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ABSTRACT
In the standard Nash equilibrium of private provision of public goods only the firm
with the highest demand contributes. - The existence of the contribution game may
affect firms’ ex—ante decisions on technology, factor inputs and capacity in a way
that leads to a decrease of the quantity of the public good that is finally provided.
Further, the sequential equilibrium of private provision of a public good by firms is
considered. The quantity provided is typically smaller than in the Nash equilibrium,

although some firms may contribute more than they would in autarchy.
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1. Introduction

Some inputs in firms’ activities are public goods. Some of them, like the legal
system, are publicly provided. Some chers; are not. There are numerous examples
for public goods that are privately provided by firms.

Arrow (1962) and Nelson (1959) pointed out that technological knowledge has the
characteristics of a pure public good. Mansfield et al (1981) and Jaffe (1986) show
that R&D investment has spillovers. The major fraction of patent bearing
innovations is successfully imitated within 4 years (avoiding patent infringements).
Investment in R&D thérefore may be considered as provision of a public good.
Similarly, some firms provide infrastructure and firms invest in non—firm specific
human capital. Advertisement may increase the market turnover and has spillovers
that constitute a positive externality. Entry deterrence which is provided by one
firm in an oligopoly benefits all incumbents (McLean and Riordan, 1989). Buchholz
(1991) shows that firms’ decisions in duopoly can be understood as a game of private
provision of public goods. For example, if one firm reduces its supply, both firms
benefit in similar ways from the resulting increase of the equilibrium price. Finally,
many rent—seeking activities aim in obtaining favors by government that benefit all
firms in an industry. An import ban for particular goods or a subsidy for a
particular industry benefits all firms that produce this good or get this subsidy. It
has been recognized, e.g., by Magee et al. (1989), Katz et al (1990) and Ursprung
(1990) that lobbying is often aimed towards a public good.

The standard model of private provision of public goods (see, e.g., Bergstrom et
al, 1986) seems to be a good candidate to explain and describe properties of
voluntary provision of public goods by firms. In particular, it seems to be plausible
that profit maximizing firms are mainly driven by their individual advantage of
using the public good they provide. The additional motivations for voluntary
provision of public goods by individuals that are discussed in the literature are less

compelling for profit maximizing firms. We do not expect a firm to enjoy a "warm



glow" of giving in Andreoni’s (1989, 1990) sense if other firms also benefit from a
firm’s lobbying expenditure.! Instead, competition is widely accepted to be the
more natural description of a firm’s environment.

Section 2 applies the standard Nash—equilibrium concept to firms’ provision of a
pure public good. Differently to the case of private individuals contributing to a
public good, for the symmetric case, there is a multiplicity of equilibria. In the
asymmetric case, the equilibrium is generically unique and only one firm provides
the whole amount of public good, independently of the number of firms and the
intensity of their interest. Moreover, the firm with the highest demand for the
public good may benefit least from the equilibrium outcome. Section 3 analyses how
the private provision game influences firm’s choices of technology, of capacity
constraints and their input choices that are made in earlier periods. Firms have a
strategic incentive to avoid to be the one firm that provides the public good. This
incentive affects firm’s choices of their inputs, technology and capacity and the
equilibrium outcome of private provision of the public good. Section 4 returns to the
1-stage game of private provision of the public good but considers the case of
Stackelberg leadership. If firms commit themselves sequentially on the amount of
the public good they provide, this may reduce the aggregate equilibrium amount of
public good. However, differently from the asymmetric Nash equilibrium, more than
one firm may make positive contributions to the public good. Some firm may
contribute more than it would in the Nash equilibrium, and some firm may
contribute even more than it would if it were the only firm existing. Section §

summarizes the results.

1 Such motivations may become relevant in a principal-agent framework of firms.
The manager of a firm may have some private fringe benefits or simply a "warm
glow of giving" if this firm makes donations, and his decisions on these donations

may be not perfectly observable by the owners of the firm.



