) + S*(8) = 1, ME(0):

T

9
> M (0,) + S*(0) = / M1(61) — f1(61)U'(61)dOy

t=1 0

N1 (00=1)  hy (007Y) [, U'(0171,0,))dF, (040, —1) _ B
+Z/ < 1t+lrt 1) _ 0 (1+T)t_1 Xcu(gt l;a)det 1

A1 (0t=1) o1 (0871) [, U(6%71,60,))dF (6416, —1)
oy [ (e :

11ret 1+ )1 >d9t1+5*(9)~ (74)

which is equal to Zthl ML (6) because the last line is equal to zero because of the transversality condition

n(@) = 0.
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C Details on Calibration

We use the empirical model from Karahan and Ozkan (2013), who estimate their model using PSID-data. y,im
denotes log income of individual 7 at age h in period ¢. To obtain residual log incomes gj};’t, the authors regress

log earnings on some observables (age and education):
yz,t = f(X5;0,) + %,ta

where f(X!) is a function of the observable characteristics. Residual income is then decomposed into a fixed

effect (a’), an AR(1) component (zj, ,) and a transitory component (¢;ej,):
Zﬁz,t =a' + Z}iz,t + ¢t62,ta
where the AR(1) process is given by
Zliz,t = phflz;lzfl,tfl + Tenh,

and where the error term 7! captures persistent shocks, 7 is a time dependent loading factor and pj,_1 measures
the persistence of these shocks.

Based on non-parametric estimates, Karahan and Ozkan (2013) divide individuals into three age groups:
24-33 (young), 34-52 (middle age) and 53-60 (old). In the following, we list the values they obtain for the
different parameters, where the indices Y, M, O correspond to the three age groups from their paper.

Age-dependent parameters:

e Persistence parameters: py = 0.88, pys = 0.97 and po = 0.96,
e Variances of the persistent error terms: afhy = 0.027, U%M =0.013 and 0’2’0 = 0.026

e Variances of the transitory shock: o2y = 0.056, 02, = 0.059 and o7, = 0.068
Age-independent parameters:

e Variance of individual fixed effect: o2 = 0.0707

e Variance of 2; (i.e. the starting value of the persistence term): o2 = 0.0767
Time-dependent parameters:

e As we consider only one cohort, we assume the time dependent loading factors m; and ¢; to be constant.
Indeed, we set them to 7 = 1.1253 and ¢ = 1.1115 which corresponds to the values from 1996 as they lie
in the middle of all estimates for the years from 1968-1997.

Parameters in f(X!;0,):

e The function takes the form of a 3rd order polynomial in age. The coefficients are 0.0539713 for age,
-0.153567 for (age/10)? and 0.0111291 for (age/10)3.

e As Karahan and Ozkan (2013), we distinguish three education groups: individuals without high school
degree, high school graduates and college graduates. The education dummies take on the values 9.570346,
9.91647 and 10.26789 respectively.

Based on all these parameters, one can now simulate the evolution of the earnings distribution. We simulated
millions of lives such that a law of large numbers applies. For each simulated life, we then have the income for
each year, which allows us to calculate the average income of one individual for all three parts of his life. For

our simulations these are the age groups 24-36, 37-49 and 50-62 — see main text. We set the initial share of non
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Figure 9: Conditional Income Distributions, Middle Aged Workers

high-school graduates to 0.15, for high-school graduates to 0.60 and for college graduates to 0.15. This matches
well US numbers — see, for example, the NLSY97.

We next discretize the earnings distribution. Thus for each simulated life, we then have 3 grid points; one
for each period. With a standard kernel smoother (bandwidth of $2,500), we then smoothed the unconditional
earnings distributions over this grid space as well as the conditional earnings distributions and therefore the tran-
sition probabilities. The final step was then to calibrate the skill distributions from the earnings distributions,
as is commonly done (Saez 2001).

It becomes clear how inequality evolves over the life cycle. In the middle age group there are much more
people with high incomes relative to the young and old. The income distribution first fans out, going from
young to middle, and then compresses again in the last part of the life cycle. Figure [9] shows three conditional
income distributions for the middle age-group, conditioning on earnings of $14,000, $30,000 and $100,000 in the

previous period respectively.
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