2. The Nash equilibrium of voluntary provision

Suppose there are firms i = 1,...,n. Each firm maximizes its profit
(1) I = Ri(x1,G) — xi — g,

where gi is i’s contribution to the aggregate amount G of public good, with
G = X gi. The variable xi describes cost of factor inputs other than the public
good. In particular, in the simplest case, xi is a single factor of production and its
quantity is standardized: its price in units of the public good equals one. Equation
(1) describes that profit of firm i is a function of its private input (or input cost), its
contribution to the public good, and aggregate provision of the public good. Suppose
that for the first and second derivatives of revenue R' with regard to xi and G
standard convexity assumptions hold: R >0, Rig 20, RL <0, RiGG <0,
R‘xG = RIGx > 0. Moreover some standard limiting properties are useful to
exclude case studies for corner solutions: RiG(xi,O) > 1 for xi > 0, Rix(O,G) >1
for G > 0, and Ri(xi,G) is strictly bounded from above.

The problem of the single firm can be reformulated as to maximize profit
(@) II' = R¥(x1,G) ~xi — (G ~ G,
by a choice of xi and G, s.t.
(3) G-G,; 20,

(4) xi> 0.

If the firm considers G_; = Z i gi, the contributions of all others, as exogenously

given, this problem has an unconstrained maximum that determines the demand of



firm i for the public good, say G'*, neglecting constraint (3). This demand will be
called firm i’s unconstrained demand for G. Of course, the firm cannot provide a
negative amount. Therefore, aggregate provision is equal to Gi* if G_; < G1*, and

it is equal to G_; otherwise.

Ezample 1.

Firms produce output with a single input, e.g., labor. Their production functions
are yi = fi(Li), with £} >0, fi; <0,f(0) > w, andlimp; '} <w. The price
of the output is exogenousand equal to one. The wage rate w is also exogenous.
There is a proportional profit tax on the difference between revenue and cost with a
tax rate 7(G). This tax rate depends on the aggregate expenditure G on lobbying
for a reduced tax rate, with dv/dG < 0, d2r/(dG)2 > 0. Each firm can contribute to
lobbying. The contribution of firm i is gi > 0, and can be deducted from the tax

base. The net profit of firm i is
(8) II' = (1—+(G)) [f{(Li) - gi — wLdi].

This is a special case of (2).

Ezample 2.
Firms produce output using two inputs, a private input xi, and a public good G.

Their production functions are
(6) fi(xi,G), i=1,2,...,n,

with standard assumptions about decreasing marginal returns and concavity, i.e.,
. . . . i ; L
f‘x > 0, f‘G > 0, flxx <0, PGG <0, fo = fo > 0. Further, f' exhibits
decreasing returns to scale and is bounded from above. The price of private input,

of the public good, and of the output good are equal to 1 (by appropriate



standardization of units of goods), and are exogenous. In this case the profit of firm

i is determined as
(7) | ! = fi(xi,G) — xi — max{G-G_;,0}.

Profit equals revenue fi(xi,G) that depends on aggregate public good provision and

input xi, minus input cost xi, minus cost of contributing to the public good.

Consider the Nash equilibrium for the general case:2 if firm i maximizes (2) subject
to the constraints xi > 0 and G > G, then the resulting Kuhn—Tucker problem

leads to the first—order conditions3

(8) ont

5xi= 0
and
9) <o with (G-Gp) <o

Suppose that firms 1,...,n are reordered as a;,as,...,an such that

(10) Ga1¥ > G22* > G33* > ... > G3n¥

2 To keep the analysis simple, it is assumed throughout that firm’s decisions affect
other firms via the private provision of public goods problem only. In particular,
firms are not direct competitors: their output decisions do not influence the market

demand or prices other firms face.

3 The objective function is strictly concave and the non—negativity constraints are
linear. Therefore, the first—order conditions (8) and (9) are necessary and sufficient.

Equation (8) uses that xi > 0 in the optimum.



where (x2i* ,G®i*) is the unconstrained solution of (2) for firm a; withi = 1,...,n.
Proposition 1 G = G3!*is the only Nash—equilibrium outcome.

Proof. Firms’ contributions in a Nash equilibrium are g?i = max{0, G®1*-G 4;}.
First, G = G31* is a Nash—equilibrium. Suppose that firm a; provides g3t = G3t*
This makes G 5; > G®t* for.all a; fori > 2. Their contribution is

g2l = max {G®* — G 4;, 0} < max {G?i* — G21*0} (= 0.
10

This makes G 5, = 0 and makes firm a; provide G = G®1*. Second, G = G?1*is the
only Nash equilibrium. Any é < G2t* cannot be a Nash equilibrium. Firm 1 would
provide at least the difference between G21* and G. Any G > G21* is not an
equilibrium. There would be at least one j with g2 > 0. For this, g2 = é -Ga; >
G2j*-— G.aj which violates the definition of G%i*. g

Proposition 1 says that the aggregate amount of public good in the equilibrium
equals the unconstrained demand of the firm with the highest demand. The amount
of aggregate public good that is provided by a group of firms in the Nash equilibrium
is independent of the number of firms and of the unconstrained demand of any firm
except the firm with the highest unconstrained demand for the public good. The
intuitive reason for this outcome is that firms have no income effect. The marginal
opportunity costs of lobbying for a firm are constant. Marginal costs are

independent of the level of their own lobbyihg expenditure. For the case
Gat*= | = G%*> GRv* > ... > G ¥

the fractions +?iG2i*> 0 that are provided by firms a;e€ {a,,...,aj} are

indeterminate. Any (721,...,72) with X{.; 7*i = 1 is a Nash equilibrium. For a more



asymmetric situation, however, the equilibrium is generically unique.

Corollary 1 If G31* > G22% then g?l= G = G3¥* gd2= . =g =0 is the
only Nash equilibrium.

Proof. Suppose g2 > 0 with g% +G.a; =G for aj#a; By definition, g% =
max {0, G3*— G,aj}. Hence, by g2i > 0, G = G2i*. But G2 * < G3* and, by
Proposition 1, G = G*t*. This is a contradiction. g

Corollary 1 shows that, except for the very symmetric case, the standard model of
private provision of public goods predicts that an industry leader (someone with the
highest demand for the public good) will play a major role in the provision of public

goods.

3. Strategic commitment
Firms make some of their choices on production technology, inputs, capacity,
marketing strategy, etc. before the decisions on public good provision are made.
These choices determine the individual firm’s demand function for the public good,
because they determine the Shape of the marginal revenue curve RiG. Graphically,
each firm i’s unconstrained demand for the public good can be described by the point
of intersection of the RiG-—curve with the cost of providing an additional unit of the
public good. This is illustrated in Figure 1 for the case with two firms, 1 and 2.
Corsider the marginal revenue curves RIG and R2G in Figure 1. Given the
nature of the Nash equilibrium of private provision of a public good, firm 1 provides
G = G1* firm 2 provides zero. Firm 1 may have an incentive to choose a different
technology, input mix, or capacity, that leads, e.g., to the dashed marginal revenue
curve in Figure 1. In this case firm 2 would provide all public good in the Nash
equilitrium, i.e., G?*. Of course, anticipating this, firm 2 would possibly like to

avoid -his outcome by also making a different technology choice.



(price of one unit
of the public good)

ol

Figure 1

This section concentrates on such strategic behavior. It uses the particular
framework of example 2 with two firms, but for the case where the firms first
commit themselves with regard to the input factor xi. When xiis chosen for i = 1,2,

decisions on contributions gi are made. The production functions are
(11) fi(xi,G)’ for i=1,2,
with the properties outlined in example 2 in section 2.

Simultaneous decisions on private inputs

First consider the case where firms in stage 1 simultaneously decide on their input x!
and x2, and then, once x! and X2 are determined, in stage 2, they play a Nash game
to determine their contributions gt and g2 to the public good. Given their choices x!
and x2, the unconstrained demand of firms is now a function of input choices on x1

and x2, written as G1* = G!¥*(x!) and G2* = G2*(x?). This unconstrained demand is

implicitly determined by the conditions afé x.,G 'G _ gis =1lfori=1,.2.

The profit of firm 1 is



(12) It = fY(x1,G) — x! — max{G-G_,0}.

Profit equals revenue fY(x!,G) that depends on aggregate public good provision and
input x!, minus input cost x!, minus actual cost of firm 1’s contribution to the public
good. Figure 2 depicts the profit of firm 1 as a function of factor input x! for a given
input choice x3 of firm 2. If x! =0, then {4(0,G) = 0, and firm 1 will not provide
any public good. Similarly, if the factor input x!is small enough, given the factor
input choice of firm 2, the unconstrained demand for public good of firm 2 will be
higher than that of firm 1. Therefore, firm 2 will provide all public good in the

equilibrium in stage 2, G = G2*(x3). For small x! and given x3, profit of firm 1 is

(13) | f1(x1,G2%(x3)) — xt.

n

G *(x)) - xt

£'(x1(x3),G?*(x3)) - X(x3)
fi(x!,G1*(x1)) - x1 ~ G¥(x1)

!
JB/—\

Fx1% G ¥{(x1%)) - x1* - GI¥(x1¥) I
!
l
l
I
|
I
I
|
1

_ 0 xYx?) xi(x3) x

Figure 2

However, there is a critical x!(x§), such that, for x!> x!(xj), the unconstrained

demand of firm 1 for the public good is larger than G2*(x}), and, therefore, only firm



10

1 will provide the whole amount of public good in the stage—2—Nash equilibrium of

private provision of the public good, i.e., G = G1¥(xt). Profit becomes
(14) f1(x1,G1¥(x1)) — xt — G1¥(x1)

for xt > x4(x3). The x! that maximizes (14) on x! € (x!(x3),0) for firm 1 is labelled
xt¥,

For x!=xY(x}), finally, Gt*(x!) = G?*(xj). In this symmetric case there is a
continuum of Nash equilibria of private provision. In any of these equilibria the
aggregate provision equals G = Gi¥(x!) = G?¥(x}), where a fraction 7€ [0,1] is
pfovided by firm 1, and 1—v is provided by firm 2. Therefore, depending on 4, for
x!(x3), the profit of firm 1 is somewhére between A and B in Figure 2. Firm 1
chooses x!* or x!(x3)—€ with € > 0 infinitesimal for given x3, depending on which of
the two yields the higher profit.4

There is at most one x§ = x?2 for which these two profit levels coincide, i.e.,
(15) fi(x(x2),G?¥(x2)) — xY(x?) = f(x1*,G1¥(x1¥)) - x1* — G¥(x!¥).

For x? < x2, the autarchy input choice xi* yields higher profit for firm 1, for
x2 > x2, the choice x!(x2) — & for infinitesimally small € yields higher profit for firm
1. This shows that a firm may have a strategic incentive to choose its inputs such
that it has not to provide the public good in stage 2. The pay—off function is

inherently discontinuous in the input choices (x1,x2). Such discontinuities are well

4 1 do not consider the uninteresting case with (13) having an interior global optimum
on [0,x4(x})) for relevant parameters of x§. The two firms are very different with
regard to their demand for G in this case. The strategic considerations this section

concentrates on may not occur in such cases (see the example below in this section).
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known to cause problems of existence of an equilibrium.

The problem does not necessarily occur if firms are sufficiently different. The
following example illustrates this point. Firm i’s unconstrained or autarchic choice
is again denoted (xi* Gi*(xi*)). Define %!= arg max {fi(x!,G2¥(x2?*)) —x1}.

Suppose that, for all G < G1*(%1),
(16) max_, £2(x2,G) - x? < f3(x2%,G2*) — x2* — G2,

(which also implies G2*¥(x2*) > G1*(%1)). In this case, firm 2 can never hope to be
in a situation where it pays to choose x2 small enough to free ride in stage 2. Note
that X1 is the highest input firm 1 could possibly choose in stage 1. But still, even
for this high léevel, there is no choice x2 that makes ﬁrm 2’s profit higher than its
autarchic profit (the right—hand side of (lé)). The conditions in the example are
much tighter than needed. The main property that is needed is that the marginal
productivity of the public gbod in both firms is sufficiently different so that it never
pays for the firm which is in more serious need for G to make the other firm pay.

Generally, this property is less likely to hold if firms become more similar. In fact:

Proposition 2 Let there be two firms i= 1,2, with identical production
functions with
(17) fi(xi* Gi¥(xi*)) — xi* — GI¥(xi*) > 0.

There is no Nash equilibrium in pure strategies.

Proof. Assume that (xin,x2n) is a Nash equilibrium. Suppose first that xir = x2n,
In this case, at least one of the firms would provide some positive fraction 7 of the
public good, say it is firm 1. Given x21, if firm 1 reduces its demand for x! by some
infinitesimal € > 0, this has only a marginal direct inpact on its revenue, but reduces
firmt 1’s equilibrium provision of the public good to zero without reducing the

aggregate amount that is provided in the equilibrium. This holds for any positive



12

xin = x2n, But, by (17), x! = x2 = 0 is also not a Nash equilibrium as each firm i
can do better by choosing (xi* Gi*(xi*)). Suppose instead that xin < x20. In this
case only firm 2 provides the public good, G = G2¥(x2n). If firm 1 takes X2 ag
exogenously given, its optimal choice therefore is x! = x2n — €. If, however, firm 2
takes xIt=x2—€ as exogenously given, then its optimal choice is
x2 = xIn — € = x2n — 2€ < x2n, This contradiction shows that (x»x2r) is not an

equilibrium.

Proposition 3 Under the premises of Proposition 2, there is a Nash equilibrium
in mixed strategies, if, for perfect symmetry on stage 2
(xt = x?), both firms contribute some positive amount of the

public good.

Proof. The choice sets of firms 1 and 2 can be chosen as closed convex intervals
Alz [0,x!nay] and A2 = [0,x2pax] for sufficiently large xipax since revenue is bounded

from above. The pay—off functions are

fi(x1,G2*(x?)) —xtfor x1! < x2
(18) Imt={ fi(x,Gt*(xt)) —xt- G1*(x1) for xt > x2
f(x!,G1¥(x1)) —xt- yG1¥(x!) for xt = x2? with y€ (0,1),

and similarly for I12 with all "1" substituted by "2" and vice versa, and v substituted

by (1-7)-

These pay—off functions are continuous in (x!,x2) for all x! # x2. Further,

(i) lim XiSx x2 5% Mi(xt,x?) > MYx,x) > lunxl__)x <y TH(x4x2)
and
(ii) limxl':x,x?'*' M2(x1,x2) < M2(x,x) < hmxi——»x <isy HAxLx2),
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where, for 7€ (0,1), all inequalities are strictly fulfilled. This makes the
assumptions fulfilled to apply Theorem 5b of Dasgupta and Maskin (1986, p. 16) and

Proposition 3 follows. g

Sequential private input choice

Consider now a slightly modified 2—stage game. Suppose that the two firms make
their input choices sequentially. Firm 2 decides first on x2. Then firm 1 decides on
x1, taking x? as given.5 Then, once x2 and x! are determined, firms contribute their
Nash—equilibrium a.mount;g1 and g2 of the public good. The decision problem of

firm 2 becomes

(19) max, , {f(x?max{G?*(x?),G1*(xY(x*))}) —x* — g%}
0 for G1¥(x1(x2)) > G2¥*(x?
with g2={ G2*(x2 for G1¥(x1(x2)) < G2¥(x?
YG2¥(x2 - for G1¥(x1(x2)) = G2¥(x2), with v € [0,1].

For its decision on x2, firm 2 knows that the choice of x! depends on x2 x! = x1(x2),
and, equilibrium contributions of the public good depend on x2 and x!.

Figure 3 illustrates the solution of this problem. Recall from (15) that x?2 is the
level of private good chosen by firm 2 that makes firm 1 just indifferent between
choosing (x!*,G1*(x1*)) and choosing (x!(x2)—€,0), where x!(x3) for some x} is
defined as the quantity of x! such that G1*(xY(x})) = G2*(x3).

For x2 < x?, firm 1 is better—off chbosing its optimal unconstrained level of its
private input, x!* knowing that it will also provide all public good, i.e., Gt¥(x1¥).
This combination (x!* G!*(x1*)) is the maximand of the unconstrained problem to

51t is just a convention that the higher numbered firm contributes first. This
convention is convenient in some later proofs that use induction. The numbering of
firms does not imply anything about the relative size of firms’ unconstrained

demands for the public good.
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maximize f1(x!,G!) — xt — Gt. The profit of firm 2 in this case is
(20) £2(x2,G1¥(x1¥)) — x2.

For all x2 > x2, firm 1 will not contribute to the public good. Only firm 2 will
contribute its optimal amount, given x2. Therefore, in this range, the profit of firm
21s

(21) %2(x2,G2*(x2)) —x2 — G2¥(x2).

For x? = y?, firm 1 is just indifferent between choosing (x1*,Gt*(x1*)) and choosing
x!(x?) — €, in which case assume that it chooses (x!*,Gt*(x!*)). Firm 2 chooses

x2 < x?2 or x2* depending on whether

(22)

MaXyagy2 [£2(x2,G1¥{(x1*)) — x7] { % } max

a2 [FOG2) = 33 = GA¥(x2)].

The decision problem of firm 2 is depicted in Figure 3 for two different shapes of
(21). In case 1 firm 2 prefers to chose its unconstrained input vector (x2* G2*(x2%*)),
which yields profit I1%(x2* G2¥(x2 *))- In case 2, firm 2 prefers to restrict its input
demand x? strategically to x2 (or x2—€). For this choice, firm 1 provides G!*(x!*) of
the public good and firm 2 free—rides. The profit of firm 2 is I1%(x2,G'*(x!*)) and is
higher than the profit of choosing (x2*,G?*(x2%)).

These considerations show that cases are possible where the firm adjusts its
technology, factor demand, or capacity choice (in the example given simply the
demand for the other production factor) strategically in stage 1 in order not to
become the sole provider of the public good in the Nash equilibrium.

For given choices of the private input, the amount of public good that is provided
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in the equilibrium is such that the marginal willingness to pay of the firm with the
highest marginal willingness to pay equals marginal cost for an additional unit of the
public good. Samuelson’s rule would require that the sum of marginal willingnesses
of firms equals marginal cost. This is the standard underprovision result of private
provision of public goods. In addition to this "Samuelsonian" underprovision, in an
ex—ante situation, firms may try to avoid to be a contributor to the public good by
strategic choices of their inputs, their technology, or their capacity constraints.
Condition (22) shows that this strategic behavior has the tendency of aggravating

the problem of underprovision.

*(x?) 4

I*(x%,G'*(x!*))

Hz(xz *’GZ’*(xz*))
{case 2)

x2*  x3* x2
(case 2) (case'1)

Case 1: max_, <y [PLAGH) - x2] <

MaX, 75 42 [f3(x3,G2*(x2?)) - x2 - G’*(x?]

Cose 2 many ., (RG] - x>
max g o [f2(x3,G¥(x2)) - x2 - G2¥(x)]

Figure 3
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4. Sequential provision of the public good
If there are few firms that provide and use a public good, the Nash assumption may
be less reasonable. An alternative hypothesis is that firms provide the public good
sequentially. Such Stackelberg games for two players in the context of private
provision of a public good by individuals have been described by Varian (1990).
The purpose of this section is to consider the sequential equilibrium for the case of
more than two firms.

There are n firms. They are numbered according to their order of play: firm n

plays first, then n—~1, etc. Each firm m € {1,...,n} maximizes an objective function
(23) R™(G) — gn,

which is a particularly simple case of (2) for exogenous x®. Suppose that R™(G) is
twice differentiable with R"7(0) > 1, R" 5 < 0 for G < GRay, and R" = 0 for all
G > GRax for some firm specific GRax. Define Gpax = max {GRax| m € {1,...,n}}.
Again, G is the aggregate amount of the public good that is provided by all firms,
and gm is firm m’s contribution. Firm m takes the contributions of firms n,n—1,...,
m+l as exogenous. These firms already chose their contributions. The
contributions of all other firms m—1,...,1 depend on m’s own contributions, i.e., firm

m takes into account that
(24) G=gn+..+gott4gnfgni{) 4. 4gl),

where the érgument '(.) that determines firm (m—k)’s contribution gm*k is the
amount of contributions made by firms n,...,m—k+1, i.e., 23'1=m—k 1 gi.

The sequential game with two players is particularly simple. Firm 1’s
unconstrained demand for the public good is Gt* If firm 2 provides more than this

quantity, then firm 1 will not provide any public good. If firm 2 provides less than
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G1* then firm 1 provides the difference G1* — g2. Therefore, it never pays for firm 2
to provide a quantity between zero and G1*. It may provide nothing, in which case

its profit is
(25) R(G1¥),

or it provides more than G1*, in which case firm 1 does provide zero such that firm 2
provides all. In this case firm 2 provides its unconstrained demand G2¥, and its

profit is
(26) o R2(G2¥) — G2*,
Firm 2’s choice depends on which of these profits is higher.

Proposition 4 Suppose that, whenever a firm is indifferent between different
amounts of contribution, it chooses the highest one. In this
case, a sequential contribution equilibrium exists for any finite

number of firms and is unique.

Proof by induction. Cbnsider the case with only one firm. Suppose that this firm
finds an amount of G > 0 of the public good already provided. It decides on its
optimal amount of contributions and the choice on [0,Gpay] is unique. This is the
Stackelberg game solution for one firm. Suppose now that there are m firms. Firm
m is the first to decide on its provision, and, an amount of ;G > 0 of the public
good is already provided exogenously. Suppose that, for any _ G > 0, the Stackel-
berg game has a unique solution, i.e., a vector of contributions (gm,gn-t,...,gt). Now
add an additional firm m+1 that finds an initial amount of contributions _ ., G

and decides on its contributions gn*t= _ ,,,G — G and makes its contributions
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before firm m starts deciding. By its decision, firm m+1 determines . G. This firm
m+1 simply chooses its. prefered amount of contribution, given the equilibria
resulting from possible choices. Provided that, for indifference, it chooses the larger
contribution, this choice is uniques. Therefore, if a unique Stackelberg equilibrium
for m firms exists, it also does for m +1 firms, and, therefore, for an arbitrary
number of firms. g
Now some properties of the sequential equilibrium are derived.

Proposition 5 If Gt*> G™* for all m € {2,...,n}, then the Nash equilibrium

and the sequential equilibrium are identical.

Proof: Firm 1 is the last firm that possibly contributes. Its contributions are equal
to max{0,Gt*— _G }. Therefore, firm 2 will not contribute, independently of how
much firms 3,...n contributed, as G2* < G1*. Suppose that firms 2 to j do not
contribute, but firm 1 finally contributes max{ 0,Gt*~ G }. Of course, in this
case also firm j+1 does not contribute, and so for all j = 2,...,n for arbitrary n. g
Varian (1990) shows in a similar model for two consumers that two properties

hold in the sequential equilibrium.

a) Aggregate contributions in the sequential equilibrium are never larger than in
the Nash equilibrium.
b) The amount of the public good contributed by the Stackelberg leader, i.e., by

the agent who provides first in the sequential equilibrium is never larger than

6 As is standard in principal—agent theory, I disregard here the theoretical problem
that the optimal contribution may be infinitesimally smaller or larger than a

particular gy.
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the amount provided by this agent in the Nash equilibrium (Varian, 1990,
Theorem 2, p. 17).

Varian’s first result a) is robust for the case with n agents. Aggregate contributions
in the sequential equilibrium are not higher than in the Nash equilibrium. The
second result b) does not generalize. It turns out that, differently to the Nash
equilibrium with non—identical firms, in the sequential equilibrium, more than one
firm may contribute a positive amount, and, e.g., in the 3—firm case, the firm that
contributes first may contribute more than it would contribute in the Nash
equilibrium, and may even contribute more than its unconstrained demand for the

public good. These pro_pertiéé are established by the following propositions.

Proposition 6 (Varian 1990) Aggregate provision in the Nash equilibrium is

not smaller than in the sequential equilibrium.

Proof. In the Nash equilibrium, Gnash = max {Gi*|ie€ {1,..,n}}. In the
sequential equilibrium the following property holds. No firm m that finds an
amount _ G already provided has an incentive to provide gm > 0 such that
.G +80 > Gnash, A proof of this property is by induction. The property is true
for m=1. Suppose it is true for the last m firms, i.e, for G < Gnash
4G +gi < Gnash for all i = 1,...,m, and, for ;G > Gnash, gi = 0. This implies that
gn=gol= . =gl=0, if | G> Gnash, Consider now firm m+l. If it finds
(m+yy G = Gnash, then this firm chooses gm*!t = 0. Suppose it finds . ,,,G < Gnash,
It will provide gm*t < Goash — _ ., G. If it provides gn*! > Gnash — _ .. G, then
gn=gnl=_ =gl=0. In this case gr*! is suboptimal. E.g., gm*l = Gnash
~ msp G 18 a Dbetter choice: still, gun=gmnl= . =gl=0, but for
G > Gnash > Gu¥ RWIG(G) < 1. This shows that the property holds for any m.

Proposition 6 follows immediately. g
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Proposition 7 In a sequential equilibrium, g» > G™* is possible for some m.

Proof (by an example). Consider n = 3. Suppose that
(26) R2(G2*) — G2* = R2(G1*) — €

with € >0 but small, and G2*> 2G1*  These conditions are fulfilled for
appropriate shapes of R%G) and R{G). If firm 3 chooses g? = ,G = 0, then the
equilibrium value of the sequential game of firms 2 and 1 is G!* Firm 2 does not
provide. It prefers to leave it to firm 1 to provide the public good, although this
-implies that only a relatively small amount of G is provided in the equilibrium. If
g3 = ,G > €, then firm 2 will provide g? = G2* -~ ,G. Suppose that G3* = /2,
but that 1> R34 > 1/2 for G € (€/2,G?*]. For sufficiently small €, firm 3 prefers
to contribute g3 = € + § with some infinitesimal § > 0, because, in this case, it gets

G = G?*instead of G = G1*. Its benefit is

G2*

(27) - [ R35(G)4G > Gi¥/2,

his cost is only infinitesimally larger than €. Therefore, g8 = € + § is preferred to
any g3 € [0,€/2] for sufficiently small €. In this example firm 3 provides more than
its unconstrained demand G3* in the equilibrium. g

The intuition behind the example that proves Proposition 7 is that, in a
sequential provision game, a small change in the contribution of a firm that provides
early can influence the aggregate provision in the equilibrium in a discontinuous
way. Again, similar to section 3, input choices are made strategically. The resulting

equilibrium choices therefore may have seemingly stange properties, like in the
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example, where a firm contributes units that yield marginal revenue that is below

marginal costs.

5. Conclusions
This paper considered private provision of public goods by firms. The standard
Nash—equilibrium of private provision of public goods, in which firms’ only decision
variable is the amount of public good they provide, is very simple because income
effects are absent. The equilibrium is generically unique. The firm with the highest
demand for the public good provides the amount it would provide if other firms were
non—existent. There is a tendency for underprovision (from firms’ point of view)
that is well-known from the standard Nash equilibrium model of private provision
of public goods. The marginal unit that is provided in the equilibrium is determined
by the marginal revenue of the firm with the highest demand for the public good,
not of by the sum of marginal revenues of all firms.

The underprovision proble;l is aggravated once the choice set of firms is enlarged.
If they can influence their marginal benefits of using the public good before the Nash
game of private provision of the public good takes place, then they may have a
strategic incentive not to be the firm with the highest demand for the public good.
If a firm undercuts the demand of a competitor slightly, this firm may save the
whole amount of provision, because, in equilibrium, only the firm with the highest
demand provides. The paper considers the ex—ante choice of a complementary
production factor, showing that this choice may be inefficiently small for the
strategic reasons outlined. But the result can be taken as more general. The
expectation of an upcoming Nash game of private provision of a public good may
influence firms’ choices of their capacity, technology, fixed factor inputs, or the
degree of product differentiation in a way to rely less on the public good.

Many examples are conceivable. Firms may try to become less dependent on the
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outcome of an industry’s lobbying activity. If lobbying aims in an export subsidy, a
firm may find it useful to concentrate its marketing effort more in the domestic
market. If lobbying aims in a factor input subsidy, a firm may find it useful to
invest in the development of a substitute for this factor in its own production. Or
consider an industry with spillovers of advertising. A new entrant’s capacity choice
may be influenced by strategic considerations about his prospects to get a free—ride
on advertising. Finally, if a firm is known to be a very efficient imitator, its
competitors have less reason to expect this firm to carry out major R&D effort.

The paper also considered the case where the private provision game is sequential
with a well-defined order in which firms contribute to the public good. This
strategic game also aggravates the underprovision problem. The maximum amount
possibly provided in this game is equal to the Nash equilibrium amount, and this
equilibrium outcome can always be generated by making the firm with the highest
demand contribute last. However, the equilibrium amount of aggregate provision
can be lower than the Nash equilibrium amount. The equilibrium has also the
property that, for strategic reasons, some firm may provide an amount that is higher
than its unconstrained demand, i.e., an amount such that the marginal unit of its

contribution increases this firm’s revenue by less than the cost of this marginal unit.
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